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o A METHOD FOR IDENTIFYING AND 
EVALUATING LINEAR DAMPING MODELS 

IN BEAM VIBRATIONS

by

M. W. "yVambsganss, J r . ,  B, L. B o er s ,  
and G. S. R osen b erg

ABSTRACT

This rep ort p r e se n ts  the r e s u lt s  of an effort to identify  and evaluate  
e f fe c t iv e  l in ea r  dam ping m o d e ls  in beam  v ibration . The study w as m o t i ­
vated by the d e s ir e  to m a th em a tica lly  m o d el the dynam ic r e s p o n se  of a 
b ea m -ty p e  e lem en t  in w hich  s ign ifican t energy  d is s ip a t io n  could be a ttr ib ­
uted to the contact of the com ponent with adjacent s im ila r  com p on en ts .

The u su a l m ethod of m od elin g  damping is  em ployed, that is ,  a s s u m ­
ing dam ping m e c h a n is m s  and e m p ir ic a l ly  evaluating the c o e f f ic ie n ts .  The  
th ree  dam ping m e c h a n is m s  c o n s id e re d  are; d es ign ated  v is c o u s ,  s t r e s s ,  and 
load dam ping. The p ro b lem  is  that of identifying the dom inant dam ping  
m e c h a n is m (s )  for in c lu s io n  in the m a th em a tica l  m od el,  and of evaluating  
the a s s o c ia te d  damping c o e f f ic ie n ts .

A th eo r e t ic a l  a n a ly s is  is  c a r r ie d  out, based  on the u su a l assu m p tion s  
in (E u ler) beam  theory  and the further  a ssu m p tio n  of the dam ping being su f­
f ic ie n t ly  s m a l l  that the natural fr e q u en c ie s  and m ode shapes are  unaffected .  
The a n a ly s is  leads to a s e n s i t iv e  m ethod, com patib le  with r e s u lt s  obtained  
fr o m  t e s t s  on a v ibration  e x c iter ,  for identify ing  the e f fec t iv e  dam ping m e c h ­
a n i s m s . ’ The technique in vo lves  a c o m p a r iso n  of the e x p e r im en ta lly  d e te r ­
m in ed  ratio  of f i r s t -  to seco n d -m o d e  m a g n if ica tion  f a c t o r s , r e la ted  to a 
com m on  point on the beam , with the constant v a lu es  of th is ratio  c o r r e sp o n d ­
ing to "pure form s" of the p rop osed  dam ping.

The m ethod is  i l lu s tra ted  by application  to the m od elin g  of the r e ­
sp on se  of a c lu s te r  of ca n t i lev e re d  b ea m s c lam ped  togeth er  at the b ase .
This m o d el i s  being em ployed  in the p r e l im in a ry  a n a ly s is  of the in teraction  
e ffec ts  of v ibrating fu el rods in a n u c lea r  -r e a c to r  c o re .  Damping m o d els  
a re  identified , and cu rves  of dam ping c o e ff ic ien ts  as a function of c lu s te r  
s iz e  a re  p resen ted .

o



I. IN TR O D U C TIO N

A n u c le a r -r e a c to r  co re  is  m ad e up of m an y s tr u c tu r a l  e l e m e n t s , 
u su a lly  in the fo rm  of s len d er  p la tes  or r o d s , w hich  con ta in  the fu e l m a ­
te r ia l .  T h e se  fu el e lem en ts  a re  often  arran ged  in s m a l l  s u b a s s e m b l ie s .  
T h ese  s u b a s s e m b l ie s ,  in turn, a re  m ounted on a support grid , fo rm in g  a 
r e la t iv e ly  t igh tly  spaced  bundle. H ig h -v e lo c ity  coo lan t f low s a x ia l ly  
through th is arra n g em en t,  and the en t ire  c o r e  i s  ad d it io n a lly  su b jec ted  to 
s e v e r e  th erm a l and p r e s s u r e  lo a d s .

P a r a l l e l  coolant f low  is  known to induce o s c i l la t io n s  of p la te s  and 
rods . In a r e a c to r ,  la r g e  am p litud es of o s c i l la t io n  m u st  be avoided , not. 
only for  convention al s tru ctu ra l r e a s o n s , ,  but also, b e c a u s e  en su in g  co o la n t-  
channel c lo su r e  m ay  have a c r i t ic a l  e ffec t  on heat tr a n s fe r  and r ea c to r  
neutron d y n a m ics .  In addition to f lo w - in d u c e d ■ vibration* m o b ile  r e a c t o r s ,  
to be u sed  on su b m a rin es  or sp a ce  v e h i c l e s , a re  su b jec ted  to d is tu rb a n ces  
r e c e iv e d  fr o m  the environm ent in w hich  the v e h ic le  o p e r a te s .  T h is  r ep o rt  
s te m s  fr o m  a part of the study d ir e c ted  tow ard acq u ir in g  p er tin en t d e s ig n  
in s ig h t s .

The m a th em a tica l  m od elin g  of the dynam ic b eh av ior  of an in - c o r e  
fuel a s s e m b ly  is  co m p lica ted  by the fac t  that in tera c t io n  o c cu rs  am ong the  
c lu s te r e d  fu el s u b a s s e m b l ie s .  B e c a u s e  o f ,th is  in tera c t io n , and the fac t  
that c r i t ic a l  d isp la ce m e n ts  are  s m a l l ,  dam ping b e c o m e s  an im p ortan t c o n ­
s id era t io n  of the m od eling .

The study of the in tera c tio n  and dam ping u s in g  a f u l l - s i z e  c o r e  
m ockup b e c o m e s  p roh ib it ive  b ec a u se  of the high c o s t  of fa b r ica t in g  p r o to ­
type fuel a s s e m b l ie s .  T h e re fo r e ,  as a p r e l im in a r y  m o d e l ,  the fu e l sub-  
a s s e m b l ie s  a re  s im u la ted  by hexagonal rod s . The c lu s te r  is  fo rm ed  by 
c lam ping a rod bundle togeth er  at the b a se .  Am ong the o b je c t iv e s  of the  
study of th is p r e l im in a ry  m o d el a re  the following:

1. D e ter m in e  the e ffect  of c lu s te r  s i z e  on the n atu ra l f r e q u e n c ie s  
and on dam ping of a rod within the c lu s te r .

2. Identify dam ping m o d e ls  and a s s o c ia te d  dam ping c o e f f ic ie n ts  
to s a t i s fa c to r i ly  d e s c r ib e  the d is s ip a t io n  of e n erg y  in a rod.

3. D e term in e  the ex p er im en t  s i z e  in t e r m s  of the num ber of e l e ­
m en ts  in the ex p er im en ta l  c lu s te r  that would be req u ired  to obtain e x p e r i ­
m en ta l  e s t im a te s  of c er ta in  co rresp o n d in g  fe a tu r e s  (such  as natural  
freq u en cy  and damping) without req u ir ing  the full, proto type  c o m p le m e n t  of 
c lu s te r  e le m e n ts .

The dam ping fo r c e  a s so c ia te d  with the d is s ip a t io n  of e n erg y  can be  
a l in ea r  or non linear  function  of d isp la ce m e n t ,  v e lo c i ty ,  s t r e s s ,  te m p e r a tu r e ,  
an d /o r  other f a c t o r s . The m a th em a tica l  m od eling  of th is  fo r c e  is  d if f icu lt ,  
and the d y n a m ic is t  m u st  g en era lly  a s su m e  a dam ping m e c h a n is m  and r e ly  
on e m p ir ic a l  d eterm in ation  of the e f fe c t iv e  dam ping c o e f f ic ie n ts .  T he m o s t  
w id e ly  used  m od el,  w hich leads to the s im p le s t  m a th e m a tic a l  tr e a tm e n t ,  is
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G that of v is c o u s  dam ping, in w hich the dam ping fo r c e  is  a s su m e d  proportional  
to the v e lo c i ty .  S tru ctu ra l,  or m a ter ia l ,  dam ping is  often m od eled  a ssu m in g  
the dam ping fo rce  to be proportion al to the d isp la ce m e n t  but in ph ase  with  
the v e lo c i ty .  V arious other dam ping m e c h a n ism s  can be conceived .

T his  b a s ic  approach to m od eling  dam ping (that is ,  a s su m in g  damping- 
m e c h a n is m s  and u t i l iz in g  e m p ir ic a l  r e su lt s  for  evaluation) is  fo llow ed  in 
studying the en ergy  d is s ip a te d  in the v ib ration  of s im u la ted  f u e l - a s s e m b ly  
c lu s te r s .  The th ree  dam ping m e c h a n ism s  c o n s id ered  a re  d es ign ated  v i s ­
co u s ,  s t r e s s ,  and load dam ping. They a re  defined by the d istr ibu ted  dam ping- 
fo r c e  in ten sity  as

f Cyy^., v is c o u s  dam ping,

f D (x,t) = cg yx x t , s t r e s s  dam ping, (T)

c LYxxxxt> load dam ping,

w h ere  the su b scr ip ts  t and x  re fer  to p a r t ia l  d if feren tia t ion  with r e s p e c t  
to t im e  and d isp la cem en t,  r e s p e c t iv e ly .  In the a n a ly s is ,  w e  a s su m ed  that 
the damping is  su ff ic ien t ly  s m a ll  that the natural fr e q u e n c ie s  and m ode  
shapes a re  unaffected .

The s e le c t io n  of the dom inant dam ping m e c h a n is m s  is. based  on a 
c o m p a r iso n  of the ex p e r im en ta l ly  d eterm in ed  ratio  of f i r s t -  to s eco n d -m o d e  
m ag n if ica tio n  f a c t o r s , with the c o n sta n t  v a lu es  of th is  ratio  c o rre  spending to 
"pure fo rm s  " of the p rop osed  dam ping, as obtained fr o m  th eo r e t ic a l  con­
s id e ra t io n s .  The a s so c ia te d  dam ping c o e f f ic ien ts  a re  evaluated  by so lution  
of a s e t  of independent s im u ltan eou s  equations. The se t  of equations is  
co n stru cted  by e x p r e s s in g  the co e f f ic ien ts  as a l in ea r  com bination  and u s ing  
e x p er im en ta l  r e su lt s  obtained at resonan t conditions.

II. THEORETICAL ANALYSIS(

A. F o r c e d  V ibration  of a L ightly  Dam ped B ea m  -

C on sid er  a t r a n s v e r s e  m otion  im p arted  to a un iform  beam  by giving  
the support the harm onic  d isp la ce m e n t ,

z(t) = Ao cos a)t. (2)

With y(x ,t) defined to be the r e la t iv e  la te r a l  d isp la ce m e n t  of the b eam  with  
r e s p e c t  to the support, the abso lu te  d is p la c e m e n t  of the b eam  can be w r itten

Y(x,t) = y(x,t) + z(t). (3)

Including the three' p ro p o sed  dam ping m e c h a n is m s ,  and using  E u ler  beam  
th eory , the equation' of m otion  for the beam  b e c o m e s
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^  d 4Y i r, d 5Y , ^  d3Y , ^  dY ^ A d 2Y _ „ //M
EI — 7 + L r ^ - -  + CS. T - j r -  + C V F f  + PA X-J -  ° -  H)dx d x  d t  dx  d t  dt d t

or

d 4y ( c  i \  d 5y / C g \  d 3y ZC y \  d y  Z p A \ d 2y f  £ v  X dz  ( p A \  d2z 

d 7 4 + V E l J  d x 4 dt  + \ E l / d x 2 dt  + U l ]  dt  + \ e i )  dtz " \  EI  / dt  V e J  dt2 ( 5 )

F or  s tru c tu ra l  s y s te m s ,  the am ount of dam ping is  g e n e r a l ly  s m a l l .  
B ased  on this o b servat ion , the a ssu m p tio n  w il l  now be m ad e that the r e l a ­
t ive  m otion  of the beam  can be r e p r e se n te d  as a su p e r p o s it io n  of the  
undam ped fr e e -v ib r a t io n  m o d es ,  or e igen fu n ct ion s , as found fr o m  so lv in g

d4 * m  _ A Pj ;̂
7 _ ^ m ^ m ’ ^-m -  pr

dx
^ m  ^ m ’ ^-m ■n'T ^ m j (^)

with the app rop riate  boundary con d it ion s . T h ere fo r e  the r e la t iv e  m o tio n  of 
the beam  can be w ritten

n
y(x >t) = X  dk(x ) qk(t)- (7 )

k~i ' ' '

A pplication  of G alerk in 's  m ethod  by substitu tin g  Eq. 7 into Eq. 5, 
m u ltip ly ing  through by 0 m (x ). and in tegratin g  over  the length , g iv e s ,  u s in g  
the orthogonality  p rop er ty  of the n orm al m o d es ,  a s e t  of n ord in a ry  d i f ­
fe r en tia l  equations to so lv e  for the n g e n e ra l ize d  c o o r d in a te s .  In g e n era l ,  
b ec a u se  of the nature of the s t r e s s  dam ping term , the equations w i l l  be 
coupled. H ow ever, noting a further  p ro p e r ty 1 of the n o rm a l m o d e s ,  that

I I
0m (x) 0^(x) dx = 0, for  (m + n) odd, • (8)

a tw o -te r m  approxim ation  to the m otion , m ad e up of an even  and an odd 
harm on ic  term , w i l l  g ive  uncoupled equations. S in ce  a t w o - d e g r e e - o f -  
fr eed o m  approxim ation  often g iv es  sa t is fa c to r y  r e s u l t s  in s len d e r  b eam  
v ib ra tion s, th is  req u irem en t for uncoupling is  not s e r io u s .  F u rth er ,  
higher d e g r e e - o f - f r e e d o m  app roxim ations m a y  be u se d  w ith  th is  p r o c ed u r e  
when the s t r e s s - d a m p in g  term  is  included, if it can be shown, say  by an 
" o r d e r -o f-m a g n itu d e " com p arison , that the c o e f f ic ie n ts  in front of the 
coupling te r m s  are  such that the coupling te r m s  can be n e g le c te d  r e la t iv e  
to the rem ain in g  t e r m s .  With th e se  co m m en ts  r eg a rd in g  the uncoupling  
of the equations of m otion , the a n a ly s is  w il l  be d eve lop ed  in g e n e ra l  for  
an n - te r m , or n - d e g r e e -o f - f r e e d o m , approxim ation , under the a ssu m p tio n  
that uncoupled equations can be obtained. The r e su lt in g  s e t  of uncoupled  
equations can be w ritten



1 f*
9 m  ^ = ~ (^ C ^) J I 0 m (x ) dx, (9)

J o

w h ere

>m  - Cm + Cm j  0 m 0 m d x  + Cm J j f  0 m ( ~ ^ )  dx

V _ CV .8  _ CS , L  _ CL
(c c r L " ’ m  _ (cCr L ’ m  ~ ( c c r ) m ’

, m  / r  ) ’ \ Cm
1 cr^m  

(Ccr)rn = 2 pAmm ,

and the e igenfunctions have been  n o rm a lize d  such that

J

f .
0 m (x ) dx = I .  (10)

The s tead y- state  fo rced  v ibration  r e sp o n se  to the s in u so id a l forc ing  
function (Eq. 2) can be w ritten , u s in g  su p erp osit ion , as

2CV ■ •
qm W  = Bm i cos (“ t - 7 m ) +  -jg-21 s in  (cut - 7 m )  h  (11)

w h ere

I

Ao ^m *7 I ^ m (x ) dx
H

Bm  " t ( l - ^ 2m )2 + 4C2 /B2m ]l /2 ’

7 m  = t a n '1
2 Cm /3m

1 - j32m

and :

_  00 
Pm “ TTT̂-^ m

The r e la t iv e  m otion  of the beam  can then be r ep re sen ted  by
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V' f  Cmy(x»t) = > Bm 0 m (x) <cos (03t- 7 m ) + 2 - —  s in  (cot - y m ) > (12)
m=i I

or

n
y(x ,t)  = £  ym (x ) cos  (cot - 7  mm ).

m=i
(13)

w h ere

ym (x ) = A o0 m (x) p m
‘ “ ' f e )

(1 - PZm )2 + < 4

1/2

-  r
* j »

0 m (x ) dx,

and

0 m  = tan"1 2 1
>V
’m

m ,

T h e re fo re ,  the ab so lu te  m otion  of the b eam  is  g iven  by

n
Y(x,t) = A cos  to t+  X  ym (x) co s  (c D t-y m - 0m ),

m=i
(14)

When v ibration  takes  p la ce  at one of the natural f r e q u e n c ie s , a s ­
su m e a ll  the energy  input goes into that m od e of v ib ration . Under th is  
assu m p tion , when go =  c o n ,

Y(x,t) = A0 cos  cont + yn (x) cos  (oont - Yn - 0n ). 

A lso , when 00 = 0)n , j3n = 1, which g ives

(15)

Ao0 n (x) (  , „ v z\l/2  1 , ,
yn(x) = — [ l + A j  J  J  0n(x) dx, 7 n

7T
T ( 1 6 )

and lead s  to

Y (x,t) y n (x)
cos GOnt + -  s in  (oont - 6n ).' ' ( 17 )



At a r e so n a n ce , with s m a l l  damping,

Y(x,t) »  1, and «  1; (18)

th er e fo re ,

Y(x,t) x y n (x)  s in  cnnt,

w h ere

(19)

A o0n(x) 1 Z*"'
Yn = 2 Cn I  J

When a beam  is  v ibrated  on a v ibration  ex c iter ,  the b eam  d is p la c e ­
m en t at a reso n a n ce  can be o b se rv e d  to be of the fo rm

Y(x,t) = An (x) s in  a)nt, (2 0 )

w h ere  the am plitude An (x) can e a s i ly  be m e a su r ed .  Equating E qs. 19 and 
20 g iv e s  1

Cn

p i
^n(x ) /  *n

v n
(x) dx

ZifJ.n (x)
(2 1 )

w h ere

A n (x )

A o

B . D am pings m od el Identif ication

T h ree  damping m e c h a n is m s  have been  p rop osed  in m a th em a tica lly  
m o d elin g  the damping in a beam . The p ro b lem  that now a r i s e s  is  that of 
identify ing , fr o m  the th ree , the dom inant dam ping m e c h a n ism (s ) .  In this  
regard , it would be d e s ir a b le  to have a rather  s e n s i t iv e  m ethod of m aking  
the id en tif ica tion  fr o m  s im p le  exp er im en ta l  t e s t s .

A ssu m e , for  the m om en t, that only one damping m e c h a n ism  is  
dominant; take the other two dam ping co e ff ic ien ts  to be zer o .  Then the  
remaininig damping co e f f ic ien t  can be obtained from  Eq. 21 as



14

pAoon 0 n(x)
r i
/  0n

Jo
(x) dx

p i

M n W  /  d x
Jo

(22)

w here

Cy, for r = 0 ;

Cg, for r = 2 ; 

c jy  for r = 4.

Equating the e x p r e s s io n s  for the dam ping co e f f ic ien t  (which is  be ing  a s ­
sum ed constant) as obtained from  f ir s t -  and sec o n d -m o d e  c o n s id e ra t io n s  
g ives

R(x)
M i(x )

- ( £ )

0 l(x )

p i
J 0i dx 

Jo
f  0202(r) dx 

J o

|U2(X) 02'(x) p i
1 02 dx

J o

(r)
J  0101  dx

(23)

That i s ,  the ratio  of f i r s t -  to s ec o n d -m o d e  m a g n if ica tion  fa c to r s  i s  a c o n ­
stant at a p a rticu lar  value of x, or s e c t io n  along the beam . When the e ig e n ­
functions and the ratio  of natural fr e q u e n c ie s  a re  known, the constant  
depends only on the order  of the d e r iv a t iv e  of the e igen fu n ction  under the  
in tegra l, w hich  in turn is  d ir e c t ly  re la ted  to the fo r m  of dam ping. T h e r e ­
fore , ex p er im en ta l  d eterm in ation  of the ratio  of m a g n if ica t io n  f a c t o r s , r e ­
lated  to a sec t io n  on the beam , and co m p a r iso n  with the co rresp o n d in g  
ratio con stan ts , a s s o c ia te d  with a p ar ticu la r  dam ping m e c h a n ism , g iv e s  a 
m ethod of d eterm in in g  if one p articu lar  damping m e c h a n ism  alone is  
p resen t ,  or which two are dominant,

As an exam ple , co n s id er  a c la m p e d - fr e e  or c a n t i le v e r e d  b ea m . The  
req u ired  m od al p r o p e r t ie s*  of b ea m s a re  g iven  in R ef. 2. U sin g  th e s e  to 
evaluate Eq. 23 g iv es  as the ratio  of m a g n if ica tion  fa c to r s ,  r e la ted  to the  
tip of a ca n ti lev er  ed beam ,

*An additional property, required in evaluating Eq. 23, is given in Ref. 1 , that is,

J

The symbols correspond to those in Ref. 2.
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o
R (i)  A

0 .288 , v is c o u s  damping (r = 0)

4 .46 , s t r e s s  damping (r = 2) (24)

11.3, load dam ping (r -  A)

T h e re fo re ,  a com p a r iso n  of the ratio  of m agn ifica tion  fa c to rs  g iv e s  a rather  
s e n s i t iv e  m ethod, com p atib le  with r e s u lt s  d er ived  fr o m  te s t s  on a v ibration  
e x c ite r ,  for  evaluating or s e le c t in g  a damping m od el for  a u n iform  beam .

S im ila r  s e t s  of ratio  constants  can be d eveloped  for b eam s m ounted  
in va r io u s  other b a s ic  con figu ration s . A lso ,  although it is  not a lw ays p r a c ­
t ic a l ,  m o d es  other than the f i r s t  and secon d  m ay  be em ployed  to g ive  a ratio  
of m a g n if ica tion  fa c to r s .  The effect  of sh ear  and rota tory  in ertia , which  
has been  n eg lec ted , in c r e a s e s  w ith fr e q u e h c y . T h ere fo re ,  if h igher m od es  
a re  used , c a r e  m u st  be taken to be su re  that the e ffec t iv e  length (modal 
"wavelength") in co m p a r iso n  with the depth of the beam , is  s t i l l  such  that 
s le n d e r -b e a m  theory  a p p lie s .  F u rth er , for the m odal p rop erty  g iven  by 
Eq. 8 to hold, w hich a llow s  s t r e s s  dam ping to be included in g en era l,  an 
even  and odd harm on ic  m od e m u st  be used .

In g en era l,  a tw o -m o d e  approxim ation  is  often su ff ic ien t  in the d e ­
scr ip t io n  of the dynam ic r e s p o n se  of m o s t  s tru c tu ra l  com pon en ts . U n less  
the boundary conditions or type of excita tion  in d ica tes  that other m od es  
m igh t be expected , the two m od es  s e le c te d  a re  g en era lly  the f i r s t  and s e c ­
ond. T h ere fo re ,  it is  lo g ic a l  to u s e  the f i r s t -  and seco n d -m o d e  m a g n if ic a ­
tion  fa c to r s  in the d am p in g -m o d e l id en tif ica tion  sch em e .

C . D a m p in g -c o e ff ic ie n t  E valuation

Once the dam ping m e c h a n ism s  and corresp on d in g  dam ping m o d els  have  
been  selected* com p letin g  the form u lation  of the m a th em a tica l  m o d el r e ­
q u ires  evaluation of the a s so c ia te d  dam ping c o e f f ic ie n ts .  If a con s id era t ion  
of the ra tio  of m agn if ica tion  fa c to r s  in d ica te s ,  by a c lo s e  co m p a r iso n  with  
one of the ratio  con stan ts  g iven  by Eq. 24, that only one fo r m  of dam ping is  
dom inant, the corresp on d in g  damping c o e f f ic ien t  can be read ily  evaluated  
with Eq. 22. In g en era l,  h ow ever , m o r e  than one type of dam ping w il l  be 
ind icated .

Equation 21 can be expanded and w ritten  in the form

£ pAwn 0 n (x) J : 0 n (x) dx

CV + CS J  f  ( ' ) - ■  ■■ ■ ( « )



Let only two dam ping m e c h a n is m s  be inclu ded  in the m o d e l  by a s s u m in g  
one of the dam ping c o e f f ic ien ts  to be z e r o .  V ibrating  a b e a m  on a sh ak er  
through its  f i r s t  two reson an t m o d es  en ab les  th e .co  rresp o n d in g  natural  
fre q u e n c ie s  and m a g n if ica t io n  fa c to r s  to be m e a su r e d .  With th is  in fo r m a ­
tion and Eq. 25, two equations can be w r itten  and the two unknown dam ping  
c o e f f ic ien ts  can be com puted.

As an exam p le , co n s id er  once again  the c a n t i le v e r  ed b ea m , and le t  
v isc o u s  and s t r e s s  dam ping be the two dam ping m e c h a n is m s  in c lu d ed  in 
the m a th em a tic a l  m o d e l  for the b eam . With Eq. 25 and the p r o p e r t ie s  p r e ­
v io u s ly  g iven  (in R ef. 2 and the footnote  on p. 14) for  a c la m p e d - f r e e  beam ,  
the v is c o u s  and. s t r e s s  damping c o e f f ic ie n ts  can be e x p r e s s e d  as

EI Z 18.2 25.5
V ;• £.4 V (Du to2jLt2(^)

and

1.37
£ 2  CD2 ^ 2

(2 6 )

In the above equations, the ra tio s  of m a g n if ica t io n  fa c to r s  a r e  r e f e r r e d  to 
the b ea m  tip or f r e e  end. A ll that is  r eq u ired  to com pute  the dam ping c o ­
e ff ic ien ts  is  a know ledge of the f le x u r a l  r ig id ity  and length  of the b ea m  and 
va lu es  for the f i r s t -  and s ec o n d -m o d e  natural fr e q u e n c ie s  and m a g n if ic a ­
tion f a c t o r s . , . .

III. APPLICATION: REACTOR F U E L  SUBASSEM BLIES

A. E x p er im en t D e s ig n

As d is c u s s e d  e a r l ie r ,  the p r e l im in a r y  m od el,  s im u la t in g  the r e a c to r  
fu el s u b a s s e m b l ie s ,  c o n s is t s  of a c a n t i le v e r e d  c lu s te r  of h exagon a l ro d s .  
The ca n t i lev e re d  configuration  w as c h o sen  b e c a u se ,  in a r e a c to r ,  fuel, sub-  
a s s e m b l ie s  a re  frequently  ca n t i lev e re d  fr o m  a support gr id . A h exagon a l  
c r o s s  sec t io n  is  typ ica l of s e v e r a l  r ea c to r  fu e l s u b a s s e m b l ie s  in addition  
to having a u n iform  sec t io n  m odulus about any ax is  and be ing  rea d ily  a v a i l ­
able as a s tock  m a te r ia l .  T h ere fo re ,  a hexagonal c r o s s  s e c t io n  having  
l / 2  in. a c r o s s  the f la ts  of the hexagon w as u sed . The s to ck  m a t e r ia l  p u r ­
ch ased  w as s e le c te d  so  that a to le r a n c e  of ±0.001 in. on the 0 .5 0 0 - in .  f la t  
d im en sio n  w as m ain ta ined .

T e s ts  w e r e  conducted u s ing  both a lum inum  a n d .s t e e l  ro d s .  The e f ­
fe c t iv e  length of the a lum inum  rods w as 2 5 -| in.; the s t e e l  rods' w e r e  24 in. 
long. F o r  th is study, eight c lu s te r  s i z e s  of 1, 7, 19, 37, 61 ,-91 , 127, and 
163 rods w e re  te s te d .  F ig u r e s  1 and 2 show the c lam p in g  f ix tu r e  and a 
3 7-rod  c lu s te r .
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112-7179

Fig. 1. Clamping Fixture and Model Cluster

112-7180

Fig. 2. Experimental Test Setup



T hree  s e t s  of t e s t s  w e r e  run w ith  each type rod. In the f i r s t  s e t ,  
the in it ia l  c lu s te r  c o n s is te d  of a s in g le  e lem en t  and a row w as  added for  
each s u c c e s s iv e  t e s t .  The secon d  s e t  s ta r ted  w ith  the m a x im u m  - s i z e  
c lu s te r ,  and for each  su cce e d in g  t e s t  the outer row would be r em o v ed  and 
rep la ced  with 4 - in . - lo n g  s tu b s . In the th ird se t  of t e s t s ,  the c lu s t e r s  w e r e  
fo rm ed  fro m  random ly s e le c te d  r o d s .

B. T es t  R esu lts

The r e s u lt s  of the t e s t s ,  app licab le  to the su b jec t  m a t te r  of th is  
report, a re  p r e se n te d  grap h ica lly  as s e t s  of c u r v es  in F i g s .  3 and 4. When  
the t e s t s  w e re  run at second  m od e w ith  the la r g er  c lu s t e r s  (6 1 -163  rod s),  
la r g e  v e r t ic a l  g - l e v e l s  w e r e  m e a s u r e d  at the f ix tu re .  The in f lu en ce  of 
th e s e  la r g e  v e r t ic a l  a c c e le r a t io n s  is  p r e se n t  in the g iven  r e s u l t s .  The  
f ix tu re  or m ounting m u st  be red es ig n e d  for future t e s t s .
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F o r  th is a n a ly s is ,  a natural freq u en cy  w as a s s u m e d  to be equal to 
the corresp on d in g  resonan t frequency  as defined by a m a x im u m  m a g n if ic a ­
tion fac tor . F ig u r e  3 show s that the natural fr e q u e n c ie s  of v ib ra tio n  of a 
rod in a c lu s te r  do not vary  s ig n if ican tly  fro m  the c o rr e sp o n d in g  natural  
frequency  of a s in g le  rod.

The s tr a in -v e r s u s - f r e q u e n c y  p lots  for the cen ter  rod co m p a red  
favorably  with th ose  for an in stru m en ted  outer rod. T h e r e fo r e ,  it w as a s ­
sum ed that an outer rod w as r ep re sen ta t iv e  of the b eh av ior  of a ty p ica l  rod  
in a given c lu s te r .  This was an advantage in data red uction . The ou tsid e  
rod could e a s i ly  be in stru m en ted  with a m in ia tu re  a c c e le r o m e t e r ,  and 
s in c e  a c c e le ra t io n  is  proportional to d isp la cem en t,  for  the h a rm o n ic  r e ­
sponse  at r eso n a n ce ,  the m agn ifica tion  factor  b e c o m e s  s im p ly  the ratio  
of t ip -to - in p u t a cce le ra t io n .  F ig u re  4 is  a plot of the f i r s t -  and s e c o n d ­
m ode m agn ifica tion  fa c to rs  ca lcu la ted  in th is m an ner.
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G As i l lu stra ted  in F ig .  4, as the num ber .of rods in the c lu s te r  is  in ­
c r e a s e d  fro m  one to the m ax im u m  of 163, the m agn ifica tion  fa c to r s  d e c r e a s e  
continually . S en s it iv ity  of the m agn ifica tion  fac tor  to input am plitude is  
ruled  out by the fact that a con tro lled  con stan t-am p litu d e  input w as used .  
T h ere fo re ,  the d if feren ce  in r e s p o n se  betw een  a s in g le  rod and a rod in a 
m u ltirod  c lu s te r  is  dom inated by the in c r e a s e d  d is s ip a t io n  of energy  with  
in c r ea s in g  c lu s te r  s ize ;  hence, dam ping m u st  be included in the equation  
of m otion  for a fuel a s se m b ly .

The th eo re t ica l  a n a ly s is ,  d eve loped  in S ection  II-A  of th is  rep ort is  
b ased  on the assu m p tion  that the natural freq u en c ie s  and m ode shapes a re  
u n affected  by the dam ping. F ig u r e  3 shows that the natural fr e q u en c ie s  r e ­
m ain ed  r e la t iv e ly  constant with c lu s te r  s i z e .  B ased  on th is observation , we  
would in tu itively  expect the m ode shapes to a lso  rem ain  e ffe c t iv e ly  unchanged.

C . Rod M o d e-sh a p e  T e s ts

S in ce  the a n a ly s is  a s s u m e s  that a l l  rods in a c lu s te r  m ove  as a s in ­
gle  ca n ti lev er ,  it w as d e s ira b le  to v er ify  th is  fac t ex p er im en ta lly .

o

Strain  gages  m ounted in m il le d -o u t  portions of the rod w e re  u sed  to 
g ive  bending stra in  at the quarter  points of the rod. The rod w as excited

alone and as the cen ter  rod in a c lu s ­
ter  of 1 9 and a c lu s te r  of 91 r o d s .
The th eo re t ica l  s tra in  va lu es  w e re  
ca lcu la ted  u s ing  Ref. 2. F ig u r e  5 is  
a plot of the r e s u lt s .  Note that the 
s tra in  va lu es  departed fro m  the 
th eo r e t ic a l  som ew hat when the rod 
w as exc ited  as a m em b er  of a c lu s te r .  
We did not ca lcu la te  the e ffect  of this  
varia tion  in ideal, m otion  on the dam p­
ing action  of the r o d s .

Strobe l igh ts  and a p u lse  c a m ­
era  w e re  u sed  to photograph the rod-  
c lu s te r  m otion  at reso n a n ce .  S low -  
m otion  p rojection  of th is f i lm  p rov id es  
quantitative ev idence  that the c lu s te r 's  
o v e ra l l  m otion  is  the sa m e  as that of 
a s in g le  rod. The individual rods in 
a c lu s te r  a lso  m ove  as a s in g le  rod, 

often out of ph ase  with other rods in the c lu s te r .  This r e su lt s  in s e v e r e  rod 
c la tter  at r eso n a n ce  and s ign if ican t dam age to the r o d s . This rod dam age  
could b eco m e  s e v e r e  in a m ob ile  r ea c to r .  The o u t -o f-p h a se  m otion  and co n ­
sequent. rod in teraction  undoubtedly account fo r  m uch of the deviation  of the 
e x p erim en ta l s tra in  le v e l s  from  th ose  ca lcu la ted  or th ose  of a s in g le  rod.
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D. D a m p i n g - m o d e l  Id e n t i f ic a t io n

To m o d el the dam ping, the th ree  dam ping m e c h a n is m s  g iven  by 
Eq. 1 w e re  c o n s id ered . The m ethod d eve lop ed  e a r l ie r ,  for  identify in g  
l in ea r  dam ping m o d e ls  u s in g  te s t  r esu lt s ,  obtained on a v ib ra t io n  e x c i te r ,  
w ill  now be applied to d e term in e  the dom inant dam ping m e c h a n is m s ,  d e ­
scr ib in g  the d is s ip a t io n  of en ergy  that o c c u r s  during the v ib ra t io n  of s im u -

The id en tif ica tion  s c h e m e  i s  b a sed  on 
the co m p a r iso n  of the ra tio  of f i r s t -  to s e c o n d ­
m od e m ag n if ica tio n  fa c to r s  with th e o r e t ic a l ly  
d eterm in ed  con stan ts  co rr e sp o n d in g  to "pure" 
fo rm s  of the p ro p o sed  dam ping m e c h a n is m s .  
U sin g  the a v era g ed  ex p e r im en ta l  data points  
given in F ig .  4, w e can c a lc u la te  the ra t io s  of 
f i r s t -  to s ec o n d -m o d e  m a g n if ic a t io n  fa c to r s .
The r e s u l t s  a re  given in F ig .  6, w h e r e  c o m p a r i ­
son can be m ad e with ratio  co n sta n ts  c o r r e s p o n d ­
ing to pure v is c o u s ,  s t r e s s ,  and load dam ping as  
obtained fr o m  Eq. 24.

The exp er im en ta l  data l i e  b e tw een  the  
l in e s  co rresp o n d in g  to v is c o u s  and s t r e s s  d am p ­
ing. T h ere fo re ,  it i s  deduced that th e s e  m a y  be 
the two dom inant dam ping m e c h a n is m s  to be in ­
cluded in the equation of m o tio n  for  a fu e l sub-  
a s se m b ly .  The ratio  of f i r s t -  to s e c o n d -m o d e  

m a g n ifica tion  fa c to r s  is  em ployed  as a m ea n s  of identify ing  the dam ping  
m e c h a n ism s  p r e se n t .  S ince  the e x p e r im en ta lly  d e te r m in e d  r a t io s  a re  ap ­
p r o x im a te ly  constant, and h en ce  independent of c lu s te r  s iz e ,  w e m a y  c o n ­
clude that the damping m e c h a n ism s  th e m s e lv e s  a re  in var ian t with c lu s te r  
s iz e .

In su m m ary , b ased  on a co n s id era t io n  of the ra tio  of m a g n if ica t io n  
factors., v is c o u s  and s t r e s s  damping are  a s su m ed  to r e p r e s e n t  the dom inant  
e n e r g y -d is s ip a t iv e  m e c h a n is m s .

E. D a m p in g -co e ff ic ien t  Evaluation

The damping m o d els  (that i s ,  v isco u s  and s t r e s s  dam ping) having  
been  se le c te d ,  the rem ain ing  p ro b lem  is  to d e term in e  the app rop ria te  
dam ping co e ff ic ien ts  to u s e  in the m o d e ls .  This i s  e a s i ly  a c c o m p lish e d  
by substituting  the exp er im en ta l  r e su lt s  into Eq. 26, w hich  w as  d er iv ed  
for a ca n t i lev e re d  beam . The m agn if ica tion  fa c to r s  a v era g ed  o v er  the  
th ree  s e t s  of te s t s  w e re  used . The damping c o e f f ic ie n ts ,  so  ca lcu la ted ,  
are  plotted aga in st  c lu s te r  s iz e  in F ig .  7.

lated  fu el su b a s s e m b lie s .
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With the r e s u lt s  g iven  in 
F ig . 7, a tw o-m od e , or tw o -ter m ,  
approxim ation  for the equation of 
m otion  of a rod in a p a r t icu la r -  
s iz e  c lu s te r  can be w r itten  in c lu d ­
ing damping. The r e sp o n se  to an 
arb itra ry  input, say, p(x,t), which  
m ight r e s u lt  fr o m  a p r e s s u r e  lo a d ­
ing, would tak e  the fo rm

y(x ,t)  = 0 1(x) q^t) + 0 2(x) q2(t).

(27)

The g e n e ra l ize d  coord in ates  are  
d eterm in ed  by so lv ing

P (x ,t) 0(x) dx

E l i (28)

w h ere

cm  = 2pAGUm ' ] CV + CS £

and the co e ff ic ien ts  Cy and eg a re  read fr o m  F ig .  7. for  the p articu lar-  
s iz e  c lu s te r .

F .  M odel S iz e  of a R eactor  C ore

The objective  of th is ex p er im en t  w as to develop  a m ethod for an a l­
y s i s  of r e sp o n se  of a rea c to r  c o re  (fuel e lem en t and support stru ctu re)  to 
v ibration  or shock  loading. A p r e l im in a ry  step in such an a n a ly s is  is  to 
d eterm in e  ex p er im en ta lly  how com p lica ted  a m o d el of the s y s te m  m u st  be 
to p rovide  o rd e r -o f-m a g n itu d e  r e sp o n se  data to a d es ig n e r .  That i s ,  can a 
s im p le  m o d el provide  an ea r ly  ind ication  of the r e sp o n se  of a p rop osed  
s y s te m ?  In a reactor  co re ,  com p lex ity  is  in c r e a se d  by, am ong other f a c ­
to r s ,  the number of fuel e lem en ts  u sed . A lso , a m ajor  portion  of the c o s t  
of c o r e  te s t  sp e c im en s  is  the fuel e lem en ts .  Thus if a m o d el can p red ic t  
the o r d e r -o f-m a g n itu d e  r e sp o n se  and how m uch of the c o re  need  be te s ted  
to obtain exact  data, a c o n s id era b le  econom y in c o s t  and red uced  c o m ­
p lex ity  is  ach ieved .

This exp erim en t can be u se d  to attem pt to an sw er  the question:  
How m any actual fuel e lem en ts  m u st  a t e s t  sp ec im en  contain in ord er  to 
p re d ic t  r e sp o n se  of the en tire  core?  R esp o n se  of the c o re  in th is rep ort



w as d eterm in ed  by m a g n if ica t io n  fac tor  (output over  input) of the s im u la ted  
fu el e le m e n ts .  F ig u r e  6 shows the ratio  of f i r s t -  to s e c o n d -m o d e  m a g n if i ­
cation  fa c to r s  to be a lm o s t  constant. S in ce  the ra tio  of m a g n if ic a t io n  fa c to r s  
is  e s s e n t ia l ly  a constant for m o r e  than one e lem en t ,  t e s t in g  for  s e c o n d -m o d e  
r e s p o n se  need only be done once w ith  ac tu a l r ea c to r  fu e l e le m e n ts .  T h is  is  
an advantage, s in c e  for a constant- inp ut d isp la c e m e n t  the a c c e le r a t io n  l e v e l  
go es  up as a function of the freq u en cy  squared . S ince  the ra tio  of seco n d  
natural freq u en cy  to f i r s t  can be exp ected  to be 6 .27 for  a c a n t i le v e r ,  the  
a c c e le r a t io n  le v e l  or fo r c e  w il l  in c r e a s e  39.3  t im e s  that at f i r s t - m o d e  r e s ­
onance. Thus the p o s s ib i l i ty  of d am age  to the fuel e le m e n ts  is  m u ch  red uced  
by e lim in a tio n  of te s t in g  at s e c o n d -m o d e  r e so n a n ce .

A plot of m ag n if ica tio n  fa c to r  v e r s u s  c lu s te r  s i z e  (F ig . 4) show s that  
the change in m a g n if ica t io n  factor  is  red u ced  with in c r e a s in g  c lu s te r  s i z e .  
T his in d ica tes  that one need not t e s t  the en t ir e  c o r e  of a rea c to r ;  h o w e v e r ,  
the am ount of te s t in g  at p r e se n t  d oes  not a l lo w  s e le c t io n  of a c lu s te r  s i z e  
above w hich  one need not te s t .

IV. SUMMARY AND DISCUSSION

A study of the dynam ic r e s p o n se  of rea c to r  f u e l - a s s e m b ly  c lu s t e r s ,  
ind icated  the im p o rta n ce  of including dam ping in the m o d e l .  T he e ffo r t  to  
m od el the dam ping led  to the d ev e lo p m en t of a m ethod for identify in g  a s ­
sum ed  dam ping m e c h a n is m s  and ca lcu la t in g  the a s s o c ia te d  dam ping c o e f f i ­
c ien ts .  The m ethod is  b ased  on a c o m p a r iso n  of e x p e r im e n ta l  r e s u l t s  with  
th e o r e t ic a l ly  d e term in ed  v a lu e s . The req u ired  e x p e r im en ta l  r e s u l t s  a re  
e a s i ly  obtained fro m  t e s t s  p er fo rm ed  on a v ib ra tion  e x c i t e r .  The m eth od  is  
s e n s i t iv e  to the ratio  of f i r s t -  to s e c o n d -m o d e  m a g n if ica t io n  fa c to r s  and 
appears w e l l - s u i t e d  to form u lating  m athem atical, m o d e ls  for s tr u c tu r a l  
com pon en ts , am enab le  to v ibration  te s t in g ,  w hich  can be m o d e led  as  tw o-  
d e g r e e -  o f - fr e e d o m  s y s te m s .

Experim ental, r e su lt s  w e r e  obtained u s in g  a constant, d is p la c e m e n t  - 
am plitude input. L in e a r ity  is a s su m e d  in the m a th e m a tic a l  m o d el and in  
app lication  should be checked e x p e r im e n ta l ly  by in v es t ig a t in g  the dep en d en ce  
of the m a g n if ica t io n  factor  on the d is p la c e m e n t  am p litud e  of the input. - A lso ,  
when such  t e s t s  a re  conducted, f ix tu re  or con n ection  dam ping is  in c lu ded  
im p l ic i t ly  in the r e s u l t s . In cer ta in  c a s e s ,  th is  m a y  be d e s ir a b le .  H o w ev er ,  
to be able to obtain quantitative r e su lt s  fr o m  such  t e s t s ,  the t e s t  m u s t  b ear  
c lo s e  r e s e m b la n c e  to the final, app lication .

The m a th em a tica l  m od el, form u lated  in the m an n er  outlined  in  th is  
rep ort , has been  fo rced  to give the c o r r e c t  r e s p o n se  at the f i r s t  two natural  
f r e q u e n c ie s  for the g iven  input. T his  r e s u l t s  fr o m  u s in g  in fo rm a tio n  ob­
tained w h ile  operating at the r e so n a n c e s  to com pute  the req u ired  dam ping
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o c o e f f ic ie n ts .  S ince  a s y s te m  is  m ost-..sensitive to dam ping at, or near , a 
reson an t freq u en cy , it m ay  be rea so n a b le  to exp ect the m a th em a tic a l  m o d el  
to sa t i s fa c to r i ly  p red ic t  the dynam ic r e sp o n se  throughout the frequency  
range for which the m o d el is  d er ived . The ab il ity  of the m a th em a tica l  m o d el  
to p red ic t  s y s te m  r e sp o n se  to arb itra ry  loadings m u st  be check ed  by 
exp erim en t.

Any two dam ping m o d e ls  m igh t have been  ch osen  and the co e ff ic ien ts  
fo r c e d  to g ive  the req u ired  r e sp o n se s  at the r e so n a n c e s .  H ow ever , the 
p ro p o sed  m o d els  of v i s c o u s ,  s t r e s s , and load  dam ping do have cer ta in  p h y s - 
ic a l  s ig n if ica n ce .  . A lso ,  the lo ca tion  of ex p er im en ta l  data in re la t ion  to the 
th e o r e t ic a l  va lu es  oh the plot of the ratio  of m a g n if ica tion  fa c to r s  v e r su s  
c lu s te r  s i z e ,  lends support for the u se  of th ese  m o d e ls  to r e p r e se n t  the 
e n e r g y -d is s ip a t iv e  m e c h a n is m s .

With regard  to sa t is fy in g  the o b jec t iv e s  of the study, the fo llow ing  
concluding r em a rk s  can be made:

1. The c lu s te r  s iz e ,  £,nd h ence , the in tera c t io n  phenom ena, has  
l i t t le ,  if any, e ffect  on the natural fr e q u e n c ie s  of an individual e lem en t  
within the c lu s t e r . : .

2. The m a g n if ica tion  fa c to r ,  r e la ted  to the fr e e  end of the rod, 
d e c r e a s e s  continuously  w ith  c lu s te r  s iz e ,  but appears to be approaching  
a l im it in g  v a lu e .

3. In the attem pt to d e term in e  the ex p er im en t  s i z e  req u ired  to 
g ive  r e s u lt s  typ ica l of a f u l l - s i z e  c o r e ,  the only invariant o b serv ed  w as the 
ratio  of f i r s t -  to s ec o n d -m o d e  m agn if ica tion  fa c to r s .  T his  is  the ra tio  that 
i s  em ployed  in the. d am ping-m od  el id en tif ica tion  s c h e m e . The m agnitude
of th is  ratio  ind icates  that v is c o u s  and s t r e s s  dam ping m ay  be the dom inant  
;dam ping m e c h a n is m s .,

' O



A PP EN D IX

E x p e r im en ta l  S tudies

A. F ix tu re  D esig n

As w ith  a ll v ib ration  te s t in g ,  the f ix tu re  d e s ig n  w a s  an im p ortan t  
co n s id era t io n  for good r e s u lt s  and e a s e  of data a cq u is it io n , M aking a tru ly  
f ixed  end for a ca n t i lev e r  is  d iff icu lt . To d e te r m in e  f e a s ib i l i t y  of th is  type  
ex p er im en t,  w e d ec id ed  to m ak e a f ix tu re  that would c la m p  the lo w er  4 in. 
of the rods and be adaptable to one c a n t i le v e r  or the fu ll  e ight row s of th em .  
To red u ce  balancing p r o b le m s ,  w e u sed  a s l ip -p la te  type setup.

The c lam ping  f ix tu re  c o n s is te d  of two sq u are  2 - in . - t h ic k  p la te s  of 
alum inum , w hich  had an 8 -in .  ho le  in the c e n t e r . The p la te s  w e r e  cut into  
two parts  and bolted  to g e th er  and to the s l ip  p late  of the sh a k er . The c lu s te r  
of h exagonal rods w as  m ad e one row la r g e r  w ith  4 - in . - lo n g  stubs and then  
turned down to an 8 - in .  d ia m eter .  Thus the f ix tu re  could c la m p  on the lo w e r  
4 in. of the rod s . The f ix tu re  could be u se d  for any num ber of row s by r e ­
p lacing rods w ith  4 - in .  stubs as  d e s ir e d .  The c e n te r l in e  of the s h a k e r 's  
arm a tu re  w as attached to the top of the f ix tu re ,  and the s l ip  p late  w as  a t ­
tached  at a low er  point on the a rm a tu re . T h is  red u ced  the in e r t ia l  r o ta ­
tional m om en t, tending to lift the fr e e  end of the s l ip  p la te , s in c e  the fo r c e  
input w as ap p ro x im a te ly  5 in. h igher than it would have b een  by inputting the  
fo r c e  at the s l ip  p la te . This s y s t e m  exhib ited  f ix tu re  r e so n a n c e  w ith  no 
rods of about 290 Hz.

B . C lam ping F o r c e

F ig u r e  1 show s the m ethod of c lam ping . The c lam p in g  w as  the s a m e  
fro m  te s t  to te s t ,  r e g a r d le s s  of the num ber of row s of rods being te s te d .

To d e term in e  the req u ired  torque l e v e l  on the c lam p in g  bolts  w hich  
would prov id e  adequate ax ia l r e s tr a in t  to a rod in a c lu s te r  of rod s , a 
c lam ping  t e s t  w as p er fo rm ed . The f ix tu re  w a s  m ounted  so  that a s ta t ic  
load of known m agnitude could be ex er ted  upon the cen ter  rod of a c lu s te r .  
The c lam ping  bolts  have an in tern a lly  m ounted s t r a in -g a g e  b r id g e ,  w hich  
provided  a re la t io n sh ip  b etw een  tightening torque and a x ia l bolt e longation .  
T his m e a s u r e m e n t  is  d iff icu lt  b eca u se  of the v a r ia t io n  in fr ic t io n  of m atin g  
th read s . M olybdenum  d isu lf id e  w as u sed  as a lu b r ica n t  to red u ce  th is  p r o b ­
le m . A ll bolts  w e r e  tightened to a u n iform  s tr a in  le v e l ,  and the v a lu e s  of 
torque req u ired  w e r e  record ed . The s ta t ic  load on the rod to in it ia te  m o t io n  
(o v erco m e  s ta tic  fr ic t ion ) w as p lotted  a g a in s t  the a v e r a g e  torqu e  applied  to 
the b o lts .  The data can be r ep re sen ted  by the r e la t io n sh ip

Torque (in .- lb )  = 0.643 fo r c e  (lb) - 14.3.



S in ce  for the d am p in g -d eterm in a tio n  ex p er im en ts  it w as t im e -c o n su m in g  
to m e a s u r e  bolt elongation , 1200 in .- lb  of torque w as  u sed  for  a l l  e x p e r i ­
m en ts .  A ccord in g  to the above re la t ion , th is  p ro v id es  1890 lb of ax ia l  
r es tr a in in g  fo r c e  on each  rod.

C. T e s t  P r o c ed u r e

The d e s ir e d  number of rods w e r e  m ounted in the f ix tu re , and a 
torque w ren ch  u sed  to tighten  the fix ture  tb the p r e v io u s ly  d i s c u s s e d  le v e l .  
The shaker  ser v o  contro l was then u sed  to m ain ta in  a constant input d i s ­
p la c e m e n t  during the p rep ro g ra m m ed  freq u en cy  sw eep . Data a cq u is it ion  
and red uction  a re  d is c u s s e d  in the fo llow ing  p a r a g r a p h s .

1. Servo  D isp la c e m e n t-c o n tr o l  S y s te m

F ig u re  8 is  a b lock  d iagram  of the b a s ic  contro l s y s t e m  u sed  
to m ain ta in  constant d is p la ce m e n t  during the rod t e s t s .  The c ir c u i t s  i s o ­
lated  by the dashed l in es  a re  part of the H oneyw ell d a ta -red u ction  com p lex .  
The d iagram  has been  s im p li f ie d  in that only the p r im a r y  c ir c u i ts  are  
shown.

The d isp la ce m e n t  s ign a l o r ig in a tes  in a P hoto  con d isp la ce m e n t  
tra n sd u cer  (a cap ac itan ce  d ev ic e ) ,  m ounted adjacent to the c lam ping fix ture  
and u sing  the f ix ture  as one plate  of a ca p a c ito r .  The vo ltage  output (anal­
ogous to d isp la cem en t)  fro m  the tra n sd u cer  is  t r a n s fe r r e d  to the sp ectru m  
an a ly zer  by ~300 ft of co a x ia l  cab le . The sp ectru m  a n a lyzer  contains a 
track ing  f i l te r  with an adjustable  bandwidth. T his f i l te r  p er fo r m s  s e v e r a l  
s ta g e s  of m odulation  and dem odulation  on the input vo ltage , and outputs a 
h ig h -freq u en cy  s ignal with an am plitude corresp on d in g  to the am plitude of 
the fundam ental input v o ltage . Thus the output am plitude is  not a ffec ted  by 
the n o ise  and harm on ic  d is to r t io n  of the input s ign a l.  The d e tec to r  m odule  
p ro v id es  a dc vo ltage  for the X -Y  p lo tter  and feed s  the autom atic  am plitude  
contro l. T h is  m od u le 's  s in u so id a l  output is  adjusted in m agnitude and r e ­
turned to the shaker as a contro l s ign a l.  The sw eep  o s c i l la to r  m odule  
co n tro ls  the frequency  of th is output. Thus the s y s te m  can sw eep  over  a 
p r e s e t  freq u en cy  band at a p r ed e term in ed  rate  m aintain ing a constant d i s ­
p la cem en t am plitude of m otion  output of the s h a k e r .

The d isp la ce m e n t tra n sd u cer  is  ca lib ra ted  by settin g  an a c c e l ­
era t ion  le v e l  at an appropriate  freq u en cy , thus provid ing the d e s ir e d  d i s ­
p la c e m e n t  m otion . The a c c e le r a t io n  s ig n a l o r ig in a tes  in an Endevco  
c r y s ta l - ty p e  a c c e le r o m e te r  and is  am p lif ied  by a charge  a m p lif ie r ,  w hich  
d r iv e s  the long l in es  to the H oneyw ell equipm ent. In th e s e  t e s t s , a peak  
a c c e le r a t io n  le v e l  of 2 g 's  at a freq u en cy  of 140 Hz Was u sed , and the r e ­
su ltant d isp la ce m e n t  transducer , s ign a l adjusted  to p rovide  a p e a k -to -p e a k  
d isp la c e m e n t  of 2 x  10”3 in ., w hich  can be ca lcu la ted  fro m

A c c e le r a t io n  = 0.0511 (freq)2 d isp .
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At var iou s  t im e s  throughout the exp er im en t, the s e r v o - s y s t e m  
a c c u r a c y  was. checked . A c ce le ra t io n  input to the t e s t  s p e c im en  w as  plotted  
and com pared  to that p red icted  by the p rev io u s  equation. N o rm a l deviation  
w as l e s s  than ±3% fro m  the ca lcu la ted  v a lu e s . The exception  to th is  a c c u ­
r a cy  w as at freq u en c ies  corresp on d in g  to the second  natural freq u en cy  of 
the rods being te s ted . The reson atin g  rods ex er ted  in e r t ia l  torques on the 
fix tu re  and caused  s ign if ican t v e r t ic a l  m otion . Thus the d isp la cem en t  
tra n sd u cer  added a com ponent of th is m otion  to the horizonta l m otion . The  
d ev ia tion  caused  by th is  phenom enon is  e s t im a ted  to be l e s s  than 10% r e ­
duction of hor izonta l m otion.

2. Data A cq u is it ion

T hree  m ethods of data acq u is it io n  w e r e  u sed . A c c e le r o m e te r s  
provided  input a c c e le r a t io n  le v e l  on the f ix tu re , and rod a c c e le r a t io n  at the 
top of the c lu s ter .  Strain  gages  w e re  m ounted on the rods of in te r e s t .  D i s ­
p la cem en t of the f ix tu re  w as m on itored  by the P h otocon  d isp la ce m e n t  t r a n s ­
d u cer , w hich op era tes  on the ch an g in g-cap ac itan ce  e ffec t  betw een the f ix ture  
and the tran sd u cer . The P hotocon  d ev ice  can r e s o lv e  1 x  10“4- in . d i s p la c e ­
m e n ts .  F igu re  9 is  a b lock  d iagram  of the s tra in  and a c c e le r a t io n  data-  
a cq u is it io n  sy s te m .

M ag n e t ic
T a p e

R e co rd e r
A c c e l e r o m e te r

O s c i l lo g r a p h

C h a rg e
A m pl if ie r

S train
G a g e s

B r id g es
And

B a la n c in g A m p l i f i e r s

M onito r ing
O s c i l l o s c o p e

Fig. 9. Block Diagram of Data-Acquisition System

The a c c e le r o m e t e r s  w ere  Endevco p ie z o e le c tr ic  c r y s ta l  type. 
T h ree  M odel 12217 a c c e le r o m e t e r s  for f ix ture  m on itor ing  in a ll  th ree  axis  
and a M odel 2222 a c c e le r o m e te r  for rod-top  a c c e le r a t io n  w e re  used.  
E ndevco charge  a m p lif ie r s  (Model No. 2713A) provided  s ign a l le v e l s  app ro­
p ria te  for the H oneyw ell 7700 tape r ec o r d e r .  A ll  a c c e le r o m e t e r s  w ere  
co m p a r iso n -c a l ib ra te d  to a fa c to r y -c a l ib r a te d  a c c e le r o m e t e r  b e fore  the 
exp erim en t s tarted .



F o i l - ty p e  s tra in  g a g e s , m an ufactured  by B a ld w in -L im a -  
H am ilton, Inc., w ere  applied with E astm an  910 a d h es iv e .  T he b r id g e s  and 
balancing c ircu its  w ere  built at ANL. Dana M odel 2200 dc a m p l i f ie r s  p r o ­
v ided s ign a l le v e l s  appropriate  for the H on eyw ell  tape r e c o r d e r  a n d /o r  a 
36-ch an n el C onsolidated  E le c tr o n ic s  C orporation  o sc i l lo g r a p h . M agnitudes  
of the fin a l r eco rd  com p ared  to w ith in  5% for, the two reco r d in g  d e v ic e s .
The s tra in  gages  w e re  ca lib rated  by the p a r a l l e l - r e s i s t a n c e  m ethod for  
changing gage r e s is ta n c e .  C alibration  points u sed  w e r e  0, 500, and 2000 / i i n . /  
in. of s im u la ted  change.

3. Data R eduction  and P r e se n ta t io n

The in form ation  provided during each  t e s t  w as  as  l is ted :

D isp la c em en t  F ix tu r e  b a se  ( s e r v o -c o n tr o l le d )

A c c e le r a t io n  F ix tu r e  b a se  (three a x e s )
Rod top

Bending Strain  One cen ter  rod
One outer rod

F ig u r e  10 is  a b lock  d iagram  of the d a ta -r ed u c t io n  s y s te m .
The data w ere  reco rd ed  on tape at 3.75 i n . / s e c .  At th is  sp eed , the freq u en cy  
r e sp o n se  of the tape, r eco rd er  is  dc to 2500 Hz.

T r a c k in g  f * "

Rod T o p  G

Input G

X-Y P l o t t e r

X -A x is
A m p l i f i e r

S w ee p
O s c i l l a t o r

L ow  F r e q u e n c y  
T r a c k e r

O s c i l l o s c o p e

D ig i ta l
V o l tm e te r

F i l t e r  
D e te c to r  

an d  Y -A xis  
A m pl if ie r

H oneyw el l
7700

M a g n e t ic
T a p e

R e co rd e r

Fig. 10. Block Diagram of Data-reduction System



The rep rod uced  data w e re  f i l te r e d  b efore  a n a ly s is  using a 
50-H z bandwidth w ith  a d e tec to r  t im e  constant of 0.1 s e c .  The wide band­
width and sm a ll  t im e  constant preven ted  the lo s s  of data during the rapid  
changes caused  by s p e c im e n  reso n a n ce .  F req u en cy  sw eep  t im e  w as  
9.6 s e c /H z  during r e s o n a n c e s , and fro m  0.28 to 1.06 s e c /H z  during other  
portion s of the freq u en cy  span.

C urves  of rod -top  (output) a c c e le r a t io n  divided by fix ture  (hor 
izon ta l input) a c c e le r a t io n  w e r e  plotted on a lo g a r ith m ic  s c a le  aga in st  
freq u en cy  on a l in ear  s c a le .  P rea d ju stm en t of the charge  a m p lif ie r s  p r o ­
vided the req u ired  s c a le  fa c to r s .

The four s tr a in -g a g e  s ig n a ls  w e re  a lso  p lotted  fro m  the tape 
a s  a function  of frequency . C alibration  s ig n a ls  w e r e  reco rd ed  on the tape 
b efo re  the te s t .  T h ose  s ig n a ls  w e r e  gen erated  u s in g  the r e s is ta n c e  c a l i ­
b ration  m ethod p r e v io u s ly  d is c u s s e d .  F ig u r e s  11, 12, and 13 are  exam ple  
of the data plotted.
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Fig. 11. Plots o f Acceleration and Displacement
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Fig. 12. Bending Strain of Center Rod
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Fig. 13. Bending Strain of Outer Rod
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