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ABSTRACT

The nonequilibrium contribution to the reaction rate of an iso-
thermal multicomponent system is obtained by’solution of the appropriate
Chapman-Enskog equation; the system is composed of reactive species in
contact with a heat bath of inert atoms M. It ié found that the pertur-
bation of the velocity distribution functions is determined by the
extent of the departure of the reactive collision frequency R(o)(gy)
for each reactive component y from i(o)(gy), the collision frequency that
leaves the distribution function unaltered by reaction; the function
ﬁ(O)(SY) obtained for an isothermal systems is different from that intro-
duced previously for an isolated system. An illustrative application is
made to a model system corresponding to the HZ+CliiHCI+H reaction without
internal degrees of freedom; the deviation of the rate coefficient ration

(k./k_ ) from the equilibrium value (k(o)/k(o)) is a few percent.
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I. INTRODUCTION

The perturbation of the velocity distribution function by reaction
for the reactive system

A+BZC+D

was studied in two previous papers.l’2 It was pointed out that a treat-
ment of the nonequilibrium behavior of reactive systems with the nonlineér
Boltzmann equation implies that the system is isolated. In this paper,
we construct an isothermal constraint on a corresponding reactive system
by dispersing the reactants and products in a heat bath of inert atoms M
in such large excess that the heat bath remains unperturbed by the reac—
tion. The system consisting'of reactive species plus heat bath is held
at a constant temperature, so that the reaction can be considered to take
place under iscothermal conditions; that is, the overall temperature of
the reactive syétem rémains essentially constant, although variation of
the "temperatures' of the individual reactants and products does take place
during the course of the reaction. This model corresponds more closely
to the usual experimental situation than the one described in I:and II.
The model reactive systems considgred by Pyun and R0553 did not
include an explicit mechanism for maintaiﬁing a constant tempera-—
V ture; instead, they made the assumption that thehcomponents in the iso-
lated reactive system all have the translational temperature of the gas
mixture. In the work by Pyun,4 the reactive system was placed in contact
with a heaﬁ bath, and the perturbation of the heat bath was included
together with the assumption that the translational temperatures of the
reactive componentsland the heat bath are all equal. This assumption clearly

differs from the isothermal and constraint used in the present work; moreover,



it is not evident how such an equal temperature comstraints is to be
introduced into a real system of the type considered by Pyun.
The Chapman-Enskog method of solution of the Boltzmann equation for
the ﬁodel isothermal system is described in Sec. II. The effect on
the form of the Chapman—-Enskog equation of the isothermal character of
the system is discussed. Comparison'is made with the methods adopted by
the earlier workers. . dn«fec. I theEonine polygomial method of solution
is outlined. Illustrative applicationé are made to reactions with and without
activation energy and to the two model systems corresponding to the

H,+Cl=HCl+H and H2+12=ZHI reactions introduced in II. A discussion of

2
the results is given in Sec. IV. In the appendix, the effect of includ-
ing the perturbation of the heat bath particles is studied and compari-

son is made with the results obtained by Pyun.é

11. THEORY
With the assumption that the heat bath particles M are distributed
according to a Maxwell-Boltzmann velocity distribution function f(e)

the veiocity distribution functions for the reactive components fY obey

the set of Boltzmann-like transport equétions of the form (see Il)s

. , ;
5‘&1 = [ (foI(i") foé"))o Mgdﬂch—R £ ' 1)

Since the heat bath particles are assumed to bevin large excess, elastic
collisions between reactive\speciEStare‘ﬁeglected in comparison to the

more frequent elastic collisions between the reactive components and the
heat bath particles. in terms of the diséribution functions, the number

densities nY and the temperature T of the system are given by
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n, = fdeSY (2)
reg %‘ myChdey + g E ) “‘Y"idfy (3
where nen,, + % nY and the sum over vy is over the reactive components.
Since nM>>ﬁY, Eq. (3) reduces to
T= 3n§k 18 3 mychdey | ()

Solutions to Eq. (1) are obtained following the Chapman»Enskog
method, which assumes that the only time dependence of fY is implicit
through nY(t) and T(t). Since the presence of a large excess of nonregc—
ting species ensures that the gas mixture is at a constant temperature T,

we can write

2L, 3f, dn |
T B ; %)
‘Y .

where (dnyldt) is obtained by integrating Eq. (1) over CY; that . is,

dn

-«-—-x-a— R . ) 6
g = IE R ey (6)

Equation (6) is the hydrodynamic equation of transport theory for the

present problem. Expanding fY ébout the Maxwellian distribution function

(o)
fY

- () ,
fY fY 1+ $Y) (7

substituting Eq. (7) into Eq. (1), and making use of Eqs. (5) and (6),

we cbtain the equation for f§°} (zero order in wy),
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ff(f £y Y )cr dszchso (8)

The solution of Eq. (8) with the standard condition

= (@ ,
n, ff dSY » : 9)

ig the Maxwell-Boltzmann distribution function

2
oy 3/

(o)
fy = n (t) 21kT

2 | R
- 2kT 10
exp ( mYcY/ ) (10)

where T is the heat bath temperature.

The equation linear in w is

(w ) = f(O) (o)

g Y 'y | an
with the definition §
nomKo ) = £1580 ‘°><¢' b0, sande, (12)
© _ _ 1 ,.(0) (o) ©) ’
Fy = J’fY Ry de + Ry . (13)

Y .

It is important to notice that the equations for mY {Eq, (11)] are not
coupled; this uncoupled set of équations contrasts with the coupled set
obtained for a multicomponent system in the absence of a heat bath (see II).
As a consequence of the definition of nY {Eq. (2)] and of Eq. (9), w‘

v
nust satisfy the single auxiliary condition

££°00 de. = 0 S (14)



Equation (14) selects a unique solution to Eq. (11) by requiring that
the solutions to the homogeneous equation K M(XY) 0 do not contribute
to wy. There is only one such condition in the present case since there
~is only one solution to the homogeneous equation; i.e, XY = constant.
In I, the energy is also a solution to the homogeneous equation of that
problem and there are two auxiliary conditions.
Through terms listed in ;he-fgﬁcticns wY, the forward and reverse

rates of reaction are

. (@ (0) . (o)
Jf = Jf o+ ffffl fz (¢1+w2)0§2gd9d51d32 {15)
(o) (©) (o) - |
Je=J; + SIS, (Wat, )0k, gdfide ade, : (16)
where Jéo) and Jio) are the equilibrium rates.
IXI.  CALCULATIONS
5 2N @
When w is expanded in Sonine polynomials (i.e., Y = 1L S:77),
Yoo b
the expansion coefficients obtained by substituting into Eq. (11) are
(see II)
M3 Gy )
vy i a; {SY Y } nYnn()L_i an
where .
¢y) @)y (o) (1 o_, M
o = f de_ = [A)'"~-AY'8 ]G 18
ity T TRy Ty Sy Ty T TATAA TR 16y (182)
and

@60 - ,f,f<o> co> <3){s<i>' sM1g

nM{S Mgdﬂdcmdc : (le).
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In termg of the a;’ ", the fractional decrease in the forward and reverse

rates of reaction Ng = (Jéo)-Jf)/Jéo) and n, = (J§°)~Jr)/i§°), respectively,

are
2 N
ng=- Iz aiv) iY)/A(Y) (19)
y=1 i=1
4 N
n=- I I 3§Y) fY)/A(Y) (20)
vy=3 i=1

where aéY) = 0 by Eq. (14).
The cross sections used in I and II [Egqs. (II44), (II45), and I51)]
are employed in the present paper. From the form of Eqs. (17), (18),

and (I138), one observes that the dependence of the'expansion coefficlents

aiY) on‘ny, dYﬂ and the steric factors qf and q, for the forward and reverse

rates of reaction has a simple form. This dependence can be factored out

« (v)

by defining a new set of expansion coefficients ay

2t (1) (l) (2) _ 1 (2)

2t (3 L (3) (4) _ (4)

2] = g Ly 20l 0ar et qr [y a7,/ (a5, 1a;
where from Eq. (17) the aitY) coefficients depend on the component masses,

the cross section parameters in p(2) and the number of terms retained in
the expansion of WY. We can now write the fractional decrease in the -

reaction rate in the form

&Y

ng = agl{0ydyy)/ (gdh ) In Dt al )/ (e 2M>}n(2)]G

(21)



(3)

n, = 0,15/ s ) I P, )/ e d? oI @ie (22)

where

N
) _ CONCIINGS
n ;El ai Ai /AO

The assumption that the distribution function of the heat bath éarticles
i{s Maxwellian could be relaxed and the perturbatién of the heat bath
calculated with the formalism of II (see Appendix). However, the concen-
tration and elastic cross section dependence is theﬁ moré complicated and.

cannot be written down as given by Egs. (21) and (22).

a. Applications and Results

Since the dependence of Nge and n,. on the concentration and on the
hard-sphere diameters is known, and since the convergence of the expansion

of wY has been demonstrated in I and II, we need only study the dependence

y)

of the quantities n on the masses and on the cross ection parameters e*/kT

and B. The nature of the solutions of Eq. (11) for a particular component
Y is sufficient for an understanding of the possible effects in the multi-
component systems since the equations for wY are not coupled.

In Fig. 1, the effect of changes in the ratio of the heat bath particle

89

mass relative to the reactant mass M/m for A=B on n is studied. The

(1)

versus €*/kT shown in Fig. la can be compared with the
i

dependence of n
dependence of né sﬁown in Fig. 1Ila for the isolated system reaction
AtA+products. The maximum in h{l) in Fig. la is seen to occur for

smaller €*/kT and there is no oscillatory behavior in ﬁhe region 0€e*/kT<2,
The effect of ;he reactant mass ratio is shown for reactions with activation

energy in Fig. 2 and for reactions without activation energy in Fig. 3.
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2 versus B in Fig. 3 with

It is important to compare the dependeﬁce of n
the dependence of Ne shown in Fig. II5; the difference in the results
obtained for OgB<2 are of frimary interest.

"~ For the H2+CleCl+H reaction 6 and the hypothetical bimolecular
reaction H2+12=2HI (wvhich is now known to actually involve I atoms rather
than 12 in the forward reaction7), the coefficients Ne and Ny given by
Eqs. (21) and (22) are listed in Table 1. The calculations were carried
out with the parameters used in II and the heat bath properties chosen
to correspond to helium 6r argon as in the experimental investigation of the

B +Cl < HCI+H  reaction by Westenberg and de Haas .0

In I; preliminary estimates of the forward rate of the ionic recom—

-~ ‘bination reaction ﬁf+ﬁ—+H2 indicated that the nonequilibrium correction

can be large and the Chapman-Enskog expansion of the distribution function
may coﬁverge very slowly or not at all. Since the earlier treatment

could not account for the concentration dependence of nf, the nonequilibrium
effects have been reinvestigated. With the cross section parameters of I,

nfkwas calculated and the results are shown in Table 1.

IV. DISCUSSICN
As in our previous papers;ww@‘begin by investigating systems for

which nonequilibrium effects do not occur. The reaction collision fre-

(o)

quencies R? = GYfféo)goide for which n(Y)zO are obtained for cross

section Gg that yield zereo far‘Féo 4n Eq. (11). Thus, from Eq. (13),

and Sec, V of II, we have

, iy(é) - Aév),ﬁy ' (23)
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Perturbations of the distribution functions are determined by the departure

of R( °) from R( ), wheré
¢ (0) ) (k)
_ _ dT w vyl (f; )
R(O)__R(O)& __(52_ 3/2) % (ﬁ) + ﬁ... Ak' (24)
Y oy Y t /g 2n, k-—2 I‘(k+ 3/2)

with @T /dt)éo) = (2T/3nY)A§Y). Equations (23) and (24) show that only
( ) '

when R is independent of &, which corresponds to uniform removal of
particles by reaction, is there no perturbation of the distribution func~-
tions; This is the case for systems without activation energy and B= ~1
as shown in Fig. 3 [(n<Y)(8= =1)=0], since A§Y) = 0, j>1 and Réo) = §é°),
independent of the other system variablés (see II).

The dependence of R(o) Rée) and n( ) on the cross section parameters
is through the A§Y> integrals. Since A§Y) is proportiohal to (11~ mylmo)j,

there is a dependence on the reactant mass ratioc din the form of a power
series in mn/mO, There is an additional méss dependence of n<Y) that arises
_from the dependence of {Séi),séj)} on the ratio of the reactant and heat
bath particles mass‘ratio mY/M. In Figé.'Z and 3, the decrease in n(l)
with’increasing ml (m2=1) is due primarily to the decrease in’the difference
R§O)"§§0)
1
aD

arising from the decreasing reactant mass ratio anlmo) in the

(2) is due to the increase

(2)

integrals.: Similarly, the increase in n

in Réo)wﬁép) arising from the increase in the A

limit m1/m2+w n(1)+0 and n( )
(1) _ r.‘(2)

integrals; in the
approaches a finite non-zero value. The

increase in n with an increase in M/m shown in Fig. 1 [or

) (m,

=m g1) is invariant under the transformation

(1) <j>} fe
Y -

decrease in M/m since n

M/mm/M] is due to the decrease in the matrix elements {§
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the momentum relaxation times are longer and there is a decreased coupling
between the reactant and the heat bath,
Inspection of the results for the H2+C1=HCl+H and the H2+IZ=ZHI reac—

tions listed in Table 1 indicates that they are in qualitative agreement
)

with the above observations. The corrections n are largest for the

lighter reactive component and the dependence on the heat bath variables

is as given by Eqs. (21) and (22) and as shown in Fig. 1. From the list

9
of rate coefficients, it is clear that even for the extreme case nylnM = 0.1

and for systems not too far removed from chemical equilibtiuﬁ (Gf = .1), Ng

and n,. are still small and represent less than a 1% decrease in the equi-

1librium rates. The deviation of (kf/kr) from (kéo)/kéo)l is also very small.

In particular, if we compare kf calculated for a large excess of Hz (i.e},

Gf = 1 Gr = () with kr calculated for a large excess of HC1 (i.e., Gr =1,

Gf = 0) corresponding to the conditions under which these rates were

separately measured,6 we find that

kf/kr /nﬁe)}

k§°)/k§°){(1 —_10"5nH2/nHe>/(1- .19x10’2nHC1

c1/Par)?

klk = k§°)/k§°){(1 - .57x10“5nH2/nAr>/(1- .95x10 %n

in He and Ar, respectively. ‘Even for an extreme choice of the concentra-

(0) ,, (0)
f /kr

tions, the deviation of kf/kr from k is very small. However, it
must be emphasized that only the translational degrees of freedom have
been taken into account§»;Siﬁﬂerthgrefié'some theoretical evidence that
vibrational energy may be very important in H2+Cl -+ HC1+H and related

reactions,10 a non-equiiibrium calculation including vibrational effects

is required for further analysis of this cése.
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For the Hf+H_*products reaction, the effects are small for very dilute
systems. However, for higher ionic concentrations, the non-equilibrium
rates effects become large. This suggests, as already suggested in‘I, that
the Burnett term in the expanéion of the distribution function can be

significant.

Comparison of Isothermal and Isclated Reactive Systems. The difference

in the results obtained in this paper and those found in II for the isolated

reactive system are dominated by the effect on §§°? of the fact that (dT/dt)

equals zero in the former and not in the latter, To illustrate this point,
we consider the one-component reactive system A+A+products and employing

the relaxation time approximation,ll which assumes that one can write
= 17(® - (25)

With Eqs. (11) and (25) we find that

2
n {<r(®)"5_g(0)52y /g (@), (26)

isothermal = 2Tisothermal

where n<()>=ff(°)()ds and.Tisothermal =‘{R§°},R§°)}/<(F(p))2>. Equation (26)

is identical in form to an expression derived by thlc:k:)m]“2 for the correction
to the forward rate of reaction due to the perturbation of the vibrational
distribution function of a system of diatomics dilutely dispersed in a heat

bath of atoms: though the'interpretation of the relaxation times is differ-
(o)

ent. From Eq. (26), = 0 for R = constant which is in agree-

nisothermal

ment with the results discussed earlier in this section. The corresponding

result for the isolated system with Egs. (I13) and I15) is

)2
nisolated = ZTisolated

(<@ 5g(0)52 _ %— «s g0, 2y , (27)
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_ plo) (o) (0)\2 . .
where Tieolated = [RA ,RA J/<(FY" 7 )Y>, N eolated 1 28TO0 not only if
(o) (o) ot g_bs(l),

is a constant but also if R/ is of the form R ’= 3 ;: (see Eq.

- w * = 2
Therefore Nyeolated 0 for B= *1 whereas N, cothermal G only for f= -1,

R(0)

The above analysis could be extended to multicomponent systems
though it becomes more complicated. For the two component system A+B-
products, tiie fundamental difference between the isolated and isothermal
systems is that in the isolated system the two nonequilibrium "systems"
A and B are coupled,Ain some instances, predominantly through exchange
of tranmslational energy and the nonequilibrium effects are sensitive to

iY) coefficients in the

this coupling as expressed by the values of the a
Sonine expansions; when A*B, aiY)¢0. In the iéothermal system, the non-
equilibrium systems.A and B are coupled’tp an equilibrium heat bath and
the nonequilibrium effects in this case are due predominantly to energy
exchange between the reactants and the heat bath. The a§Y) coefficients

express this important interaction but in this case for A+B, aéy)ﬁO.

The different results of B=1 is now clear'since for this case
_ (W, @, @), @, @
a; Al /Ab +al Al /A.o

Ne = in both systems and vanishes for A=B in
)
1

the isolated case since a; ° = 0 and is non-zero in the isothermal case
since aiY)¢O.

Since all of the ahove fea;ures arise from the use of the Chapmén—
Enskqg method of soclution of the transport equationé, it is of considerable
interest to investigate these effects by an alternate approach as a test
of the Chapman-Enskog assumptions. In a subsequent paper,13 the expliéit

time-dependent solutions of the linearized transport equations are

obtained and compared with these results.

(158).
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APPENDIX

in this appendix we discuss the calculation of the correction to the
equilibrium rate of reaction of the reactive system AtA+products, where A
is dispersed in a gas of inert atoms M not necessarily in large excess.
The M~type particles are not assumed to be distributed according to a
Maxwell-Boltzmann distribution function. The main purpose of the caicnla-
tion is to obtain an estimate of how small nA/nM must be so that the heat
bath is essentially unperturbed by the reaction. The Boltzmann equations

for the two components are

of ' |
___,__,:_!;_g (etet . ) 1t )

s = [/ £ -1, £)0, gdRdet/ S (£1£)-£, f,)0,  gdlde, (A1)
of, ‘ |

o tet tetr_

2 = [I(£)8' £, £)0,,,8d0eH, (£ £5-E, £,)0 ,gdfde; (42)

where 1 and 2 denote A and M, respectively. With the formalism of II, the

Chapman-Enskog equations for the perturbations wl and wz are

A 2A ’
2 * o (o) 71 (L) (o), (o) (o)
R LA S AL MW W U W B (43)
2A
2 : T () (0
nzl(wz) + nlnlez(wl+¢2) %;Q I S, fz (AL)
It is sufficient here to retain terms up to Siz) in the'expansions of‘wy.

Since we are primarily Interested in the concentration dependence, the masses

and hard-sphere diameters of the reactant and heat bath atoms are chosen equal.
Taking moments of Eqs. (A3) and (A4), we obtain four equations, two of

which are the same, for the four expansion coefficients. With the additional

equation nla§1)+n2a§2)w0 and with the homogeneocus equation resﬁlting from

. (2)

taking the moment of Eq.‘éAé} with 8,77, we obtain



~15~

@ 5a) (45)
1
2) . e . : ai )(1+5>}/( §+2) (46)

where 6mnl/n2. With Eqs. (A5) and (A6) and the remaining two moment equa-

tions, one finds that
all) w6{314,+48,}/60 (146) @n
(1) 2
ay”’ = —6{(306+16)A2+4A1}/60(1+6) (A8)

The correction to the rate of reaction is then given by

(1)

o (.1
ne (2a;7'A; + 2a, A:,_)/A0
5 2 ' 2 52A§
- ———— { 31A1+12A1A2+16A2} + (A9)
30(1+6) Ao (14+8) A0

In the limit 870, the reactant is dilutely dispersed in a heat bath and

6(31A +12A A +16A )/3OA which is the result for the isothermal

e &0 5—»0 142

 system. The other limit §-+w corresponds to the isolated system and we
find that Mg S*W A /A « Since the expansions converge rapidly, these
regsults are qualitatively in agreement with those in Figs. la andvIIIa
corresponding to the §+0 and the &+ limits, respectively. The result
(A9) can be used to obtain an estimate of the error introduced by
assuming that the heat bath is unperturbed by reaction; i.e.) Ne varies
linearly with §. From the expansion of Ne in 6; the ratio of the

coefficient of 62 to the coefficient of 6§ is found to be



-] b=

A A A A ' )
843 (D) +4 221/ {31412 ()+16 2)°)
A A A A
1 1 1 1
For reactions with activation energy, we find that § must be less than

'10“2 in order that an error of only 1-27 is introduced by neglecting

the perturbation of the heat bath,

The calculations by Pyun4 set the a

{1) expansion coefficients equal

to zero and his result is (in our notation) Ne = 6{(16+316)/(31(1+6)2)}Aé/Ao,
which has the limits nf“gja 6(16/31)A§/A0 and nf-ggg AE/AC. The agreement

between the two methods for the limit &9 is due to the fact that the

afl) coefficients vanish in this limit (pure A). However, if the two

methods were separately applied to the system A+Boproducts (in a heat bath M)

{v)
1

zero even in the limit &9, " This fact has been discussed in II where it

there would not be agreement since the a (y=A,B) coefficients are non-

was shown that the aéY) (y=A,B) terms (for the isclated system =) depend
on the mass density difference pA—pB, so that significant differences can

result between the present modél (aiy>#0) and calculations with afY)=O.
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Fig. 2:
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FIGURE CAPTIONS

1)

Variation of n versus €%/kT as a function of the mass ratio

of the heat bath particle and the reactant mass; M/m equal to
(a) 1.0 (b) 2.0 (e) 4.0 and (d) 8.0; m=m, M, 3 all other unspec~

ified quantities are equal to unity.

(Y)

Variation of n versus €*/kT as a function of the mass ratio

of the reactants;: m2=l and mllm2 equal to (a) 1.25 (b) 2.0 and

(¢) 4.0; all the other system variables are equal to 1;

n® @ e D @)

v)

for ml=m2.

Variation of n with B as a function of the mass ratio of

the reactants; m2=l and mllm2 equal to (a) 2.0 and (b) 4.0; all

n(z),

the other systems variables are equal to 1;

_____ A @
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Table 1. Nonequilibrium Effects in Some

Gas Phase Reactions

Heat Bath T(°k) Reaction Nonequilibrium Rate Coefficients
. ] N .
He 500 H2+C1~HC1+H ne = Hz)Gf/nHe
-2
n, = nH+.l9x10 nHCl)Gr/nHe
Ar N, = +.5?x10~5n ¥G_ /n
o , H, f'"Ar
-2
n. = nﬁ+.95x10 nHCl)Gr/nAR
He 4000 ﬁ+1 XL n. = +.45%10 70, )G /n
2 72 f * 12 £ "He
n, = .51x10 %n,__G_/n
Ar n, = +.146x10 0. )G, /n
S * 12 f' CAr
-2
n. = -20x10 nm_.(;r/nAr
i 100 g > u,C N = 20.49n_. + n )}‘n
2 , 2 £ TV H-""7H,
Ar ng = 251 (nH+ + nH_)/nAr
a,b

See footnotes, Table 114,

The theoretical rate constants of ref. 8 were fitted to the model reactive cross section

O?(g) = ﬂd§{1+(2kT/ug2)a} from 2500K~8000°K; dR and ¢(T) were found to be equal to 232{10_6 cm

and 73/T, respectively; dE was assigned the value of'l;xlom8 em; see footnote d of Table XI in I.



