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ABSTRACT 

The effect of backscattering on the free molecule flow in capillaries of 
finite length is investigated. Backscattering decreases the transport 
through such systems (relative to the transport with fully diffuse scat
tering) by an amount which depends upon the probability of backscattering 
and the length-to-radius ratio of the capillary. 

Comparison with observed flows in short capillaries leads to an estimate 
of 0. 0~- for the probability of backscattering from unprepared randomly 
rough surfaces. 
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INTERNAL RAREFIED GAS FLOWS WITH BACKSCATTERING 
PART 2: FREE MOLECULE FLOW THROUGH FINITE CAPILLARIES 

INTRODUCTION 

In Part l of this report a modification of the conventional diffuse scat

tering boundary condition was suggested. A fraction of the molecules 

incident on th~ surfCJ.,ce are a.sBumed to be scattered back in the direction 

from· which they came while the remainder are sc~ttered diffusely. The 

effects of this modified boundary condition on free molecule flow in a 

long (infinite) capillary were examined. It was found that the modified 

boundary condition does not affect the gas density or collision density 

distribution along the capillary. The .velocity .profile and the flow 

through the capillary are modif:i,ed. The mean vel'?city is decreased by 

the same multiplicative factor a/(2 - a) at ever.y point in the capillary 

cross section. Here a is the fraqtion of diffuse scatte.ring and l - a is 

the fraction of backscattering. The transport through tqe long capillary 

is decreased due. to backscattering by the same. factor a/(2 - a). 

In this report we examine the effect of backscattering on the free molecule 

transport through finite capillaries. Comparison with .the experimental 

results of Lund and Berman [l] enab~es us to select a value for the frac

tion (l - a) of backscattering which .accounts reasonably well for the 

observed dependence of free molecule transport on the capillary length-to-- . . 

radius ratio. This value of a is used in subsequent parts of this report 

for further studies of the effects of backscattering on internal rarefied 

gas flows. 

FREE MOLECULE FLOW IN FINITE CAPILLARIES* 

DeMarcus [2] has .shown that if one is interested only in frt=t= molecule 

transport, then it is more convenient to formulate the problem in terms 

*Although the presentation in this report is concerned with finite capil
larie 3, the basic ideas Anrl the approach are equally valid for any one
dimensional system, i.e., any system in which the collision density can 
be described in terms of one space variable. 
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of an integral equation (the Clausing eq~ation) than to solve the colli

sionless Boltzmann equation for the distribution function and take appro

priate moments to find the flow. 

DeMarcus [3] has also solved tne problem of free molecule flow in finite 

capillaries with an arbitrary amount of specular reflection at the walls. 

He showed that if one focuses attention on the particles which undergo 

diffuse collisions with the capillary walls, then a Clausing equation for 

the "diffuse collision density" can be written. In an analogous fashion, 

one can treat the free molecule flow through short capillaries with back

scattering. 

In what follows, we use essentially the approach of DeMarcus [3]. In the 

case of backscattering, however, it is possible for some molecules which 

are diffusely scattered at some point on the capillary wall to return to 

that point and be diffusely sc~ttered·again without an intermediate diffuse 

sc-attering event at. some other wall point. The· probability for this se

quence of events is zero for a scattering law which allows only diffuse 
'· 

and specular reflection. y 

Let x be the space coordinate along the capillary axis. The front face 

of the capilla~y is taken as x = 0 and the exit plru1e is located at x = £. 

Without -loss of generality we assume a given gas density outside the capil

lary at x = 0 and zero gas density outside the capillary face of x = £. 

In the following definitions all probabilities are considered to be normal

ized for one particle per second entering the capillary at x = 0. 

s(x)dx 

SJ.(x)dx. 

rate of diffuse collisions at x (normalized collision rate). 

probability that a particle entering the system at x = 0 
makes its first diffuse collision in dx at x. 

nJ.(x)dx fo~ a= l (pure diffuse scattering). 
v 
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probability that a particle entering at x = 0 gets past x 
without an intervening diffuse coinsion with the wall. 

r(y,x)dx = probability that a particle diffusely scattered at y makes 
its next diffuse collision in dx at x. 

r(x,y)dy 

rr(x;O) 

rr(x;£) 

Q 

K(y,x)dx for a = l. 

probability that a pa.rticle diffusely scattered at x makes its 
next diffuse collision at x.* 

probability that a particle diffusely scattered at X. leaves 
the system at x = 0 without an intervening diffuse collision. 

P(x;O) for a = l. 

probability that a p~rticle diffusely scattered at x leaves 
thesysteni. at x =£without an intervening <;liffuse collision. 

P(x;£) for a= 1. 

= probability that a particle entering the system at x = 0 
leaves the system at x = £; transmission probability. 

DeM~rcus has shown, for the case of partial specular reflection, that 

relationships between probabilities similar to those used above can be 

obtained from their defj.nitions and from mass balance and thermodynamic 

equilibrium considerations. In a similar way one obtains. 

S1(x) = N1(x) 

= -a( dS 1/dx) <= -a( dN 1/dx) 

-(r /2)(dS1/dx) = P(x,O) 
p 

(l) 

(2) 

(3) 

*Note that for pure diffuse and/or specular scattering this probability 
vanishes. For a finite probability of backscattering, a particle which 
is diffusely scattered at x can undergo an odd number of backscattering 
events between dy At y and x so that its n~xt diffuse collision is again 
at x. · 
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7r(x,£) = -Cr /2)[dS~(t)/dt]t_n = P(x,£) (4) 
p -h-X 

r(x,y) + r(x,y) = (r /2)[d~l(t)/dt 2]t-l I = K(x,y) . (5) F - x-y 

The hydraulic radius r . is defined as twice the cross-sectional area open 
P" 

to flow divided by the total perimeter of the flow cross section. 

All the required probabilities follow by differentiation or integration 

if one of them is known .. In ·particular, one need only compute the proba

bility N1(x) = S1(x) for the given geometry and the remaining probabil

ities can be obtained by differentiation. 

For the finite capillary with backscattering, the Clausing equation for 

the diffuse collision density is 

p, p, . J r "' s(x} = Sl(x) + r(x,y)s(y)dy + i r(y,x)s(x)dy 
v 

(6) 

0 0 

From their definitions it is seen that r(x,y) and r(x,y) are related .to 

K(x,y) as follows. 

r(x,y) ~ a K(x,y) + a(l - a)g K(x,y) + 

2k . l . 
+ a(l- a) K(x,y) + .... = 2 _a K(x,y) 

~(x,y) = a(l- a) K(x,y) + a(l- a) 3 K(x,y) + .... 

2k+l 1 - a , ) + a(l- a) K(x,y) + .... = 
2 

K~x,y - a 

where k is a positive integer. 

The integral equation (6) can now be written 

s(x) 

p, 

r(x,y)s(y)dy + (~· = ~) s(x) J K(x,y)dy 

0 

or using the relation obtained by DeMarcus [ 4], 

('"() 

(8) 

(9) 

1/ 
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£ 

J K(x,y)dy = 1 - (r /2)n 1 (x) - (r /2)n 1 (£ - x) , 
p p 

0 

equation (9) becomes 

where 

£ 

S (X) = n (X }s J. (X) + J n (X) r (X, y) S ( y) dy 

o. 

n(x) = {1 ~ = ~-[1- f n 1 (x)- f n 1 (£- x)J} 

-.l 

(10) 

(11) 

If the solution s(x) of (10) is known, then the transmission probability 

is given by· 
£ 

Q = SJ.(x) + J 1T(x;£)s(x)dx . 

0 

An alternative form for the transmission probability which will prove 

useful is obtained by writing 

r . 
Q = l - R = 1 - L (1 - a:) [1 

£ 

NJ.(£)J + J 1T(x,o)s(:.x:)ax} 

0 

(12) 

(13). 

where R, the reflection coefficient; is the· probability that a p.article 

entering the system at x = o, leaves the system at x = 0. With the 

relationships between the probabilities (1) through (5) one can write 

£ 

Q = 1- (1- a:)[-1- NJ.(£)] - :~ J s 1 (x)s(x)dx. (14) 

0 

DeMarcus [ 4] has discussed a variational method which can be used to ob

~ain a bound on the transmission probability. Consider the functional 

If 

£ 

F(g(x)} = J g(x)[2s 1 (x) 

.o 

a) _L(x,y) ~ 0 ; x,y e(O,£) 

b) L(x,y) = L(y,x) 

£ 

+ J L(x,y)g(y)dy - g(x)] dx . 

0 

(15) 
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c) there exists an integer n such that 

.e 

where 

and 

J L (n) (x,y)dy = b(x) < 1 x€(0, .e) 
0 

.e 
L(ri+l)(x,y) = J L(x,t)L(n)(t,y)dt 

0 

L(l)(x,y) = L(x,y), 

then the function F(g(x)) is an absolute maximum when g(x) := s(x) where 

s(x) is the solution of the integral equation 

.e r 
p(x) = ~(x) + J L(x,y)p(y)dy 

0 

Further, the maximum value of the functional is given by 

.e 
max F(g(x)) 

r 
~ J ~(x)p(x)dx 

0 

where the equality holds when g(x) ~ p(x). 

If one defines 

p(x) = s(x)/.J n(x) 

L(x,y) = r(x,y)../n(x)D.(y) 

(16) 

(17). 

(18) 

(19) 

(20) 

then the integral equation (10) is identical to (16) and L(x,y) satisfies 

the necessary conditions. 

Using (17), (18) and (19) we can express the integral in (14) as 

'-' 
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£ £ 

J s 1 (x)s(x)dx = J 
0 0 

<!> (x) p(x) .J n(x) dx 

.JrlW 
£ 

= ;·, <!> ( x) p ( x ) dx ~ max F ( g ( x ) } 

0 

so that a bound for the transmission probability is given by 

Q ~ l - (l - a)[l - N1 (£)] - (r /2a) max F(g(x)} . (21) 
p 

For g(x) we choose a simple linear tri~ function 

g(x) == B - Ax_ (22) 

to form F(g(x)} as in (15) and maximize with respect to the_constants 

A and B •. The maximum value of F(g(x)} is found to be 

with 

(£ - I
3

)I
4

. - [ (£ 2/2) - I 2 ]I 5 A=--------------------------------
(£ - I 3 )[I 1 - (£ 3 /3)]+ [(£ 2/2) .:. I 2 ]

2 

:•;· 

[(£ 2/2) - I 2 ](£ - I 3 )I4 - [(£ 2/2) - I 2 ]
2 1 5 

(.e '_ 1
3

).?[1
1

.: (£::3/3)]- + .(£- I.:;)[(P. 2 /2) - I
2

] 

£ £ 

I 1 = jj- xyL (:x, y) dxdy , 

0 0 

:e £· 

1 2 = J }' yL(x,y)dxdy , 

. 0 0 

.. 

£ £ 

I 3 ~ J J L(x,y)dxdy , 

0 0 

(?3) 

(24) 

2 ' "( 25) 

(26) 

(27) 

(28) 
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.£ r 
xtl>(x)dx (29) I4 =J 

0 
and 

.£ 

Is =! tl>(x)dx • (30) 

0 

With max F[g(x)} known, equation (21) provides an upper bound for the 

transmission probability Q. 

DETERMINATION OF a 

The probabilities required for the estimate of Q provided by (21) have 

been given by DeMarcus [4] for the case of a capillary with circular cross 

section. With these, the required'integrals were evaluated using numer

ical quadrature techlliques, where required. 

Figure l shows the results of such.calculations for capillaries with 

various length-to-radius ratios. The ordinate is l - (~/Qd) where ~ 

is the upper bound for the transmission probability with backscattering 

(a< l) and Qd is the upper bound for pure diffuse scattering (a= l). 

Results are shown for· backscattering probabilities of 0. 05, 0. o6, and 

0.07. The points indicated in the figure are the results of the experi

ments of Lund and Berman [l] for argon flow through nickel capillaries. 

Other than careful machining, nC? special surface treatment was used in 

the preparation of these capillaries. 

Note that a choice of a between 0. 93 and 0. 94 would provide a reasonable 

fit to the observed deviations from the free molecule flowB calculated 

under the assumption of completely diffuse reflection. 

In the shorter capillaries; the observed deviations are probably subject 

to greate.r error since a substantial fraction of the· molecules can get 

through the capillary without making a wall collision and are thus 

'• 

·'' 

Cj 
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unaffected by the scattering law at the wall. Hence it is felt that more 

weight should be assigned to the experimental results for the longer 

capillaries. 

In the subsequent parts of this report a value of a= 0.94 will be used. 

SUMMARY AND CONCLUSIONS 

The effect of backscattering on the free molecule f~ow in finite capil

laries has been determined. Backscattering decreases the free molecule 

transport from that which would be obtained with fully. diffuse scattering. 

The magnitude of this decrease depends on the probability for backscat

tering and on the length-to-radius ratio of the capillary. The decrease 

is greater for greater probability of backscattering and for longer 

capillaries. In the limit of an infinite capillary we know from Part 1 

that the fractional decrease in transport approaches a/(2 -a). 

Comparison with experimental data leads to the conclusion that a value of 

a= 0.94 provides a satisfactory description of the observed free molecule 

flows through short capillaries. This value will be used in subsequent 

parts of this report. 

In Part 3 of this report we depart from considerations of free molecule 

flow and begin the examination of transport at lower Knudsen numbers with 

the study of the Kramer problem and the determination of the effect of 

backscattering on the slip coefficient. 
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