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DISSOCIATION OF MOLECULAR IONS BY ELECTRIC FIELDS 

John R. Hiskes. 

Lawrence Radiation Laboratory, University of California 

Berkeley, California 
. . 

. . May 4, 1960 

ADSTRACT 

A general discussion of.the dissociation of diatomic molecules 

and molecular ions by electric fields is presented. These calculations 

pertain primarily to the ground electronic states of the molecular 

systems. The Hz+ ion is treated in cohsiderable detail; the required 

5 fields for the dissociation range from 10. v/cm for the uppermost vi- 

8 brational state to 2 x 10 v/cm for the ground st'ate.   he many-electron 

hoknuclear iops are .treated in successi~e charge states. The HD', HT+, ' 

HD, L~H+, and L~H++ heteronuclear ions are csnsidered. The dissoci- 

ation of homonuclear.ions and heteronuclear ions exhibit distinctly 

+ + 
different features. The HD and HT .ions.are more susceptible .to 

+ 
dissociation than is H . . The extent td which the dissociation by &I 

2 . . 

A 2' 

electrostatic field and by the Lorentz force, .ev x B, are equivalent 
- .  

' is considered.., The rates of induced dipole transitions to lower vi- 

brational states can be made negligibly small compared with the dissoci- 

ation rates. The application of this work to particle accelerators and 

to the injection problem for fusion devices is-discussed. 
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. . ., . . . . 

INTRODUCTION 

If an atomic or molecular system is placed in a steady electric 
. . 

field, the Coulomb binding forces are supplemented by an additional 
. , . .  . . 

force which tends to.separate the charges. One would expect that a 

sufficiently intense external electric field would lead to a dissoci- 

ation,of the systefn, Oppenheimer calculated this effect for a hydrogen 

atom in its ground state and found that.the instability of,the atom was 

8 
inappreciable for field intensitieg,much less than.10 volts per centi- 

meter (v/cm) .' These calculations have been extended to various excited 

2 
states of the hydrogen atom by Ianczos. 

. . 

The nature of .the process is,such that the presence of the external 
. - . .  , , . 

field brings about a,change in the potential experienced,by the atomic 
. . 

electron ,in such a way that .the bound .,electron.sees a barrier of finite 
, . 

width through which it can tunnel its way to freedom. A general property 
. . 

of such'tunneling processes is that the transition rate depends expo- 
. . 

nentially on the height,of the barrier. In the atomic problem, this 
. . 

barrier height is at least approximately defined . . by the energy required 

to'excite an. electron . . into the continuum. 

Consequently one would expect that the field magnitudes calcu- 

lated by Oppenheimer. to be necessary for .an observable dissociation _ .  . .  . . . . 



rate might be markedly reduced in a,. syste.m.whose.:pertinent binding 

energy is appreciably lksq than.that of the..hydrogen atom. 

: - . In this paper we consider the electric . .  dissociaGion of the general 

diatomic molecule or molecular ion in its ground electronic state. The w 

dissociation of a molecular sys.tem exhibits distinctive features corqared 

with the atomic case. The nature of this difference for the two cases 

is a consequence of the.fact that the only mode of dissociation avail- 

' able to the atom leads to a tran~ition of the electron into a free state. 

For tne molecule, however, there a're an inrinite nuher of possible 

final states leading to dissociation, corresponding to the successive 

bonding and.antibon&ing electronic .states.of the system; - , 

. .. 

One might expect then that azl iorl for. which the upyel?i~ost vibration- 

al states of a particular electronic state are occupied would *rovide 

an example of .a system that would dissociate at a .reasonable 'rate in 

the presence of an appreciably smaller field than is required for atomic 

dissociation. This mode of dissociation, j n  whjch the rnol.ecular system 

'divides into two atomic.systems --.a form of predissociatTon -- appears 

to be the principal. mode of dissociation for most molecular ions. 

Apart from its general physical interest, this mechanism has appli - 
. . 

cation to particle accelerators and to the injectfon problem for 

controlled-fusion devices. The. inspiration for this work originated 

with some remarks by members -of the Princeton accelerator group who, 
. . 

in considering the possibility'of accelerating H- ions 'in an accelerator 
8 

and then trapping these ions in a storage-..ring by changing their charge 

state to H+, recognizedthat the, H'- idn'is .quite susceptikle tb dissoci- 

. ation' into' an H atdi-n'and a f'ree' elec&on through the kction of the 
. . A 

iorentz force, .ev x B. A 3'4 This "dent= dissociation" of 8- hay have 



536 . been observed by Lofgren in the - 184-in ... cyclotron. ... .. . .. 
. . 

It was recognized that such a mechanism for changing the-charge 

state of atomic system might. find application as A n .  injection. 

mechanism for fusion devices employing large magnetic.fields.. Such 

change-of -charge-state ,mechanisms employing atomic. and. molecular . systems 

as a means for trapping energetic particles inside a.magnetic..field 

region had'previously been proposed ubilizing conventional ionization 

7,8 processes , , . $.- 

The basic' requirement of such injection methods is simply that the 

' I  

absolute value of the ratio of charge to mass of the atomic system must 
" 1  .& 

increase during.the respectiive ionization process. The stripping of 

electrons from negative.ions b~! the.brentz force is therefore not of 

.I. . 
interest. The strippipg, of electrons from the .ground state of neutral. 

. .  .. . . . . -  
atoms is limited by the requirement of .intense .fields;.the L i  at.om with 

. . '  . 

a 'bindin@; energy of 5.36 electron volts (.ev). would appear. to require 

. 7  electric fields in excess of 10 v/cm to achiev,e .a useful 'dissociation 

rate. (.1n later sections .it will be :shown that .the. .neutral -molecule is 

appreciably more susceptible to dissociation . . than thecorresponding atom.) 

These considerations have prompted a study of the..di'ssociation of 

the simplest molecular structure, the hydrogen molecular ion. In a first 
. . 

approximation to the diss.ociation by.a magnetic field,.the problem was 

, replaced by the simpler one..of the. dissociation by a purely electrostatic 

field in the belief that the solutTon 'of .thi,s :.latter problem would ex- 

hibit the basic features :of .the dissoc:Tation by the Lorentz. force. 9 

The extent to which these.two problems are equivalent is &iscussed in 

.Appendix D; in this appendix,it is .shoyn,that provided.one ignores the 

Zeeman terms, which are negligibly small compared: to. the separations of 



the vibrational levels ,: the dissociation by. a. !magnetic .field reduces 

to the probleni of the di.ssocba.l;ion by an. electric field.. A preliminary 

+ 10 
report of thLs work on H2 has.already been given. . 

It is conventional .in many cyclotron establishments to accelerate 

+ 
H ' . as. a source of protons i As- .cyciotron energie.~ are increased, it. is 2 

of .interest to inquire int'o the stability of successive vibrational 

states. The curves included in this work s h o u l d  be usefill in providing 

a basis for estimating these successive stabilities. 'It is intcrcsting 

to note that on the basis of an instantaneous Lorentz transformation 

A 4  

into a system moving with the ion, which yield e = yv x B, one concludes 

that an ion in its ground vibrational state is stable for acceleration 

up to some 60 Bev in a 20 kilogauss field. . . : 

At an early point it'was recognized that an accurate treatment of 

the dissociation would require a knowledge of the vibrational eigen- 

functions and eigenvalues be1onging.t.o the ground. electronic state of 

+ . These calculations have been carried out in collaboration with 

Dr. Stanley Cohen and Dr. Robert J. Riddell, Jr., utilizing potential 

functions calculated in connection with the mesonic-moleucle work. 11 

These cal&lations are report.ed elsewhere., 12 

Following .the publication of' the preliminary .report mentioned above, 

an additional bound vibrational state lying between what had been thought 

to be the uppermost state and the dissociation limit was dLscovered. L 

+ The original paper together with the later work on H is included i'n 
2 

13 
t 

this paper; a report' on this later work: has already. been, given. ., 

The extension of this problem to the many-electron system and to 

heteronuclear molecules has been facilitated by the recent work of 

Dalgarno and ~ccarroll,'~ and that of Cohen, Judd, and Riddell. 15 



In Section 11. the .equations f0r.a-general many-electron diatomic 

molecule moving in the ppesencd of e&ctrostatic field are . .  . developed. 
, 

Included in Section711 is"a discussion of the electromagnetic transitions 

"o' between the . vibrational . states of the general diatomic molecule. 

In Section I11 the general equations of the previous section are 

+ applied to several particular molecular ions. The H2 system is treated. . . 

'in considerable detail, followed 'ky a general discuss'ion of the many- ' 

! 

, . electron homonuclear system in successive charge states. The treatment ' 

on heteronuclear molecules is applied to the HD+, HD, UH+, and L~H++ 

' . systems. Finally, an elementary classical analogy to molecular pre- , 

. . dissociation is derived for comparison with the quantum-mechanical results. 
. . . . . . . .  . .  

. .. 
, 11. THE GENERAL EQUATIONS 

. . .  . . . . , :i , . .  ' ' .  . . . . .  . 

A. Separation of the Motiona 
. . 

. . . .  . , . . . .  . ,  . :.. 

In this section we shall discuss the Hamiltonian for a general 
. . . .  . , . '  . . . . : _ . . . I . . .  . . . . .  
many-electron diatomic molecule moving in an electrostatic field. The 

. . . : . . . :. ".. , .. . , : . _ 
development' given here will follow closely that of Dalgarno and McCarroll, 

and of Cohen, Judd, and Riddell. Insdfar as is convenient, we shall' 

. adopt the notation .of the latter. . 

Consider an n-electron diatomic molecule with nuclei of masses M a 

and M, and charges ea and eb in the presence of an electrostatic field. 
A A A 

Let ra, r and rei represent,.the coordinates of the two nuclei and the 
b ' 

* ith electron, respectively, all measured with respect to the laboratory 

system. Take the direction.of the. z axis along the electric field. The 
$ 



Schroedinger e.quation for, this system: i:s . written:.' r : .  . : ' . . . 

. . . . . . .  . . . . . .  : . . . .  . . ; &  .a @.. E w  , .. ' _  - -  
i at , 

. . .  . . .  . . 
. . . . . . .  , . - .  

where 

2 e 2 

. . . . .  . . 
8 . .  ' , :(mlb) 

and . . ,:!:. . . . .  , .  . . .: . ..i 

.*: \ < ~  ' ..,. . : . (:II.~c) 
i=l ,, 

. . . . -  . . . . . . . . . . .  . . . , \ .  

The center-of-mass motion c& b e  separated from the equation for 
. . . . : . . _ .  ... 

the internal motions by introducing n+2 new variables -- a center-of- 
.a . . 2. 

mass coordinate, r a relative nucleir coordinate, r and n additional 
. . .  

c ' . . : ,  . . . . . . . .  ; : .  nl 

coordinates; . 7 iJ measuring the distance of the ith electron ,from the 
: - '  . . . . 

. . . . 
. . A .  : . . 

center of. mass of the two nuclei. The transformation is written: 

. . . . . . .  . . . . .  . . .  . . : .  .,. . . ., 4.'. 

where : 



When this :transformation is iritrdduced :.into. Eq . :(.I1 ..I.); the 
schroedinger equation in .,these new coordinates becomes ,' .: 

with 
2 .  f 2 .  2 

be 2. . . 
- .ab e -5-- - + 

lrnl. 
- + f F  

i=1 lFi - f2*n 1. lri 1 n I i=l j+i 
. . 

In Appendix A it is shown that 

for 

The center-of-mass motion can now be separated 

the'inter~l motion by writing 

. . . , ,  . .  . 

from the 
. . . , 

(11 - 3 ~ )  

equation 

and. . 

The equation for the center-of-mass motion becomes. . :. 

This equation describes the motion of a particle of mass M + % + nm 
a 

and dharge e(a + b - n) moving in an electrostatic field. 



The equation for the internal. motions Zs :yri:tten . .,. :,i 

. -  . n I;. 

(11.4) 

with , M 11 = 'Ya.l.I$, 

\ 
. . .  . . .  .- . \ . . ' . .  . . . \" . a id  

"(Ma + y,) \\ \,. 

m = -\ 

e M a + % + m  ' 

. ( .  . : .  . . . .  . 
In the interest ?f separating the relative nuclear motion from the 

electronic motions,' we proceed by assuming a soludion '6f' the f'orm 

' . '  * 
Inserting this expansibn into Eq. (II.~), multiplying by ?jr and i.nte- 

. . . .  . , . . . . .  . . . .  
A. ' 

grating over ail electronic coordinates, we have 



where . . 
. . . . 

2 

n n n .  n 
l i  . . . 

, The electronic functions, VK, are defined by setting thebracketed 

quantity in, the. integrand of Eq. (11~5) to .zero. The remaining terms 

' 

serve to define the nuclear. motion. '1n a. first approximation to the 

nuclear motion it is customary to set the series to zero.'. A, . . The 

various vibrational states belonging to a particular electronic state, 

EA, are then determined by the equation 

For ,homonuclear molecules, the BN( series is a ,  simple correction . . to the 

nuclear potential, the leading term in rhis series contributing a quantity .. 
. . 

of order m/~, .15 For the heterqnuclea? one-electroq problem in lowesr 

. . 
. . .  order, there is a degeneracy at large r .  for the two distinguishable .. . n . . 

cases inwhich the electron is associated with either mass a or mass b. 

It has been shown that in this latter case, in addition to providing a 

correction to the potential, the leading terms in r6 also provide a 
. . .  h K .  

means for removing..,the degeneracy that exists at large r . The motion 
n 

is now determined by a set of coupled equations., and the notion of a 
. . . . 

potential is no longer appropriate. l5 In this discussion we shall usually 

neglect the effects of these higher-order corrections, since the primary 

effect of the electric field is already pronounced in lowest order; the 

use of a .potential in de,scribiag the' effects of .the electric field for 
. . 

both the homonudlear q d  heteronuclear cases is 'then valid. 
I 

- 



B. Vibrational Transitions 

(1) Spontaneous. Emission . . 

Here we are concerned with vibrational trarlsi tions between the 

various vfbratiorlal states belonging to the ground-ePec.l;runic.: . . s.Late of 

the molecule. The lifetimes of'these states can play an essential part 

in the interpretation of various experim&ts inbolving molecular processes. 

There have been conflicting statements in ' the, literatuke i-kgardiig the 
. . .  

nature of these \;ibratiurlal transitions, 'pkkti~~l&ly wi~11' I - ~ s ~ c c ~ ,  to 

r .  

quadrupole ,Lrt~usiLi&ni in'homonuclcar molecules. 
. . , 

In '~phendix B, the spontine&us -transition rate, f ~ r  dipole tran- 

. .. 
sitions is shown to be 

, . 

In the case of homonuclear molecules,' the dipole transition rate is 
. . .  . . 

identically zero. As an example .of :.these transition' rates for hetero- 
. . .  , . 

nuclear molecules, consider the HD+ iori for which we have A V  -0.22 ev 
. . 

10 - 
&d r' '2ao. The lifetime of this firkt excited stite is apbroxiiuately n 

200 micfGieconds (pee). For the uppermo~t states,' the lifetimes will 

be about two orders of magnitude longer than for thik lowest transition. 

Since the time of fright of an ion in & electrostatic accelerator is 

' some tens of microseconds, we 'conclude that for 'the pui-poses of many 

experiments these states are sufficiently longilived to be considered 
1 

. . . . 
stable. 

. . . . . , 

For homonuclear molecules, the quadrup~le transition Gate is given 0 



2 
These quadrupole lifetimes are .approximately a. factor. of 
. . 

longer than are the dipole lifetimes. 

(2) Induced "Transit ions 

. . Switching on the electric field has the .effect: of inducing! vi 

brational transitions. One is generally concerned with the rate. of 

these induced transitions compared .with the' dissociation :rate. ; In 

Appendix B, it is shown that the induced transition.rate . . is:given 
. . 

approximately by 

. . .  . 

1 ' .  
These transitions 'have been discussed previously by Condon. . . 

. . 

This trahsition rate exhibits 'a, simple power-,. dependence oi the, 

electric-field value. The dissociation .rate on the other hand is 
. . . . .  , . 

exponentially dependent on the field value. For any parti~ular~level, . 

. . 

therefore, it is to choose a field value for which the over-all 
. . 

transition rate will exceed the dissociation rate, arid vice versa. 
. I 

-- 
. .  , 

111. APPLICATIONS 
. . . j  . . . 

A. '  Homonuclear Molecules . : 
. . 

Having derived the general equations i.n the previous section, we 
. . . . . .  . . . 

shall now apply these results to several particular molecular ions. In 
. . . . . .  . . 

,any discussion of the theory of diatomic molecules, the symmetry features 
. . . . .  . . 

t . of homonuclear molecules lead to a clear distinction between the proper- 
. . , . . . 

ties of.homonuclear and heteronuclear molecules. This. distinction be- 
. . , . .  ' . . ,  

comes even more evident in a treatment of the dissociation by electric 

fields'. ~ccordin~l~, we shall divide the problem at this point and 

consider first the dissoctation of homonuclear molecules. 
. . - .  . . . . . 



For homonuclear molecules we .have a = . b . and M : = ,  Mb;. the, coefficient 
.' .a 

of zn in Eq. (11.5) vanishcs and there is. no explicit dependence on 

appearing in the ,equation for the nuclear-.motion. ,Me shall see, however, 
. . 

that an implicit dependence on is contained in. the electronic eigen- 
Y 

value, Eh(rn) . . . . . 

+ (I) Dissociation of H 
2 . . 

The simplest molecule and the one Sor which ar~ exact treatment of 

dissocia'Liun call be given is the hydrogen molecular. ion. We begin the 

discussion by considering the electronic equation for this one-electron 

system : 

. .  . .... , . 
where E =[1 i ( m / 2 ~  + m)] e'. 

. , 

The potential function seen by the electron is illustrated 'in Fig. 1 
. . 

for the case in which the two nuclei are oriented along the fie'id di- 
- .  . .. 

rectton and for some particular internuclear separation. ' It:. j s '  c.1'e~t.r 

from the figure that the electron may leak out toward the left, away 

from the region of 'the two protons. This. would correspond to a complete 

dissociation of the. system, i . e . , dissociation into & free electron and 
. . 

two free protons. Although this represents a possible mode of dissoci- 

ation, it is not the primary mode. Rather, the primary effect of the 
. . . .  

. . 
term ~ e z  is to perturb the electronic eiienvalurs. This perturbation 

1 . . 
1 

in turn leads to a disruption of the nuclear'motion. Before considering 
F 

. . . .  
' . . . . - .  

this effect, we digress to consider some properties.'of the unperturbed 

.. . ' , . 
ion. 

. . . .  . . . .  . . _ . . _  I 

The unperturbed hydrog& moiecuiar ion has been discussed fairly . . 

extensively in the literature, and we have available several choices 



. . 

for the electronic. functions., qK. The. simplest.- function is . the . , . -  ..linear 

.c~mbi.~tion of atomic orbitals (L.C .A.O. ) approximation . in . which . . . .  the 
. . 

electronic state is.taken as a linear..combinati.on of..hydrogenic wave 
. . 

functions centered about the two .pro.tons . For the ground state and 

first excited state these are explicitly written:. , .  . 
I \ ' .  . 

where 

and 

'J 
The molecular designation for these two states are J 

respectively. Although these functions provide a good approximation 

for large internuclear separation, they are known to be poor in the 
. . . . 

limit of small separation. However, in a discussion of dissociation , 
. . 

we are interested primgrily in effects at large internuclear separation, 
.. . . . 

. . 
and these functions are useful. 

. . .  , 

The Eq. (111.1) for & =  0 is separable in confocal elliptic co- . . . . . . 

ordinates 6, 9 p .  . These coordinates are defined by 

. . , .  .. . . . . .  , 

and 



where r and r ' measure. the distance-s: of:,$he: .el+ectron .from proton a and a b 

proton b, reapecti'vely . . These. sclal-ar:::. fuhc.tions,; are, .not* :to be ,,confused 
I .  

..' with ,'the vector functi'ohs- defined preyiously i.n. corgection. ,ath..Eq. (11.1) . 
: If x", y", and .z" are. the.: coordinates or.ierited wi.$h r.e.spect, to the 

internuclear axis and with ori.gin .at the .:midpoint .of a, ,and b., , .these co - 
ordinates are related to the 5, q,. cp coordinates by 

r .\ 1/2 Yh=~~~2~.-.l)1/2(l - s i n q ,  
2 . \  . .  . 

\ :  
and 

\,-* r 
n ---*, .* 

Z" = g E l. -_ (111.. 3 )  

The volume element is 
'a 

and the range of the variables is given by 1 < 5 < , -1 < 11: < 1, and - . -  - - 

. . . .  . 
'~ntroducin~ these coordiiates iritd E~.. - (111.1)) there" kesult three 

, . 
separated equations -- one trivial, the other two requiring numerical 
integration for their general s 0 1 u t i o n . l ~ ~ ~ ~ ~ ~ ~  These integrations 

have also been carried out by Bates, Ledsham, and Stewart fbr several 

electronic states; the results are tabulated over' a range 0 < r /a < 10. 20 
- n o -  

A third set of functions have been given:by Cohen, Judd, and 

~iddell'~ usinga ~ari~tional'kal~ulatiod. in confocal elliptic: co- 
- .  .. . 

ordinates. , Their variational functions..are of' the form 
. .* ... . .. 

' * - .  . . 

and , .  . . . . ,  
. .  . . . .  .i:'. '.. . . . q..:(r )<- ... . .::".p' (s .').5 .r . 

2 n n - 2 : . n ' i . n  
e q2 = %,( 6 )  sinh 

2 ,,, 2 (111.2b) 



Here the variational parameters p (r n . )  and q(r n ) ,: are tabulated for the 
r .  
n. interval 0 < - .< 20. The 'coefficients A and A are determined by the 

-.a - 1 2 
0 

. . 
3 .. , , .  

normalization conditions 

and 

The quantities E, B, and C are defined and.evaluated in Appendix C. In 

the limit oi large internuclear separation, we have p = q = 1, and 

Consider now the effect of the terin & ezl on the ,unperturbed 

electronic states. For large internuclear separations, the bonding and 
. .. . . 

antibonding states Q awl q2 are degenerate; a perturbation treatment 
1 .  

of the term 6 zl, though adequate for small internuclear separations, 

loses its validity for large internuclear separations. This degeneracy 

of @ and $f2 for large internuclear separation suggests that in a first 
1 . .  

approximation ve codsider diagonaxizing the Hamiltonian (111.1) but re- 

taining only the submatrix formed from these two electronic states. The 

. matrix to be diagonalized is then 

For the evaluation bf H12 we must first transform the term cEzl 

into the x", . y I/, and z"~'~steh opiented with respect to. the internuclear 

axis. Introducing Eulerian angles A.and p, we have 

rfz, = r e  .in A, + 1 y'l sin p 'cos A +  . I  z" A s  p cos h . I 



The functions (III".~) .are. independent: of.. q,. ahd.;upon examining.. the traus- 

formation '(111.3) we see that the' terms ii? x" and ' y ~ /  vanish- under the cp 

integration. Noting that cos y cos h = cos :8 .,'..where :8 is .the-angle n n 

between the internuclear axis and tpe electric-field dircction, the 
. , , .  . 

relevant perturbation is then 

The matrix elements are evaluated' by using the functions given in 

Eqs.  (111.2a)' arid (111.2b). 1h' the forme;' case wt ha+&. '. 

. . . . t:. . 0 

H1l * Po + ri i 1 'd JF; = El (rll) 

and 

. . H2, =h; [.. + E P z;] :$2d'3$1 = E~(') . . '  

. . , , 
Since the term i n  z" in the integrands. is an odd function, the diagonal 

1 . . .  -. . : 4 .  

terms are unperturbed. For the off -diagonal.: term ' 
. . . . . .  ' I 

- 
. . .  ."el.-~12 

. . . .- . .  . . =  + ,  " r C O S ~ . . ,  . . 

2(1 - T ~ )  n n 

. . . . . . . . .  

where 8 is the angle between the electric-field direction (z axis). and n 

the line joining the two nuclei. 

In the evaluation of H12 using the functions given in Eq. (1112.b)~ *, 

the relevant perturbation expressed id'confocal elliptic coordinates is 

. . '  Written 



. . . .  . ., .. . (  : . . The matrix elements a r e  given b y .  ' , 

, and 

Theaddi t iona l  terms t h a t  appear i n  t he  H and H22 matrixelements,  
. . 11 

and 

respectively,  a re .each  iden t i ca l l y  zero,..in .agreement with the  'result- 

using t he  LCAO func,tions. .In the  1 i ' m i t . a ~  r '+a,, we have 
n 

An i n t eg ra l  s imi la r  t o  t h a t  occuring i n  the  -H12 term' occurs i n  the  

theory of photodissociation: This integral: has been evaluated .numerically 

by ~ a t e s ' l  using the  exact numerical wave functions. and a comparison of 

t h i s  r e s u l t  with t he  ' va'lue 'given by the. LCAO' approxiniation. The agree- 

ment i n  excel lent  f o r  l a rge  ' internuclear 'separations, s i g n i ' f i c a t  devi-  ." 
I 
n a t ions  e x i s t  only f o r  - < 2. 
a 
0 

, '. With these matrix elements, .diagonalization.  of Eq. (111.4j. yields  

two new electronic  s t a t e s ,  $g p d  ip , whose eigenvalues 'are , '  respective- 
CI 

1 

and 1 



: i For small values of r these reduce .to, : - , .; . I . .  . .  .. 
n 

and 
2 2  2 2 r e r . cos en 

1 .; E = E  + 
u .  . 2  ' 2 '  1 .  . ( 111.6b) 

, . . . .  
~ ' n d  fnr :Large va,lues of r to ' . . 

1.1 ' 

and 

Equations (111.6) indicate that the electronic eigenvalue, which in the 

unperturbed case was independent ofthe orientation of the intcrnuclear 
< 

axis, now has a value tha't; is dependent on the nuclear orientation and 

in addition is a function.of the electric-field value. We have seen in 

Eq. (II,~) how the electronic eigenvalue appears as part of the potential 

function for the nuclear motion. The nuclear potential which \as spheri- 

cally svetric in the unperturbed case becomes axially symmetric in the 

perturbed case, with Lhe axis of symmetry oriented along the field di- 

rection. The nuclear potential for the 1owes:t elec$ronic 'state now 

acquires a double-ended spout,.,the 'two spouts oriented along the field 

direction. The eff&ct..of the perturbation goes ,Lo zero in a dkrection 

at right angles to the nuclear axis in this approximation. The po- 

tential function. for the upper electronic :state. also acquires a double- 

ended spout, .bit. fbr this state the two spouts are oriented at right 

angles to the electric -field direction. 
. . 

..-,.. . 
In Fig': 2 i.s .shoini the ,~p$btirbed'rnuciear' potential for the. two 

, '  - .. . . 

lowest electronic states . Conventionally these potentials are drawn 



I 

in a -spherical-coordinate 'system, but for the purposes .of this discussion 

a cylindrical-coordinate. system 2s more appropriate.. The vibrational 

states are indicated schematically by the light horiio.nta1 ILnes; for 

+ 
the Hi ion there are actually 19 bound vibrational states. 

Figure 3.indicate.s the distortion of the nuclear potenti'als in the 

presence of the electric field; the potentials are drawn along the 

electric -field direction. The symmetry .of the pbtential about the 

origin follows as a necessary consequence'of the invariance'of the 

Hamiltonian (11.4) for a; homonuclear molecule under' inversion of the 

nuclear coordinates. From this figure it is clear that as the electric 

field increases, the nuclear potential deforms until the uppermost vi- 

brational state becomes unstable.. The ion wil1,then dissociate into a 

+ 
free proton and a hydrogen atom according to H2 -.H + p. This mode of 

dissociation is a special .form of predissociation .. 
At first the symmetric potential of Fig. .3 might conflict 

with one ' s intuitive feeling .that the potentlax. of either electronic 

state should'fall off approximately monotonical.ly from left to right. 

This point can be clarified by exaniining the new electronic wave 

functions appropriatk to the diagonalized Hamiltonian. For the per- 

turbed electronic states, on finds 

and 

Consider first the limit as r becomes large,a+d the nuclear axis 
, . 4  .. 

. . 
is aligned along the electric field, corresponding to proton a lying 



in the direction of the electric field with respect to proton b. 

(since r cos 8 .  = z.. = z - 
a . 

. . In; thi.s. limit .we have .E -.. E 
n n n e; 

and H ~ ~ /  I = + 1. Using Eq. (111 .,2a), we have .. . 

. .  "+:a. . . . .  . . 

and . . .  . . 

.. qu+qa . . .(III .7b)  

Statement (111.6b) to be interpreted as meahing:that in this 

limit of '.large i~lternuclear . separatf on. the . g r u u d  .elcCI:.ronie. state ic 

olie ,511 which the elcctron is associated wit.!-! proton b and pro'ton a is 

free, and the excited electronic state is one ixl which the electron is 

.associated with proton a,and proton b is free. For the lower' eiectronic 

I state this corresponds to moving the positively charged.protori a in the 

positive field direction, hence lowering .the, .potential. For the excited 

electronic state, the positively charged, proton b .is moved aga-inst the 

field direction, thus raicing the potential . . .  The dependence of the 
potential on. the right-hand .side of Fig: 3 is then understood. 

If the internuclear axis is rotated 9 degrees to the field di- 

rection, the-effect of the perturbation goes to zero. In this case we 

have . . . . .  . 

and the electron has equal probability of being associated with either 

proton. Continue the rotation until the internuclear axis is oriented 
. . . - 

at 180 degrees k t h  respect to its original'direction; proton b now lies 

in the direction of the field with respect to pro.l;on a. For this case 

we have H12/ H12 = - 1, and the electronic states become I I . . . . . . . . . :  . f i x  ' . . . . . .  ... 

and 'gj'a , ' 



For the ground state, the electron is Sssoci$ted with prd'ton a"&d 

proton b is free. Separating the nuclei corresponds to'moving.the 
. . 

charged proton b i n  the positive-electric-field direction, which lowers 

the potential. For the upper state, proton .a is moved against the field 

and the potential is raised. This interpretation is consistent with the 

" ' variation of the potential on the left-hand side of Fig. 3. 

The higher-order effects which were neglected in diagonalizing the 

submatrix (111.3) can be estimated by using perturbation theory and 
. . 

taking as the basis functions"the two solutions of Eq. (111.6a) together 

with all the unperturbed higher-state functions .. In the limit as r n 
+ '  

ioki to zero, the molecular ion degenerates into. a He ion in its 1S 

state. The Stark shift for this state is 

. . 

In the limit of .large internuclear ~sep$ration, the electronic state is 
, . 

that of a'hydrogen atom in a 1s state. The stark shift for this state 

For the range of electric-field values of interest for dissociating the 
. . 

upper vibrational states, these higher-order corrections are negligible. 

For dissociating the ,lowest vibrational states these corrections, though 

not negligible, are not too significant. Their effect on the transition 

rate is comparable' to ignoring them completely and increasing the elec- 

. . tric' field value some 5 to 10%. . 

The potential- function for the nuclear mbtiohs has been determined, 
. . 

. &d we can now consider in detail the nuclear dissociation. The'equation 

for the nuclear motion is given by . 



- 23 - 

The subscript v is introduced to distinguish the various vibrational 

states belonging to the. lowest electronic state. In the limit of large 

internuclear separation, the asymptotic form of .this equation is 

In the asymptotic region, the E (r ) is constant and can be absorbed in 1 11 

the W .' 
lv 

It f e  clear frum F l k .  3 that if thc maxima of the potential L ~ P  

above an eieen~a1~1.e the proton may leak away from the region of the 

hydrogen atom. This effect of barrier is not negligible. 

To treat,the nuclear dissociation taking into account these effects of 

barrier penetration, . we use Oppenheimer "s formula for the transition 

1 
rate. The method consists of solving for t he  motion of the ion in the 

asymptotic region given by Eq. (111.n) and neglecting the binding 
, . 

effects of the molecular forces at small internuclear separation. The 

transition is then imagined to proceed from the bound discrete vibration- 

al state of the ion to the unbound free-state solution, thc perturbation 

inducing the transition being a function of 8 . Specifically, the matrix 

element for the transition is written 

where 

A V  = 

A' . . 
%v is boyd vibrational state, and X . is, a solution of Eq. (111. '7b) . 
  or these calculations, it was found that.'the pri,mary contributions to . . .  

the matrix element come in the  range where 



~ . .  
The solutions of Eq. (111.7%) i n  cyl indrical  coordinates ph, Zn, 

cp for  the c lass ica l  and nonclassical regions and normalized t o  a 
n 

continuous spectra are,  respectively, 

and 

Here we have 
rMnE a = --.----- 

1. d2 . 

, and. . 

2% 
. . . A  = - (W - El) 

a2 
The Bessel functions a re  as defined by J&hnke and Emde.22 Note t h a t  the 

. . .  116 
normalization fact& di f fe rs  from t h a t  o f '  reference 1 by a factof 2 . 
For well-behaved solutions, we must have > - 0, therefore we have 

using these wave .furiction's and- the exact bound-state wave' fuhction, 
12 

the e l e c t r i c  f i e l d s  necessai'jr fo r  dissociat ing th& ion i+ 1 see 'And i n  
1 . . 

; i0-8 . . sec .haveS'been calculated f o r  the nonrotating molecule, that"i .s  

. . . 'I  

J = & = 0 ; '  m e  tr&n.sition rAte"ik given b y - '  



' where . . . , 

Here we. have 

and 

x (r')/ri is the radial function of the initfal vibrational state. v 

The functions X (r') exist only in numerical form and p and po -must 
v 1 

be integrated nw~lerically. The results of these calculations ace 

expressed in Rydberg units, of.the bound,vibrational states against the 

electric field value. The intersection of the horizontal lines with 

-8 
the sloping lines marked I sec and 10 sec determines the electric- 

field values necessary to dissociate the ion in these times. Included 

on these graphs is a curve .marked "classical",, . which' would give the 

field necessary for dissociation in the absence of barrier penetration. 

  or this case, the ion would dissociate in.3 time comparable' to i.ts 
classical vibration period, i.e. 10 -14 - see. 



:The additional. term appearing in Eq. (111.7b) for the perturbed 

gives rise' to a ' first -order perturbation. that has $he, effect .of lowering 

the 'unperturbed vibrational states. If we use the /curve labeJed 

"classical" to deteirnine the electric -field value, ' the . first -order 

perturbatton of the various vibrational .states has been ca&culat.ed and 

p1otted.i.n Fig. 5. These perturbed eigenv&lues have b.een used in the 

calculations summarized in Fig. 4. 

The calculations of the vibrational eigenvalues of the unperturbed 

molecular ion are uncertain by perhaps as much as 5 mv. The range of 

.-  this uncertainty for the two.upper.states is indicated.in Fig. 4 by 

plotting two horizoatal lilies fop each of :these upper sta't;es. 

The transition rate given above is bas,ed.on the final-state eigen- 

functions, which ignore the' bonding moiecular.potentia1.. This rate is 

such as to lead to an overestimate of the field required to dissociate 

the ion in a particular .time. An underestimate qf the required field 

can be k d e  'by assuming the perturbed potential is' spherically symmetric 

1 and 'using the one-dimensional WKB barrier-penetration forrqula, 

where 

The calculations for dissociation in see using this formula 
. .  . 

. . 

are indicated in Fig. 4 by W e  .dashed curve. The discrepancy between 

these two'calcu~ations together with the uncertainty in.:the ,%perturbed 



eignvalues provides a basis for. estimating the. bv'ek-iil~ ei-rors in these 

. .. 
calculations. 

The calculations summarized in Fig. 4 refer.to the transition rates 
. ". 

of non-rotating (J = 0). molecular ions .. In the. more general .case the 
effects of rotation must be. considered. The rotational-state 0.f. the 

ion will depend primarly on the particular mechanism which.led to the 

formation of the ion. Under typical laboratory conditions the ioni- 

zation process is induced by a.15-100 e.v. clectron impinging on an 

H molecule which is normally at room temperature. The most probable 
2 

1 

rotational state of the ion is given by J = (M \' k'1'/2h2)2 - -$. For 
0 0 

Hz, me0.85 A, and at T = 300 C, we have J ~ 1 .  The orbital angular 

momentum of the.impinging el.ec.tron.is~approximately one to fivc.units 

of h; we can suspect then that the moleculkr ions wil,l..also' have.:a 

distribution of J valuesin this range. The correct distribution of 

these rotational states .must come from a:detailed .study of the ioni- 

If the molecule is rotating the.potentia1 function deforms in 

such a way as to reduce the binding energy of any particular vibration- 

al level. This effect is clearly in the direction of.reducing the re- 

quired field for dissoc.iation. On the other hand, the potential 

function for dissociation is:now deformed in such a way that depending 

on component of angular momentum along the Z-axis, the dissociation 
. .  . 

can be inhibited. If m is the component of orbital angular momentum 

@ along the z-axis, we have, upon &,mining the asymptotic solution, 

*AC ' the selection rule, m = .r. .&mining the matrix element for 3 
the transition we see that the primary gffect .toward. reducing the tran- 

sition rate is contained in the J ( ih2pn) factor in X 
AC 

The minimu? 
m 



of the saddle for the non-rotating moleciile.~will occur at p: : =  0. For 
n 

m = 0 we have . . 

for m > 0, we have . . * .  . . 

, . . .  . '. ' 

Hence for large m'the wave function is suppressed in the region of 
. . , . 

the potential where the saddle exists for m = 0; it is clear that the 
. . 

t .. 3 I 

transition rate is reduced as m increases. FOG m = 0 ,there exists only 
I .  . . 

one saddle at either.end of the bound region of the nuclear potential, 
. . . 1 - '  

and located on the Z-Axis; for ,m>O thesepoint saddles become ring shaped 
. . 

and located ~y-mmetrically about the Z-axis, the distance from the Z-axis 

and the height of.the saddles increasing as J increases. 
. . 

As an illustration of the significance of these rotational effects 
. . .  , 

. 

-8 
let us compare the fields required for dissociation in 10 sees.-.for 

. . 
. . . .  . . 

an ion in the v = 15 vibrational state and for the rotational states 
. .. 

J.= 4, m = 0, 4, 'with the fields required for dissociating an ion in 
. . .  

the same vibra-tional state but in a. J = 0 rotational state. For m = 0 
. , 

.;.he electric field necessary . . for dissociation is approxirgately thirty 

percent less for J = 4 than for J = 0 .  The effect of the rotation in 

raising the vibrational eigenvalue is the dominating factor here. For 
. . 

J = 4, m = 4, the required for dissociation field is approximately forty 
. . . .  . . . 

perdent larger than for, J = 0 1 We conclude that the presence of rotation 

has the effect of lowering the threshold fields necessary for dissociat - 
. . 

ing a particular vibrational level. 
. .. 



(2)  Dissociat ion.  of Many Electron Sxs.tems, :: . : . . ,. . . .  . . . .. 

Turning o w  Attention t o  t he  many elect ron problemi we f ind  r e l a -  

t i v e l y  l i t t l e  q u q t i t a t i v e  information i n  t h e  l i t e r a t u r e  on po t en t i a l  

functions f o r  many-electron molecular ions .  Only Sor t he  ~ e ~ +  ion aurl 

+ 
t h e  Li2 ion  has there  been any attempt t o  ca lcu la t6  t h e  ground-state- 

.. . 
po ten t i a l  functions,  and here t he  emphasis has been primarily on de t e r -  

mining equilibrium internuclear  separations and po t en t i a l  minima. 23, 24 
: , . . 

Accordingly, ' our treatment of these k y - e l e c t r o n  16nS cannot be as 
. .  . 

&.reise as f o r  the one-clcctron oyctems, and quant i t a t ive  &stoim.tes~ of 
. . 

.. . . , .. . 
, . 

t h e  f i e l d s  necessary f o r  d igsoc ia t ion  w i l l  have t o  be made l a rge ly  on, 
t . . : . . . .. 

t h e  bas i s  ?f extrapolat ing t he  p roper t i es  of  the '  corresponding neu t r a l  
. . . . . . . , .. . % 

molecules. 
. . . . . . . . . 

' .  The many-electron problem i s  t rea ted  by lrsing the  molecular-orbital  
1 . 1  

approximation. In  t h i s  approximation t he  many-electron' molecular system 
'. . .. . . .  

" i s  con'structed by f i l l i n g  t he  successive two-centered o r b i t a l s  of t he  

hydrogen molecular ion. I n  i t s  most pr imit ive  form, t he  in te rac t ion  

' between t h e  e lect rons  i s  ignored, and t he  molecule i s  constructed by 
. . 

.. . . 
using t he  unperturbed ground-state and exci ted-s ta te  o r b i t a l s .  For t h i s  

. . 

work we s h a l l  require  o i l y  that t h e  o r b i t a l s  possess t he  proper symmetry 
- .  

fea tures  and have t he  cor rec t  asynp.l;otic form. The wave function f o r  
. . 

t h e  "ent i re  'system i s  t o  de  express& i n  deterrhinantal form. 

For t h e  evaluation of the  matrix elements, we have recourse t o  
. . .  . - 

standard theorems on matrix elements between determinantal wave functions.  25 

The general form of t h e  perturbation with which we s h a l l  be concerned 
. . . . 

'occurs i n  t h e  e lec t ron ic  Eq, (11.5) and has the  form 

r 
n ( a + b - n ) n ]  f = e E T  

M a + % + n m  i cos 0‘ n f q 6 ( I I I ~  
i i=l 

n - n ) m l  2 z i = £ E  n M 
C O S  0' 1 qi si . ( I I I . ~ ~ )  



~ e t  V. represent a deterhinantal iimctitin ddicribing' the ith elec- 
1 

tronic 'state .and a a particular spin orbital in 'Jt. . we: hatie then 
k 1 

if JI and Is differ by,more than one set of quantum numbers, and 
J 1 

d 

where the values of \ and a differ by no more than ..theii spin l. 
functions.or their.orbita1 quantum numbers. ' For diagonal elements we 

We shall also use the first of Hundts rules to determine the lowest 

state of several possible spin states. According to this rule, we 

choose the maximum value of spin consistent with the Pauli principle. 

These theorems and rules are adequate for a general discussion of the 

many-electron problem. 
, . 

(a) The H molecule. For the ground state' the lowest orbital is 
2 . . 1 2  : 

occupied by two electrons with spins opposed to give a 1 state. 
g. : : 

The wave function for this ground state is given by 

The a's and Bts are the conventional spin functions,, and, . . the Jt 
1: 

function. is of the form given in EP. (111 2,b). . Asymptotically this 

electronic state. .goes into H +- H + H. 2 : .  . .  . . . 

For the first . . .  excited . .  , state, which asymptotically . . , . is degenerate 
. . . . . .  

with the ground state,.the ground-state orbital $ and the first excited 
1 



orbi ta l :  Jr ' are. eac,h occupied. Hugd,'s ru le  c a l l s  for  a spin-one s t a t e .  
. . .2 . . . . .  . . . :  . . . . , . ' .  . .  

. The wave function fo r  t h i s  3r antibondin,g . .. . state:  i s  given . . by. . 

p .. 
. . 

. . 
, . 

and 

For homonuclear molecules the diagonal terms w i l l  always be un- 

perturbed, since the perturbation i s  an odd function. 'I'he H12 term 

.. . 

.: 

5 1 it (1) lfi (2) a (2) 

vanishes both because of the'orthogonality of the spin functions and 

+ 
Following the procedure fo r  H , .we again diagonalize the appropriate 

2 

2 by 2 sibmatrix. The .matrix elements a r e  l i d W  .. . . . 

r 
11 

= (5 [e( - cos 6 .  ( C + n, E2)  / : qi) + El = U + El = 2 n 1 a- 

1 
; h = E  

. 

the cancellation of the o r b i t a l  integrals .  This r e su l t  could have 

. .  . . . 

* 

lJ2 ((1 a (1) . %2 ( 2 ) ) ~  (2) 

been obtained immediately by noting that Jr .  and $1. d i f f e r  by two se t s  
2 1. . . 

of quantum numbers and invoking the f i r s t  of Eq. .(111.9a). The ground 

s t a t e  and f i r s t  excited s t a t e  of H a re  therefore unperturbed i n  %his 
2 

approximation. The asymptotic potent ia l  in, ' the presence of the f i e l d  
. . 

i s  I l l u s t r a t ed  i n  Fig. 2; predissoc'iatidn of the H, molecule w i l l  
L 

therefore not occur. ' 

F'or the H ' molecule; the mod6 ' of dissociat ibn i s  one i n  which an 
2 

electron i s  stripped off ,  $s i s  suggested i n  Fig. I. If we use 

Oppenheimer s r e su l t  t ha t  no appreciable dissociation 'of the H atom 



8. 
occurs unless the field value is of order 10 v/cm together with the 

general observation that .the necessayy field for dissociation .i's ' roughly 

proportional. to the electronic eigenvalue, we can estimate -the. field 

required to dissociate the molecule in.terms of the value required to 

dissociate the atom. In the atomic case; the appropriate origin of the 

electronic potential function is the nucleus, whereas for the homo - 

I nuclear molecule, the appropriate origin is at the center of the two 
. . 

I ' nuclei. The effect of the electric field iq inducing electron stripping 

is therefore magnified. for. the molecular case over: the ~tcjmic case. If' 

r is .the.outer classical turning point of a particuiar.molecula~:- 
nc . , 

vibrational ,state of the 'molecule in question, .';he electric field required 

to strip an electron from the molecule compared with the atom is reduced 

C ij. by the factor Pnc El (a)] /E,a0 El (rrLc 

I ' 

Mote . tb i t  en u2permost vibrational level of sufficiently small 

I I binding energy may .become unstable prior to electron stripping because 

of the higher-order effects Eq. : (111.6du; 
I 'The above argument for E, is readily generalized to'any neutral 

L 1 + 
hornomclear molecule that has a ground state, corresponding to a 

g 
molecule with closed shell orbitals. The first excited state will.be 

occupied by'one electron, which according.to.Hund's rule will couple its 

spin with the last electron in the unfilled orbital to give a spin-one 

state. Using ,the..first part of Eq. (III.~~) we have our result. For 
1 + 

those mo'lecules that do not have a 1 ground state, similar arguments 
together with successive Hund's rules.lead to the same conclusion,. 

(b) Dissociation of singly ionized molecules. In the limit of large 

internuclear separation, the ground.electronic .state of a genera1,singly 

+ 
ionized molecule A goes over into a state consisting of a neutral atom 

. 2  



+ + 
and a singly ionized atom, according to A j A  + A . The-,molecular ion 

2 

will have an odd number of electrons, 572th the last electron unpaired 

in its respective orbital. .The, first excited state will c0nsist~0.f a 

state in which the unpaired electron occvpi.es ,the :next higher.:orQi.l;al. 

However, since. it remains kpaired, Hundt s rule is. inapplicable, and 

our result is given by the ~econd part of Eq. (111.9a). .This.mtrix 

element is alvays nonzero since a (') and a 
k 

will have different 
AB, 

4- 
sgatial s.yvrnetries,. The result is analogOu5 to the H2 -.cast: illustlatcd 

in Fig., 3, ~ i i t h  the asymptotic potential vary in^ as , . . . . .  . . 

i 
It is interesting to a2ply.these conclusions to theLi2 ion. Here 

the .equilibrium internuclear separation is three time's as 1a;rge as. for 

+ + 
112 (i .e., 3 mgstrgms) ?ad the potential, depth is one-half tint of H . 

? 
For the ground vibrational state, the necessary field for dissociation 

is. therefore approximately one-sixth that required.for.dissociating the 

+ 
ground state of H 

2 -  
From Fig. 4 we see that the require& field . ,for 

+ 
dissociating an H ion.inits ground vibrational state is approxfnately 

2 
8 

2 x 10 v/cn?; therefore we .estimate the required field for dissociating 

+ 
the ground .state of. Li2 $0 be a2proximat&lY 3 x 10'' v/cm. . The potential 

function for large internuclear separations is not lmo~m, but,for a 

vibrational state. near the top of the. potential well a field o f  one -third 

-to one-fourth that required to dissociate.a corresponding qper level in 

+ + + + 
H2 is estimated. The alkali ions - -  Lia , Nap , K 2 ,  etc,, -- are. all 

apparently relatively susceptible..to dissociation.,.sinc~,their: respective 

. . neutral molecules are . . . . . . .  -characterized by la~g~..equilibrium. configurations . . . . . : _ . . . . . . . . . .  -.. . . . . .  

26 . . . .  . . . .  . . . . .  and shallow potent.ia1 minima.. . . . . . . . . . .  . . . . .._I , . ,_ . . . . 



- . - (c) ~issociatibn of doubly ionized molkcules . The ground. eled,tronic 
.++ + + state of the doubly ionized.molecule.di.ssociates according to A2 +.A + A 

For these molecular ions the argument is similar to that for'-'the neutral ' 

molecules. The first excited state, contains.an electron in the next 

higher orbital which couples its spin with the remaining unpaired electron 

such that the first theorem of Eq. (111.9a)~appli.e~. The asymptotic 

potential 2s unperturbed as'in Fig. 2. ' .  
. . ,  . . 

We conclude this section with the general observation that, for a 

homonuclear molecule with an even charge state, predissociation will not 

occur, and the ground electronic state is as illustrated in Fig. 2. In 

the case of an odd charge state, predissociation will occur, and the 
. . - .  

'electronic states are as illustrated in Fig. 3, with the potential fall- 

ing off asymptotically as - & €  f> I cos 6 .I * 
' 

2 n n 

B. Heteronuclear Molecules . .  

For heteronuclear molecular ions the invariance of the Hamiltonian 

(11.4) under inversion of the nuclear coordinates is no longer a restraint 

on the problem. As a consequence.the dissociation of heteronuclear 

moiecules exhibits essentially distinct features compared with the homo - 
nuclear case. The nuclear potential is now affected both by the implicit 

dependen~e on contained in the electronic' eigenvalue and'th; explicit 

.. .. 
term - e E% - ~M,)/(M, + ~ ~ f l  Z, &obtained in the .nuclear ~ q .  (11.5) . 

We begin the di'scussibn by'donsideridg the ohe-electron HD+ system. 

In the general discuss'ion of: the heteronuclear problem, we shall take 

M to be .the.mass of the lighter nucleus and M,, to be the mass of the 
a 

heavier nucleus. ~efore kon~iderii~ the analytic. form'of the electronic 

wave functions, we note that the origin of the electronic coordinate 



system has been taken at the center of masssof the two nuclei, whereas 

the origin of the confocal elliptic coordinate system is taken#at the 

center of the two nuclei. For the heteronuclear case, the Eulerian 

transformation , 1 must be followed by a translation along the 
internuclear axis. \ 

The Eulerian transformation A,, 1 of. the. perturbation tcz . into the 
1 

x' , y ', z' system oriented along the .internuclear. axis is given by 

t &zl = E( E; sin + y' 1 sin p cus 1, + 2' 1 p COG 1 
Tf z, is the position of the center of mass with respect Lu Lhe origin 

U 

of the x", y", z"system, we have z = (%/2) pa- I%)/(M~+ %)I . The 
0 

perturbation in the x ': y", z N  frame is then 

tfzl = e sin h + y" sin p,.;cos h + ( z "  - z ) cos A cos 
1 0 .  . PI . 

The terms in xNand yNwill vanish under the rp integration as before. 

Our relevant perturbation term expressed in the 7,: 5 ,  q coord,instes is 

now .written as - 

In the limit of large internuclear separation, the ground electronic 
/ 

state of the unperturbed ID+ ion goes.over into . a . state in which the 

electron is associated with the deuteron, and the first excited state 

goes over into a state in which the electron is associated with.the . . 

proton. The appropriate wave functions are given, respectively, by 15 " 
I - - .  . . . . .  - '. 

e . . - sin. h - e 
2 

. . 

e + sin h - e 
. . :.. 2 . - . , 

. . . . .- .. 



In the limit as 5 goes to .-, we. have % = A a = ~ j  and . 

and 

Although these two states are not degenerate, in the limit of large 
. . . .  . . : 

internuclear separation, these eigenvalues E &d E are sufficiently 
.1 2 

i 
" + 

close to suggest that in a first approximation we proceed as with H2 
. . . ,. .: . , . 

and diagonalize the submatrix analogous to matrix (111.4) .' The matrix 
elements are now: 

r - % 
H1l 

6 t1 -r )]' %)+El n % + %  
' I  4 



In the limit of large r 
n ' Hll and H22 reduce'to 

1 
J. 

Hll 
- 7 LC$ cos 6 + E n 1' 

and 
r 

2 n .  
=22 

+ + -Ef-- cos 6 + E, . 
3 2 n I- 

(111. llb) 

If we combine Eq. (111.llb) with the term - e - ~M~)/(M + zn R 

which occurs explicitly in the nuclear Eq. (11.5)) the asymptotic po- 

tentials fur Lhe nuclear motion are given by , 

. .  . 
2 E~ = - T & E r  n cos e n + E l J , . ,  

and 

- These potentials Bre illustrated in Fig. 6 . ~  .It is clear'that, in the 
I ' + 

"classical" limit, the HD ion is more susceptible to dissociation than 

+ 
is H 

2 .  One can readily show that, for the HT+ ion, the coefficients in 

the asymptotic nuclear potential are - 314 and + 114, respectively. 

(2) Dissociation of HD 

The electronic wave function for the ground state .of this two- 
. . 

electron system is taken to be 

The pertinent matrix element is written 

. . 

According to Eq. (~II.gb),.this reduces to 

+ L E E .  cos g +  E 
3 n 1 '  



I f  we use the resu l t s  obtained fo r  ~ ~ + , . : t h e . f i r s t  two termscancel.  

Combining H with the expl ic i t  term - $,. !EZ. appearing i n  the nuclear 
11 . . .. . n . ., . .  

equation we have 

The nuclear potent ia l  i s  'as i l l u s t r a t ed  i n  Fig. . . .2 .  
. . .  - 

0ne.can readily show tha t  had we chosen for  our ground-state wave 

function a  Heitler-London function, ' 

. . .. .. . 

an ident ica l  r e su l t  would have been obtained, 
. .. + ( 3 )  Dissociation of . : L i H  

. .  . 

. The ground s t a t e  of the : .LiH molec.de has'.a l a r g ~ : . e q G i l i b r i m  sepa- 
. . 

. . 
r a t i b n  and a r ~ l i t t i - k e l ~  ';hallow potkntiQ1 minimum. ' ~61  ,data ex is t  on the. 

. . 

+. . 
propertiks of . L i H  iui ls ,  butn'& c a n  'sukpect tha t  these ibGs 'a lso w i l l :  

. .  . 

be loo'sely b q d  s  t iuctures  and hence ' re lat ively susceptible t o  dissoci - 
. ,  . , . . .  . . ,. .. ation.. 

The correlation diagrani given by Herzberg indfca't'es t h a t  the' ground 

s t a t e  of Li H +  consists '6f two occupied % orb i t a l s  and one $f orb i t a l .  27 
a 

+ + 
I n t h e  l i m i t  of large rn,, : W H  -rLi + H. Our ground-state wave function 

. . . . 



. . .  . . <  . . . .  , 
. . 

The matrix element becomes ,..' . . . 

Combined . . with the term - $ e e  Z in the nuclear equation, the osyrnptatic n . . . . 

nuclear potential becomes 

++ (4). Dissociation of . LiH , . 

It.is not known whether this ion possesses a stable,grouad 'state; 

. . however a .co~riparison of the asmptoti'c potential of this case wi.l;!l that 
I ,  

. . 

+ 
of .. L i H  illustrates the sensitive, dependence . . of the problem on 'the charge 

. . . . : . .  

states of the ion .and its dissociativn products. The .:.L~H++ di ~sociates 
. . 

+ + 
a~cording to L~H++ r Li + H . The wave f4ctipn is now 

and the matrix element is 
. . r 

H~~ =if$ cos e n 2 ($  j t1 T~ 1 8) + C 
In the limit of large 5, we have 

Combining H with - 1/2 e E Z  term in the nuclear equation, we have for 
11 n 

the asymptotic potential 

E = - 2 e C r  cos 6 .  + E 
g n n .  1' 



The L i  H++ ion is appreciably more susceptible to d$ssociation than is 

Li H*. A comparison ~5f the potentials for these two cases is indicated 

.schematically in Fig. 7 in which the.asymptotic potentials are drawn for' 

' .  the same electric field value. 

.C. Classical Treatment of   is so cia ti on 

We conclude Section ,111 with an elementary discussion of the 

classical dissociation of t~ro. charged'bodies. Let eA and eB be the 

charges of two dissociation fragments of masses MA and, %, respectively. . 

Let f(rA - rB) b e  a function describing the equivalent of the molecular 
binding forces and van der Waals forces. In the limit of large r A - r ~ )  

choose f to be zero.. The forces on the bodies A.and B are : 

' M  'i = f ( r A - r ) + e A c .  . . 
A A B 

and . . . . . .. 

. . 
"i; = - f (rA- rB) + e Be.. . . 

. .  . .. ' B ' .  

Multiplying 'the first, equation by % and the second by.M A and subtract- 
ing. the second from the first. we obtain the equation for the relative 

motion : 

In the limit of large 5 ,  the relative potential'is given by 

v(\) = - eC n 

This relative potential is in agreement with the asymptotic po- 
. . .  . . 

tentials found in the previous sections. 1t is quite interesting that 
, . .  . . ,  .. . . .. 

the correct classical asymptotic potential is obtained in the quantum- 
. . .  , . . . . . 

mechanical problem through contributions from both the electronic equa- 
4 -  . .: . . . . 

. . . .  , . . , .  . - : 

tion and .. . the . nuclear equation. The paramet& (% - BMA)/(MA + %) 
. . .  , : .  . .  . .. 



provides a useful criterion for. est..imtirig. the. stabfl2ti"bf ..various ions. 

The primary mode of electric dissociation of.molecul-ar ions is 

predissociation. Neutral molecules &nd homonuelear mulebular ions with 

an even cha'rge state dissoc$?te via.eJectron -. stripping. The asymptotic 

nuclear potential for homonuclear ions with an odd'cha.rge state varies 
J 

as - 1/2 e c  (zn( For heteronqclear molecular ions the: asymptotic de- 

pendence ot' the .nilclear .pOtentlal heuce . tllc susceptibility to. clec- 

tric dickociation is a f~ulct.ion .of t.he.me.sses. and charge states of the 
< .  

.,dissociat.ion prod~icts . . ' ... 1 .. . . . . . : ,  . . . . 

The transition rate for dissociation'is a sensitive function of 

the initial vibrational state of the ion. The necessary fields for 

+ dissociating the 8.; ion range from lo5 v/cm fir the uppermost vi- 
2 

.8 
brational state to 2 x 10. v/cm for the ground state.  he HD' and HT+ 

ions are more susceptible to. dissociation tban.is H.'+ . 
2"" ' .',' " 

+ 
The acceleration of H . . ions.: in cyclotrons and other circular 

2 

accelerators can be extended into the Bev range. Siuce the lower vi- 
. . + 

brational states of the H ion are generally more densely populated 
2 

than the upper states, no significant beam'losses frompredissociation 

will occur in conve~tiona.1 circular adcelerators at energies 'below one 

Bev . 
In the applicatipn of thiB work to the injection problem for 

. .. . 
controlled-fusion experiments, effective electric fields of the order 

. . 6 .  .. . . 

of 10 v/cm can be considered. For those molecular ions in which pre- 
. . 

. . . . . . 

.dissociation. is tbe primary dissociation mode, several of the upperhost 
. . . . .  . .' . . . . . .  . . ' .. . . .  ... 

vibrational states are susceptible to dissociation for fields d,t+n 
. . 

. .. 
" "  : 6  

i . .  I . .  . ;, : ;; , . * . . . 

this .range. For an electric field of 10 v/cm the required time for 



indhcing .'cl.,a~icitions between 'the. uppe< vi-bra .,ion& itates' is of order 

sec; these induceh .Iransitibns will not interfere with t h e  more 
. ~. 

rapid predissocigtion.: The recent experiment of An,nl+rson et -- al. has 

+ 
Shown, that most of the vibrational states. oS the H2 - ,ion remain populated 

when such ions are accelerated in Van Decraaff machines. 28 The practical 

utilization of the injection aethod-considered here will require further 

demonstration that the uppermost vibrational states can be populated. 
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. . . . .. . 

theoret4in;rl, groi~p have oontributcd to the author ' s u~drrs  ~ k u l i ~ l ~  of 

the..problem; in particular the author.would . . like to thank Drs.' Alper 

Garren, Warren Heckrotte, Robert J. Riddell, Jr., and Lloyd Smith. 
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APPENDICES 

Appendix A 

Here we considkr the transformation of the term V , 2  in Eq. (11.1) 

into a furiction of the n + 2 new coordinates . . whichare defined in Eq. 

. . - . . (11.2) : We 'have : 



.. . . . 

- (Ma+ %+ nm) z e i  . . . .. . 
r 

- - 1 a M  z + b%zb+ b M  z + a%z + nm ( a z  + b e  ) - 
Ma+ Mb+ nm a a a a a a b  

. . . . 

i=l 

n n 

(%zb+ zeij - aei a a 
\. i=l 

\\ .. . . --- .. - (Ma+ I$,+ nn) . . . . . ... 
i =l 

Note t h a t  



. . .. . I .  

and . . 
. . ; : ,  . 

' .  

nm nns - -  ) (zi- %) = (a%z - bM z - a%zb+ b ~ ~ z ~ )  (I + (a%- bMa' (' + M,+.:% , , ,, . a a a .  M ~ +  
. . .  . . 

Inse r t ing  these  expressio&s i n  t h e  above and expanding some terms, we 

obta in  

, . ' ' _  . ' .  '. 
nm - (a%za - bM z - a%zb a.. a . . 

. . 

If we c o l l e c t  terms, thLs reduces t o  
. . 

r 



Finally, we have , . . .  % 

Appendix B 

In this appendix we consider the electromagnetic transitions of 

the general diatomic molecule. We shall be concerned both with Dpon- 

taneous electromagnetic transitions and transitions induced by switch- 

ing on the, electrostatic field. 

A. Spontaneous Transitions 

The Hamiltonian for the general diatomic molecule in the presence 
A 

of an electromagnetic field described by the potential A is given by 

n 
eaA 2 1 eb" 

tL 
- ;-Aa) + - (pb- a%)2+ + 

2% a i=1 

where 
. A  

A 2 

A = A  e ik r etc. 
a 0. . a' 

A A A A  

If we expand the brackets, use A p - p A = - h/iP-A, set - A = 0, 

A2 and neglect terms of order A , this reduces to 
- 



Introducing the transformation given in Eq. (11.2) and writing H for 
, .. . 

. . , ' .  
0 

2 

the Hamiltonian when A = 0, we have 
. . .  n 

i 

. . 
2, L '  . . : 2 

c n I. 
i 

and . , 

2 

e i 

. . 
which gives 

a 

We are concerned. with transitions between the various vibrational 
. . 

states belonging to the same electronic state and, in particular, with 
. . 

those of the lowest electronic state. The . . initial state is given by 
. . 

. . 
and the final state by . . . , 

ik r 
. In a dipole approximation we set e = 1. The contributions 

. . .  

from v' , and vanish. Upon examinin; Heitler ' s2' formulae' (2) and 
Q C; I 

. .  
' .(1.2.2 -and dividing formula .(12.) ,.by&V .,we have : for i. the. transition 

kj 



. . , .  . . . .  . . 
. . .  . . . . . , 

. . .. : . _ . . , .  . 1..1 . . . 
For homonuclear molecules t h i s  t r a n s i t i o n  r a t e  * i s  zero and we 

. . . . . . . .  , :. . .  

require  t he  quadrupole terms. '  For homonuclear rnol.ecules we have, from 

. . .  transformation (11.2)) - 
n 
7 

1 - 
. a = ( 2 + s y k 1 + E ) + n + ( ~ + y ) + e  -a).,]' i j 

Neglecting terms of order n m / ~  compared with unity,  these  reduce t o  

and 

We have then 

and , . 
2 ". 2 

'ic.. , i (f . Pi-+ ~t ..r 
2 3 e i = A  e .  . = A  e 

C 
. . .  Aei  o o . . , . 

The contr ibut ions  from the  terms i n  vc and -7.. i n  t h e  matrix element 
1 

w i l l  again vanish. Writing 



we have for the term in 
. .  - n 82 

2 

i : - & t ' .  .r;) . 
e& C 

- -.- i M C  (p -Y))Sio e 
i=l 

n 
n n 

The factor e i( )cancels with its complex conjugate in the evalu- 

ation of the matrix el&ent, and using Heitler I-s formula, ' (22); 'we have 

for the transition rate for. quadrbpole transitioxis 

B. Induced Transitions 

In the presence of the electrostatic. field, the electron cloud 

is polarized. This polarization is a function of the internuclear . 

separation. As the .molecule vibrates this ' variable polarization can 

induce a transition between the vibrational states. 
. .  . . . 

For values of the internuclear separation close to the equilibriuln 

separation, the electronic eigenvalue is given approximately by 
u 2 

The electronic wave function corresponding to this state is:;then 

The initial, state of our molecular system, is. now given by. , 

and the final state by 
. . 

2 = ( F  E ') q. (? , ri, E ~ )  x*(Fn, wk) . c ' c  g q  
, . 

s . .  

Using these wave functions, we proceed as in'the previous section; 
. . ., . .  . . .. . . . .... ; . . .  . 

the transition of interest is given by the electronic terms in P 



in dipole approximation. Neglecting terms of 'order m / ~  compared.with 

unity, we, write the interaction' term 

Using previous theoreins on determinantal wave functions and taking $ . .  
. . 1 

and iy2as the first and second,electronic orbitals, respectively, the 

pertinent matrix element is written 

H12 . : $,-X 
+ i t  I El - E2 2 j ) 

The first and fourth terms vanish ifi the electronic integ&tiori; 

the second and third terms are equal. For the evaluation of the 

electronic integral, ,we write 

  he transition rate becomes 

For homonuclear molecules in the upper vibrational states',. we .have, 

approximately, H12 = 1/2 e [r cos On; the transition rate .then re- 
n . 

The transition rate given in reference 10 is in error. The selection 

rules for these transitions have been discussed previously by Condon. 
16 



Appendix C , . . . 
. . 

In this appendix vario,us integrals encountered in Section I11 are 

defined and evaluated as follows: 



- 

Q 2 Q'; L (2 s i m  ~ c o s h .  F +  Q) cosh . 
2 Q 2 

. . .. 
3 q cosh dq%= 0 2 

+1 
Q2" Ql 'l Q2 Q1 q sinh - 
2 

cosh - dq = 4 Q sinh - sinh - 3 a 2 2 

Q2 
2 2 Q Q cosh - 

1 2  2 
sinh . 

1 
Q 7 Ql 7 . . 

D~ =11 13 si* - ' cosh,. - d 7 
2 

2 
4 - Q .Q + 24 Q2 2 ' 1  

' 1 Q2 61, - 
- 2  2 2 

sinh - 2 sinh . - 2 
&J- - Q2 (Qi -.a2) 

4 (Ql - - 
- Q ~ ) ~  + 24 Q2 1 cosh cosh - 

2 . . 2 

- 
2 2 3 1 sinh - 2 cosh - 

Q2 Q1 

Ql - Q2 (Ql - Q2) 
2 

(Ql - 8)' + 12 $ 
+ -- 1 Q2 cosh - Ql 

3 '  2 
sinh - 2 (el - $1 



. . .  Appendix .D . . . 
. . 

. . . . + 
In this appendix we consider the equations of motion of an H2 

ion.moving in a uniform magnetic field. Our purpose is to inquire to 

what extent the dissociation of the ion by the Lorentz force is equi- 
. . . . .  . , 

valent to dissociation by an electrostatic field. 
_ . .  . . . . . . . .  s . . 

Let H be the intensity of the magnetic field which is taken in 
. . 

2 .  A A 

the z direction. The vector potential for th'is, field is A = .A 9 = ( ~ 1 2 )  P.9, '4' 
2 2 L  where p , =  (x + y )2.' The form of the Hamiltonian for this system is 

given in part A of Appendix B. Expanding the'terms as be.fore, we have 

-. 
The x and y components of A are given by 

, Ax = - Aw sin cP = - H F Y  . . 

and 

A 2 

Using the expressions for r r aid'? given in ~ ~ ~ e n d i x '  B, we 
a' b' e 

. . 

can write the various tefms : 



e-fi 2 . I1 = '- 

B 
I ~ C  e ~1 ')+ 2.x (. c - ay, - 

. .  .. . ,. .c . ' j. . . . . .  . . .  I .  ' .% ' . ' - 
.. , . . 

, , 
. . . . .  , . . %  . . .  . . . .  . . . .  . I  " 

Combining these expressions and neglecting terms of order m / ~  compared 
1 . .  . . . . . .  . .  , .  . . . .  

. , 
, L . .  

3 .  

with unity, we have 

2 
.Considering the A .  terms, we.note that we  have r << r and r << r . 

. . .  . . . . n ,  c 1 c 

If we write pi= 
' 2  

a 'c' 4;= 1pc, and p e e  F,, the A terns reduce to 

. , .  . . . 
. . .  . . 

.? ' 

The second term in I + IT is the Zeeman term in the nuclear 
eH 1 

coordinates and is equal to -5 (J(J+~))~, where J is the rotational. 
2Mc 

quantum number. The fourth tcrm ia-thc Zeeman term in the e1e.cCroni.c 

coordinates. These Zeeman tiirns ar.e~.usually~small compared with the 

separation of the vibrational levels, . . .  and,.for the purposes ,of ,this 
. . . . . . . . .  : . : .  . 

problem can be neglected. For the fifth term, we used/im( v ) = vl, 
. . . . . . . . . . .  . . 8 1. 

where v is the expectation value of,the internal electron velocity. ... 1 . . .  . a. 

. . 

This .term can be combined with 'the flrst. term and i'k ilegligibly small 

L 

when the center-of -mass v1eoci:ty is: 'large compared with. v . . .  , . ..- 
. . 

1 ' 

The third term is the term of interest. If we write %/2i~( 

and take the center-of-mass motio~i to.be .a classical circular trajectory, 
. . 

this term becomes 



where w = ~H/~MC. 
. . . .  . 

, Consider next a transformation into a rotating, coordinate system: . 
. . , . . . -.. . 

xi.= x1 cos wt + y sin ot 
1 . . . & 

, - 

y; = y1 cqs w t  - x 'sin wt . . , 

. 1 

. . . . .. ,. 

and 
. . . . , ' 

. ' x t = x  cos wt + y  sin wt 
. n n n 

y: = y cos w t  - y. sip wt 
n n 

. .  , 
. . :! 

The third term becomes - e~/2c v y;. 
The electronic &d nuclear 

. . C 
. . 

equations are now. kitten, r&.pectively: . .. 

If we set & =  HV=/C, these'equations have the 'same form as those con- 

s .  sidered in.part 1 of ~ectkon 111. 

. .  ~ F E ; ~ N C ~ S  . '  

. '1. J. ~6bert ~ppe'nheimer, Phjs. Rev. & 66 (1928) ..There appears to 

be a. typographical error in txe Quoted field strength for atomic 
'* . . 

dissociation. 

2. c .' Iariczos, Z. ~hysik.; 62,. 518 (1930); ': ibid. .65, 431 ..(1930) ; ibid. 68, 3 - - 
. . 

' . 204 (1931). . . . . 

3. .M. . G . White, 17th ~nternational Conference ' on High-Energy Physics 
. . 

at CERN, (CERN, Geneva, - lg56), 1;.546. ' :: 
. - . .  . - 
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. . E l ec tvan ic  . p o t e n t i a l  
,. . 

Fig. 1. The electronic potential for  a diatomic inolecule 
in the presence of an electr ic  field and for some 
particular internuclear separation. 'This potential i s  
exact for a one-electron system and i s  schematically 
correc t  for the many-electron case. 



I Nuc lea r  potent ia l  
V ( z )  

Fig. 2. The nuclear potential for a diatomic molecular 
system in the ,absence of an electr ic  field. Usually 
this potential i s  drawn in a spherical-coordinate system, 
but for the purposes of this paper a cylindrical-. 
coordinate system i s  more  appropriate. The . 

vibrational s tates  a r e  indicated schematically by t he '  
light horizontal lines; for the H ~ +  ion there a r e  
actually 19 bound vibrational states. In the presence 
of an electr ic  field this potential remains uperturbed 
in lowest order  for heteronuclear molecules and 
homonuclear systems in even charge states.  



Nuclear potent ia l  

A: , A:++, et c. 

Fig. 3; The .nuclear potential for a homonuclear ion in an 
odd charge state in the presence of an electric 
field. The vi.brationa1 states  a r e  indicated schematically 
by, the light horizontal lines. The asymptotic potential 
for the lower electronic state falls off a s  



Fig. 4. Binding energy measured f rom the unperturbed 
dissociation limit versus  electr ic  field for the 
var ious  vibrational s tates  of the H ~ +  ion and 
for J=O. The intersection of the horizontal l ines 
with the curve marked t lclassical t t  determines the 
electric field necessary  to dissociate ihe idn in 

sec. The diagondl lines marked sec. 
' 

and 1 sec. determine the fields necessary for 
dissociation in these t imes,  respectively. The 
two horizontal lines for v = 18 and v = 17 iildicate 
the range of uncertainty in these calculati'ons. The 
results of the WKB calculations a r e  also indicated. 



Fig., 5. F i r s t -o rde r  perturbation versus  electr ic  field 
for the various vibrational s ta tes  of the H ~ +  ion. 

' . The perturbation for each vibrational level has  been 
calculated using for the e lec t r ic  field the value 
given bv the curve labeled "classical" in Fig. 4. 



Fig. 6. The nuclear potential for HD* in the presence 
of an e lec t r ic  field. The asymptotic potential f o ~  
the lower electronic s ta te  va r i e s  a s  
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I I Nuc lear  po tent ia l  
L iH+  and LiH++ 

pig. 7 .   comparison of the asymptotic nucie'ar pote'ntials 
fdr 'the L ~ H +  and ' L ~ H + +  ions. The .asymptotic 
potential for  the s'ikgly ionized ion va r i e s  a s ,  

1 + - E E Z  , and for  the doubly ionized-ion a s  
. 8 n 

3 ,i - - E i-. z . This d iagram i s  meant to be indicative .. ' 
4 n 

only, i t  i s  not known whether the doubly ionized ion 
has a stable ground state.  
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