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Abstract

A quantum mechanical study is made of reactive scattering in
the (H, H,) system. The problem is formulated in terms of a form
of the distorted-wave Born approximation (DWBA) suitable for colli-
sions in which all particles have finite mass. For certain incident
energies, differential and total cross sections, as well as other
attributes of the reactive collisions, (e.g. reaction configuration)
are determined. Two limiting models in the DWBA formulation are
compared; in one, the molecule is unperturbed by the incoming atom
and in the other, the molecule adiabatically follows the incoming
atom. For thermal incident energies and semi-empirical interaction
potential employed, the adiabatic model seems to be more appropriate.
Since the DWBA method is too complicated for a general study of the
(H, Hy) reaction, a much simpler approximatioh method, the "linear
model" is developed. This model is very different in concept from
treatments in which the three atoms are constrained to move on a
line throughout the collision. The present model includes the full
three-~-dimensional aspect of the collision and it is only the
evaluation of the transition matrix element itself that is simpli-
fied. It is found that the linear model, when appropriately
normalized, gives results in good agreement with that of the
DWBA method. By application of this model, the energy dependence,
rotational state of dependence and other propertieé of the total
and differential reaction cross sections are determined. These
results of the quantum mechanical treatment are compared with the
classical calculation for the same potential surface. The most
important result is that, in agreement with the classical treatment,
the differential cross sections are strongly backward peaked at
low energies and shifts in the forward direction as the energy
increases. Finally, the implications of the present calculations

for a theory of chemical kinetics are discussed.



I. INTRODUCTION

The rearrangement scattering of hydrogen atoms by hydrogen
molecules (H+HZ*H2+H) is the simplest kind of gas phase exchange reac-
tion. It is of fundamental importance, therefore, for the development

»2 From the exact quantum-mechanical

of a theory of chemical kinetics.
solution, we would be able to answer every question concerning this
reaction. Unfortunately, an exact treatment is not possible at present,

since the reaction involves the motion of six particles, three nuclei

and three electrons. After the Bdrn-Oppenheimer separation3 of nuclear

and electronic motion is made, we are still left with a three-body problem

involving a complicated potential. While many approximate studies exist,

4-10

their accuracy is not sufficient to answer the basic questions concerning

the importance of quantum corrections in chemical kinetics.

To clarify the chemical problem it is useful to consider its relation

to nuclear and electron scattering. In nuclear physics, the scattering
data are used primarily to investigate the nature of nuclear forces.

Hence, one usually assumes certain simple forms for the potential and

often treats it as an adjustable quantity by the introduction of suitable

parameters. ' In chemical kinetics, the questions are reversed; that is,
from a given potential, it is necessary to determine the reaction cross
secﬁions. Although simplified phenomenological potentials have been
introduced, the true interaction potential is known to be a complicated
of the interparticle coordinates and to contain importént non-additive
contributions. Fﬁrthermore; methods like the Born and the impulse
approximations, which give useful results in high energy nuclear colli-
sions, are not sufficieptly accurate in the energy rahge of chemical

interest. In low energy nuclear scattering, the short range of nuclear

b

function
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forces can be used to advantage; only s- and p-waves need to be considered and
cross sections can be correlated with the scattering length. In molecular
collisions, by contrast, much longer range forces are involved and a large
number of partial waves contribute to cross sections; this holds true
even at energles near the threshold of the reactionm. Electroﬁ scattering
from a hydrogen atomll is a three-body problem that has greater similarity
to chemical reactions. Considerable progress has been made there, in part
because the Coulomb interaction bétween the particles is well definéd and
has a relatively simple form, so that the entire potential 1s expressible
as a sum of two-body terms. Thg reactive scattering of the (H,Hz) system
suffers in comparison to the electron-hydrogen scattering in that the
potential is much more complicated and that there is no ;cattering centei
of infinite mass. The latter point is very important bécause the separable
coordinate system suitable for describing the initial state is not the |
same as that suitable for describing the reacted state. Consequently, a
coordinate transfermation is required that renders the problem difficult
to manipulate analytically. In many nuclear problems (e.g., stripping)
this complication is avoided by the assumption that the.target is
"infinitely heavy. However, in three-body collisions between light nuclel
(e.g., neutron~deutexon reactién}, the same coordinate problem 1s present.
It is, of course, for these nuclear problems that the least progress has
been made.l2 .
An alternative to the quantum—-mechanical approach to chemical reac-

tions is to assume that classical mechanics is valid and to carry out an
exact determination of collision trajectories.l3 The cross sections and

reaction rates cobtained by-this meéthod appear to be in general agreement



-3

with the data for the (H,HZ) system. However, the validity of classical
mechanics needs to be established. 1In the absence of a simple criterion
for the validity of classical.mechanics, the ultimate justification’for
its use must come from a comparison of a quantum—mechanical calculation
with the classical results. If oniy an approximate solution to the
quantum~mechanical problem is possible, the comparison is of particular
importance since both the validity of classical mechanics and the
approximations in quantum mechani;s are subjécted ﬁo test. For the
'(H,Hz) reaction system, this type of study especially important

because the évailable éxperimental results are not completely unequivocal.
Furthermore, there is interest in the dependence of the reaction cross
section on the internal energy of the reactant and the product molecules;
As .these energy levels are a quantum-mechanical concept, they have to be
incorporated artificially into classical mechanics. Since both the
rotational and vibrational energy levels in H, are widely spaced, the
adequacy of the classical approach is doubtful. Finally, it has been
held by many that quantum-mechanical tunnelling may often be an important

1,14 A study of the reac-

factor in the determination of reaction rates.
tive scattering of H+H2 is especially suitable for a discussion of tunnel-
ling since quantum effects aré expected to be more pronounced than in most
other systems.

The present work is an approximate quantum-mechanical study of the
three-body dynamics in the (H,Hz) system with a realistic, though not

15,16

exact, potential energy surface which has already been used in accu-

rate classical calculations.



II. FORMULATION

The energies of primary chemical interest for the (H,Hz) scattering
correspond to the thermal range below one electron volt. At such low
energies, the nuclear velocities are sufficiently small relative to those
of the electrons that the Born-Oppenheimer approximation is valid.3’l7
A further simplification for this reaction is that electronic motion can
be treated as adiabatic.l With these assumptioﬁs the scattering process
is reduced to the problem of three structureless atbms {(with nuclear
"spin) moving on a potential energy surface that is a parametric function
of the relative nuclear distances. The semi-empirical potential energy
surface adopted for the present work is complicated by the fact that it

includes a large three-body contribution..l5

To facilitate calculation;
effective two-body interaction potentials have been constructed by intro-
ducing assumptions corresponding to limiting cases of physical interest.l6
In one, the molecule is unperturbed by thg incoming atom, and in the
other, the molecule adiabatically follows the incoming atom. Although
these two limits yield similar results for elastic scattering,lé‘the
reactive cross sections are found to be very different.

A system of three particles requires nine coordinates to specify the
wave function., Since the 1ineé£‘m0mentum of the center of mass of
the system is a constant of motion, three coordinates describing the
motion of the center of mass can be separated.. Thus, the total
wave function caﬁ be written as a product of two parts; the first is the
eigenfunction of a particle moving in free space, which is simply a plane

wave, and the second, involving the remaining six coordinates, is the wave

function describing the internal motion relative to the center of mass.



In what follows, we assume that fhe trivial plane wave part has been
separated and are concerned only with the internal motion. Since the
total angular momentum of the system is also a constant of motion, three
additional coordinates describing the rotation of the system as a whole
can, in principle, alsoc be separated.lg This has been done in some
formulations of the three-body prob_lem.l9 However, since the equations
resulting from such a separation are time consuﬁing to solve, it is not
evident that the evaluation of the complete multi-dimensional integral
required for the cross section calculation may not be‘simpler to do as
in certain approximations. The latter procedure, as described below,
was followed in.the.present paper.

To consider the rearrangement scattering A+BCAB+C, we can write
the total sysﬁemAHamiitonian H in terms. of the quantities of the

entrance channel o (initial system)

. s

H o= HG(R";) + Va(i,r), (3—)
or of the exit channel B (rearranged system)

H = Hg(?,g) + vg(g,g), (@)

-*
where R is the coordinate of A relative to the center of mass of BC and
> 4 > :
r is the internal coordinate of BC; S is the coordinate of C
relative to the center of mass of AB and ; is the {nternal coordinate

of AB (Fig. 1). The operators H and H, are the non-interacting

B B

Hamiltonians,

2 2 ~ ,
B 2 h 2
2“ VR - 2 —" Vr + VBC (r) Py (3)

nu('zi,}*) - -
A,BC Hpe
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HB@',Z) - ,.2.;1.5..‘” vg - :2-5-“ vi V08, (4)
C,AB AR

where VBC and VAB are the isoclated molecular potential of BC and AB,
respectively, and the W's are the appropriate reduced masses. The terms
Va and VB are initial and final state interaction potentials; that is,

Va is the part of the complete three-body potent;al VT that goes to zero

as R*e and VB is correspondingly defined for the final channel. Thus,

VT(’R*,E?) - VT(“s*,},’) = V(o) + vd('ﬁ,’r’) = vAB<s>+v8<"s’,§> (5)

The plane wave solutions‘of Hu and HB with total energy E are @a and @8,

respectively (normalized to unit density),

BED = exp DN D, | ®
3,5 = exp (kg Simg (), )

where ng and ng are the bound state rotation-vibration eigenfunctions

of molecule BC and AB, respectively; that is,

[ 52 2 1T n~>  _nan~>

- 5§;g Vr + VBC(r{n ﬁq(r) = €N, (), (8)
'—Jﬁ%+v<J "3 = €ana(s) 9
i ZUAB s AB ] nB an S)s

where the superséripts n and m represent the quantum number of the initial

and final molecular state, and 62 and 62 are the bound state rotation-
vibration eigen energiles of molecule BC and AB, respectively. Conservation

of energy requires

2 2
f n.2 n h my 2 m ‘
E & pomee (k) 4 €] = e (k) 4+ € (10)
ZVA,BC o o ZMC,AB B g
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. +
For the total Hamiltonian H, the initial channel eigenfunctions Wé")
. b
with energy E and outgoing (+) or incoming (~) spherical wave boundary

conditions satisfy the Lippmann-Schwinger equations,21

(£) _ .n 1 ()

\yoc,n =%t E-H i€ Vu\ya,n : (11a)
n 1 n
<I>a + E-Htie Va?a’ (11b)

the positive infinitesimal € introduces the appropriate asymptotic
+

behavior. The final channel eigenfunctions Wé“; obey corresponding
3

equations.

In terms of these functions, the differential scattering cross section

for rearrangement from the entrance channel (a,n) to the exit channel

(R,m) can be writtenzo
o sm. PABcMC.AB BB | mm |2
Ogolkg) = 7.2 n| ‘Ba (12)
‘ (2mh*) Ky
vhere TBu is the transition matrix (T matrix) defined as
TS S S
Too = <0a1Val¥e 0> = <Yg m Vol 0% a3

Although the transition amplitude in Eq. (13) is exact, it is only
a formal expression unless total wave functionﬁ%ti or Wé:; is known.
Since its exact evaluation, which is equivalent to solving the three-body
Schrodinger equation with appropriate boundary condition, is not feasible

at present, approximations have to be introduced to proceed with the cross

section evaluation. In most cases, the only approximation method that can



be applied with relative ease is to replace the total wave function ?§+)
$
or Wé—; by the plane wave @u or @6, respectively; that is,
b
mn _ mn = <l 11
Too = Taq(B) <¢8§v61¢a> < (14)

which is the well-known first Born approximation. Although it may be
useful for some atomic rearrangement problems (e.g., high energy, low
activation barrier), TBG(B) is expected not to give accurate results

for the H+H2 reaction in the thermél region.é’5 This is a consequence
of’the strong interaction between the atom and the molecule, which dis-
torts the incident wave appreciably, so that the actual wave function
differs considerably from’a plane wave. In particular, potential leading
to reaction is large juét in the region where‘the incident wave can
hardly penetrate. If the major effect of the distorting potential can be
taken into account, the accuracy of the approximate scattering amplitudes
will be greatly improved. This can be done by separéting the interaction
potential into two parts. One part, which depends only on the distance
betwéen the atom and the center of mass of the molecule, modifies the
incoming plane wave and is thus responsible for the elastic scattering.
The sther part, which contains the:sest of the potential, is responsible
for the processes of excitation and reaction. If one wants to take the
principle of detailed balance into account, one must p?eserve the symmetry
between the initial and final states.22 This means that not only the wave
functions of entrance channel but also these of the product channel must

be distorted to adjust to the distorting potential.



1t is convenient to write ' Q=
e AL R :
Va(R,r) Va(R) + Va(R,r) (15)

VB('s*,‘;) - vg(s) + Vé(‘s*,"s’) (16)

vhere VZ(R) and Vg(s) are chosen to account for the strong repulsive

interaction between the approaching or receding atom and molecule,

€ ()

subject to the condition that the solutions Xq and x of the

Hamiltonians H +V and H +VB can be evaluated exactly or, at least, to

B
a high degree of approximation. The functions xé ) satisfy the integral

equation, analogous to Eq. (11),

(£) 1 o, (£)
XB @ + wHB+1€ VBXB,m (17a)
= et Y7 (17b)
the x;i> satisfy a corresponding equation.

To simplify the writing in what follows, we drop the super or
subscripts m and 1, except. in places where confusion might arisé from
their omission. Itnis understood that, when used in connection with a
wave function, S refers to the final state in the exit chamnel (B,m) and
o refers to the initial statejin the entrance channel (a,n).

.Rewriting the transition matrix T {Eq. (13)] in the form

T = <®B}vg{Y§+)> + <®B}Vélwé+)> ' (18)

Ba

and using Eq. (17b) to relate @B by Xé—) in the second terin, we have



T

e <<I>B{v§§wé+)> + 7 v e

- < 10 v§¢
- ' e
E (HB+¥B) ie

alvgle”>

(19)
- <¢>va§[‘?§+)> + <Xé“)fvé{‘¥é+)>

- <o |v° 1
B''B n_ N
E-(Ho+Vo)+ie

TSN
VBIWQ >,

The last term of Eq. (19) can be combined with the first term to give

1 -
) o]
E-(Hg+v8)+ie

O

B

" )
Tog = <®82v (1- ) vefwa > 4

(20)
g 1vgleg >

The first term on the right-hand side of Eq. (20) can be transformed

<o, |ve (1 - L viy g
BLB E-(H +V0)+ie P ©
B B
= <0, |V L (E-1,~v%+ie-v?) | ¥ >
B8 e (i +v0)tie BB 7
: BB
1
= <@B§vg (E~H+ie)3w§+)>

Oy
EM(HB+VB)+1€

-10-
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1 SN

= < | (E-B+ie) ¥
E~(H B) ~ig B B

- <(Xé")—<z>8) | (p-H+ie) {\y(‘” 1)

Since Wéf) is an eigenfunction of the total Hamilfonian H with energy E,
it is evident that as € goes to zero this term will vanish. This is well
known in the case thgt the scattering center is'infinitely heavy.23 Here
we have explicitly demonstrated that this is also true for collisions in
which all particles have finite mass. Thus, we arelléft with the single

term .

(-)!V'{\i](+)>' i . ‘ C (22) .

Equations (13) aﬁd (22) for the transition matrix are both exact.
However, it must be emphasized that they are necessarily equal only if
the total wave function W§+) used in evaluating TBa is exact. 1In praé—
tice, Wé+) inevitably has to be approximated and the two expressions
can give significantly different results. FEquation (22) guarantees that
the transition matrix is zeio when there ié no interaction other than éhat
between the particle under consideration and the center-of-mass of the
remaining system, but in tﬁe formulation of Eq. (13), it vanishes only
when the approximation of the total wave function ié carried to infinite
order.ZA This suggests that Eq. (22) is‘a better starting point for

approximation.

To further simplify Eq. (22), we make use of the relationz5
@) L) L)
?a Xa + E-H+ie xaxa (23)
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which follows from the defining integral equations for Wé+) and xé+).

Substituting into Eq. (22) we obtain

( ) 1 1 <+) ) .
TB& = <x6 VB[l + Foibie a}lx (24)

which is still exact. If the second term on the right-hand side is

neglected, Eq. (24) reduces to the distorted wave Born approximation (DWB)

T ),

8o ﬁm(zmzas) <Xg )[V IX 25)

The calculations of reactive cross sections presented in this paper are

based on Eq. (25).

ITI. METHOD OF CALCULATION

It is clear that the accuracy of the DWB calculation depends on how
we approximate our total wave function by a judicious choice of Vg and Vg.
The construction of these two-body potentiala and the corresponding wave
functions have been described in detail in a previous papér.l6 The
spherical symmetric potential is designated as Vz when  the molecule is

unperturbed by the %ncomiﬁg atom;
v, = Vo (R) + V! R,Y) | o (26a)
Vg = Vg () + véu(§,'§) | (26b)
and as VZ when the molecule adiabatically follows the incoming atom,’
v, = Vo (R) + V! (R, o (27a)

o 300 ¥ R el of :
VB = vﬁa(s) + V,Ba(s,s} . : (27b)
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(a) Distorted Wave Born Approximation

To determine the transition amplitude in terms of distorted wave
Born approximation (DWB), we need to evaluate Eq. (25). We outline the
method for the J=0 and J'=0 exchange reaction of the three-body system,
vwhere J refers to the angular momentum of the initial molecule and J' to
that of the product molecule. Although the higher transitions require
somewhat more complicated formulae, the essence of the method can be
brought out by discussion of the simplest transition.

If the molecule is unperturbed by the incoming atom, the wave -

function is approximated as
+) > > - .
Xy ~(Ror) = F(R)n (r) _ (28)

where na(r) is the initial molecular wave function in the absence of the
incoming atom and F(ﬁ) is the wave function for scattering by the central
potential Yi}R}. If the molecule adiabatically follows the incoming

atom, the wave function is then approximated as

xF&D = edm &D | (29)

> > k ' :
where na(R,r) is the perturbed molecular wave function16 which reduces to
na(;) as R and G(ﬁ) is the wave function for scattering by the adiabatic
=
potential z;§R). Both F(R) and G(E) can be written in the standard

partial wave form

® i8
FR) = I (20+1)ile nLn(R)Pn(cose) (30)
n=0
and
. o 18! :
G(R) = % (2n+1)ile L! (R)P_(cos®) (31)

n=0
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i

et

e

1l
vhere 6 is the angle between R and the initial wave vector &a’ and the

phase shifts Sn and the radial wave functions Ln are obtained from the

radial part of the Schrodinger equation with potential YZ;R), and 6; and

L' from that with potential gZ§R); the function Ln(R> is the solution

bounded at the origin and so norualized as to have asymptotic form

16
E;ﬁ sin(kaR - §~nv+6n); (32
the function LQ(R) has the corresponding behavior as R*0 and -, For Xé")
we use the approximate function
R -+
Xé )(S,S) = H(S)ng(s)

(33)

where n,{s) ig the final molecular wave function in the absence of the
g

cutgoing atom and H(g) is the wave function for scattering by the central
potential VgéS). We use Eq. (33) with x§+)
(27) to retain the simple form given in Eq. (25) for T

obtained from Eqs. (26) and

. For the adia-
Ba

batic distortion potential, this introduces an additional appréximatian
into the treatment, which could be avoided by using an alternative, some-
what more complicated, expression for T

Ba(

be written in the standard partial wave form

DWB).lg The function H(g) can
25 : '

18
n@) = renite *
v

LR(S)Pz{cos(ﬂ~8'}3

- (34)
where 8' is the angle between g and the final wave vector ES’ and LQ(S)
asymptotically as

is the solution of the Schrédinger equation with the potential VgéS),
subject to the condition that LQ(S) is bounded at the origin and behaves
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Ly(8) - (kg8 Tein(iegs - § imed)) . o 3%)

Substitution of Eqs. (28) or (29) and (33) into the expression for
the transition matrix TBQ(QWB) yields the desired formula. To illustrate

the procedure involved, we consider the unperturbed case [Eq. (28)]

18

Too W) = = JI( T 22+1)1% 'L, ()P, Leos (1-8')1) (g ()
(36)
> - ® 18 g |
c V'(S,8) { I (@utl)ie "L (R)P_(cos®)In (r)dsdS.
u n n o

B n=0

It is convenient to choose the volume element of this six-dimensional

integral to be’

dadS = s2sinzs’sinBdazdydBdddsds (37)
where 8 and ¢ are the angular coordinates of éi Z is‘the angle between
-+ - ' - > '
s and S and X is the azimuthal angle of s with respect to § (see Fig. 1).

To perform the integration, we must express the angle 6' and the

. ‘
coordinates R and ; in terms of the six variables in Eq. (37). With some
algebraic manipulation, it can be.shown that for H3 system (in which the

center~of-mass of each diatomic molecule is at its midpoint)

1
r = {32 +‘%-sz + Ss cosZ] 2
1 g
1.2-.°9 2 3 2
R==[ZS +-i-gs --Z;SSCOSC] ‘ (38)
cosy = { %~r2 - 88 cosl - %-sz)/Rr

cos® = ( % S.cosh v‘é*g'{cosécosc ~ sinBsingsiny))/R.
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Making use of the relation between 6' and 6,0
cosB' = cosOcosB + sinOsinbeos (3~ ¢)

where © and ¢ are the polar angles of EB’ and of the addition theorem

for Legendra palynamia1327

PP (cos0)

Pz(cose') = Pg(coge)Pz(cosé) + 2 I (-1)m Gem) ! 3

=1 (%+m) § d
(39)

P?(cosé) « cos m(d~ ).

We see that theya integration can be done immediately since the integrand
' depends on it only through Eq. (39). Tgis is expectéd because the proﬁlem
is symmetric about the z axis. Substitution of Eq. (39) into Eq. (36) and
performance of the ® integration permit the scattering amplitude to be

expressed as a series of five-dimensional integrals

TB'&(DWB) = ,o,io (29,+1)A£P£(cos@) T (60)

with the partial wave amplitude A£ given by

Lers [+ %11 Tt zw s |
A ”J[ J[ J/ J[ jf 18,3 (r)s sings’sinbdydzdbdsds  (41)
: ’ 0 vO VO VYO VO ,

where

1(§,§) = =21 exp(~21/2 + 18))Ly ()P, (cosB) (g (5))
' (42)
. %&{g,;) nEO {(?n+1)inexp(iﬁn)Ln(R)Pn(cose)]
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Equation (40) has a form that is similar to that obtained in direct'scatw
tering, though the amplitude integral [Eq. (41)] is much more complicated.
It should be noted also that the sum in Eq. (40) is over final chanﬁel
partial waves, which for the present case is equivalent to the expansion
over initial channel partial waves;

The differential cross sections are obtained by introducing Eq. (40)
into Eq. (12). Integration over Fhe solid angle d = sin8d6d¢ yields the
total cross section |

H

= 47 -

{1 ky,
5 A,BCTC,AB B ¢

2
@a+1) A, | ° (43)
Ba 2 ka 0=0 SL’

(Zﬂﬁz)

From the perturbed molecular approximation [Eq. (29)] the same
formulae are obtained except that the scattering potential Vz is replaced
by VZ and na(r) and V;(g,g) are replaced by na(§,¥) and V;(g,g),

respectively,

(b) Iinear Approximation

Although determination of the TSQ(DWB) matrix elements outlined in

- the previous section is possible, the required integral evaluation ié S0
time consuming that only a small nuwber of such calculations were carried
out. To permit a more general exploration of the nature of the reaction
cross section, it is desirable to use a simpler, but a?proximately valid,
model. The simplifying assumption that we introduce here is that the
reaction occurs only in the neighborhood of the linear configuration.
Since the potential is minimum for the linear configuration,ls the initial
molecule tends to turn toward the incoming atom; Moreover, the results

of the complete DWB approximation calculation show (see Sec. IV) that



~18=

the configurations contributing to reaction subtend a cone which is only
about 10 percent of the total sphere.

The matrix element TBa in this approximation 1s given by

Ty, (DWBL) = A<x£§") |v36 (G-m) x> (4

where A is the §~function "strength'" parameter. Although A would be
expected to wvary as a function of the energy and of the initial and
final states, a fixed value of A was chosen by comparison with a single

T a(DWB) result, Because of the arbitrariness in A, all of the work

B
with the DWBL model was based on the simpler unperturbed molecular
approximation for the distorted waves associated with the relative motion.
To write out the explicit expressiﬁn for the matrix element appeat¥
ing in Eq. (44), we make use of Eq. (36). The linear assumption consists
of replacing the surface element sinfdZdy by AS(g-m)dz. If the initial
molecule is in its ground state characterized by the wvibration-rotation

quantum numbex (0,0) and the final rearranged molecule is in the (0,%)th

vibrationwrotation‘state, we have

. o
na(r)‘ ¢, (x)

imd
“¢i(s)R§(cosel)e .l,

’né(’é’y

k. .
where ¢0 is the radial part of the diatomic molecule wave function, and

m
k

of the molecule., Substituting into Eq. (36), we obtain

P, is the (km) associated Lengendre polynomial with 81,¢1 the polar angles
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T, (DWBL) = —Alj]\ ( ; (22+l)ig isRL S (-l)gP (cosB')
B J [ e Q( ) g (cos

2=0
~imd © id
@ ©)PR(costde IV 1 E,D) - Lz @nt1)1% "L (R)
P_(cosB)] + ¢2(x)6(z-m) + s°s”sinBdrdbafdsds. (45)

If we expand Pz(cos@) according to Eq. (39), there are (28+1) terms in

the expansion., However, since 6(Z-7) is equilvalent to 6(61+§~ﬁ)6(¢1~5—ﬁ),
the ¢ integration makes all of the terms vanish except the one which has

the same m value as the final state of the molecule. To illusﬁrate the
calculation with Eq. (45), we write down the expression for the reaction
between the ground rotational state of the initial moleéule and- the k=1, m=0
rotational state of the final molecule. For this case, after the § and @

integrations, we find

© - %”5 + iék
TSG(DWBL) = % {(28+1)e BRPQ(COS@) (46)
£=0
where .
0 00 T _ : - 1 N
B2 = -2TA Li(S)Pg(cose)Pl(COSS)'¢0(s) V&(S,s)
o vo Jo , ,
oy n 16 = 2.2 . ==
«{ I @ot)i% "L (R)P (cosB)} * 42 (r)s”s sinBdBdsds (47)
n=0 :
1 1 3
with r=S - 3 s and R = §~S +‘Z-s, To reduce this integral further, we
make use of the following relation28
m n 1+] !m—nf
CPL()PL(x) = L D(k,i,m,j,n)P (%), (48)
P ki) «



The nonvanishing D have the form

(k~§ml~m2!)!

B+
-1 (g omy [

(2k+1)

D(k,i,ml,j,mz) =

gl 2g-22" )1 (4" =m" )1 (B4m)!
(g-2) 1 (g=L") 1 (g~2") 1 (2g+1) (R-m) !

49)

RS ) TAL ) !

* i -1 Q-n"-t) @ -m ) P -2 ) L e

where 1, > 0; g = %-(i+jfk)'and an integer, and li—j] £ kg li+j}.
Thé quantities m", m', m are such that m" is the largest of the
triplet, [ml], 6mzl, and (mlwmzl, m' is the next largest and m is the
smallest; and £",4% and £ are the corfesponding members of the triplet
i, 3, k; the sum over t is to be taken over all terms invélving non-—
negative factorials. Substituting from Eq. (48) into Eq. (47) and

performing the € integration, we obtain

g+l 16
BSZ, = - g’gil - ) (Zj‘*‘l)D(ﬂ”j ’Q:l$°)ij€ jb,@j (50)
T oa=[e-1]
Y A ()6 (s)V' (8,9)L, (R)¢° (r)s2s2dsds (51)
17,y B0 @V M0 .

Thus, the evaluation of Tﬁm(DMBL),bas been reduced to a sum over the
two-dimensional integrals bgj’ Corresponding expressions result for

molecules in other initial and final states.

e

20—
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IV. CALCULATIONS AND RESULTS

Numerical evaluations of the partial wave amplitudes and cross
sections have been carried out by means of computer programs, which are
described briefly in the Appendix. Here we report some of the results

obtained for the H+H, reaction with the initial and final molecule in

2
the ground vibrational state., The initial rotational state of the reac-
tant molecule is denoted as J and the final state of the product molecule

by J'. We consider fiyst the .DWPR.approximation and then turn to the more

extensive studies by the DWBL model.

(a) Distorted Wave Born Approximation

Both the unperturbed molecule and the adiabatic molecule approxima-
tion were used. Some total cross sections obtained as a function of
energy for the J=0 to J'=0 reaction with the two limiting approximations
are shown in Table 1. The first incoming energy (0.5eV) is well above
the classical threshold (.ZSeV)13 energy; the second one (0.33eV) is near
the classical threshold energy and the third one (0.éleV) is well below
the classical threshold. As can be seen from the table, the adiabatic
model yields‘a total cross section which is about twenty times larger
tha@ that of the undistorted model. From the magnitude of the rotational
coupling and the associated chazacteristic times, we believe that the
adiabatic model is a considerably better approkimation for the energies
under consideration.

The differential cross section (in arbitrary units) obtained from
the adiabatic model at an energy of 0.5eV is shown by the solid line in
Fig. 2. It corresponds predominantly to'backward scattering” in the

center~of-mass system; that is, the incoming atom strikes the molecule,
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and a new molecule is formed which goeé back mainly in the direction from
which the atom came. The differential cross section obtained for the
wmdistorted molecule model is very similar in shape to that from the adia~
batic model, although the magnitude is, of course, much smaller.

From Eq. (40), it is evident that lénlz represents the contribution
of the %~th partial wave to the total cross section. A plot of iAEIZ
against £ is given in Fig. 3 for energy of 0.5eV. The relationship
between lAzlz and 4 corresponds to thatvbetween the reaction probability
and the impaat parameterVin the classical picture. It is found that lAzlz
decreases smoothly with increasing £ and approaches zero for £ = 10.

Thus, the magnitude of IAQ!Z as a function of % provides informgticn on
the size of the reactive region.

In order to obtain some idea of'éhe configurations of the three

nuclei that lead to reaction, we use the unperturbed molecule model and

consider a quantity T, (DWB,T) defined as
Ba

Tsa(nws,t) = <Xé“) | ViH(T-T) lx§+)> (51)

where H(x) is the Heaviside funétion [H(x) = 0, %<0; H(x) = 1, x>0] and
0 <t g 7w thus, TBQ(DWB,ﬂ) ='TBQ(DWB). From Egs.(40) and (51),

Qo

z (2£+1)AZ(T)P£(COSG) ' (52>

T, (DWB,T) =
Ba 2=0

where

A, ('r)k = f f ﬁj 1(y,r)na(”?)szszsincsinédxdcg'édsds. (53)
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‘ The function I(y,1) is defined by

0 when v > T

I(y,t) = (54)
B
1(s,s) when Y £ T

with I(g,;) given in Eq. (42); the éngle Y depends on the five integra-
tion variables through Eq. {38)v “Thetotal cross section 0&3(1), wh@ch
is obtained from Eq. (43) by IAﬁlz replacing lAQCI)]Z, provides a sem—~
classical measure of the contribution to reaction for atom, molecule
orientatiqns with ¥ in the rénge between 0 and T. The quantity GuB(T)/GQB
for the J=0 to J'=0 reaction at an initial energy of 0.5eV is plotted

as a function of T in Fig. 4. The figure demonstrates that the dominant
ccﬁtribution to the reaction cross section comes from small-angle
configurations: i.e., 80% of the cross section is cobtained with v & 40°.
Thgse results coupléd with the fact that the molecule turns toward the
inconming atoéésnggest that the ;inear model should be a satisfactory

approximation.

(b) Linear Approximation

For the linear calculatidﬁ, tne §~function strength parameter was
chosen so that the total cross section obtained by this method at incident
energy of 0.5eV is the same as the value obtained from the complete
distorted wave Born approximation. The differential cross section at an
incident energy of 0.5eV for the reactions J=0 to J'=Q,l,2 (summed over
all possible m values) are presented in Fig. 5. In all cases, the initial

‘ and final molecule are in the ground vibrational state. We see that the

s
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- varlous curves are similar, with a strong backward peak being the dominant
feature. Since the complete distorted wave Born approximation treatment
had a corresponding form for the J=0 to J'=0 case (solid line in Fig. 2),
the bomparison provides additional evidence for the validity of the
linear model. Moreover, it should be clear that the present linear model
is very different in éoncept from treatments in which the three atoms are
constrained to move on.a line t&x&a@@g&; the collision; such an approach,
of which the accurate H+H2 caleculation of Truhlar~Kuppermann29 is.a
recent example, provides only reaction probabllities and does not.permit
the evaluation of differential cross sections. In the present linear
apprcximaﬁion, the full three-dimensional aspect of the collision is
included and it is only the evaluation of the transition matri# element
iﬁself that is simplified.

The shape‘of the differential cross section as a function of inci-
dent energy for the J=0 to J'=0 reaction is shown in. Fig. 6. As the
Vincident energy'increases, the peak in the. cross section gradually shifts
iﬁ the forward directioﬁ. This>type of behavior, in which the incoming
atom "remembers' where it came from as its energy becomes considerably
larger than the barrier energy’is familiar from nuclear physics, For‘the
(d,p) striéping reaction in\a'Cdﬁlgﬁg‘%ield, the differential cross
section is peaked backward for an incident energy of a few MeV3O but the
peak is drastically shifted toward the férward direction3l when the
energy is increased to a few hundred MeV, ‘In the atom-molecule case,
the shift in the peak direction occurs over an energy range on the order

of 2eV. It would be extremely interesting to have data on the energy
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dependence of the differential cross section for a better understanding
of the reaction mechanism.

The energy dependence of the total cross section for J=0 to J'=0,1,2
‘reactions is shown in Figs. 7 and 8. The solld triangles are the values
obtained by the distorted wave Born approximation for the J=0 to J'¥0
case. Since the presently avallable reaction rate data emphasize the
low-energy range (E £ 0.6eV), an gxpanded plot is given in Fig. 7, while
the more general energy dependence 1s shown in Fig. 8. The‘dominant’
feature of the curves for all J' is the steep increase in ¢ with incident
energy, up to a maximum at aﬁout 0.8 to 0.%eV, and a subsequent drop off
for higher energies. It is expected that the reéction cross section will
continue to decrease as the incident energy is increased; further, éor
very high energies, the process H+H2+3H becomes importantf For all of
the energies studied (except in the neighbofhood of the threshold), it
can be seen that the J=0 to J'=l reactioﬁ has the largest cross section,
J=0 to J'=2 is next, and that the J=0 to J'=0 actually has the lowest
cross section. However, quantitafively the difference between the wvari-
ous cross sections is not‘great, being less than a factor of two over
the entire energy range. The ;hreshold results with J=0 to J'=0 becoming

largest are reasonably understood in terms of the available energy.
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V. DISCUSSION
In this section we compare the results of the qﬁantum treatment
with the classical calculation for the same potential surface, consider
some alternative approximations for a quantum-mechanical approach to
‘reactive scattering, and comment on some of the implications of theA

present calculations for a theory of chemical kinetics.

(a) Comparison with Classical Theory

Although the question of whe&her claésical mechanics is adequate
for chemical reaction rate calculatiqns is a fundamental one, no unequi-
vocal answer is available. Since a detailed classical treatment exists
fof the (H,Hz) reaction,lé we hope to provide sone info?mation on this
point by comparing the present quantum results with the classicél ones,
The fact that the classical and the quantum calculation used the identi-
cal potential energy surface makes the agreement or disagreement
particularly significant, independent of the availability of experimental
data. However, it should be noted that differences beﬁwéen the classical
and the quantum results could be due to the approximationé in the present
treatment, as wéll as to ﬁraal“ quantum effects, |

The most important result is that the‘differentialucross sec;gons
obtained from the classical céiculation is almost identical in form with
that from the quantum-mechanical calculation {(see Fig. 2). Both are
highly anisotroplc with a broad backward peak and essentially no scatter—
ing for 6<90°.

For a relative translational energy of 0.5eV where the most extenSive'

classical and quantum-mechanical calculations were done, the total quantum-
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mechanical cross section is less than the classical cross section by
about a factor of two. . The comparison is not completely unequivocal
since in the quantum-mechaﬁical treatment, only the transition from

J=0 to J'=0 was calculated by the distorted wave Born approximation,
while the other transitions were estimated by linear model approximation.
At lower eﬁergies, the linear quantum model gives results that drop

more rapidly to zero than the classic values, while at higher energies
the quantum cross seﬁtion rises rapidly above the classical result.

The high—~energy quantum values suffer from the breakdown of the adiabatic
appieximates which would require a variation in the'strength parameter in
the linear approximation; Also, the linear model is expected from classi-
cal calculationsl3 go be less accuraté ét higher energies. Finally, the
DWB method dtself be;omes less valid as- the magnitude of the total cross
section increases. Thus, significance of the comparison of the energy
dependence betwéen the classical and quantum calculations is somewhat
uncertain. However, a possible explanatién‘for the larger cross section
obtained in the classical calculation in the low-energy range is the zero-
point molecular vibration (equal‘to the quantum-mechanical zero-point
enérgy) incorporated into the classical calculation. More of this energy
may be available for crossing the barrier in the classical than in the
quantum treatment. Also, the equilibrium distance éf the molecule is

the most probable place for the two atoms in quantum mechanics. However,
in classical meéhanics, vib;ational motion makes the two atoms spend .
most of the time at the extremal positions. Since it has been found that
reaction occurs most eaéily vhen the molécule is stretched to its extreme

length, a larger classical cross section is not unexpected.
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The above comparison suggests that the quantum and classical results
are simlilar in many, thdugh not all, respects. This is somewhat surprising
since the choice of the (H,Ez) was suggested by the fact that, since it is
the lightest element, it has the longest de Broglie wavelength for a
given energy; Thus, many authors have suggested that quéntum effects
should be very pronounced for the (H,Hz) system, Considering a one~
dimensional barrier,approximaﬁion for a reaction, Kondratev32 gives a

condition for the validity of the classical limit as
@r/uv?y<<t : (54)

where F is the effective forée (F = ~d%?dx where‘@fis the potential and
x is the distance), U is the mass and v is the velocity of the particlé.
Since for a hydrbgen étom, hydrogen molecule collision at 300°K, the
most probable velocity gives (EF/H2V3) = 15, it may be concluded that
classical mechanics is not applicable.  Also, Mazur and Rubin33 in a
a quantum~mechanical calculation for a linear system with an idealized
potential found thét the reaction rate computed by solving the Schrodinger
equation differed by at least a factor of.S from the classical value.
More recently, Mortensenlo stqdied the (H,Hz) system with ﬁhe atoms con-
strained to move on a line ;nd found that there is a large discrepancy
between classical and quantum results.

We muéﬁ consider why there are no significant quantum effects in -
certain features of the (H,HZ) reaction when the condition for the

validity of classical mechanics appears to be violated, as discussed in

the introduction of this section. One point is that the condition
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established for one-dimensional motion may not be cofrect for the three-~
dimensional case. Also, it is likely that the linear calculations which
constrain the atoms to move on a line show larger quantum effects than
‘the complete three—~dimensional calculation in which the greater number
of degrees of freedom may lead to some blurring of quantum effects.
Finally, the particles with energies that violate the validity condition
[Eq. (54)] have a very small reactive cross section and do not contribute
to the general behavior. For example, at 300°K, most of the particles dﬁ
not react at all; only the collisions écrresponding to the high-energy
tail cf the distribution make an important contribution to the cross
section and those watisfy the condition; e.g., for an incident energy of
2v3 p -2

O.Sev, RF/u 10 “, It should also be mentioned that the recent exact

calculations34 of idealized linear collisions show that for certain poten-

tial barrier the guantum and classical results agree well with each other.

(b) Alternative Approximations

The distorted wave Born approximation is obtained when we replace
W§+)by the elastically scattered wave X§+> in Eq. (22). - The results
reported in the paper were based on this approximation. If the substitu-

AT )
\yOL O

tion of were made in Eq. (13), we obtain an alternative

by X
approximation. The results of that approximation have the general features

of the distorted wave Born approximation except that the differential cross sec—
tion has a sharp forward peak in addition to the broad backward peak. Although
the forward peak might be thought to be due to the diffrécfion effecﬁ of

wave mechanics, an examination of the polar intensity of the incoming

particle near the reactive region shows that this interpretation is

incorrect. The forward peak is spurious and is caused by the use of an
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inconsistent approximation; that is, the distortion of both the initial
and the final wave is required in calculating the transition amplitude.
This conclusion is in accord with the principle of detailed balancing.

| A calculation with the Born transition amplitude [Eq. (14)] yielded
a differential cross section that oscillates violently as a function of
angle and 1s large in the forward direction. This result confirms the
inapplicability of Born-spproxismsticw=to a process in which the repulsive
distortion of the wave fgnction is very important. |

The distorted wave Born approximation has been successfully applied

to a large class of nuclear écattering problems.35 In these treatments,
the usual approach has been to utilize a potential that includes some
adjustable parameters. Thus, it is not always certain whether the agree—
ment with experiment justifies the method or whethef errors in the method
are compensated by the suitable altered potential. In the present calcu-
lation, the potential used was completelyvindependent of the scattering
data and no adjustable parameter wés introduced. Thus, the comparison
with the classical and the experimental results is of greater
significance. 1t appears from the ﬁresent results that the distorted
wave Born approximation is a valid first step in the study of chemical
reactions with activation energy;*%hat is, many reaction attributes (e.g.,
form of differential cross section) are obtained with sufficient accuracy
with this approximation. However, for some proéerties (e.g., energy
dependence of the totalycreséfsétti@ﬁ}‘a-more detalled treatment is
required. In particular, although the adiabatic approximation used here
is probably satisfactor& fo: the vibrational degree of freedom of the

molecule, it may be less appropriate for rotation. To examine this
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question, a coupled equation approach is now being employed for the study

36
of the H,Hz reaction.

(¢) Implications for Chemical Kinetics

In absoclute fate theory,z the reaction is aséumed to proceed
through some intermediate region whose properties can be formulated in
terms of an "activated complex." It is assumed that collisions in which
the reactive system passes through this region can be characterized by
assuming that there is an equilibrium phase space distribution among the
degrees of freedom of the "activated complex." Some difficulties with
this assumption in the purely classical treatment have been described
préviously.37 For the quantum—mechanicél problem, there is the added
complication that the time spent in the transition region determines the
widths of the "energy levels" of the activated complex, so that, if the
complex "lifetime" 1is too short, a simple»evaluation of its partition
function may not be wvalild.

In the present calculation we assume. that, given the potential sur-
face, the dynamicalnproblem'can be soclved in sufficient detail to obtain
the reaction atﬁributes from first principles. A direct interaction
approach is used and no interﬁediéte state is introduced into the theory.
From a complete set of scattering cross section and their energy dependence,
the macroscopic rate coefficient and its temperature dependence can'bg
determine£8 in.a simple fashion for comparison with the kinetic measure-~
ments. With the classical cross sections, such a rate constant calcula-
tion has been made and surprisingly good agreement with the measured

values was obtaine&.lB The results of the quantum—-mechanical treatment
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that were obtained here are too limited to permit a corresponding rate
constant evaluation.
From the classical treatment and its comparison with the quantum-

‘mechanical ¢aleulation, there is no evidence for an '

‘activated complex"
with an extended lifetime. Thus, éuantization of certain of the degrees
of freedom (e.g., the bending vibrations) may not occur in‘this reaction.
However, a number of the concepts associated with usual chemical reaction
rate theory are supported by the quantum-mechanical treatment. Certainly
the concept of an activation energy is valid. ﬁe have found that for
energies less than a "threshold", the reaction cross section is
negligibly small. Such an energy dependence for the cross section will
evidently give rise to an activation energy. The "threshold" is the
incident relative translational energy that the system must have in
order to reach a "reactive region;"..that is, for the atom and molecule
to get sufficiently close so that reaction will occur with a significant
probability. One way of defining the reactive region is as the region in
which thé transition matrix element has an appreciable amplitude. From
the calculations, this ap?ears to be a region with a raéius of about 2 a.u.
Another assumption that is used in ordinary rate theory is that for
systems in which the potentiai energy is a minimum for the three atoms
along a line, the reactions proceed through a linear configuration. While
it is impossible that a reaction occurs only in an exactly linear config-
uration, aear linear configurations do seem to be dominant in the (H’HZ)
system, particularly at engrgies near threshold. Evidence presented in
the quantum—-mechanical calculation shows that most of the reaction comes
froma cone with less than 40° deviation from 1iﬁearity, and the adiabatic

molecular wave function shows that the molecule tends to line up itself
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with the incoming atom. Furthermore, the quantum-mechanical linear model
results avre in very good agreement with the complete distorted wave
calculation. |

A point that plays an important role in the direct interaction theory
is the effective two-body potential (optical potenﬁiai) for the collision
between atom and the molecule. For a given energy, the nature of the
potential determines how close the §articies can come together. As we
have seen,lé the twé~body potential dis difficult to evaluate uniquely,
and different alternatives are possible according to how much transla-
tional energy is transfe;red to and from the energy of vibration and
rotation. The exact answer can come only fromrthe complete solution of
the three~body problem. ~However, the célculatians that we have done
represent the two extremes of a real approximation to the optical
potential. In one case, we have assumed that the initial molecule is
unaffected by the incoming atom .and in the other, that the initial
molecule adiabatically follows the incomiﬁg atom. It is the latter cal-
culation that appears more reasonable in terms of the characteristic
times involved. " However, the adiabaticlty and resulting enérgy transfer
depends on incident velocity and, therefore, on the total energy of the
system. ~ This suggests that thé‘concept of an energy-dependent potential
may be useful for the molecular collisions. We havé found that noﬁ only
the spherical part of the potential can change, but the higher harmonigs
may do so as well. Since the latter are responsible for molecular
excitation, it appears that such an energy depéndent potential should

play a part in the study of inelastic molecular collisions, as well.



(d) Antisvmmetrization Process

In all of the preceding discussion, we have assumed that three
particles are distinguishable and that only the reaction A+BC*AB+C has
.to be considered. Since the reaction A+BC+ACHB yields exactly equiva-
lent results for the H+H2 system, fhe reported total cross section
values include this factor of two. However, the Pauli exclusion prin-
ciple has not been explicitly introduced into the calculation. This is
permissible because the necessary~antisymmetrization can be applied to
the T-matrix elements obtained from the unsymmetrized calculation. It
is well known that such a process will mix the amplitudes of the direct
and the exchange scattering. Thus, even the experimenta; measurements
of the elastic scattering include contributions from thg reactive
process, though this term is relatively small for the’present case.,
Also, a consideration of the nuclear spin statistics is required to
relate the quantum-mechanical cross sections to the measured para»ortho

38
conversion rate constants.
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APPENDIX

Brief Description of the Computation

Because five-dimensional integrals must be evaluated in the present
formulation of the distorted wave Born approximation and the number of
machine operations required goes as the fifth power of the number of
points used in each dimension, much effort was expended in preparing an
efficient program. As an illustration, we give a.brief description of
the program used to calculate the reactive scattering amplitude AQ'

The total wave function which is approximated by the elastically

scattered waves is summed up according to Eq. (30). The radial part

Lz(r) is ﬁormalized to

Lx(r) = (cosé (kr)~sim6£N£(kr)) (A1)

2e
in the region where V(r)=0, with the phase shifts 62 calculated by the
method reported previously.16 Legendre polynomials,\spherical Bessel

(Jg) and Neumann (Ng) functions are computed with their standard recur-
slon formulas. The real and imaginary parts of the total wave function
are stored séparately in two three-dimensional tables with 3360 entries
each. A table-look;up routine is used to interpolate when the required
value is not at an entry point;

The numerical integration is done by the method of_Gaussian gquad-
rature.40 The five?dimensional integration is programmed into a loop of
five interlocked one-dimensional integration routines. The program is
so written that the most time—consuming part, namely the potential evalusz-

tion, is carried out a minimum number of times.
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The radial part of the molecular wave function is obtained with a
one~dimensional Schrodinger equation solution routine provided by
J. Cooley.41 The angular part for the adiabatic molecule is calculated
‘as described previously.l6 Tﬁe resulting values are entered in two-
dimensional arrays in preparation for the numerical integration.

Because the IBM 7094, which was used for the calculation, is too
small for the entire program, the program is written as a chain job with
three links. In the first link, fhe tables of total wave functions are
prepared and the Gaussian points and weights are determined. In the
second link, all quantities depending on L [see Eq. (42)] are calculated.
In the third link, the numerical integration is performed. After one
Az is obtained, it is stored. Link 2 is then called in.again and £ is
increased by 1. The process is repeated until AQ is négligibly small.
Then all Aﬁ‘s aée summed up according to Eq. (40), which yields the

desired scattering amplitude.
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Figure Captions

Fig. 1 Definition of Symbols

Fig. 2 Differential cvoss-sections of the reactive

' scattering of H + H, system. The solid line is
obtained by DWB approximation for J = o to J' = o
transition. The dotted line is from the classical
trajectory calculation foi J = o to all J' states.

Fig. 3 Contribution of each orbital angular momentum é}
to the reactive cross-section at incident energy of
0.5 ev. ) :

Fig. 4 Fractional contribution of different configurations
of Hy system to the total reactive cross-section.

Fig.‘5 Differential cross-section of the reactive scatter-
ing of H + H, system according to the linear model.

Fig. 6 Differential cross-section of the reactive scatter-
ing of H + H, at different incident energies accord-
ing to the linear model.

Fig. 7 Energy dependence of the total reactive cross-
sections of H + H, between incident energy 0.3 and
0.6 ev. according to the linear model. The triangles
are from the complete DWBA calculation.

Fig. 8 Energy dependence of the total reative cross sections
of H + Hy, between incident energy of 0.3 and 1.1 eVg
according to the linear model. ‘




Table I. Total Cross Section (J = o, J' = .) by DWB
Approximation.

.Relative Energy Unperturbed Model Adiabatic Model

ev delUs 8 eUe
0.5 0.009 0.20
0.33 - 0.027

0.21 _ - 0.0001
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