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ABSTR.<\CT 

The purpose of this work is to explain in terms of physical principles 

the behavior of nerve cells. The most detailed and reliable experiments 

made on nerve cells to elucid<tte their mechanism ~n:~ thu::;c wi Lit tht· volt.;J.~l' 

clamp method. The functioning of nerve cells can be cxplninl'd in terms o( 

ionic currents across their membrane. A model is being dcv01L•pcd Lo expl;J.in 

the measured ionic currents. 

l. The basic hypothesis of this model is that there a:::-e conducting channL'ls in 

the membr~ne. There is a chemical reaction betw0cn some m~mbrane componcttts 

and several ions. Vacancy formation and diffusion in the ionic complex results 

in conduction. This part of the model can be caU.ed the "c_onduc d.ng chanael" 

(C-C) hypothesis. 

2. A second hypothesis is introduced to describe the experimentally observed 

~ynamics of the conductances. It is assumed that the reaction between ions 

and membrane substrates is an autocatalytic -reaction. The complete model can be 

called the "autocatalytic-conducting-channel" (A-C-C) moc:h'l. 

3. The A-C-C model is compared with the experimental data of l-k)dgkin and 

Huxley (1952)·. The unknown constants are determined by cm·vc fittitlg. Usi11g 

the cable equation, stationary and propagating action potentials ar~ gcnl'rate<l. 

4. The model accounts for various properties of axons· like threshold, refractory 

period, accornc;da tion_. impedance change, s trengtlt-dura tion charac _teris tic_. 

repetitive firine and hyperpolarization. It is also shown thAt the model for 

the axon can be used with some modifications for the dendrites and soma of 

nerve cells. 

5. Many recent e>:periments have been performed on squid axons, changing the 

external and internal medium of the axons. The observed effects produced by 

changing calcium, sodium, potassium and chloride ions have bcc;t explained 

satisf<lc.torily by the C-C model. Even some quantitative aspcers o( Lite eff,;ct. 
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ABREGE 

· Ce travail a pour but ·dtexpliquer; en se basant sur des prin-

cipes physiques, le comportement qes cellules nerveuses. Les experiences 

les plus precises et les plus fiables faites sur les cellules ncrveuses 

pour elucider leur fonctionnement sont celles faites avec ·la methode 

dite "voltage clamp". Le fonctionnement· des cellules nerveuscs peut .etre 

explique a partir des courants ioniques a .travc rs leur membr,ane. Un 

modele a ete developpe pour expliquer les courants . .ioniqucs rr.esures. 

l. L'hypothese de base du modele.suppose ltexistence de canaux conduc-

teurs dans la membrane. Il se produit une .reaction chimique entre 

certains composes de la membrane et plusicur:s ··ions .• La formation de 

sites vacants et la diffusion a travers c~s sites vacants amcnc la 

conduction. Cette partie du modele a eie appclec lthypothcse du 

" canal conduc.:teur" (C-C). 
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2. Une deuxicmc hypothese est introduite pour decrire les observations 

experimentales sur la dynamique des conductances. On suppose que la 

reaction entre les ions et les composes de la membrane ~st ~utocata-
• i 

lytiqu·e ~ · Le modele au complet est denonune 11 cana 1 conducte.ur auto- ! 

catalytique" (C-C-A). 

3. Le modele C-C-A a ete compare aux resultats exper.imentaux de Hodgkin 

Qt Huxloy (195-2), Dc:J constnnte.! iih:.u(utut!::. uuL ~L~. d~cet"minecs par 

un ojus·tement: optimal d.,;:s c:.vudJ~s Lh.P.nr1C)IIf".<; f>r E"::>:per.im"'ntiillcc. 

En 9~ servant de l'~quation du cable coaxial; des pptcnticls d•action 

stationnaires et propag~s ont ete calcules. 

4. Le modele cxplique les proprietes des axones' tellcs que lc seuil' 
, I . . . 

la periode refractaire ~ 1 I accorranodatior:, la variation dl impedance 1 

la c.aracted.stique dtamplitude vs dun~e du courant· de stimulation, 

les decharges· repetees ct l 1 hyp.crpolorisation. Le mudele de l•axone 
. ! 

a aussi ete applique avec quelques m6difications au corps et dcndri~es 

des cellules rierveuses. 

5. Plusleurs exp~riences ricentes ont ~tk faites sur les axoncs de s~uid 
I . . . 

en introduisani des variations du milieu io~iqu~ interieur et. ~xterieur. 
I 

! 

Les effets observes a la suite de changem.ent de la concentration du ' 14 : 
' 

calcium, du sodium, du potassium ou du chlore ont ete expliques de 

. fa~on satisfaisante par le mod~le C-C. ~&me quelques aspecti quan-

· titaLifs des effets deS mol~cules biochimiques sur ltaxonc ont ete 

introduits. 
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INTRODUCTION 

• A. Cable eguation 

Since it was found that nerve cells were generating eicctrical 

potentials, models have been developed to explain them •. An important con-

tribution was Hermann's local circuit theory inspired from _the theoiy of 

the submarine cable. A quantitative model was dev_e.loped to calculate the 

potential as a function of the distance along the axon and as a functi-on 

of time. A recent review of this model has been made by Tayloi (1963). · 

The axon was considered as a leaky cable along which the potcn-

tial propagated. The circuit wasas shown below 

V Cm mi. R.m Vm2 

m 

v is the membrane .potential difference 
m 

r is the- resi.stance per em of axoplasm 

; i l'. i2 are the corrent in the axoplasm 

i" is the membrane current 
m 

X is the distance along the axon 



. ~. ·:....-. 
The sum of potentials around·a closed path gives 

dV 
rn 

dx 

= 

= 

The sum of currents gives 

Dividing by 6x , 

Introducing 

= i 
m 

1 
m 

= lS.X 
i ' 

. I = ~-:-m-;-_ 
m 2nb 6x 

where b is the axon radius. I is called the current density across 
m 

the membrane. 

· T·aking the limit of 

di 
cix = 

= di 
dx 

2n b I 
.m 

Taking the derivat.ive.with respect to x of (1-1),. 

2TT b 1 ~ 
.m 

Expressing r in terms of the resis.tivity p of the axoplasm. 

p 

2nbi 
m. 

1 
m 

= 2 mb 

2 nb 
p 

2 

(l-1) • 

(l-2) 

1. 

(1-4) 
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In the case of the steady state and with a constant membrane resistance 

R , we have m . 

I m = 

That gives an exponential function of x for V ~ For the transient situa
m. 

lion 
dV 

I = C ~ + IR m m dt {1-5) 

where I is the resistive current and C the membrane capacitance. 
R . m 

The result is a partial differential equation with x and t, ~alled the 

cable equation 

B. Bernstein theorl 

av 
= C ~ + IR m ot 

(1-6) 

Another important contribution to the understanding of the 

action potential of the nerve was made by Bernstein (1902). He postula-

ted that the resting potential of the nerve. cell was caused by the 

concentrations of the different ions on each sideof the membrane and 

their respective permeability through the membran~. If one ion, for 

example potassium, has a greater permeability than the others, it will 

tend to flow down its concentration gradient. But this flow will esta-

blish an electrostatic potential which will prevent further flow of the 

K ions:, if the negative ions cannot cross· the membrane. The value of the 

electrostatic potential which prevents· any net· current is given by the 

Nernst equation 

RT Ln [Kt] 
ZF [Ko] 

Vck is called the concentration potential of the potassium ions 

J 



Bernstein could predict approximately the amplitude of the resting paten-

tial with the value of~k' To explain the action poten~ial, he simply 

assumed that the stimulation of the nerve cell increased the permeability 

to a 11 the other small ions, like Na and Cl, thus bringing the resting 

potential to zero. In the framework of the cable theory, it meant a 

change of IR with time. 

This was supported by the experiments of Cole and Curti.s (1939) wh~ 

measur~d the impedance of the membrane of the squid axon during the 

!;plkt:!, allll found lhac ic decreased to about ~) ohm/cm2• The resting 

value was 1000 ohrn/cm2 . The capacitance was found to be rather constant 

and remarkably uniform over most membranes ranging only from ,5 to 2.0 

uf/cm2 ; f6r the ~quid.it was 1.0 uf/cm2 • 

The Bernstein theory was kept for almost 40 years until Hodgkin 

and Huxley (1939) showed that the action potential reversed the membrane 

potential instead of bringing it to a zero value. The sodium ions have 

a very high concentration outside, which then could produce a positive 

membrane potential, if they are allowed·to flow inside until the elec-

trostatic force stops them. If after a ·stimulation, the so.diurn permea-

bili~y increases very much, sodium will flow inside bringing the 

membrane potential to the sodium equilibriurn potential, thus reversing 

the membrane potential.· 

C. Voltage clamp 

-· -·., 
(-TheO: Hodgkin and Huxley (1952) made experiments to determine ' ,. 

the details of the ioni movements during the siimulation of the nerve 

cell. Their experimentat method was based on a technique developed by 

Cole (1949). They used the giant axon of the squid into which two 

4 
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longitudinal electrodes were inserted. through on~ electrodchand anoth~~ 

on~ outside they_ could pass a current and using a feed-back amplifier, 

the potential ac·ross the membrane could be maintained ·constant. This very 

·ingenious technique,. called voltage-clamp, permitted measurement of the 

flow of ions at differerit step values of the membrane potcnti~l. It was 

found earlier that the current dertsity'through a portion of the membrane 

is given by 

I = C dV + I 
m m dt R 

Keeping V constant, Im = IR. By stimulating with negative potentials or 

making _the membr~ne potential more negative almost no current flows, but 

by making the membrane potential less negative or increasing it· toward 

zero, the curreht was much larger, bei~g inward then reversing outward 

to attain a constant amplitude. Hodgkin and Huxley (1952a) made experi-

ments to identify the ions that were producing such a current. From our 

previous c6nsiderations, they had reasori to suspect that sodium was flo-

wing inward and potassium outward. By replacing Na in the outside medium 

by choline the inward current dis·appeared, and when Na is reintroduced, 

the inward current reappears. Besides, the steady outward current is not 

modified by removing Na. That supports the fact that the Na current is 

only temporary and produced by the high c;oncentration gradient of sodium. 

They fotind that the outward current is mostly produced by potassium ions, 

chloride providing only a very small part of it. By recording the current 

in sea water with and without sodium at different voltage step amplitudes, 

they obtained the time curve of sodium current and potassium current sepa-
. . . 

rately for each voltage step. During those experiments they also measured 

t_he membrane potential at which the Na current: was reversing for different 

·external Na concentration. From the Nernat equation the membrane potential 

.. 
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at which the Na current should be zero can be calculated; the calculated 

and measured values compared within the limit of experimental accuracy. 

Then they assumed that the ionic currents could be expressed as a pro-

duct of the conductance times the total potential; we call concentr.a-

·tion potential the value of the potential given by the Nernst equation. 

The total potential is the differ~nce between the el~ctrical and the 

concentration potential; for Na we have V - V and I = g 
m CNa Na . Na 

(V - v_ ) and a sirnilnr PX11n'c;c;ir;m for Ik. They aooumed th~n tltal Lite 
111 1...Na 

time and potential dependanci of the currents were ~dUS~d by the conduc-

tance variations. This hypothesis was supported by the Bernstein's model, 

which was assuming changes in membran·e permeability during the action. 

~otent!al and by the experiments of Cole and Curtis (1939) who measured 

an impedance change during the action potential. In order to prove that 

these relations were correct they made experiments with a double ~tep 

of voltage. A first step of voltage· is applied, for example 25 mv., 

then after different intervals of time, thP step i~ reduced to 10 mv. 

If the change is made _at around 1 msec._, when the sodium current is high, 

we see a rapid instantaneous surge of sodium current. The surge is much 

smaller if the change occurs at earlier or later times. Haking many such 

experiments at various initial and final voltages, curves .can be made 

showing the relation. between the instantaneous change of cu>:"rent ·and the 

step change in voltage. The curves are all straight lines with a slope 

that depends on the value of the conductance at the moment of the step 

change. These_ experimt:!nt~ are a very srrong demonstration of the current-

voltage relations given above. From their data on the sodium and potas-

sium currents, they could obtain the conductanc:-.es as function of time 

and voltage. The sodium conductance presented a particular problem: 

6 
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It was only temporary, but had a small steady state value at applie~~/-J 
- ----:------·-

...... ~--· -. . . ... 

potentials close to the resting potential •. :Qlat disappearanc-e ··;pf ·the Na 
· I) :': ..-: ' . 'f ' I ',. .· ~ ... 1 -: ---·-- ·-- • - •• • • •• l ~!--·t"~ .. \.:t~·t .. ' ... -~'··'~0'..!,1_ ~t·-~- ,,.,.., '· {,..:·-.(, i .... -t~.- .. ·•· 

__. ___ con-diic-fance~was .. called inacfiva·tion. This problem had to be investigated 
I , r · 

in more details. They found that by appying a hyperpolarizing voltage 
t. 

followed by a depolarizing voltage, the amplitude of the sodium current 

was larger for the same depolarizing voltage when no. hyperpolarization 

was applied. By making many such experiments, they found that the inac-

tivation was potential dependant; it was about zero for membrane potential 

of 40 mv below the resting potential and complete for 40 mv above the 

resting potential. They also.detennined the time course of inactivation 

for a series of applied poterttials. 

D. Hodgkin and Huxley model 

With all these experimental results.in hand, Hodgkin and 

Huxley (1952d) developed a theory to explain their results. From the 

potassium conductance curves, a first order differential equation seems 

to be a good starting point; but the rise and amplitude do not correspond 

to a linear differential equation. The amplitude of the conductances are 

voltage dependent and their increase is quite s!:eep. From a semi-log plot 

of gK ~s V, we see that for e-fold increase in gK' the voltage ch~nges by 

only 5 or 6 mv. Although it should be possible to apply the Goldman (1943) 

constant field theory to derive gK (V), the argument in the exponential 

will have to be about 4 times smaller which means ·that 4 charges are 

·involved in the process. Besides the rise of the conductance is slow 

initially and then becomes rapid. By using the solution of a linear first 

-at 
order differential equation, (1 - e ) and putting it to a fourth power 

(1 - e-at)4 they could obtain the correct shape for the gK curves. 

7 
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When gK returns to its resting value, the time course is linear; their 

theory satisfies that requirement too. 

- t/ T 14 

J 

For the fall: of gK we have only an exponential to the fourth power. This 

is the total equation used to fit the data. From each curve a value for 

'T and g were obtained. The mode 1· was. that four events had to occur . KCD 

'imultaneously in the.membrane in order to have the ions cross. Each 

event had a time dependent probability n given by 

and 

dn 
dt 

- Q, 
n 

(1-n) - 13n 

By identifying the two formulations· for gK' we have a correspondance 

between g a~d 'T and ~ and ~ 
K00 n n n 

From all the values of •nand corresporiding values of a 
n 

and 13 
n 

could 

be.obtained. Then a and ~ are plotted against v. 
n n 

An empiric.~] formula 

was·used to fit these curves; so that the potassium conductance curves 

could be derived ·theoretically. For the sodium curves the same method 

was used, assuming a ·similar model. The probability. equa.tions were given 

by the product of activation times inactivation equations 

dm 
dt 

·dh 
dt 

..., 

= 

~ (l-m) •.P 
m ·m 

(l_ ( 1-h) -~ 
h . h 

- 3 gNa = gNa m h. A cubic was fqund to fit best the rise of sodium conduc-

tance. From the inactivation experiments they had the voltage dependance 

... 

,. 
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of inactivation, so that h

0 
and hro weie known. Because gN is very small 

· r ao 

By fitting the data curves to the equation and identifying with the 

theory they ag~in.obtain curves for a , ~ , ah and ~h for which empi~ . m m 

rical formulas, similar to the one for potassium co.uld be obtained. The 

procedure was not as easy ·as for the potassium conductance ·curves because 

of the inactivation dependance on potential. 

Cole and Moore (1960) made experiment~ with high hyperpolarizing 

potentials and found that a twenty-fifth power was more adequate to fit 

their data. for the potassium conductance but in the normal range of 

potential variation, the fourth power is accurate enough. 

Taking the cable equation developed in the introduction 

·. b ?/v 
-- .:::__:.rn = 
2P ox2 

av 
C ~ + IR. 

m ot 

where 

·1Na and IK have been determined and can be calculated. IL. is called the 

leak current and is also ass urned to be of the form I L = gL (Vm - V CL) 

Hodgkin and Huxley (1952b) made a few experiments to determine gL and Vci.· 
They concluded that gL was constant; it has a rather small value. 

Experiments were made to obtain space clamped action potentials, 

where the potential is forced to be the same on all the length of the 

· o2v 
fiber; that simplifies the cable equation because m = 0. The numerical 

ox2- . 

integration of the four differential equations can be made and theoretical 

action potentials are obtained. They compare them with experimental ones; 

we see tha~ they are identical.within the range of experimental accurac~. 

With the space-clamped action potential they could verify many fundamental 

l)' 



properties of c1ction potentials, like threshold am! rcfractot·y period. 

·At more than one centimeter from the po'int of stimulation the 

action potential propagates at constant speed. Then the cable cqllations 

are again simplified because 

That simplification gives an ordinary differential eqvation again. But 

its integration presents a diff{culty, lf e is eithRr ton l~rgP.OT tOO 

small, the calculated action potential will blow up to plus or minus 

infinity. By trial and error., more and more a~curatq value$ of 8 can be 

obtained until the action potential is completely determined. The value 

of 9 compares well with the experimental·value of the speed of propagation. 

This problem of integration is caused by the simplification of the cable 

equation. If the partial differential equation is integrated no such 

difficulty occurs, as shown by Cooley and Dodge (1966). 

Hodgkin, Huxley and Katz (1952) also ~ade experiments to deter-

mine the effects of temperature on the io.nic ·currents. The results were 

that the time dependance of the ionic currents were greatly modified but 

not their amplitudes. They could account rather well for the change in 

the time course of the action potential by supposirig a Q10 of 3 applied 

to all the rates coefficients ~ , p , ~ , ~ , ~ and ~h. n n m m h 

The series of experiments performed by Hodgkin and Huxley to 

determine the detail. process of the nerve action potential \vere very well 

designed and gave very interesting results. Their model, although wor-. 

king well, is rather empirical. The physical basis they tried to give to 

it does not seem very probable. 

Because these theoretical results were not giving any mechanism 

for the change of conductance of the membrane, an intensive search for 

10 
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possible mechanism was sta~ted. 

In chapter five of Cole (1968) there is a review of many different 

models that were tried to explain the squid axon data. Also in Tasaki (1968) 

many of the physico-chemical approaches to membran~ phenomena are reviewed. 

In Moore (1968) there is a review of the necessary features th~t a model of 

the nerve membrane must have to be acceptabie. From thes~ different reviews 

we see that many models have been tried, but have not succee.ded in explai-

ning the volt;c:ge-clamp data. Host of the models have attempted to describe 

the conduction me~hanis~ using the hypothesis that the current goes through 

pores in the membrane. The pore model encounters serious difficulties when 

it tomes to explain the transient nature of the sodium current and the 

independence of the sodium and potassium currents; Because the pore model 

did not succeed in explaining the conduction mechanism of the membrane, 

we thought a different approach was necessary. 

Before doing so ~e w.ould like to state ·the necessary requirements 

of any model, if· the model is going t9 behave as well and even better than 

the H-H empirical system. 

The first part of a model is the steady state relation between 

current and voltage. From the experiments of Hodgkin and Huxley described 

a·bove, it seems necessary that current-voltage relation should be expressed 
(I,\-£. / 

as I~ g.V with g being time and potential dependant. There is..--n~ reactive 
/ 

elements in the.ionic currents in voltage clamp. Then to satisfy the con-

ductance dependence on potential, the mode 1 must provide for a ve·ry sharp 

rise of conductance in a short range of potential; for the sodium conduc

tance the ~ncreasc ·is 103 from 0 - 20 mv. We know from o~r own experience 

t:.hclt Lhe flt of the. theory with. the e:x:per.i.mPnts must be very good, if the 

· model is going to work. 

. ( .. 
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The. next major problem comes fron'l the kinL·tic d;tl:l. · Tht• modl' 1 

must reproduce quite well the rise of the conductancl's with tinw. 

A suitable hypothesis must explain the non-linear rising of the conduc-

tance and the potei1tial ·dependance of the rate constants.· And again the 

fit must b~ quite good to achieve suitable results. Also the recent 

data on.voltage clamp of squid axon has brought some other difficulties 

and requirements; the most interesting are those where ionic· concentra-

tions inside and outside the axon are modified. The results can be 

intcrvrctcJ a~ a ~1ifL of the conductance steady state curve ~o the left 

or to the right. That summarizes the most important points that must be 

explained·by a model and we will attempt. to satisfy them in our model. 

We will suppose that a macromolecule extending across the mem-

brane reacts with many cations along its chain and.those ionic sites are 

used for conduction. Vac.ancy formation at those sites will permit a 

transfer of ions across the membrane. \.Je will develop steady state and 

time dependent equations for the cunductam.:es and c'ompare t:hern to the 

data of Hodgkin and Huxley (1952 a, b, c, d) and (!f many others after them. I 
' 

I 
I 

E. Recent experiments 

Since the invention of the voltage clamp by Cole and the 

detailed studies by Hodgkin and ~uxley, a great many q-uantitative inves-

tiga.tion.s of the voltage ·current relationships were made iu Lhe squid 
·r 

axon as wPll as in crab nerve and in.bther ~xperimcntal te3t objects. 

These are admirably reviewed in the detailed monograph by Kenneth Cole(l968) 
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and by Kati 11966) Tasaki (1968), and Moore (1968). Quantitative compa~ 

risons in this thesis are made with the original set of data on the squid 

axon by Hodgkin and Huxley, and with some of the more recent data. It is 

important to note, that a number of additional facts .have emerged during 

the last 20 years about the behavior. of excitable membranes. Any good 

model must fu.rnish at least qualitative' explanations for these and hope-

fully suggest new experiments. The most salient points with regard to 

the behavior of nerve axon membranes are listed here only briefly. 

An important progress in investigating squid axons was the advent 

of perfusion of the axon brought by Baker,Hodgkin and Shaw (1961); that 

technique permits the experimenter to _vary the internal concentration 

and. composition of the ions inside the axon. A long line of experiments 

were staited with this technique; the experimenter can select any ion for 

the outside and inside solution and study the conductivity of the membrane 

for these ions selectively. 

We must mention that the effect of changing the outside solu-

tion was studied without the need for perfusion, but the control of the 

experiment is better with perfusion. Hodgkin and Huxley (1952) had 

studied the effect decreasing the sodium ion' co.ncentr.ation on the mem-

brane current and conductances. Then Frankenhaeuser and Hodgkin (-1957) 

modified the calcium ion concentration and found that the result was a 

shift of the conductance voltage curves for the sodium and potassium 

ions· and the inactivat.ion of the sodium conductance. Then Hoore (1959) 

worked on the effect on incr~asing the ~otassium ion concentration in 

the outside solution .and found an important effect in the I-V charac-

tcristic. Later on the res~lts of Ehrenstein and Gilbert (1966) and 

Lecar et al (1967) sho~ed th~t the effect of increasing the potassium 

ion concentration could be explained by a shift in the pot.assium 

;, 



'· conductance vs. voltage curve. 

Neanwhile Tasaki ~ 2..!, (1965) started to study the effect of 

ioi1s other than those norm.:1lly found in the squid axon. They found that 

they could. substitute ammonium and lithium ion for sodium,, and rubidium 

for potassium, while cesium does not substitute too well for potassium. , 
Neither cesium or rubidium substitute for sodium. 

Also another series of experiments conducted by many investi-

. gators, StUdied the eftect ot different drugs n~ thP avnn potontial. 

Detailled voltage clamp experiments w~rP pPrformed bi Hille (1967) 

to work out the effect of tetraethylammoni urn chloride (TEA) and that 

of tctrodotoxine by Moore (1967). Many· other drugs were also expcri-. 

mented and the few experimenters who worked with voltage clamp found. 

th~t the effect of the drugs wer~· to shift the conductance voltage curve, 

in a way similar to that produced by changes in ion/ concentrations. 

Specific organic dyes .which. interact with the membranes and render it 

susceptible to ultra-violet light were intrbduced in the outside solu" 

tion and.voltage clamp studies were made by Pooler (1969). It seems 

that the effect is to shift the inactivation of the sodium conductance. 

There still is many exper.iments to perform in this line of 

investigations to obtain the precise effect of each component on each 

of the membrane conductances. 

There are· also experiments that measure electrical and 

electromagnetic phenomena during the action potential·or in the resting 

membrane. Squid and lobster axons appear to carry a net negative charge 

as m~asured by Segal (lY6H) This finding t'ends to prove the presence 

of negative charg~s in the membrane arid thereby cxplain.~he cation 

selectivity of the membrane. 

14 
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It was shown recently by Cohen, Keynes and Hilley (1968), that 

there are rapid structural changes accompanying action potcntL1ls measura-

ble by light. scatter-ing and bi ref rigerance changes. These appear- to a rise I . 
from the r~dially oriented molecules associated with the membrane and arc 

an indication that considerable rearrangement in molecular membr-ane struc-

ture occurs. 

Frazer and Frey(l968) have neasure~ the emission of electro-

magnetic waves at microwave freqt!encies from active nerves (Biophysical 

Journal, §.:731, 1968). It has been shown .that heat changes occur during 

initiation and passage of action currents in the membrane which are 

greate·r than those that would be encountered by ohmic heating by the 

currents. The heat changes are probably associated with chemical inter-

actions at the membranes and with ~llosteric changes of macromolecules. 

And finally we have the work performed on artificial bylayers. They have 

been produced by a number of investigators and it has been shown by them 

that electrical conductivity across such membran~s can be radically 

altered by specific proteins., particularly antibiotics. Among these 

are Nystatin and Valinomycin; ion· selectivities ·have been claimed for 

some of these substances Colacicco et al(l968). The status of this field 

was recently reviewed by Finkelstein and Cass (1968) who have also shown-· 

that the glycoprotein molecules resporisible for decreased conductivity 

are also specific to certain cations. Mulier and Rudin (1968) assume that 

the protein and antibiotics which have the specific membrane affinities 

are capable of interacting with bylayer membranes and form protein 

bridges across. them allowing conductivity to take place. The recent 

finding of Bea~ et al (1968) that ~embr~ne·~ctive factors can cause a 

stepwise increase of transverse conductivi.ty of lipid bylayer-s is 

particularly interesting. It may be assumed that each step corresponds 

15 
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to the punch-through action of a single macromolecule. Hullc·r and Rudin 

(1963), (1968) also demonstrated induced excitability in rc.constitutl~d 

ce 11 membrane structure and could obtain "resting" and "action" potent Ltls 

. . . 
from these. Curreni voltage relationships in some of these systcms.are very 

similar to thos~ found in electronic semiconductor tunnel dioJes. 

F. Other models 

We have already commented previously that .the phennmt;>no.logical 

theory suppiied by Hodgkin and Huxley accompanying thP. nrigin.:1l invcst.i.;.. 

gations, whi.le admirably describing the· experimental data, has not been 

patticularl~ helpful in t~e ~evelopment of physiial and molec~lar models 

for ion conduction across the membranes. The theory proposed by Mullins 

(1961) on pore activity, does not appear to agree with experimental facts 

since this model assumes that potassium and sodium ions each travel in the 

~ame pore and has so far failed to r~cccount for the efft!c;Ls of hyperpola-

ri2ation of the membrane. The most elaborate investigations have beeu 

conducted on the assumption that th~ phcnomenori of electrodiffusion will 
~ 

explain all the active phenomenr~. Another set of .i.Jeas include the 

assumption that conductivity changes depend on significant structural 

reorganization of the macromolecules in the membrane and that the mole-

cular arrangement is a bistable configuration. · Fi~ally, several authors 

have proposed that the conduction of el~ctricity in living membranes is 

analagous to ~olid state conduction ~henowena:found in semiconductor 

crystals. 

The physical basis of the electrodi.ffusion theory l'i'as been 

reviewed by Finkelstein and Mauro (1963). Much interest was raised in 

this form of the theory by the. experiments and calc.ulations of Teare ll 
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and his group on artificial ion exchange membranes. However, the model 

did not adequately explain the peculiar changes in conductivity encoun-

tered in living membranes during th.e excitation process. In order to 

provide ~ b~tter approach to this problem, K~tchalsky, working with 

K~dcm (1963), and later with Richardson (1~67), has presented the trans-

port equations for multilayer membranes and initiated work on mosaics. 

None of the~e models has as yet quantitatively accounted fo~ ~11 the 

essential properties of the·squid axon membrane ~s pointed out by 

Kenneth Cole in his exhaustive review (1965). 

Goldman (1965) initiated a model of nerve membrane.excitation 

by considering the role of calcium ion and assuming that calcium enters 

into chemical interac"tion with t·he surface of the membrane' then by 

causing the reactivity of chemical components in the membrane to be 
\ 

altered. Changeux, et al (1967), have attempted to give. a more genera

lized form to the alteration of properties of membranes composed of 

macromolecules with more than one allosteric state. It was assumed 

here that as the molecules of the membrane interact with ions outside 

of the membrane, inieraction forces between neighboring macromolecules 

also change. These authors arrived at a descri~tion 6f membrane properties 

which alloHs bistable mode of operation and abrupt transition from one 

state to another. Very recently, Terrell_Hill ·(private communication) 

gave a more generalized description of the thermodynamic properties of 

the.bistable membrane. Also Katchalsky and S~angler(l968) haVe deve-

loped equations based on irreversible thermodynamics .to explain facillated 

diffllston in t"erms ·of allosteric states of a "carrier". 

Adclm! (1968) h.:!scd his recent calculation::J on a model developed by 

Ta!;ald (1963) and assumes that. protein subunits bind calcium ions in the 

resting st<lte; upon depolarization these· are freed and the active sites 
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combine with K or Na ions. When these chemical reactions occur there is 

surface cooperation between neighboring macromolecules; this has an 

influence on ion binding. From thermodynamic consideration~ Adams 

derives expression for a membrane bistable with respect to electrical 

conduction. In its present state the theory would appear to predict an 

abrupt transition from ont to the other state in the voltage clamp: this 

appears to contradict the voltage clamp experiments which fail to show 

Ths above theories are in qu~l~t~C!v~ ngrP.P.mPn~ ~1rh ~om~ 

observed changes in membrane properties; e.g. birefr.igerance, local 

heat and microwave emission during the excitation process: they have 

not as yet been sufficiently developed to provide a quantitative 

description of the Hodgkin-Huxley phenomena. 

During the last few years a number of author-s have pointed 

out that certain analogs exist in the behavior of excitable biological 

membranes and conductivity current relationships in inorganic semi-

conductors; particularly rectifiers and transistors. 

Mauro (1962) observed that fixed charges in ionic membranes 

are analogous to impurity ions in semi-conductors. Muller and Rudin 

(1962, 1968) noted the ressemblence of the behavior of reconstituted 

membranes to tunnel diodes. Wei (1966) points to qualitative agreement 

between membrane and solid state conductivity phenomena. However, no 

attempt has been made to quantitat-ively account for the Hodgkin-Huxley 

f iu~iugs. using a solid state model. 

The· current investigal:ion was ·initiated (Koy and Tobias (1968)) 

with the realization ·that steady state conductivities obtat.ned in the 

squid axon by the voltage clamp method for potassium ion current as well 

as for sodium ion current corrected for inactivation, resembled .the 
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depend~nce of conductivity ori voltage in inorgariic semiconductor d~vices. 

A close ,examination of the correspondence, however, revealed that the 

conductance .properties behaved like solid state rectifiers only when the 

membrane potential differed from the resting potential by a greater amount 

than about 30 millivolts depolarization. When the change of rotential on 

the membranes differe~ from the resting potential by less th~n about 30 

millivoltsi the rapid ris~ of conductivity upon depolarizat~on could not 

be accounted for by the assumption of a constant number of charge carriers. 

One· could, however, account for the entire change of steady. state conduc.;. 

tivity by .the assumptions that the first 30 millivolts of "change" frof:!l 

the resting potential results in a rapidly increasing number of channels 

(charge carriers) available for conduction of currents across the mem-

brane by ions and that above 30 millivolts the number of conductor 

channels would be constant. 

An examination of the complex behavior of nerve membranes 

(as described above) would lead to a fairly plausible assumption that 

initial steps of depolarization as well as the later step of inactiva-

tion probably in~olves chemical interact~on of ions with macromolecules, 

and could, therefore, be also associated with surface cooperativ~ pheno-

mena. 

Early .in this work, it was realized that the analogies to solid 

state crystal semiconductors are very tenuous.· In the first place, most 

of our knowledge of inorganic s·em1conductors comes from studies on 

crystals where elec.tric current is made up of opposite migration of 

electrons and of vacancy sites. The knowledge of ion conduction in 

crystals is incomplete .and the behavior of org_anic _semiconductors has 

not. been studied in sufficient detail as yet. Agin (1967) discussed some 

of the pitfalls of applying semiconductor theory. For example, ·the. time 
- -.. ,., 
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constant for response to an applied field in :t ml'mbr·;ml~ can l.Je 11l'ill" 100 1-J.Sc<.: 

. . 8 
whereas, inorganic semiconductors may respond 10 times faster. lt is 

also questioned whether ion tunneling may occur in a membrane in. a manner 

analogous to cletiron tunneling in transistors. 

Our current idea of the molecular structure of membranes is still 

very vague and non-specific. The analog as far as it can be carried in this 

paper, therefore, only extends to g·eneral formal isms. ·rhe_ ·somewhat surpri-

sing goodness of fits, however, suggests that.it may be well worth while· 

td undertake a·detailed inv~stigation of t~e basic phy~ic~ cif the el~ctri-

cal ·conductiVity behavior in organic semiconductors with structure akin to 

proteins, glycoproteins and lipids. 
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STEADY STATE EQUATIONS 

A • Current-Voltage Relation 

The Nernst-Plamck equation gives .the relation between the current 
. . ' 

and the electrical and chemical potentials. Considering it .for one 

dimension and for a single ion involved in conduction, we have the current 

density 

I = - ( RT 1-L dC + C 1-L z dY) 
R v dx dx . 

The above· equation can be rearranged to give 

·we.introduce 

d 
I = ·~ ).Lz FC -d 

R . v X [ 
RT 
z F 

v 

+ d'¥ J 
dx 

LnC · 
+ 'I J 

RT LnC · 
+'i'=q> z F v· 

this ~s the electrochemical potential 

I = - ~z FC R v 
..c!L 
dx 

(2-1) 

(2-2) 

Assuming that I is independant of· x and integrating across the membrane1 

.... i.. 

v 
m 

d 
· dx 

IR J ~z FC 
0 v 

6'i' 

- 6cp 

v = c 

.. (2- 3) 

RT Ln co -
zvF c1 
I· 
! . ·· .. 

• .. l ........ 
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C is the concentration outside the axon and Ci inside the axo11
1

V is 
0 . c 

called the concentration potenti~l. The integral in equation (2-3) gives 

the resistance of the membrane R or its inverse the conductance g 
m 

d 
1 dx - = R = J g m 1-J.Z FC . (2-4) 

0 v 

I = g (V + v ) 
R m c 

(2-5) 

This transformation is quite convenie~t, because it modifies the problem 

of the current across the membrane into a problem of the resistance of 

the memb~ane~ lf.the parameters.~ and C in equation (2-4) are constant 

within the membrane, the resistance R is constant. and we have Ohm's law. 

But the parameters~ and'C can be variable and that will give a non-

linear relatiop between current and voltage. 

Equation (2~5) is general and restricted only by the assumption 

that I ic indcpcnd6nt of x ~nd by the ~pplic3bility of the Ncin3t·Planck 

·equ~tion: For exa~ple the result of the integration of equation t2-4) 

might give a conductance g which ·is a function of .v ·and V • We could 
c m 

also· have V and V vary with time. It is possible then that the conduc-
e · m 

tivity g, de·fined in (2 .. 4), is also time dependent. Hodgkin and Huxley 

(1952b) found that the relation ~etween cur~eni artd voltage wa~ linear 

when they measured the instantaneous change of current produced by a step 

change of the potential V • But i£ the current is measured when it has 
m 

reached a steady state, the current voltage relation is not linear any 

more. Equation (2-5) can explain such results if. g is time dependent; 

if g is a slo~ly changing function, the instantaneous current change 

will be directly proportional to the ~otential but the steady state 

current will not; if g is a rapid function of time, then both instanta-

')? ... _ 
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neous and steady-state currents will have non linear characteristics. 

8~ Conducting Channels . 

Our probl~m will be to develop a model for the conduction 6f 

ions in the membrane. The basic hypothesis is that there are molecular 

, components in membranes reaching from one side .to the other which form 

complexes with several Na or K ions; there is a specific membrane compo-

nent for each ion. The assumption for the existence of selective membrane 

. + + 
components that bind Na or K does not have any direct experimental sup-

port because there is not yet sufficient data on the ~embrane structure . 

. However phospholipids as well as proteins are known to bind cations; the 

only requirement for the model is that there are at least two different 

membrane ·components forming channels across the membranes in different 

locations arid that one has a high preference for Na+ or for ions that 

cari substitute for Na+ and the other one for K+ or its substitutes. The 

assumption of se·parate channels is ·suppo.rted by the experiments of Hoore 

et ·al. (1967) .who blocked the K currents with TEA without affecting the 

Na · Ctlr:rP-nt. Althovgh phospholipids cannot be ruled out as possible sub-

~trates, we a~e inclined to favor protein~ or poly~eptides, because ex-

periments by Rojas and Tobias (1965) on phospholipid re~ctions with K 

and Na i~ns have failed to show preferred· binding for one ion by any of 

the usual membrane phospholipids. On the other hand, experiments by 

Muller and Rudin (1963, 1968) have shown that the resistance of artifi-

4 
cial membranes drop by a factor of about 10 when a certain.protein 

called ElM is introduced on the membrane; also this protein permits 

ihem to obtain I-V curves similar"to those observed on squid axons in 

isoosmotic potassium concentrations. 'Additional evidence supporting 

I 
I. 
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.. 
~he view that ElM provides the channel through the artificial membrane was 

found by Bean et al. (1968). 1bey found that the conductance increased by 

small and regular steps when the membrane reacted with EIH. Also,· many 

polypeptides were found to reduce the membrane ·resistance, especially 

Valinomycin and its family. Valinomycin was found by ·Colctcicco et al. 

(1968) to have a high preference for K ions \vhen the latter were in con-

centration of O.S H or more. Barfort et al. (lqf>f\) have sho\.m that the 

introduction of insulin on one side of an artificial membrane and its 

antiserum on the other side could d~crease the ·resistance of the membrane 

3 
by as much as 10 All these decreases of resistance bring the artificial 

membrane resistance to a value much closer to the natural membrane resis-

tance; the lipid bilay~r alone has a much too high resistance compared 

to those of natural membranes. A possible implication of the results 

is that the proteins or the polypeptides form bridges across·the lipid 

bilayer, ~hus providing channels for the ions. 'The usual membrane models 

assume a continuous lipid bilayer coat~d with pro~eins; but rP.c.0nt ~xpe-

·riments by 'Lenard and Singer (1966, 1968) have suggested that proteins, 

because of their structure., must .form bridges across the membran~, ~<;>me 

parts.of the proteins are hydrophobic and would associate with the 

hydrophobic portion of the phospholipids, the other parts are hydrophylic 

and remain on the surface of the membran~~ 

The hypothesis of protein bridges or channels across the membrane 

is gathering mo·re evidence in its· favor, not only from the above mentioned 

experiments; but also from many others, specially in the field of active .. . 

transport. This model will u~e this hypothesis, but will make it more 

specific to explain the experimental results on axonal membran~s. Our 

hypothesis is that .the protein channels must first react with the ions 
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.. 
to fonnan ionic complex before they. could become conducting channels. 

The complexes are fonned when the ions react with a receptor·molecules 

SX • The name "receptor molecule" was used to differentiate bet\.,reen 
z 

the "co-r:tducting channel" concept and the "carrier" models. The "receptor 

molecule" remains in stationary position, whereas the "carrier" is some:.. 

times assumed to move from one side of the membrane to the other. 

X is assumed to be an atom other than Na or K, p·revalent in the form· SX 
z 

in the membrane when the membrane is not conducting. Since we do not 

know the identify of X, it is used initially only in a formal sense. In 

mitochondrial membrane oscillations~ X corresponds to hydrogen, ~1ich can 

be involyed in exchange reactions with potassium. The following chemical 

reactions can take place~ 

-
Q. + sx --4> QSXz~l + X 

J z .~ 

Qj + QSXz-1'_) Q2SXz-2. + X 
(2-6) 

+ X 

The subscript j will be· i or o depending on whether th·e ions Q come from 

the inside or outside the cell. Ionic concentrations are different on 

each side of the membrane and the chang~s in·concentrafio~ on either side 

of the membrane will' affect the equilibrium constants. In equations (2-6) 

it is assumed.that the interaction between Q and Sis specific: for Q. 

This is the simplest. case; later it will be seen that S can also reac.t 

wit~ other ions e.~; inactivators, inhibitors or substitutes. 
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Using the mass law, relations between ~oncentrations, C, can be estab-

, I t ( '/ 
·1 h d I~ ~;,c ,~__,~.<11 t'rt 'f' .. <:.c• .. f ·~' c "'.-Lt· s ...... J ........ t is e 

1 
· 11 • ~. - ~ · · • •· <J 

csx lQ ex 
z-

c c 
SQ X 

z 

= 

= K 
z 

( 2- 6a) 

Because S is assumed to be present in the membrAn~ in ~ limitod amount,· 

the total concentration of substrate S equal 

= CQ S + C + ---- C + C • 
z Qz-1SX QSXz-1 SXz 

However Q is available in ample quantity outside the membrane 

and c0 is not appreciably modified by its incorporation in Cqs· . 

Using equations (2-6a) and (2-6c), the concentrations CSQ.X . of the 
1 ?.-1. 

products of the various steps of the reactions can be calculated as 

The results of calculating c
50 z 

CST 
= ------------------------~----------------------------

1 +. ~ -~-X- +.K ~. ·(:X~+ 
z Q. z z-1 Q. 

J J 
1. ~·~ --- + _K_K_______ _L 

z z-1 Kl . CQj 

is 

The value of j will be either .i or o; for example the~~ might b~ z. 
1 

i.ons from inside and z from outside; in 'the last term that would give 
0 

c z 
X = 

CQ 
' i 

ex 
z 

.· Zi zi + z = z C zo · 0 
Qo 

(2-6c) 

(2-6b) 
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For most purposes it is sufficient to use the value of z in obtaining 

fits to observed I-V relationships. However to account for experifuents 

where the ·inside and outside concentrations of .Q are changed, it was 

necessary to introduce zi and z
0

• The authors realize that the kinetics 

of the contributions of ions Q from both sides of the membrane is a corn-

plex problem. z. and z denote average contributions; eve~tually experi-
1 0 

mental results should lead to a verification of this treatment. From this 

general model to calculate the concentration of conducting components.in 

the membrane, a series of simplifying assumptions will be made in order 

to obtain formulas easier to utilize and containing less arbitrairy 

parameters. The first sirnplif·ication is that only the complex- having 

the form SQ is conducting; it is possible that the other forms are also 
z 

conducting, but it seems that they should be much less usef~ll for con-

duction because the mobility of the ions in them will be smaller and also 

becatise they should be present in lower concentration than SQ • 
z 

A second simplification can.be introduced by assuming that the concentra-

tions of the intermediate compone~ts in (2-6c) are low enough to be 

neglected. These simplifications reduce the reactions· (2-6) to their 

simplest form 

and 

SQ + zX 
z 

(2-7) 

(2-7a) 

Eliminating the intennediate concentrations by taking the product of each 

e.quilibrium equaticm in (2-6a), we have 

CSQ -- K]. K2 K3 --- K (~) c . (2-i'b) 
z SX 

z z 
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.. 
and with (2-7a) 

= 
1 + K-1 C z -zi CQo-zo 

X CQi . 

K 
z 

This result is equivalent to neglecting all the intermediate .terms in 

(2-6b) for CSQ • 
z 

One obtains a result equivalent to (2-7~) if K is . z 

large and K
1 

very small and the othPr K
1 

have intermediate v-1lu~::; in 

(2-6b) ~The factor containing l/K
1 

must be larger than any otlH~r. 

(2-7c) 

In reactions (2-6) and (2-7), Q is disp~acing X in the ~e~ep~ 

tor molecule. An equivalent treatment ·would·assume instead a ·Simple 

association reaction between Q and s without displacing any atom or 

molecule, but producing only a rearrangement of the molecules. Then we 

would have 

Qj + s Ooor.-" SQ 

Qj SQ 
_ .. ) 

SQ2 (2-8d) + 

Qj + 
SQ ·:~ ·::. 

z-1 
SQ 

z 

~SQ 
Kl C" CQ .., 

CSQ 
K2 2 = (2-Bf) 

CSQ CQ 

CSQ 
K z = 

c;SQ CQ 
z, 

z-1 . 

CST = cs + CSQ + --- csQ· (2-Sg) 
Z' 
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With (2-8g) and (2-Bf)· we obtain 

c 
CST 

= -1 -1 -1 -2 -l sqz· 1 CQ + K 
-z + K K 

z-1 CQ + K cQ. z z 
j J J 

K = K K --- K 
z z-1 1 

Using the same simplifying ass.urnption as before: CSQ is the only con
z 

ducting component, and approximating 

One has, 

zi Qi + z Qo + s SQ 
0 z 

.. 

CSQ = K c
5 

C zi C· zo· 
Qi . Q 

z 0 

Using (2~8b) and (2-8a) 

= 1 + K 
-1 -z -z 

c ·oc. :i 
Qo ·Qi 

Two similar results have peen obtained for CSQ ·; they are given by 
.Z 

equations (2-7c) and (2-8c). Either of them could be used for later 

calculations; choosingone of them is rather arbHrairy. But the 

results obtained with any one of the two say (2-8c), can be trans-

(2-8b) 

(2-8) 

(2-8a) 

(2-8c) 

·formed very simply into the r~sults that would be obtained using (2-7c); 
. . z 

introduCing the factor CX . into. (2-8c) transforms. it into (2-7c). Th(s 

is why all later calculation can be made with (2-8c) without loosing any 

generality. If .experiments show the .necessity of having component X, it 

.. ·.· 
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can be introduced easily. To simplify the writing. of equation (2-8c) 

we introduce an equivalent value for the product 

= c z 
Q (2-9a) · 

Introducing (2-9a) into equation (2~8c) 

= 
cs~ 

1 
( 2- 9c) 

1 + K -l 
. n 

' ' 

' 2: 
It must be remembered that CQ does not have any experimental corres-

pondance and its equivalent should always be u.sed if we want to introduce 

into. equation (2-11) the experimental valu~s of CQo and CQi. CQS has the 

same meaning as CSQ • 
z 

C. Vacancy. Formation and Diffusion 

There is slway! vscancy fo~:mation iu c:lu)' :sulic.I al a Lernperat:ure 

above 0° K because the free energy F = E - TS must remain at i't.s minimum. 

The number of vacancies can be calculated. · FollO\"ing Kittel (1967) we have 

n= 
N 

E /RT 
1 + e v 

where n· is the number of vacancies, N the total number of sites available 

for ions and E the energy of vacancy ·formation. 
v. 

The diffusion of ions in alkali halide crystals hRs been studied 

-. 
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~' 
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and the mobility of the ions in these crystals was calculated. It is 

assume·d that the ions ·can jtunp to the next site ·if they have enough energy 

to do so; the number of trials per second is equal to the frequency of 

vibration u in ·the crystal. The ntunber of successful trials per second, p, 

is given by u times the proportion of ions that have an energy greater than E • 
v 

un 
p = N = 

u 
Ev/RT 

· 1 + e 
(2-lQb) 

If E is much greater than KT, equation (2-lOb) reduces to the more fami
v 

liar case p=·ue-Ev/KT. But if E is small, equation (2-lOb) must be 
v 

used. If there is a concentration gradient across the crystal, a net flux 

of these ions will be obtained. The net flux can be calculated. Applying 

the definition of the flux, we have 

J = p (M + adN.) 
dx 

where M is the ntunber of ions per unit of surface, and "a" is the lat ti\ce 

distance. If there is a gradient of ions in the crystal, the increase in 

M from one lattice site to another is given by a fir~t order approximation. 

Th~ net flu.x: is 

J = J+ - J 
dM 

=- p a-
. dx 

dM 
dx 

is transformed into a concentration gradient, by using C = aH, where C 

is the concentration. 

dM -= 
a dC 

dx dx 

J 
2 dC 

= pa dx 

-1 I r_;. ... • 
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Introducing (2-lOb) 

J. = 
2 

-u a. 
E /RT 

1 + e v 

dC 
dx (2-lOc) 

This result is equivalent to Fick's law of diffusion ~here the diffusion 

constant D .is 
2 

u a 
D = _.;___E--../ RT 

l + e v 

If an elec.trical gradient is introduced in equation (2..:10),. it gives the 

Nernst equation (2-1) that was ti~ed at the beginning of this chapter. 

From Einstein's relation, the mobility ~ is calculated fro~ the diffusion 

constant. 
z l"D v 

~J.=-- = 
RT 

z F ua 2 
v 

E /RT 
1 + e v 

It is well known experimentally that the diffusion constant D for many 

types of molecules diffusing through a membrane is an exponential func-

tion of t~e free energy. In Stein (1967) a large number of experiments 

have been put together by assuming a lattice model for the diffusion of 

(2-lOd) 

molecules through the membranes~ The diffusion is assumed to take place 

between hydrogen bonds of the membrane and those of the diffusing mole-

cules •. We have asswned in this case a lattice model for the diffusion 

of ions, but through a protein structure rather than through the lipid 
.. 

lattice and by specific bonds with the protein. Once the ions have 

. reacted with their respective receptor molecules they will have formed 

ionic complexes which may serve as matrices for the conduction of ions. 

Vacancies can be fanned at the ionic sites; the ions jump from one site 

to the next and this can result in the diffusion of ions through the 

membrane. 

3:? 
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It is likely that "impurities" would hinder .such a diffusion 

process; hence the requirement that S be· 11 s.aturated" with z atoms .of Q 

before ionic conduction becomes.significant. The presence of even one 

atom of X or of some other type of inactivator or inhibitor might ccinceiv-

ably cause a drastic reduction in the rate of diffusion of ions through 

the membrane. Equation (2-lOd) is used to calculate the ~ability of ions 

through the ionic complexes. The value of 11 a 1i is the distance between 

'ionic sites on the receptor molecule. F, zv, u are known quantities, 

E . will be determined later. v . 

D. t-!embra~e Surface Barriers 

The. equilibrium constant K in equation (2-8) can be calculated 

with the partition functioh, C, of each of the molecules in the reaction, 

including C for transfer of Q into and out the membrane. Referring to 

REIF (1965) 

K = c+l 
QS 

£_ •E(f.)/KT 
t e 

Since it is not always simple to calculate the partition functions, K is 

expressed in terms of the free energy change of the reaction, ~F 

K = e - D.F/RT (2-ll) 

The value. of ~F is made of the sum of many energies; the ones that we 

want to determine more precisely are those for the i9ns penetrating the 

membrane. 

(2-lla) 
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For the reaction to occur, 

6F and z ions by 6FQ
0

• 
Qi . 0 

zi ions will have to change their energy by 

6FQ and 6FQ will depend on the difference in 
0 i . 

the energy of the ions between inside and outside the membrane.· 6F in-
0 

eludes· all the other energy terms of the partition function of the chemical 

reaction. 

Davson and Danielli (1952) have proposed a model for the mem-

brane permeability and.they applied it to the case of the ionic diffusion 

across the membrane. Thd.r moc;lc~ ass\!mes a local potential P.nPrey jnmp 

for a molecule to cross the membran~ water interface; this enerey i~ 

E or E , E 
1 

for the j~p from axoplasm into the membrane and E 
. wi wo w wo 

for the jump f.rom the outside medium into the membrane. In ionic solu-

tions, there will also be an induced dipole field at the interface; 

Davson and banielli ·(1936) have shown that ·the dipoles in ·membranes 

should be oriented witb their positive end in the· membrane phase and 

their negative end in the liquid phase. The energies required to over-

come the dipole field-are E
01 

and E
00

• 

For the moment w·e assume EWi ""' EWo - E and E = E 
W Di Do 

We shall see later that in some. cases EWi ~ EWo and EDi ~ E00 

with (2-11) 

where 

with (2-9c) CQS 

-z(~ + E
0

)'/RT 
K = K e 

0 

K = e 
0 

-6F /RT 
0 

-z z(EW + E
0

)/RT 
1 +.~0 C · e 

Q,. 

(2-llb) 

(2-llc) 

(2-lld) 

34 

·: 



'· 

.... 
1~e next problem is.to evaluate the energy E in equation (2-lOd) needed 

v 

by an ion to jump into a vacant sit~. From the energy barriers proposed 

~bovc for the ciembrane, it· is very likely that.thc highdst energies are 

those at the interfaces. The diffusion constant will. hav(• a much smaLler 

value for the crossing a~ interfaces than inside the membrane~ The value 

of E is ~pproximated by E = Ew + ED . 
. v v 

with (2-lOd) 2 
\Ia F~ 

~ = 
... v 

(2-12) (E + E )/FIT. 
RT (1 +_ e W D ) 

The dipole potential ED can be evaluated. When there i"s a potential 

difference across a capac"itor, a number of-positive charges accumulate 

on one side and an equal number of negative charges accumulate on the 

other side.· But when the capacitor is in a solution containing negative 

and positive mobile charges, dipoles are formed one each ·si·de and the 

potential difference is produced by the difference in the concentration 

of dipoles b~tween the two sides. This increase in the concentration of 

dipoles on each side increases. th~ dipole potential ED near the surface 

(the zeta potential) attd E becomei a function of V , the potential across 
D · · ut · 

the membrane. For each charge on the surface_, there will be a new dipole; 

ED= 'FV + E 
0 

m D 

is the dipole potential when V = 0. 
m . 

It must be noted here that the above proposed potential. ba~riers 

are only local barriers and do not produce any net current. The potential 

difference Vm across the membrane is the only one to produce a net current; 

the above -proposed potential energ~es influence the amp Htude of the 

~.::un·ents by their action on the conductances. A more detailed and more 

.. , 
.. ~~!_, ·:~ 
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fundamental treatment of the membrane surface barri~rs will be done ih 

future work. 

Equations (2-11d), (2-12) and (2-13) can be used to calcul~te 

the membrane conductance g. Repeating equation (2-4), for the membrane 

resistance R m ~ 

d 
R J· dx = 

m = 1-J.Z FC 
0 v 

1/g 

The val.ue of C, the concentration of conducting chargP.~, i" ::~t:tl..tally 

gi~en by CQS in equation (2-lld)~ It is independant of x because in 

(2-4) 

this model the conducting charges· are evenly distributed in the membrane. 

The value of ~ has been calculated.fo~ the interface r~gions in the mem-

brane where it is ·lowest and where it will have a limiting value for the. 

diffusion of ions. The mobility 1-J. of··equation ~2-12) is thus also indi-

pendent of x 

z v 

The membrane ~6nductance becomes, 

+ + is the valence of K and ~a ions 
·' 

Using equation (2-lld), (2-12) and (2-13) 

g = 

E 
0 

g = m 

(1+ 

E + w 

F 2 

e 
(E + 

0 

o· 
ED 

\Ia 2 
CST 

. RTd 

FV )/l(f' -1 
m ) (1+ Ko 

F2 vd·CsT 
= 

2 RT .z 

(E + FV )/RT 
o m . 

. ) 

a d/z d = membrane .thickness 

(2-17) 

Equations (2-17) and (2-17a) represent the main results of the conductivity 

_;; 



.. 
calculations in cond~cting channels. 

E. Application!; to K+ and Na+ conductance 

The above calculations can be used t9 obtain th~ concentration· of 

conducting potassium and sodium ions inside the membrane, their mobility and 

thereby their conductivity through the membrane. 

For the potassium ions, .equation (2-lld) becomes· 

= 
-.1 -z 

1 + K C · oK ·. K e 

and equatitin (2-12) becomes 

1 + 

and equation (2-17) becomes 

= 
(E

0
K + FV )/IIT 

(1 + e rn ) 

0 

EoK = ·~K + EDK 

F2 
CKST 'VK 

2 F2 C a 
gmK =· K ' KST 

IITd 
= z 2 

K 
RT 

d membrane thickness aK 

'VK d 

ZK = d 

(2-18) 

. (2-20) 

(2-21) 
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For the sodium ions, the conductance presents an additional problem which 

does not occur in the potassium conductance: its increase is only tempo-

raty and it disappears even under a constant potential. 

To explain such a phenomena within the framework of thi"s ·mode 1 

we use the possibility mentioned previously~ that another· ion can be. 

involved in the complex formation. It is assumed that another ion·can 

react with the sodium protein compiex •. The net.; ·complex can be such that 

the sodium ions are mu'ch more strongly bound to the. proteins and are not 

able to for~ as mu~h vacancies. If their vacancy_energy is only 0,~ ev,~ 

the sodium conductance will be very small. The reaction will be. the 

following 

-1 -z 
C = KA C ho 

NaS 00 Ao 
(2-23) 

Applying equation (2-Sc) to the case of the sodiumions we have CNaSO' 

the concentration of conducting complexes when· there is no inactivation. 

= 
c . 
. STNa 

-1 -z .. 7 · 

1 + K. C Nao C ·Nai 
·~a Nao Nai 

When inactivation takes place a certain quantity of NaS is ·transformed 

into NaSA. The maximum amount of .inactivation is 

= c + NaSex> 

(2-24) 
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Using (2-23): (2-24) and (2-25) 

c . = 
NaSoo 

Using the usual short 

z 
·c h = 

A 

z 
C ho 

AO 

c = NaS00 

z 
C Na 

Na 

c NaSoo 
c NaSO 

= 

z . 
· Nao 

= CNaO 

c . 
STNa 

1 

The expression for KA and ~a are· 

. ..;..,, .. 

z 
C Nai 

Nai 

. -z 
C Na) 

Na 

= K Ao 

-z (E h + FV )/RT 
e h o rn 

0 
E oN a 

E . + E WNa .. DNa 
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With the value of CNaS"" we can calculate the amplitude of the sodium con

ductance. The details of that calculation will be given in the next 

chapter. 

(2-29) 

VR = resting potential 

h (V ) = 
m 

40 

(E N + FV )/RT 
(l+e oa m ) 

-1 -z 2 (E · · 
( 1 lCao c Na . Na oNa+FV ) I rrr) + -~ Na e m 

(2•30) 

h (V ) = 
"" m 

= 

!he identitication of this inactivator: is still uncertain; we know it 

can't be Ca or Mg sine~ th~ir remo~al inereases inactivation as ~as 

shown by Frankenhaeuser and Hodgkin (1951). The potassiuci·current has 

been shown to be independent of th~ sodium current. Chandler et al 

(1965)·have shown that anions ~re not without importance in the inac-

tivation p1·ocess: when inside KCi is redaced to .50 mM and sucrose is· 

introduce,. the inaciivation curve is·shifted·by 20 mv. If the sucrose 

is. replaced by choline chloride_, the inactivation curve is restored to 

(2-31) 

. i 
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its normal p;sition. 
""-:·· 

We could interpret these results as showing that Cl 

is the inactivator~ 

To compare our theor~tical calculation with experimental results, 

we have ·chosen to use the data of Hodgkin and Huxley· (1952d); we take the 

steady state potassium conductance for the different voltage clarrip.va.lues 

of the potential and also the amplitude. of the sodium conductances and 

compare them to our equations. A computer program, which minimizes 

chi square, determines the bes·t values for the parameters. The ·calcula-

tions were·made by CDC 6600 of the Lawrence Radiation Laboratory and the 

program was. developed by the personnel of the mathematics and computing 

group of .the laboratory. 

We will transform equations (2-21), (2-29), 2-30) and lump 

many parameters together to make them simpler to handle. 

~ = -V/V 
(1 + A e 0

) (1 
-zKV/V 

+ B e 
0

) 

v = v - v m .. R 

·v is the applied potent i<tl 

VR is the resting ·potentia 1 

vo = RT/F 

•.. 

gmNa (h(V) - h(O)) 

-vI v - ZN vI v . 
(l + C e 

0
) (1 + D e 

0
) 

h (V) = 

. ":. 



.. 
A 

B 

c = 

D = 

E = 

( E + FV )/liT 
c.l.\. R e 

-1 

e 

-1 
K N o· ·a 

-2 Na c,.., 
. "a 

-zh (E
0

h + FVR)/RT ' 
e 

We obt'ain a very good fit to the data, as seen in Fig. 1 and 2. The 

values of the parameters are given in Table 1. 

·Table 1 

A B ZK !\nK 

4.6 11.0 4.0 21.0 

c D 7.Na ~Na 

6.0 1000. $.0 66.0 

E zh h(O) 

0.67 4.0 0.66 

The values of z = 4.0 and z = 8.0 mean that four K ions are. involved 
K Na 

in forming the potassium protein compicx and eight Na ions form the 

sodiwn receptor protein. complex. The value zh = 4.0 gives us the number 

of charges required for the inactivation. 

··. 
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' F. Leakage Current 

-The proposed model to explain the ionic currents through.- the: 

.•membr.a.ne:.:doe.s not exclude the possibility that ions could cross thc.mem-~ 

brane~through other regions outside the specific channels. For e~ample_ 

~here could be a diffusion of ions through the interstitial positions 
., 

··i _in the lipid lattice. The leakage conductance is calculated from equa-

:tiori··_ (2~4) where the mobility ~ and the concentr~tion C of conducting 

charges is independent of x .• 

g = 
L 

• 

·The .cbncentration CL of conducting charges is given by the concentration 

in~erstitial positions in the lattice. The mobility ~ has the ~arne 

expression as before 

= 
RT (1 + e 

·.aL (.~ :.'.the.distance between interstitial positions. The value of'CL is 

p~obabl~:~onstant, although it could vary with the membrane potential;; 

more interstitial positions could be created when the membrane potential • 

becomes large. 

· A leakage concfllctance gL was found by H()dgkin and Huxley (1952b) 

and also a .concentration pO'tential VeL' They found that gL was small and 

they assumed it to be constant. Adelman and Taylor (1961, 1962) rnade·more 

detaile.d experiments on the leakage current 'and tound a rectification in iL. 

Gilbert and Ehrenstein (196~) and Lecar et al (1967) have found a linear 

(possibly leakage) current that was ~ery large when Ca and Mg ions were 

removed· from the outside medium. When L:a and Mg arc inlruuuct!d the 

linear current is reduced very much. It is known that Ca and Mg ions 
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diffuse very little ·through the membrane. If they take· many of the inter
-

stitial pos'itions. in the lipid lattice, the value of CL will be greatly 

reduced; this can explain the observed effects of Ca and Mg lons on the 

linear current. 

The treatment of the leakage conductance has not been developed 

very much yet in the framework of this model. We reserve more develop-
1 

ments fo~ the future • 

... 

46 

\ 

. 
•I" . 

i 

I 
• I 

·I 



- III -

DY N AL"tl C E Qll J\Tl ON S 

A. Hobi li_ty kinetics 

There_are two processes taking place together during the change 

in the conductances of the membrane. The first one is th~ mobility in

crease ·or decrease. The second one is the variation in the ion-complex 

c6ncentration! The experimental results we have on the time dependence· 

.·of the._conductances permit us to have only an approximate evaluation of 

the first ~rocess, the mobility variation; the kinetics of the conduc-

. tance variations will clearly be dominated by the variations in CQS, 

when.the:membrane is depolarized from its resting state. But there is a. 

situation·where we can get a clear picture of the kinetics of the mobil~ty. 

When the membrane has been depolarized by more than 30 mv from its resting 

state ··for ·a long time (more than 5 msec) the value of CQS is saturared 

and does_- .not increase any more. If then another increase in. po'tentia:l 

is produced, it will show the kineti~s of the mobility. Unfortunately 

there i~ only one such experiment available in Hodgkin and Huxley (l952c);-· 

. but its results are int~resting b~cause they show a linear. exponential; 

increase with time, in contrast with the very non-linear increase obser

ved--for the first depolarizing step. The time constant is about 0.5. ms.ec .• 

It woutd be very interesting to have more experimental results with th1~ 

method, in order to demonstrate better the existence of two separate 

processes that regulat~ the variation in the membrane conductance. 

From the detailed kinetics of conductance changes, we could 

have argued that the mobility variations could not be much slower or 

47 



faster than the chemical kinetics. If it is much faster, let us say about 

10 ~sec or less,. it would have increased at the same time as the potential 

an.d .. .i . .t would have shown a non-linear relation between t·he inst}antaneous. 

current an1 the membrane potential; we know from the llodgkin~Hu~~ey· 

expe.rii:Itents that it is not the .case for the squid axons. But .it .might 

happen in other axons; for example, in the frog's node, there is ,a:non-

li.near relation between the instantaneous current and the potential. 

if the mobility time constAnt iR larger than 10 ~~cc oY l0wcL 

than one msec we wovld see ~ firsr- inr:reaaa in the conductctnC:t<~, a ·!;;atur.a-

tion, and then the second increas~; in other wordi we w~tild see twti 

saturation levels. Finally if the time constant 'is lon~er than 10 msec, 

we would also observe two levels of saturation, at least for high depo-· 

larization. All these arguments apply to the kinetics of the potassium 

conductan·ce; they will not appear as well with the sodium conductance 

kinetics because of their transient character. We can conclude then that 

the time constant for the mobility variatibn shottlrl be between one and ten 

·msec for the potassium conductance and between 0.1 and one msec :for the· 

sodit.nn·conductance; the sodium conductance variations are about 10 time:s 

faster than the potassium conrluc.tanr.e variations. The only experimental 

results (the one mentioned above) we have for the sodium conductance .is. 

within this range and is about 0.5 msec. 

When the membrane is depolarized from. its resting state, the 

increase in conductance produced ·by the increase in mobility is small 

·compared tn the one produced by the increase lu complex format ion. 1 t 

seems al~o th~t with the actual experimental results we cannot separate 

the two ~rocesses. Because of these reasons we will not introduce ~ny 

time dependent equations for the mobility variations. But it is an 
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approximation that we are making to keep the model as si~ple as possible; 

for a more general model there should be a differential equation for the. 

mobility. 

Now we come to the kinetics of the complex formati6n. They will 

-
be taken from chemical kinetics. The only basic theory that we" have for 

che~ical kinetics is ~erlved for gas-phase reaction from the collision 

theory or the activation theory. 

The results are linear differential equations which fbr this 
,... 

case would be l~k~ this: 

d cgs z 
;:::: R4 CQ 

. c· R3 CQS dt s 

R4 
. z 

CQSJ 
K = R4 = [i<c; c -

K 

For the steady state situation 

d c s Q. 
dt 

s 
R3 

0 

z 
and KCQ c5 = .CQS as w_e have used i_t to develop the steady state relation 

be tHe en CQS and n11:rnhranP potP.ntla 1. vlhen the membrane potentia 1 is 

changQd, the value of.K iA changed and there will follow a time dependant 

chang17 

factor 

in CQS until equili~r~um is pbt~ined again. We ca~ r~place the 

. z 
K CQ c5 in the differential equation by the new equilibrium value 

of CQS called CQ~~· We have already developed a function for CQSoo' 

~ve might say that Cqsoo ~~~. the input and CQS is the output, a 1 though the 
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real input is the membrane potential. This transformation is made lo 

elimir'late the qquilibrium constant .\vhich ha:3 alre.::~dy been caiculatcd and 

leaves only the rate constant. 

dCQS 
dt 

(3-1) 

If we attempt to fit this equation to the data on the kinetics. 

·of the potassium conductance, we can easily see that it does not work. 

This equation gives a simple exponential function of time; the data 

shows an inflexion initially which the equation above cannot give as it is. 

That differential equation has been developed for very simple cases of 

.chemi~al kinetics and it could not be expected to work for reactions occu-

~ing ·in liquid-solid phases. Many chemical reactions occuring in solution· 

. are found to be non-linear and there is no g~neral theory that we can use. 

'The phenomena of catalysis and the problems of liquid-solid interface 

reaction give the theoretical developments complicated and unsolved 

diffi~ulties. But we can temporarily solve the situation by making em-

pirical .modifications of the fundamental .differential equation. Aniong the 

non~line~r chc~ical kinetics equations, we found one type that w~s fit~ing 

the data very well and which also was logically plausible within the frame-

work of our model. This type of reaction is the autocalytic process; 

it means.that the new complex formed from the substrates can serve as a· 

cattilyser for the formation of the other complexes. At the begining the 

reaction will procee·d slowly and as more complexes are formed it will 

proceed faster until it has reached its equilibrium state. This kind of. 

kinetics is precisely the one we have for the increase in the ionic con~ 

ductances. Then it is assumed that the protein ion complex is a ca~a-

lyser for its own formation. We might say that the substrate is an 
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' enzyme in its inactive state and when ions are bound to it, it becomes 

active. and .catalyze its own activation. Such a case is. .well .known for the 

enzyme pepsinogen wh~ch becomes pepsin when activated; UCL in the. stomach 

can activate the enz:Yme but at a very slo.w rat·c. But as. soon .. as.s9mc of 

the pepsinogen is turned to pepsin, then pepsin itsel£ catalyses the 

activation of pepsinogen. 

It is possible that we have a similar case with thc:activation 

of the membrane conductances. Changeux et al (1967) have assumed that as 

the molecules of the membrane interact with ions outside .. the .membrane, 

interaction forces between neighboring macromolecules may· also· change.-

This hypothesis is similar to·what we have called autocatalysis; The· 

kinetic equations for su~h a process can be ~xpressed simply; .the:rate 

constant is proportional to the concentration of the :complex~ 

The term R
32 

is the rate of the reaction when C ::;: 0• It . QS 

represents the others ways of increasing CQS when there~is.-no autocatalysis. 

The differential equation would then be 

(3-2) 

Sine~ the conductance g is directly proportional to CQS· and since 

we are neglecting the kinetics of the mobility variations, we will have 

$. 
dt 

= g) + ~ (3..;.4) 

go.:> is the previously developed equation (2-17) for the steady-state 

value of the conductance; R1 and ~2 are unknown constants rhaL will ue 

obtained .by curve fitting. Their only requirements is that they are 
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t~ne-indepcndent; but they could depend QD many other variables like, 

temperature and membrane potential. Equation (3-4) can be integrated 

when the membrane potential is maintened constant, 
- ! 

dg 
= dt 

1 
= 

dt 

Ln t = (gCI) - g) 

We can· see that the time constant is depend~nt of e «> P~nrl thliiln 

it is potential dependent.· It is also obvious from the differential 

equation, ~hat thP ~onductancc will in6rease slowly and then faster. 

Both of these features are seen in the time dependence of the Na and 

K conductances in Hodgkin and Huxley (1952d). 

g(t) = (3-5) 

' 
g 0 = initial g 



• 
Equation (3-4) and (3-5) can be applied to calcula~e the potassium con-

dUctance kinetics 

= (3-4a) 

The integration gives the same result as in equation (3-5) when the po-

tential V is constant. But the sodium conductance presents an additional 
m 

probiem, it is oniy transient. In developing the steady-state equations 

we introduced an additional hypothesis into our model to explain such a 

fact. We assumed that some other ions, possibly chloride, could also 

react with the protein substrate for sodium and thereby reduce the diffu-

sion of sodiwn ions; that process was called inactivation. We have an 

increase in CNaS and then a decrease. We make a first calculation with 

linear differential equations 

d CNaSA 
dt 

R3 CNaS CAY R C - 4 NaSA 

Replacing d/dt by the symbol D we have for CNaS 

·o CNaS = R C z (C C l Na ST ~ NaS 

D CNaSA = R3 CNaS 
c y = R4 CNaSA A 

z Rl 
y 

D eN s = R3 CNa (CST - c CNaS CA ) - R _a NaS 
·D + R2 

- 4 c 
Na 
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= (3-6· 

This a linear second order differential equation. It could have a sdlu-

tion which is a simple exponential increase and decrease, or it could' 

show.oscillations of decreasing amplitudes, depending on the constants. 
\ 

Frum the experimental data for the sodium conductance, it is easy to see 

that . there ie; no o~cillations. Tht:n · tlae ~uluLion will be of this type 

.. 'Y t 
B

2
e 2 

where y 1 and y
2 

can be related to the R's and B1 and B2 depend .on initial. 

conditions. Rearranging the terms we have 

B e -y l t 
1 

- (y 
·2 (3-7) 

This result has the form of an increasing expotential times ~ rl~~reasing 

one. It is as if we had multiplied· the solution of two first order 

differential equations; one giving an increase of CN~S to its· steady-

state and the other one decreasing C from its maximum to its resting 
NaS 

value. Since we will have to introduce non-linearities in our·diffe-

rential equati~n for CNaS, ~s we did for the potassit~ conductanc~ we will 

use two independent differential equations to describe the increas~ and 

decrease of C . We have shown that it is quite justifiable to do so in 
. NaS 

Tniscase because there is no oscillati'on in the experimental results. 

That method is. much more simple to handle and will give correct results~ 

For the increase of CNaS we will have the same autocalytic 

process as we had for the potassium case. For the dec~ase in CNaS the 
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. ' . """---· 
exper1mental results on inactivation show a linear process. Then for inac-

tivation we will use a simple first order linear differential equation. 

Fbr the increase of CNaS we h~vc 

dCN:S ---dt 
' ' - ( CNaSO - CNaS) 

For the decrease we will use the following 

dh 
dt 

R .(h - h) 
1l CD 

h represents the proportion of CNaS remaining after the iriactivation 

= 

CNaSro and CNaSO are in equation (2-26) developed in the steady state 

discussion. 

(3-8) 

(3-1 0) 

(3- 9) 

. ' The total value of CNaS will be given by the product of CNaS h 

' For the case of constant membrane potential the solution for CNaS has 

already been calculated and the one for h is 

h (t) :;:; 

h is the initial value of h 
0. 

h (t) = 

The amplitude of CNaS will de:pend 

It means that this is the maximum 

- ~t 
h - (h .,. h ) e 

co co 0 

-on the product of c 
. NaSO 

value of CNaS; it could 

depending on the time constants of the two processes. In 

(h + h ) • CD ·o 

be smaller 

most cases 

(3-lOa) 

h co 

is zero, but since for small depolarization hCD is not negliGible, it must 

be introduced. The initial value of CNaS has bee·n neglected because it is 

negligible at rest. Because gNa is directly proportional to CNaS we will 
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transform the above differential equation for CN s· into one for g 
a Na 

' dgN 
~ 

dt 
= 

and t.he amplitude will beg (h +h) NaO· co o 

.. 

(3-11) 

(3-12) 

Putting ail the equations together for the potassium and for the sodium 

conductanc~ we have 

' dgNa 
= dt 

dg~ 
---dt;: 

(gNaO 

dh 
dt 

( gKco- gK) (RlKgK + R2K) 

( 

gNa ) (RlNagNa + R2Na ) 

The vafue of gKco' gNaO and hCD are given by the Stt:!ady ~Lale equalious 

(2-~1), (l-3U), (2-Jl). 

We bave fitted the~e equations t~ the Hodgking and Huxley 

(1952d) data. They work very well for the potassium conductance as can 

be seen on Fig. 3. The values for the constants are given in Table 2. 

(3-13) 

(3-11) 

( 3- ')) 

(3-lL) 

They also work quite we'll for the sodium conductance for depolarization 

of 15 mv o~ higher. For lower depolarizations the experimental rate of 

increase becomes larger; it becomes smaller in the model. Al~o the 

rate 6f increase for inactivation is approximately constant for depo-
# •. 

larization larger than i5 mv. But for lower depolarization it becomes 
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Figure 3 - Time dependance of potassium conductance in Voltage-clamp 
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• 
suddenly much-lower. As we said before, we do not have a fundamental 

theory to ~alculate the rate constants for all type of. reactions. Their 

_fo~-mulatio.n are rather empirical; we introduced a special formul.ation 

.for~an.-a.ntocalytic process, containing certain constants •. These. cons--

tants will certainl~ depend on energy and temperature. If their energy 

dependence is not influenced by the membrane po~ential changes, they will 

remain constant· during the action potential or during a voltage· clamp. 

We found that it is the case for the potassium conductance and for most 

of the .sodium conductance. But it seems that the rate constants for 

·.the·: sodium ·con.ductance is changing when the membrane is depol~ri~'i:'·d bet"'-' 

ween 0 an~ 15 mv and also the same thing occurs for inactivation . 

. - . Since this modification in the time constant is rather sharp 

and happens for both activation and inactivation of the Na conductances 

at the same potentials, we assume that the conformation of the proteins 

are some~hat modified by the decrease. in membrane potential. This m6di-

f1ca(10n of the proteins will change the rate constants with both its 

reactants. The proportions of modi.fied proteins compared to the unrno-
. I 

dified ones being given by the Boltzman factor 

pl -Z (45 - v ) F/RT 
Nn· m 

p2 
- e i 

i 

pl + p 2 1.0 I -- J 
i 

1 ! 
I 

(45 V )F/ RT 
I 

pl = 2Na (3-13-) 1 
1 m + e 

The rate constant for the activation of the Na conductance is increased; 

the rate constant for inactJvation is decreased or the time constant 'rh 

is increased. 
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R = 
R21Na 

F/RT + R 
2Na z (45 - v ) 20Na 

1 + e 
Na m 

'Tlh 
+ 'Toh . ·(3-14) 'T = (45 )F/RT h zNa - v 

1 + m 
e 

I 

T = 1/~ i h 
I . I 

We have tried to ignore this refinement and we made calculations to 

.tobtai·n: an act ion potential without these potential dependant rate cons-. 

tants; We found the curious fact that we were getting a series of well 

graded reponses, just about like those obtained when synaptic or soma 

membranes are stimulated, in contrast with the axonal response which· 

is all or none. When we 'introduced the potential dependance on the.:-~.;~·· 
• .:.:: 1\ ~ _;~ 

":i· : .. 

·.rate :constants, we get the all or none response. ThE• modification or 

.the Tate constants is important only for depolarizing potentials below 

. ·.15 .mv. The change in R
2

Na does not seem too important on the experi-. 

,mental voltage clamp record because of· the small amplitude of o but 0 Na, 

w~ have just shown that it is an importAnt .c!P.t.;li l. 

~ere is still the repolarization of the conductances to be 

:formulated. · When the potential ;i.n voltage clamp is returned to its 

resting or any other value, the kinetic equations are not necessarily 

the same, especially for the autocatalytic process. 

The decrease of the K and Na conductance does not have 'to be 

autocatalytic. Experiments by Hodgkin and Huxley (1952b) show that the 

decrease of both conductances seems to be linear. Both processes were 

tried and it was found ~hat the linear one was fitting better. It was 

also found that the linear process is also better for the action poten-

tial; the time' it took the membrane pot:ential to return to its resting 



state was too long for the non linear de~ay. TI~n the autocat~lytic rate 

ts ~eplaced by a constant rate in the equation when the cond~ctanccs. are 

decreasing. The potential dependent rates stay the same; inactiv~tion has 

the same kinetics fot increase or decrease. For the decrease we have,· 

dgK 
(gKc:o - gK) (R3K + R2K) = 

dt (3-16) 

·.-/ 
• 

dgNa 
(gNao 

I ) ( R -1 R?N ) = - gNr~ dt .1N<~ ~ .:1 
( 3-17) 

' We must point out that ~he introduction of different rates into the 

differential equation (3-13) and (3-ll) is not absolutly necessary. The 

improvement of the fit on the data is rather small and it might not be 

worth\vhile. to use equation (3-16) and (3-17) with some othec data. 

The same computer programm has been used to find the be.st values of the 

parameters to fit the data taken from Ho~gkln and -Huxley (1952d) by 

-introducing the integrated equations (3-5) :-mci 0~ lOa) and tl1L: ~teady 

state e'iuations (2-21), (2-30). 'I'he fit is quite s.:~tisfying as sho\v\L 

in Fig. 3 and 4. The values of the constants are given in Table 2. 

Table 2' 

2" -1 -1 
Kilo-ohms-em /msec msec msec 

RlK R2K R3K 

0.08 0.05 0.5 

FtLNa R20Na R 21Na R3Na 

0.25 0.25 s.o 3.0 

'Toh 'flh 

1.0 8.0 

.. 
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C. Hyperpolarization 

There are important results that were obtained by Cole and' 

lMool;".~ .. (-1960) and which should also be explained by· our modeLe They'· 

hyl?el!'polarized the squid axon membrane in voltage-clamp and depolarized 

_it;: ·t;:Q_~.'I:le sodium potential, in order to eliminate the. sodium current. 

The potass·ium current was then obtained directly as a function of time~· 

.The.~tricking difference with the normal pota~sium current is its lon~e~ 

initial delay. Using ·the formulation developed by Hodgkiu and Huxley 

~(l952d) they couldn't fit their data; the fourth-power or sixth-power 

expotentials cannot possibly even approach these results. Cole and 

Moore (1960) had to modify the fourth-power to a_twenty fifth power· 

·.in orde·r to fit their data. These results are really a hard blow. 

to whatever model could be behind the H-H formulation. A different 

appn;>ach is needed to explain such kinetics. Our model brings d diffe-

rent idea to explain the kinetics of conductance changes. The initial 

rate of inc-rease i ,c; gi."en by (R1KgK I· R2K). If .l:{lK8K is very sm.11l. 

initially, the.n the rate is given by R2K unti 1 R
1

KgK becomes larger 

than ~2K. We see that by adjusting the constan~s RlK and R2K we ·c~n: 

explain about any h:ngth of delay. From the curve f~tting we have made· 

witl1 Lhl:! M-H data, we determined the constants RlK and R2K,we have 

RlK = 0.08 Kohm-cm2/msec and R2K = 0.05 msec-
1

• Wben the membrane 
•' 2 . 

is at rest the initial value of gK is around 0.3 mnho/cm • The ini-

tial delay for depolarization at the sodium potential is short, about 

2 0.2 i'u~et:. We can see that as soon as gK has increased to 3 mr.lho/cm , 

R2K i~ negligibl~. 

Now if the membrane is hyperpolarized to -120 mv below the· 

' -6 
resting potential, the resting value of gK is. brought down to 10 

2 mmho/cm • Thnt means R1KgK is about zero initially. The initial rate 
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of increase of gK is 

·' 
em 2 

From that. ~e can evaluate how long it will take for gK to reach the 

2 
resting value of .0.3 mmho/cm . We are justified to use the above 

equation, because R1KgK is still smaller than R
2

K when gK reaches its 

normal resting value. It will take 0.25 msec to gK to reach tlw 

resting value. From the data of Cole and Moore (1960), we sec that this 

.. i~ .. j~st.about the difference of delay observed ~etween the hyperpola-

rized and· ·the nonual state. . I 

There is another important fact demonstrated by these expe-

-riments: the sodium current does not seem to be affected by the hyper- .. 

polarization. Our rate of· increase for the sodium conductance is 

(RlNagNa + R2Na~' the valu~, we found for the constan~s by fitting our. 

2 
.equation to the H-H data are RlNa = 0.25 Kohm-cm /msec and R

2
Na between 

. -1 • 
5~0 and:0.25 msec depending on the value of the depolarization. The 

initial rate, when the membrane is depolarized to any potential-beyond 

-2 l 30 mv, is 0.25 x 10 + 0.25; that means the initial rate is 0.25 msec-

Using the same method as for gK to calculate the time it takes for gNa 

to come ,back to its resting value of 10-
2 

mmho/cm2 after it has been 

reduced by hyperpolarization, dgN
8
/dt = R2NagNaoo taking gNaoo = 

2 -2 -3 
10 mrnho/cm for V= 30 mv, we have 10 = 0.25 x lOt and t = 4 x 10 msec. 

T.he yalue oft obtained.in this way gives the difference in delay between 

a normal and a hyperpdlarized conductan~e; we see· that the delay will not 

be observed, as it was found by Cole and Moore (1960). These results 

bring additional support to ·our kinetic theory, which at first might seem 

rather arbitrary. The kinetic situation for the potassium conductance .is 

·:-· . 
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well explained by our model. The situation for the sodium conductance is 

more complicated because of inactivation and also because of these pot~n~. 

ti~l dependant rate~ that ~e had to introduce. Although f~ believe the. 

basic theory to be correct, there is a need for more refinements and more 

fundamental calculations. We reserve this for future work. 

D • Ac t ion Po t e n t i a 1 s 

To show the performance of the model· nerve in the no~mal situa-

tion where the membrane potential is free to modify itself depending on 

the currents, we will use the well known cable equation 

b 
2P 

= C dV 
m dt + 

V ·= V -V 
m :R V = VNa -VR CNa 

b - axon radius 

C -· 1.0 ',JJf/cm
2 

m 

p = resistiviLy u( axoplasm 

We will first examine the space-clamped action potential which simplifies 

greatly the cable equations becAuse 

= o. 

Introducing the functioris for gNa and gK~ or rather taking the four 

differential equation, and integrating them numerically we obtairi ~he 

space-clamped action potential. We use an initial value for V, and the 

initial values for the conductances. 
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dg· 
K 

dt 

R·· (h -h) .ll o:> 

The i¥~tegration was made with a computer program whose numerical inte'-

gration procedure was based on a fourth-order Adams-Moulton pr~dictor-

corre-ctor with starting· procedure based on Zonneveld's formula. This 

starting procedure is of Runge-Ktitta type, but provides an estimate of 

the truncation error at each ste~. The program was developed by L.P. 

Meissner of the mathematics and computing group of the Lawrence Radia-

tion Laboratory at Berkeley_. The calculations were· made by the CDC 6600. 

Introducing a simple printer plot routine, we obtain a plot of the action 

potential directly wi'th the numerical results; we also have the sodium 

.and p_ot;assium currents or conductances at the same time. It is a simple, 

·and ·fairly rapid program to use; it takes abou~ four seconds for an 

action 1poiential lasting 10 msec in real time. The results are quite! 

good as shown on figure 5. We found that an initial depolarization of 

13 mv was· the one that compares the best with the data; the latter has an 

initial depolarization of 20 mv which decreases to about 15 mv before 

firing, while ours does not decrease before firing: we can say that the 

experinientc:~l initial potential is 15 mv, which.is fairly close to our 

value ofl3 mv. The space-clamped action potential gives us a fairly 

good idea of the action potential produced at the point of stimulation; 

we get an action potential which is much more like the one obtained 

experimentally on an· ordinary axon when \-le use an initial current 

" 
.. ' "~. ' 
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instead of an initial potential, with the same equations. We see the 

subthreshold response and the threshold potential and currents; b~t 

.except for the initial rise of the action potential, both results are. 

similar. 

It has been shown experimentally tha·t the action potential 

propagates at constant speed; this can be introduced into the cable· 

equations to simplify them again. 

e = the speed of propagation 

b ---
2P e2 

dV + 1 + IK + IL 
dt Na 

Using· the sam.e computer program we· can integrate this equation and 

obtain the propagated action potentiaL The procedure is complicated by 

the known fact that the voltage V goes to plus or minus infinity if 9· 

is not very accurately determined. So we have to go by trial and error, 

·to find a value of 9 which stabilizes the P.otential. Six to eight 

digits in e are usually suf~icient to obtain the action potential until 

its point. of under·shoot. It compares we 11 with the data taken from 

Hodgkin and Katz (1949) as seen on figure 6. The sp~ed we ~ound was 

12.6 m/sec. The calculated action potential will have diff~n!nt ini-

tial delays when we use different initial depolarizations. 

The complete cable equations were integrated numerically 

witli.·a computer program developed by Cooley and Dodge (1966). They 

showed the theoretical action potentiC~l does indeed· prop·agate at cons-

tant speed at a distance of one· ·Cent'imeter from the point of stimulation. 

The ac~ion potential obtained is essentially the same as the one obtained 

.... ~ 
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from the appr~ximate-~able equation foi the propagated action potential. 

·Their ·action potential at x = 0 is similar to the one obtained from 

current stimulation with the space-clamped axon. Thus we can rely· quite 

-satisfactotily on these two ordinairy differential equatiens as approxi-

.mations •.. They are much sfmpler and shorter to use, than the whole: cable 

equation. 

E. Temperature Variation 

. The steady-state amplitudes of the conductances will. vary .w.ith 

temperature, as can be seen from their formulas. If the resting potential 

is maintained and the temperature increased, we should observe an increase 

in th~ r~sting value of the conductances. For any potential we should 

observe i difference between the conductance at a low and high temperature; 

when the membrane is around zero, the exponential factors are negligible, 

and the amplitude of the conductances should increase much less with tern-

per:ature. If we take the plot of g versus V , we should have a shift of m . 

thef curve horizontally and vertically. The vertical shift is caused by 

the incrca:;c of the maximum val.1.1P. g ; the horizontal shift is caused 
m 

by the ·exponential factors.· We can make some predictions of these changes-· 

for the potassium conductance. 

For temp~rature increases·, at the resting -potential we should 

multiply the potassium conductance by a Q10 of a least 1.5. It could be 

more than that because there are many undete'rmined constant in our theory. 

That value is calculated from the exponential functions of temperature 

that are appearing in the steady state equation for the conductance. 

For temperature increases where the membrane potential is 

bctwe<~n 0 and -30 mv, we will observe a.smaller increase in the conductance, 
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because the chemical reaction is sa~urated and there remains only the in-

c·rease' in the mobility. For membrane potentials of about 25 mv, the q
10 

is· arobntl ~.2, and it will be about 1.1 for zero membrane potential. We 

. have. very little data on the temperature dependance of. the conductance;: 

Hodgkin, Huxley and Katz (1952) gave a few results and say that the 

amplitudes of the conductance can be corrected for temperature changes 

by using a q
10 

= 1.3. They found q
10 

ranging from 1.0 to 1.5,. this is 

·. Hodgkin, Huxley .:1nd Katz (1952) found tliat t.lu:: L'::!l:l'~ of hi .. 

crease and decrease of the conductances were very much d~pendent on the 

temperature; they obtained an average Q10 = 3.0., with variations going 

between 2~1 and 3.5. 

In this model a Q10 of three is quite normal to expect since 

the.kinetics of the conductances are dominated by chemical reactions 

whose q
10 

are normally in· the range of 2 to 6. The Q
10 

is directly 

related to the energy of actlvatlon in the theory of rate processes for: 

simple chemical reaction. If the rate of a reaction can be expressed as . 

.. E /FIT 
ja 

= Ae 

The Q
10 

can be obtained from the ratio 

R· (T + 10) 
l = 

10 E. /T
2 

e Ja 

The product T ("!-!:- 10) is approximately equal to T~ when T is 

arotind 300°K. From the Q
10 

we can calculate the energy of activation, 

E. for each reaction. 
Ja 

For the range of Q10 between 2.7.and.3.5 we obtain energies 

of 18-23 Kcal/rnole.or between 0.7 ev and 1 ev. These energies are of 
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., 
the order of those for chemical bonds and are much higher than the 

surfa~e energies that we have introduced for the equilibrium consxants •. 

,Tbe. epergies involved when the membrane potential is. changed .are .srr~all.. 

compared to these activations energies. Nevertheless the ampli.t;uc!e· of .the 

depolarization should modify the Q
10 

a little. 

At first we tried~ q
10 

= 3.0 for all r~te constants. 

When we introduced these Q10 into the equations, HC found that 

the amplitude of the action potential at a just threshold stimulation 

. w.as. rathe:r low compared with the data, although it reached it.s normal 

~mplitude for stronger stimulation. We introduced a Q
10 

= 2.~ for 

inactivation and a q10 = 3.5 for activation of Na ~onductances. These 

values. are still within the experimental results and give a much higher .. 

amplitude for a just threshold stimulus. Since we did not have that 

problem at low ~emperatures, we conclude that this difficulty is due 

to the highly approximate determination of the temperature dependence 

of the conductances. A complete set of conductance curves in voltage 

clamp at high temperatures would be needed to determine more accuratelyJ 

the effect of temperature on the different rate constants. Space-clam~ed 

action potential for many initial depolarizations·~ere calculated at 
0 . . 

20.5 C. One taken from the data of Hodgkin and Huxley (1952d) was com-

pared with them: it fits well with one of ours which has a-:1· initial 

depolarization of ll mv, as shown on figure 7. The action potential 

from the data has an initial minimum potential of about 15 mv. The 

diffe.rence between them is probably caused by a .difference of threshold. 

A propagated action potential for a temperature of l8.5°C is. 

shown in figure 8. It is compared ·to an action potentia 1 taken from· 

Hodgkin and Huxley (1952d): they are quite similar. The speed of 
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Figure 8 - Propagated action potential. 
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propagation is 23 m/sec for the model axon and 21 m/sec fot· rhe experi-

tn~nt•alJ axom.. The q
10 

for the speed of propagation is 1.5. It is in •bh~ 

·usual <range.: of q
10 

observed for conduction velocity in nerve f.i bcrs .. 

We .can: ·.al:so ·c,:llculate the propagated action potential for various temp:('~· 

rature~. We find that the speed of propagation increases almost linea~ly 

0 
\vith temperature up to 35 C and then decreases. The amplitude of the 

action potential decreases continuously with temperature t? disappear 

completely at l1{'c, the r~VP.TAf.P ;.tmpl it·'"''~i of tho action potcnti.1l.; 

for sq.ui.cl: axons were Il!easured for ni ffPrrnt tP.!llper;Jt:uror> by Hodr,ld.n ll!'\d.'. 

Katz· (1949). Their results with our calculations are sho"~ on Figure 9. 

The agreement is quite good in spite ·of the fact that our parameters were 

calculated. for one particular axon data. Th~ temperature they reported 

for the disaijpearance of the spike is 38°C which is close to the 42°C we 

found for the model. The reason for the disappearance of the spike as 

suggested by H6dgkin and Katz (1949), is because the Q
10 

of the rate of 

rise of the action potential is smaller than the Q
10 

for the rate of its 

decay. The increase of-potential depends very much on the membrane capaci-

tance. Its modification will affect strongly the temperature dependence 

of the amplitude of the action pot~ntials. A smaller capacitance will 

make the potential rise much faster and consequently it will disappear 

at a higher temperature. Of course modification in the Q
10

1 s for the 

rate process o·r the steady state· amplitudes. will also change this tem-

perature dependence, but it is interesting to note that only a small-

decrease of the capacitance_ is sufficient to do it. We tried a capaci~ 

2 . 0 
tance of 0.5 p.f/cm i the results in Figure 9 sltuw a shift: of 8 C. 

We also tried a capacitance of 1.5 ~f/c.m2 and we found that it gave 

results exfrcmely close to those given by the experimental data. 
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We do not have any average value of the capacitance in the experiments of 

Hodgkin and Katz (1949) but values found by Curtis and Cole (1938) are 

sceri to be between 0.6 and 1.6 ~f/cm2 
with an average of 1.1 ~f/cm2 • 

As mentfoned by Hodgkin and Katz, their results are scattered becau,se 

of the cond.itions of the fibers and those with the highest amplitude 

are more representative of the real situation. Our result with l.O ~f/cm2 

comes close to the one given by fresh fibers. On figure 9b, we show the 

speed of propagation against temperature; the decrease in the capacitance 

. 2 . 
from 1.0 to 0.5 ~f /em has resulted in very large increase in the speed 

of propagation. 
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IV -

GENERAL PROPERTIES OF AXONS 

There is a certain number o.f experimental featut·cs of t:he· action 

. pOt!fnCial which should be verified by the model axon: threshold, refra~tory 

period, .a<;:corrauodation,. impedance change, net ionic fluxes, strength-

duration .characteristic and repetitive firing. Hodgkin an~ Huxley (1952d) 

,used tbeir .thco·ry to verify thr> first six propcrtio dl"ld Cule I:!L ~1. (19~:5) 

the:.la~t two. All c;dc-.nlationa yielded rc3ult~ in <:~..::,;urd;mc-P t1ith expori· 

·merits. Since we have the same theoretical ·results .for the conductances, 

and since w~ used the same cable equation, we should verify all the~e pro-

perties without difficulty. 

A. Threshold Potential 

·The threshold of firing can be obtained from this mode 1. If t'hc 

potential is incl.."t!ct!>t:!U Lo 6. 7 nw, there is no f{ring, but if it is increa-

sed tu G.O mv, a spik~ of fuli amplitude is obtained. A threshold of· 8.·5 

·is ~bout 'the one obtained experimentally by Hodgkin and Huxley (1952d, 

Fig. 21). When a 12 rnv potential is applied, there is a rapid cr~p.:1r..itive 

surge followed by a decrease of potential to either 8 or 8.5 mv~ If iL 

decreases to 8 rnv, there is no firing~ but if it decreases to 8.5 mv, 

fil"ing occurs. It. is then assumed that the threshold is 8.5 mv. He did 

not include provision for an· initi~l capacitive surge in our model. There 

is ortly a small initial decrease in potential so that the initi~l ~otential 

is the one that produces the spike; 
0 . 

At a temperature of 18 C, the threshold 

of firing is higher: we obtain a spike with 7.7 mv, but not with 7.6 mv. 

There is.no reliable experimental determination of the threshold at l8°C 

in Hodgkin and Huxley (1952) but that value is in the normal range 

usually observed. 
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Hagiwara and tasaki (1958) mentioned that thresh~ld of firing 

0 
was' always be·tween 10-15 mv for a temperature o.f 21-22 C. They considere•d 

as threshold the maximum synaptic pqtential amplitude for which.therewas 

no firing. ·we can obtain s-imilar synaptic potentials by using .a current 

stimulus in the space clamped equations. - For a current stimulus of'. 8. 8 

2 0 -
~J.Af em we obtain a maximum subthreshold potential of- 11 mv at 22 C. -

If we usa a potential stimulus, we find that 8.lmv is the maximum.i~itial. 
. I 

potential stimulus before firing, and the subthreshold potential increases 

to 10 mv.· · These results show that our value of the threshold potel'rtial is 

well within the ran~e of experimental thresholds~ . 

B. Current_Stimulus 

If we stimulate with a constant current density we also have a 

threshold. At 6°C a step of 2.4 ~J,A/cm2 is producing a spike but 2.3 f:..tJ.cm 2 

does not as shown on Fig. 10~ 
0 2 For 18 C, a step of 6.7 1-J,A/cm will produce 

a spike. These threshold values of a.c~rrent stimu~ation give us t-he rheo-

base current .of the strength duration curve. It was found by Hagiwara and 

AI 2 0 Om1,1ra (1.958)_ to be about 9 1-J. ern for temperature around 18 C. They also 

give t-heir experimental strength duration curve taken from a space clamped 

0 
axon. We have calculated it for 18 C and it is plotted on relative time 

and current scale as usuaL The relative scale curve does not ·change with 

temperature or different rheobase currents. As seen on Fig. 11, the 

air~ement between theory and experiments is very good. The theoretical 

and experimental values of the constants are given in Table 3 below. 

IO is the rheobase current. At short times, the strength duration curve 

can be approximated by It= Q
0

• This is the empirical equation to deLer-

mine the threshold amplitude of stimula-ting current necessary when this 

. 7 9 
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current is kept for ·a time t. Q
0 

is the area under the current puls~ and 

:it .is !constant. With the ratio of Q0/I
0 

~--T0 , we have what is called the 

time'constant of the strength-duration characteristic. The constants·are 

.. nQt: .the same because the threshold for firing is ·higher in Hagiwara. and 

. -Omura-'s .. axon. than in our model axon obtained from the Hodgkin and Huxley. 

data. 

Table 3 

Current Charge Time 

lo· Q() To 

Hodel 6.7 A/em 
2 8.5 nCoul l. 25 msec 

Experimental 9 A/em 
2. 

18 nCoul 2 msec 

c. Accommodation 

Accommodation is a property of the axon that makes it unrespon~ 

sive to a slowly increasing current stimulus that .reaches an amplitude 

:-beyond'threshold. Hagiwara and Omura (1968) tested.the accommodation 

·property "of the space clamped squid with a l~nearly increasing stimulus. 

They found that the action potential dis~ppe~rPrl when the slcpe was lower 

than a limit· .value. As well as we can evaluate it from these plots, it 

seems that a rate of 1.6 ~J.A/msec. is low enough to prevent the firing but 

3.0 ~A/msec gives a spike. We tried our model axon with a linear increase 

of current stimulation; using the ~pace clamped equations and we found 

that a rate of 2.0 ~A/msec was not producing. a spike, but 2.5 ~A/msec 

was giving a spike (Fig. 12). This is in close agreement with the 

experiments. 
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0. Time Dependence of Currents 

·The time course of the currents and the conductance duri11g an 

action·potential are shown in Fig. 13 and 13~. The total change of cori-

.~uctance is seen to be similar to the data of Cole an~ Curtis (1939) and 

the results of Hodgkin and Huxley (l952d);. our lNa anrl IK currents a~~! 

quite the s.:~mc as those shown in Hodgkin and Huxley (l952d). From the 

current cDrves we can obtain the net flux o( Na and K ions during an 

action potential·by integrating under each curve. For Na and K we obtain 

a value ·3.6 p ruvl/uu
2 

al a tempe:rar:ure of 18 . .'/\:. That is quite close to 

the experimental results of Keynes and Lewis (1951) who obtained 3.5 p 

2 . 2 0 
mol/em for Na and 3.0 p mol/em for K at 22 C. 

E. Ref rae tory Period 

The refractory period is a well knO\-m property of the act-ion· 

potenti.::Jl •. 'If we stimulate tht:: axuu at any time during its course it will 

not fire asain before it has reached about the ~iddle of the positive phase. 

As shown by Ho-dgkin and Huxley. (l952d), this is due to the delayed rise and 

fall of the potassium conductance and of the sodium inactivation. When theY 

have partially returned to their resting value there will be A spik~ of 

reduced amplitude. This is the relative refractory period, while the 

absolute refractory period is when the axon does not fire at all. This 

model also shows the two refractory periods. Figure 14 gives the results· 

of stimulation at different times during the space clamped action potential; 

they compare well with the H~dgkin and Huxley (1952d) data. 
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F. R~pctitivc firing 

Core -et al .. (1955) demonstrated theoretically that an axon witl 

fire·•re~~etedly under a constant current st.imul~tiom. They found that a 

sp_ac-p,·c_l~amped axon under a constant. current \vill fire only once if tht' 

? 
intepsity is less than 7.5 ~A/em~. It will produce a finite train of 

2 spikes for· stimulating current between 7.7 and 8.0 'IJ-Aicm, indefinite 

2 
trains from 8.1 to 100 '~J-A/cm and beyond that only one spi~c followed by 

oscillations. 
2 

Their frequency of firing was 200/scc for 8~1 '~J-A/cm and 

2 
· inc;r·e;as~9 ,to 350/sec for 50 '~J-A/cm . We have tested this model•for repe- .. 

titive firing and we found similar results. Repetitive spikes starts with 

2 . 2 
a current of 10 ~J.Aicm and have a frequency of 200/sec. At 50 IJ.A/cm the 

frequency reaches 400/sec. The amplitude continuously decreases as the 

freauency. increaseA because the K conductance and the Na inactivation do 

not have time to return to their resting values. The large constant 

current kee~s the K conductance and the Ni inactivation at large ampli-

tudes. When the c;:1,1rrent becomes to. large, only the first ~pike wi 11 be. 

prod~~ed·bec~use the inactivation and the K conductsnce are maintened it: 

their ma~imum. Figure 15 ·gives a few examples of these re~ults and Fig.l6 

gives a plot of frequency against the stimulating current amplitude. 

. Hagiwara and Omura (1958) made experiments with a constant 

current stimulation on a space clamped squid axon. They found a fre-

quency of about 200/sec for a minimum current intensity that produce 

·repetitive firing and for about three times that current they have a 

frequency of about 350/sec. In our model a current stimulus three times 

tl1c minimum gives a frequency of 330/sec and the initial frequency is 

200/scc. The c.orrespondance between these theory and expcrimculs is 

quite rem<ll.'k:lble. Bi.1t there remains an important problem .. The experi-

mental repetitive firing of Hagiwara and Omura is never more than a small 

finite train of three or four impu1ses~ 
,· . 

We cannot explain these results 
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• 
with our theoretical model neither docs the H-11 model predict such behaviour . 

. W~ can ·~ntroduce a modification in this model to explain such facls. It seems 

.. tha.~ ¢hq a,fter effects of the action potential can produce these finite tc1ins 

of impulses. 

G. After Effects 

The only after effect present in the theoretical· axon is the rapid-

ly disappearing low amplitude oscillation fo llov:ing the spike. Among the 

experimentally observed after effects is the negative after potential and 

the de~rease in positive overshoot o.f the spike during repetitive responses. 

Frankenhacuser and Hodgkin (1956) investigated these phenomena and conclu-

dep. th!]t they were caused by the accununulation of K ions near the outside 

surface of the axon, thereby modifying the value of VK and the resting 

potential. 

The space for this diffusion process around the axon was calcu
o 

lpted t9 be. a:round 300A thick. They derived an equation whicl: gives the 

time variation of the potassium concentration in tbat space. That function 

will modify the value of VK and of the resting potential. It will also 

modify the potassium conducta~ces which depend on concentration. The 

results of Frankenhaeuser and Hodgkin (1956) can be applied to the situa~ 

tion of repetitive firing and explain the cessation of the firing with a 

+ constant current step. In this model, an increase in the external K 

concen~ration CKO can increase the value of the potassium conductance of 

the membrane gK. About cit,1N of K ions are liberated per imt:JLilsc and di•.":fuse 

away quite slowly, with a .time constant between 35-100 mscc. Wh~n thP 

spikes occur every. five milliseconds, almost all the K ions liberated will 

remain ncar the membrane. Four spikes in 20 msec liberate 8 n~l, and if the 

-~· 
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time constant for diffusion is 50 mscc, abo.ut 5 rot-! will be present nc:1r. 

the membr~ne after the last spike. 

F.rankenhaeuser and Hodgkin (1956) have assumed that the concen-

tration CKO near the membrane was reduced following an expotcntial time 

dependance, after each spike. 

CKOH i~ the no'rmal pot.t:s~luu1 ~.:unt:l-'.nrr.f!r1on HhQn the axo'n i~ c:tt 1~~L. 

T is the diffusion time constant, and CKOO the accllinulation of outside K+ 

ions, released during each action potential. CY..OO depends on the arnQunt;;· 

of ions, 
2 

S liberated per ern of membrane and on th~ thickness A of the KOO 

space into which the ions are accumulated. CKOO = SKOO/'A. SKOO is calcu-

lated from the potassium current for each spike. C 
0 

is continuously 
·K 

introduced in the potassium conductance during repetitive firing. We have 

tried manY values of ~ from soX to 3oo1 and rnaDY values for T from 30 to 

90 rnsec. Calculations were made using stimulus amplitudes from 10 to 

~ 70 ~A/em .. We found that the relatively long time constants T did not 

influence the repetitive firing so we used the median value of 60 rnsec. 

0 
·With a space thickness A. of 50A we did uot have any repetitive 

firing. Only the first spike was obtained for all the stirniJlus amplitudes:· 

For a spa~e'thickness of 150~, we had only one spik_e at 10 f.I,A/crn 2 , two 

spikes at 20 ~A/crn2 , three spikes for: 30 and 40 1J.A/crn2 and two spikes for 

2 • 
50-70 !J.A/cm followed by a third one of very low amplitude •. The results 

are show~ in Fig. 17. For larger space thicknesses we obt~in lohger trains 

of impulses. It seems that the most interesting results are with the space 

thicknesses of 50 and 150A, because they give results in good agreement 

with the experiments of Hagiwr:ra and Omura (1958). 

It seems reasonable to suppose that this ~ccumulation of K ions 

is responsible for the finite train of impulses obtained when:a constant 
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current i~ applied on a space clamped axon. But direct experiments sho~ld 

be made to find out if it is r~ally the ca~se by measuring external potas-

sium concentrations during and after a repetitive firing produced by a 

constant current on a space-clamped axon. 

This high frequency of firing that is observed for a constant 

stimulus makes .it hard to apply the model for the sensory nerve ·cells 
I 

which usually respond with a much lower frequency to a constant stimulus. 

In the optic nerve of the squid, the frequency of firing recorded is 25/s~c 

for a minimal light intensity. It increases to 75/se~ when the inten~i~y 

of light is increased by a factor of 10
4

• These frequencies are much lower 

than the smallest frequency observed for a space clamped squid axon. 

Here again we could use the Frankenhaeuser and Hodgkin space to explain 

this difference. ·Let us use· a space thickness of 50A. The K ions accu-

mulated around the axon after an impulse, and ·delay the firing of the next 

impulse by a time·long enough for the K ions to diffuse away. For a 

25/sec fr7quency, there is 4Q msec between· impulses, which is· about the 

time constant of the diffusion process.of the K ions, Hagiwara and Omura 

(1958) found that most of their axons fired only once when stimulated with 

a constant current. If the.K diffusion process is involved as we suppose, 

it shotild be possible to observe another impulse about 40 msec later. 

We ca~ conclude that the actual model of the nerve cell can probably be 

applied to sensory cells. It should be possible to solve most of the 

questions of firing frequency and disappearance of firing by a proper 

kno\o1ledgc. of after effe·cts. It is also neces!>ary to know for sure if the 

constant scimulus on the ocnoory receptor is transforrne.d into a constant 

current on the axon. 
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H. Stability of the Action Potential 

An additional property of ~he model that we want to demonstrate 

is its st;tbility with respect to random varLtU.ons of tht• p;tctinl'ter·s. Tht• 

value.of t~~ parameters we obtained for this model cannot be expected to be 

very accurate and also not to be the same for all axons. These parameters 

95 

were determined mostly from the data on axon 17 from Hodgkin and Huxley (1952d); 

if the model gives a good representation of the action potentials in many 

nerve cells, a reasonable variation of the parameters should not modify it 

appreciably. We calculated two space clamped action· pot~htials, one for 

20 mv and the other for 90 mv initial depolartzation after having introduced 

a ± 10% random variation in all .the parameters. The action potentials were 

very little different from the normal one. The threshold is slightly modi

fied. Since in the living cell there are continuous fluctuations we can 

expect changes to occur in the parameters and consequently a certain range 

of variati6n of the action potential, threshold, and other properties of 

the axon. The model can easily tolerate such variations. 

I. Synaptic Potentials 

The ionic mechanism and the conductance model have been developed 

to explain the variations of potential in the axons of nerve cells following 

a perturbation of the equilibrium condition •. The deta_iled precise experi

ments have been mostly concentrated on the axons of large nerve cells and' 

very few were made on the cell body and synaptic regions of the nerve cells, 

using the voltage clamp method. There does not seem to be any doubt that 

the chang6 of potential observed in the synaptic regions of the nerve cells 

is caused by ionic flows of sodium, potassium and chloride, down their 

electrochemical gradient. Host of the experiments on synapses were made 



on muscle end-plate. Takeuchi and Takeuchi (1960) made a series of experi-

ments where they clamped the end plate at various I>otenti.Jls ;1nd recorded.: 

the end plate current, EPC. When the sodium or pot.:1ssium concentr<ttion were 

modified in the external medium, the equilibrium potential for the EPC ~as 

modified but not when the chloride ions concentrr~tion was change:~d. There 

is no direct comparable evidence for the synapses of nerve cells, but 

introductio.n of monovalent anion and cations in the medium hi}ve· shown that 

the ionic concentrations have similar e~fects r~s for the end-plate potential. 

Although Changes in the post-synaptic potentials are certainly related td 

ionic currents, the conductances of the post-synr~ptic membranes are almost 

unknown. 

·It should be possible to use a conductivity mechanism for the soma 

and the dendrites that is similar to the one developed for the axon, because 

the ce 11 membrane should not be too different from the soma to the r~.xnn. 

There is an important difference between the post synapti~ responses and 

the axonal responses to a current stimulation: in ·the axon there is an 

all-or-none response, in the soma and dendrites the responses are conti-

nuously graded in amplitude and are propagated in the dendrites and the soma 

at decreasing amplitude. Lewis (1965) has suggested many possible alterna-

tions of the Hodgkin and Huxley axon to produce 'the observed responses of 

the soma and dendrites: changes in the amplitudes of the conductances or 

in their rate constants, or an increase in the membrane capacitance. The 

same arguments holds for this model~ For example an increase in the mem-

. . 2 
brane capacitance from 1 to 4 !J,f/cm gives the relation bet\.;reen a current 

stimulus and the amplitude of the response shown on Fig. 18; it also eli-

minated the propagated action potential. Lewis (1965) had made the s.:1me 

modification in the H-H model and obtained similar results. 
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We can also show an example with a change in the rate constants. 

We have. for the conductances the following differential equations: 

dh/dt 

He recall that R
2

NA and \ had to made potential dependant in 

order to have an all or none effect in the model axon. If we remove this 

potential dependance on R
2

NA and lb• we obtain the relation between the 

amplitude of the responses and the current stimulus shown on Fig. 18. 

The result is similar to the one obtained by changing the mem-

brane c~pacitance. · We see that simple changes in the axon model can 

account for that prop~rty of the dend~ite and soma membranes. 

The dendrites and the soma also have another well known property: 

they do not have a refractory period. Excitatory and inhibitory effects 

add up or substract when two stimulations are clo.sely following each other: 

Additivity fs demonstratid by either of the two dendritic models, as seen 

in Fig. 19 but only for a small amplitude of the stimulus. \-!hen the 

membrane potential increases enough to produce a complete inactivation of 

the sodium conductance, then there will be a refractory period. That will 

occur when the membrane is depolarized by more than 20 mv. Dendritic depo-

larizations rarely increase to that level since the axon will fire with . 
much lower dentritic depolarizations. 

It is also possible to use the dentritic model to introduce the 

effect of the transmitter substanc~ on the post-synartic membrane. 

Lewis {1965) as introduced transmitter substance effects in th~ H-H model 

a11d he has explained many of the observed properties of the synapes, like 
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' facillit.ations, anti-facillitadon and no-facillit.:ttion. It is very inte~ 

re.sting .to sec that the axon model can be easily made· to explain these 

~xperim~ntal facts. Here are the possible effects that tht' tr;rnsmiLLcr 

substance can have on the post-synaptic membrane. It could modify some 

parameters of the already existing membrane conductance or produce new 

conductfng channels in parallel with the normal ones. For example if the 

tra~smitter substance decreases the Ca conc~ntration near the surface or 

·increases theequilibrium constant for thP inn p.rnt-ein ro;Ict:ion; it would • 
shift the condOJctance curves toward hyperpolarizinF; potenti~ls and prndnr.P· 

an increase of the conductances at the resting potential. It could also 

increase the v~lue of ·the maximum conductance g . The transmitter subs
m 

tance can produce its own channel~ by producin£? another voltage dependent 

·conductancE~. If. the transmitter produced conductivity is d{fferent from· 

the nonm~l conductance, it should be possible t~ separate the two .and. 

analyse the conductance produced by the transmitter substance. 

A detailed investigation with and without transmitter substance, 

using the. voltage clamp method has to be made in order to determine the 

100 

~ondyc;~pce induced by the transmitter substance. Hagiwara and Tasaki (19~8)· · 

have made experiments on th~ squid giant synapse, to show that it w~1s a 

~hemical synapse but they do not provide a detailed investigation of the 

conductance change produced by the t~ansmitter. It is necessary that the 

ionic currents are separated so that each conductance can be determined. 

More experiments are needed in the field of synaptic potentials, 

so that this important portion of the nerve cell might become as well known 

as the properties of the axons. In l<ll·gc cells the voltage clamp method 

appears to be an excellent way to investigate the ·synaptic function. \.Jc 

have shown only a·few examples of the possible transformations of the 3Xon 

-I 

., 
I 
I 

I 

l 
I 
I 

I 
' 



101 

model to obtain a dentritic model. Only detailed experiments will deter-

mine which are the needed modifications in the axon model to obtain a full 

description of the conductivity behavior of the synapses. 



- v -

EFFECTS OF INORGANIC ION CONCE~TI\1\TIONS 

A. Calcium and Hagnesitim 

It has been known for a long time that reducing the Ca concen-

tration on the outside of the membrane has very important effects on the 

actidn p6tential. First the membrane fires repetitively and for very low 

concentration, and Ca free solution it does not fire at all. Frankerthaeuser 

and Hodgkin (1957) did a series of voltage clamp experiments to determine 

the effect of rediced and increased Ca in the external solution. They 

found that the steady-state K conductarice and the a~plitude of activation 

and inactivation of the Na conductance were given by the same curve as 

in the normal Ca solution-except that there is a potential shift in the 

hyperpolarizing direction for reduced Ca and in. the opposite direction 

for. increased Ca. The amount of the sn1ft was found to be between 10-15 mv 

for~ a five fold change of concentr-ation. They· also found a similnr shift 

in ~he _time dependence of the condtictances. This shift of the steady 

state or time dependant conductance curves means that we can superpose 

the experimental rpsnlts for diffel."ent Laleiurn concentration simply by 

making a horizontal translation of the coordinates axes. Huxley (1959) 

iutroduced'a 6V in the a's and P's of the H-H model to s.how that the H-H 

model was ·compatible with such experimental findings. The 6V was calcu-

lated from the ratio of a new calcium concentration to the normal calcium 

concentration, using an exponential of ~V. In this model, we introduce 

the effect of calcium by supposing that i.t reacts competitively Hith the 
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protein substrate: 

zQ + s SQ . . z 

yea+ s sea 
y 

cgs 
-·· K 

z 1 
CQ cs 

c . 
Cas = K 

Y Ca 
c cs Ca 

Replacing c5 in (5-2) taken from (5-3) w~ have 

z 
CQS = Kl CQ (CST - CQS - CCaS) 

Replacing CCaS' using (5-2) 

Using (5~1)·· 

z 
CQS = Kl CQ (CSJ - CQS - KC~ CS) 

· 1 + il+ K cY )K -lc -z 
' . Ca Ca 1 Q 

This revised calculation of CQS will be used for CNaSO and CKSro 

( 5-l) 

(5-2) 

(5-3) 

. (5-4) 

C 
YNa) -1 . -ZNa 

l + (l + ~aCa Ca . KNa CNa 
(5-6) 
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We can do a similar calculation for the inactivation process. Calci~m is 

assumed to bind the inactivator and thereby reduce the availability of the 

inactivator. 

(5-7 a) 

tho A + zhi A. + SNa SA Na 
0 l zNa zh z 

Na 

CNaS00 = 
CNaSO 

zh 
1 + KIA c -

A 

(1 + 1.\.ACa CCa 
h)zhe> ( ')., 7) 

We can see .that equation (5·4) for CQS is not much ~iffere.nt from equation 

. ·1 ·1 y 
( 2·8) for CQS. The factor K has been rep 1 aced by K1 (l + KCa CCa ) • 

When KCaCC~ becomes smaller than one, there will not be any more effect 

caused by the reduction of calcium. Gilbert and Ehrenstein (1968) made 

experiments with low outside calcium concentrations and found no mcrtSU· 

reable effects.on the potassium conductance when CCa was reduced from 

lmH to 0.1 mH. Thi.s supports our theory and permits us to evaluate. 

~Ca ~ 1.0~ \.Jhen CCa is 10 mN or higher the factor (l + KCaCC~) can be 

reduced to KC CCY . With this approximation we can introduce the effect. 
· a a 

·i of calcium concentration changes by multiplying the factor K in 

equation (2-8) by the ratio of the new to the nonnal calcium concentra

tion (CC /CC )Y, where CC is the calcium concentration for the usual 
a an an · 

or normal external medium. We will have 

. ' 

K__-1 '(C. /C )YK 
-1< Ca Can 

·1 (C /C )YNa 
~a Ca Can ,. 

K (C /C )yh zho 
A Can Ca 
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Instead of using equation (5-4), tn introduce the effect of 

calcium, the following equation can be used 

(5-8) 

e 

The calcium ratio can be transformed into an exponential and introduced 

into eZ(EW + ED)/RT and give 

. CQS = 
Z(EW + ED + F6V)/ RT 

e 

Equations (5~8) and (5-9) are equivalent if 

CCa 
c 

Can 

y 
= e 

(5-9) 

(5-10) . 

6V represents the voltage shift in the steady state conductance curves 

that has .been observed by Frankenhaeuser·and Hodgkin (1957). For any 

changes of the calcium concentration in the outside medium an equivalent ~V 

can be calculaced from (5-10) for the pOtassium conductance and the ·activa-

tion and inactivation of the sodium conductance. 

. YK 
ccc Icc ) = a an 

y 
(C /C- ) Na 

Ca Can 
FZ. 6VN IRT 

f>. Na a 

-y Z FZh6 Vh/ RT 
(C /C ) h ho= e 

Ca Can 

(5-11) 

(5-12) 

·(5-13) 

For a fe~-~alcium concentration ratios· CC /CC · there is an experimental 6V 
a · an 

available. For example a 6V = 10 mv was found by Frankenhaeuser and 

Hodgkin (1957) to correspond to a 5 fold change in .outside Cca· The !;}V 
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was the same ·f~r the potassiurn.conductance and the activation of the sodium 

·conductance. Intr6ducing CC /CC. = 5, 6V = 10 mv and 6V = 10 mv.into 
a an K Na 

equations (5~11) and (5-12) a value for YK ~ 1 and YNa = 2 is found. 

A family of gK~ and gNaO curves are shown in Fig. 2la. and 2lb for different 

CC~/CCan' The values of Y~ and YNa means that only one Ca ion reacts with 

the potassium cha~nel and two Ca ions with the sodium channel. We have 

found that there are four K ions in the potassium channel and eight Na ions 

in the sodium channel. 

Having from (2-lOb), 

ZK :t + z . Ko K1 

Because the competition for the channel will be between the outside Ca ions 

' and the outside Na ions or the outside K ions, there should be one Ca ion 

in the place of two Na or two K ions. And this is exactly· what is found 

2yK zKo and 2yNa = zNao' This justifies the assumption that 

z 
Ko zKi and z Nao 

There is also a 6Vh·in Frankenhaeuser and Hodgkin (1957), its value 

is not too accurately evaluated. We took 6Vh = 10 mv for a 5 fol_d change 

in Cca· This gives yh = 0.5. It means, refering to (5-7a), that two atoms 

or molecules of the inactivator react. with one Ca ion. This supports the 

hypothesis ~hat the Cl.ion could be the inactivator. 

An important test for these values of yK' yNa an yh is the action 

potentials that are obtained.Hodgkin and Keynes i~ Huxley (1959) show that 

repetitive firing occurs when the Ca concentration is reduced to a quarter 

1l)Y 



of its nonnal value: the frequency was one spike every 7 msec. It was still 

firing rcpetitivdy at CC /CC ~-~ O.l. When they n~mOVL'd C.t complL'tely, thl' 
a an 

firing started to increase in frequency and dL~creasc in ;unplilud(• until it 

comrletely di·sappearcd. We can conclude th.:tt the repetitive firing should 

still be present for CC /CC lower than 0.1. As shown of Fig. 22, all 
a an 

these featurris are present in this model and th~ choice of values made for 

·yh' Yk and YNa were those which came closest to these experimental results. 

The minimt.nn frequ.;:ncy obLaineu whca no init:1al stimulus is given 

is one spite per 5 msec and with a small irtitial stimulus we have one spik~ 

per 7 msec. The treatment for Ca ions is app l i.cable to the Ng ion~ which 

were sh6wn b~ Frankenhaeuser and Hodgkin (1957) to have effects similar to 

those of the Ca ions. A concentration of 50 tn:l Ca could replace the ll mN 

Ca and 55.rni-l Hg present in sea water. 

B. Sodiwn 

In r:heir, experiments on the squid axon, Hodgkin and Huxley redu-

ced the outside concentration of Na ions by replacing them with choline to 

show that the negative inward current was caused by the Na concentration 

gradient. There are a few records of their results, one for 30% and one 

for 10% of the usual external Na ccncentration. They developed a flux 

equation to calculate the ratio of the current I in the normal solution to 

the current 1' in the modified solution; they called this the independence 

principle equation and it has been used by many authors to explain the 

effect of modified concentrations of different ions on the currents. But 

. ' 

this method o0h~ndling the effects of the concentration of the ions is 

inconsis.tent with the equation developed for the ionic cur.rents with the 

usual external medium. Even if the ionic mediwn is modified, the equation 
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.:.0.7·' . ' . 
I= g (Vm ,, VC) should stil-l be applicable. When the con<.:cntrations are 

changed the ratio of two currents 1 and I' is 

I 
I' 

g (vm + vc) 

·g, (Vm+ Vc') 

In some cases, it is possible that g = g'. But in this model, we expect 

that g :f g', because the concentrations of ion.s appear in the formula for 

the cond~ctances (2-17). 
2. 

In equation (2-30) for g where C Na 
· Nao Na 

z 

CNai 

z 
Nai C Nao and 

Nao 
z 

Na 
z + z we see that changing C will 
Nai Nao Nao 

change o .• Assuming again z = z = z /2 we can calculate an cqui-
0NcJo Nao Nai Na 

valent voltage ·shift in the conductance in the same manner as we did for 

.the changes in calcium concentration. 

usualNa concentration (CN /CN )zNaO 
. ao .aon 

the value of ~V for any value of CNao' 

Taking the ratio of the new to the 

efzNa~V/Kr we can calculate 

The theoretical curves. have thp 
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same shape as those for the changes in calcium concentration ~hown on Fig.2la. 

For example when C /C 1 = ').1 a shift of ~8. mv.is calculated. The data N.1o N.,on 

from Hodgkin and Huxley (1952a) cannot be compared.well with our curves 

because in their 10% Na experiment, the values of the current at low 

applied. potentials are not suffi~ently accurate .and for the 30% Na expe-

riment they are not given for applied potentials smaller than 40 mv. For 

large ~alues of the applied potential, the conductance becomes constant. 

The region of the curve where the shift will be seen is in. the rang~ of 

small conductance, and very accurate measurem~nt have to be made because 

the current is quite small. 

Variations in the inside ~a concentration will also produce shifts 

in the conductance curve. Again experiments with high Na concentrations 

inside the axon are not numberous and not accurate enough. Chandler and 
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Meves (1965) report an I-V curve for the amplitude of the trarisient current 

with high internal Na, but we cannot read th~ir plot accurately enough at 

low applied ~otcntial to calculate good conductance curves. But from these 

few result~ it ·seems possible that we could have zN . = z,, = 4. Experiments 
at 1'ao. 

. -t·· 
on the san1e axon should be performed with various inside and outside Na 

concentration. 

C. Potassium 

·The effects of modifying the potassium ion concentration on the 

ionic currents has been investigated much more in the pa~t few years than 

the effect of chan~ing the concentration of the s~dium ions. Experiments 

have been made on the squid axon by Hoore (195<3) who increased the external 

potassium concentration to 400 mH; the resting potential becomes close to 

zero. 

With the axon in voltage-clamp, the steady state current I is 

measured for different membrane potent~a ls, Vm and a plot of I vs Vm is 

obtain~d. ·It was rather unexpected to find in that plot a region of the 

curves with a negative slope. As the potential V is in~reased, the current m 

increases and then starts to decrease as V keeps increasing. The current· 
m 

reaches a minimum as Vm becomes larger and theri goes on increasing again: 

Ehrenstein and Gilbert (1966) found similar results. Lecar et al (1967) 

have proposed an explanation for such results. The I-Vm plot can be sepa-

rated in two parts: a linear and a non-linear portion. The linear current 

can be a leakage current. With the non-linear portion, a conductance 

g = I{V is calculated and g is plotted against V . m m The plot g-V is very 
m 

similar to the one obtained for gK-Vm when the outside medium is the usual 

low potassium concentration, except that the curve is shifted by a 6V to 

the left. 

ll3 



.. 
This finding is quite in accordance with the properties of the 

conductances developed in this model. We have predicted that in the case 

of the :sodiwn ion a change in its concentration is supposed to produce a 

shift in the sodi.um conductances. The same thing·. is trliL' for the ch~tngl' 

in th6 potassium ion concentration. In equation (2-21) there is ~ factor 

which depends on the ·concentration of potassium ions 

= 

z 
C . Ko 

KO 

z 
C Ki 

Ki 

It was shown in section A of this chapter that one could have zKo = 2Ki = 

ZK/2 = 2. Again_the ratio of modified to usual potassiwn ion concentration 

C /C where CK is the usual K+ concentration, can be introduced into KO Kno' ·no 

the experimental £tinction of V , to give a potential shift 6V. 
m 

For example a ratio of 

= 

c 
Ko 

c 
Kno 

Fz ~ V/ "T K "-

e 

will gi·ve a D.V = 47 mv, The ob:.erved t::.V in Let:ar et ai (1967) is betw?en 

25-30 mv. The difference between the calculated and the obEorved 6V Cdfi 

be·explaiued. The value of ZKo = 2 cou_ld be wrong. If we take \:o ,.._, l, 

6V = 24 mv, which is very close to the experimental !:lV. There i-s no 

direct evidence for the shift of the potassium conductance produced by the 

decrease in. K+ concentration inside: Chandler et <:tl (1965) reports expl.!-

riments u·sing 300 mN and 24 mN KCl inside. They give the 1-~· curve for 
m 

the steady state currents, but no correction for the leakage and sodiwn 

currc·nts is provid_ed and we cannot measure accurately enough the data for 
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low currents: so we cannot determine the gk - V curve to find the value of zKi" 
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There is also another.even better explanation for the difference 

in the observed and the calculated 6V when ZKo = 2. The observed 6V 1 s for 

changes jn outside potassium con~entrations are ·o~ly given for two extreme 

+ of very low and very h{gh external K concentration. If the ~V's for inter-

+ 
mediate K concentration were given, it would be easier to test thl' theory. 

+ At outsidl' concentration as low as 10 m.'l, it is wl'll known th.1t th(• K ions 

I 

could be in higher concentration near the membrane surface than in the 

bulk solution. Hodgkin arid Huxley (l952b) had found a difference of about 

10 mv between the ~alculated and the observed potassium concentration po-

tent ia 1. VCK. They proposed that it could be due to a local increase in 

+ . 
K concentration in the external medium. Later on Frankenhaeuser arid 

Hodgkin (1956) found evidence for such a local increase. The difference 

...!-

between the bulk and surface K' concentrations will appear much more when 

the bulk concentration is very low. When the bulk concentration is kept 

a at zer~, the theoretical VCK should be infinite. It i·s impossible to 

+ have a zero K concentration near the membrane because of the continuous 

+ diffusion of K from the inside. When the concentration in the external 

medium are larger than 50 mH, the surface concentrations are much closer 

to bulk concentration and the calculated VCK and ~V should be much more 

reliable. 

The experiments of Ehrenstein and G~lbert (1966) and Lecar et al 

( 6 ) h h V i h . h "d K+ . h d 19 7 have shown t at t e I- curve n 1g outs1 e concentrat1on a 
m 

a similar shape on either side of ~he origin. Taking only the. non-linear 

~haracteri~tic of the I~V plot and plotting g-V , one fines that the 
m n1 

conductance g has a maximwn and decreases for either large inside positive 

or large inside negative membrane potentials. ·rhese results can be accoun-

ted for by this model. The dipole barrier ED which depends on V. will 
Ill 

become higher as V is increased. It does not matter if the membrane is 
m 

,,, 
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charged positive inside and negative outside or vice~versa, we will always 

have a layer of dipoles on each side of the membrane which will reduce the 

diffusion 6f ions. As mentioned in Chapt. II section D, the dipoles barrier 

ED is not necessarily the same on each side of the membrane. This will bring 

the tesult that the maximum value of g is not exactly at V = 0. There is a 
m 

family ofcurves for gK vs Vm' shown on Fig. 23, for various Cl<o/CKno. They 

were made, assuming that the conductance had its maximum at V = 0. They 
m 

are obtained by using the absolute value of V in eqvations (/-?1). Jlc;i"B 
Ill 

the gK curve on figure 23 for a CK
0

/CK
110 

- 10.0, the potassium c11rrent, Ii<' 

is calculated; using th~ experimental linear currents IL in Lecar et al (1967) 

and adding IK + IL' a total I-Vm plot is obtained, as shown in Fig. 24. 

There is a great ~imil~rity between these theo~etical curves and the obser-

ved I-Vm curves. The only important difference is that· the observed IK 

does not seem to be perfectly symetric with respect with the origin. The 

. actual theoretical IK has been calculated for, the case where the conduc

tance g is perfectly symetric with the origin; this ~s not nccess;1ri ly K . 

a valid assumption. 

D. Chlorine 

We mentioned before the possibility of Cl ions being the inac-

ti vat or of the Na conductance. The results of Chandlc.r and l'!P.vP.s ( 1 qfi')) 

showed a shift of 20 mv in the inactivation curve for a 6 fold decrease 

in the inside Cl ion concentration. Using the same method as before, 

a voltage shift 6V in the theoretical inactivation curve can be obtained 

= e 

Intr6ducing the experimental values of 6V =•20.mv and CC!i/CC!in - 1/6 
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we calculate ·a value for zhi 

assumption that 

1.8. This quite in. accordance with the 

z 
ho 

- z.h = 2. 

2 

Unfortunately there are no experim~nts that show the effects of varying 
/ 

externil Cl ion concentrations on inactivation. Adelm?n and Taylor (1964) 

replaced NaCl by sucrose in the external mt!dium and they found a decrease 

in steady state current curve with potential. They interpreted that as 

a change in the potassium current. Even if such a correct ion is m<1dc 

there· still remains a difference between the nonual and low Cl solution 

curves. lt .. could be accounted for partially if the sodiwn current is 

increased because of reduced inactivation. But more direct experiments arc 

needed on this point. This model would predict a shift of 20 mv in the 

inactivation curve for a 6 fold reduction in outside Cl ions concentra-

'tion. Complete removal of Cl on both sides of the membrane should provide 

evidence for or against Cl ions being the inactivator. 

E, Drugs and Other Compounds 

We introduce the effects of drugs in this section because we 

believe most of their effects can be explained in the same way as the 

effects of ionic ·concentratio;\s~ A wide variety of components have been 

used to modify the action potential and the I-V curves in voltage clamp. 

Ho·st ·of. them have been shown to modify either the potassium conductance 

or the soditim conductance or the inactivation, or any combination of 

these three processes. They could mqdify the sodiwu "on" and the sodium 

"off'' conductances and not: the potassium conductance'' or ~nly the sodium 

' ' 

"on" and· the potassium conductances, oi:: only the .Potassium and the soditun 

"off" conductanc-es. · Also they coui.d'in'flucncc them. a 11. It is realized 
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• that the action of each drug should be studied separately in detail. 

It is possible that some of the drugs can compete with ions for the 

protein substrate: iri that case their action will be simil3r with th~t 

of calcium. TI1cir action can be introduced in the conductanc(• cqu<ttion 

(2-17) with the factor (l + K
0 

c
0

YD ) in the SCJme way as the calcium 

effect was ·introduced earlier in equation (5-4). We would have 

g = 

( l 
(E + FVm)/ RT + e o ) 

-K-'::-i ( 1 + K C Yo) C .,z ) 
(l + 1. D D Q 

= concentration of drug 

= number of molecules of the drug in the complex 

KD = equilibrium constant for the reCJction with the membrane 

substrate. 

In the case of inactivation, the drugs might prevent in~ctiVA-

tion by binding the inactivator. That will shift the inactivation curve. 

Also they could act on thl;! NaS complex: if they inaclivate t:he complex, 

the competition is cooperative, if not, thP competition i~ inhibito1·y. 

In both cases there will be a shift in one direction or the other. 

Of course the drugs will influcuc.:e the t:ime dependence of the 

conductance because they modify the steady state amplitudes which are 

part of the time constants, except for inactivation. They .could also 

have some direct effect on the rate constants of the chemical reaction. 

The transmitter substance can be considered as a drug ·having 

an increasing effect on the conductan~es. It could shift the conduc-

tance up~.,rard and leftward and can also change the rate constants. Its 

action could be to increase the equilibrium constants of the reaction. 

Recent experiments by Blaustein (1968) have sho<m that the 
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' 
effec~ of l>.Jrl>iturates and tropine esters is a shift of t.b(• N;t conduc-

t.ancl' cur"vl'S horizontally to the right by ;tl>L)Ut lU.mv, ;tnd also ;t VL·rrictl 

dL'wn shift for Na ·and K conductances. The author mentionC'd t.h;tt tlw l'ffcct 

was similar. to the one produced by calcium. Also Narahashi .:md lla<."lS (1968) 

have shown that DDT shifts the Na conductance curve by about 10 mv. We can 

mention ·again the experiments. ,,,ith TTX and TEA which selectively block the· 

Na and K channels respectively. Their action is the same as the other 

drugs: they shift the conductance curve to the right. We know that the 

conductance curves are bell shaped. A sh{ft to the right reduces also 

the maximum~ which will become zera when the shift is large anough. In 

most case~, the drugs should produce a right and down shift. The effects 

of the drugs in this model still needs more development and closer compa-

rison with the experimental results. 
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- VI -

CONCLUSION 

The purpose of this work is to explain in terms of physical 

principles the behavior of nerve cells. The most detailed. and reliable 

experiments made on nerve cells to elucidate their mechanism arc those made 

with the voltage clamp m~thod. The functioning of nerve cells can be ex-

plained in terms of ionic currents across their membrane. A model is being 

developed to explain the measured ionic currents. 

1. The basic hypothesis of this model is that there are conducting channels 

in the me~brane. There is a chemical reaction between some membrane 
, 

co~ponents and several ions. Vacancy fonnation and diffusion in the 

ionic complex results in conduction. The fundamental equation for the 

membrane conductance is given by equation (2-17) 

(l + e 
(E + FV )/1\l' 

o _m )(l+K 
0 

+ FV ) /RT 
Ill ) 

~z z( E 
0 

This part of the model can be called the "conducting channel" (C-C) 

hypothesis. 

2. A second hypothesis is introduced to describe experimentally obser-

ved dynamics of the conductanc:-es. It. i.s assumed th.:tt the rear:tion 

between ions and membrane substrates is an autocatalytic reaction. 

The general result that describ~s the time dependance of the con-

ductances is given by equations (3-4) 

1 ., ., 

I 
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The complete model can be called.the "autocatalytic-conducting-channel" 

(A-:C-C) model. 

3. Such ,, model is used to be compared with the l'Xperimc·nt;ll dat;l o( 
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Hodgkin LJnd Huxley (1952). The unknown constants arc dctl•rminl'tl by cur·vl' 

fitting: Using the cable equation, stationary and propagating action 

potentials are generated. 

4. The model accounts for various properties of axons like threshold, 

refractory period, accommodation, impedance change, ~ trength-dut·ation 

charac~eristic, repetitive firing and hyperpolariz~tion. It is also 

shown that the model for the axon can be used with some modifications 

for the dendrites and soma of nerve cells. 

5. Hany recent experiments have been performed on squid axons, changing 

the external and in~ernal ·medium of the axons. The observed effects 

produced by changing calcium, sodium, potassium and chloride ions have 

been explained satisfactorily by the C-C model. Even some quantitative 

~spects of the effect of drugs on the. axon can be approximated. 

6. In the course of the development of the A-C-C model, we have suggested 

the. need for some crucial experiments to demonstrate move fully the 

adequacy of the model. Obviously the most important test would be to 

id~ntify directly the presence of specific ion binding membrane com

ponents. By using an irreversible and specific· inhibitor of one of 

the channels, it might be possible to chemically separate and thereby 

identify from the membrane the inhibitor substrate components. Using 

the isolated component it should be possible to determine its static and 

dynamic pr6perties. There has been many experiments recently on allos

teric properties of enzymes and conformati0nal changes of proteins. 



The hyj.J'otheses of the A-C-C model can be considered a pa.rticular case 

of configuration change in proteins and research along this l~ne will 

certainly yield very interesting results. 

~he demonstration that there is a potential dependent barrier 

on each ~urface of the membrane is.also very important for the C-C 

mo~el;· its existence should be demonstrated experimentally. More 

expe~iments using only a single type of ion on both side of the 

axonal membrane are also needed, c:o show if thi.~ conduct~H\<;:t: equ.1rinno;; 

are correct, approximately correct, or incorrect. 

Nore experiments on dendrites and soma of lnrgP rt?l ta \·lith the 

voltage clamp methods should be made to determine the membrane con-

ductances of these important parts of nerve cells, and see if the 

axon model can be applied to them. 

There ar~ physical and chemical meth6ds that could help in 

solving the problem of living membranes. The use of. artificial mem-

brane~ is getL!1~ more Widespread and will undoubtedly yield further 

!uLeresting results. There is also valuable research to be done on 

the physical ionic conductivity properties of pu.re organic, crystals, 

the properties of liquid crystals, and the propcrtiP.~ nf solutes in 

high concentration. Wotk in thesP fieldi will yield fundamental 

results for all areas of cell biology. 

B. Discussion 

We have tried to keep the equations as simple as possible, and • 

with the le;ast number of parameters. In the nol;inal physiological state 

of the axon model when all ionic concentrations are normal, the number of 

parameters might even be less than in the H-H model. We have fitted the 
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steady state amplit·udes of the conduct<1nces with only three fn·e par<1mcters 

for gK and five for gNa" Next the p;lrarnL•t(.'rs in the kim•tics l'4uation wen· 

fitted with the steady state parameters fixed. There are two par~ncters 

for the potassium conductance-time curves and three for th<.' sodium· conduc-

tance-time curves, for potentials larger than 18 mv. For lower potentials, 

three more parameters are needed for the configurational protein change. 
\. 

I 

Although the total munber of parameters is not small, it must be remembered 

that they are not all free altogeth~r. They are adjusted a f~w at a time 

on different experimental. results. 

When variations of ionic concentrations are introduced, then the 

l~1ped parameters are split and that increases the total number of para-

meters. It must be realized that all the numerous experimental details 

available cannot be explained_with a very s.imple model. If we.only want 

to reproduce the shape of the action potential, it can be done with simple 

mathematics and very few parameters, but not to explain all the detailed 

experimental results on nerve cells. It is already quite surprising that 

so many features of nerve cells can be reproduced from a model which was 

derived only from the voltage clamp data. For example it was rather a happy 

surprise to us when it was found that the kinetic equations (3-11) and 

(3-13) could explain without any modification (not even the value of the 

parameters) the experimental observations of Cole and Moore (1960) on 

the hyperpolarization of the squid axon in voltage clamp. There is still 

much data available on axons (squids and others) that we have not yet 

tried to explain with the A-C-C ·model; it will be done l~ter. We have 

·chosen only one type of cell-the squid axon- to develop a quantitative 

model. It is quite possible that in other types of nerve cells, some 

differences in the mechanism of conductance will become apparent. However 
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it is hoped that the basic assumptions of the A-C-C model may expl~in a 

wide range of membrane phenomena. 

Th~ most severe criticism against membrane models is that the 

hypotheses ·very often cannot be demonstrated. Any nwmbr<n1l: model will come 

under such :1 criticism because the membr.:llle is such~ thin struc-ture: th::1t 

measurements on it are limited. The development of different models, 

based on different hypotheses will be uscfull because it wfll be possible 

to choose wltich one describes the nerve membrane most accu.r·;.ltely. The 

mode 1 that ·has the vlidcGt and most accut·~t~ ~ alll:_'l' or .'!fl(l U t. ;Jt l.Qni li:t.,Jndc 

better chances of being correct. We must not f~rget that the purpose of 

a model is to put togeth~r as many experimental results as possible and 

describe them with as few hypotheses as possible .. A. model pennits us to 

predict what experimental results will be obtained given the initial con-

ditions, and hopefully point the way to crucial experiments that can verify 

or reject the model. The physical sciences have made tremendous progress 

i.n a short time bPr.:"!use of their CHtcn3ive use c•f qu.::~ulllallvl:'· models; 

in physics·, theory and experiments are continously progressing together. 

TI1c biological sciences will have to use a similar procedur~ if they arc 

to improve our knawl~dge uf life. 

uur purpose was to develop a model that could give quantitative 

agreement with experimental data. Since our knowledge of the behavior of 

membranes, their physico-chemical properties and their kinetics, is in-

complete,· arbitrary assumptions had to be made. The model is not a com-

pletely detailed molecular picture without arbitrary parameters; it is not 

~ither a totally empirical model without molecular considerations. It 

stands in between these two extremes, hoping to be a fruitful step toward 

a more satisf~ctory molecular model. 
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LIST OF SYMBOLS 

= distance between ions sites 
.. 

inactivator of sodium channel 

= axon radius 

= concentration 

- membrane capacitance per unit of membrane surface 

total concentration of S 

concentration of ionic complex 

membrane thickness 

free energy change 

= potential shift of steady state equations 

= ·membrane surface dipole potential 

= . membrane surface dipole potential at V -- 0 
m 

= 

= 

= 

= 

= 

= 

= 

= 

= 

activation ener.gy for chemical. reactions 

membrane interface energy change 

Faraday's constant 

membrane conductance per unit of membrane surface 

steady-state value of g 

inactivation factor 

subscript for inside of axon 

total membrane current density 

rheobase current 

= resistive current density 

= current stimulus 

= equilibrium constant 

- space constant 

= mobility 

= subscript for outside of Bxon 
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v = vibration frequency of atoms in a t'attice 

cp = electrochemical potential 

y = electrical potential 
- .. -. 

Q = general symbol for an ion 

Qo = constant quantity for threshold 

QlO = temperature factor 

r = axoplasm resistance per unit length 

p = axoplasm resistivity 

R = gas .cot:lstant . .. . ·-

R1 (i=l.2,3 •• ) =rate constants 
Sb.. 

R = membrane resistance per unit ~f membrane surface 
m 

s = membrane molecules· 

e = speed of pr_opagation of action potential 

,. 
··: .o 

= Q /I o_ o 

T = absolute temperature 

v c;. 
- conC::t!ntrat.ion or Nt!rnst potential 

v 
m 

= membrane potential 

X = distance perpendiculer to the membrane surface 

X = ion dissociated from the membrane molecules 

z = number of ions reacting with one S 

zv == valence 
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LEGAL NOTICE 

This report was prepared as an account of Government sponsored work. 
Neither the United States, nor the Commission, nor any person acting on 
behalf of the Commission: 

A. Makes any warranty or representation, expressed or implied, with 
respect to the accuracy, completeness, or usefulness of the informa
tion contained in this report, or that the use of any information, 
apparatus, method, or process disclosed in this report may not in
fringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, or for damages 
resulting from the use of any information, apparatus, method, or 
process disclosed in this report. 

As used in the above, "person acting on behalf of the Commission" 
includes any employee or contractor of the Commission, or employee of 
such contractor, to the extent that such employee or contractor of the 
Commission, or employee of such contractor prepares, disseminates, or pro
vides access to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 
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