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ABSTRACT 

We use the Coulomb-Born approximation to calculate the total 

cross section for the electronic excitation of ionized atoms. When the 

incident energy is high and the atom is highly ionized we can use the 

e:i.konal and classical approximations simultaneously. In this case the 

scattering amplitude reduces to a one dimensional path integral. The 

path integral, in turn, can be reduced, to any desired accuracy, to 

a sum over integrals which can be done analytically. Using this 

procedure, we have calculated the total cross section for the heavily 

.------LEGAL NOTICE-----..., 
Thle report waa prepared aa an account of Government sponsored work. Neither lh6 Uftlted 

• ~f:--tc~, nor the CommJulon, nor any person acting on behalf of the Commlsaton: 
A. Makes o.nywuro.nty or representaUon, expressed or Implied, with respect to the accu

racy, completeness, or usefulneos of the lnformnUon conto.locd ln thl11 report, or lbnt the use 
of any Information, apParatus, method, or process disclosed In this report mlly not Infringe 
privately owned rlghta; or 

8, Assumes nny llab1lttlea With respect to the use of, or for damages resulting from the 
use of any lnformation, apparatus, method, or process dJacloaod to thls report. 

As used in the above, "person acting on beb.DII of the Commission" Includes o.ny em
ployee or contractor of the Commission, or employee of such contractor, to the extent that 
such employee or contro.c:tor of tho Commission, or employee of such contro.c:tor prepares, 
disseminates, or provides access to, any tn!ormnilon pursunnt to bls employmeDt or contrnct 
with ttu'\ Commtoeloa, or ltle employment with such contractor. 

.. I'C'lo.l'f"lS UNLlMl'tl!.D nus uOCUmx-'· r 

DISTl\IBU~lON OF ~ . 



. . 

-1-

INTRODUCTION 

Electron impact excitation of various types of atomic ions has 

been examined in different approximations1 with or without the inclusion 

of exchange. Most of the calculations are done in the Coulomb-Born 

approximation, ho;;ever. The Coulomb-Born approximation differs from 

the ordinary Born approximation-in that plane waves are replaced by, 

Coulomb v1aves. The Coulomb-Born approximation for the excitation of 

positive ions should yield more accurate results, especially for high 

values of ionic charge z, than the ordinary Born approximation for the 

excitation of neutral atoms. This follows from the fact that for high 

Z the perturbation potential, ~hich is taken to be the interelectronic 

interaction, is much smaller than the Coulomb potential of the ion. 

Consider an ionized atom with one electron in its external 

shell. As we shall show later, the Coulomb-Born amplitude 1 without 

exchange, has the form: 

where 

Tc.B. 
fi 

and are the Coulomb ·wave functions representing the 

incident and scattered electrons respectively. Here the "effective" 

interelectronic interaction vfi is defined by: 

vf. 1.. 

where Ui and Uf are, respectively, the initial state and final 

state wave functions of the bound electron. 
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The use of the Coulomb-Born approximation alone is not enough; 

in general, to reduce the above expression for the scattering amplitude 

to an analytical form. Further approximations are necessary to accomplish 

this. Usually, one expands the wave functions and the interelectronic 

interaction in terms of the spherical harmonics and then integrates the 

resulting expression numerically. However, those who have pursued this 

way have confined themselves to the dipole term in the expansion of the 
r-. 

interelectronic potential. According to an estimate by Burgess,c the 

dipole term, at moderate energies, accounts for about tvJo-thirds of the 

total cross section. Using this procedure, with some variations in 

details, electron impact excitation cross sections haye been calculated3 

for hydrogenic ions by Tully (1960) and Burgess (1961), for He+ by 

Tully (1960), for lithium-like ions (Be+, C3+, 05+, and Mg9+) by 

Belly, Tully, and Van Regemorter (1963), for sodium-like ions (Mg+, 

Si3+, and Fel5+) by Belly, Tully~ and Van Regemorter (1963); also by 

Kreuegel' and Czyzak (1965), and for potassium-like ions (Ca+) by 

Van Regemorter (1960, 1961). Except for the case of ls ---) 2s transition 

in He ·t·, there are no experimental data to compare with these calculations. 

In the case of He+ where experimental data is available, the theoretical 

threshold behavior is different from the experimental one. 

Another approximation frequently used in conjunction \vi th the 

Coulomb-Born approximation is to assume that the main contribution to 

the cross section comes from optically ~llowed transitions. Further-

more, the potential v .. 
JJ. 

is replaced by its asymptotic limit at large 

interelectron separations: 



• 
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V .. (r) 
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In this case we get: 
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f(j,i) g(k' ,k) 
E. - E. 

J l. 

where we have introduced the oscillator strength f(j,i) defined by: 

f(j,i) 
E. - E. 

J l. 

and the Krammers-Gaunt g-factor defined by: 

2 
8rr g(k,k') • 

This procedure leads to a crude estimate of the excitation cross 

section. One can improve it by introducing suitable cut-off factors 

in the relevant integrations. 

Another procedure for the calculation of electron impact 

excitatio~ cross section of ions is the so-called close coupling 

ap;proximation. Here one expands the complete wave function of the 

system in terms of atomic 0ave functions and then tries to solve the 

resulting integr.odifferential equations numerically. However, in the 

expansion of the total viave function one keeps only a few of the lowest 

lying atomic stg.tes. "This leads to a small munber of coupled intergro-

differential equations. This approximation has been used in the 
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calculation of the excitation cross sections for He+ and N4+ In 

the case of .He+ where experimental data is avaiiable, there is a 

serious discrepancy between the experimental threshold behavior and the 

result of the close coupling approximation. 

. In this paper, in order to reduce the Coulomb-Born scattering 

amplitude to an analytical expression, we have followed Chen and 

Watson4 in using the combination of the eikonal and classic~l approxi-

mations. The simultaneous·use of 'these. two appro:x:imations has the 

advantage of reducing the expression for the scattering amplitude to a 

one dimensional path integral. The path is made up of points where two 

particular sequences of trajectories meet and are tangent. One sequence 
~ 

of trajectories has the initial momentum k, the other has the final 
~ 

momentum k'. The use of the eikonal approximation for the wave functions 

of the incident and scattered electrons requires: 

k >> l J k' >> l 

~ ~ 

where k and k' are the momenta of the incident and scattered 

electrons respectively. The validity of the classical theory of elastic 

scattering, as we shall.see later, requires: 

· k <-< 4z 

• ! 

i 
! •• l 
i 
I 

and ~ · 

k' <-<- 4z . 

Thus, it is.for highly ionized atoms that thereis a region of overlap 

for the validity of these two approximations. This range is defined by: 
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1 << k << 4z 

and 

1 << k' << 4z . 

To calculate the eikonal fUnctions, we need to know the equations 

of the trajectories. However, it is shown by Chen and Watson5 that the 

eikonal is not very sensitive to the form of the trajectory chosen. 

Thus, for an elastic scattering with the incident momentum 
--? 
k and the 

scattering angle·28 we have chosen a trajectory whiCh consists of two 

straight lines intersecting at an angle. 28. From now on we refer to 

this as· a ''triangular" trajectory. 

in this calculation, we assume that all electrons are distin-

guishable; thus, neglecting the exchange amplitude. It is shown by 

6 Mott and Massey that at high incident energies, where the Born 

approximation is valid, the exchange amplitude is very small relative 

to the direct scattering amplitude, and if the transition can occur 

only through electron exchange, the cross section will be very small 

and drops rapidly with energy. For example, in the excitation of the 

23P state of helium from the ground state, which occurs only through 

electron exchange, the total cross section drops by a factor of 270 as 

we go from k = 1.9 .to k = 4. Since we are working at high energies 

(k >> 1, k' >> 1), we expect the exchange amplitude to be small. 

Hm·1ever, the exchange amplitude can easily be included in the Coulomb-

Born approximation, and this will be the subject of a later paper. 
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As we have already lndicated, the accuracy of our calculation 

increases as the ionic charge increases~ After looking at Moore-

Sitterley's table of atomic energy levels, we found four highly ionized 

atoms which have one electron in their external shell. These are the 

sodium-like ions Fel5+, Co16+, Nil7+, and cu18+. The electron impact 

15+ excitation cross section for the 3s ~ )p transition of Fe has 

been calculated by Belly, Tully, and Van Regemurter3 (1963) using the 

Coulomb-B?rn approximation. Kreuger and Czyzak3 (196)) have calculated 

the cross section for the 3s ~ 3P and 3P ~ )d transitions of Fel5+ 

in the Coulomb-Born approximation. These two calculations agree and 

are both at low energies (k ~ l) where our procedure is not expected 

to be valid. However, if we extrapolate our calculation to such 

energies, our result differs considerably from theirs. When we 

compared our calculation Hith that of the Born approximation .• we found 

that they agree (within a factor of one and a half) at high energies 

(k ~ 24). 
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EXCITATION OF ATOMIC IONS IN THE COULOMB-BORN APPROXIMATION 

We consider the excitation of an ionized atom, which has one 

electron in its external shell, through electron impact. Since the 

mass of the electron is much smaller than that of the ion, we shall 

neglect the motion of the latter. Therefore, the center of mass of the 

system is essentially at the center of the ion. We shall also assume 

that the incident a.nd atomic electrons are distinguishable. Throughout 

this paper we shall use atomic units. These are defined by putting 

m=e=n=l. 

In our model, the Hamiltonian for the system of incident 

electron and ion is: 

H = H
0 

+ U + V 

where 

Ho = -! y2 + H t (1•) 2 a om 

u z 
= r 

v 1 
= 

It- t· 

Here z is thP m~t c:harge of the ion_; and 1 and r)' denote the 
... 

position coordinates of the incident and the outermost atomic electrons 

respectively. The origin of the coordinate system is taken to be at 

the center of the ion. 
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Let us represent the eigen~nctions of H0 by X, the eigen

+ functions of H
0 

+ U by ~-, and the eigenfunctions of H0 + U + V by 

w±. Then, according to Lippmann-Schwinger formalism we have:?· 

X ------.1-~ U ri± 
+ E - He) ± i E 'I' 

(l) 

+ '¥- ·- ± i€ 
+ (u + v) ¢- (2) 

the transition amplitude turns out to be8 

(3) 

Substituting for Xf from (1), we get: 

Tfi <¢r- l 
- iE u ¢f-, (u + v) .'!ri +) = . E - H 

0 

<¢f-' (u + v)w.+) (rJf -, U E -
l (u + v)-w.+) - + iE 1 Ho 1 

= <¢f-' (u + v)w.+)- <~t:-' U(w.+- X.)) 
1 1 ;I. 

= <¢r-' v-wi + > + <¢r-' uxi) (4) 

In this problem the second term vanishes because the initial and final 

channels are not. connected by u. Thus, we have: 

(5) 

• 

.. ! 
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If we approximate + + 
\j:. by ¢. , we obtain the so-called Coulomb-Born 

l. l. 

approximation 

(6) 

Thus, in order to calculate T C.B. 
fi 

+ 
we need to know y5-. These •1ave 

functions, by definition, satisfy the following Schrodinger equation: 

(H - l 'V 2 z + 
(?) - - - Ei) y5i- = 0 atom 2 r r 

let 

¢ +(~~ + . 
U.(r7•) .-r,r') X -(~ ~.) (8) = k r,r 

l. l. 

Substituting (8) into (7) and using the Gchrodinger equation for the 

atom, we get: 

2 z 2 +:-\ 
('V + 2- + k) ~~-(rJ r r -K = 0 (9) 

1 2 
where E = 2 k represents the energy of the incident electron. 

Equation (9) is known to have so1utions9 

-d. 
= (2n) 

2 exp(~ Y)r(1 - iY) F(iY, 1, ikr - ik· r)exp(ik· rJ 

-d. 
= (2rr) 2 exp(~ Y)r-l<·(1 - iy) F*(i·r,1,ikr + ik· r)exp(ik· rJ 

_d. 
2 

= (2n) exp(~ y)r(l + i y) F( -i y,l, -ikr - ik · r)exp(ik · r) 

(10) 
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where z 
y = k ' and. 

. a z a(a + 1) F(a,b; z) 1 = + 'bIT + b(b + 1) 

Substituting (8) into (6), we get: 

T c.B. 
fi = 

where 

lr/. - n( +, 
'r f 'v r i I 

2 
z 
2T+ (11) 

(12) 

(13) 

In the barycentric coordinate system, the differential cross 

section for the excitation of the ion has the form: 10 

where v and v' are the barycentric velocities of the electrons in 

th~ initial and final states respectively. For non-relativistic 

velocities 
k' 
-, ~m=l 
v . 

(in atomic units). Thus, for non-relativistic 

velocities we have: 

• 



,, 
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da 
dn 

( 21()4 k ' C B 2 
k /Tfi '. . I . 

The total cross section is: 

Usually, we are interested in Lra.nsitions of the Lype n£ -'i t1' .e' • 

Therefore we sum over final states (m' ) and average over initial 

states (m): 

a = ( 2rr) 4 .t..:_ -::::-::-1--::
k 2£ + 1 

m 

\ 
L 
m' 

(14) 

(15) 



THE EIKONAL APPROXIMATION 

Now, in order to calculate TfiC.B. 

eikonal approximation4 to the wave functions 

we use the so-called first 

= 
l 

d. 
(2rr)

2 

(16) 

where the eikonal function S is defined by a path integral along the 

classical trajectory: 

r 

sk(r) = J ~(s) ds 

with 

2 z 1.. 
(k + 2 -r"! 

r 

the condition for the val;id;ity of the eikonal approximat.i nn i s
11 

k >> l 

Using the first eikonal approximation for both Xk(+) 

Eq. (12) takes the form: 

and 

(17) 

(-) 
~· ' 

Tf/~B. = (2rr)-3 j exp(-i sk' (-)(r)) vfi(r} exp(i sk (+)(Ild3r. 

(18) 

According to (17), this equation is val;id provided 
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k >> 1 

and (19) 

k' >>.1 

Two trajectories pass through each point ~ of the integrand 

. in (18). One corresponds to an elastic scattering with the initial 

momentum F and the other corresponds to an elastic scattering with 

the final momentum k'. Chen and Watson have shown4 that if the 

conditions for the validity of both the eikonal approximation and the 

classical theory of elastic scattering are satisfied, then, the main 

contribution to the integral comes from points at which the two 

trajectories are tangent. Furthermore, in this case, the integral 

reduces to a one dimensional path integral. A rough estimate for the 

validity of .the classical theory of elastic scattering can be obtained 

from the requirement · 

5k 
<.< 1 

6k 

where 5k is the uncertainty in momentum and 6k is the momentum 

transfer. For the case this leads to 12 

k <<- 4z (20) 

Hence, for high Z there is a region where the criteria for the 

validity of both the classical and the eikonal approximations are 

satisfied. It is in this region that the results of our calculation 
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·are applicable. Let (R
1

,R2 ) and (Ri,R2) be, respectively, the radii 

( +) (~ of curvature of the two constant eikonal surfaces Sk r 0 ) = const. 

= const. which pass through Then, following Chen-

Watson treatment, 1 3 we get: 

TfiC.B. ""'jvfi(~) o(cxll; cx22) rr(lcxlllla:221f~ exp(i ¢(s)).ds 

(21) 

where the path integral is along the points of tangency of a sequence 

of trajectory pairs, and 

rl.(s.) (+)(->) (-)(~) 
~ = sk ro - sk, ro 

cxll = lG~ 2 R
1

(k) 
xk') 

Ri (k') 

lG~ Xk· ~ 0'22 - 2 if~w - R2(k') 

+i if D = 

D 
cxll 0'22 

F) ( (Y j_j_; ()' ::!) -i . if D 
Ialli 

+ 
la221 

,..-

+1 if D = 

+2 

=2 . 

0 
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INTEGRATION PATH 

To identify the integration path, we look for points where pairs 

of trajectories meet and are tangent. However, to simplify this 

calculation, we replace the classical trajectory by a "triangular" 

trajectory. This requires the energy to be high and the scattering 

angle to be small. At high energies, however, the scattering amplitude 

is sharply peaked in the forward direction. 14 The restriction on the 

scattering angle is, therefore, satisfied whenever the energy is high. 

The "triangular'' trajectories corresponding to an elastic scattering 

with initial momentum k and an elastic scattering \'ii th final momentum 

f 1 are shown in Figs. (la) and (lb) respectively. 

I 
I 
I 
I 
I 
I 

--- _____ L _____ ---
o 

Fig. la. 

I 
I 
I 

.I 
I 

---- ---'---·------
0 

Fig. lb.· 

In these figues the angles 2~ and 2~' are the classical elastic 

scattering angles for momenta k and k' respectively. 

Now, to find the integration path, we write the equations of a 

"triangular" trajectory with the initial.momentum k and a "triangular" 

trajectory with the final momentum k' . Then, we find points 1vhere they 

meet and are tangent .. It turns out that the integration path consists 

of the two dn.shed lines shown in Figs. (2a) and (2b). 
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X 

/ 
x' 

III 

IV 

0 

Fig. 2a. Fig. 2b. 

In Fig. (2a) we have trajectories I and II which correspond to elastic 

scattering with the scattering angles 2s
1 

and 2s2 respectively. 

Similarly, in Fig. (2b) we have trajectories III and IV with the scattering 

angles 2~3 and 2s4 respectively. At each point of these trajectories 

we have a sur1'ace o1' constant eikonal which is normal to the tra,it;ctory 

at that point. The two principal radii of curvature of the eikonal 

surface corresponding to trajectory "i" wj_ll be denoted by Rli and 

R2i. Thus, for example, l{l) and, F.2). arP. t.hP principal radii of 

curvature of the eikonal surface corresponding to trajectory III. In 

Fig. (2a) .we have: 

d "' d' 

and in Fig. (2b) we have: 

d' "' d = 

z 

z 
E9 

where Q is the scattering angle. 

(22) 

(23) 
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Having identified the integration path, we can write Eq. (21) 

in the form: 

1 2 (Oco dz' X (1 + 2 (32 ) + j c V' (r') expfi¢(z' )) o(n:! · a' ) fi 0 ~ . 11' 22 

"I-/ here 

+i for D 
all a22 

+2 --
Ialli 

+ 
la221 

::; 

o(all; a22) = -i for D = -2 

+1 for D :_ 0 

+i for D' 
all a22 

12 !:!! 
la]_1 1 

+ 
la221 

·~ 

o(a]_1 ; a22) = -i for D' -2 

+1 for D' 0 
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! 

[z 2 + (d' 
2 l. [z•2 + (d 

;::> J. 
l' = - 13 z) J2 r' = +13 z')"J2 

0 2 0 3 

131 
z 

132 
z 

13:; 
z 

134 
z 

= 2E' d'' :::::: - 2Ed' = - 2Ed :::::: ---2E 1 d 

¢(z) = sk(+)(z).- ski (-)(z) 

¢' (z') :;::: S (+)(z') 
k - sk 1 ( -) ( Z I ) 

jl'· .•. · 
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CALCULATION OF THE EIKONAL 

Here, we want to calculate the eikonal functions Sk(+)(~) 

and If we substitute 

_d_ iS (r-7- ) 
• = (2n) 

2 
e q 

0 

into the Schrodinger equation, we get: 

2 1 

i?sql [q z ]2 
xq - + 2- ""' q 

r.O 
+L (at high energies) 

ro 

To get sq we integrate along the prescribed path with z-axis being 

~ + 
taken along q. S - are obtained after imposing the following 

q 

asymptotic conditions15 

-__;:>~ qz - y £n(qr
0 

- qz) 
z~ -oo 

s (-) (r-7 ) 
q 0 

-->~ q?: + y tn(qr
0 

+ qz) 
z~ oo 

Thus, in the case of Fig. (2a) we llave: 

z < 0 

S (-) k'z' + Y' nn(k'r + k'z') ''k' = l XJ 0 l 

S (-) k'z + Y' in(k'r - k 1 J. ) + C 
k' = l 0 l l 

(25) 
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The constant c1 can be obtained by matching Eqs. (26) and (27) at 

z2 = 0. It turns out to be 

Here 

= z' 1 "' C03 A - X '-'2 ~-'1 2 sin 13
1 

where 

= 

Similarly, in the case of Fig. (2b) we have: 

sk, 
(-) 

= k' z + Y' . 4 .en(k'r' + k'z ) 0 4 

sk 
( +) 

= kz4· - r .en(kr0 + kz4 ) + c2 z' > 0 (26) 

sk 
( +) 

= kz' - r .en(kr0 - kz') 
) 3 

z' < 0 

where 

z' = z' C01;l f33 + x' sin (33 3 

z4 = z' cos f33 - x' sin f33 

c2 = -2Y 

with 

x' :::: 
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Having calculated Sk(+) and S (-) 
k' 

for Figs. (2a) and (2b), we can 

write ¢(z) and ¢' (z'). explicitly: 

¢(z) = (k - k' )z1 - Y £n(kr0 - kz1 ) - y' .en(k'r0 - k' z1 ) - 2Y' 

(27) 

Here z1 can be expressed in terms of z and _(32 ; and z4 can be 

written in terms of z' and 
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CALCULATIOlT OF THE RADII OF CURVATURE 

First, we consider trajectory II, of Fig. (2a), corresponding 

to ~(+). This trajectory, which is symmetric about the x-axis, is 

initially along the ·z1 -axis. The calculation of the radii of curvature 

is most easily done in the coordinate system where 

azimuthal symmetry. These bvo coordinate systems are related by a 

rotation about the origin throueh an angle ~2 

= z cos ~~ + x sin A .::::: ~--'2 

According to Chen-Watson calculation, the two principal radii of 

curvature pertaining to this case are 

1 
= 

1 
= 

[ oe ( z , d ) J 1 dd c 

9 (z,d) c 

has 

(28) 

where tan 9 ( z,d) is the slope of the trajectory, at a point (x, z), c 

with respect to the z-axis. For trajectory II it is given by 

where 



Here 

u 

= 
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dU dz" 

dRO RO 

~2 = lim ~2 (z) 
Z-? co 

1 

= 1 - (1 - V/E)2 ~ v 
2E 

2 "2 1 
(d + z )2 

(at high ~nergies) 

Next, we consider trajectory I, corresponding to ~· (-), of 

Fig. (2a). This time, we rotate the coordinate system about 

the origin through an angle ~l to obtain the (xl,zl) coordinate 

system whose z1-axis is parallel to ~·. In this case, according to 

Chen-Watson calculation, we have: 

1 
[ oQ '. ( z 'd r ) ] jod r 

t: 2· 
= 

(29) 

1 
g' (z d-' ) 

c 2' 

where 

g•(z d') 
c 2' = 

The radii of curvature of the surfaces of constant eikonal correspondipg 

tq the trajectories of Fig. (2b) can be calculated in a similar '.-iay. 

Explicit expressions for all of these radii of curvature are given in 

Appendix A. 
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CALCULATION OF THE INTERACTION MATRIX ELEMENT 

In order to calculate 

we approximate the v1avefunctions ll' 
'n'£'m' and wn.em by hydrogenic-type 

1vave functions. Thus, in spherical coordinates we have: 

Wn.em(r} 
l . .e L 2£+1( ) m(') = A exp(-- a r) r £ a r y.£ r n.£ 2 n n+ n 

where 

[an3 
{ n - .e 

1 

An.£ = - 1):_ ]2 (a)£ 
2n[ (n + £)~]3 n 

and 

Z' Z' z + l a = 2- = n na
0 

Using the expansions 

L 2£+1 (a r) 
n+£ n = 

n-£-1 

L ( -a )s [(n + .e):]2 rs 
n (n ·- .t - 1 - s}: (2i + 1 + s); s; 

S=O 

1 4n 

14 ~.1 r - r 
= 2A. + 1 
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and the integral 

1( £' 
= (- )m' [tr (2£' + 1)(2~ + 1)(2£ + l)l\~m' 

we can write 

n'-£'-1 

v fi (~) ~ lm' ml ~ B(n' £'m 1
; n£m; t-.) Pt-. - (cos G) 

t=O 

X r -(>.+1 ) ir exp( -cr·) r. v dr' + r~ Loo exp( -cr·) 

where 

IV I 

r 

(30) 

B(n'£'m'; n£m; t-.) E c· (-) 11 
0 
' 

[(n' + £')!]2 
t! ( n' - .e' .- t - 1) : ( 2.e' + 1 + t) : s! ( n - £ - s - 1) ! ( 2£ + 1 + s ) : 

An•n• A (-a )
8 

(-a ,)t [( 
1 1 I)' (t-.- 1111)~ (2£ + 1)(2£' + l)l~-

~ n£ n n f-. + 11 • J 

and 
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v = £ + £' + s + t + A + 2 v' = £ + £' + s + t - A + l 

c cos e 

{'" for ll ~0 
€ = 
ll m' for 1.! <O 

Here use has been made of the fact that the )j symbol 

(t' A £) 
~n' ll m 

van~shes unless 

'It - £'I ~A~£ + £' 

and 

•m' • 1.! • ru ~ o 

or 

ll = m' - m • 

Finally, after performing the remaining integrals, we get 

-cr0 
v 

{ r -(A+l)[ ~ L 
I 

X v. 
' 0 cv+l 

-(~ 

p: 
p=O 

B(n'£'m'; n£m; A) P llll(cos e) 
A 

r p l A[ -Cru v' q ~ 
0 L .. r 0 ]' v' • \ 

c \•-p+l + ro e q: cv' -q+l ~· 
q=O 

(31) 
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A similar expression can be •rri tten for Vfi (r0). To get this 

expression, we make the following substitutions in Vfi(r
0

): 

cos 8 ~cos 8' = 
z' 
?" 

0 
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APPLICATION TO SODIUM-LIKE IONS 

As we have aiready seen, under certain conditions, the scattering 

amplitude reduces to a path integral: 

TC.B. 
fr 

A numerical evaluation of these integrals showed that v1ith the exception 

of a phase factor all other factors in each integrand change very 

slowly. Thus, we can break each integral to a sum over integrals which 

have the rapidly varying phase factor as their integrand. Each of 

'these integra1s. is over a small interval. The interval is chosen such 

that the rest of the factors in the original integ~and can be i;.a,k~n 

effectively constant. By i'ncreasing the number of integrals in each 

sum, we can get any desired accuracy. In this ca:J_culation, we have 

chosen a limit of one per cent accuracy. 

Inlooking for highly ionized atoms with one external electron, 

·we found four candidates for which the energy levels are given in Moore-

Sitterley's table of atomic energy levels. These are the sodium-like 

1.. ons Fel5+,· co16+, Nl..l7+, and cu18+·. For these ions we have 

calculated the total cross section for the 3s -) 3P and 3P ----? )d 

transitions. The result is shown in Figs. 3 through 6. · In 

these figures we have plotted total cross section against E v1hich 
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is the energy of the incident electron.in units of the excitation energy. 

In Fig. 7, we have plotted a typical differential cross section. One 

general feature of these figures is that for any ion the total cross 

section for 3P ~ )d transition is smaller than that of )s ~ )p 

transition •. Furthermore, the total cross section for )p -~3d transition 

varies slower than that of )s ~ 3P transition. Another general 

feature is that the total cross section decreases as the ionic charge 

increases. 

Of these four ions that we have considered, only Fel5+ has 

been dealt \d th in the literature. There are two independent calcula

tions of the total cross section for the 3s ~ 3P transition of Fel5+. 

One calculation is by Belly, Tully, and Van Regemorter) the other 

calculation is by Dreuger and Cz~zak.3 The latter have also calculated 

the total cross section for the 3P ~3d transition of Fel5+. These 

two calculations are done in the Coulomb-Born approximation and include 

energies up to E = 4. For these relatively low energies, our procedure 

is not expected to be valid. However, if we extrapolate our result dovm 

to E = 4, we find that the total cross section for the. 3s ~ )p 

excitation of Fel')+ as calculated by· these two groups, is. about 

fourteen times larger than our result (at ~ = 4). However, the ratio 

crtot(3s _., 3P) 

a tot (3p -; 3d) 

in our calculation agrees with the same ratio in the calculation of 

K:re\lger and Czyzgk. We have also compared our result \·lith that of the 
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Born approximation. At E = 4, the Born approximation cross section 

for the 3s ~ 3P excitation of Fe15+ is about six times larger than 

our result; but, as the energy of the incident electron increases, our 

result approaches that of the Born ~pproximation. At E :::: 225 (k ::::: 24) 

the Born approximation cross section is about one and a half times 

larger than our result. At higher energies:, the two calc1..1lations depart 

again. However, at very high ei1ergie~, our r.esul t is not expected to 

be valid due to the restrictions: 

k <-< 4z 

and 

k' << 4z . 
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APPENDIX A 

THE PRINCIPAL RADII OF CURVATURE OF THE 

SURFACES OF CONSTANT EIKONAL 

If \/e denote ·by Rli and R2i the two principal radii of 

curvature of a surface of' constant eikonal corresponding to trajectory 

"i", then, following Chen's and Watson's treatment, 5 .we get 

= 

= 

= 

-el B2 [~d' + dz' 2 
1 

? l/2 + 
(z + d'-) 

-e 
2 

for the case of Fig. (2a), and 
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[

l z, 
-e 13. - +-3 3 d d 

= 

= 

= 

for the case of Fig. (2b). Here we have defined: 

X' 
e3 = ~ 3 

x4 
e4 = TX4T .:. ' 

o,.1here 

. i 
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Here, is related to z by a rotation about the origin through an 

angle 8
2 

- e
1

. ·similarly, 

an angle 8
3 

- 84 : 

where 

d' z 
= E'g 

d z 
= Eg 

81 
g 

= - 2 

82 
E' g 

~ E2 

83 
g 

= - 2 

84 
E G 

= - E'2 

is related to z' by a rotation through 
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