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SMALL PARTICLE STATISTICS 

THE ANALYSIS OF PARTICLE "SIZE" DATA 

by 

H. D. Lewis 

ABSTRACT 

Fundamentals of "small particle statistics" are developed from 
basic statistical concepts applied to examples of analysis of ide
alized particulate systems. The development of methods for "particle 
size" data analysis is based on the form of the data generated by 
various methods for measurement of "particle size· distributions". 
It is shown that data can be .classified into two general types. 
Methods for computing and comparing sample statistics are developed 
on the basis of Type I and II classifications for both functional 
and interval representations of the sample data. The compatability 
of recognized statistical notation and definition with the problem 
of particle "size" analysis is demonstrated. 

I. INTRODUCTION 

It is impossible to present a comprehensive 

course in small particle statistics in these few 

pages. However, we will attempt to build a frame

work of simple statistical concepts, and from these, 

develop the basic "small particle statistics." It 

will be necessary to omit· detailed discussion of the 

very important aspects of statistics, sampling, 1 •2 

statistical inference and tests of hypotheses,3 in 

order to concentrate on the basic problems requiring 

the use of small particle statistics. This problem 

is almost universally stated in disarming simplicity 

as "characterization of particulate systems (or pow

ders)." 

The characterization of a particulate system is 

a fundamental problem in all branches of industry 

and science concerned with bulk properties of matter 

composed of small particles, particulate raw mate

rials or physical, chemical, mechanical, or phys

iological phenomena related to some property or prop

erties of a particulate system. 4•6 The complete 

characterization of a particulate system should in

clude definitions of "~article" and "particulate 

system", a description of particle "size", particle 

"shape", particle density, surface characteristics, 

and mechanical, physical, and chemical properties of 

the particles. The purpose of our discussion is to 

develop aspects of particulate system characteriza

tion concerned with the a~alytical concepts of par

ticle "size" and related concepts. of particle "shape" 

and surface characteristics. We will use the follow

ing definitions of particle and particulate system. 

A particle is a unit of matter having a defined 

boundary, whose "size" and "shape" depend on inter

atomic or intermolecular bonding forces and its proc

ess of formation. A particulate system is a set of 

particles in some environment. (The importance of 

the particle-environment concept is illustrated by 

the lubricant property of graphite particles in air, 

and tne abrasive properties of graphite particles in 

vacuum.) Although the following development of data 

analysis techniques ·is generally applicable to par

ticles in any "size" range, we shall assume, our dis

cussion applies to particles in the generally accept

·ed "small particle range", 10-l to 104 or 105 microns 

(1 micron lo-3 mm). 

1 
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Figures 1 and 2 illustrate some of the problems 

involved in characterization of a particulate, As

sume Fig. 1 represents a monosized particulate system 

containing an unknown number of perfect spheres of 

pure copper having exactly the same diameter. The 

problem of characterizing this system with respect 

to particle "size" and "shape" is quite simple. A 

sample consisting of one particle can be removed 

from the system and its diameter measured. It can 

then be stated that the "shape" and diameter ("size") 

of every particle in the system is known with pre

cision limited only by the device used to measure 

the diameter of the sample. The specific surface 

(surface area pe• upit volume or unit weight of par

ticles) could be calculated, Consider the micro

scopic sample of a real particulate shown in Fig. 2, 

This is a scanning electronmicroscope photograph of 

a graphite powder at 2000x magnification. Notice 

that "size", "shape", and surface character, and 

perhaps density, cannot be defined uniquely and are 

all variable in this sample of many particles. 

Therefore the characterization of the system from 

which this sample was taken must involve some type 

of statistical analysis of the sample. Such anal

ysis should be related to at least one of the fol

lowing three objectives: 

1. Sample characterization from which charac

teristics of the particulate sy.;tem (pop

ulation) can be inferred. 

2. Sample comparisons from which comparative 

conclusions can be drawn concerning char

acteristics of different particulate sys

tems, or different measurement methods, 

3. Explanation or prediction of the behavior 

of the particulate in a process. 

• • • • • • • • • 0 0 0 • • 
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Figure 1. Schematic system of copper spheres 

II. FUNDAMENTAL STATISTICAL CONCEPTS 

We will now develop some basic statistical con

cepts which will permit a generalized development of 

the methods of "Small Particle Statistics". The di

agrams and examples presented in this section are 

not "real" particle "size" data. The synthetic "sam

ple data" are used in order to permit a simplified 

presentation of calculation methods. 

The basic foundation of statistical analysis is 

the mathematics of pr.obability. 7 •10 Methods of sta

tistical analysis are techniques used to aid inter

pretation in the analysis of data obtained by repet

itive observation. In characterizing a particulate 

system (powder) measuremenL,; or observations would 

in general be made on a sample of particles removed 

1'rom the system. The system is the population or 

total mass of powder whose characteristics are in 

question. The sample is the portion of the popula

tion on which measurements are made in order to ob

tain estimates of the characteristics of the popula

tion. In order that the sample reliably represent 

the population, it should be a random sample; that 

is, be chosen so that it has the same proballility of 

being chosen as any other sample. The statistics 

which characterize the population are the variates 

(numerical quantities) or functions of the variates 

obtained from the observations made on the sample. 

Consider a hypothetical system (population) of 

perfect sodium chloride crystals containing N = 10 

crystals or particles. Assume we know the exact 

length, (linear dimension, d) of the major cube diag

onal of each particle as given in Table I. 

Number 

'rABLE I 

HYPOTHETICAL "SIZE" DISTRIBUTION 
OF N = 10 NaCl CRYSTALS 

of Particles "Size" = Cube Di!!£ional 

n dl (microns) 

2 4 

6 6 

2 8 

"Size" is defined for this particular, system as the 

dimension d = cube. diagonal. 
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Figure 2 . Graphite powder, magnification 2000X . 

The question is, how can we describe this par

ticle "size" distribution. One method would be to 

draw a line chart as shown in Figure 3. It is read

ily seen that a chart would not provide a convenient 

quantitative description of a population consisting 

of many particles of varied "size". The population 

distribution of the 10 NaCl crystals could be ad

equately described by three parameters, the mean ~d' 
2 variance ad, and skewness yd. These parameters are 

defined as: 

Mean: ~d 

2 Variance: ad 

Skewness: yd 

N 
Ed ./N 
1 

1 
(1) 

N 
? 

E (d. - ~d)-I N 
1 1 

(2) 

N 3 
E (d i - !J.d) / N 
1 

(3) 

3 
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"SIZE" DISTRIBUTION 
OF 10 NoCI CRYSTALS 

2 4 6 8 10 12 
11
SIZE 11 = d = 

CUBE DIAGONAL 

Figure 3. Description of particle "size" distribu
tion by line chart. 

For the system of NaCl crystals, 

(4~4 + G+G+G+G+6+6 + 8+8)/10 = 6. 00 

2 2 2 ~ 
[ (4-6) + (4-6) + (8-6) + (8-6t J / 10 1. 60 

[ (4-6)
3 

+ (4-6)
3 

+ (8-6)
3 + (8-6) 3 J /10 = 0. 0 

These parameters are also respectively the first mo

ment about the origin, second moment about the mean," 

and third moment about the mean of the distribution 

01 (1. 

These parameters are considered respectively as 

measures of central value, dispersion or variability , 

and asymmetry about the mean for the population dis

tribution of d . Although , for our purpose, these 

parameters adequately describe a distribution, it 

can be argued in general that a distribution is not 

quantitatively defined unless its moment generating 

function (i .e. moments of all order) is known. 11 

Notice that yd = 0 for the symmetric distribution. 

In practice, the population distribution is 

never known. Therefore consider a more "realistic" 

example of a sample of N = 1000 particles taken from 

a population (particulate system) of 109 perfect 

NaCl crystals. The N particles in the sample yield 

many different measured values of "size" d = cube 

diagonal as listed in Table II . 

Because the sample contains a large number of 

pRrticles having varied values of d, presentation 

and interpretation of the sample data i s simplified 

4 

TABLE II 

SCHEMATIC PARTICLE "SIZE" DATA 
FOR SAMPLE OF NaCl CRYSTALS 

Interval 
End Point Midpoint 

Value Value n. 
l. 

* d. d. 
l. l. 

1 
2 6 

j 

4 224 
5 

6 540 
7 

8 220 
9 

10 10 
11 

I 
N l: n. 1000 

1 
l. 

0.006 

0.224 

0.540 

o.:::>:::>o 

0 .010 

by p;roupinp; or classification into I "size" inter-

* * vals (d. < d < d.+
1

) where d. values are the mid-
l. - l. l. 

point values of each of the i "size" intervals, 

i = 1,2,3, .... I. The midpoint valueo are defined as 

(4) 

The values of n. are the frequency or number of par-
1 th * * 

ticles observed in the i I interval (di' di+l) and 

the values ni, where N = l: ni' the relative frequen-
N 1 

Sf_ of occurrence of particles in the i th interval. 

The observed n./N values give an estimate of the 
l. -

probability of occurrence of particles in the pop-

* * ulation having "size" din the range di < d ~ di+l' 

In 8 . reRl A.nRly,;, nf N = 1000 particles (or observa

tions), the number of "size" intervals would be 

greater than 5. Cochran 12 provides some useful 

rules f'or selecting a proper vA.lu<> nf T {number of 

intervals) with respect to N. These are summarized 

in Table III. 

TABLE III 

N 200 4oo 6oo Boo 1000 1500 2000 

I 12 20 24 27 30 35 39 

Methods for graphical display of the data of 

Table II are illustrated in Figures 4 and ) . A plot 

* of ni/N vs di values as shown by the solid line is 

a histogram or sample distribution of d . From this 
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SCHEMATIC SAMPLE DISTRIBUTION OF 
"SIZE"= d FOR NoCI CRYSTALS 
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"SIZE;'" u" CUBE DIAGONAL 

Figure 4. Graphical display of Table II data. His
togram and relative frequency polygon. 

type of graph the sample Md, an estimator of the _ 

population mode or most probable value of d, can be 

obtained. Md is the value of d having the greatest 

observed value of ni or can be approximated as di 

of the "size" interval having the greatest value of 

ni/N. A plot of ni/N vs di values, as shown by the 

da~hed line of Fi~lrP u, is ~alled the relative 

frequency polygon. 

SCHEMATIC CUMULATIVE 
RELATIVE FREQUENCY POLYGON 

1.000 

0.800 

r ni 
TN0.600 

Figure 5. 

0.400 

0.200 

0~-L~~~~~~~~~ 
0 I 2 3 4 5 6 7 8 9 10 II 12 13 

d7 1 d~ 1 d~ 1 d: 1 d~ 1 d~ 
d1 d2 d3 d4 d5 

11SIZE
11 = d-

Cumulative relative frequency polygon 
plot of Table II data·. 

A plot of the values § n./N vs d* would produce 
1 l. r 

the cumulative relative frequency polygon of Figure 
r 

5. The values S n./N are the total fraction of oc-
l l. th 

currence of particles through the r interval where 

i = 1,2,3 .•• r ... I. From this graph estimates can 

be obtained of the probability of occurrence of par

ticles of "size" less than any particular "size" d 

in the population distribution. A statistic called 

the median of d, another measure of central value, 

can also be obtained. The median is the .5 quantile 

value of d or d.
5 

= 6.0+ for the data of Figure 5. 
Values of mean, variance, and skewness of the · 

sample distribution of d cannot be obtained directly 

from either of these_graphs. These sample statis

tics are defined as fol~ows. 

I 11. 

d= 1 
Mean: 1 N 

d. (5) 
1 

- 2 
2 I ni(di -d) 

Variance: s = E 
N- 1 

(6) 
d 1 

I ni - 3 
(7) Skewness: g = ?.: N (di- dl d 1 

These statistical formulae are related to the pop

ul ... Llun parameters in the 1"ollowing way: d ~ JJd, 
2 • 2 • 

sd ~ad, and gd ~ yd, where~ is read as "is ... n es-

timator of." The term N - 1 is used in the denom

inator of (6) to make s~ an unbiased estimator of 
2 13 ad. However, because the sample size N should be 

large i.e. >·500 in "small particle's:tatistics," 
2 2 I - 2 

sd can be defined as sd ~ E (n./N) (d. - d) The 
1 l. l. 

values of the sample statistics, for the data of 

Table II are listed in Figure 4. Notice'the +value 

of gd. This positive skewness indicates-the sample 

distribution is asymmetric wit·h Md < do. 
5 

< d; how

ever, it is not proof that yd # 0. Negative skew

ness would indicated < d.
5 

< Md.-

III. DISTRIBUTION FUNCTION AND FUNCTIONAL MODEL 

* If the measurements of di in Table II and Figure 

4 could be made with great accuracy and precision, 

it would be possible to construct a histogram having 

many more "size" intervals, and in the limit, the 

values of d would be continuous. If some function, 

h(d) could be found that approximated the histogr-am, 

h(d) would be a mathematical model for the distribu

tion of, d. Such a function is called the 

5 



probability density, or density function. The den

sity function must have the following properties: 

h(d) :::: 0 

£: h(d) dd = 1 

* * Pr[d. < d < d. 1] 
1 H 

* di+l i* ·h(d)dd 
d. 

1 

(8) 

(9) 

(10) 

Expression (10) indicates that integration of h(d) 

over any particular interval gives the probability 

that the variable d will have values in that inter

val. The use of a functional model to represent 

statistical data similar to the data we have dis

cussed implies 

h(d) dd (11) 

That is, integration of the function over the inter

* * vA.l (di, di+l) gives a fraction approximately equal 

to n /N observed in the same sample data interval · 
i . 

as jndicated in Figs. 6(a) and 6(b). 

(a) 

Figure 6. 

6 

SAMPLE DATA 
HISTOGRAM 

d-

d-

(b) 

h(d) 

DISTRIBUTION 
FUNCTION 

d-

RELATION BETWEEN SAMPLE DATA 
. AND FUNCTIONAL MODEL 

Functional representation of sample data. 

Further, as illustrated in Figs. 6(c) and 6(d), 

* 
r n. 

= l+l s 1 ,.H (d) h (d) dd (12) 
1 

N 
_., 

for'cumulative data. The histogram and·h(d) are 

dl·e.wn to imliuato the model n<:'efl not. hA· 1:1ymmfltric 

about some "central" value. This will be discussed 

in detail in the next section. 

In order to facilitate the discussion of "small 

particle statistics" in the next section as well as 

illustrate some basic concepts here, assume it can 

be demonstrated that the normal or Gaussian density 

function, 

'p (d) exp [-

2 
(d-IJ.d) 

J (13) 

h 
. . 2 14. 

av~ng.mean ~d' var~ance ad, and yd = 0, repre-

sents the data or r'ig. 4. A particular au vantage of · 

using the normal function as the model is that the 

function is completely defined by ~d and a~, hence 
A A2 

the sample statistics ~d and ad are the only estima-

tors required to characterize the "size" distrib\1-

tion of the population. A plot of the cumulative 

form of the sample data, Fig. 5, on normal probabil

ity paper15 would. give a straight line, from which 

first approximations of·the sample statistics ~d 
A2 

and ad can be obtained as shown in Fig. 7. Prob-

ability paper is ruled such that a plot of 

P(d) 

* d 

/

I'l-l 
p(d) dd 

on the ordinate vs d on the abscissa gives a 

straight line. Because p(d) is normal, symmetric 

about ~d; the mean, nieuian, and mode are identical, 

~d 

A.ncl I'd is defined such that f p(d) dd = 0.5. No-

-"' 
tice that because the ordinate values, Fig. 7, are 

usually labelled as P(d) x 100; the value of ~d = 
d 5 = Md is the 50th percent.j,le value of d., or d • 

0 A2 • , 2 50 
The variance ad ~s computed as (ct81,.

13 
- d

50
) cince 
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= 6.02 MICRONS 

= 7.33-6.02•1.31 
MICRONS 

= 1.72 I MICRONS)2 

=0.0 

= d50. 6.02 

= (d84.13-d5olz = 1.72 

4 6 8 10 12 ·14 
PARTICLE "SIZE" d" . 

CUBE DIAGONAL- MICRONS 

Figure 7. Probability plot of Table II data. 

P(d) in the interval [ -~, (~d +.ad) ] is, 

( IJ.d + crd) = d 

P(d) ( -<», ( IJ.d + crd) ] = f P(d) dd • 8413 

-~ 

2 
It is emphasized that the estimate of ad, (d. 8413 -

2 ·2 . d.
50

) =ad 1s a property of p(d). This estimate 

is only valid for the normal function and can be 

made for our data only because in plotting on normal 

probability paper we asstimed our sample data were 

normally distributed. 

To illustrate the origin of the estimate ad 

(d.84l
3 

- d.
50

), consider calculating the value of 

P(d) in the interval [ (~d-ad), (~d +ad) ]. By 

change of variable 

t dd; 

+1 

then P(t)=f. J e 

-1 

t2 

2 
dt. 

P(t) can be expanded as a power series, and it is 

easily shown that P(t)(-1,+1) = P(d) [(~d-ad), 

(~d +ad)] = .68249. Therefore, in the interval 

(~d' ad), P(d) = .34125, and 

• 8413. 

This is, in general, the method by which tables of 

the normal function are devised.lG,l7 

It is emphasized that the values of ~d' and 
·2 . 
ad obtained from the model p(d), or values of sta-

tistics obtained from any functional model, should 

be obtained from an objective fitting procedure such 

as Probit18 for cumulative data, or Minimum Chi 

Squared19 for interval ~ata. 

IV. TEST OF STATISTICAL HYPOTHESES. (STATISTICAL 
INFERENCE) 

Statistical inference and tests of statistical 

hypotheses, are ·aspects of statistics much too com

plicated to develop here in detai1. 20 However, it 

is important that the fundamental meanings of these 

terms be understood. A statistical hypothesis is 

the· statement of a theory concerning some popula

tion. For example, in the case of the "sample data" 

plotted in Fig. 7 the hypothesis is that the data 

are from a normal population having certain values 
2 

of ~d and ad. A complete test of the hypothesis 

requires first comparison of the sample data to 

theoretical values obtained from a hypothetical nor

mally distributed population, then comparison of 

the sample mean and variance to the hyPothetical 

mean and variance. 

To illustrate the basic idea of test of statis

tical hypotheses, we shall test the hypothesis that 

the "sample data" of Table II were obtained from a 

normal population, i.e. the population is a normal 

distribution. The basic procedure for test pf hy

pothesis is: 20 

1. State the hypothesis. 

2. 

3. 

4. 

Select a level of significance for the test. 

Compute the appropriate test statistic from 
experimental dat'a. 

Determine from tabulated theoretical values 
of the distribution of the test statistic 
the range of values which will cause ac
ceptance or rejection of the hypothesis. 

5. Accept or reject the hypothesis on the 
basis ·of the computed value of the test 
statistic. 

Test of the hypothesis that the data· of Table II 

are from a normal population is a chi squared
19

•
21 

"goodness of fit" test. 

7 
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Let us choose a 5% level of significance, a, 

for the test. The choice of a = 5% implies23 we are 

willing to accept a .05 probability of rejecting the 

hypothesis even if it is true. 
A2 • 2 

The test statistic x has a ~ distribution22 

with (k-1)-p degrees of freedom. The test consists 

of comparing the observed frequencies, n., in the 
* * ~ intorvQlfi (tJ.i, t:li+l) of Te.ble II or Fig. 4 with the-

oretical frequencies expected in the same interval. 

The test statistic is calculated as 

I=k 

L: (14) 
1 

where F. =theoretical values of.n,, and number of 
~ ~ 

degrees of freedom = (k-1)-p where p = number of 

parameters estimated for the population. For this 

example p = 2 and number of degrees of freedom = 

(5-l)-2 = 2. 

The normal curve which was ~ to the data 

has the equation 

N 
N p(d) "" %~~ exp 

Table IV 

* 
di - ~d 

* 
d. &d di 1 P(d) 

1 -3.82 0 

2 

Fi values are calculated as 

F. 
1 

* 
. 

(*di+l 
j * p(d) dd 

d. 
1 

actually obtained from normal distribution tables 

24 
of z = d - lld A2 

The computations for x are illus-

trated in Table tv. Since we chose a = .05, the 

value x2 is compared with the theoretical 95th per

centile value22 
uf x2 For a chi squared tP.st, if 

x2 
< x2 , the hypotheRiS is not rejected. The value 

f 2 ( ) 5 , A2 4 < o X •
95 

2 = .99. s~nce x .00 5.99 t.he con-

clusion drawn from the test is; .there is no reason 

to reject the hypothesis that the population dis

tribution is normal. Basic procedures for testing 

hypotheses concP.rning the mean and variance are the 

same as those outlined earlier, l!ovrever, different 

test statistics must be used. 25 

SUMMARY 

The basic concepts and techniques of statis

tical analysis have been illustrated using a hypo

thetical small particle sample. •rtie basic proce

dures for analysis of small particle data are 

(ni - F) 
2 

F. n. --· .. ·--
1 1 F. 

1 

11 6 2.273 

3 -2.30 0.0107 
4 210 224 0. 933 

5 -0.77 0. 2207" 

6 655 fi40 . 0. 405 

7 +0. 76 0.7763 
8 212 220 0.302 

9 +2. 28 0.9887 
10 11 10 0.091 

11 +3. 81 0.9999 

N 1000 2 
5 (ni- Fi) A2 

~d 6.01 E X 4.00 
1 

F. 

_£.2 1 
A L:H ad - ad = 

8 



exactly the same. It will be seen in the next sec

tion that some methods of particle "size" measure

ment produce data which do not permit calculation 

of estimators of parameters of the population dis

tribution in the technical sense. These data types 

also make very difficult, if not impossible, use of 

the procedures. for test of hypothesis. 

V. SMALL PARTICLE STATISTICS 
. . 26 

Dalla Valle stated "The characteristics and 

behavior of small particles can be understood satis

factorily only when the methods of determining size

distribution are placed on a firm basis." -A very 

important aspect of this "firm basis" is the under

standing of what is meant by 'size' and the under

standing of the differences among various forms of 

particle 'size' data. 

What is "Size"? The definition depends upon 

the measuring device used to obtain the so-called 

"size-distribution." This is illustrated by Fig. 8 

which shows the definition of "size" imposed by 

three typical measurement methods. Notice that sed

imentation methods measure occurrence of particles 

as weight, wi' rather than frequency, ni. The dif

ficulty in unique definition of "size" has an atten

dant problem in the definition of particle shape. 

A development of a generalized definition of shape 

factor will aid in the following development of a 

completely general treatment of particle "size" data. 

As illustrated in Table V, particle "size" can 

be defined as a linear dimension, an area, volume, 

or weight, and for a given shape, the concepts of 

"size" are related by a shape factor. That is a 
th 

general shape factor Ck relates the k power of 

the linear dimension d to some "geometric" particle 

MICROSCOPE 

TABLE V 

PARTICLE SHAPES 

"SIZE" () w t}j~ ~ DEFINITIONS Ill L d=.l ' 

REGULAR REGULAR 
SPHERE IRREGULAR PARALLELE-

CUBIC PIPED 

d• DIAMETER MAXIMUM EDGE EDGE OR 
DIMENSION LENGTH 

v • C3d3 • fd3 C3d3 d3 .b...d3 
d 

a • C2d2 • 'l'd2 Czdz. 6d2 (2+ ~L)d2 

w• pv pv pv· pv 

property. For example, v = c d3 
3 

and c
3 

is a volume 

shape factor, or A = c
2
d 

2 
and c2 is the surface area 

shape factor. Notice the volume and surface shape 

factors for the idealized cubic particle. Recall 

the example discussed previously of measurement of 

cube diagonal as "size" d. In this case, the volume 
1 shape factor c

3 
= 

3
\!3 and the surface area shape 

factor is c
2 

2. Suppose the elongated "particle" 

in Table V had the measure d. An "acicularity ratio" 

could be defined as L/d. The volume shape factor 

would also be L/d since v = (L/d)d3• 

This discussion indicates that shape factor can 

be defined in many ways, therefore, careful defini

tion of the meaning of shape factor must be made 

with respect to the application of the term. For 

the remainder of the discussion of small particle 

statistics, the assumption is made that an "average" 

or equivalent shape, hence c
3 

and c
2

, can be defined 

for the particles in a powder, no matter how irreg

ular the particles. 

SED I MENTATION COULTER COUNTER 
CONSTANT CURRENT 

'ORIFICE 

"SIZE" 

DATA FORM 
~=LINEAR DIMENSION 

n1 vs d 
d= STOKE

1
S DIAMETER 

w/ vs d 

v = PARTICLEVOLUME 
n1 vs v 

Figure 8. Examples of the relationship between 
definitions of "size" and the measuring 
device. 
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TYPE I 

Ckdk 

COULTER COUNTER 

TYPE Il 
NO FUNCTIONAL 

MODEL 

d 

SEDIMENTATION, SCREENS 

k•3 k•3 1 

DATA TYPE (3,tl.!ft vs v DATA TYPE.(3,li) ~ VI d 
,.......,-----';:._-MICROSCOPE -----, 

k•I,C1•1 
DATA TYPE (I, I ) 

k•O ,C0 •1. 
DATA TYPE (O,li) 

Figure 9. The two general types of sample data. 

VI. GENERAL TYPING OF PARTICLE "SIZE" DATA 

'P"'-:rt.:i.cle "size" data obtained from all possible 

methods of "size" measurement can be classified ·into 

two general Types27 as illustrated in Fig. 9. Type 

I data is sample distribution data, and diagrams of 

the type shown are histograms. Type II data are 

sample distribution data only if k = 0. Diagrams of 

this type. are called moment relationships. In the 

CA.!'le of Coulter counter data, "size" is defined as 

C d3 = v, where v is measured, and fraction of oc-
3 

currence in the various "size" intervals is measured 

as n./N. 
~ 

This would be called type (3,I) data. 

Sedimentation methods measure "size" as d = equiva-

lent Stokes diameter, and fraction of occurrence as 

w!/W or weight fraction. The weight of particles 
~ * * in an'interval (di' di+l) can·be estimated as 

w'-pCnd 3 
i - 3 i i 

(15) 

Table VI 

Optical 

I n. 
Mean: d 1 

E N di d3 
1 

I 
- 2 

2 ni(di-d) 
Variance: 2 

sd E N- 1 sd 
1 3 

1 ni - 3 
Skewness: gd E 'N (di-d> gd 

1 3 

10 

and weight fr.action as, 

w' 3 
i 

p C3nidi 
--:::: (16) 
w I 3 E p C3nidi 

1 

hence sedimentation data is of the general Type II 

or data type ( 3, II) • Data obtained from microscopic. 

count can be considered either 'lj'Ile I or II. 

VII. CALCULATION OF SAMPLE STATISTICS AND DATA COM
PARISON FOR THE FINITE INTERVAL MODEL 

If a functional model representing particle 

"size" sample do.ta is. not recognized, S!ID~ple statis

tics can be computed in a manner analogous to the 
methods previously described for calculating mean, 

.variance and skewness. The definitions of these 

statistics are given in Table VI. The statistics 

in the first and last columns are estimators of the 

three parameters of a population distribution, how.

ever, those in the middle are related to the distri

bution parameters only through the approximation 

wi:::: P c3nidi • However, they are sample statistics 

and do define the sample data. If an instrument 

measuring weight fraction data were consistently 

used, ·it would cer.tainly be legitimate to use these 

sample statistics for both sample characterization 

and sample comparison. As a'matter of fact, the 

statistics computed dire.ctly from the sample, give 

the better basis for sample comparison than, for 

example, a d
3 

value computed from Coulter. Counter 

data.. 

Sediment Coulter C. 

I \V.' I n. 
1 E__! E d. v v. 

1 
w 1 1 N 1 

- 2 1 w.' 1 ni(vi-v) 1 
(d. -d)2 2 

E s E 
1 

w 1 v 
l· N- 1 

I wi' - 3 I ni - 3 
E w (di-d) . gv E N (vi -v) 
1 1 



It is possible that there may be a spec.ial re

quirement to compare a d value from optical count 

data with a d value obtained from weight fraction 

or Coulter Counter data. These calculations should 

be based on the proper definition of midpoint values, 

endpoint values, and the approximation w!:::: p c3n.d~. l. l. l. 

Figure 10 illustrates the effect of transform-

ing (O,I) data to (3,I) data. The variable endpoint 

* are transformed using the definition v = 
i 

values 
*3 c

3
di . Notice the distortion of the interval width 

on transforming the variable to v. 

Figure 11 illustrates the effect of converting 

relative frequency to weight fraction. Notice that 

wi/W in a particular interval is greater than ni/N 

for values of d > 1. 

'fhe general conversions and transformations 

for Types I and II do.ta have been develo:pe.d in de

tail in reference 27. To illustrate the method, 

consider computing d from weight fraction and 

Coulter Counter data. 

In computing d from Coulter Counter data, we 

use the endpoint transformations, 

* * v. 1/3 
d. = ( ..2:. ) 

l. c3 

and the midpoint definition 

* * v.. 11 v . 
[ ( ....!_ l s + ( 1+ 1 l .1./3 J I 2 

c3 c3 
d. 

1 
(17) 

and d is calculated as, 

* * 
I 

n. [ (vi /13 + ( v~+1) 113 J 
1 c3 

d !:: 3 
~ 

1 2N 
(18) 

"s 
""N 

v-

Figure 10. The effect of Type I transforms. 

Figure 11. The effect of Type II transforms. 

The calculation of d from weight fraction data 

is slightly more complex. The fraction of occur

rence in a given "size" interval is converted using 

the approx:i.mati.ons, 

w.' ~ 
1 

w' 
i 

w "" 

assuming c
3 

and p constant for all intervals. 

w' 
:i i 

w.' n.d. _J!.._ 
n. 

1 1 _1_1 Llteu Since ~ 

d_3 
~ w w I 3 

~ nidi 
1 

and d may be written, 

I w. d. I w.' 1 
d 1 1 I [ 

1 
J ~ !:: w d.3 

!:: w d~ 1 1 
1 1 

(19) 

In expression (19) the assumption is made that the 

midpoint value, di' represents the diameter of a 

particle of average weight in each of the I inter

vals. This is not necessarily true. In 1910 J. 

Mellor suggested the following definitions to esti

mate the avero.ge weight wi, of a v~rticle in the 

i th interval: 

* 
ii+1 3 

w.' ~ p c
3 

y dy (20) 
1 

* d. 
1 

11 
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then, 

* * 

[di+l 3 idi+l 
w. P c3 y dy I dy (21) 

l 
* .. 

d. d. 
l l 

and 

* 4 * 4 
P c3 [ di+1 - d. J l 

w. 
* * l 

4 [ di+1 -d. J l 
(22) 

A value of d, related to wi can be defined such that, 

~i 
Then 

w. 
( /c ) 

3 
(23) 

* 2 *2 * * 

[ 
(d. 1 +d .. ) (d. 1 +d.)] 1/3 

l+ l l+ l ( 24) 
4 . 

and we can rewrite the expression for d (from weight 

fraction data) as 

d 
I w.' d. 

[ 
}"".: _! 1 

1 w d3 
Mi 

w' 
i 

w (25) 

By expandine the expressions in Table VI for vari

ance and skewness in d
3 

and v, we can make the same 

transformation~ and conversions tu get s~ and gd 

from these data. 

To summarize the methods for finite interval 

data: 

It should now be clear that data or statistics com

puted from data from different types of measuring 

devices cannot be directly compared. Sedimentation 

data or C.C. can be comparen with microscope count 

data by using proper conversions of fraction of oc

currence or transform3 of "size" intervals. How

ever, for data comparisons we shoulu, where possible, 

compare those statistics computed directly from sam

ple data. One should be especially careful of con

verting n./N data to w~/w. Computer experiments 
l. 2tl . J. 

have indicated a sample of N = 2500 may not be 

adequate. 

12 

VIII. CALCULATION OF SAMPLE STATISTICS & DATA 
COMPARISON, LOG NORMAL MODEL 

Many different types of functions have been 

used to represent particle "size" data. Perhaps the 

most useful is the log normal function. Development 

of the 'use of the log normal function began with the 

work of Galton and Macallister29 in 18'(y. Their 

work lead to the use of the log normal function by 

Hazen30 in 1914, Kapteyn31 in 1916, Wightman, 32 1921-

1924, Loveland and Tr~v~lli, 33 1927, Hat~h nnn 
34 Choate and many others. 

Histograms of particle "size" data type ( 0, II) 

or (1, I) are in general positively skewed. If the 

sample distribution variable is uefined as 

x = ln d, (;.!6) 

where ln = loge 

i.e. "size" is defined as x ln d, the normal den-

sity function, 

2 

P (x) 
1 

J2 n ax [

- (x -IJ.x) J 
exp ---

2 2 
(]X 

(27) 

is often a good approximation of the sample data, 

The use of p{x) as a model implies the same approx

imation method a~ ~xpression ( 11). ThA.t. is 

n. 
l 

N 

"' xi+1 £ p(x) dx 

. * X. 
l 

(28) 

and the distribution variable is x = ln d. The ef

fect of tr ... n.,fnrmi ng the variable is illustrated by 

Fig, (12). Notice p(x) is nm·mal having identic::tl 

values of mean, median and mode. The transformation 

implies the popul:;.t.ion is log normal in d, and nor

mal in x = lnd. 

The use of the log normal function as a model 

has three basic advantages, 

1. The sample data are defined by· only two 
statistics. 

2. Various data forms are rel:;.t.ed through func
tional relationships :;.mong their sample 
statistics. 

3. "Geometric properties" such as particle 
surface area and volume can be estimated 
as simple exponential functions. 



h(d) 

Md = MOST PROBABLE 
VALUE. ·. 

do.s= MEDIAN 
p.d =MEAN 

d-
x=lnd~ 

Figure 12. Illustrating the relation between a log 
normal density function and its normal 
transform. 

IX. TilE GENERAL T'fPES OF LOG NUHMAL :fUNCTIONS 

The variO)lS forms of the log normal function 

can be classified as on~ of two types analogous to 

Types I ~d II data forms, as shown in Fig. 13. 

Consider Type II first and define fk(x) in terms of 

p(x) using the approximation . 

n. k * _!.d f*X.i+1 N i 
fk (x) dx. 

I ""' n. 
d.k 1 

L: 
N 

X, 

1 
1 ! 

Since x lnd, dk = ekx and 

n.dk 
1 1 

I. k 
L: n.d. 
1 1 1 

TYPE I 

"I 1,. 
zk,l zk,l+l 

zk = ln·tckdk l 

* 
( xi+1 kx 

}*. e p(x) dx 

xi 

"' 

f kx 
e p(x) dx 

TYPE II 

x .a In d 

(29) 

(30) 

~igure 13. Schematic representation of the general 
form of Type I and Type II log normal 
density functions. 

After multiplying the exponential terms, completing 

the square in the integrands, and rearranging con

stant terms, expression (30) is written, 

k 
n.d. 

1 1 

I k 
L: n.d. 
1 1 1 

* 

exp [k~-~o 
X 

k
2 

2 
+- a ]/ f'2i1a 2 X y-" X 

ii+1 

2 2 

[
-. (x - ( 1-Lx + k (Tx ) } J 

e~P 2 d" 
2 ax · 

X 

X. 
1 

"' 

f [ 

(x- (11 + ka
2

)} 
2

] 
- X X dx 

exp 2 
2a X . 

This demonstrates the following properties of the 

functions representing type II data. 

l. J fk(x) dx = 1, this is a necessary condi-

tion if the integral is to have properties 

of a density function. 

2. f ~k p(x) dx (32) 

is the value of the ~moment of the log 

normal function, p(x). 

ekx p(x) 

k2 
exp[kiJ + -

X 2 

(33) 

is the general definition of a k~ moment 

function analogous to the normal density 

function. 

4. The relationships among the parameters of 

Type II fun~tions are, 

(34) 

(35) 

13 
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Now let us develop in br~ef the relationships 

among the parameters of the Type_ I functions. If 
k zk = ln (Ck d ), the variable x in expression (27) 

can be transformed using the expressions, zk = 

ln ck + kx, and dzk = kdx to obtain the approxima

tion, 

*' 
n. 1 [zk,i+l 

1 

N ""' j2'TI k (J 
exp 

X 

zk, i 

* 
zk, i+l i p(zk) dzk (36) 

zk, i 

The form of expression (36) indicates p(zk) is a 

normal funct.5.nn of zk. The relationships among the 

parameters of the Type I functions are, 

and, 

~z - ln ck + k ~x' 
k 

(37) 

(38) 

X. COMPARISON OF SAMPLE STATISTICS - LOG NORMAL 
MODEL 

The utility of these relationships is illus

trated by Figures 14 and 15 which schematically 

d·emonstrate the method for obtaining sample statis

tics from log probability -plot of three typical 

forms of sample data. These plots are analogous to 

Fig. 7. It is emphasized that the assumption has 

been made that loge "size" is the normally distri

buted variable. The values of the variances are 

properties of the appropriate density function just 
·2 

as discussed for Fig. 7. For example ox= (x.84l3 
-x.

50
)2 has no direct relationship to the variance 

of the oample distribution of d,. in fact cr~ is an 

exponential function of ~ and &~ as we shall see. 
X X 

14 

Plxl•/~ p(x)dx · . /3 PCz
3
l• p(z

3
ldz

3 
-<X> 

99.5 (APPROX. FOR CUMULATIVE IAPPROX. FOR CUMULATIVE 
RELATIVE FREQUENCY RELATIVE FREQUENCY 
OF In DIAMETERS"'-._ OF In VOLUME l 

8~.~------ "' !:! .. 
D.. I A: 
II I II 

clz I c:-lz 
~(I)- I ~(I)-

I 
I 

I L-" I' 
I "• ---, 

3 I 

0.005 
I 

x•ln d 

z5 •In v•ln C3+3& 

Figure 14. ~og probability plot - Type I. 

It is also emphasized that values of mean and 

variance :Jhould be obtained from a f'5.tting routine 

h 'Pr b'tl8 c . 19 sue as o 1 or h1 Squared Minimum. 

The sample statistics ~x' o~, ~x3 ' &~3 , ~z 3 _and 
cr~ are the logical statistics to use for sample ., 
ch!:lracterization comparison. The relationships among 

the distribution parameters given in expressions 

( 34), ( 35), ( 37) and ( 38) are the basis for compar

ing the sample statistics obtained from different 

data forms i.e. measurement methods. The sample 

statistics are related as t'o.ilows: 

99.95 

99.8 
99.5 

Plxl.•/• p(x)dx 
-<X) 

~~:A~~~E F~~E~~~~~~TIVE ..._ 
HISTOGRAM OF DIAMETERS l 

84
.13---------- -~ ·- -- F

3
'(;:l•/• t

3
1xldx 

I I -<X> 

(39) 

(40) 

__ I_ I(APPRoic FOR 
~ 1 I CUMLATIVE WEIGHT 

I I FRACTION l 

~ I 
I 
I 
I I 
I 1\ I 
r-";3-1 
I I 

oxosL-------------.1\~--J-"~--~------------~ 
J61 "•s ~·lnd 

Figure 15. · Log probabiJ.5.ty plot - Type II. 



(41) 

(42) 

· If for some reason it is necessary to examine 

the statistics of the distribution of "size" rather 

than ln "size", the expressions of Table VI are used 

as the basic definitions with the proper function 

approximating fraction of occurrence. For example, 
- 2 to compute the values of d, sd and gd, the approx-

imation 

* X. 

~ p(x) dx is used, the expressions of nN1. "''[ 1+1 

xi 

Table VI are expanded where necessary, and the fol

lowing estimators are obtained. 

(43) 

(44) 

and 

(45). 

The mode and median are obtained as, 

(46) 

(47) 

By using the relations (39), (40), (41) and (42), 

these statistics can be obtained from any data form. 

For example, an estimate of ~d ~ d from Coulter 

Counter data is obtained as 

and from weight fraction data, 

Expressions for d3, s~ , gd , 
3 3 

v, s2 and g are ob-v v 

tained in the same manner as expressions (43), (44), 

and (45). 
A •2 

exp [vx3 + .5ox3] and For example, d
3 
~ 

-2 
+ .50 ]. From this discussion, inequal

z3 
ities of the following type should be obvious~ 

2 ·2 2 2 d ~ evx, ~ 
o· 

d3 ~ d, ~ and d ~ s· ex, sd sd d 
3 

1 
v )3 

c3 

XI. SURFACE AREA & SPECIFIC SURFACE CALCULATIONS 

Specific surface is one of the characteristics 

of a powder. often considered·in attempts at process 

behavior correlation. SW can be.measured by adsorb

tion techniques (BET) 35 or estimated from the parti

cle "size" distribution. Such estimates assume non

adsorbtive "smooth shell particles". Comparison of 

calculat.ed values of SW with BET values can give some 

insight into the character of the particle surface. 

To illustrate the computation of SW as a sample 

statistic, 27 consider calculating SW from weight 

fraction data for the finite interval model and from 

microscopic count data for log normal model. 

finite interval model the approximation 

is used to define SW as, 

a'~ 
i 

2: a.' 
l w.' d.

2 
1 

I 

sw 
I I 

~ w P c3 
2: ,,, d 3 
1 

l\H 

(48) 

Notice this expression implies a knowledge of c
2 

and 

c3. We believe a better estimate of SW is obtained 

if a. value representing the diameter of a particle 

having "average" surface area in the interval is used 

rather than di in the numerator of (48). This value 

of d27 is defined as, 

• (49) 

Calculation of SW by this method is laborious if I is 

large enough to adequately define the .data. If ap

propriate, the use of the log normal model greatly 

facilitates the calculation. For example, from 
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microscopic count, (O,II) data and the definition of 

the general moment function (32), the approximation 

for SW can be written 

co J d2 
p(x) dx 

L ct
3 

p(x) dx 

A A 2 
exp [ - ( \.1X + 2. 5 0 X ) ) • (50) 

Notice that expression (50) shows that 

From the relationships ~mong sample statistics for 

various data forms, SW can be easily estimated from 

any type of data as illustrated by Table VII. 27 

SUMMARY 

An attempt has been made to develop the small 

particle statistics as a natural evolution from bas

ic statistical concepts. It was indicated that 

tests of statistical hypothesis were possible for 

"goodness of fit" 1'\.nil comparisons of mean and vari-

1'\.nr.P. respectively for particle "size" data of the 

type n. /N vs "size". However, the methods of sta-
l. 

tistical inference do not apply to weight fraction 

or general moment data in a neat, clearcut manner. 

This is because the test .statistic distributions 

have not been defined for Type II or ll.th order mo

ment d~;~.t.R., Sample data comparisons for moment data 

must in general be based on subjective analysis tem

pered by a good portion of practical experience. 

We have shown that all forms of particle 'size' 

data can be classified as one of two general types, 

and that such classification directly relates data 

forms generated by a partir.ular measurement method 

with the proper mathematical treatment of the data. 

We believe this development provides a complete ba

sis for the understanding of the analytical relation-· 

ships among the various forms of particle "size" 

data, and for the development of a theory for mix

tures. 27 
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APPENDIX I 

NOTATION AND DEFINITION 

A List of Symbols and Definitions in Approximate 

Powder: 
(Particulate 

MaLeL'ial) 

Particle: 

Population: 

Population 
Parameters: 

Sample: 

Statistics: 

Order of Introduction 

A set of particles of matter in some 
environment. 

A unit of matter having a defined 
boundary, whose "size" and "shape" 
depend. nn interatomic or intermo
lecular bon<Hng forces awl its pro
cess of formation. 

A population of powder particles is 
the main or total mass of powder 
whnRe properties or characteristics 
are :i.n question. 

Constants which define the popula
tion distribution.· 

The sample is a portion of the pop
ulation upon which measurements are 
performed in order to obtain esti
mates of the characteristics of the 
population. 

The variates (numerical quantities), 
or functions of the variates obtain
ed from measurements made on a sam
ple. 

Random Sample: A sample chosen by a method so that 
it has the same probability of being 
selected as any other sample. 

d: 

k: 

18 

A linear particle dimension charac
teristically measurable for all par
ticles in the population of parti
cles. 

An integer = 0, 1, 2, 3, ..• deter
mined by a particular defined geo
metric proper·ty of the particle. 

Weight Factor: 

a: 

·v: 

w: 

"Size": 

Shape Factor; thcoefficient constant 
relating the k power of d to a geo
metric property of the particle 
(e.g. for k = 2, and s~herical par
ticles, c2 = n and c

2
d = surface 

area of tne particle~ 

pC
3 

= volume Shape factor multipl':i,ed 
by particle density. 

surface area of an individual par
ticle 

volume of an individual particle 

weight of an individual particle 

a measured particle characteristic· 
that may be a linear dimension, d; 
an area, a; a volume, v; or a weight, 
w. 

* * * * * * * * di < di+l' ai < ai+l' vi < vi+l' wi.< wi+l: The 

range of oizes in the ith "size" 
intervals; i = 1, 2, 3, •.. I, where 
I =total number of intervals. 

di, ai, vi, w i: The "midpoint" values of the r.espec
tive ith "size" intervals. 

n.: 
l. 

N: 

ni. 
N • 

A 

a.' 
_J._. 

A • 

v 

v.' 
l. 

v 

p: 

I 
r 
1 

I 
w = r 

1 

I 
a. I ~ E 

l. 
1 

w' 
i 

The total area, volume or weight 
respectively in the itll "size" inter
val. 

The frequency (i.e. number~ of par
ticles occurring in the i "size" 
:int.P.rval. 

I 
En.= n. + n2 + n

3 
••• ni: Total 

1 l. l. 

number of particlco in I size inter-· 
vals. 

Relative fl'equency of occurrence of 
particleo in the ith "size" interval. 

2 
n.C..,d. : 

l. ... l. 

n. 
(Note: 1: / = 1) 

The total surface 
all the particles 
intervals. 

area of 
in I size 

The relative surface area or surface 
area fraction of particles in the 
·ith "size" interval. 

The total volume of all the 
particles in I "size" inter-
vals·. 

The relative volume or volume frac
tion of particles in ·the ith size 
interval. 

particle density, weight/unit volume 

The total weight of all the particles 
in I "size" intervals. 

I 3 
w"" r pn,c~d. 

1 l. -' l. 



w.' 
1 w 

r 
s 
i=l 

~· 

m' 
1 

I k 
I: n1d. 
1 1 

N 

Relative weight or weight fraction 
of particles in the ith "size" in
terval. 

·The general expression for the cu-. 
mulative fraction less than "size" 
for a fractile diagram, or cumula
tive frequenct polygon, where r re
fers to the r h "size" interval 
through which the partial sum is 
computed. For example, if k = 0, 
then, 

r n. 
s....!. 
1 N 

is the partial sum of all values of 
n./N of a relative frequency histo
gfam fori= 1, 2, 3, ••• r, and r 
mo.y to.kc o.ny vo.lue of i .. 1, £, 
I. The series of partial sums, 

n. n. + n2 1 1 

N-· N 

nl + n2 + n3 I n. 
s....!.=l 

N ... , N , 
1 

gives the fraction less than "size" 
for the fractile diagram. 

The kth moment about the origin of 
the frequency histogram of d. 

The first moment about the or
igin of the frequency histogram 
of d, the arithmetic mean of d. 

I 
I: d (k+l) 

ni i 
1 
I 
l: 
1 

2 
s 

n.d~ 
1 1 

N 

An average dimension of sample 
particles based on a kth moment 
relationship. (When k = 0, 

I 
l: n.d. 
1 1 1 

d = --N- and d is the 

arithmetic mean which is iden
tically equal to m

1
•.) 

The kth moment about the mean 
of the frequency histogram of d. 

I - 2 
l: n. (d.-d) 
1 1 1 

N 
The second moment about the 
mean of the sample distri
bution (frequency histo
gram) of d, the sample var
iance of d. For s2 to be 

2 
s~ 

I I 
l: nia. l: a 1 1 1 = --N-~ 

w= 

2 
s 

a 

2 
s 
v 

'2 
s 

w 

p(h) 

I I 
3 

l: n.v. l: nic
3
d. 

1 1 1 1 1 
-N--~ N 

I 2 
l: n. (a. - a) 
1 1 1 

N - 1 

I 
v)2 l: n. (v. 

1 . 1 1 

N - 1 

I 
ni(pC3di3 ~ l: 

p2s2 ~ 1 
v N - 1 

I 
l: n.d.k (d

1
. - d )3 

1 1 1 k 

1 =---e 
V2n a 

h 

an unbiased estimate of 
the population variance, 
the denominator must be 
N- 1. 

The measure of samEle dis
persion for the kt moment 
relationship. s2 will be 

dk 

called the samfle variance 
of d for the k h moment 
relationship. 

Ave/age individual surface 
area of particles in the 
sample. 

Average individual volume 
of particles in the sample. 

Average individual weight 
of particles in the sample. 

Sample variance of parti
cle surface areas. 

Sample variance of parti
cle volumes. 

Sample variance of 
particle weights. 

The basic definition of 
sample skewness. 

The definition of the 
probability density 
of a normally distri-
buted population of 
the random variable 
h, having mean ~h' 
and variance a~. 

dh: The 

probability that h is found in the interval (h
0

, h
1

). 

x = ln d: The definition of x; ln d is the natural 
logarithm of d. 
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~ : The mean .value of a normal distribution of the 
X population of x, 
2 The variance of a normal distribution of the 0 : 
X population of x. 

k 
z = ln Ckd : The definition ·of zk. k 
~ : The mean value of 

zk population of zk. 
2 

0 The variance of a 
zk population of zk. 

kx 
e e 

CM:299(60) 

20 

a normal distribution of the 

normal distribution of the 

The definition 
of the kth moment 
rP.lationship for 
the log normal 
function. 

\lxk: 

2 
0 xk: 

::::: 

~ 

The first moment about the origin of fk(x), 
This pa,ameter is analogous to ~ but 1s not 
a "mean" in the strict technicalxsense, 

The second moment about ~xk' This p~rameter 
happens to be identically equal to o ; however, 
it is not a variance in the strict t~chnical 
sense •. 

Approximately equal to. 

Estimates or is estimated by. 

Designator of a sample statistic for samples 
represented ~Y a functional-model. 

(Example: d::::: ~~ ~ \ld; read as d is approxi

mately equal to nd which estimates ~d' the 

mean of the population of d.) 




