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ACCELERATION TECHNIQUES FOR RESPONSE MATRIX METHODS 

J. M. Sicilian and R. J. Pryor 

Savannah River Laboratory . 
E. I. du Pont de Nemours and Company 
Aiken, South Carolina 29801 

ABSTRACT 

DP-MS-75-74 

Application of the power iteration method to the multigroup 

response matrix equations reduces them to a series of one-group 

problems. Applying acceleration techniques to each of these 

monoenergetic problems results in substantial reductions in 

computational effort. In this paper, we investigate the use of 

point over-relaxation methods in the solution of these equations. 

Over-relaxation is also applied to the outer~iteration eigenvalue 

and source estimations with considerable success. 

The information.contained in this article was developed during 
the course of work under Contract No. AT(07-2)-l with the.U. S. 

"Energy Resea~ch and Dev~lopment Administration. 
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I NT RO DUCT I ON 

While the use of response matrix methods in reactor physics 

has been quite varied, 1
-

3 at Savannah River we have emphasized 

its application to reactor eigenvalue and transient problems. ~-s 

As a consequence, we have developed a two-stage calculational 

sequence. A combination of Monte Carlo and integral transport 

techniques is used in the first stage for the evaluation of 

~inglP. r.P.11 rP.spnnse matrices, The computational module RESPONSE 

evaluates these matrices in two-dimensional hexagonal geometry 

for as many as ten energy groups .. These response matrices are 

stored as JOSHUA records on disk for use in the second stage 

by the eigenvalue module RASCAL, 3 or the transient module 

TRASCAL. 6 

In this work we have studied the application of acceleration 

techniques to the second stage of this process. Although the 

transient calculation provides a greater impetus to reduce the 

calcula!tional effurt, we have chosen to apply thc:Jo techniques 

to the eigenvalue problem because it is less costly to study. 

As will be seen, the acceleration of the eigenvalue problem is 

accomplished by two steps, the application of the power iteration 

algorithm and point over-relaxation of the resulting one group 

equations. The acceleration of the one-group iteration should 

carry over directly to the transient calculation .. 
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To display the improvements implemented through the power 

iteration strategy and the use of acceleration techniques, we 

begin with a presentation of the response matrix equation and 

the solution algorithm employed in the standard version of 

RASCAL. The following section develops the power iteration 

method and the over-relaxation algorithms used in the accelerated 

version. Finally, results are presented comparing standard RASCAL 

and the accelerated code with various values of acceleration 

THE RESPONSE MATRIX EQUATION 

The primary unknowns in a RASCAL calculation are the multi-

group partial currents on each of the six faces of every cell in 

the reactor. (Finer representation o'f these currents is permitted 7 

in terms of spa:tial and angular mocies, but will not be treated 

here.) Thus, a two-group problem con.cerning a reactor containing 

703 cells involves 703 x 2 x 6 = 8436 primary variables. Let us 

represent the partial current leaving cell n through face R, in 

energy group m by the symbol j n • The response matrix equation nivm 

relates j n to the s~x currents entering cell n in every energy nivm 

group 

where 

M 6 

= ~ l: 
m'=l i =l 

rn (i,m'""'R.,m) Jn'(i)R.'(i)m' 

M 

Tl I (i) 

is the number of energy groups, 

is the index of the cell adjacent to cell n 
at face i 
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, 

~' (i) is the index of the face of cell n' (i) 
adjacent to face i, 

r (i,m'+Jl.,m) 
n 

is the response matrix of cell n for trans-
mission from face i group m1 to face JI. group m 

. (in general this will be non-zero for all 
values of i, m', JI., and m). 

By collecting all of the partial currents into a single 
+ 

vector, J, we can transform Equation (1) into the response 

matrix equation 

+ + 
J = R J (2) 

where the components of the response matrix ,B, are appropriate 

elements of the single-cell response matrices, rk. 

REPRESENTATION OF THE CELL RESPONSE MATRIX 

In gener~l, Equation. (2) possesses no solutions. It is a 

. homogeneous matrix equation and will only have solutions if unity 

is an eigenvalue of the matrix ~· This is a mathematical state-· 

ment of the physical fact that not every array of cells is critical. 

The standard way of circumventing this difficulty is the intro-

duction of an eigenvalue into.the problem, generally a multipli-

cative factor for the number of neutrons produced per fission. 

This eigenvalue, called.k, converts the response matrix equation 

into the implicit eigenvaJue equation 

+ + 
J = R(k) J (3) 

Since the eigenvalue, k, is to be determined by RASCAL, it 

is necessary (in our two-stage proGedure) to· represent the de-

pendence of the response matrix on k. This is accomplished by 
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having RESPONSE produce separate response matrices for each 

fission generation. The response matrix is expressed as a 

sum of components 

1 . 1 
,B(k) =Bo+ k R1 + k2 ,8,2 + ••• (4) 

where R represents those entering neutrons that escape the cell, =o 

,B,1 represents escaping neutrons that. were born in fissions caused 

by neutrons which entered the cell through the boundary, ,8,2 repre-

·sents those caused by first generation neutrons, etc. The zeroth 

fission generation is sometimes called the direct component and 

represented by ~D. One would expect that the spatial and ener-

getic variations of the ~ would diminish rapidly as the order of 

the fission generation increases. In fact we .find that the response 

matrices beyond the third generation are nearly proportional to 

B_ 3, with the constant of proportionality kn- 3 for generation n. 
~. v 

(k is the multiplication of the cell in a vacuum and is esti
v 

mated as l l,B21 l .) This results in the approximation 

11:B3
[ I 

R1 (k) = R(k) RD 

1 1 
= k. ~l . + k2 fu + 

THE STANDARD SOLUTION ALGORITHM 

Equation (3) and the approximate representation .(5), form 

the basis for both solution techniques. The standard solution 

algorithm breaks the eigenvalue problem into two nested 

.iterations. · The inner itera,tion presumes a fixed value of k 

-5-

(5) 



and attempts to solve Equation (3) by Gauss-Seidel iteration. 

If k is not the correct value, this equation has no solution, 

and the pointwise convergence criterion will never be met. 

Therefore, a limit is set to the number of inner iterations 

performed at a single value of k. Within an inner iteration, 

each cell is considered in turn. While considering a specific 

cell, the outgoing partial currents in every energy group are 

evaluated by Equation (1). These updated values are then used 

in calculations for subseqµent cells. 

The outer iteration consists of a re-estimation of the 

eigenvalue, taken to be the ratio of the number of neutrons 

produced to the nwnber of neutrons absorbed, using the present 

estimate of the partial currents throughout the reactor. The 

production and absorption rates.are easiiy calculated using 

auxiliary response matrices that express reaction rates· within 

the cell in terms of the currents entering it. The eigenvalue 

calcu~ated in this way is over-relaxed to provide a value of k 

to be used in the next group of inner iterations. 

THE ACCELERATED SOLUTION ALGORITHM 

Inasmuc~ as the partial currents in all energy groups leaving 

a particular cell are evaluated simultaneously, the standard 

method is an energetically global method. The power iteration 

method, 8 on the other hand, is an energetically local technique; 

the partial currents in all cells are evaluated for a single 

energy groi,ip before any currents of the next group are fol.llld. 
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The power iteration method decomposes the response matrix 

into its direct and indirect parts 

,8,(k) = ,8,D + ~I (k) 

and introduces an outer iteration which re-estimates both the 

eigenvalue, k, and the indirect source term. (The source term 

.. is lagged by a single outer iteration.) Introducing the outer 

iteration index, n, we have transformed Equation (3) to the fixed 

. source .equation 

The indirect source term is evaluated by over-relaxing the source 

calculated from the new estimate of the eigenvalue, k , and the n 

calculated current from the previous outer iteration 

+ff +n-1 + +n-1 
s = s + a. cs* - s ) s 
+* a £1 (k ) jn-1 where s = n 

+ 
and a is chosen so that the sum of all the elements of s* is 

+n-1 
equal to the sum of all the elements of S · 

(6) 

The direct response matrix component contains group-to-group 

tr~nsfer elements, which in general derive from both upscattering 

and downscattering terms. The accelerated algorithm sweeps 

through the energy groups in order of decreasing energy; there-

fore, the downscattering component can be evaluated from the 

currents for the present outer iteration. Upscattering terms 

must be lagged by one outer iteration, however. If we decompose 

the direct .response matrix into ingroup, downscattering, and 
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upscattering terms 

we can write 

(7) 

Equations (6) and (7) define the outer iteration algorithm. 

Considering the subset of Equation (7), which refers to 

currents in group g, we· write the one-group equation · 

(8) 

+n th 
where the components of J are the n outer iteration estimates 

g 

of partial currents in energy. group g, ~ is the group g segment' 

of the ingroup response matrix ~i, and the components of Sn are 
g 

the group g components of 

+ d + + 1. 
8n + ~ 3n + ~u Jn-

Equation (8) may be solved by various iterative methods. In 

this paper, we consider applying point over-relaxation. The 

current over-relaxation factor (a.) and the inner iteration 
J 

index (m) a:re introduced so that 9 

where 

= Q-a . .L. )- 1 f(I-a.).!. + a.U ] CJ1g}m-l +a. (I-wL )- 1 S11 
- J-g L J - J g J =g g 

R = L + U =g =g =g 

(9) 

and 1g and 1lg are lower and upper triangular matrices, respectively. 

(Notice that we have made use of the fact that R has zero diagonal 
=g 

entries.} 
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Although Equation (9) can be iterated to convergence for 

any value of k (since it is a fixed source. equation), this may 
n 

not be desirable. Therefore, we have limited the nwnber of 

inner iterations performed for a group during a single outer 

iteration. 

Naturally, the ordering of the spatial variables within 

Equation (8) is important in determining the properties of the 

iterative procedure, Equation (9). We have not investigated the 

variation of this ordering, but rather kept the natural ordering 

that is used in the standard solution algorithm. The outgoing 

currents from each cell. are groupe_d together, and the sequence of 

cells spirals outward from the center of the reactor. 

COMPARISON OF THE STANDARD AND .ACCELERATED ALGORITHMS 

Two versions of RASCAL exist at Savannah River now, one 

implements the standard· solution algorithm, and the other the 

accelerated algorithm. The over-relaxation factors and iter-

ation limits are currently reaCi as input data. The standard 

algorithm requires only the eigenvalue over-relaxation factor (ak) 

and the maximum nwnber of inner iterations to be performed per 

outer iteration (ITMAX). The accelerated algorithm also makes 

use of a current over-relaxation factor (a.) and an indirect
] 

source over-relaxation factor (a). s 

Ordinarily, the most significant criterion for comparing 

two codes that execute on the same machine is their use of 

· machine resources, Le. , the CPU, memory, and I /0 channels. 
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However, over a period of time, the standard version has been 

improved in ways unrelated to the differences between it and the 

accelerated method, so that a direct comparison of resource 

usage is not an acceptable evaluation of these two codes. 

Instead, we have chosen to compare the number of inner iter-

ations to achieve the same degree of c~nvergence in the two codes. 

(All results quoted refer to an·eigenvalue convergence to one 

part in 2000, and convergence of every partial current to one part 

in 10,000.*) 

We report here results of calculations on a simple reactor 

configuration. This reactor consists of 703 identical cells 

arranged in a nearly circular array. Since this configuration 

is not altered by rotation in multiples of n/3, symmetry arguments 
. . 

reduce the number .of unknowns from 4218 to 703 per energy group. 

The cell response matrix for the one cell type involved in this 

problem was calculated by RESPONSE in the usual manner, using 

a nine group energy structure. The eigenvalue problem was 

solved in two, four, and nine energy groups. (The response 

matrix elements are collapsed from nine to two or four groups 

using a specified energy spectrum.) Since two group problems 

can be solved more quickly, most of our parameter studies have 

been conducted in that energy structure. 

* Since the number of operations· performed in a single inner 
iteration of the standard algorithm is M2 (where M is the 
number of energy groups) times the number performed in one 
accelerated inner iteration, the results quoted for the 
standard code are actually M2 times the number of inner 
iterations. 
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STANDARD ITERATION ALGORITHM 

The eigenvalue over-relaxation factor and inner iteration 

limit have a negligible effect on the number of iterations 

required by the standard t~chnique. The two group problem 

required approximately 1160 iterations for any combination of 

these parameters. The CPU usage is strongly affected by ITMAX, 

because of the effort of updating the eigenvalue and response 

matrices. 

ACCCLCRATED ALGORITHM 

In contrast to the results of parameter selection for .the 

standard algorithm, the iteration count is strongly affected by 

the choice of parameters for the accelerated algorithm. How-

ever, even for a poor.selection of iteration parameters, the 

advantages of the accelerated formulation are considerable. 

For the two group problem, the iteration count is easily 

reduced from 1160 to approximately" 400. Judicious choice of 
( 

parameters further reduces the count below 150! Table 1 presents . 
a comparison of the lowest iteration counts we were able to achieve 

with the standard and accelerated methods. Notice the large 

difference in behavior of the two methods as the number of groups 

is increased. 

-11-
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TABLE 1 

A Cc;>m,parison of Minimum Iteration Counts 

Nwnber> of Standar>d Aaae ler>ated 
Ener>gy Gr>oups Algor>ithm Algo1'ithm 

2 1148 121 

4 4800 .251 

9 23490' 466 

We have found a moderately strong interplay of the four 

acceleration parameters a., ak, a, and ITMAX, particularly be-
J . s 

tween the ~urrent over-relaxation factor and the inner iteration 

limit. As can be seen in Figure l~ the over-relaxation factor 

has a moderate effect on the iteration count if a limit of 8 

inner iterations is imposed, but a considerably stronger 

effect if only 6 inner iterations are permitted. This might be 

anticipated since both of these factors strongly affect the 

accuracy of the currents during a single outer i~eration. 

Figure 2 presents the results of varying a with fixed s 

values of aj' ak, and ITMAX. For the problem under study, 

oscillatory.behavior is encouraged by an. overly large a , while s 

source· over-rela.xation factors nea:r unity have little effect 

on the iteration count. 

The eigenvalue over-relaxation factor, C\• can also strongly 

affect the behavior of the iteration. · Figure 3 presents the vari- · 

ation of the iteration count with ak for fixed vaiues of the 

·other parameters. 
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The effects of a. and ITMAX are relatively insensitive to 
J 

the group structure in which the problem is solved. Thus we 

have chosen to study only the effects of ak and as on four .. and 

nine group solutions. Figures 4 and 5 present these studies. 

Although the improvement over the standard algorithm becomes 

larger for more energy groups, .the effects of the acceleration 

parameters, particularly the sourc·e over-relaxation factor, 

diminish. 

CONCLUSIONS 

By using the power iteration strategy, we transform the 

energetically gl'obal response matrix equation to a coupled 

set of mono-energetic problems. This substantially reduces the 

number of iterations required to reach convergence. Further 

savings have been realized by applying over-relaxation techniques 

to .the solution of this set of equat~ons. Interestingly, the 

savings increase with the number of energy groups, even though 

upscattering processes are lagged by one outer iteration. 

Comparison of i te.r;:iti.on r,01.mts rloe.5 not tell the whole story, 

however. Evaluation of the source term adds to the effort in 

the power iteration technique. Also, evaluation of the res-

ponse matrices must be performed for each outer iteration in 

both methods; because this can be a substantial effort, 

the number of outer iterations is also a significant parameter. 

A definitive comparison awaits the completion of mature versions 

of both codes that may be compared on the basis of their usage of 

system resources. 

-13-



Several avenues are open for further investigation.of 

accelerating response matrix methods. We believe one of the 

mqst promising to be the development of implicit line algorithms 

. for application to the mono-energetic problem. A coarse mesh 

rebalancin·g technique (such as employed by GAUGE 1 0
) might also 

reduce the solution effort. Of course, we are also planning to 

apply these ideas to the transient calculation. 
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FIGURE .1. The Effect of aj and ITMAX on the Two-Group Problem 
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FIGURE 3. ·The Effect of ak on the Two-Group Problem 
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FIGURE 4. The Effect of ak on the 4- and 9-Group Problems . 
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