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, ABSTRACT

Thé general strﬁcture of thé two photon processes in.colliding
beam experiments, e+e -~ e+e+l, is studied for an arbitrary hadron final
state‘r . The dependénce of the scattering amp1itudes dn the lepton
variables are explicitly factofed out from the he]ic%fy ahp1itudes for
the basi;J(hadronic) process y+y > I'. General formulas are given for
the differentia] cross-section as wei] as for important special cases.
The most important inclusive channel (y+y - anything) énd exclusive |
channel (y+§ > n+n)'arelstudied in some detail. The first casé can
yield information on the fundamenta]uprqcess y¥y + y+y. Thé éeéond case

provides a clean method for extracting the s-wave m-n phase shifts.

* . o .
Supported in part by the U.S. Atomic Energy Commission.



INTRODUCTION

Colliding electron (positron) beams are a potentially fruitful
source of interesting information about electromagnetic and strong
interactions. The initial results from several laboratories have
furnished the first clean study of the well known vector mesons and
created much incentive for theoretical investigations of the one
photon annihilation process, et +e > y > hadronst It has been recently
realized, however, that the cross-section for "two photon processes”

(i.e. e + e—>e + e + hadrons, see fig. 1) is expected to be 1arge2’3 and
will dominate the annihilation prdcess at energies above 1 - 1.5 Gev.
‘This.opens up a whoie area of new possibilities and information to be
gained from such processes. In particular, it provides an important
opportunity to study photon-photon interactionf%nd hadronic‘systems of
eQen chargé conjugationﬁ

The purpose of this paper is to explore the general features of
colliding beam processes in which an arbitrary final hadron system is
produced by two virtual photons and to examine the possibilities of
extracting specific information on the fundamental process y + y > y + ¥y
as well as on the S-wave n-m phase shifts. In section Il we treat the

kinematics. Because of the mahy particles in the final state, this can

be rather complicated. By using the helicity formalism for these current-

current scattering amplitudes, we factor out in an explicit manner the
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dependence on the lepton variables from that of the hadronic variables

in the process y+y » hadrons. This enables us to write down the general
formulas for the scattering amp1itudes and differentia] cross-section
for an arbitrary final state and give the small angle apprqximation to
such formulas (Weizsacker-Williams approximationG). In sectfdn III.we
consider the experimental situation when none of the outgoing hadrons

is observed. The cross-section for that case (when either one or both of
the outgoing electrons are observed) can be related to the absorptive

parts of the forward ~v+y - y+y scatteriné amblitudes. Valuable information
on the latter process‘can be gained from such measurements. We also

Study, in this-section, the full conéequences of gauge invariance for .
these y;y amplitudes and some of their scaling properties. In section

IV we study the most important final hadron state for. the two photon

process - the two pion state. The emphasis is on ways to extract the

S-wave m-m phase shifts from this interesting channel. In Appendix A

we give some detailed formulas on the kinematics and the differenfia]

cross-section for a general two photon process. Appendix B contains the

definition of invariant amplitudes for bhoton-photon forward scattering.



II GENERAL KINEMATICS

We consider the process
e+e>et+e+T (1)

in the two photon exchange approximationz’3 (Fig. 1y. In (1) e

. - + .
represents either e~ or e and I stands for some arbitrary hadron

‘state. The process can be either exclusive (all particles in T

measured) or inclusive (final state I partially measured or unmeasured). As
shown in Fig. 1, the incoming and outgoing momenta of one electron
are labelled by k] and k2; those of the other by a1 and Py The

momenta of the virtual photons are therefore,

k =ky -k

1 2 -
(2)
q_q]'qZ
We also define
K = k] + k2
(3)
Q=q]+qZ-

The total four-momenum of the hadronic system I' is given by p(=k+q)

while the individual particle momenta will be denoted by P1s Ppeee-Pp-

The squared effective mass of the state I is designated by s with,

s = - pf = - (ka)? (4)



The kinematics of the overall process (1) is considerably

simplified by the assumed two photon exchange structure of the
amplitude (Fig. 1). The amplitudes for (1) can be expressed in

terms of those describing the simpler process,
y+y~>T. : (5)

To take advantage of thfs simplifying feature, it is essential to

choose a set of variables which completely separates the known

dependence on the lepton vertices from the unknown dependence on

the hadronic amplitude, (5), in an explicit manner. The obvious

choice of hadronic variables are those appropriate for the process
2 2

(5) with virtual (space-like) photons of "masses" k~ and g

respectively. It is not hard to see that the natural variables for

the leptons are those specifying the lepton configurations in the
“rest fr‘ame"7 of the corresponding virtual photons. We shall-
define those variables explicitly in subsection B and derive the
connection between processes (1) and (5) for a general final state
I in subsection C. First, however, let us familiarize ourselves
with the process (1) by introducing the laboratory frame variables

which are the experimentally measured variables.
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A. The Laboratory Frame Variables

In colliding beam experiments, the Lab. frame is just the
C.M. frame for the incoming particles. We choose the z-axis to be
that of the incoming beams. We further specify the x-z plane to
be defined by a vecfor Py belonging to the hadronic system T.
Then »the Lab. frame kinematics is as illustrated in Fig. 2. The

independent variables in this frame can be chosen as,

E: energy of the incoming particles,

e, 8, ¢: energy and polar angles of .the outgoing particle
- with 4-momentum k2.

(6)

e', 8', ¢': energy and polar angles (with respect to a set

of axes related to the above by 180° rotation
around the y-axis) for the outgoing particle dp-
plus other "intrinsic" hadronic variables, if any. -

Although experimentally the Lab. variables are directly
measured, they are not very useful in exhibiting the structure of
the two-photon exchange amplitude, Fig. 1. The expression for the
cross-section is exceedingly complicated and without explicit
physical interpretation. We shall therefore go over to the

"natural variables" alluded to previously.

B. Natural Variables
The use of lepton Brick Wall frame variables for current-
current amplitudes and its close associétion with helicity amplitudes

(or form factors) for current-hadron scattering has been discussed
8,9

in the context of electron-hadron and neutrino-hadron scattering.




The same analysis can be easily carried over to our procesé, Eq. (1).
There are two sebarate B.W. frames ("rest frames" for the virtual
photons7) associated with the two pairs of leptons. In either frame
we define the photon three-momenta to be along the z-axis. The two-
frames are further specified by requiring the time component of

one or the other photon 4-momentum to be zero. Thus in the B.W. frame :

. of the "k-electron" we have
k = /kZ(0, 0, 0, 1) | (7)

/gZ(sinh u, 0, 0, -cosh u)

and q

'where cosh u = -k-q/(kzqz)% . An arbitrary configuration of the
k-electrons in this frame can belspecified by two variables (y,x)
which parameterize the transformation 0(¢,x) which brings the vectors
ky and k, along the z-axis and which leaves k; Eq. (7), invariant.
Explicitly, G(y,x) consists of a rotation around the z-axis by the
azimuthal angle x and.a boost along the x-axis by the hyperbolic
anQ]e ‘w;rvThe 4-momenta k], k2 are therefore specified by Eq. (7)

together with
K = vkZ(cosh ¢, sinh y cos x, sinh ¢ sin x, 0). (8)

Similar definitions of the variables (y',x') associated with the

"q—e]éctron" in its own B.W.. frame when transformeébto the "k-
electron” B.W. frame yield the following form for fhe vector Q.
Q = '/q%(cosh y'cosh u,-sinh y'cos &';sinh p'sin x',-cosh y'sinh u).
(9)

Eqs. (7)-(9) specify all the relevant vectors in one frame in terms



of the independent variables,

q2, k2, s(or k-q) '
(10)

and v, x,v',x'
The kinematic configuration in this frame is depicted in Fig. 3.
.The configuration of these vectors as well as their explicit
expreséions in terms of the variables (10) in the "gq-electron"
B.W. frame are exactly the same as shown here with the ré]es of
the k-electron and g-electron reversed. The connection between
these variables and the Lab. variables is given in Appendix A
along with other detailed kinematic facts.

The utility of the set of variables (10) lies in the fact
that each e1e¢tron-photon vertex function can be written as a
known fbnction 6f its B.W. frame variables while the rest of
the overall amplitude is independent of these variables. For
instance, it is easy to see that

. * -
<k2A2|Ju(0)1k]ax]> = €?a)<k)<k2A2,€(a) 'J(O)|k]x]>

(1)
= <y <k, 107 (e 500000, 0 [ Ry
= Sl(JOL)( )D(y aX)O‘B<‘22)\2|E(B)*’j(o)tE'|>\'|> ;
= o)y (K0(u,x)% 3 F o, (k2) : i

u =
Here R] 2 —G/;‘VT 0, 0, +1); and £ () (k) Q,] ,2,3) are a set

of helicity polarization vectors for the virtual photon.  0(v,x)




- is the SO(2y1) transformation introduced earlier and D(¢;*)“3
is the transformation matrix for j in the spherical basis.]2
The lepton "form factors" jisi (k) can be easily calculated.

' 21 -

The only non-zero ones are,

(4) ) o |
J%_%sz &7&_k2 =-/2K2 (12)

?

C. 'Scattering Amplitude and Cross-Section
With these.pre1iminaries, we can now write down the
transition amplitude for process (1).

4 "l 11
T = e '<ky) IJ Ik]x]><q2A2|Jv(0)|q1A]? K2 32

jd“x e KX T(aM(x)3%(0)[0>  (13)

4,2 2

=(e*/k%a%)T_, (K2,02,5...)D(p2)®, D (w0 ® 3 (% ) (k2) 5 1)
2°1

af o A2

The amplitude is thus in a manifestly factorized form with the depen-

‘dence on the leptonic variables exp]icit]y displayed. The hadronic

part is isolated in the factor T (kz,qz,s...) which is nothing but the

af
helicity amplitude for the process. y+y » T with virtual photons of

masses k2, q2 and helicities «,8 respectively,

T (k%,4%,s...)

a8 = fd4X<FIT(JU(X)Jv(O»‘O>eikXQ(2)(k)ev

(B)(Q) (14)



- - . -0 -

We note that for e e  collisions, because of identical particles, an
additional term in Eq. (13) is required. It can be obtained from the
expression given by interchanging k2 and SPY

For a general experiment of the type (1), let us split the final

phase space for the final hadron system into two factors.
dr = dr' dr" | (15)

where dr' is associated with the observed variables while dr" with .
the unobserved variables. The differential cross—séction, after
averaging (summing) over the initia]iffina1) lepton polarizations can
then be written,

4 1

. 2 2
do = 2~ L & d9T gco5n y)d(cosh o) dxdy ' dr”
2972 E2 k% @2

2 2

x W, (k%,9%s...) emi(m-2)x -1(n-3)x' - (16)

A, mn

x[A() A" + A 30", % aen)", + a) I 3" ]

where we have used (12) and the explicit form for D(q;,x).]2
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We also ihtrbduced;'ﬁ
2 2 o e * 2 2 2 2
wlj’mn(k 54 3S...) = fdr (2m)4s (k+q-p)T2j(k s, )T mn(k 307 5S..4)

(17)
which is clearly the contribution to the absorptive part of y-y forward
elastic scattering amplitude due to the state I summed over dr". These
functions satisfy the hermiticity relation

*

lwij;mn mn, £J

and the parity relation

W = (-1)tdrmen

: W e (19)
Q)J«,Wl’n i-QJ-ijm,-n . v

"Eq. (16) can obviously be further expanded out using the explicit .
expressions for a(w)mn as given in footnote 12. We give the full
expression in Appendix A. For purposes of discussion, Eq. (16) is,

in fact, more concise and clear. .

D. Small Angle Approximation _
Because of the presence of the factor (kzqz)'], the bulk of the
"cross-section is confined to the small momentum transfer region, as
in the famous Mott cross-section formula. In other words, the photons

are mostly near mass shell and the laboratory scattering angles 6 and 6'
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for the leptons are small. In this limit our B.W. frame variables

~are simply related to the laboratory variabies,

k2=—~q2—— 0
x=4¢ x' =¢ |

" s= -2(keq) = 4(E'€)(E'€')v | | (20)
cosh ¢ = (E+e)/(E-€)

cosh ¢' = (E+e')/(E-€').

Thus, if the outgoing leptons are not observed one can easily integrate

2=0 in the photon-photon

over the small angle region, setting k2=q
amplitudes wmj mn’® and obtain ‘the well known expression for the cross-
) ,

section of process (1) in the "Weizsacker-Williams approximation".

do  _ ,,0y2,,.FE 2 AEZ ds S do
- 2@ ek (5 L] S (21)
| -
‘ dogg _ 4n2a? _
where at s Mg F o) (22)
and £(x) = (24x2)21n(1/x)-(1-x2) (3+x2).

The total cross-sections for various hadron processes based on these

approximate formulas were calculated by various authors before.z’?”]3
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ITI. CONNECTION WITH FORWARD ELASTIC PHOTON-PHOTON SCATTERING AMPLITUDE

If none of the final state hadrons are ‘

observed, we sum over all possible statest 1in Eqs. (14) and (17).

2 2

The functions W (k597,s...) then become the absorptive part of

AN ,
the forward elastic helicity amplitudes for the fundamental process,4

Fig. 4,
v(k.sm)+v(g,n) > v (k,2)+v(a,d). - | (23)
Explicitly, we have

2 2\ *u v Ky
(k%%s)=e 3y (k) e 5y (a)W

A ' o}
(24)
wherér‘ . ' o ~
T (ki) by, o ik(x=2)=igy_q|1* \ PR
v'wuv,kc(qu) sdixgtyd'z e <0|T (Ju(x)JV(y)T(JA(z)JO(O))|O>.
. , _ . (25)
In addition to the symmetry relations (18) and (19), these fofward‘ '
elastic amplitudes satisfy,
- | . =8 g AW
gy = Semg), memteg,m (OOESTROTIET (26)
and
| W W (ti al
. =W, . ime reversa
BJymn- Py mn invariance) - (27)

By‘méking use of these symmetry relations, one can write down the
explicit formula for the differential cross-section for the overall

process (1) summed over T,
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_ o*  dk? dg? | .. | -
do = 35 F7 W7 o d(cosh w)d(cosh.w )d x (28)

2 2 4
x {(cosh2 y+1)(cosh2 y +1)5(w1])]1+w1_1)1_1)

h2 2 - ' 2 - 2 g
+(cosh2 y+1)(cosh2 y'-1) w]0)10+(cosh‘ y 1) (cosh? y +1)w01)01

2 e 2 gta
+(COSh Y ])(COSh U] ])[woo) 00+£COS 2 X w'”)_'l_'l]

+ sinh 2y sinh 29" cosx Wy gg¥yg o))
)

where now the x-z plane is defined by the outgoing g-electron. It is
obvious from the above expression that by measuring the outgoing leptons,
one can determine, in principle, six combinations of the eight independent
forward elastic (virtual ) photon-photon scattering amplitudes.

In view of the importance of the fundamenta] process (23), it is
worthwhile to look into the structure of.the helicity amplitudes, Eq.(24),
arising frdm the gauge invariance properties of the photon interaction.
These can be written

u = v
wuv Ao .9 W

g uv,ko

(29)

_ X 0
- Wuv,kok —_wuv,koq 0.

It is well known that these conditions give rise to low energy theorems‘
for the helicity .amplitudes. The full content of (29) can be explicitly

displayed by expanding‘wuv into a set of minimal polynomial tensor

Ao
)
basis {Li} which satisfy all the requirements of Lorentz transformation,
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- 'gauge invariance and symmetry conditions (18), (19), (26) and (27),
WY = (k2,02,8) LMY (K, (30)
_ 5 _

The coefficients wi(kZ,qz,s) are then (absorptive-parts of) invariant
amplitudes which are free from all kinematic singularities and zeros
(constraints). A general precedure for constructing such a tensor basis
exists.]4 Some of the explicit formulas for the resulting gauge
invariant fourth rank tensors are rather lengthy. We give the detailed
results in Appendix B. Here we only exhibit the kinematic structure
of the helicity amplitudes by expressing them in terms of the analytic

invariant amplitudes wi,

= K2a2 2 21
Wop 00 = K202 (HyHH o+ 2Hg a2l +k2H )
w]o’]o = -q2{k2[w3+k2w5+w6+(k-q)wg] + (k-q)2w4}
Wo1,o1 = -k2{q2[w3+q2w4+w6+(k-q)w8] + (k-q)Zws} (31)

Hq,oqo1 = (kea)2Wy+k2a? [Hg-(k-q)Wg]
AWy ) F (k'q)z[£W2+qzw4+k2W5+W6+(k'q)w8]
+ 3k2q2[2W5+H - (k-q)Wg]
0y o0¥10.0.0) - &(k2q255[<k°q)<w2+w6)-k2q2w81

éi(w]]"].]'hhl_]’]_]) = i(k’Q)[ZW]*'(k'Q)WZ] + ;_kzqz[w6'2w7‘(k'Q)w8]

%(W]1,00+W]0’0_])v='-(k2q2)§tw]+§(k-q)(wz-w6+2w7) + kzq2w8]
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One well known consequence of these relations is the low energy
theorems for ng,mn that they display exp1icit1y: Thus the féctors
of (kz)% and (q2)é associated with each longitudinal virtual photon
emerges as expected. In addition, Eq. (31) shows that the first six
amplitudes, which are the ones appeafing in the cross-section formula
(28), each vanishes ss the square of the momentum components when
either ku +~ 0 or q, > 0. .

- With gauge invariance and other kinematical requirements explicitly
taken-care of, one may examine dynamical problems associated with the
photon-photon elastic scattering amplitudes. We shall not go into much
of thesg more speculative topics and confine ourselves to a simple
discussion of possible scaling behavior for this process.

The motivation for looking into the scaling behavior comes, of -
course, from the rather dramatic results found in deep inelastic |

electron-nucleon scat'cem'ng.]s’]6

In trying to apply similar considera-
tions to the two photon process, one immediately recognizes some differ-
ences. For instance, the amplitudes for our process, e+e - e+e+anythinq,
depend.on three invariant variables (k2q2,s) (cf. Eqs. (24) and (30)).
One must, therefore, decide on which of fhe'many possible scaling

limits to take. Here, our freedom of choice is limited by some serious

practical considerations. Since the cross-section drops off very fast

when either k? or q2 become large, it is impractical to look in the

region where both variables are large. This suggests that we should

look at the situation where one eTectron'(say, the'k—e1ectron) is

detected at large 4-momentum transfers and the other (the q-electron)
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remains inside the small momentum transfer_forward‘peak.' This situation
is then very much similar to the ine]astfc e1ectfon nucleon scattering
case with the Tow energy photon emitted by the q e]ecton
p]ay1ng the role of the target nucleon in the prev1ous case.

Since the most .striking aspect of scaling, so far, has been its
experimental verification ratﬁeﬁ than its theoretical e1ucidation,
it appears appropr1ate to apply the s1mp1est possible arguments in order.
to find the sca]1ng behav1or of the various amp11tudes In the present
case where there is no mass variable to set the scale, d1mens1ona1
analysis is a]most sufficient. One can invoke analogues of Bjorken's
heuristic relations to arque that the relevant quantities
tend to non-vanishing Timits in the sca]inghregion. Thus, forq2 almost

on mass shell, one can obtain,

S Wi (k2,0,5) > F. (u) (32)
where:
| v - kg
w = - k-q/k?
1 for i=1
N, = 2 for 1i=2,3,6,7

and the limit is taken with k% > =, (k-q) » » and w fixed.



=18 -

The exbreSsion for the cross-section then takes the form

d Y 1 .
TZaa— = Teew (In %1:) xz (cosh?y'+1)

(33)

x {(cosh?y+1)F(w)- 2 Felu))

where F(w) = §F2¥F6—F8. We note that when'quv 0, the connection
between the natural variables and the Lab. variables are rather simple.

From Appendix A, we have

coshy = (E+ecos?}e)/(E-ccos?he)

cosh v' o (E+e')/(E-¢) | | (34)
k2 == 2E¢(1-cose)

-k-q==2(E-¢")(E-ecos?)p).

If the gq-electron is not detected experimentally, the above expression
for the differential cross-section must, of course, be inteqrated

over ¢'. This integration can not be done without knowing the w-dependence

of the structure functions F(w) and FS(w).




IV. THE TWO PI FINAL STATE AND S-WAVE PI-PI PHASE SHIFTS

As mentioned previously, when two high energy electrons collide
in process (1), the bulk of the cross-section is confined to the region
with small scattering angles for the electrons. In this region, the
e]ecfrons also carry éway most of the incoming energy, leaving relatively
small.énefgwa;ansfer'to the hédron system.v This is reflected, for
instance, 1n'Equétion (215 by the ‘démpiné Factorﬁ(l/s)'in the hadron
mass spectrum. Consequently, as a probe for hadronfc structufe, this
~ process is most useful in studying low energy hadronic systems which
have the quantum numbers of two bhotonsl 'The most 1hporfant of tHese,
by'¥ar, is the two pfon channel which must be in a I=6:2, J=even and
P=+ state. We shall investigate the possibilities of extracting the
s-wave 7-7 phase shifts from this type of experiment.5

For practical reasons, we assume the outgping}e]ectrons are not

observed. Then, we can make the small angle approximation, and relate

the observed cross-section to that of the process,

VY > THT o (35)
for.almost on shell photons. The kinematics for this process in the
C.M. frame is illustrated in Fig. 5. We denote by €&, the scattering
angle in this frame and define |

P=py+p,=k*q -

Y‘=£(D]‘D2).

Let T (m,n=*1) be the helicity amplitudes for the processes (35)

t]
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(cf. Eq. (14)). Then the differential cross-section for the overall

process ete - etetn+n becomes,

do _ ot E 21 42 b S 2
Tdlcose )~ Zr (ng) 57 0-57) flige) 10Ty 412407y 412

(37)

In the absence of strong final state interactions, the amplitudes

T are given by the gauge invariant Born term. Thus for the charged

mn
n'n” final state (superscript c) we get,

(B)e - _ Dein2 1 1 _ _2u%s
T1,1 =2- 72 S1n'en(u‘Ft * uz-u) (ue-t)(u-u)
‘ - (38)
T%?Z% = 2p25in26"(;;:E+ E;:Iﬁ
where p2 = &(s-4ﬁ2)
u?-t = p/s[(/s/2p)- coso ]

=
N
1

|
"

p/sL(/5/2p) + cose_].

The corresponding amplitudes for the neutral =°x° final state (super-

script n) are obviously,

Strong interaction effects modify these simple expressions. In the

low energy region where elastic unitarity approximately holds (from



. threshold (s=4ff) to slightly above the inelastic threshold (s=16ﬁf)).

Most of these strong interaction corrections can be incorporated in the
form of final state interaction through Watson's theorem.]7

We expect such corrections tqlbe‘on]y important in the lowest partial

18

wave (i.e. the s-wave) and for the isospfn channel 1=0. Therefore,

we can write the scattering ahp]itudes as,

i6(0)

T],lc B 'a(o)(s)Ie 0 "%ﬂ(B)C(S) + T]’](B)c(s,coseﬁ)

B
],"'] . 9. ( )C(S,COSe'n')

where a(o)(s) is the I=0 s-wave partial amplitude, 6(8) is its phase
and a(B)C(s) is the s-wave projection of the Born term for the charged
final state (n+ﬂ-), Eq. (38). 1In deriving Eqs, (40) we have used the

. relations,

!
(g
]
No—
—
N
—
+
-—q
o
g

‘:Tc 3

™ - 2% T(Z)_T(O)

where T(I) are amplitudes with given isospin I. We can now write down

the differential cross-section for these two final states: v
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do© 4o(Ble
ds d(cosen)” ds d{cosen)

N a(0(s) - 2a®eg))e (a2)

(B
+2[ Ia(o)(s)]cosao(o)- %-a(B)c(s)] T )c(s‘,cosen)}

don

ds d(cosen) N(s){-a(o)(s) q"‘é"i(E})c(S)lz

where
N(s) = g7 (n R g (- E9 ) )
(B)c
?jcsj_d(m = N(S)(..T]_,](B)Clz + lT'l ,-](B)CIZ)

(B)c _ 2u? /s +2p
(s) = pvs 1n /s -2p

‘and Tm n(B)C are given by Eq. (38).

There are two unknowns in these formulas, Ia(o)(s)l and 60(0)(5).
By making full use of the interference effect between the s-wave correction

term and the Born term in the first equation of (42), one can determine

these two unknowns independently. Thus one can fit the data with an

expression like

(B)C(

v for
for the right hand side and solve,the unknowns from A(s) and B(s).

A(s) + B(s) T s,c086T) - (43)

11




If one is willing to use more dynamical imput, he can do

(0)(S)|

better than outlined above by attempting to relate |a

to ¢ (0)(5) through dispersion relations. To do this, we first

0
need amplitudes which are free from kinematic singlarities and

zeros. For on-shell photons, two such amplitudes (A],Az) can be

defined by: | . ' |
|
™ = [(k-q)g™ - g"k"] Ay (44)
[k q)¥ Y - (kep)a®e? = (@) kP (ker) (a0r)g*7TA,.

It is easy to verify,

1 12
Typ = zs[A) + 2p7A,]
(45)
2

T = -%—s p sinzenAZ.

This implies (T]]/s)vand T]_1/s(sf4u2)sin26n are reqular amplitudes.
We shall be only interested in the first one. In writing down the
fixed t dispersion relation for T]1, we assume: (i) the righf hand
cut is dominated by the elastic unitarity and (ii) the only
important contribution to the left hand cut comes from the gauge
invariant Born term. The kinematic zero at s=0 enables us to

make a free subtraction at s=0. We have, therefore,
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- 1
ImT;,(sit)
1 _ (B, s , Iy tss
Thlsst) = Tyt + 7 iuzds STsT-s) (46)

Projecting cut the s-wave part of this equation, we get:

w { _ (1) -ing)
al(s) =B+ 8 ; g 2isjsintoe (47)

4,2

This is a standard Omnes equation which has the solution

I @ (B)I ' : (I) ' 'ReA(SI).
(s) . )sins (s') !
al(s) - a(B)I(S) . §%§ s / ds a SIEzI_Z;n o (s')e
42
(48)
~ where
. )
(s')
al(s) =-% 4izds' :O S? < (49)

The dependence of aI(s) on dél%s) as expressed in Eq. (48) is

too indirect to be of any practical value.

To simplify this solution into a manageab]e form, we notice
that, because of the rabid convergence factor, only the low energy
portion of the integral on the right hand side is important. (This
is, of course, necessary in order for the elastic unitarity approxi-
mation to hold in the first b]ace.) Over this range, the Born term

can be well approximated by a pole on the negative real axis.]9
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By using the explicit formula for a(B), Eq. (42), we obtain an approxi-
mate expression.
(B)C \ b _ 2 _ 2 . -
‘2 (s) = tc b=14,7u2, c=3.35u (50)
which is accurate to withfn 4% throughout the elastic unitarity range,

s=4u2  to 16u2. Now, rewrite our solution to the Omnes equation,

Eq. (48), in the form

I ]
)15y - set 0 f g ot g

2mi Cp s'(s'-s)

with the contour cp circling the cut on the positive real axis as
depicted in Fig. 6. Inserting the approximate form for the Born term,
Eq; (50),, into the right hand side of this equation one can deform

the contour of integration until it is reduced to three circles

(c],c2 and C3s Fig. 6) around the three poles of the'inteqfand. One

obtains . then: -

al(s) =

|
o
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where
b(0) = (2/3)b= 9.8,2

b(é) = (/2/3)b= 6.94,2

Eq. (52) furnishes a simple relation for the magritude of aI(s)

in terms of its phase:

~

I 1
-5*(-c)] R
al(s)] = 12y] 1 - 2 et (o) GRenls) (53
I, S ® ‘SgI')(S')
where Rea'(s) =3P s ds' <
T 42 s'(s'-s

and P denotes the principal part of the integral. The constant
[-AI(—c)] is a]sd, in principle, given once the phase shift is known.
But in practice one can regard it as a parameter (same for all energies)’
which is positive and sma11.20

Eq. (53) can be used as constraints * to the program for extracting
the phase shifts from data as discussed in the first part of this section
(whére |a(0)(s)|- anddo(o) were regarded as independent of each other).
With these constraints available one may evén try to put in correction
effects in the I=2 channel, which has been neglected so far, and

‘experimentally verify whether it is indeed small. Thus Eq. (42) will

become,

do® do(B)c
ds d{cosen)” ds d{cosq,)




(B)
1 (:,cosen)[z |a(0)(s)|c0550(q3@{]a(z)(s)|cosao(2)-2a(B)c(s)]}

T

: n
ey - M) =2l D)+ vz aPisyz (54)

where the various quantities have the same meaning as defined there.
These equations must be used in conjunction with the constraint equations,

(53), in order to be useful for the extraction of infbrmation on the

2).

phase shifts & (0) and & ( If the correction effects due to strong
0 0 ,

interaction are small, then we can neglect the square of the correction
terms in Egs. (842) and (54) for do/ds d(coser). With only the inter-
"~ ference term on the right hand sides of these equations, and with

I(s)l related to 651%5) through Eq. (53), one may even attempt to

(1)

|a
invert these equations and express 8 (s) directly in terms of the
“measured quantities. Such a program, however, does not seem to be
especially efficient and practica1.l We shall not pursue it here.Z]

We close this section by remarking that although the extracting
of s-wave m-m phase shifts from the two photon procéss is not without
its difficulties, the present method does have considerable advantage
over the other available methods. We only point to the absence’of other
strongly interacting particles in the final state which could make the
extraction of relevent information theoretically ambiguous (as in the

22)

nN > maN case as well as the absence of the p-wave final channel which

strongly dominates over the s-wave channel and makes the extraction of

information practically difficult (as in Kia decayzz).
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CONCLUDING REMARKS

In this paper, we have only exhbited the most general kinematic
structure of two photon processes‘in colliding beam experiments and
examined possibifities for extracting ihterésting information from the
most important inclusive (y+y > anything) and exclusive (y+y > m+m)
channels. There are obviously many more interesting possibilities that
can be explored. |

The kinematics for these processes are a bit more complicated
than the cases we are used to, because of the presence of two outgoing
electrons accompanying the final hadron state. Here, the helicity
formalism provesto be instrumental in explicitly factoring out the
dependence on the lepton variables from the essential hadron amplitudes
to keep the physics transparent and the kinematics always manageabte.

The possibilities of learning something about yy elastic s;atterinq and
m-n S-wave phase shifts, while in neither case f:;:ghe only method available,
do seem to be extremely interesting and'theoretica11y ¢1ean. It is hoped

that in the near future, these possibilities will also prove to be

experimentally practicaﬁ.




APPENDIX A

We give the details of the kinematics for two photoh processes

in colliding beam experiments.

Relation Between Various Sets of Variables

The momentum Tabels are assfgned in the text and in Fig. 1. We
introduced two sets Qf independent variab]es§ the 1ab; variables
{E, e, 8, ¢,¢',6',6"'} and the B.W. frame variab]eé'{s,ké,w;g,q%w',x'} .
There is a third set, the invariant variab]és {s, k2;1q2, q-K, k-O; K0,
k-g,} , which is useful in providing the conneétion between thé'two

previous sets. It is easy to verify (we neglect the letpon mass throughout),

k2 = 4Eesin? } ¢
q2 = 4Ec'sin? } ¢
s = 4(E-¢)(E-e')-4ee'sin? 1@
“q-K = 2(Eve) (E-e')+2ee sin? B} (k2-q2) C(A-)
- [(k-q)2-k2q2]? cosh y
-k+Q = 2(E-¢)(E+e')+2ee'sin? @l (k2-q2)
= [(k-q)z-k2q2]%cosw' |
- -KeQ = 2(E+e) (E+e')-2¢ce'sin? Y@-4{k2+q?)

- (k-q) coshycoshy' - (kzqz)%sinwsinw'cos(x+x')

where G}is the angle betweenelf2 and 9, in the laboratory frame, i.e.

cos ) = cos 8 cos 8' + sin b sine' cos(o+s').
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These ré1ations enables one to solve one set of variables in terms of
the other. We shall not do this exph’cit]y.~ The formulas becomé
considerably simp]ifiéd when one of the electrons (say; the g-electron)
is scattered in the forward cone where one can use the small angle

approximation, then

o' =0, q2=0, cos@= cos ©

's = 4(E-¢)(E-¢')-4¢ec' sin? } o

cosh¢ = (E+e cos? 38)/(E-¢ cos? }0)

cosh y'= (E+e')/(E-¢') (R-2)

E2 = ,é(-k'q)(coshw +1)(éosh P1).

Phase Space

The invariant phase space element

do = (d 3k2/k§) (d 3‘12/(15)

(A-3)
takes the form
dp = ee' de de' d(cose)d(cose')dedo’ (A-4)
in terms of the lab. variables and the form
de = (1/64)dk °dqZd(coshy)d(cosh y')dxdy' (A-5)

in terms of the B.W. frame variables.



The region of integration in the lab. variables is

defined by: (i) E fixed
: (ii)v 6, 8', ¢, ¢' their usual range : - (A-6)

(1ii) e, €' bounded by

{ e=0, €'=0

(E-€cos? 3®)(E-e' cos? »®@)=n?cos? 30+ E2sin® 3@ -
and the corresponding region in terms of the B.W. frame variables is
specified by:

(i) x, x': their usual rénge

(i1) k* >0, ¢*>0, s >4 u* (A-7)

(i11) -(k-q)(1+coshy coshw')+[(k-q)2-k2q2]£ (coshy + cosh v')
;(k2q2)5 sinhrwsinh ¥' cosh(x+x')=8E%2 fixed.
The Tast condition simplifies considerably if k2 =0 or g2 = 0. One gets

4 u2 <s < 4E2 - 3 (k%+q?)

16E2 " (A-8)
ke+q<+4u<,

l(coshw +1)(Cosﬁ P'+1) = 8E2 ¢
(-k-q)

Differential Cross-Section

The general expreésion for the differential cross-section, Eq. (16),

can be éxpanded.out"using the explicit expressions for d (w)mn.b The

result is:
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de = g%;Eg- E%ag‘ dr' ‘ . | (A-9)
X {(coshZy+1)(cosh2y'+1) } [w1]’11 + w1_1’1_1]
f(cosh2w+1)(coshzw'-l)[wlo’]o-cos 2x' 3 (w]],]_]+w_]]’_]_])]
+(cosh2w-1)(cosh2¢'+1)[w01’01-cos 2x % (w]];_1]+w]_],_]_])]
+(cosh2w-1)(coshzw'—l)[woo;oo—cos 2x w]O,-]O'COS 2x" wo]’o_]

+ } cos 2(x+x')W]1’_]_]+ 3. cos 2(X'X')w]-],-11]

+

2sinh 2y sinh 2y'[} cos(x*+x') 3 Re(Wyq 567%10.0-1)
+ 3 cos(x-x') 3% RE(W10,0]'W]-],OO)]

. 2 t
VZ sinh 2y (cosh?y +1)cosx 3 Re(Wyy _13*Wy_ 1 _y.9)

+

+

2 . ] (]
/2(cosh2y+1)sinh 2y' cosx ' } Re(Wyg 1 y*W 0 _19)

o+

- 2 [] - ]
V2 sinh 2y(cosh?y'-1)[} cos(x+2x')Re \ﬁ-],o_]+cosx Re WOO,-10

+ } cos(x-2x')Re w1_],0]]

—+

20 o A 1 !
V2 (cosh2y-1)sinh 2y'[} cos(x'+2x)Re w1],_]0+cosx Rew00,0-1

+ cos(x'-2x)Re W_jq 101 .

The quantities W . contain kinematic factors (kz)i or (q2)£ whenever

23 smn
the helicity indices are zero (longitudinal virtual photon). Therefore;
Eq. (A-9) simplifies when one or both of the photon is near their mass
shell. Also, if none of the final hadrons are measured, we can choose the
x-z plane to be defined by one of the outgoing leptons. A1l terms in the

above expression which depend on x-x' then drop out.
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APPENDIX B

_ Fo11owing the procedure of reference 14, we can construct
the ‘minimal gauge invariant tensor basis {Li“vxc} for the forward
phOton-bhoton scattering amplitude defined by (25). Through a
stféigthforward, albeit fedious, calculation, we obtain the
fo1fowin§ set:

;L1 - guokvqk + qukogvx _ guvqkkc _ qukaXO

+ (k-q) (¢"9" - ¢*g™)

I

o = (%Y - keq ¢")(q"k7 - k-q g*°)
. 2 2
Ly = (K" - KM (7™ - q¥%)
S S B L HpA 2 WA (a2 VO _ oV O
L, = [k g"a" = (k-q)(k"a" + q"k") + (k-q) ¢""1(q 9™ -q7q")
fL _ (k2 HA kukx)[ 2kvk0 (k- (kv S+ qVkO)+(k f vo]
Lg = (k*g™" - [q - (k-q)(k'q™ + qk7)+(k-q) g
‘i _ :2 2 MV _AG 2 JHA_VO ‘ 2 U A VO, o UX VO
Le = a2k2g77°g™" + (q-k)2g™"g™ + k?q7q g "+ q2g" "k 'k
+ ¢"°[(a-k)k"a”k2"a7-q2k k? I+ [ (0" K)K*a*-k2q"a*-a2Kk "k 1
~(9-K) ["M(q k%K q%)+(q K +k"q") g"°]
| + kukvqkqo + quqvkkko
L; = k2q2(g"7g""-¢""g"%)-(q-k) (¢"°K q"+k¥q"g"7-g"7q "k’ -k¥q g ")

+ 9" (k2q"q%+q2k k%) + (k29 q +q2k¥k ") g
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- " (k2q%M+q2k k) - (k2q¥q +q2k k%) g
L.V A0, U,VLA O LU,V A O LV ALC
+ k"q'q"k +q "k k"q -k"k"q"q -q"q k"k
Lg = k292 (g"Vq k%+q"k g %) +(k-q) 3" *°
+(k-q) [q29* kK +k2q"q* g"%-k2q2¢"Vg"°]
- (k-a)2[g"* (k*q%+q k%) + (K" +9"k") g*°]
+(k- gk ke Xk a%+a k%) -k2a%q" (K g+ k)
-q2(q"k +k g kK7

We see that, although the first five tensors can be easily antici-

pated, the last three involve entirely non-trivial combinations of

the elementary tensors. Not all of the terms written down in these

equations contirbute to the physical helicity amplitudes (24). When
contracting with the helicity polarization vectors, terms with

ku’ q,> kx or g, vanish.
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3™ -sinhy /V2 cosh ¢ sinhy /vV2
.w n =

-} (coshy-1) sinhy /2 }(coshy +1) .

F.E. Low, Phys. Rev. 120, 582 (1960).
W.A. Bardeen and Wu-Ki Tung, Phys. Rev. 173, 1423 (1968).
J.D. Bjorken, Phys. Rev. lzg, 1547 (1969).

For a recent summary of experimental data, see E. Bloom et. al.,

Contribution to the XV International Conference on High Energy

Physics, Kiev, U.S.S.R. (to be published).

[



- 37 -

Footnotes and Refs. (cont.)
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We note two relevent facts on this point: (i) the next higher

partfa] wave is d-wave, péwéve being forbidden by charge conjugation,

(ii) a1 avai]ab]e:estimates of s and d n-m-phase shifts support
this expectation. On the second point, see for 1n§tance D. Morgan
and G. Shaw, Phys. Rev. D, 2, 521 (1970) and the‘many contributions
to the P;oceedings of the Conference on nm and wK Interactioné,

Argonne Natjonal Laboratories 1969 (unpublished).

The precise formula for a(B), Eq. (42), has a cut from -» to O
with discontinuity proportional to (s-'4u2)5/s5 .

. 4,2
Assuming 61(5) =7 %I%%;T (corresponding to a broad resonance at

s5 ~ 5u) we found -AI(-C)=0.2. In channels where there is no

low energy resonances, it should be much smaller than this.

After the completion of this wbrk, we noticed a preprint by

D.H. Lyth on the process yy - @m . Hié general approach is very
simi]af to ours. 'In particular, he presented some numerical
estimates which supports the approximations which led to the
dispersion relation (46) and also wrote down our equation (48).
However, he approximates this\equation by neglecting. the depéndence
| AI(S) on s and obtains an expression which holds for small

values of s where GI(S) remain very small. This may render his

subsequent inversion formulas unreliable because they involve
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Footnotes and Refs. (cont).

22.

integrating over the full range of s. This is true especially _ |
if a broad resonante is present near the elastic unitarity region
as is believed to be the case. Our results relating IaI(s)I

to GOI(s), Egs. (52), (53), do not suffer from this difficulty.

See the references quoted at the end of footnote .18.
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VI. CONCLUSIONS
We have seen that leading Regge trajectories o(t) with square-
root branch points at t=0 are generally exbected to be present in
amplitudes which require faster than Togarithmic shrinkage of the

diffraction peak.29

The more detailed conditions have been summarized
invSection ITI. Note that we are talking here about shrinkage which
is required by unitarity because of the growth of the amplitude. 'It
is not an extra feature as in the case of ordinary Regge poles. In
our arguments, we use s-and t-channel propefties-of the amplitudes,
and we assume that the relevant singularities .in the complex angular
momentum plane are non-essential. But isolated essential singularities
and natural boundaries are also considerably restricted by the analytic
properties of F(t,x) as a function of two complex variables. In
cerﬁain cases they can be excluded, but in this paper we have not
discussed these prob]ems.30 | |
We note that trajectories of the form o(t)=a(0)+ const./T+0(t)
can, of course, also be present in cases where they are not required by.
general princip]es.3]
Continued partial wave amplitudes with complex singular surfaces
of the type (1.1) are most naturally related to representations of
scattering amplitudes in terms of superpositions of Bessel functions of
the argument £/-at 1gs, 0 < ¢ < 1. In this sense, the picture of high
energy scattering involving these complex trajectories is actually rather

intuitive from the point of view of the s-channel. It is possible to

relate it to quasi-classical pictureé.
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- Using a rather general Ansatz for the partial wave amplitude
near (t,x)=(0,T), we have evaluated the high energy limits of the
amplitude in terms of Bessel function representations. These represen-
tations_are very useful for the construction of specific models.

The character of the singular surfaces (1.1)‘of F+(t,x) is dependent
upon the sbecific asymptotic properties of the amplitude F(s,t), in
particular for t=0. Although this high energy limit is physical for t £ 0,
the general notions‘of dispersion theory require also that we take into
account the t-channel properties of the amplitude, in particular the
unitarity constraints. To do this requires some analytic continuation,
and it is most simply done by using the continued partial wave amplitudes.
We have shown that, unless we wanf to infroduce very special shielding
cuts, or singular surfaces with t-dependent character, the actual character
of the trajectories (1.1) should be either such that they are by them-
selves compatible with t-channel unitarity, or that they represent the
degenerate 1imit of a pole-cut relationship. In a po]e-cut.relationship
of this type’the Regae poles and branch points are of the form (1.1)
near t=0, but they are different near the threshold t=t0, where the
poles develop a branch point and the branch point trajectories are weak
and do not disturb unitarity.

In,cokporating the constraints mentioned above, we have constructed
a one parameter family of explicit examples for amplitudes with complex

trajectories (1.2). We have chosen the particular case of constant

asymptotic total cross-sections o and o, with o $ o. In the complex
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FIGURE CAPTIONS

Fig. 1: Two photon processes in colliding beam experiments. The
dashed Tines are the incoming and outgoing Teptons, the wavy Tines are

the virtual photons and the solid lines are final state hadrons.

Fig.2: Kinematics in the laboratory frame which is also the C.M.
frame of the colliding beams. Note the x-z plane is determined by

one of the hadronic momenta Py

Fig. 3: Kinematics in the brick wall frame of the k-electron. The
hadronic vector P which defines the x-z plane is not shown. The

azimuthal angle between the two planes for the k-and g-electrons is

Cxtx.
.Fig. 4: Forward photon-phdton scatterings my n, 1, j are helicity

indices.

Fig. 5: Kinematics in the pion-pion C.M. frame. The lepton momenta
are not shown. Their configuration is the same as in Fig. 3 since the

two frames are related simply by a boost along the z-axis.

Fig. 6: The singularities of the integrand in Eq. (48) in the s-plane

and contours of integration for Eq. (51) and Eq. (52).
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