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DISSOCIATION‘OF MOLECULAR IONS BY ELECTRIC FIELDS
| | | Johﬁ R. Hiskes‘
Lawrence Radiation Laboratory, UniVérsity of Californisa
Berkeley, California‘

May b4, 1960
ADSTRACT

A genersl discussion of ‘the dissociation of diatomic molecules
and molecular ions by electric fields is presented. These calculations

pertain primarily to the ground electroniq states of the mélecular

+

2

ion is treated in considerable detail; the required
fields for the dissociation range from loslv/cm for the uppermost vi-

systems. The H

brational state to 2 x lO8 v/cm for the ground stété. The many-electron
homonuclear ions are freatéd in successive charge states. Tﬁe HD+, HT+,
HD,'LiH+, ga.ndLiH++ heteronucléar ions are coﬁsidered. 1The dissoci-
ation of homongglear-ions and heteronuclear ions exhibit distihctly
different féatures.' The HD' ahd HT" ionms. are moré susceptible to
dissocia%ion than is H2+.- The extent‘td which the disspcigtion by an

electrostatic field and by the Lorentz force,'e; X B, are equivalent

is considéredm. The rates of induced dipole transitions to lower vi-

; brational states can be made negligibly small compared with the dissoci-

' ]
ation rates. The application of this work to particle accelerators and

to the injection problem for fusion deviceé is discussed.
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INTRODUCTION
If an atomic or molecular system is placed in a steady electric
field, the Coulomb binding forces are supplemented by an additional

force which tends to separate the charges. One would expect that a

: Sufficiently intensé external electric field would lead to a dissoci-

ation'of the system. Oppenheimer calculated this effect for a hydrogen
atom in its ground state and found that the instabi;ity'of,the atom was '

inappreciable for field intensities much less than,lo8 volts per centi-

~meter (v/cm).l These calculations have been extended té'various excited

states of the hydrogen atom by Ianczos.2
- The ngture of the process is such that the presence of the external
field brings about a change in the potential experienced by the atomic

electron in suéh a way that the bound .electron sees a barrier of finite

width through which it can tunnel its way to freedom. A general property

of such tunneling processes is that the transition rate depends expo-

nentially on the height of the barrier. In the atomic problem, this
barrier height is at least approximately defined by the energy required
to excite an. electron into the continuum.

Consequently one would expect that the field magnitudes calcu-

.latéd by Oppenheimer to be necessary for an observable dissociation
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rate might be markedly reduced in a-system whose .pertinent binding
-energy 1is appfeciably_léss than that of the hydrogen atom.

In this paper we consider the electric.dissociation of the general
diatomic molecule or molecular‘ion in its ground electronic state. The
dissociation of a molecular system exhibits distinctive features compared
with the atomic case. The nature of this difference for the two cases
ie a consequence of the  fact that the only mode of dissociation avail-

" able to the atom leads.tp a transition of the electron into a free state.
' For tne molecule, however, there are an infinite huﬁbér of possible
final‘states.leading to dissociation, corresponding tokthekﬁuccessive
bonding and»antibondiné electronic states of the éystém;'

One might expect then that an ion for which tﬁe upperniost vibration-
al states of a particular electronic state are occupied would ﬁrovide
an example of-a system that would dissociate at a reasonable rate in
the'presence of an appreCiably smaller field than is fequired for atomic
dissociation. This mode of dissociation, in which the molecular system
divides iﬁto two_atomic-systems ---a form of predisSociatioh>-- appears -
to be the principal mode of dissociation for ﬁoét.molecular ions.

Apart from its general physical interest, this mechanism has appli-
cation to particle accelerators and to the ihjéction problem for
controlied-fusion devices. The'ihspiratién for this wofk originated
with some remarks by members ‘of the Pfinéetonlacceleratof:group who,
in considering the possibility:of aécelerafing'H-Aions'in an accelerator
and then trapping these ions in a storage -ring by changing their charge
state to H', recognizea‘that the'H ion’is quite susceptible to dissoci-
“ation into an H atom and a free election through the action of the

3,4

’ - => . - ‘ y . =
Lorentz force, ev x B. This "lorentz dissociation" of H may have
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been observed by Lofgren in_the-18h;int_cyclotron.53§ :

-

It was recognized that such a mechanism for changing the-charge

state of an atomic system might find applicatiOn as an injeection

‘mechanism for fusion devices employing large magnetic .fields. Such

change-of-charge-state,mechanisms employing atomic.and molecular -systems

" as a means for trapping energetic particles inside a magnetic. field

region had'prgviously been proposed utilizing conventional ionizafion
processes;7’8

| The baéic‘requirement of such injéction methods is siﬁply that the
absolute value of the ratio of charge. to mass of the atomic system musth
incréase during. the respective ionization prbcess.' The stripping of
electrons from negative,ions by the~loréntz force is therefore not of
interest. The stripping of électrons from the‘grdund state of neutral:
atoms is limited by theArequirement of igtense,fields;-the Ii atom with
a;binding energy of 5.36 eléctrpn volts (ev)‘wpuld-appear.to require
electric fields in excess of 107 v/cm to aéhieve<a useful dissociation
rate. (Ip latér sectibns-it will be ‘shown that .the neutral molecule is
appreciably more susceptible td dissociation than the:corresponding atom.)‘

These considerations have prompted a Study of the ‘dissociation of

the simplest molecular structure, the hydrogen molecular ion. In a first

approximation to the dissociation by ‘a magnetic field; the problem was

. replaced by the simpler one.of the dissociation by a purely electfostatic

field in the belief that the solution of this latter problem would ex-
hibit the basic features :of -the dissociation by the Lorentz‘force.9
The extent to which these,tWo problems are equivalent is discussed in

Appendix D; in this appendix it is shown, that provided one ignores the

Zeeman terms, which are negligibly small.comparedﬁtqvthe separations of
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the vibrational ievels;‘the dissociation by.afmagnétic.field reduces
to the problem of the dissociation by an electric field.. A preliminary

10

report of 'this work on H * has .already been given. .

2

It is conventional in many cyclotron establishments to écceleraté
Héf as a source of protons: As»éyciotron energies are inqreased,itAis
of -interest to inquire into the stability of successive vibrational -
states. The cdfves included in- this work should be usefui in providing
a basis for estimating these successive staobilities. 'It.is intcresting
to note that on the basis of an insfantaneous Lorentz transfdrmatioﬁ.
into a system moving with the ion, which 'yield‘-.g = 7:;3:?3, .one -concludes
that ép ion in its ground vibrational state is stable for acceleration
up to some 60 Bev in a 20 kilogauss field.

At an early éoint it was recognized that an éccurate‘treatment of
thé dissociation would require a knowledgé of the vibrational eigen-
functions and eigenvalues belonging to the ground'electropic state of

.

H, . These calculations have been carried out in collaboration with

Dr. Stanléy Cohen and Dr. Robert J. Riddell,.Jr., utilizing potential
fqnctions calculated in connection with the mesonic-moleucle work.ll
These calculations are reported élsewherec12

Following the publication of the preliminary report mentioned'above,
an additional bound vibrational state iying Between what had been fhought
to be the uppermost state and the dissociatioq limit was discovered.
The original paper together with the iater work‘on H2+ is included in
this papef; a'repoft'on this ‘later work: has already'been,given.l__3

The extension of this problem to thelmany-élecfronlsystem énd to
heteronuclear molecules has been facilitated by the recent work of

Dalgarno and McCarroll,l§ ahd'that:of Cohen, Judd, and Riddell.Jf5
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In Section II'the'eqhations for a general many-electrOn diatomic
molecule moying in the presence of electrostatic field are @eveloped.
Included in SectioanI is'a discussion of the electromaghetic transitions
between the vibrational states of thevgeneral diatomic molecule.

In Section III the general eéuations.of the previous section are

2

in con51derable detall, followed by a general dlscuss1on of the many-

applied to several particular molecular'ions. The H system is treated’

electron homonuclear system in successive charge states. The treatment

on heteronuclear molecules is applied to the HD+, HD, LiH+, and LiH '

L systems. Finally, an elementary classical analogy to molecular pre- .

dlssoc1at10n is derlved for comparlson with the quantum-mechanlcal results.

II. THE GENERAL EQUATIONS

Af geparatlon of thc Motlons'
In thls sectlon we shall dlscuss the Hamlltonlan fcr a general
many-electron diatomlc holecule moving in an electrostatlc f1eld .The
develOpment given here will follow closely that of Dalgarnc and McCarroll,

and of Cohen, Judd, and Riddell. Insofar as is convenient, we shall

- adopt the notation,of the latter.

Consider an n-electron diatomic molecule with nuclei of masses M.a

~and Mb and charges ea and eb in the presence of an electrostatic field.

Let T 8’ rb,

ith electron, respectively, all measured with respect to the laboratory

and ?;i represent the coordinates of the two nuclei and the

system. Take the direction of the z axis along the electric field. The
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Schroedinger equation for.this system: is written. :.. -
. - n .
SR VAR UL v A o
2 M m ¢ .
La a b e .
' - (II1.1a)
- B O . v
+ {?l + Vg} ¥y =E¢ ; - T 3¢ = E¥ ,
where -
: n - S n n -
ab e2 ('-a_e2, b e2 1 ;E: ZE: e2
V, = —m—m—=— - = P = = + = = =
LoTa " L= |Fa T Ter| T Ter|  ® e e
i=n U 4 i=l i
o “{II.1v)
and L oL o Che . Sy
v, = -e€ La 2, +.b 2= i ZeiJ “ c(II.1c)
l=l ~
The éenter-of;mass motionvcén_be-sepéfated from the equatién for
the internal motions-by'ihtrdaucing”n+2 néw variables -- a center-of-
mass coordinate,’F;, a relative nuclear coordinate, ?h, and n additional
coordinatesk ?&, measﬁring’the distance of the ith eleétroh from the
‘ centef of- mass of the two nuélei. The ﬁransfbrmafidn is wfitten:'
‘ : ) ce T S R AU « U P
[N A N RN .
Ter ™ para+pbr.b*'.p'jzr'ei
oo T T : EaTHRE l=l:_ o Sl
ro=T, =T, o o (11.2)
i " Tei " 'afa "t v
where:
M .
Py = = ‘
RN .
Pp Ma +-Mb +. nm 3
o= m
M.a + Mb + nm
. Ma
f = ——
a M.a + Mb
. %



When this -transformation is introduced :into. Eq. J(II.-L)‘, the
Schroedlnger equation in these new coordlnates becomes o
P K7é M M My K] ~' ' :<7 i
2Ma_+Mb+nm - a ) M+Mb % VJ
‘ ‘ M.+ +m n 2
A AT
L M) T

+ {Vl + V%} ¥ =Ey,

v, - i et 1Y S
1 - i=1 - f ?‘ lfi + £.T 2 : rr. - T, ’

(IT.3a)

In Appendix A it is shown that

_Vg;-e£[§+bvnj|c-eg[:M+Mb]
el |1+ (a +b - n)m '22: z,
| R T I =

" The center-of-mass motion can now be separated from the equation

(II.3cj

for the internal motion by writing :
‘w(réf rn’:ri) = “(rc)W(rng ri)
end .
E=E +W.
. c
The equation for the center-of-mass motion becomes ... -
2 -1 ' :
A . =
{—?[fda+¥b+m} vc —e£|:a+.b-n_}zc}.n-Ecn.
This equation describes the motion of é particle of mass Mé. + M'b + nm

and charge e(a + b - n) moving in an electrostatic field.
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The equation for the internal motions is :written

4 J1 o2 ‘1 IN > s
TVt 2 2 U |

with

M + Mb> - \\g

e = M + Mb + m

m

In the interest of separating the relatlve nuclear motlon from the
electronic motions,’we proceed by assuming a solutioﬁ'bf'the f'orm
P S _ a7 A >
¢(rn1 rl) = K zbK(r ’ I’,) XK(r )
.Insertlng this expansion into Eq (II L), multlplylng by w , and inte-

ﬂratlng over all electronlc coordlnates, we have

be? al - bM : - S
AV s ',eg(w>zn*-%‘rn””} T

2 n 2 n 2 2
U pol ae be
+ Lj Y. - — - E — — + —= =
K xJ { 2me ;5% KZ e e B R R
o -
NETD M S
i=1 J#i |7 g i
M + Mb + nm| <4 2y =5V K& Tpe @ty )
Ta i=1 _ . o o L

z»
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of order m/M .

both the homonuéiear aqd heteronuclear cases is then valid.

- 10 -

n

M +Mb z XKqu?\ ii; 71’ d3l d.3rn:'..'.

. The electronic functions, wK’ are defined by Setting the .bracketed

6, = o 2 f v ;ﬂ.d?’ ) r+2zf va 'tlfdsr...3

quantity in the.integrand of Eq. (IIL.5) to_iero. The remaining terms

serve to define the nuclear motion. 'In a first approximation to the

nuclear motion it is customary to set the eKK series to zero. The
various vibrational states belongiqg to a particular electronic state,

EA’ are.then determined by the equation

2 _2 . 2 -bM : ‘ - l '
'%v Xt a:e gCMb )Z +E (r)-w X, = 0. (11.6)
n n : n-

M + Mb

For homonuclear molecules, the GAK series is a simple correction to the

_nuclear potential, the leading term in this series contributing a quantity

15

For the heteronucleaf one-electron problem in lowest

order, tnere 1s a degeneracy at large r for the two dlstlngulshable

cases 1n-whlch the electron is associated with either mass a or mass b.

It has been shown that in this latter case, in addition to providing a

correction to the potentisl, the leading terms in € also provide a

A
means for removing.the degeneracy that exists at }afge rn. The motion
is'néw determingd by a set of coupled’equatiqns,_gnd the notiop Qf a
poténtial is no longer ap'propriate.l,5 In this discussion we sha%l usually
neglect thg_effeéts_qf thgse highér-prder correctiogs;,since thelprimary
effect of the electric field is aiready pronounced in lowest order; the

use of a .potential in describing the:effects of the electric field for
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B. Vibrational Transitions

(1) Spontaneous Emission

Here we are.concerged with‘vibrational tranéitions between the
various vibrational states belonging’to the ground -electronlc state of
the molecule. The lifetimes'of‘these éﬁatés can play an essential part'
in the interpretation of various expéfiméﬁts ianlving molécular processes.
There have been conflicting statements in the literature regarding the
nature of these vibrational transitiohs;“pafticulafl&'wibh'respéct to
qﬁadrupole Lrausitions in‘homonuclcdr molecﬁlesﬁ

In.Appénqix B, the §ponténeohs-transition rafeifér'diﬁéle tran-

sitions is shown to be
: 2
4 e aMb -
T == —= ; .
d 3 3 ‘h Ma + Mb< (Xklrn'xj)

In the case of homonuclear molecules; the dipole transition rate is

identically zero. As an éxample'of;theée tranéition'fétésAfér.hetero-
nuclear moiecules; consider the HD' ion for which we have;hViéc;O.22 ev
and ?;czéao. The lifetime of this firSt'ékcitéd state is'apbroximately
200 microseconds (usec). For the uppermost states, the lifetimes will
be about two orders of magnitude longer than for this loWest transition.
Since the time of fiight of an ion in an electrostatic accéiefator is
" some tené of microseconds; wé conclude thét for the purposes of many
experiments these states are sﬁfficiently ldngélivéd to be ébnsiderea
‘stable. |

For homonuclear moleéuiés, the'qﬁédfﬁpole transition rate is given

by
2v, >

o= be”
Q33Z(

S

2

RSN
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- 2
These quadrupole lifetimes are approximately a. factér. of (27 =—)
.o : t r
longer than are the dipole lifetimes.

(2) 1Induced Transitions

Switching on the electric field has the -effect: of inducingzti-
brational transitions. One is generally concerned with the rate of
these induced transitions compared with the‘dissdciation:rate.i‘In
Appendix B, it is shovn that thelinduced transition:rate ls{given

approximately by
2

o bet N (w,
173 37,3 |\%

T, rh‘cos qr‘¢2'X3

These trans1tions ‘'have been discussed prev1ously by Condon

ThlS trans1t10n rate exhlblts a- s1mple pOWer dependence on the
electric-~field value. The dlssociation-rate on the other hand is
exponentially dependent on the field value. For any particularllevel,'
therefore, it is. p0581ble to choose a fleld value'for Wthh the over-all
trans1t10n rate will exceed the dlssoc1at10n rate, and v1ce XEEE%' |

IIT. APPLICATIONS

A, Homonuclear Molecules
Haulng derrved the general equatlons in the prev1ous sectlon, we

shall now apply these results to several‘partlcular molecular ions. In
jany discussion of the theory of dlatomlc molecules, the symmetry features
of homonuclear'molecules lead to a clear drstlnctlon between ‘the proper-
"ties of'homonuclear and heteronuclear molecules.'rThlS'distinction be-
comesAeven more evldent ln a treatment of the d1ssoc1at10n by electrlc.
fields. Accordingly, we shall divide the problem at thls p01nt and

consider first the dissociation of homonuclear molecules.
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For hémgnuclear molecules we have a = b'ang Ma,=AMs;_th¢'cqgfficient
of Z, in,Eq.'(II.5) venishes and there is. no explicit dependencé:on E
appearing_in the equation for the nuclear motion. We shall see, however,
‘that an implicit dependence on £ is contained in the electronic eigen-

value, EX(rn)'

(1) Dissociation of H2+

The simplest molecule and the one ifor which an exact treatment of
dissociation can be given is the hydrogen moleculur ion. We begin the

discussion by considering the electronic equation for this one-electron

system: .
2 2 2 ‘ 5 - : o
-hA . e e o }
e v1 ) £ _Lfp |+ |?‘ L Ll | B 5gzl % ~,EK(rn)?bK , (III.1).
I 1 2'nl |2 2°'n : o

whe£e €.=[l + (m/2M + mﬂ e“;,
A The‘éotential function seen by the electron is iiiustrétedxin Fig. 1
for the case in which the two nuclei are oriented along fhé'fiéld di-
'fection and-for soﬁe parficular'internuélear separation,  If 5s;é]éar
from the figure that ihé élec£r6n may ieak out toward the left? avay
from the regioh othhe two protohé. This would correspond to a coﬁplete
dissociation of the:system, i;g;, diséociation‘into a freé eleétron'and
£wo free brotons. Although this repreéénts a.pdgsible mode of aissoci-
afion, it is not the:primary mode. Raﬁﬁer, the primarj'éffeét of the
term éfle is to peftufb the eiéctrohicreiéenvalﬁes.' This bertufbation
in turn leads to a aisruptiod of the nuéiear‘moti;n. Before considering
this effect, we digress ﬁo cbﬂéider sbmé'p}opértiesnéf the dﬁperturbed
ion. |
‘fheAuﬁpefturBed ﬁ&drbgén moleéﬁl;fAigﬁ'héé been diséﬁéséd fairly

extensively in the literature, and we have available several choices
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for the electronic functions, ¥ The simplest. function is the.linear

,K'
‘co'mbina.tion of atomic orbitals (L.C.A.O.) approximation in which the
electronic state is. tégken as a linear combination of hydrogenic wave

‘functions centered about the two protons. For the ground state and

- first excited state these are explicitly written:

l = [2(1 + T)l 1/2 {(p (1s) + ¢b(ls)}

X
7»2 = [ ] l/“{‘. (1s) -cpb(ls)} .

‘ A(:I‘II.2a)-

where

? Jlz /a
’(ls)'-"—le- 1 2 n (@)
P\ = % o
P (.lsj =Ll 2 ri'l ao-
a ERE I : ’
and“
T =

3
f@ cpbdr

The molecular de51gnatlon for these two states are Z and Z

respectllvely Although these functlons provide a good approximation
for _large internuclear separation, they are kqown to be poor in the
limit of small separation. Hewevei', in a discueeion of disseeiétion .
' We are intei:'.ested primarily in ef‘fects at lerge interx;uclear useparation,
and these functions Aare useful. | | | v
The Eq. (III 1) for £=0 1is separable in confocal ellii)tic’ co-

ordinates &, Tb Q. These coordlnates are deﬁned by

a a2 1 l_;'
E = Lrel B ra, *.'_rli-?el B ?b‘ _ lrl 3 EfnJ T J?l t2 rn’ - ra.+-_rb
,ra - rbl T}n 'n
and '
o N 1 1
. J el ~ rbvl +_~,rel ral _ L?l M §?n_L B F}l B §?nl - v " Ta ’
. l?a K .b, B ,rnl “n
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. ‘measure the distances; of .the: electron .from proton a and

where r and r
. a b

proton b, respectively. . These stalar. fuhctions: are .not 'to bpfqopfused

< with ‘the vector functions defined previously in‘conpectipn,withqu..(II.l).
If x”, y”, and z” are.the:coordinates oriented with respect to the

internuclear axis and with origin at: the midpoint of a and b, these co-

ordinates. are related to the g;.n; ¢ coordinates by

r - .
x" .2?_(§d - l)l/d(l - n2)1/2 cos @ ,

| e o] o]
" n ;2. )1/2(l g n;)l/g sin o ,
and

2" = E% £ns ) T ’ (IIT.3)

The volume element is

3

r
n

dt = - (&

and the range of the variabies is given by 1 < g‘s », -1 < np:< 1, and

2 2
-n) dt dndo,

0O <op<2n.
" ‘Introducing these coordinates into Eq. (III.1), there result three
' séparated eqpat{oné -- one trivial, the other two réquiring numerical

17,18,19: These integrations

ihtééraﬁion for tﬁeir'general‘sélution.

" have also been carried out by Bates, Ledsham, and Stewart for several
S : ' 2

electronic states; the results are tabulated over a range O < rh/ao < 10. 0

A third set of functions have been given by Cohen, Judd, and

15

Riddell™” using a variational calc¢ulation in confecal elliptic: co-

ordinates. Their variatioﬁal'fuhctioqg“arg of the form ‘

a,(r)mr,_p(r)Er,

Uy = Ay cosh =—3 € 2
and S : o T
e g e ) (e Yer
Uy = Aj(€) sinn 20 R-=min (II1.2b)

2 ¢ T2
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" Here thé variational parameters p(rri) and-q(rn)',f are tabulated for the

"$

interval O < = < 20. The coefficients A: and A. are d,ete'rmi'ned by the

ao = 4 1 2
normalization conditions
“A12 . ; - , -
T Tn B2l B G 71
and ) ' B
a2 s [ 1
T Tn (B2 B BBy =1
- -

The quantities E, "B, and C are defined and -evalua.ted in Appéndix C. In

the limit of large 1nternuclear separatlon, we have p = q = 1, and

AL = (2/,:)1/ 2

Consider now the effect of the term &€z on the‘unperturbe'd

1
electrohic sta.t‘es. For large 1nternuclear separatlons , the bondlng and -
: an‘clbondlng states W and ‘UJ are degenerate; a perturbatlon treatment
of-the tem Eg Zl" though adequa.fce for small internuclear separatlons s
loses its v.alidi‘t:y :f‘or'large intefnucj.ear -sepafations. This degeneracy
of wl a.nd ““2 fo.r Lérge internucle‘é,r separation suégests that in a first
approximatién we -cohside_f diagonalizing the Hamiltonian (ITII.1) but re-

taining only the submatrix formed from these two electronic states. The
matrix "t;o‘ be diagonalized is then
_le

o o (TIT.LLY)

Y

For the evaluation of H , we must first transform the term 6521
into the x"',' ¥y”, and z”system oriented with respect to'the internuclear
axis. Introducing Eulerian angles A and pu, we have

s_le = E_E[ x’ sin AN+ yl sin u cos A+ _z{ COS [ COS 7\] .
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The functions (IIIl?)'aré'inQ¢pendent=oﬁJ¢,(andwupoﬁ‘examiningzthe trans-
-formation (III.3) we.see that the' terms in x”‘and’y?Avanish-under the o
intégration. Noting that cos u cosik = COS @h,\wheregel1 is the angle
between the internuclear axis and pﬁe eléétriu-field dircction, the

- relevant perturﬁatioﬂ is then -

&éle ;=5Ezi .

The matrix elements are evaluated by hsing the functions given in

Eqs. (III.2a) and (III.2b). In the former case we havée

. r LY : L
i i ¥ al " 3, . N
H, 4 _wal' Hy + g€ 2y ¥ 4717, E~l (rn)

— -

and

"

- . -

i * . : co.3a S
= | wl y-
By _]uEa Hy + 5Ezl Y, 4°T) = E,(r)) .
' Since the term in 21 in ﬁhe integrands is an odd function, the diagonal
terms are unperturbed. For the off-diagonaljterm

H. =1, = | & |5 + €€z | & a2
coHpy Totip T WEp [Hout SCZ) Y 4Ty

< —2E (92 2 g®) a7 ady (1Ise)
2(1 -.1%) ST :
,=+4§—2—'r COS‘Q-'.;

where qlis the angle between the electric-field'direction (z axis) and
the line Jjoining the two nﬁglei.

In the evaluation of H , using the functions given in Eq. (III2.b),

the relevant perturbation expressed in confocal elliptic coordinates is
written -

i 66?2'

. r
. & . -
157 68.2— cos ..Gn n

gl .
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The matrix elements are given by -

H,=E , (III.5b)

Hp = E, ' (III.5¢)

and

1 g coh :
H,=H,) =g Egc?s\ 6 Ay Ayry [ES D, - E D3] . (III.5d)
The additional terms that appear in the Hll and H22 matrix. elements,

n 2 4,4'- o h
866.0054 6n~A1 rn E31 Cl - Ell C3

and

n 2 4,.'— o , i '
ge€eos 6 A r LE32 F) - Epp Byl s

-

respectively, are each identically zero, -in agreement with the result

using the LCAO functions. -In the limit ‘as rn’—> o, we have

Hl2_>"2-t.£rn cos Gn .

An inte_gral. similar to that' occuring in the »-le term occurs in the
theory of photodissociation. This integral has been evaluated numerically
by Bate"s2l ﬁsing the exact numerical wave functions' and a comparison of
this result with the value given by the LCAO approxiniéa.-tién. The agree-

“ment in excellent for large ‘internuclear ‘separations, significant devi-
r .
ations exist only’ for a—n < 2.
. e} '
With these matrix elements, diagonalization of Eq. (III.L4) yields

\

" two new electronic states, ib‘g and ?}I“,'whose' eigenvalues ‘are, respective-

2 —_
E + E 5252r2cos2 6 2
E et _ 2 oL(g ip) 14— B D
g 2 V2 1 2 _ )
L G -mE B
and 1
El + E2 1 62 g2-rn2 cos Gn e
E = —~—5—+5 (E, - E) |1+ — —— . (III.6a)
e (R G T?)(Ee - El)2
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For small values of r these reduce to '
2,2 2 2
£ r

, 1 E L Cos &
B,=E -% 2
and -
. . 1 62 82 rna cos2 qﬂ )
and for large values of r , to '
: e e
¥ =E - £& xy[eos Gl
g 1 - o2 '
.and |
afrn]cos %ﬂ
E =E, + — ' (III.6c)

u. -2, . 2

‘Equations (IIIf6) indicate that the electronmic eigenvalue,.which in the
unperturbéd cése was independént<of the orientation of the intérnuclear
aiis, now has a Qalue that is depepdent on the nuclear orientation and ‘
~in additioﬁ is a function.of the electric-field value. We have seen in
. Eq. (II.5) how_ﬁhé}electronic eigenvalue appears as part of the potential
- function for the ﬁuélear'motion._ Thevnuclearlpoténtial ﬁhich was spheri-
cally_symmétric in the unperturbed case becomeg‘axiélly symmetric in the
perturbed case, with the axis of symmetry-ofiénted aiong the field di-
rection. The nuclear pbtential fo? the ioﬁest electronic'state now
acquires a doubleTended.épout,:the‘two spouts oriented along the field
diréction. The‘efféct.pf the'perturbation goes Lo zero in a direcfion
at right angles to the ngclear axis iﬁ this approximation. The po-
tential funcﬁiOﬁ,for the upper‘electroniCSSﬁaﬁe-also aqquires a double-
ended spout, but f;r this éﬁate the two spouts are oriented at right
énglés to the eiectricffield direction.

In Fig. 2 is,shown_the pnpertﬁrbedtnuciééf'pdtential for the' two

loﬁest electronic states. Conventionally these potentials are drawn
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i

in a-sphericél-coordinate system, but for the purposes .of this discussion
a cylindrical-coordinate system is more appropriate. . The vibrational
states are indic¢ated schematically by the light horizonta; lines; for
“the H2+ ion thére are actually 19 bound vibrational states.

Figure 3 -indicates the aistortion of the nucleér potentials in the
presence of the electric field; the'potentials are draﬁn along the
electric-field direction. The symmetry of the pbtentiél about the
origin follows as a necessary consequence of the invariance‘of the
Hamiltonian (II.M) for a homonuclear moiecule under inversion of the
nuélear coordinates. Frdm this figure it is clear:.that as the electrié
field inéreéses, the‘nuclear potential deforms until the uppermost‘vi-
brational state becomes unstable.. The ion will ‘then dissociate into a
free proton and a hydrogen atom according'tO'H2+—9H + p. This mode of
dissociation is a special form of predissociatidn..

| At first glénce fhé symmetric pofential of Fig. 3 might conflict
’with one's intuitive feeliﬁgithat the potential- of either electronic
state should fall off apprdximatély monotOnicélly<from left to right.
This point can be clarifiéd by examining the nev:electronic wave
?unctioﬁs appropriate to the diagonalized Hamiltonian. For the per-
turbed electronic states, on finds
- '2 é‘-l 2 _
Vg = By Ep)T v Hpp {}Eg- Ep) U+ Hp wé}

— . . -

and

N P 2351/2. L A
¥ = (Eg- E2) o+ Hyp -H, 9+ (Eg- E2) wé .

(III.7a)

Consider first the limit as r, becomes large and the nuclear axis

is aligned along the electric field, corresponding to proton a lying
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in the direction of the electric field with respect to proton: b.

(since rn cos qi = z.n = za - zb).»'In(thlsallmlt.we have-Eg_.-xE2 = -,ng )
and H12/|H12| =+ 1. U51ng Eq. (III.22), we have
and . . S

Y -9 . | . (III.70)

u a

Stétement (II1.6b) is to be interpreted as meaning that in this
limit ofilarge internuclear-separation:the~gruuud'electrmnic.statc ic
one in which thé.elcctron is gssociated with proton b and proton a is
free, and the excited electronic state is one in which the €lectron is
.associéted with proton a.and proton b is free. For the lower electronic
state this correéponds to moving thé positively charged’proﬁbn a in the
pogitive'field directioh, hence lowering the potential. -For the excited
électronié state, the positively charged.proton b is movgd against the
field directiéﬁ, thué raising the potential.:. The dependence of the
potential on. the right-hand side of Fig. 3 is then understood.

If the internuclear axis is rotated 90 degrees to the field di-
rection,.the,effect of the perturbation goes to zero. In this case we
have

¢g-9wl

?lfu—> ?Jf‘e, ,

(ITII.7c)

and the electron has equal probability of being associated wi@h either

proton.A Continue the rotation until the internuclear axis is orienﬁed»

at 180 degrees ;ith respeét fé its original direction; proﬁon b now lies

in the direction of the field ﬁith‘réspect to proton a. Fof this case

we haﬁe H - - i, aﬁa the:electronié states Beéoﬁe |
P “w;—aqgj'_" S .

, | wu-e(pb .

12/1H12‘:=,

and (1II.74)
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. For the ground state, the electron is associated with prdton a and
proton b is free. Separating the nuclei corresponds to moving the
charged pfofon b-in tﬁe posipive—electric-field directioﬁ, which lowers

‘ the potential. For the upper state, proton'a is moved éggiﬁst the field
and the potential is faised. This in%erpretation is cénsisﬁent with £he
.‘Variation of the potential bh the left—hénd Side of Fig; 3.

The higher-order effects which were neglected in diagonaiiiing the
submatrix (III.3) can be estimated by using perturbation tﬁeory and
taking as the basié funéfions:thehtwo'soiutions ofAEq. (III.6a) together
with all the unperturbed higher-ététe functions.. In the limit as rn
goes to zero, the molecular ion degénefates into, a He' ion in its 1S
state. The Stark shift for this state is

| AE%—& ao3£2.

In the limit of'large internuclear:sepdration, the electronic state is

’

that of a'hyd?ogen aﬁom in'a iS state. The Stgfk shift fbr ﬁhié state
is | | | B
AE"=".)9I ao3c‘f2 . ' © (III.64)

For the range of electric-fiel@ values of interest for dissociafing the
upper vibrational states, these‘higher;order corrections are negligible.
For dissociating thé'lowest vibrational states these corrections, though
not negligible, are not too significant. Their effect on the transition
Arate is comparable to ignoring theﬁ completely and increasing the elec-
tric field value some 5 to 10%.

The'potentiai.funcfion for the nuclear motions has been detefmined,
and we can now considér.in detail the nuclear dissociation. The equation

for the nuclear motion is given by

22 2 | o
- é—l‘/g vn + ;I: + Eg(rn, Gn, g ) - le} le =0 . (III.7a)



-23 -

The subscript v is,introduced to distinguigh the various vibrational
states belonging to the lowest electronic state. 1In the iimit of large
internuclear separation, the asymptotic form of.thisuequgtion is

. ﬁ2

2 _
L v 1 .p : i o
MY +.El (rg) - 3 EEIBJCOS %1!- Wyyp ¥y = 0 - (III.70)

In the asymptotic region, the El(rn) is constéht.and can'Be abéorbed in
the le;

1t 16 clear from Flg. 3 that if the maxima of the potential lie
above an eigenvalue the proton may leak away from the region of the
hydrogen atom. This effect of barrier penetfation is not negligible.
To treat the ﬁuclear dissociation taking into account these effects of
bafrier penetraﬁion, we.use Oppenheimer's formula for the transition
rate.l.'The method consists of éolving for the motion of the ion in the
asymptotic region gi&en by Eq. (III.7b) and neglecting the binding
effects of the molecular forces at sﬁallAinternuclear Separgtion. The
transition is then imagined to proceed from the bound discrete vibration-
.al state of the ion to the unbound free-state solution, the perﬁurbation

inducing the transition being a function of E . Specifically, the matrix

element for the transition is written

(%, lavl x ),
where
: E, -E . 1/2
2 1 ) 2
AV = - {(E:2 .El) + b H122}

XI& is bound vibrational stéte,zandAXAfis‘a solution of Eq. (III.TDb).

For these calculations, it was fbund.tha;fthe primary contributions to

Ty

the matrix element come in the range - where

AV - ez .
2 n



The solutions of Eq.

(III.7b) in cylindrical coordinates bﬁ; Z

Qn for the classical and nonclassical regions and normalized to a

continuous spectra are, respectively,

¢ o
AC 25/3 {3_ 3a) l/ 1/3 {1/3(7> + J 1/3(7} J_3(\1—- )

'ixf

X e 3™
and
M
Xanc = - /3 5 VT
b4 J\‘X; (E pri)

Here we have

(3a)~

- n
= ,ﬁz ,
2 ..
7=§a'\)\l+az))
A= %1 + )2 s
and‘ : '
QMﬁ :
SN = (W - E,)
17

normglization factér differs from that of'reference 1 b& a

’

-1/6 ;2/3 71/3 -

1/3

(2)

(-17)

The Bessel functions are as defined by Jahnke and Emde.22"

Note that the

factor 21/ 6.

For weil-behaVed'sdlutiqns, we must have A, >0, therefore we have

N <A

Using these wave furictions and the exact bound-state wave function,

the electric fields necessary for diséociatihg the ion in 1 sec dand in

\

a- X% =0

N(T) =

0O

l6n*ﬁ3(3a)l/3

The transition réte”iS‘given by

~i5173 ¢ 2 g.e,:-Mn 53

o 10’8 Sec’have“beeh calculated for the nonrotating molecule, that is

]

D

iy
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where -
[s0]
o = | lupl an,
o]
and
(2]
a4, 1/3.2/3 (2) oy
“l - qz 2 7 1 Hl/3 (17)
-

><
-y
154
D\\
('_‘.
0]
—
>J|
e
\‘2‘/
1
N R
NoR
2

Here we.have

n

/

2/ = —
a’
o]

-

P a ’
o

and

: =p + 2 ;
Xv_(r’)/rl.is the radial function of the initial vibratioual state.
" The functions xv_(rQ "exist only in numérical form and p, and gb'mpst
be integrated numericall&. The results of thése.calculations are
summarized in Fig. 4;,.wHich.ig acplotiof the binding €nergiés,: =é}i:>:.';;l?.f111;
expressed in Rydberg units, of .the bound‘vibrationai stétes against the
,eleétrig field value. Afhe intersection. of the horizontal lineé with
_ the sloping lines marked 1 sec and lO-8 sec determines the electric-
field values necessary.to diésoqiate the idnAin these times. 'Included
_on theée graphs is a curve-mafked‘”claséicalf,~which'would‘give the
field necessary for dissociation in the ébsenqe of barrier penetration.
For this case, the ion would dissociate in-a timé‘comparablelto its

classical vibration period, i.e. lo-lu sec.
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“The additional. term appearing in Eq. (III.7b) for the perturbed

ion,
E - E

' Py

T Eg’El=—2_—2"_l-'%[(Ez'.El)g*;L’leg:lze’V‘
gives rise to a first-order perturbation. that has the effect of lowering
the ‘unperturbed vibrational states. If we use'the,curve labeled
"classical" to determine the electric-field vélue,'the‘first-order
perturbafion of the various vibrational states has been calculated and
plotted‘in'Fig. 5. jThese perturbed eigenvaiues have been used in the
calculations summarized in Fig. 4, .

The calculaﬁions of the vibrational eigenvalues of the unperturbed
molecﬁlar ion are uncertaih by perhaps as much as 5 mv.. The range of

" this uncertéinty for the ftwo.upper states is indicated in Fig. 4 by
plotting two horizontal lines foir eath of these upper states.

The traﬁsition rate given above is based on the final-state eigen-
functions, which ignore fhe‘bonding molecular‘poteﬁtialn This rate is
such as to lead to én overestimate of the field fequired_to dissociate
the ion in a particular-time. An underestimate of the required field
can be made by assuming the perturbed potehtial is'épherically symmetric

.and using the one-dimensional WKB bafrier-penetration formula,

. ) 2 r2 _ %
i T A '
N(T) = 1077 e f {2 M [wlv - v_(rn.]} ary
rl ) . ‘J‘ - . .

. 2 - . .- .
v ‘ : | g V(rn) . -f—;+ Eg (rn,g) .

~vwhere

The calculations for dissociation in ].O-8 sec using this formula
are indicated in Fig. 4 by the dashed curve. The.discrepancy between

these two calculations together with the uncertainty in-the unperturbed
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eignvalues provides a basis for'estimating the over-gll errors in these
calculations. |
The calculations summarized iﬁ Fig. 4 refer to the transit%on rates

of non-rotéting (g = O)-moiecular ions. In the. more general case the
effects qf rotation muét be considered. Tﬁe rotational state of.the
ion will dépend primarl& on the particular mechanism which led .to the
formafion of the ioﬁ. Uﬁder typical laboratOry'conditions.the»ioni-
zétion process is induced by‘;.lS-lOO é.v. electron impinging.on an
H2 molecule which is normally at room temperature.” The .most probable
rotational state of the ion is given by J = (M rne‘kT/Eh?)%}— 4. TFor
Hy, rn:zo.85°A, and at T = 300°C, ve have J=1. The orbital angular
momentum of the impinging electrdn.iS’approkimate;y one to five units
of-ﬁ; we cén suspect then that the molecular ions willaalso’havefa
4<distributioﬁ of J values in this range. Thé correct distribution of
these rotétional states‘ﬁust come from a:detailgd.study of the ioni-
éatién process. A‘ |

| If ﬁhe molecule. is rotgting the.potential functidn deforms. in

such a way as to reduce the binding energy of any partiCular vibration-
al level. This effect is clearly in the direction of reducing the re- ‘
-quired field for dissociation. On the other hand, the poténtial
function for dissociafion is.-now deforméd in such a way that dépénding
oh component of angular momentum along the Z-axis, the dissociation

can be iﬁhibited. If mis the:component of orbital angular ﬁém;ntum
along the Z-axis, we have,luponAéxémining the as&mbtotic solution,

XAC’ the selection rule, m =A{7:;° ‘Examining the matfix element for
the transition we see thaf the primary effect -toward. reducing the tran-

sition rate is contained in the Jm (d%épﬁ) factor in XAC" The minimum
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of the saddle for the non-rotating molecule . will occur at qh‘= 0. For

= 0 we have
JO(J 7\2 Qn) =1
p. =0
; n
for m > 0, we have 4 - .
m
I ({R; gn) " ({X;ien)~ ’
.0

Heuce for ierge m'the'waveufunction is suppressed in thefregron of
.the pctential where the saddle.exists for m = 0; it ie clear chat~the
transitionlrate is reduced as m rncreaees. For m = O.there e%isps only
one:saddle at either-end of the bound region of the nuclear potential |
iand located on the Z-axls, for m>0 theseyp01ntsaddles become1r1ng shaped
and located symmetrlcally about the Z-ax1s, the distance from the Z-axis
and the helght of. the saddles increasing as J 1ncreases.

As an 1llustrat10n of the significance of these rotatlonal effects
let us compare the fields required for d155001at10n in lO a secs::for
.an ion in the v = 15 vibrational state and fcr the rotational staree
d~= b, m =AO, b, with the fieids required for dissociating an ion in
the same vibraiional state 5ut in e:J =.d rotationel etate. .For‘m =.O
tv.ae electric field necessary for dissociation is apbrorlmately thlrty
percent less for J = 4 than for J = 0. The effect of the rotation in
raising the v1brat10nal elgenvalue is the domlnatlng factor here. For
J = h, m = 4, the required for dissocrat;cn field is approximately forty
percent larger than for'd = 0. We conclude ﬁhafithehpresepce of rotation

has the effect of lowering the threshold fields necessary for dissociat-

ing a particular vibrational level.

]
{
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(2) Dissociation-of Many Electron Systems - . .

Turning our attention to the many electron problem, we find rela-
tively little quantitative information in the literature on potential
functions for many-electron molecular ions. 'Unly ror the He2+ ion and
the Li2+ ion has there been any attempt to calculaté the ground-state-
potential functlons, and here the empha51s has been primarily on deter-
mining equilibrium internuclear separatlons and potentlal minima. 23, 2k
Accordlngly, our treatment of these many-electron ions cannot be us
preclbe as for the one- clcctron cyctems, and quantltatlve esfwmstes of
the fields necessary for dlssociatlon w1ll have to be made largely on’
the basis of extrapolatlng the propertles of the correspondlng neutral
molecules.‘ | | |

" The many-electron problem is treated by uslng the molecular-orbltal
approx1matlon. In this approx1mat10n the many - electron molecular‘system
' is constructed by fllllng the successive two-centered orbltals of the
hydrogen molecular ion. In 1ts most primitive form, the interaction
b.between the electrons ls lgnored, and the molecule is constructed by
uSing the unperturbed groundestate and excited:state.orbitalso' For this
work we shall require only that the orbltals possess the proper symmetry
ieatures and have the correct asympLotlc form° The wave functlon for
the ‘entire system is to be expressed in determlnantal form. |

For the evaluation of the matrix elements, ye'have recourse to
standard theorems-on matrir elements between determlnantal mave functions. >
The general form of the perturhation'with which we shall'be concerned
occurs in the electronic Ede (lI.S)'and has the form |

: . L o oo
r
R = ef E 1\(48‘ i ;.b—+n121;] =¢£ —g cos eﬁ Z n, gi . (II1.8a)

i=1
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Let wi represent s determinantal function deécriﬁing'thé'ith‘elec-.‘

tronic‘sfateAand ék‘a particular spin orbital in w&. We' have then
(1517l y)=0 .

if ¥, and Wi differ by more than one set of quantum numbers, and

J ' ,
(w IR| w.) =+ [a¥1) R (Va,) a3 r (III.9a)
Y3 i - K. : 4 1’
where the .values of 3y and %E. differ by no more than .their spin
functions or their orbital quantum numbers. - For diagonal elements we

' have : :
o n . : , :

(WklRl w;) = a *(1) R (1) a ‘(1) asr . (IIT.9b)

J J i i 1 :

: i=1 . . . . .

We shall also use the first of Hund's rules to determine the lowest’
state of several possible'spin sfates. According to this ruie, we
choose the maximum vélue 6f spin consistent with the Pauli principle.
These theorems and rules are adequate for a general discussion of the

many-electron problem.

(a) The H, molecule. For the ground state the lowest orbital is

2

4 S 1 ;
occupied by two electrons with spins opposed to give a E state.
‘ . . S _ % .

The wave function for this ground state is given by
Yy (a0 oy (@) al(2)

1
Vo = = .
Ty @ e @) vy (@8 (@)
The a's and B's are the conventional spin functions, and the Wl
function. is df the form given in_Eq.,(III 2,b).. Asymptotically this

electronic state goes into H, —- H + H.

2
For the firgtvexéited state,‘which asymptotically is degenerate

with the ground state,.the ground-state orbital wi and the first excited
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orbltal W are each occupled Hund s rule calls for a spln-one state.

.The wave functlon for this zg: antlbondlng state is glven by
[T : ‘

¥, (1) o (1) ¥ (@) a(2)
KR . ;
(Mo oy @@
2+,.we again diagonalize the appropriate

2 by 2 submatrix. The matrix elements are now

Following the procedure for H

r
. S _il_ . . o ." ' . . il —_ = — ’
Hll = (wl[ee 5 cos Gn (Th ELY 52)['¢l) '+ E =0+ E = El’
r : : L '
H22 = (weleg,—é-cos Gh (ni gl + qé gg)l Wg) + E2 = 0+ E2 = Eg’

fand'
N | IV
Hjp =15 = (Weleg 2 o5 9 [”1 S 2} v ) =0

For homonuclear molecules the diagonal terms will always be-ﬁn-\

pérturbed since fhe perturbatian is an odd?fanctioﬁ.' lhe H12 ferm
vaniches both because of the orthogonallty of the spln functlons and
 the capcellatlon of the orbital 1ntegrals. This result could have
been obtained immediately by notiné that wé and wf differ by tva sets
of quantum numbers and invoking the first of Eq. (IIl.9a). The ground
state and firsf excited state of H2 are therefore unperturbad in this
approximation. The asymptotlc potentlal in the presence of the field
is 1llust1ated in Flg. 2; pred165001atlon of the Ha molecule will
therefore not occur.

For the Hg'malecule;_the madéjgf aissoélatibn is one in which an
electron is stripped off, as is suggésted in Fig. l;n'If we .use

Oppenﬁéimer's'fesult that nd"ajpréciablé dissbciatidn?bf the H atom



6ccurs unless the field value is of order lo8iv/cm together with the
general observation that -the necessary field for diséociation.is'roughly
proportional-to the électronic eigenvalue, we can estimate the. field

‘ reqqired to dissogiate the mo;edule in. terms of the vélue‘required to
dissoéiate the atom. In tbe atomic case, the appropriate origin of the
electroﬁic potential functidn is the nucleus, .vwhereas for the homo-
nuclear molecule, the appropriate origin is at the center of the two
‘nuclei. The effect of the electric field in inducing électron stripﬁing
is therefore magnified-for the molecular case over:ﬁhe stomic case. If
e i; the. outer classical turning point of a ﬁafticular.moiegular-
vibrétional_state of the molecule in question, the electric field required
to strip an electron {rom the molecule compared Qith»the atom is reduced
by the factor Eflc E (Oo)]/E?'O' B, (rncﬂ .

' the that an uppefmost vibrational level of sufficiently small
binding enérgy may become unstable pfior to electron stripping because
of the higher-order effecté [Eq;r(III.édi];

The above argument for H, is readily generalized to any neutral

2
1+
homonuclear molecule that has a zz: ground state, corresponding to a
g

molecule with closed shell orbitals. The first excited state will be
occupied by one electron, which according to Hund's rule will couple its
spin with the last electron in the unfilled orbital to give a spin-one

state. Using the first part of Eq. (I1I.9a) we have our result. For

1+ » ,
those molecules that do not have a EZ: ground state, similar arguments
% . ‘

together with successive Hund's rules.lead to the same conclusion.:

(b) Dissociation of singly ionized molecules. In the limit of Jarge

internuclear separation, the ground.electronic.stape of a general singly

ol ‘ + . 5 o
ionized molecule A2 goes over into a state consisting of a neutral atom




- 33 -

and a singly ionized atom, according tO'A2+79A:+<Af. -The;molecular ion

will have an odd number of electrons, with the last eleectron unpaired
in its respective orbital. ‘The first excited state will consist-of a .
state in Which the unpaired electron occupies,theinext hiéhergorbital{
However, since- it remaine ﬁnpaired,‘ﬂund's rule is~ihapplicable, and

our result is given by the second part of Eq. (III.9a). _This_matrix

(1) g o, ()

K . Y will have different

element is always nonzero since a

spatial symmetries. The result is analogous to the Hzf.caseALllustratcd

in Fig, 3, with the asymptotic potential varying as .

1 ! |
= eéérnl cos, Gn ] .

It is interesting to apply these conclusions to the_L12+ ion. Heyre

the -equilibrium internuclear separation is three times as large as for
+

2

Ho+ (i.e., 3 angstroms) and .the potential depth is one-half that of H

=

For the ground vibrational state,.theAnecessary field for dissociation
is therefore approximately one-sixth that required  for.dissociating the

ground state of H From Fig. k we see that the required field for

-+
2 .

. . s +to. s e s . .
dissociating an H ion.in its ground vibrational state is approximately

2
2 x 108 v/cm; therefore we}estimate the required field for dissociating

7

the ground state of Li * to be approximately 3 x 10' v/cm.  The potential

2
tunction for large internuclear separations is not known, but for.a
vibrational state near the top of the potential well a. field of one-third

-to one-foufth that required to dissociate.a corresponding upper.ievej in

H' is estimated. The alkali ions -- L.

2 L5 Na +, Kéf,;etcg -- are. all

apparently relatively susceﬁtible«to dissociation,. since their, respective
.. neutral molecules are characterized by large equilibrium. configurations

and shallow potential mini_ma.2
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(¢) Dissociation of doubly ionized molecules. The ground -elec¢tronic

state of the doubly ionized molecule .dissociates dccording to A2*+—+A++ A",
For these molecular ions the argument is.similar’to that for-the neutral
molecules. .The first exeited state contains an electron in the next
higher orbital which couples its spin with the remaining unpaired electron
such that the flrst theorem of Eq. (III 9a)-applies. The asymptotic
potential is unperturbed as in Fig. 2. |

We conclude this section with the general observation that, for a
homenuclear molecule with an even charge state, predissociation will not
eccur, and the grouna electronlc state is as illustrated in Fig 2. in
the case of an odd charge state, predlssoc1at1en w1ll occur, and the
"electronic states are as illustrated in Fig. 3, with the potential fall-
ing off asymptotically as - %—é Ernl cos en I .

B. Heteronuclear Molecules

For heteronuclear molecular ions the invariance of the Hamiltonian
(II.4) under inversion ef the'nuclesr coordinates is nd longer.a restraint
on the prebleﬁ. As a consequence,the dissociatioﬁ of heteroﬁuclear
moiecules exhibits essentially distinct feateres compared with the homo-
nuclear case. The nuclear potential is now affected'both By the implicit
dependence on1€,bontained in the electronic eigenvalue and the eﬁplicit
term - etf[:N% - bM )/(M 4 Mbi] _ contained in the'nuclear"Eqi.(II.S).

(1) Dissociation of HD

We begln the dlscuss1on by con51der1ng the one-electron HD ‘system.
In the general discussion or the heterenuclear problem, we shall take
Ma to be‘the‘mass of the lig%ter.nucleus(and Mb to be the mass of the
heavier ngcleus. Before eonSiderihg the'ehaiyticfform:of the electronic

wave functions, we note that the origin of the electronic coordinate
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system has .been»,taken at the center of mass-of the. two nuclei,': whereas
the origin of the confocal elliptic coordinate sys-terﬁ is taken‘atr the
'.center of the two nuclei. For the heteronuclear case,.the Eulerian
transformation A , Hmust be followed by a translation along ‘ghe
internuclear axis. | . ‘ . i : N

The Eule.rian transformation' A, M‘of.the perturbation éé’zl into the
x', y’, z/ system orlented along the internuclear axis is given by

Aagz = ngi siri 7\+‘y" sinu'cus 1 +~"zi €os W coc 7] .

%3 2y is the position of the center of mass w1t£1 respect 'Lu Lhe or1g1n
of the x’, y*, =z system, we have z (r /2) [M - Mb M + Mb)]

perturbation in the x”, y*, 2 frame is then
- . ’” . ! Y7} . . 7} - . -~ . .
{zl = eg_ El sin A+ y;’ sin u:.cos AN+ (z zO) cos A cos p.]
The terms in x” and y” will vanish under the ¢ integration as before.

Our relevant perturbation term expressed in the 7n; &, @ coordinates is

now written as

[ - )

€z = 5 Eghrn cos 61"1 . E’l - (M————-+ Mb

1
In the limit of large internuclear separation, the ground electronic
state of the unperturbed HZD+ ion goes.over into a state in which the
electron is associated with the deuteron, and the first e,xci{:ed state

goes over into a s‘tate in which the electron is associated with the

proton. The approprlate wave functlons are glven, respec L:Lvely, by:LS G
Q n P 18/2 Q,n -P g/e
¢Lb=A.b cosh—2—e _-s:.n.l}T e. ]
, : N - (III.10a)
_ ‘ ' Ql“ P g/e C Q 1 -P,t/2 :
Wé=Aa cos h e +s:.nh——e e Y
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- 1
In the llmlt'as-?n goes to,oo{ we have Ab =A = = and

a
L T
% 2 ’
and
. L |
Vo> = e 2. (III.10b)

a \m
Although these two states are not degenerate, in the limit of large
internuciear‘sepafaﬁioﬁ, these eiéenvalueehﬁi énd'E2 ere'sufficiently‘
clese to suggest thet in‘a first approximafion ﬁe proceed as ﬁiﬁh H2+
and diagoné;ize the submatrix anélk;gous to matrix (III.N). The matrix

elements are now:

| ¢ m, - ) |
B, = “‘BEE'E cos % "lgl'<1\71"_+—ﬁb'> Wt By

a

r : r o R . . . . -
T 5T, - R , . ‘ .
= —_— = ] - - - E B
55,2‘ cos ?n AT ‘_E3l C, -E, Cy-2 (D, E312 _ D3~ 112? +

A (Ma-Mb
+E, B -BE_ | -|[7——]) +E
32;1 3 12[ MM 1

r N " r . . . -‘.' M._Ivlb
n . 2 'n : a .
= eE 5t cos G 08" - E)3 Ejio =Dy E312], ",(M +..Mb) *E
. a
p. ‘ M- M L
_ ‘n (& b
H22'_ (Wa 66 2 cos %1 . g1 ( + Mb) Va * E2
. a- ; . .
r rhb
—e€ 2 cos o (AR [ ¢ -E.C,+2 (D E,.,-D,E.,)+
-2 n)a & 731717 Fi1 73 1 7312 T 73 112

| . (Ma - Mb>
+ EF - F-‘E.:] - - + E .
32 71 3 712 Ma + M.b 2 : ’
. e . M Y - N
) rn . a Mb .
. n‘{Aa 2 E;E312 - B3 Ella i ( Lt Mb) f e

. r | M )
Cé‘_’_n cos en ”l gl _.A (MET};%> Wb)

]

™
m.

|

(]

[}

0
DD

jae!
|
fue]
\v]
—
|
——
m€-

12 ~
‘a

51 Gy - Byy O+ By B) - By EM] = 0.

(III.11a)

II"
I
(@Y
nqp”
0.
O
B m'
5P -
o
e
a
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In the limit c?f large LY Hll' and H22 reduce to

r
1 n . A
Hll - - §g€—§ cos 61:‘1 + El’
and
2 rn :
Hy, o+ 3-58? cos § + E, . - (III.11b)

If we combine Eq. (III.l{.b) with the term - efliaMb - bMa)/(Ma, +Mb:)] z)
which occurs explicitly in the nuclear Eq. (II.5), the asymptotic po-

tentials fur Lhie nuclear motion are given hy
' 2
Eb = - gagrn cos Qn + El’

and

i

E +2eEr cos 6. + B, .
a 3 n n 2

These potentials are illustrated in Fig. 6. It is clear ‘that, in the
"elassical" limit, the HD' ion is more susceptible to dissociation than

is H2+Q One c,an"read‘.ily show that, for the H’I‘+ ion, the coefficients in’

the asymptotic nuclear poteatial are = 3‘/14» and + 1/4, respectively.

(2) Dissoci'atiqn of HD

The electronic wave function for the ground state of this tﬁo-

electron system is taken to be
weE |y e Sy (@8 (2
G \{—2' a " a
¥, (1) a (1) ¥ (2) B (2)
The pertinent matrix element is written :
I‘n ) ‘ | ) Ma ) Mb' -
Hll=(¢g,'e£?cos Gﬁl él ot 52 qé'.-z DT+_M}; q;g +El .
. : v a
According to Eq. (III.9b), this reduces to A
, 5 . . l
Wa)+ (%Eg_z_cos % m 5 %

1
3

. rn
Hll = (q/akg?cqslen g’J_ 1

+ Efr cos 6 + B
n n

1
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If we use the results obtained for HD+,;the.first two terms. cancel.

Combining Hll

equation we have

with the explicit term - £5¢6?Zﬁ apﬁearing in the nuclear

. ,3 

The nuclear potential is ‘as illustrated in Fig}'2.
One. can readily sﬁow that had we chosen for our ground-state wave

function a Heltler-London functlon, g

v = & [ () + v, (2) wbu] [1) (1) - :(-2>.a )]

an identical result would have been obtalned

(3) Dissociation of CLiH

TheAgrpund'staté of the 'LiH molecule has’a largéieQﬁiiibrium seﬁa—
“jr'aﬂdn and a relatively Shallow pdt'éntié.l minimum. NO ,daia exist on the
properfiés of :LiH+'ioﬁé; but "we can suspect that these ioms also Qillf
be'i06Seiy ound structures and hence'relativély'Susceptible.to'dissoci-
ation. ‘

Tﬁe c&rrelatioﬁ diagram given bY‘Herzberg'iﬁdicafes that the ground
state of Ii Hf'consistsfof two occdpiéd Wb orbitals‘and one Wé orb'ital.27
In the limit of large rnLTfL%H+—9Liﬁ'f H. Our ground-state wave function
. : , .
wb Wa@) w@a@ 4 G a3

% <1> B (1) ¥y, (@B (@) % (38 ()

¥, (1) ‘a.(l)‘ v, (@ a(@ v (3)a )
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The matrix element becomes

. : r .
o n : S ¢
I, = (ngég——e cos Gn [El ny 52 = E 3

Ma —Mb> l ' + Lt
3 <Ma + Mb WQ El
r. .
='£€? cos eh Wblgl T‘Il' ‘bb) + [g 'ﬂll\!’) } * El;

2
Hll - ggfrn cos eﬁ.+ El .
Combined with the term - ]zi_eg Zn in the nuclear equation, the asymptotic
nuclear potential becomes

o '
gcar co;:, 9n+ El;.

" (4) Dissociation of .LiH++

It is not known whether this i§n possesses a stable.grquhd state;
however a comparison of "ch‘e‘ asmptotic potegtial of this case wii;h that
o of . LJ.H+ illustrates jche éensitive, dgpepdéncg of the problem pn:the charge
states of the ion and its dissociation products; The 4.2LiH++'di'ssociates

B .+ P .
according to 'LiH —ILi + H. The wave function is now

Wg =

W@y @al ]

=l

WL e @ oy @e@7,
and the matrix element is '
r .
=ef R o . 3 '
Hll —'66 5 cos Gn {2 (qulgl nllxub) + 2}+El .

In the limit of large rn,' we have

1 I
Hll = - Ef_grn cos en + El .
Combining Hll with - 1/2 e»E'Zn term in thé nuclear equation, we have for
the asymptotic potential
e __3.€ -
Eg,— E§ r  cos enfEl o
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The Ii H++ ion is appreciably moreAsusceptible to‘diesociation than is
'Li_H+. A comparison of the petentials for these two cases is indicated
,schematieally in Fig. 7 in which the .asymptotic potentials are drawn for
the same electric field value. |

C. Classical Treatment of Dissociation

We conciude Section III with an elementary discussion of the
classical disseciation of two charged bodies. iet eA and eB be the
charges of two dissociation fragments of masses MA and MB’ respectively.
let f(rA -r ) be a function describing the equlvalent of the molecular

binding forces and van der Waals forces. In the limit of large rA - rB,

choose f to be zero. - The forces on the bodies A and B are .

X

MArA=f(rA—rB)+eA€'
and '
NIBrBf_~f(rA--»rB)+eB£.
Multiplying the first equation by M, and the second by‘MA and subtract-

"ing the second‘from the first. we thaih the equation for the relative

motion:
-'Mi\MB = )+ et | -
)tV ) 7
In the limit of large T the relatlve potentlal is given by
, AMB - BM
V(r) el | A .
n MA + MB n

This relatlve potentlal 1sl1n agreement with the asymptotic po-
.tentlals found in the prev1ous eectlons. It is qulte 1nterest1ng that
the.correct cla351cal asymptotlc potentlal is obtalned in the quantum-
.mechanlcal problem through contrlbutlons from both the electronlc equa-~

tlon and the nuclear equatlon. The parameter (AMB - BM )/(M + MB)
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provides a useful criterion forAestimatingAthe'stabilitfﬂbf"various ions.
" IV... CONCLUSIONS: . |

The primary mode of electric dissociation.of :molecular ions is
predissociation.‘ Neutral molecules and homonuclear molecular ions with
an even charge state dissociate via-electron stripping. The asymptoticA
nuclear pétential for homonuclear ions with anlodd'charge-state varies
as. - 1/2 eéilznl; For heteronuclear moleéular ions the:asymptotic de-
peﬁdence oi theé nuclear podtentlal and heuce. the susceptibility to clec-
“tric disbociatioh is a function 'of the masses and chargelgtates of the
.dissociation products.. : AR BRI

AThe=transitiOn rate for dissociation is aAsensitivequnction of
the initial vibrational state of‘the ion. The neceséary fields for

5

dissociating the H2+‘ion range from 10 v/cm for the uppermost vi-

brational state to 2 x 105~v/cm for the ground state. The HD' and HT'
ions are more susceptible to dissociation than-is Héf,;
The acceleration of Haf.ionstin cyclotrons and other circular

accelerators can be extended into the Bev range. Since the lower vi-

brational states of the H, ion are generally more densely populated

+
2.
than the upper states, no significant beam losses from predissociation
will occur in conventional circular accelerators at energies below one

Bev.

In the application of this work to the injection problem for

controlled-fusion experiments, effective electric fiélds of the order
~of 106 v/cm can be considered. For those molecular ions ih ﬁhich pre-
‘dissociation is the primary dissociatioh.mode, sevefél of the uppefmost

vibrational states arévsusceptible to dissociation for fields within

B .
1

this range. For ah electric field of 106 v/cm the required time for
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indtc;ng'traﬁsitions between the’ upper vibre.ional states is of order
10-3 seé; these induced Lransitions will not interfere with {he more
rapid predissociation.’ The'fecéqt éxperiment 6f‘Anaerson et al. has
shown‘that"most of ﬁhé.vibrational state;.qf the H2+ui6n.rgmain populated
when such ions are accelerated in Van De(;xagffmacbinés_QS The practical
utiliiation Qf tﬁe injectién_métﬁod;conéidéred'hére will.requiré further -
demonstration that the uppermost vibrational states can be populated.
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APPENDICES
Appendix A
ﬁerelﬁg consider the transformétion of the term V2 in Eq. (II.1)
into a funcfion of the n + 2 new coord;pates which are defined in Eq.

(I1.2). We have:
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n

. . l . . :
V2 = a.Za + bzb - Z Zei —.. W .@a-ﬁ ‘Mb-?. I'lm) (aza+ _b_Zb’)‘. .

~

i=1
- (Ma-f M+ nm) Z Zo;
. i=1 .
1 g )
= W {aMa Za+ bM.be+ bMaZa+ asza+ nm‘ (aZa.‘F bLb) -

+ (b - n) (M,2,+ miL_ éei) ‘(o - n)l(Mb_.zﬁ’“? ¢

+

~

n “\
‘””Z Zci -~
i=1

o N o : n n
. Eb - é)(Ma?a+ .mg zei)‘+ ‘Ga<i)(szb+ mg zeiZI - nm 2. Zos
(Ma.+ M + nm) i=lz'ei} S

U 1 ‘ '
T M+ M+ nm {(a +b -n) (Maza+. MpZpt Z .Zel)
a o -i=1

b)

- Eb - n) (M z+ Z zei) + (a - n)(szb+ '@Z:z_ei)‘j .

i=1

+ bMazb+ asza+ nm (az-a+ bz

”]s

- (Ma+ M.b+ 2 nm izi Cl}

az_+ bz, - .iil,ze; (a + b - n) Z* m {bMézbf aM, z _+ nm(aza+ bsz);
- E-n)(M“migzﬂm a-n)(M.Dz+mZ ]
- (M + Mb+ 2 nm) i } .

Note that |

nrﬁ(aga+ bzb) . < .
a

M+M.b

(aMaza+ bM, 2, + asza+ bMaz,é)
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and

o

(aMb— EMa)(l + M_—jr_lm@ ’)(.zé,- Zb) = (asza-.bMazai.- al .z, + bMazb) (1 + m .

Inserting these expressions in the above and expanding some terms, we

" obtain

_ Rt -
.V2' (a+b-n)z +‘M +Mb+nmA'bMazb+asza‘.+,

nm :
o (a.Ma.za + Mz o+ aMz o+ bM zb)

Ma ++ Mb _
+ (aMy - DM+ m - %)

—. asz -sz -asz +sz)(l+

M+Mb
- | bz -an +(b -n)mZzei

_#

R e; anz +(a'—n)mz e;\

.-(M +Mb+2n.m)Z el .

 If we collect terms, this reduces to

’
V2

=“(a.+b'—n). ZC+MV.4;§-,Ib+~an (al\db"bMa)(l+bT£mdi—N¥) z
(l+_a_j_bM_)jn) Mz +sz)—(a+b)mZz

' n
2anzi - (Ma+Mb'+ 2nm)Z Zos

i=1

+

el

+

= (a+ b -~n) z, + ——-l——-— h”(aMt; - bMa)..(:l +

Ma..+ Mb+ nm z

My * My

+ B (a + b)m _Maza+szb
A5 Mb)L A .,Ma.+Mbl.). IR

- {a+ b)m >
(l+(Ma+I2’Jb .Zzei:l

n

+

i=1
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aMb - bM
M + Mb

M+ ﬁb + (a + b)m M z, + szb) - L
Ma + Mb + nm 1 M + Mb ZZ_ Zei

= (a~+ b - n) Z, * (o

-+

Finally, we have )
n .
A aMb- bM
_ ' ay {a+b-n)m
az + bay - E 2oy = (a+d-n)z + (57 M )2" E Mo+ W v nm] S
. a .
i=1
Appendix B-
In this appendix we consider the electromagnetic transitions of
the general diatomic molecule. We shall be councerned both with spon-
taneous electromagnetic transitions and transitiohs'induced by switch-

ing on the' electrostatic fieid.

A. Spontaneous Transitions
The Hamiltonian for the general diatomic molecule in the presence

. -
of an electromagnetic field described by the potential A is given by

. n
2 ea 2 1 /1~ eb— .2 1 2 e > 2
2M (pa'—Aa,) "Mb(b-c Ab)+9]'Z(Pe1+EApJ) Y *"“S’E"'
a
i=1
where
A ik
Aa = AO»e T, etc.
' a A A A = S
If we expand the brackets, use A * p - p * A = - A/i\f-A, set ‘7' A =0,

. | -y
and neglect terms of order A2 this reduces to

(v e SOV
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Introducing the transformation given in Eq. (II.2) and writing

the Hamlltonlan vhen A= O we have ' n
3 . . . . A'
. v = pa + fa
a c
. | | ' 1
= n

L.

<:]L

c‘<“/

ﬁ
»
<
cﬁ

and

L
b

<
S+
H~<§b:”.

which gives

0 ic. Ma a ’

HO for

af . bf, _ - |
Fhy = Tryg = 1 = . _ ’E i 4
(ﬁ;f"Aa TR Aei) Xé;} Vet

We are concerned. with transitions between the various vibrational

states belonging to the same_electronic state and,

those of the ioﬁest‘electronic state.

v = n(T, B) ¥(T),

and the flnal state by
n(r ,B) w(E, T

- -
.

- - In a dlpole approx1mat10n we set elk 1.
from v and. V vanish.

'(12) ‘and d1v1d1ng iormula (12) bydﬁl

o o
oy 2 Vi [aMy -\l
W35 (Ma I > | Ol

in particular, with

The initial state is given by

r., El) le(rn’ w,j)’

wk)

The contributions

Upon examlnlng Heitler's 23 formulae (2) and

Ne have for.:the. tran51tlon

2
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For homonuclear molecules this transition rate is zero and we
require the quadrupole terms. ’ For homonuclear molecules we have, from

transformation (II. 2),

_ ’ | P
?—2+—- n—Iﬂ)—f +(2+%)? -2 T
' a— T 2M) 'n M/ ¢c M i}’
: o : i _J
= nm-l nm | > nm mln’. i
rb=<2+_ﬁ_> —(l+§—N—I)rn+(2+E)rc-MZri?;
1 _

1l

BN (] nm -1 - A% ‘
I'e ‘+ oM ri+rc .

Neglecting terms of order nm/M compared with h‘unit‘y'; these reduce to

T=:F +F -25 ¢
a2 'n c 2M T i’?
1 m 9
- - — -
rb-v-grn'f'rc-éﬁ‘; ri)
and
- - -
rei— ri + rc .
" We have then
> k-7 mii‘- r.) .1
S~ s iker * rc-r?i_l i sk
A =A e =A e - e : s
a 0 0
- —_ m n_s LN
ik T 1k'r‘2_MZ.k'r1)-1£T€-?
—_ _K e b-K e 1:]_ e 2 n
A= h o ’ ’
-~ 3 el .‘rei—A'el r.+ r,
ei ™ 70 ‘ -0 ’ : '

The contributions from the terms in v a,ndv in the matrix element

will again vanish. Writing
- 1o o

i3 k = .rn
e =1+

;t\)]-i—*-.
~l
H

5 L

-
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we have for the term ier] :
: . . n .

zla

BRI *) -
s ¢’ 2M ¢4 ij a
_eh (a-l—" T VR e i=1 v
_— _ 5 /|

The factor el( )canpels with its complex conjugate in the evalu-
ation of the matrix element, and using Heitler's formula (22), we have

for the transition rate for'quadrﬁpole transitions

al
&

eEV.Saz'.A._‘_\ |
Q"33 & (5) CAENCINEN] %)

_ b
'T_3 J

B. Induced Transitions

In the presence of the électrostatiq.field, the eleétron cloud
is polarized. ‘Tﬁis polarization is a functiocn bf the internuclear
separatioﬁ. ‘AsAthe.molecule vibratés this variable polarization can
induce a transition between the_.v;i.bratignal'stat_es°
| For values of the intefnuclegr sepafapioh close to thevequilibrium
separation, the electronic ¢igenvalue'is given approximafely by’
g 1 Ey-E

The electronic wave'function corresponding to this state is'then

. I
g 1 E2 - El'

Wé .

The initialdstate of our molecular system is now given by-

e ) (> e : . = . a
.W\“ “(rc, EC) wg(rn"ri’ El) Xiﬁ rn? wj).’

and the final state by

—
T,

Y= n(rc, EC) wé(rn, 17 El) xlk(rn’ Wk) .
Using these wave funétions, we proceed as in the previous section;

the transition of inter¢s£ is given by the electronic terms ill‘]
i
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in dipole approximation. Neglecting terms of order m/M compéred'with

unity, we write the interaction term
' n

5N 0 o
i = - I Aoy §7 )

int ime 5
i=1

Using previous theorems on determinantal wave functions and taking wi‘
and wz'as the first and second electronic orbitals, respectively, the

pertinent matrix element is written

- ' _ s | 12 l Cx
("’g)ﬁc‘Hintl"ng) = (Wlxh‘Hintlwlxj) * (El - E, J’nylclHint \"lxj)
H
[t 12\ , .'
¥ ("‘i*xk‘ Hint| E| - &, "V2XJ> E '
. 0 -
10 12 .
.t = \:' “|H, - \II X) .
(El - E2 2XkJ }nt, El .E2 23

The first and fourth terms vanish inh the electronic intégfationg
the second and third terms are equal. TFor the evaluation of the
electronic integral, we write 4

E, - E
A : R . 2 1
im Wi)éi = 1V (r)dpy = 1 ( F ) (r)op

The transition rate becomes
2 2

2 v E, -E
e Vij 2 2 1 ’ :
133 (Eg - El) ( B N [wEXk‘.lrl Hl?l Wlxj) '

For homonuclear molecules in the upper vibrational states,. we -have,
approximate'ly,lﬂ12 = 1/2 e(ﬁ.rn cos Qn; the transition raﬁevthen re-

_duces to

o
: b v, &£ c 2
‘ _ ke Jk : .

Ty = 3.3 g3 (szk Irl “n éos Q1l Wlxﬁ)‘ ’

The transition rate given in reference 10 is in error. The selection

rules for these transitions have been discussed previously by Condon.
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Appendix C
In this appendix various integrals encountered in Section III are

defined and evaluated as follows:

m—. -

E = epnhgdé—iepn
On ~ P
A’l n

© P ¢ e_Pn
Eln.:fge dg: 5 (P +l)
P
1 n
_ b
@ -P ¢ n [ '
2 e 2
E2n=f§e d§=P3 Pn+2(Pn+l)]
1 n- L )
I -
. @ -P & n ‘
- 3. n _e 3 2
E3n—f§e dg—;T.Pn+3Pn+6(Pn+l)] '
1 “n & : :
o -%(P1+P2)§ (P+P) ‘
E112=I ke - (P +P)+l
, vl E(P +P):]
' | L (p, + By)

E=I°°§3 ) L (p, + B, e
3124... | [(P+P:|

x {% (Pl + 1‘>2)3 . H (B, + pé) + 6 (-2- (p, + P?) + 1)]

+1

- e Q0 @ o Lo o Loeimn
B, = | 1]1,8'11111. > cosh.. 5 dT) =2 (cosh.. Q Q sinh. Q)
=1
+1 . o
_ 3 qign @0 A
B3 —f 7~ sinh.. 5 cos:h.; 5 dn
-1

16 (o3 3 3
=7 z cosh.: Q, - B Q sinh’: Q, + ) Q qosh.g Q - g sinh.. Q
Q , .

T+l

.2 Qr
Cl =f nv'cosh..: 5 dﬁa_: 0
-1



+1

=f cosh®. %q'ne dn = % (2 sinh %coshx g—+ Q)
-l : : Y
2 2 . 2 :
- = - =—cosh-Q+ — sinh Q
3 Q,2 A Q3
+1
‘ =f " n3 cosh %71 dn=0
-1 .
e 4N Y Q
;, =f n‘s1nh. —2-— cosh —?— d'r]'= 4 Q:L s:_.nh 2—<sinh,, 2— ’
-1 :
Q- Q ) 8
- 4 Q cosh. == cosh. —= + -
2 2 2 z2 2 2 2
B RICIY
- Q Q Q Q.
X [(Ql2 + Q22) sinh . 5 cosh - -ei 2 Ql Q2' cosh - —2—2— sir§h . -&}
. 3 Qn Qn-
.—_-f LE sinh —,B—COSh _é— dT]
-1
N DL Q, 4
= 5 ) 5 sinh — sinh . 5
Q, - Q (Q -e)° 2 |
1% } 1T % ]
B RN I L Q, Q
- 5 5 5 'coshv > cosh 5
Qll"Qe L. (Ql'Qz) o ' K
ol Q, (@ - )" +124q, Q, Q
- sinh . — cosh =
Q2 - qf (@, - a,)3 | 2 o e
1 2 L 1 2 J
o 18 (@ - )%+ 12 q, Q, Q
+ =5 5 = T cosh 5 sinh 5

1
@)

1
=f n sinn® %ﬂ an =
-1 :

c L2 Qn.
F3 =j r§3' sinh %—q'dq =
-1

|
(@]

o
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Appendlx D .
In thls appendix we consider the equétloﬁs of motléﬁ of an H2
ionfmoying in a uniform magnetid field. Our purpose is to inquire to
.what extént the dissociation of the ion by the Lorentz force is equi-
valent to dlssoc1atlon by an electrostaflc fleld '
Let H be the intensity of the magnetlc fleld whlch is taken in
the z dlrectlon The vector potentlal for thls field is A = AqQ-— H/2)Q$,

where p-= (x + y )2.' The form of the Hamlltonlan‘for this system is

given in part A of Appendix B. Expanding the terms as before, we have

eﬁ - . — .'->
o 1MC( v“‘b V)fz;nz“- V
2 - 5
e 2 2 e 2 LA
L. _KAa- * Ay ) * = 2 Ae Yi= - T 8z '
2Me™ - 2me: ‘

The x and y components of A are given by

. H
.Ax—-...A(pSln(p—-2y.
and
1
Ay = A@ cos ¢ = > X .

Using the expreésidns for'?;, rb,'and”;; giveh in Appeﬁdix'B, we

can write the various terms:




_eh 2 .2 _eHA |m [ D ¢ ¢ _, ©
L = ime Ae Pe ~ 2imc [2M (xl ?:-yc A a-xc % Byl e 3

o/

: o_ . o Am(”va,,_a_, ;
* (Xl Sy, 17 xl) T e Sy, T e K )

Corﬁbiﬁing these expreséions aﬁa'neglécting tei'ms 6f order m/M compared
with unity, we have

eif (L & d 1 3 __ 2\
awei |2 3¢, & e \1dy Tk

'I-+ AI.I =

aric |3 " \"e &y, " Yo 3% )]0

Considering the A2_ terms, we-note that we -have r <<r, and ri<<r,.

If we write P Py %__pC’ and P Py the A~ terms reduce to

2 i, 22 .

2 P
2 e T - Pa
C

(Aaé' + A_be) +

e

. 2Mc2

e
2m
The second term in I + II is-th'e Zeema.'n‘ term 1n ’ghe“‘nuc’le‘a‘l‘*
coordinates and is equal to 2—;%& (J(J+l)),%, where J is the rotational
quantum number. The fourth tcrm is‘.»thc Zeemon term in the ele_c’cz"onic
coordinates. ‘These Zeeman terms are usually small c'ompa.rea with t;he

‘se‘pgration of tjne vibratiqnal l.e\__r;eJ_,s ’ aj,nd: .f(')If. the purposes of -this

l)

where vy is the expectation value of the internal electron velocity.

This term can be combined wi‘i:h, ‘the first.term and 1s negligibly small

- problem can be neglected. For the fifth term, we use H/im( \71) = v

1
The third term is the term of interest. If we write #/2iM( V) = (vc),
: c

when the center-of-mass vleocity is"large_ compared with v

-

and take the center-of-mass motioxi. to..be a classical circular trajectory,

this term becomes

eHf 1 X 9 - 9 = ech x. sin wt - cos wt)
Ml 2 15yc N 3I3x )T T2¢ 1 Iy )



—5&-

where w = eH/2Mc.
Consider next a transformation into a rotating cooi'dinate system:

xlA= xl.cos wt + yl sin wt

;- ) - ‘o3
y{ =¥, cos ;»1? X, sin wt

Zl'= Zl

and

" x/ = x_ cos wt +y_ sin wt

n - 'n

Cw? = - D ad
y. = yn cos wt Y, s1.n“wt
z/ =z .
n n
The third term becomes - eH/2c Vo y]’_. The electrohic and nuclear

equations are now. written, respectively:

2 12 2 2 ;

4 . e = el ’ D=
—2m v - EK+ ._./' l-—t’ +. -y 1 * 2c ’VC yl \I/I‘{—'O
P ﬂr ->r | ﬂr + =T I . :

T ‘ 1. 2 'n 1 2 n" o
e 2 | 2 : _
h e . /
- v = EK(I_'n) -W X =0
n. n- r | C

'I-Af yfe set ’5=‘ch'/c; Vthese" equations have the :sa;ne form as those con-
sidered in'part 1 of Section III. lE
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Electronic . potential

V(z)

Fig. 1.

MU-20332

The electronic potential for a diatomic molecule
in the presence of an electric field and for some
particular internuclear separation. This potential is
exact for a one-electron system and is schematically
correct for the many-electron case.’



€ =0; all.molecules

€ % 0; A, ,AB, A';+, etc.

Nuclear potential

V(z)

—
~ Zp
/ e
MU-20333

Fig. 2.

The nuclear potential for a diatomic molecular
system in the absence of an electric field. Usually
this potential is drawn in a spherical-coordinate system,
but for the purposes of this paper a cylindrical-
coordinate system is more appropriate, The
vibrational states are indicated schematically by the’

~ light horizontal lines; for the H2+ ion there are

actually 19 bound vibrational states. In the presence
of an electric field this potential remains uperturbed
in lowest order for heteronuclear molecules and
homonuclear systems in even charge states.
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Nuclear potential

V(z) A, ADTT etc.

Fig. 3.

MU-20334

The nuclear potential for a homonuclear ion in an
odd charge state in the presence of an electric :
field. The vibrational states are indicated schematically
by the light horizontal lines. The asymptotic potential
for the lower electronic state falls off as

1
- — €
5 €

z o
n
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7

Fig. 4.

10® 108 i0 108 -10°

MU ~-20853

- Binding energy measured from the unperturbed -
dissociation limit versus electric field for the
various vibrational states of the H _+ ion and

for J=0. The intersection of the horizontal lines
with the curve marked 'classical' determines the
electric field necessary to dissociate ghé ion in
10-14 sec. The diagonal lines marked 10-8 sec.
and 1 sec. determine the fields necessary for
dissociation in these times, respectively. The
two horizontal lines for v = 18 and v = 17 indicate
the range of uncertainty in these calculations. The
results of the WKB calculations are also indicated.
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Fig. 5.

MU=~20854

First-order perturbation versus electric field
for the various vibrational states of the H2+ ion.,
The perturbation for each vibrational level has been
calculated using for the electric field the value
given by the curve labeled ''classical'tin Fig. 4.



Nuclear potential’

V(Zn) H D+

ot+H
D+H*

MU—20335

Fig. 6. The nuclear potential for HD' in the presence
of an electric field. The asymptotic potential foz

the lower electronic state varies as

| ’ 2
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Nuclear potential
LiHY and LiH**

V(2)

Fig. 7.

+Ht

MU-20336

:'Aicomparison of the aSyfnpfotic nuclear potentials
for the LiH' and LiH*t ions. The asymptotic

" potential for the singly ionized ion varies as,

+ 1 € gzn, and for the doubly ionized ion as

8
-3 = z . This diagram is meant to be indicative -
4 g
only, it is not known whether the doubly ionized ion
has a stable ground state.
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