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PREFACE 

During the e a r l i e r port ion of the relat ively brief fifty-year 

h is tory of the study of turbulent diffusion in the a tmosphere , simplified 

concepts of the problem presupposing the existence of quas i -cons tant 

t r ans fe r coefficients analogous to those of molecular theory were 

widely employed. In m o r e recent y e a r s , however, it has been r e a l 

ized that the value of these so -ca l l ed "K-theor ies " to meteorologica l 

p rob lems is inherent ly l imited, and a l te rnat ive , s ta t i s t ica l methods of 

analys is have come into increas ing use . V/hereas ear ly diffusion 

studies were pr incipal ly confined to the considerat ion of the slowly 

changing mean values of fluctuating quantit ies found in turbulent fields, 

mode rn developments in both theory and inst rumentat ion have made it 

possible to invest igate the nature of the rapidly changing fluctuations 

themse lves . 

The continuation of this t rend in the past decade can be seen in 

the change in emphasis that appears in the proceedings of two in te rna

tional diffusion symposia convened seven ye a r s apar t . P a p e r s p r e 

sented at the f i r s t of these , held at M.I.T, in 1951, largely dealt with 

the design of ins t ruments and the development of exper imenta l tech

niques capable of exploring the s t ruc tu re of the turbulent a tmosphere 

in minute detail . On the other hand, at least par t ly because these ex

per imenta l methods had sufficiently p r o g r e s s e d by the t ime of the 

second symposium in 1958, conferees at Oxford turned to the theore t i 

cal aspects of the problem. IVhat is m o r e , a significant number of 

these la ter p resen ta t ions made use of the method of Lagrangian s ta 

t i s t i cs originally set forth by G. I. Taylor in his now c lass ica l t r e a t 

ment of "Diffusionby Continuous Movements" (1921). In fact, had there 
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been any p r io r doubt, the d iscuss ions of the Oxford symposium should 

have f i rmly es tabl i shed this pa r t i cu la r s ta t is t ical approach in the fore

front of modern concepts of turbulent diffusion. 

In the cu r r en t paper , exper imenta l resul t s a r e presen ted which 

demonst ra te the stabili ty dependence exhibited by the Lagrangian auto

cor re la t ion function, the pr inc ipa l s ta t i s t ica l cha rac t e r i s t i c contained 

in the Taylor theory, A detai led review of the s ta t is t ica l r ep resen ta 

tion of the diffusion p r o c e s s introduces the discussion, but the h i s to r i 

cal f ramework provided by the e a r l i e r K-theor ies has been omitted. 

For this background m a t e r i a l the r eade r may refer to one or more of 

the excellent r e s u m e s which a r e to be found in the l i t e ra tu re ( e g . , 

Meteorology and Atomic Energy, 1955; Sutton, 1953). 
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Kv a v i r t u a l d i f fus ion coef f ic ien t b a s e d upon s c a l e s of v e l o c i t y 

and l e n g t h def ined by the s t a t i s t i c a l t h e o r y of t u r b u l e n c e ; 

(25). 

i]£ the L a g r a n g i a n l eng th s c a l e ; (24). 

Lj^ the E u l e r i a n s c a l e of t u r b u l e n c e ; (26) . 

L* a c h a r a c t e r i s t i c l e n g t h s c a l e of t u r b u l e n c e ; (33). 
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Symbol 

U|̂  the to t a l v e l o c i t y in the k d i r e c t i o n . 

u ' , v ' , w ' t u r b u l e n t v e l o c i t y f l u c t u a t i o n s in the x ,y , o r z d i r e c t i o n . 

u^4 the t u r b u l e n t v e l o c i t y f l uc tua t i on exh ib i t ed by the i - t h 

p a r t i c l e a t the j - t h t i m e , o r the m a t r i x of a l l s u c h 

f l u c t u a t i o n s . 

u[^ the d e c a y - c o r r e c t e d t u r b u l e n t v e l o c i t y f l uc tua t i on e x h i b i t e d 

by the i - t h p a r t i c l e a t the j - t h t i m e , or the m a t r i x of a l l s u c h 

d e c a y - c o r r e c t e d f l u c u a t i o n s . 

u ,v ,w r o o t - m e a n - s q u a r e t u r b u l e n t v e l o c i t y f l u c t u a t i o n s in the x , y . 
1/2 

o r z d i r e c t i o n ; e .g . , u = (u'^) 

uj^ the r o o t - m e a n - s q u a r e t u r b u l e n t v e l o c i t y f l uc tua t ion in the k 

d i r e c t i o n ; uj^ = ( u ^ j 

U the m e a n h o r i z o n t a l v e l o c i t y , o r i t s t o w i n g - c h a n n e l e q u i v a 

l en t , the s p e e d of the c a r r i a g e and g r i d . 

U / d e s i g n a t e s the u n s t a b l y s t r a t i f i e d c a s e s . 

V* a c h a r a c t e r i s t i c v e l o c i t y s c a l e of t u r b u l e n c e ; (33). 

V S / d e s i g n a t e s the " v e r y s t a b l y s t r a t i f i e d " c a s e s . 

V U / d e s i g n a t e s the " v e r y u n s t a b l y s t r a t i f i e d " c a s e s . 

W S / d e s i g n a t e s the "weak , s t a b l y s t r a t i f i e d " c a s e s . 

Xy d e s i g n a t e s a n x c o m p o n e n t v i e w e d s i m u l t a n e o u s l y w i t h a 

y c o m p o n e n t , i . e . , v i e w e d f r o m a b o v e . 

7 the r a t i o of the spec i f i c h e a t s , Cp/c-y. 

6 the d i s p l a c e m e n t f a c t o r in the compound , e x p o n e n t i a l r e p r e 

s e n t a t i o n of R]^ ( | ) ; (38). 

Tj a decay-dependent length devised by Taylor for use as an 

autocorrelation lag in decaying turbulence; (31). 

0 a temperature. 

9* the potential temperature; (55). 

V the kinematic viscosity. 

X-|̂  the pseudomicroscale; (45) or (46). 
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ABSTRACT 

An exper imenta l investigation of turbulent diffusion in a towing 

channel is descr ibed . Measuremen t s of consecutive d isplacements of 

t r a c e r pa r t i c l e s suspended within gr id-produced fields of homogeneous 

turbulence were co r r ec t ed for decay and used to compute Lagrangian 

au tocorre la t ion functions. Resul ts in the form of c o r r e l o g r a m s and a 

number of turbulence c h a r a c t e r i s t i c s obtained under conditions of 

th ree different initial turbulence intensi t ies ( i .e . , th ree grid Reynolds 

numbers) in fluid s t ra t i f icat ions ranging from weak instabil i ty to strong 

stability a r e connpared. 

By introducing a Richardson number of turbulence, the model is 

shown to be s imi l a r to prototype a t inospher ic motions of the o rde r of 

sma l l - s ca l e eddy-diffusive c i rcula t ions at stack height in conditions of 

slight to modera te stabil i ty. The re su l t s obtained demonst ra te the fea

sibility of employing d e c a y - c o r r e c t e d observat ions of homogeneous 

turbulence produced in the lee of rec tangula r gr ids for model studies of 

diffusion; they fur ther suggest the usefulness of the Richardson number 

of turbulence and the Brunt -Vaisa la stabili ty p a r a m e t e r (N^) for this 

purpose . More specifically, the p r e sen t investigation finds that: 

a) the hor izontal components of the Lagrangian t ime scale 

e i ther inc rease slowly or r ema in re la t ively s ta t ionary with increas ing 

stability while the ve r t i ca l component steadily d e c r e a s e s , a behaviour 

in marked cont ras t to that of the s eve ra l components of the Eule r ian 

scales which, in s imi l a r c i r cums tances , a r e observed to uniformly 

dec r ea se ; 

b) in mos t c a s e s , Lagrangian au tocorre la t ion functions can be 

accura te ly r ep re sen t ed by modified, negative exponential functions. 
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bol 

the dynamic viscosi ty . 

the t h e r m o m e t r i c conductivity. 

the au tocor re la t ion lag t ime; (12). 

Q the t ime to ze ro , i .e . , the value of t for which R|^(|) = 0, 

a density. 

the potential density; (55). 

var iance of c ross -wind distr ibutions of d ispers ing t r ace r 

the k direct ion (cf. Table 19). 

a decay -co r r ec t ed t ime interval ; (34) 

the concentrat ion of pollutant at a point downstream; (15). 
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n a m e l y , Ry.{^) = 1 for | < 6 and R ^ d ) = exp - f-̂^ j for | > 6; how

e v e r , in the spec i f i c i n s t a n c e of the v e r t i c a l c o m p o n e n t in s t ab l e s t r a t 

i f i c a t i ons of suff ic ient s t r e n g t h (N^ > 10"^ sec"*^ in the mode l ) , G a u s s i a n 

n o r m a l e r r o r func t ions a r e i n o r e a p p r o p r i a t e ; t h u s , R2(£) = exp -{c/a.)'^; 

c) the f o r e g o i n g r e s u l t s m a y be t a k e n to i n d i c a t e tha t r e l a t i o n s 

betAveen L a g r a n g i a n and E u l e r i a n t u r b u l e n c e s t a t i s t i c s a r e l) s t r o n g l y 

d e p e n d e n t upon g r a v i t a t i o n a l s t a b i l i t y , and 2) m o r e co inp lex than t}ie 

s i m p l e s c a l e f a c t o r s b e t w e e n i n d e p e n d e n t v a r i a b l e s s o m e t i m e s a s s u m e d , 

111 add i t i on , t w o - d i m e n s i o n a l (x,z) j e t p r o f i l e s w e r e o b s e r v e d to 

f o r m u n a e r cond i t i ons of s t a b l e s t r a t i f i c a t i o n in a s s o c i a t i o n with r e 

g i m e s of i n c r e a s e d d i s a p p e a r a n c e of t u r b u l e n t e n e r g y wi th in the l e v e l s 

of i n a x i m u m m e a n v e l o c i t y ; t h i s s u g g e s t s tha t , in t h e s e c i r c u m s t a n c e s , 

the t u r b u l e n c e f ie ld s u p p l i e s e n e r g y d i r e c t l y to the m e a n c i r c u l a t i o n . 
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CHAPTER I 

AN INTRODUCTION TO THE PROBLEM 

The bas ic foundations of the s ta t i s t ica l theory of turbulence 

were set forth in an extensive s e r i e s of papers by G. I. Taylor in 1935 

and 1936. However, the pa r t i cu la r port ion of the genera l theory that 

applies to the diffusion p rob lem, namely, the concept of "diffusion by 

continuous movemen t s , " was given by the same author some fif

teen y e a r s e a r l i e r (Taylor, 1921). Thus, h is tor ica l ly , eddy diffusion 

was the f i r s t aspect of turbulence to be t rea ted by s ta t is t ica l methods 

In the s ta t i s t ica l approach, fields of turbulent motion are de

sc r ibed in t e r m s of functional re la t ionships ainong the component 

turbulent fluctuations. The analysis is "s ta t i s t ica l" in the sense that 

l a rge number s of instantaneous values of these rapidly changing fluc

tuations become involved, thei r aggregate contributions to a pa r t i cu la r 

sys t em being a s s e s s e d through the es t imat ion of collective express ions 

or " s t a t i s t i c s " such as m e a n - s q u a r e dis t r ibut ions , cor re la t ion func

t ions , or pov/er spec t ra . In genera l , such functions can only be e s t i 

mated , since the data at hand in the form of some finite nuinber of 

m e a s u r e m e n t s do not ord inar i ly consis t of more than a relat ively small 

sample ex t rac ted f rom a much l a r g e r population. 

In p r a c t i c e , accura te es t imat ion of the s ta t is t ica l c h a r a c t e r i s 

t ics of turbulence p r e s e n t s unusual difficulties; data of ex t raord inar i ly 

fine resolut ion in t ime or space a re requi red , and therefore highly 

specia l ized techniques of observat ion mus t be employed. This is e spe 

cially t rue in the a tmospher ic boundary layer , where a significant 

fract ion of the turbulence spec t rum includes eddies of high frequency 

and smal l wavelength. More pa r t i cu l a r ly , the acquisition of Lagrangian 

data suitable to the Taylor diffusion theory poses unique p rob lems 

1 
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unlike any in ordinary meteorology, since the Lagrangian formulation 

r equ i r e s that observat ions be r e f e r r e d to individual, d ispers ing p a r 

t ic les moving with the fluid r a the r than to a more convenient origin 

fixed in space. Consequently, it has seldom been found feasible to 

apply the s ta t i s t ica l theory of turbulent diffusion direct ly to an a t m o s 

pher ic problem. However, the pr inc ip les of the Taylor theory are very 

often employed indirect ly in the form of cer ta in s e m i - e m p i r i c a l dif

fusion re la t ions der ived from them by Sutton (1947). 

At the p r e sen t tinae Sutton's equations (e.g., equation [15] below) 

a r e widely employed in a i r -pol lut ion surveys . Indeed, these re la t ions 

have been shown to be capable of determining acceptable e s t ima te s of 

the distr ibution of pollutant concentra t ions downstream when the at

mospher i c lapse ra te is approximately adiabatic The difficulty a r i s e s 

from the fact that, except during re la t ively infrequent per iods of over

cas t skies and sustained high wind veloci t ies , the adiabatic condition 

p r i m a r i l y occurs only as a t r ans ien t state in the a tmospher ic boundary 

layer . Ordinar i ly , neut ra l s t rat i f icat ion exactly occurs but twice daily 

in the lowest 100 m during t rans i t ion between prevai l ing day- t ime 

r eg imes of posit ive and night- t ime r eg imes of negative stabil i ty. At 

Argonne National Labora tory , for example , three y e a r s of t empera tu re 

differences observed between 2 and 42 m indicate that mean hourly lapse 

r a t e s within 25 per cent of the adiabatic ( i .e . , dS /dz = -1.0 + 0.25 deg 

per 100 m) cha rac t e r i ze only one hour out of eight (cf. Moses and 

Willett , 1955). Unstable s t ra t i f icat ions with lapse r a t e s in excess of 

the adiabatic were r ecorded during 26 pe r cent of the t ime , while 

definitely stable conditions in v^hich the t empera tu re actually inc reased 

•with height were observed to compr i se a surpr is ing 46 pe r cent of the 

data. 

Thus, as much as 80 pe r cent of the t ime, the neut ra l ly s t r a t 

ified conditions n e c e s s a r y for the adequate per formance of existing 

diffusion formulae siraply a r e not p r e s e n t in the regions of p r i m a r y 

i n t e r e s t to a i r -pol lu t ion surveys . It is therefore of cons iderable 
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p rac t i ca l i n t e re s t to a s s e s s the influence exer ted upon the turbulent 

diffusion p r o c e s s by conditions of fluid stability other than those of 

neu t ra l s t rat i f icat ion; and it is with this aspect of the a tmospher ic dif

fusion p rob lem that the cu r r en t investigation is concerned. 

The Purpose of the Exper iment 

The investigation descr ibed in this r epor t has been based upon 

the p r e m i s e that the s ta t is t ica l represen ta t ion of the turbulent diffusive 

mechan i sm contained in the Taylor diffusion equation is a fundamental 

kinematic s ta tement that applies equally to fluids of stable and unstable , 

as well as neu t ra l , density s trat i f icat ion. This fact is evident in the 

na ture of the Taylor re la t ion itself, for it contains no dynamic t e r m s 

sensi t ive to the p resence of external buoyancy forces (cf. equation [ 11 ], 

below). Rather , the d ispers ion achieved by a set of diffusing pa r t i c l e s 

at any t ime in a fluid of any stability condition is expressed solely as a 

function of the intensity of turbulence and of a cha rac te r i s t i c s ta t is t ical 

descr ip t ion of the fluctuation velocity field kno^wn as the Lagrangian 

autocorre la t ion function. 

Now it is "well known that the p re sence of posit ive or negative 

buoyancy forces in a s trat i f ied fluid profoundly affects the ra te of t u r 

bulent diffusion. One exper imenta l p rocedure frequently employed in 

the field, as "well as in the l abora to ry , direct ly evaluates this effect by 

measur ing diffusion r a t e s in fluids of different s tabi l i t ies . But more 

fundaiTientally, the Lagrangian autocorre la t ion function itself must also 

be affected by these forces s ince, as the Taylor express ion shows, this 

s ta t i s t ica l express ion is int imately connected with the ra te of d i spe r 

sion. In fact, since it does lie so close to the hea r t of the problem, it 

is reasonable to expect that an a l ternat ive exper imenta l p rocedure 

which invest igates the influence of fluid stability upon this cor re la t ion 

function should grant g r ea t e r insight into the influence of density s t r a t 

ification upon the mechan i sm of turbulent diffusion. 
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With these considera t ions a labora tory model was designed in 

which the Lagrangian autocorre la t ion function could be evaluated by 

observing the motions of pa r t i c l e s in turbulent fields genera ted in fluids 

of severa l gravi tat ional s tabi l i t ies . Resul ts obtained from the subse 

quent exper imenta l p r o g r a m a re p resen ted in this r epor t in the form of 

au toco r r e log rams and a number of cha rac t e r i s t i c quanti t ies der ived 

from them. These r e su l t s a re compared with s imi la r m e a s u r e m e n t s 

obtained by others in meteorologica l field s tudies . In addition, there is 

d i scussed the s imi la r i ty range within which c i rcula t ions in the l abora 

tory model and in the prototype a tmosphere can be compared. 

At the very outset it should be noted that although the fluctuation 

veloci t ies ut i l ized in these calculat ions do indeed derive from actual 

m e a s u r e m e n t s , the s teady-s ta te fields of turbulence capable of supply

ing s ta t ionary t ime s e r i e s data n e c e s s a r y for autocorre la t ion analysis 

never t ruly existed. The rea l fields of turbulence c rea ted within the 

exper imenta l apparatus by the single passage of a rec tangular grid 

inevitably under^went rapid decay, since the model contained no con

tinuing source of turbulent energy. However, -with the aid of cer ta in 

well-founded assumpt ions upon the na ture of this decay p r o c e s s , the 

motions of t r a c e r pa r t i c l e s observed in these fields were co r rec t ed for 

decreas ing turbulent energy and increas ing eddy scale . In the language 

of f luid-models r e s e a r c h , the labora tory model employed in this study 

was a "dis tor ted" one. l Consequently, before i ts r epresen ta t ion could 

be compared with the rea l i ty of a prototype, the effects of that d i s to r 

tion had to be removed. The decay-cor rec t ion p rocedures employed do 

impose cer ta in l imita t ions upon the exper iment , as will be d i scussed 

•'̂ A famil iar example of the use of d is tor ted hydraul ic models 
can be found in studies of r i ve r sys t ems for •which, in o rde r to min i 
mize capi l lar i ty effects that tend to dominate thin sheets of water , the 
depth dimensions of r i ve r models a re exaggerated; cor rec t ion for d i s 
tor t ion in this case is achieved by increas ing the bottom roughness of 
the models to genera te deeper turbulent boundary l a y e r s . 
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below; on the other hand, without them this p rogra in of Lagrangian 

m e a s u r e m e n t under the controlled conditions of the labora tory would 

not have been poss ib le . 

The Taylor Diffusion Equation 

Because it is fundamental to the in terpreta t ion of the resu l t s of 

this investigation, it is useful to d iscuss both the derivation and the 

implicat ions of the Taylor diffusion relat ion in some detail . This 

represen ta t ion of turbulent diffusion be a r s a closely analogous r e l a 

tionship to a well-kno-^vn analysis of d ispers ive motion on the molecular 

sca le . The descr ipt ion of Brownian motion known as "the random 

"walk" concerns the one-dimensional d ispers ion that resu l t s after a 

l a rge number of pa r t i c l e s undergo a s e r i e s of equally probable , for-

"ward or backward displacenients of constant magnitude from a common 

origin (cf. Sutton, 1953, p. 89-91). Taylor (1921) extended this concept 

to conditions more represen ta t ive of fluid motion on the macrosca le by 

providing for "continuous movemen t s" ; in his analys is , both the mag

nitude and probabil i ty of occur rence of the par t ic le displacements "were 

allo-wed to vary continuously in a manner p r e s c r i b e d by the charac te r 

of the turbulent field. 

The Taylor re la t ion can be derived by considering a one-

dimensional sys tem of pa r t i c l e s (or marked fluid parce l s ) which issue 

f rom a continuous point source but a r e constra ined to move back and 

forth in only one direct ion. This is equivalent to limiting considerat ion 

of a th ree -d imens iona l sys tem to the normal project ions upon the 

X-axis of the posi t ions of all pa r t i c l e s in a diffusing cloud. F r o m 

ei ther point of viev/, the instantaneous posit ion of each par t i c le re la t ive 

to the location of a common source at x = 0 can be designated by a 

single coordinate , +xi(t). 

At any t ime t, the net d isplacement xi(t) that any one par t ic le 

(say the i~th) has attained is the r e su l t of the integrated displacement 

inc remen t s contributed by all velocity fluctuations that pa r t i cu la r 
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pa r t i c l e has exper ienced since leaving the source . Thus, we may-

wri te 

Xi(t) :::[ U ! ( T ) dX, (l) 

w h e r e U H T ) r e p r e s e n t s the i n s t a n t a n e o u s t u r b u l e n t v e l o c i t y f l uc tua t ion 

e x h i b i t e d by the i - t h p a r t i c l e a t any t i m e . E v i d e n t l y the m e a n s q u a r e 

of a l l s u c h n e t d i s p l a c e m e n t s shown by a l l p a r t i c l e s of a s y s t e m a t 

s o m e p a r t i c u l a r t i m e c o n s t i t u t e s a s t a t i s t i c a l m e a s u r e of the d e g r e e of 

d i s p e r s i o n a c h i e v e d by the diffusive m e c h a n i s m in the d i r e c t i o n of x. 

H e n c e , we have 

N , N 
127 

r . t i 2 

(̂̂ ) -jr t t-iW^'=i t I -i(^)^^ X 
' ' N . _. . 

1 = 1 1 = 1 

(2) 

Here the summation notation se rves to emphasize that the foregoing is 

an instantaneous average over all N pa r t i c l e s of the sys tem. 

In o rder to examine the t ime var ia t ion of the d ispers ion , we 

take the f i r s t derivat ive of the above: 

N r r ^t 
±i [x2(t)] = ™ > 

1=1 

J uI(T)dTlui(t)|. (3) 

With r e g a r d to the in tegral reinaining within the b racke t s on the right, 

it is convenient to make the t rans format ion 

T = t - i (4) 

(cf. Halt iner and Mart in , 1957, pp. 276-7). Thus d r becomes - d | and, 

with appropr ia te changes in l imi t s , the integral becomes 

-J u!(t- )̂ dC = J u!(t- i) d| . (5) 
t 0 

Since ul(t) is not a function of ^, it can be brought inside the in tegra l , 

and the en t i re express ion (3) can be rewr i t t en as 
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N r r^ 
(6) ^ [ x ^ ( t ) ] = ^ I / u l ( t - 4 K ( t ) d ^ 

i::.! L 0 

Interchanging the operat ions of summation and integration, we obtain 

, ^t N 
^[x^(t)] = 2 j ^ I K( t -4K(t ) ] dC (7) 

0 i = i 

or, upon adopting the superposed bar for the instantaneous average 

over the sys tem designated by the summation notation, Ave have 

^^b^)] = 2J ^t-au'(t) dt (8) 

F r o m the definition of the Lagrangian autocorre la t ion function 

R ( I ) we may "write 

u'2 Rx(?) = u'(t- e)u'(t), (9) 

where the subscr ip t x denotes the component of the diffusive mecha

n i s m under considerat ion. 

Substituting this express ion in (8), v/e obtain 

f^[^)] = z^J Rx{4)de. (10) 
0 

in which the t e r m u'^ has been moved outside the integral with the 

understanding that thereby the analysis becomes l imited to cons idera

tion of a turbulence field whose average intensity remains approxi

mately s ta t ionary in t ime. This is not an entirely unreasonable 

r e s t r i c t ion , at l eas t insofar as sma l l - s ca l e diffusion of brief duration 

in the a tmospher ic boundary layer is concerned. HoAvever, it is a 

requ i remen t that mus t rece ive special considerat ion before the Taylor 

theory can be applied to the decaying turbulence fields of the l abora 

tory exper iments descr ibed in this r epor t . 



Final ly , by integrating equation (lO) over a per iod of diffusion 

T, one obtains the Taylor diffusion equation: 

.T ^t 
x2(T) = 2u'2 R ^ ( | ) d | d t . (11) 

Jf) Jo 

Similar express ions for y^ and z^, respect ive ly involving Ry( | ) and 

R^ l^ ) , extend the analyses to three dimensions . 

As many w r i t e r s have pointed out, this express ion is especial ly 

r emarkab le in that it reduces the p rob lem of diffusion in fields of 

quas i - s t a t iona ry turbulence intensity to considerat ion of the p rope r t i e s 

of a single set of s ta t i s t ica l re la t ions , namely, the th ree components of 

the Lagrangian autocorre la t ion function: l 

Surpr is ingly, especial ly in view of the length of t ime this r e su l t has 

been known, comparat ively l i t t le quantitative information on the be 

haviour of these functions has been obtained. 

Applications; Sutton's Equations 

P r a c t i c a l ut i l izat ion of the p r inc ip les set forth in the Taylor 

diffusion theory has been accompl ished by Sutton (1947), who der ived a 

se t of express ions for diffusion f rom a point source f rom equation (11) 

by making cer ta in assumpt ions upon the na ture of the autocorre la t ion 

function. Using dimensional a rgumen t s , Sutton showed that, in a l ayer 

•'•The notation R|^(|) h e r e and in the genera l d iscuss ions to fol
low r e f e r s equally to any one of the three components of the Lagrangian 
autocorre la t ion function, i .e . , k = x, y, or z. F u r t h e r , x]^ will r e p r e 
sent all th ree d isp lacements while u]^ = dx^/dt will r e p r e s e n t the 
th ree components of velocity. 

In (12) we have adopted the more famil iar convention of posit ive 
lag t ime | ; evidently, this form and that which appears in (9) a r e 
equivalent, for when t2 is wr i t ten for t̂  - | , then t2 •+ ^ cor responds 
to t,. 



of a i r flowing over a smooth surface, Rj^d) could be approximated by 

express ions of the form 

Ml) 
-1 n 

V 
V + {u!^)i 

(13) 

Here V is the kinematic viscosi ty , and the exponent n i s a stability 

p a r a m e t e r varying between 0 and 1 in accordance with the horizontal 

•^vind-profile express ion 

n 

u(z) = i r i ( z / z i ) ' """. (14) 

F o r flow over rough sur faces , Sutton suggested that v be replaced by 

the macrov i scos i ty , N = u Zg, in which the friction velocity û ^ is a 

m e a s u r e of the surface s t r e s s , and ZQ is a roughness length descr ip

tive of the underlying surface. 

Upon substituting these approximations for the components 

R]̂ ( C) in the Taylor equations and integrat ing, Sutton obtained a com

bined express ion for the th ree-d imens iona l distr ibution of pollutant 

concentrat ion that would r e su l t at a point at any t ime after an instan

taneous emiss ion froi-n a point source of strength Q: 

\;(x,y,z,t) = • -,——rj exp 
7T3^2c^CyC^(ut)3^'""^/' 

,(ut)--f4-.jl+4'^ 

(15) 

Along with a number of re la ted express ions extending this analysis to 

continuous sources , line sou rces , elevated sources , e tc . , equation (15) 

introduced the so-ca l led "genera l ized diffusion coefficients," C_ĵ , Cy, 

and Cz, as well as the stabili ty factor n; taken together , these have come to 

be known as "Sutton's p a r a m e t e r s . " F o r diffusion in near -ad iaba t ic 

conditions with modera te wind flow over level g r a s s land, Sutton cites 

the follo^wing values obtained from field measu remen t s (Sutton 1953, 

p . 292): 
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n = l / 4 ; Cy = 0.4 cm^^^ C^ = 0.2 cm^^^^ 

These a re appropr ia te to the continuous poin t - source vers ion of 

Sutton's equations in which the influence of C is considered negl igi 

ble in compar ison with the much l a r g e r contributions to longitudinal 

t ransfe r made by the mean flow, hence, a C^ value does not appear . 

Note that the recommended value n = 1/4 in equation (14) exactly 

co r responds to the "seventh- root profi le" which wind-tunnel studies 

have found to cha rac t e r i ze the turbulent boundary layer of a smooth, 

flat p la te . 

Sutton's equations a r e -widely employed in a i r -pol lut ion surveys 

such as those assoc ia ted with the evaluation of potential nuclear r e a c 

tor haza rds . Their application to engineering p rob lems of this kind 

has , in fact, been reduced to the reading of a s e r i e s of nomograms 

(cf. Meteorology and Atomic Energy, 1955); and new evaluations of 

Sutton's p a r a m e t e r s for a tmospher ic conditions other than adiabatic 

per iodical ly appear in the l i t e r a t u r e . HoAvever, such p rocedures have 

on occasion been decr ied on the grounds that they tend to encourage 

the view that these re la t ions r ep resen t a kind of physical law which 

need only be mapped over the ent i re range of appropr ia te meteoro log

ical va r i ab les in o rde r to be able to p red ic t pollutant concentrat ion 

dis t r ibut ions to be expected under any and all a tmospher ic conditions. 

Too often Sutton's equations a r e accepted without their c r i t i ca l de

pendence upon s e m i - e m p i r i c a l approximations of Rk(4) being fully 

apprecia ted. Rather than continuing to evaluate C's and n ' s , a more 

profitable line of r e s e a r c h would seem to lie in the investigation of the 

nature of the Lagrangian autocorre la t ion function itself. 



CHAPTER II 

THE LAGRANGIAN AUTOCORRELATION FUNCTION 

The Lagrangian autocorre la t ion function Rk(^) expresses the 

dependence of the cor re la t ion between the kth component of the velocity 

of an "average pa r t i c l e " and its own values at la te r t imes upon the lag 

t ime alloAved to elapse bet-ween the velocity observations cor re la ted . 

Here the use of the t e r m "'average pa r t i c l e " emphasizes that, as in the 

preceding discuss ion of the diffusion equation, the superposed bar no

tation in (12) designates an average taken o\-er all or (as usually must 

be the case m pract ice) a l a rge sanaple of the par t ic les in a sys tem 

The function Rk(s) is also averaged over all t , for each au tocor re la 

tion lag ^ r e f e r s to any and all base t i m e s . Statistically speaking? e s 

t imates of any par t icu la r Rk( l i ) ' de termined from any number of 

r epresen ta t ive sets of par t ic les selected from a given system and 

based upon any number of s imi la r ly represen ta t ive sets of t imes along 

the t r a j ec to r i e s of these pa r t i c l e s , will necessa r i ly converge to a 

single value, provided only that the samples a r e sufficiently la rge and 

that the turbulent \ e loc i ty fluctuations constitute a stat ionary t ime 

s e r i e s . 

F r o m the continuous na ture of fluid motion, it is apparent that 

components of the velocity of individual diffusing par t ic les will tend to 

r emain highly cor re la ted with their own previous values for some short 

period of t ime; speeds and direct ions will not be subject to sudden, 

discontinuous change. In other words , Rk(4) will tend to p r e se rve a 

value near unity so long as £ r ema ins smal l . On the other hand, ve

loci t ies of par t ic les moving in the m o r e or l e s s random manner 

cha rac t e r i s t i c of turbulence eventually must , on the average, become 

11 
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ent i re ly unre la ted to thei r inagnitudes and di rec t ions at some e a r l i e r 

re fe rence t ime , In t e r m s of an autocorre la t ion function t ruly r e p r e 

sentative of the behaviour of an infinitely l a rge population of pa r t i c l e s 

in random motion, Rk(^) falls to zero when 4 becomes sufficiently 

l a r g e . Of course , in the random motion of a l imited number of p a r t i 

c les , chance alone will dictate that a significant fraction of their num

ber will repea t e a r l i e r veloci t ies from time to t ime . Therefore , 

es t i ina tes of Rk(?) based upon l imited samples drawn from a l a r g e r 

population cannot be expected to maintain a value of exactly zero for 

all l a rge ^; r a the r , they will be observed to osci l la te around zero as 

a mean . 

These considerat ions enable one to es t imate _a_ p r io r i that the 

Lagrangian autocorre la t ion function -will in general , behave m the 

manner sketched m Figure 1, at leas t during the ear ly and late pe r iods . 

Detai ls cha rac t e r i s t i c of the in te rmedia te period i&i^^i •-..^,2 in the figure) 

cannot be anticipated, for in this region the rate at which Rk(4) de

c r e a s e s depends upon the specific p roper t i e s of the par t icu lar field of 

turbulence for which the function has been evaluated As the r e su l t s of 

this exper imenta l study show, one of the factors which can influence 

the shape of the R|^(l) curve in this in te rmedia te region is the grav i ta 

tional stability of the fluid medium. The effect is inost pronounced in 

the case of the ver t ica l component Rz(C) which under stably strat if ied 

conditions, for example falls to zero significantly ea r l i e r than it does 

o therwise . 

Two Regiines of Diffusion 

Taylor demons t ra ted the control exer ted by the autocorre la t ion 

function upon the diffusion p roces s by descr ibing two limiiing solutions 

of equation ( l l ) . With the dependence of Rz( | ) upon fluid stabili ty in 

mind, an exammatiori of these solutions clar i f ies the role played by 

stabili ty m the determinat ion of turbulent diffusion ra t e s in the 

a tmosphe re . 
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Consider , f i rs t , the consequences of a diffusion t ime so short , 

and hence a maximum lag t ime ^ so l imited, that the ver t ica l compo

nent of the autocorre la t ion function, Rz(^), r emains very near ly unity 

for all | , With re ference to F igure 1, this obtains when T < | | . The 

inner integral of equation ( l l ) then becomes simply 

f Rz(4) d£ = r 1 d | = t, (16) 

and the solution of the entire express ion reduces to 

z^ = 2w'^ t d t = w'^' T^ (17) 

o r 

(ẑ )̂ -̂ ^ •>: T when T < ^i. (18) 

Consider this resu l t in re la t ion to ver t ica l d ispers ion from the 

horizontal axis exhibited by pa r t i c l e s simultaneously t ranspor ted by a. 

uniform horizontal flow, neglecting longitudinal diffusion in compar ison 

to the much l a r g e r d isp lacements contributed in this direct ion by the 

mean cu r ren t . Equation (18) indicates that the d ispers ing par t ic les will 

initially occupy a conical plume as shown scheinatically in Figure 2, 

for the envelope expands l inear ly -with t ime . For the purpose of these 

i l lus t ra t ions , the volume occupied by diffusing par t ic les in a plume can 

be delineated by assuming they a r e dis t r ibuted normal ly along any s e c 

tion perpendicular to the horizontal axis of the plume, and that the 

radius to the visible edge can be identified with some constant multiple 

of the r o o t - m e a n - s q u a r e d isplacement . Theoret ical outlines do not 

cor respond to the instantaneous outlines of smoke pluines seen in the 

a tmosphere ; r a the r , they a re m o r e proper ly compared with composite 

envelopes of instantaneous plumes determined, for example, by 

mul t ip le -exposure photographs. 



14 

RkCC) ™ 

Fig. l . - - T h e na ture of the Lagrangian autocorre la t ion 
function; R k ( | ) ~ l for | < | i ; Rk( | ) = 0 for 4 > ^z. 

/ / / / / / / / / / 

Fig. 2 . - -Theore t ica l average plume outline p r e 
dicted by Taylor diffusion equation; plume approximately 
conical over initial length, x < U^i , but becom.es approxi
mately parabol ic when x> U42-

After the diffusion p rocess has continued for a sufficiently long 

period (more par t icular ly , until T > | 2 in Figure l) , the inner integral 

of (11) at tains a constant value c equal to the total a r e a under the 

Rz(e,) curve . This follows from the fact that the average value of Rz(l) 

http://becom.es
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i s z e r o a f te r cz> and no f u r t h e r ne t c o n t r i b u t i o n to the i n t e g r a l is inade 

a f t e r tha t t i m e . In t h i s s econd e x a m p l e , the diffusion equa t ion b e c o m e s 

z^ = 2 w'^ I c d t = 2 c w ' ^ T (19) 

o r 

T h u s , the v o l u m e occup ied by the p l u m e even tua l ly a s s u m e s the shape 

of a p a r a b o l o i d a s shown in F i g u r e 2. 

T h e s e two e n v e l o p e s of diffusion can be s e e n to s u c c e e d one 

a n o t h e r u n d e r a t m o s p h e r i c cond i t ions in the in i t i a l and final a v e r a g e 

ou t l i nes of s m o k e p l u m e s i s s u i n g f r o m s t a c k s . The phenoi-nenon h a s 

been u s e d to e s t i m a t e the t i m e r e q u i r e d for Rz(-") to fall to z e r o f r o m 

coimposi tes of p h o t o g r a p h s t aken f rom the s ide of s m o k e i s s u i n g f rom 

f a c t o r y c h i m n e y s by not ing the h o r i z o n t a l d i s t a n c e f rom the s o u r c e to 

the point w h e r e t r a n s i t i o n f rom the l i n e a r to the p a r a b o l i c r e g i m e has 

been c o m p l e t e d (Inoue, I960) . 

In s t ab ly s t r a t i f i e d a t m o s p h e r e s , t r a n s i t i o n froi-n the rapidly-

th i cken ing , c o n i c a l p l u m e shape to the m o r e s lowly d i v e r g e n t p a r a b o l i c 

one o c c u r s e a r l i e r t han it does when the l a p s e r a t e e i t he r equa l s o r 

e x c e e d s the d r y a d i a b a t i c . As a r e s u l t , the v e r t i c a l d i m e n s i o n s of 

p l u m e s in s t ab l e a i r r e m a i n r e l a t i v e l y sha l low, and p r o p o r t i o n a t e l y 

h i g h e r c o n c e n t r a t i o n s of the c o n t a m i n a n t tha t a p a r t i c u l a r s t ack 

h a s been d e s i g n e d to d i s p e r s e a r e m a i n t a i n e d for l o n g e r d i s t a n c e s 

d o w n s t r e a m . At the o t h e r extrenrie, f inal a t t a i n m e n t of the p a r a b o l i c 

r e g i m e t ends to be delay^ed in u n s t a b l e a t m o s p h e r e s , a phenomenon 

which m a y a l s o be i n f e r r e d f rom the r e s u l t s of the c u r r e n t l a b o r a t o r y 

s t u d i e s . C o n s e q u e n t l y , diffusing p l u m e s g row to g r e a t e r d i a m e t e r s at 

c o i n p a r a b l e d i s t a n c e s ; h e n c e , t h e i r c o n s t i t u e n t s u n d e r g o m o r e r ap id 

d i lu t ion . 
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The growth of a diffusing plume downstream does not depend 

solely upon the behaviour of Rk( | ) ; the intensity of the turbulent field, 
' 2 

u'-. , is also involved. In fact, as may be seen from the f i rs t der ivat ive 

of (17), the constant ra te of plume growth cha rac t e r i s t i c of the ear ly , 

l inear r eg ime depends upon uj^ alone: 

^(^f - i[(^f'T] ^ C^)"\ (21) 

In the region of t rans i t ion , the influence of Rk(l) gradually makes itself 

felt a s i ts value falls from unity. Plume growth ra te d e c r e a s e s with 

decreas ing R ^ d ) until , upon reaching the parabol ic reg ime as the av

erage value of Rj^d) at tains ze ro , it becomes 

f (4)''' = ili^-^-^y''] - iZc~^f'T~'/\ (22) 

which follows from equation (19). 

Lagrangian Turbulence P a r a m e t e r s 

It is useful at this point to note that equations of the form of 

(22) above (as well as equation [19] ea r l i e r ) contain, ei ther explicitly 

or implici t ly, the following cha rac t e r i s t i c express ions descr ip t ive of 

turbulence in Lagrangian coordinates : 

r Rk(i) di - 4^ (23) 

c 
,2x1/2 _ /TT^xl/Z 

in'ir = intr^ RklDdl - ik; (24) 

c(u'jj) = n'l I Rk(l) d | ^ K*. (25) 

The f i rs t of these,,Xk> is t e rmed the Lagrangian scale t i ine; the second, 

ij^, differing from the f i rs t only by the velocity factor (uj^) ^ , is 

known as the Lagrangian scale length. Both p a r a m e t e r s a r e at leas t 
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homologous, if not ent i re ly analogous, to the more famil iar Euler ian 

scale of turbulence ' 

Lk = J R(xk) dxk- (26) 

in which R(xk) r e p r e s e n t s the Euler ian space corre la t ion . The Eu le r 

ian scale Lk is commonly accepted as a m e a s u r e of the "a \ e rage tu r 

bulent eddy s ize ' ' in the Euler ian spec t rum (Taylor, 1935, p. 426); 

s imi la r ly , ^k can be considered an equivalent m e a s u r e for the Lagran

gian spec t rum Interest ingly enough, the Lagrangian length scale can 

also be compared with the ear ly concept of a "mixing-length," since it 

r e p r e s e n t s , in a sense , the average dis tance a part ic le must nnove be 

fore it completely loses i ts original momentuin to i ts surroundings, 

i ,e . , the dis tance t raveled while the velocity cor re la t ion falls to zero 

(ibid,, p . 425). 

The Lagrangian scale t ime, on the other hand, has been identi

fied with "the l ifetime of the l a rges t tourbiUon" by Inoue (i960), who 

uses this t e r m to cha rac t e r i ze the fundamental element of turbulent 

motion, Frenkie l (1948) has used the A-k scale pa ramete r to c h a r a c t e r 

ize the t ime requ i red for the onset ot the final, parabolic reg ime of 

diffusion, since it is nunnericallyr equal to the a rea under the Rk(i) 

curve and thus depends fairly closely upon the t ime required for Rk(t,) 

to fall to z e r o . This pa r t i cu la r application of-^k will be employed in 

the in te rpre ta t ion of the resu l t s of the cur ren t exper iments ; for, as it 

turns out, decay -co r rec t ion e r r o r s in the computation of Rk(C) f°^ 

longer lag t imes (i .e. , those for values of .1' which requi re data taken 

ear ly m the exper iments to be co r re l a t ed with data taken toward com

pletion) tend to make the in tersect ion of the Rk( |) curves with the 

I axis uncer ta in . The a r e a under the curve, however, is l e s s sens i t i \ e 

to this ambiguity 

The third quantity- KS. has the dimensions of a diffusion coef

ficient, an in te rpre ta t ion that is justified under cer ta in special c i rcum

s tances . Frenk ie l (1953) has derived the following express ion for 
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t h r e e - d i m e n s i o n a l diffusion f r o m an i n s t a n t a n e o u s point s o u r c e f r o m 

the s t andpo in t of s t a t i s t i c a l theory^, b a s i n g h i s t r e a t m e n t upon t h e 

T a y l o r equa t ion : 

H e r e the v a r i a n c e of the d i s p l a c e m e n t s of the diffusing p a r t i c l e s (x^) 

is a funct ion of t d e t e r m i n e d by T a y l o r ' s diffusion equa t ion . C o m 

p a r i n g th i s r e s u l t wi th the K - t h e o r y so lu t ion for the s a m e p r o b l e m 

given by R o b e r t s (1923)» 

X(x,y, z , t ) = ; ^"-TTr exp ( - ^ ± f l ^ ] (28) 
^ ^ (47TKT)3 /2 ^ \ 4KT / ' 

i t c a n be s e e n tha t the two e x p r e s s i o n s a r e i d e n t i c a l when (x^) = 2KT. 

F u r t h e r , we have f rom the g e n e r a l f o r m of equa t ions (19) and (25), 

I | = 2KJT. (29) 

T h u s , lor T X 1,3 (cf. F i g u r e s 1 and 2), the p a r a i n e t e r K^ is the equ iv

alent of the cons t an t coe l l i c i en t i)'i diffusion a s s u m e d by R o b e r t s in h i s 

F i c k i a n a n a l y s i s , a r e s u l t which d e m o n s t r a t e s tha t the s t a t i s t i c a l 

t h e o r y of t u r b u l e n t diffusion c o n v e r g e s to a f o r m of the K t h e o r y onct^ 

the p a r a b o l i c r e g i m e h a s been establisliefo. 

A t m o s p h e r i c M e a s u r e m e n t s of Rk( t ) 

Al though the d i r e c t e v a l u a t i o n of Rk(^) in the a t m o s p h e r e e n t a i l s 

c o n s i d e r a b l e p r a c t i c a l diff icul ty , such p r o c e d u r e s have b e e n s u c c e s s 

fully c a r r i e d out on a n u m b e r of o c c a s i o n s . F o r e x a m p l e , E d i n g e r 

(1951), p h o t o g r a p h e d s o a p b u b b l e s r e l e a s e d f rom a ba l l oon t e t h e r e d a t 

an e l e v a t i o n of 1000 ft. S u c c e s s i v e o n e - s e c o n d d i s p l a c e m e n t s of b u b 

b l e s w e r e u s e d to c o m p u t e the e s t i m a t e 

Rx('t) = 1 - 0 .068q. 

The L a g r a n g i a n t i m e s c a l e a p p e a r e d to be about 7 s e c , but s i n c e a 

r e l a t i v e l y n a r r o w field of view r e s t r i c t e d the d u r a t i o n of o b s e r v a t i o n s , 

v a l u e s of RY^C) l e s s than 0.5 w e r e not o b s e r v e d . In a n o t h e r f ield 
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exper iment , Gifford (1955) obtained Lagrangian data within the a tmos

pher ic boundary layer through double-theodolite observat ions of 

neut ra l -buoyancy balloons r e l eased from a 300-ft tower. 

More recent ly, a p rog ram of exper iments at Wallops Island, 

Va., has used r ada r to r eco rd the success ive positions of constant-

level " t e t roons" ! at in terva ls of from 10 sec to one minute as they 

n-iovedalong extended t r a j ec to r i e s seve ra l thousand feet above the ocean 

(Angell and Pack, 1962). Here again the Rx(^) and Ry(|) functions ob

tained appeared to approximate l inear functions of the form 1 - a ( | ) ; but 

in this case of med ium-sca l e diffusion, Lagrangian t ime scales between 

3 and 12 minutes were found r a the r than those of only a few seconds ob

tained bŷ  Edinger in soap-bubble exper imen t s . In even l a r g e r - s c a l e 

s tudies , Angell (i960) used the posit ions of horizontal sounding balloons 

de termined by radio-direct ion-f inding techniques every 2 hr as they 

drifted at the 300-mb level a c r o s s the Pacific to compute the autocor

relat ion functions 

R^(|) = exp - [ ( 7 | T 1 ) / 6 ] 

and 

Ry( | ) = e"^^cos7r?, 

where | is in days . The per iodic t e r m in Ry(t) was considered to have 

been assoc ia ted with the passage of the balloons through long waves in 

the w e s t e r l i e s . Measured over per iods of from severa l days to an en

t i re week, these "transosonde " t r a j ec to r i e s gave Lagrangian scale e s t i 

ma tes six or m o r e hours long. Evidently the continuous involvement 

of p rogress ive ly l a r g e r and slower eddies in the diffusive motions of 

a i r pa r ce l s on long t r a j ec to r i e s in the free a tmosphere resu l t s in the 

associa t ion of l a r g e r Xk sca les with longer observat ion t imes . 

Helium-fi l led, s u p e r - p r e s s u r e , aluminized Mylar balloons 
whose n e a r - t e t r a h e d r a l shape provides corner ref lec tors designed to 
maximize the r e t u r n s ignals . 
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Atmospher ic studies have somet imes employed an indirect 

method of est imating the Lagrangian autocorre la t ion function suggested 

by Taylor (1921) in his original t r ea tmen t of the s ta t i s t ica l theory. He 

pointed out that Rk( | ) could be de te rmined from more readi ly obtain

able pol lut ion-concentrat ion data by substituting ixieasurements of the 

var iance of the d isplacements of d ispers ing par t i c les do-wnstream into 

a doubly differentiated forin of his bas ic equation. Taking the de r iva 

tive of equation (10) and solving for R, one obtains 

2 u|~ dt'' 

Measurements of c r o s s - s t r e a m dis t r ibut ions of concentrat ion at a 

number of locations along a plume originating from a source of known 

strength, along with the assumpt ion that these dis t r ibut ions a r e approx

imately Gaussian in cha rac te r , a r e then used to es t imate the second 

der ivat ive appearing as the las t t e r m in (30). 

Hay and Pasqui l l (1957) used this method to obtain es t imates of 

Rz(^) l̂ y measur ing re la t ive concentra t ions of mic roscop ic pa r t i c l e s 

(Lycopodium spores) collected at severa l elevations by sampling de

vices mounted on balloon cables te thered at severa l d is tances down

s t r e a m from a continuous point source . A somewhat s imi la r technique 

was employed by Hilst (1957) in a p r o g r a m of exper iments that con

centra ted upon the stably strat if ied a tmospher ic condition. As one 

further example of the indi rec t method, es t imates of the t r a n s v e r s e 

component Ry( | ) have been obtained through equation (30) by Barad 

(1959); he uti l ized dis t r ibut ions of sulfur dioxide concentrat ion sampled 

at many points along a r c s of s eve ra l radi i downst ream from a continu

ous point source during the 1956 P r a i r i e Grass Projec t at O'Neill, 

Nebraska . 

Unfortunately, indirect de terminat ions of Rk(l) that r e su l t from 

diffusion exper iments of the foregoing type a re subject to considerable 

uncertainty, for they re ly upon the computation of second der ivat ives of 
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dis t r ibut ions of empir ica l data that a r e general ly l imited in quantity 

(and often to some degree in quality) by the pract ica l difficulties inher 

ent in meteorologica l exper imentat ion in the field. Barad (ibid.) has 

noted that the graphical methods frequently employed for the de te r 

mination of d^(xk)/dt often give r e su l t s which vary from one analyst 

to another . As a par t ia l remedy, he introduced an objective, numer ica l 

method of evaluation that, within the l imitat ions of the data, minimizes 

this effect. 

Labora tory Measurements of Rk(< )̂ 

Many labora tory studies of diffusion to be found in the l i t e r a 

ture were principal ly designed to invest igate specialized problems of 

engineering or physical chemis t ry , but a number a re of more general 

in te res t , since they have uti l ized the indirect method to obtain es t i 

ma tes of the Rk(l) function as wel l . For example, Kalinski and Pien 

(1944) indirect ly computed the t r a n s v e r s e component Ry(^) from m e a s 

urements of the c r o s s - s t r e a m var ia t ion of chloride concentration at a 

number of d is tances downst ream of a point source in the fuUy^ devel

oped turbulent flow of an open water channel. In another study, by 

Mickelsen (1955), data obtained from the diffusion of helium in the 

fully developed turbulent flow of an a i r duct were used to compute a 

form of the Lagrangian autocorre la t ion , Mickelsen was able to com

pare these resu l t s with Euler ian data simultaneously determined in the 

same exper iments . Interest ingly, this study avoided the questionable 

step of deriving Lagrangian data from doubly-differentiated diffusion 

m e a s u r e m e n t s by calculating an in termedia te "turbulent spreading 

coefficient" just short of the differentiation, and comparing this in turn 

to a doubly- integrated form of the Eulerian corre la t ion . 

Recently, the in teres t ing point of compar ison between the 

Lagrangian coefficients pecul iar ly appropr ia te to diffusion and their 

inore eas i ly obtainable Euler ian counterpar t s has also been studied by-

Baldwin and Walsh ( l 96 l ) . In their investigation, the Lagrangian auto

cor re la t ion function was infer red from measu remen t s of the radial 
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dis t r ibut ion of heat de te rmined at in tervals downstream from a source 

located on the axis of a long cyl indrical pipe containing fully developed 

turbulent a i r flow; Euler ian data were s imultaneously obtained through 

standard hot--wire anemometer m e a s u r e m e n t s . 

Exper imenta l evaluations of Lagrangian autocorre la t ion func

tions of a special kind have occasional ly been indirect ly computed from 

diffusion data m e a s u r e d in homogeneous, decaying fields of turbulence 

produced in the lee of gr ids mounted in wind tunnels or water channels 

(Collis, 1948; Uberoi and Cor r s in , 1953). These studies were based 

upon a modified diffusion equation proposed by Taylor (1935, pp. 428-

29). a var ia t ion on his bas ic equation in which the energy of the t u r 

bulence field was allowed to decay with t ime . The analysis resul ted in 

a new form of the cor re la t ion function Rk('?l) for which the independent 

var iable Tj was defined as 

11 - r ' i ^ f dt. (31) 

In the modified diffusion express ion, Rkl^l) s e rves in much the 

same way Rk(?) does in the or iginal equation. Note that since the t u r 

bulence intensity u'l decays with increas ing dis tance fromi the grid, 

for a par t icu la r , constant value of T) equation (31) specifies a var iable 

t ime lag (tg - ti) which i nc rea se s with increas ing distance from the 

grid. As will be seen below, one of the decay cor rec t ions employed in 

the cu r r en t exper iments defines an autocorre la t ion lag with s imi la r 

p rope r t i e s . In this la t te r case , however, the viewpoint differs some

what from that taken by Taylor, Where his modification sought to 

produce a diffusion equation which could be specifically employed in 

decaying turbulence fields, the t r ea tmen t of the present exper imenta l 

m e a s u r e m e n t s a t tempts to c o r r e c t numer ica l ly for turbulent decay in 

such a way as to r e s t o r e to the data the p roper t i es of a s ta t ionary t ime 

s e r i e s . The analysis then proceeds from the point of view of Tay lor ' s 

or iginal , unmodified theory. 
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The a u t h o r is a w a r e of only one p r e v i o u s e x p e r i m e n t a l s tudy in 

wh ich e s t i m a t e s of t h e L a g r a n g i a n a u t o c o r r e l a t i o n function w e r e d i 

r e c t l y c o m p u t e d f r o m d e c a y - c o r r e c t e d t u r b u l e n t - v e l o c i t y f luc tua t ions 

o r i g i n a l l y ob t a ined by the a c t u a l m e a s u r e m e n t of successi - ' /e d i s p l a c e 

m e n t s of p a r t i c l e s m o v i n g a long t r a j e c t o r i e s t h r o u g h f ie lds of h o m o 

g e n e o u s , d e c a y i n g t u r b u l e n c e . Vanoni and B r o o k s (1955) c a r r i e d out 

t h i s p r o c e d u r e m the l e e of a g r i d m o u n t e d in con t inuous , n e u t r a l l y 

s t r a t i f i e d flow t h r o u g h a w a t e r t u n r e l . Al though in t h e i r a p p a r a t u s 

t r a c e r p a r t i c l e s w e r e swept t h r o u g h the field of o b s e r v a t i o n in a m a t t e r 

of a few s e c o n d s , t r a j e c t o r y d a t a suf f ic ien t ly long to d e t e r m i n e a u t o 

c o r r e l a t i o n e s t i m a t e s n e a r i n g o r r e a c h i n g z e r o w e r e r e c o r d e d m about 

half the c a s e s . K^{i,) and R z ( l ) be ing found to a t t a i n z e r o m f r o m 0 5 to 

1,5 s e c . S ince t h e s e r e s u l t s a r e to a d e g r e e c o m p a r a b l e wi th t h o s e o b 

t a i n e d in the c u r r e n t i n v e s t i g a t i o n t h e y a r e d i s c u s s e d in f u r t h e r de t a i l 

in a l a t e r s e c t i o n (cf. C h a p t e r V) . 

Vanoni and B r o o k s a l lowed for the inf luence of t u r b u l e n t decay 

in c o r r e l a t i o n c o m p u t a t i o n s by u s ing a c e n t e r e d d i f f e r ence t e c h n i q u e . 

w h e r e a s the a n a l y s i s of the c u r r e n t e x p e r i m e n t a l r e s u l t s e m p l o y s c e r 

t a i n v e l o c i t y - and t i m e - s c a l e c o r r e c t i o n s s u g g e s t e d by B a t c h e l o r ( see 

C h a p t e r IV, be low) . F o r any p a r t i c u l a r e s t i m a t e Rk($i) Vanoni and 

B r o o k s u s e d only one ve loc i t y p r o d u c t f r o m each of a n u m b e r of t r a 

j e c t o r i e s ; ve loc i ty f a c t o r s w e r e t aken at -f'^i/2 and - ^ ^ / 2 , t h e s e be ing 

m e a s u r e d f r o m a c e n t r a l t i m e a p p r o x i m a t e l y the s a i n e for a l l t r a j e c 

t o r i e s and for a l l Rk(C) d e t e r m i p a t i o n s . In the a u t h o r s ' w o r d s , t h i s 

m e t h o d w a s d e s i g n e d "to k e e p the ef fec ts of decay r e a s o n a b l y un i fo rm. ' " 

In c o n t r a s t , the c o r r e c t i o n s u s e d m the c u r r e n t s tudy a t t e m p t to fully 

c o m p e n s a t e for the ef fec ts of t u r b u l e n t d e c a y . 

D e p a r t u r e s f r o m Idea l Cond i t i ons 

T h e r e a r e d i s t o r t i n g i n f l u e n c e s p r e s e n t wi th in the f r i c t i on l a y e r 

of the e a r t h ' s a t m o s p h e r e ( a p p r o x i m a t e l y the l owes t k i l o m e t e r ) which 

c o m p l i c a t e the d e t e r m i n a t i o n of the L a g r a n g i a n a u t o c o r r e l a t i o n funct ion. 
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and hence the application of the pr inc ip les of the s ta t is t ical theory of 

turbulent diffusion. Near the e a r t h ' s surface , for example, the average 

turbulent eddy size regu la r ly i n c r e a s e s with height. In Tay lor ' s s ta

t i s t ica l theory, this organized ver t ica l var ia t ion in the eddy spec t rum 

means that Rk(l) itself va r i e s with height; thus, no single es t imate of 

the au tocorre la t ion function can be expected to apply over more than a 

re la t ively na r row range of heights within these l a y e r s . 

In addition, the p resence of organized c i rcula t ions on the scale 

of convective clouds or cloud sys tems contr ibutes l a r g e r - s c a l e eddy 

motions which, although they can often be t rea ted as pa r t s of the mean 

flow in sho r t - r ange diffusion, mus t be included as in tegra l inembers of 

the diffusive mechanism in medium- and long-range diffusion prob

l e m s . Then, too, the normal var ia t ions in both the speed and di rec t ion 

of the mean flow throughout the depth of the friction layer contribute 

further complicat ions . 

As one example of an effort to accommodate the lack of a t m o s 

pher ic homogeneity in s ta t i s t ica l theory, Gifford (1959) developed a 

"fluctuating plume model" to desc r ibe plumes which meander from side 

to side as a r e su l t of re la t ively slow osci l la t ions in the direct ion of the 

mean wind. The model t r e a t s d i spers ion due to s m a l l e r - s c a l e turbu

lent eddies separa te ly from that due to the simultaneous influence of 

l a r g e r - s c a l e fluctuations that cause the plume to meander , the l a t t e r 

including slow fluctuations such as those caused by the p resence of 

convective eddies . 

In genera l , a single de te rmina t ion of a Lagrangian au toco r re l a 

tion function can r e p r e s e n t the c h a r a c t e r i s t i c s of only a selected por

tion of the diffusive c i rcula t ions p resen t in the broad spec t rum of 

a tmospher ic motions, A re la t ively na r row spec t ra l band is essent ia l ly 

se lected through fi l tering effects imposed by the methods of obse rva 

tion. Thus, the interval over which individual observat ions a r e a v e r 

aged (normally the t ime elapsed between obser-^^ations of the posit ions 
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of a moving t r a c e r par t ic le) de t e rmines the highest frequency of the 

turbulent field to which the au tocorre la t ion es t imates can be considered 

to cor respond, whereas the total durat ion of the t ra jec tory obse r^a -

tions de te rmines the lowest frequency^. For N observat ions AT s e c 

onds apar t , this spec t ra l range is approximately 

JWEf "̂  ^ "^ TW ^̂ )̂ 

where f is the frequency m cycles per second. Note that these values 

a r e de termined by the ability of the observat ions to resol-^'C one-half 

cycle of the upper and lower l imit ing frequencies . 

F r o m (32) it can be seen that the spectra l band vdewed by 

Edinger with soap bubbles (1-sec samples from 7-sec long t r a j e c 

tor ies) lay between 0.5 and 0.07 cps, whereas that observed by Angell 

and Pack in te troon flights (lO-min sainples from 100-min t ra jec tor ies ) 

lay between 3,0 and 0.3 cps . Thus, different averaging intervals and 

total observat ion t imes employed by var ious exper imente r s la rge ly ex

plain the widely divergent r e s u l t s . This points out the difficulties in

volved in comparing es t imates of Rk(^) de termined in one investigation 

with those obtained m another . 



CHAPTER III 

THE THEORETICAL BASIS FOR THE EXPERIMENT 

The pa r t i cu la r fo rm of turbulent c irculat ion for -which the most 

comprehensive body of exper imenta l and valid theore t ica l kno-wledge 

has been gathered is that found in the lee of a rec tangular g r id of b a r s 

p laced no rma l to uniform flo-w in a wind tunnel. These approximately 

i so t ropic fields dec rease in intensity in the direct ion of the mean flo-w, 

that i s , u{^ decays -with t ime within a given volume of fluid as it moves 

y^ith the mean flo-w. Relative to the grid, however, the gradients of 

turbulence intensity a re s ta t ionary and local depar tu res from homoge

neity a re smal l . F o r this reason these fields a re general ly t e rmed 

homogeneous, decaying turbulence. Their re la t ive simplici ty and the 

ease -with -which they can be produced in the labora tory have led to thei r 

extensive study. It is not su rpr i s ing , therefore , that Taylor suggested 

gr id -produced turbulence be ut i l ized to investigate diffusion, as noted 

in the previous chapter . But pe rhaps because the modified diffusion 

analysis for the decaying turbulence condition accompanying this sug

gestion did not appear to have any d i rec t p rac t i ca l application, only a 

fe-w invest igat ions along these l ines were c a r r i e d out. 

More recent ly G. K. Batchelor (1952) suggested that dimen

sional and t empora l sca les of velocity fluctuations m e a s u r e d in homo

geneous, decaying fields could be adjusted in such a -way that data 

approximating the c h a r a c t e r i s t i c s of s ta t ionary, random turbulence 

-would resu l t . Batchelor used this concept in an analys is of the p r o p e r 

t ies of diffusion in a sys tem of decaying turbulence, as Taylor had 

e a r l i e r f rom h is , some-what different, vie-wpoint. In the p r e s e n t study, 

however , it is the d e c a y - c o r r e c t e d turbulence field itself that is the 

chief point of in te res t ; for the subject of this investigation is not the 

26 
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response under var ious exper imenta l conditions of the diffusion symp

tom, as it w e r e , but r a the r the behaviour of the inore fundamental 

cha rac t e r i s t i c of the turbulence field, the Lagrangian autocorre la t ion 

function. 

Homogeneous Turbulent Decay 

The decay-compensat ion method suggested by Batchelor is 

based upon severa l we l l -es tab l i shed cha rac t e r i s t i c s of gr id-produced, 

homogeneous turbulence . In wind tunnels , the decay phenomenon has 

been observed to be divided into at l e a s t tv^o we l l -marked reg imes dif

ferent ia ted from one another by cha rac t e r i s t i c r a t e s of turbulent energy 

decay. During the initial per iod , the decreasing intensity of turbulence 

foUo-ws the l inear la^v Uk « t"^ throughout a region that extends from 

about 10 to about 150 mesh lengths i downst ream of the grid. Here t is 

m e a s u r e d from tg, the t ime of occur rence of the "vir tual origin," a 

point located some distance behind the gr id where extrapolation back-

y^ard in tiine via the l inear decays law impl ies the turbulent decay-

p r o c e s s would have begun with infinite energy. The displacement of 

this point downst ream has been descr ibed as represent ing the per iod 

of t ime requ i red for the field of motion to settle down into the high 

ra te of energy dissipat ion c h a r a c t e r i s t i c of turbulence.2 Beyond 

500 iTiesh lengths, a final or "viscous" stage of decay becomes 

•^The mesh length M, the distance between the component b a r s 
of a -wind-tunnel gr id , is a r ep resen ta t ive m e a s u r e of distance com
monly eiTiployed to specify re la t ive posi t ions do-wnstream and, as it 
turns out, relativ^e s ta tes of decay- in homogeneous turbulence exper i 
men t s ; it is frequently used to specify the "grid Reynolds number ," 
Rcg s UM/v, where U is the mean flow and v is the kinematic 
v iscosi ty . 

2Throughout this r epor t , a distinction is made between two 
m e a s u r e s of r ea l t ime in the exper iment : the "gr id t ime" T which is 
m e a s u r e d from the t ime of grid pas sage , and the "decay t ime" t which 
is m e a s u r e d from, the v i r tua l origin of the l inear decays. 
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es tabl ished at a slightly fas ter r a t e . Uk '^' t"^''^. There is sonie e-^'i-

dence for an even more rapid in termedia te r a t e . Uk̂  « t"-̂  '̂ , s ome

where in the intervening region between 150 and 500 mesh lengths , but 

the conditions for the exis tence of this reg ime have not been f irmly 

es tabl ished (cf. Lin, 1961, pp. 230-36). 

These separa te r eg imes of energy decay a re supported by 

theory in that the severa l r a t e s have been derived by combining the 

effects, in different re la t ive s t rengths , of the t-wo pr incipal energy-

naodifying p r o c e s s e s , (a) the t rans fe r of energy from l a r g e r to smal le r 

-wavelengths a c r o s s the turbulence spec t rum, and (b) the final d i sap

pearance of kinetic energy through viscous dissipat ion. Thus, the 

l inear la-̂ v for the initial per iod has been obtained by assuming that the 

t r ans fe r t e r m is equal in impor tance to the viscous dissipat ion, y/here-

as in the determinat ion of the decay ra te cha rac t e r i s t i c of the final 

per iod, the t r ans fe r t e r m is cons idered negligible. The in termedia te 

reg ime has been te r ined a "nonviscous" stage since in this case , the 

ra te of decay has been der ived by assuming the viscous dissipation to 

be negligible in all but the highest f requencies . In addition, these 

theore t ica l t r e a t m e n t s r equ i re cer ta in assumptions to the effect that 

all or some port ion of the turbulence spec t rum rema ins "s ta t is t ica l ly 

s imi la r " (see below) during the evolution of the decay p r o c e s s 

F o r the f i r s t per iod of decay (the only region -within which the 

Batchelor decay co r rec t ions can be employed as will be shown), Lm 

(loc. cit.) has obtained the l inear decay law by assuming that s im i l a r 

ity extends over all por t ions of the eddy spectrum, except those con

taining the very lovAest f requencies , this in addition to regarding the 

t rans fe r and dissipat ive t e r m s to be equally impor tan t ; that is to say, 

decay during the initial per iod can be considered to p roceed in such a 

way that a form of s ta t i s t ica l equi l ibr ium is maintained which enables 

the turbulence spec t rum to p r e s e r v e approximately the same shape, 

even though individual eddy coinponents within the spec t rum a re de

creas ing in ampli tude. In Lin ' s application of th is , the so-cal led 



29 

s imi la r i ty assumption, the lowest frequencies a re specifically ex

cepted, since there appears to be insufficient t ime for these l a rges t 

eddies to adjust to the rapidly changing equil ibrium condition. This 

l as t is borne out by observat ions of Stewart and Townsend (1951), who 

found that, at any^ one gr id Reynolds number , " se l f -p rese rva t ion l of the 

spec t ra l shape is good for all but the smal les t values of the wave 

number . " 

Final ly , both exper imenta l observat ion and theoret ical analysis 

agree that the cha rac t e r i s t i c length scale of turbulence (i .e. , the 

Eule r ian scale Lk) i n c r e a s e s as t̂ ^̂  during the initial per iod of homo

geneous decay. Successive spec t ra m e a s u r e d during this per iod sho-w 

this effect as a naonotonic shift of the spec t ra l mode toward longer 

wavelengths with increas ing t ime . In fact, all three of the c h a r a c t e r 

is t ic fea tures of the initial pe r iod impor tant to the decay cor rec t ions 

a re visibly evident in spec t ra success ive ly recorded during the f i rs t 

per iod of decay: the turbulent energy (spectral amplitude) dec rease s 

a s t " \ the length scale ( spec t ra l mode) i nc reases as t , and the spec

t r a l d is t r ibut ions re ta in more or l ess the same shape (cf. Townsend, 

1956, F ig . 3.5). With r ega rd to the s imi lar i ty condition, those de

p a r t u r e s from se l f -p rese rva t ion that do appear during the initial per iod 

of decay can be largely a t t r ibuted to the inability of l a rge r eddies to 

inaintain the equi l ibr ium dis t r ibut ion requ i red for complete s i rai lar i ty 

(Stewart and Townsend, loc. c i t . ) . 

The Decay Correc t ions 

The Batchelor co r rec t ions a re readily deduced from the fo re 

going cha rac t e r i s t i c s of the init ial pe r iod of turbulent decay. F i r s t , 

'•A some-what l e s s r e s t r i c t i ve vers ion of the general s imi lar i ty 
liypothesis which r equ i r e s that s imi la r i ty need only be maintained with
in a single sys tem cha rac t e r i zed by a pa r t i cu la r value of the gr id 
Reynolds number , r a the r than in all sys tems with the same (high) 
Reynolds number . 
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from the fact that the velocity scale of turbulence, V*, say, decays as 

t"-̂ ''̂  while the length scale L* i n c r e a s e s as t̂  , a t ime scale T* c h a r 

ac te r i s t i c of the decaying field can be defined -which is itself a l inear 

function of t ime . Thus: 

L * ti/2 
T* = oc- i—- = t o r T* cc t. (33) 

V* t" 

Under the assumption that the port ion of the turbulence spec 

t r u m in which one is p r ima r i l y in te res ted r ema ins approximately self-

p r e se rv ing , it then becomes possible to apply suitable scale factors in 

such a way that the decaying, shifting spec t ra l dis t r ibut ions c h a r a c t e r 

is t ic of success ive ly la te r t imes a re continuously co r rec t ed to a 

s ta t i s t ica l ly s ta t ionary state approximately represen ta t ive of the con

ditions of the uncor rec t ed field of turbulence at t ime t = 1. This is 

accomplished by: 

(a) compensating for velocity decay by multiplying the ob

se rved turbulent fluctuations by the square root of their t imes 

of observat ion; 

(b) compensating for increas ing t ime scale by dividing c h a r 

ac t e r i s t i c t ime in terva ls m e a s u r e d in the exper iment by the 

cen t ra l t ime of their occu r rence . 

Note that in consequence of the t i m e - s c a l e cor rec t ion in (b) a consecu

tive s e r i e s of infini tesimal, no rmal i zed t ime interv^als dtĵ /tj_ becomes a 

new "co r r ec t ed t ime per iod" when in tegra ted over a rea l per iod of t ime 

in the exper iment , say t , - t^: 

f^2 j ^ t2 
T = - ™ = i n t2 - i n ti = i n - - - . (34) 

The units of T can be considered to be seconds, or , more p roper ly , 

" c o r r e c t e d - s e c o n d s " ; for in view of the cor rec t ion of the turbulent 

fluctuations observed at any t ime to the cha rac t e r i s t i c s of a s tat ionary 

field whose velocity and length sca les a re s imi la r to those which 
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preva i l in the decaying field at t ime t ~ 1, it follows that the scale of 

co r r ec t ed t ime can be expected to p r e s e r v e the p rope r t i e s of that p a r 

t icular epoch as well . 

As noted in Chapter II, this definition of the co r rec t ed t ime 

interval exhibits a qualitative p roper ty in common with Taylor ' s 7] 

given in equation (31). Constant values of both T] and r derive from 

rea l t ime in te rva l s which inc rease with increasing distance from the 

grid. Thus, where T = £n 2 = 0.69 co r rec t ed seconds corresponds to 

a t ime interval m e a s u r e d from decay t ime t = 1 to t = 2 rea l seconds 

ear ly in the exper iment , the same co r r ec t ed tinae r equ i re s a rea l t ime 

interval m e a s u r e d from t - 10 to t = 20 late in the same exper iment 

(cf. Table 2 below). 

Both the need for and the effects of the veloci ty-decay c o r r e c 

tion a re self -explanatory, but the same cannot be said of the t ime-scale 

adjustment. However, by examining the resu l t s of autocorrelat ion 

computations der ived from homogeneous turbulence exper iments and 

comparing those r e su l t s upon scales of both rea l and co r rec t ed t ime, 

the effectiveness achieved by this adjustment in converting the ob

served data to the cha rac t e r i s t i c s of a stat ionary t ime se r i e s can be 

demonst ra ted . 

Table 1 displays r e su l t s obtained from one of the exper iments 

in the cu r r en t s e r i e s , a set of data frankly selected for the purposes of 

this demonst ra t ion because of their excellent adherence to the char 

ac t e r i s t i c s of the f i r s t per iod of decay. The nature of the experinaent 

itself is desc r ibed in detail in the next chapter; at this point it will 

suffice to note that the turbulent-veloci ty data uti l ized to compute the 

autocorre la t ion es t ima tes in the table were derived from 17 success ive 

one-second displacements m e a s u r e d along the t r a jec to r ies of 50 dif

ferent t r a c e r p a r t i c l e s . The t r a j ec to r i e s were photographed in one 

"experiraent" consisting of ten independent real izat ions of homogene

ous fields of turbulence. These were genera ted in a towing channel by 

ten separa te " runs , " each involving a single passage of the rectangular 
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gr id of b a r s through the fluid. The notation S/25/y for this case spe 

ifies that the exper imenta l data consis ted of t r a n s v e r s e (y) par t ic le 

d isplacements in a stably strat if ied (S) fluid observed in the lee of a 

gr id moving with a speed of 25 c m / s e c . 

TABLE 1.--Autocorrelat ion es t imates c o r r e s 
ponding to a constant r ea l t ime interval of one sec; 

data from exper iment s / 2 5 / y (see F igure 26) 

h' h 

2, 3 
3, 4 
4 , 5 
5, 6 
6, 7 
7, 8 
8, 9 
9, 10 

10, 11 
11, 12 
12, 13 
13, 14 
14, 15 
15, 16 
16, 17 
17, 18 

tz - tj R(l ) 

0.652 
0.756 
0.764 
0.817 
0.915 
0.899 
0.949 
0.950 
0.961 
0.961 
0.940 
0.965 
0.973 
0.983 
0.977 
0.983 

i n ( t 2 / t i ) = i 

0.405 
0.287 
0.223 
0.182 
0.154 
0.133 
0.117 
0.105 
0.095 
0.087 
0.080 
0.074 
0.069 
0.064 
0.060 
0.057 

T A B L E 2. - - A u t o c o r r e l a t i o n e s t i m a t e s c o r r e s 
ponding to a c o n s t a n t i n t e r v a l of 0.693 c o r r e c t e d 
s e c ; da ta f r o m e x p e r i m e n t S/2^'y (see F i g u r e 26) 

t p t z 

2, 4 
3, 6 
4 , 8 
5, 10 
6, 12 
7, 14 
8, 16 
9, 18 

tz - ti 

7 

3 
4 
5 
6 
7 
8 
9 

R ( f ) 

0.328 
0.414 
0.238 
0.440 
0.410 
0.341 
0.349 
0.386 

0.363 

i n ( t 2 / t j -- f 

0.693 
0.693 
0.693 
0.693 
0.693 
0.693 
0.693 
0.693 
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In the f i r s t column of the tab les , the t imes of observation of the 

two fac tors in the mean velocity product which appears in the n u m e r a 

tor of R (^) a re l is ted, the t imes being ineasured from the vir tual 

origin of the turbulent-decay p r o c e s s . The second column notes the 

constant rea l t ime interval between these observat ions; the third 

coluixin l i s t s the autocorre la t ion es t imates obtained from these data. 

Note that even though the f i r s t Batchelor cor rec t ion for velocity decay 

has a l ready been applied to the observed turbulent fluctuations, the 

autocorre la t ion es t ima tes still exhibit a steady trend toward higher 

values at l a t e r t imes ; R „ ( | ) i n c r e a s e s from 0.65, when data at t imes 

2 and 3 a re cor re la ted , to 0.98, when the calculation employed data at 

t imes 17 and 18. The cor re la t ion es t imates behave as though lag t imes 

between success ive veloci t ies along the t r a jec to r ies were shrinking; 

evidently the constant rea l t ime lag of column 2 is not appropr ia te . 

F u r t h e r , as may be seen in column four, the t ime-sca le adjustnaent 

defined by equation (34) defines just such a shrinking time interval . 

If Table 1 shows the necess i ty for a t ime-sca le adjustment, 

the r e su l t s p resen ted in Table 2 demonst ra te that the second Batchelor 

cor rec t ion is sufficient to the task. In this table the columns are 

classif ied as before, but he re a selection of data 'which have a constant 

co r r ec t ed tinae lag is l i s ted. Note that A^̂ hile the real t ime lags t, - tj 

sys temat ica l ly inc rease from 2 to 9 sec . the co r rec ted in tervals for 

the same data maintain a constant value of £ = £n 2 = 0.69 co r rec ted 

second. What is m o r e , this constant, adjusted lag time can be seen to 

be more suitable than the rea l in tervals when considered in relat ion to 

the autocorre la t ion e s t i m a t e s , for the Ry(i|) en t r ies in coluiain 3 do not 

exhibit any significant t rend at a l l . Rather , they a re dis tr ibuted in a 

naore or l e s s random manner about a mean value near 0.36. The ob

served '('•ariance of the R y ( | ) e s t ima tes in this case i s , in fact, su r 

pr is ingly small and should probably be considered largely fortuitous; 

the upper and lower 95 per cent confidence l imi ts on a corre la t ion 

es t imate of 0.36 de termined from a sample of only 50 velocity pa i r s 
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are 0.57 and 0.09, respect ive ly , a range considerably l a r g e r than that 

shown by the e s t ima tes of column 3. 

The preceding discussion demons t ra tes that the Batchelor c o r 

rect ions can approximately r e s t o r e s ta t ionary t ime s e r i e s c h a r a c t e r 

i s t ics to turbulent fluctuations m e a s u r e d in g r id -produced fields of 

turbulence during the initial per iod of decay. This p rocedure , in turn, 

makes available a l abora tory model in which Rj^(^) can be evaluated by 

the d i rec t method, provided that the conditions of the exper iment do not 

unduly d is tor t the behaviour of the f i r s t per iod of decay. 



CHAPTER IV 

THE EXPERIMENTAL PROCEDURE 

One of the conclusions appended by Vanoni and Brooks to their 

study of the motions of t r a c e r pa r t i c l e s in a water tunnel was in the 

forna of a recommendat ion that Lagrangian laaeasurements of this kind 

be extended to longer observat ion t imes and, hence, to longer t r a j ec 

to r i e s . Unfortunately, this soon beconaes quite difficult in a contin

uously flo-wing tunnel, for in o rder to generate turbulence of significant 

intensity, the mean flow must be kept fairly high. Unless the exper i 

mente r has at his disposal a tunnel with an unusually long tes t section 

and, pe rhaps , a point of observat ion that moves with the mean flow, the 

t r a c e r pa r t i c les a r e soon swept out of view. An al ternat ive approach 

(that, in fact, used in the cu r r en t investigation) employs a towing chan

nel in which fluid initially at r e s t is se t into turbulent motion by the 

passage of a moving grid. In this way, homogeneous turbulent fields 

very near ly at r e s t re la t ive to a fixed observer a re generated, and it 

becomes possible to keep par t i c les moving along turbulent t ra jec tor ies 

within the field of view of a canaera for periods of significant duration 

An additional advantage of considerable importance to this pa r 

t icular invest igat ion is afforded by the fact that the fluid in a towing 

channel is essent ia l ly at r e s t mos t of the tinae, since the motions in

duced by the passage of the gr id a re relat ively shor t - l ived as cona-

pared with the in te rva ls allowed to elapse between exper imental runs 

In the continuous flow of a tunnel it would be extrenaely difficult, if not 

iiaipossible, to inaintain the ver t ica l density gradients employed in this 

s e r i e s of experinaents . The preconditioning section of such an appara -

ra tus , the region within which differential heating and cooling would be 

r equ i red to set up the des i red lapse r a t e s , would have to be quite long, 

35 
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to say nothing of the s e \ e r e hertt t r a n s f e r p r o b l e m s t h a t would a r i s e . 

In the towing c h a n n e l , on the o t h e r hand, it is a r e l a t i v e l y s i m p l e m a t 

t e r to g e n e r a t e a g iven l a p s e raite s i n c e the fluid \o lunae i n \ o l v e d is 

bo th l i i n i t e d and a t r e s t . As to m a i n t a i n i n g the dens i ty g r a d i e n t frona 

one e x p e r i n a e n t a l r u n to the next , the snaal l a m o u n t of naixing g e n e r a t e d 

by the g r i d dur ing a s ing le p a s s a g e t h r o u g h the fluid at d e s i g n e d speed , 

p lus the a lnaos t neg l ig ib le a m o u n t c a u s e d by i ts s low r e t u r n to the 

s t a r t i n g pos i t i on , c a n be r e a d i l y c o r r e c t e d b e t w e e n r u n s . 

The Argonne Towing Channe l 

The towing c h a n n e l shown in F i g u r e 3 was spec i f i ca l l y d e s i g n e d 

and c o n s t r u c t e d for t h i s i n v e s t i g a t i o n . It is 30 ft long, 26 in. w ide , and 

w a s o p e r a t e d in t h e s e e x p e r i m e n t s wi th an effect ive fluid depth of 

1 2 ^ in. The s i d e s of the channe l a r e j - i n . p la te g l a s s m o u n t e d in s t ee l 

f r a n a e s ; the end b u l k h e a d s and the bottona a r e y - i n . alunainuna pla,te. 

The bottoiaa, c o n s t r u c t e d of a nunaber of alunainuna s e c t i o n s we lded into 

a s i ng l e p i e c e , fornas the a c t i v e s ide of the l ower hea t e x c h a n g e r 

F i g . 3 . - - T h e Argonne m e t e o r o l o g i c a l naodel towing tank; note 

o v e r h e a d c a r r i a g e , e n d l e s s d r i v i n g c a b l e , and h y d r a u l i c t r a n s n a i s s i o n . 

file:///olunae
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(see below). Joints in the wa te r -bea r ing portion of the assembly were 

caulked with a synthetic Thiokol rubber compound (3M, EC-80I) which 

insu res that the tank remains water - t igh t , yet allows for differential 

expansion during t empe ra tu r e changes. Although it weighs more than 

2 tons when filled, the channel is mounted with its base 2 ft above floor 

level on a franae cons t ruc ted of 6 x 2-in. s teel channel supported by the 

adjustable legs visible in the figure. This elevated design allows for a 

considerable degree of flexibility, both in auxiliary experinaental 

ar rangenaents , and in the operat ion and naaintenance of the channel 

itself. 

During operat ion, all but the wave motions of longer periods 

set up by the moving gr id were damped by a seiaiirigid upper boundary. 

A lid consist ing of a nunaber of 24-in.-wide, 5- and 10-ft-long aluiai-

inum t r a y s , firnaly c lamped to oiae another as well as to the ends of the 

tank, was floated on the water . The bottonas of these t r ays form the 

active surface of an upper heat exchanger, and one of them contains a 

glass window through which the in te r io r of the tes t section can be e i 

ther viewed or i l luminated. The lid assembly occupies all of the free 

surface save for two -|--in.-wide sli ts adjacent to ei ther wall, which 

allow the u n r e s t r i c t e d passage of two thin s t ru ts which c a r r y the grid 

through the fluid. 

The s t ru t s extend downward from an overhead ca r r i age that 

runs on para l le l r a i l s naounted along the top of each sidewall (see F ig 

ure 3). Car r i age speeds up to 40 cna/sec were supplied by an e lec 

t r ica l ly driven, hydraul ic t r a n s m i s s i o n which pulled the ca r r i age along 

the tank on an endless cable. The drive sys tem could reproduce the 

same p r e s e t c a r r i a g e speed for a s e r i e s of ten runs within +1 per cent. 

Accelera t ion frona r e s t was accomplished snaoothly and reproducibly 

by means of a speed control operated by a synchronous e lec t r ic motor; 

the ca r r i age was brought to 12.5 c m / s e c in 3 sec, to 25 c m / s e c in 

6 sec , and to 40 c m / s e c in 3 sec , the laaore rapid accelera t ion being 

requ i red in the las t case in o rde r to br ing the ca r r i age up to full speed 
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within a naaxinaum allotted distance of 75 cm. Snaooth decelerat ion at 

the far end of the tank was c a r r i e d out by a laiechanical l imit-cana a r 

rangement connected to the output shaft of the t ransnaiss ion; this r e 

turned the speed control to neut ra l when the ca r r i age reached a 

p rede te rmined position. 

Attached to the unders ide of the tank is an assembly of c o r r u 

gated aluminum that forms the 9 ducts that make up the lower heat ex

changer. Water continuously c i rcu la ted through this assembly was kept 

within ±0.1 °C of a se lec ted tenaperature by a thermosta t ica l ly operated 

mixing valve (Powers Regulator Co.). Each duct also contains a 30-ft 

length of l ead-covered , e l ec t r i ca l heating cable r a t ed to dissipate up to 

7 w/ft . The laaore uniformly dis t r ibuted e lec t r ica l hea t e r s were eiaa-

ployed in the unstably s t ra t i f ied experinaents when it was found that the 

nonreci rcula t ing design of the lower heat exchanger tended to set up 

longitudinal t empe ra tu r e gradients which led to undes i rable , l a r g e -

scale thernaal convective c i rcu la t ions . 

The upper heat exchanger was incorpora ted in the floating t r ays 

that make up the semi r ig id lid of the channel. A sys tem of copper 

tubes, here a r r anged in a counterflo'w pat tern to el iminate gradients 

along the tank, c i rcu la ted water of a t empera tu re again control led by a 

the rmos ta t i c valve as in the lower heat exchanger. In operation, the 

lids were filled with water to a depth of i in. to improve the heat 

t r ans fe r between the alunainuna t r ays and the copper tubes. Above the 

tubes an insulating layer consist ing of-L in. of t r ans i t e and 2 in. of 

Styrofoam vir tual ly filled the renaaining volume of the l ids . This in

sulation, plus the fact that both the ra te of flow and the difference be 

tween the input and output t e m p e r a t u r e s of the water circulat ing 

through the lids could be measu red , naade it possible to enaploy the up

per heat exchanger as a device to estinaate the ve r t i ca l heat flux 

through the tank. 

With both heat exchangers operating, lapse r a t e s frona +0.30 to 

-0.02 deg/ciaa were mainta ined in the tank for per iods in excess of 
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24 hr without appreciably changing the laaean teiaaperature of the fluid. 

The equipnaent is capable of generat ing considerably s t ronger stable 

gradients , but the unstable lapse ra te l i s ted r ep resen t s the naaxiiaauna 

gradient that the e l ec t r i ca l h e a t e r s could laiaintam against ver t ica l 

convective t r ans fe r . 

Ver t ical t empe ra tu r e gradients were laaeasured with naercury-

in -g lass theriaionaeters graduated in 0 1-deg divisions, readings being 

fur ther es t imated to the n e a r e s t 0.01 deg with the aid of a small hand 

lens . Four thernaonaeters were naounted in a Lucite bracket that held 

thena in horizontal or ienta t ions , 5 cm above one another, ac ross the 

cen t ra l levels of the tank. This assenably, placed 1 na downstreana of 

the tes t section and 2 cna frona the glass sidewall, was read immedi 

ately pr ior to each run and then reiaaoved in o rder not to in terfere with 

the passage of the grid. In view of the spacing between thernaonaeters 

and the kno-wn accuracy of the instrunaents theiaaselves, l a p s e - r a t e 

naeasurenaents taken jus t p r io r to each run a re considered to have been 

accura te within ±0.01 deg /cm. 

Ambient a i r tenapera tures during the experinaents were kept 

•within ±0.5 deg of the naean tank tenaperature by auxiliary a i r -

conditioning equipnaent. This environnaental condition was of sonae 

impor tance (especial ly to the neutral ly strat if ied cases ) , since each 

s e r i e s of runs occupied a per iod of 8 to 10 hr . 

Water as a Model Atmosphere 

As a convenient and readi ly available fluid, water offers an ad

vantage over a i r in hydrodynaiaaic naodels in that i ts kinenaatic v i s cos 

ity is snaaller by more than an o rde r of naagnitude. At 20 °C, 

V =0 .15 cm / s e c in a i r , whereas at the same tenaperature it is only 

0.01 c n a y s e c in wa te r . This proper ty naakes it possible to attain a 

given Reynolds nunaber in a water channel with less than one-tenth the 

laaean flow velocity r equ i r ed in a wind tunnel equipped with a gr id of 

siiaailar naesh length 
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Lack of conapressibil i ty does not r a i se significant problenas 

when coiaiparing exper imenta l r e su l t s obtained in water models to p r o 

totype c i rcula t ions observed in the gaseous atnaosphere, for two r e a 

sons d iscussed in some detail by Batchelor (1953). F i r s t , there is the 

naore fanailiar argunaent to the effect that Mach numbers appropr ia te to 

na tura l a tmospher ic motions a re in genera l snaall; that is to say, at-

laaospheric veloci t ies involved in turbulent naixing do not ordinar i ly ap

proach the speed of sound; therefore dynamic compress ib i l i ty effects 

need not be considered. But secondly, and naore important ly , in the 

eddy motions of the a tmospher ic boundary layer the dis tances over 

which fluid e lements exper ience appreciable changes in velocity a re 

quite snaall in compar i son with the distances over which the densi t ies 

undergo significant var iat ion. Batchelor shows, in fact, that for at

mospher ic motions of a scale less than 100 na, changes in density are 

so smal l that air behaves essent ia l ly as if it -were incompress ib le . As 

a resu l t , he shows that for this c lass of relat ively snaal l-scale motion, 

the Richardson nunaber can be cons idered the sole c r i t e r ion for sina-

i lar i ty between two flow fields, a point d iscussed further in Chapter VII 

below. 

One further considera t idn with r ega rd to the use of water as a 

laaodelling medium for prototype motions in air concerns the re la t ive 

effectiveness of the t r anspo r t s of heat and momentuna in the two media. 

On the scale of laaolecular exchange, this may be expressed in ternas 

of a nondinaensional ra t io cha rac t e r i s t i c of the fluid, the so-ca l led 

Prandt l number : 

P r = V/K , (35) 

where v is the kinematic viscosi ty and/c is the thernaometr ic conduc

tivity. In water at 20 °C, P r = 7. 15, whereas in a ir at the same tena

pe ra tu re , P r = 0.74, only about one tenth as l a rge ; therefore , the 

re la t ive molecu la r t r ans fe r of heat to or frona a fluid pa rce l naoving 
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ver t ical ly through a s t rat i f ied environnaent (as conapared with that of 

naomentuna) is snaaller by an order of naagnitude in water than it is in 

a i r . Conceivably, this effect could be of inaportance to very smal l 

sca les of eddy naotion, since it naight cause var ia t ions in the t e m p e r a 

ture of ver t ica l ly displaced fluid pa rce l s , which would make it inap

propr ia te to coiaipare quasi -adiabat ic ver t ica l naotions in air with 

quasi- isothernaal ver t ica l motions in water . However, in considerat ion 

of the re la t ively l a rge scale of eddy naotion observed in these exper i 

naents (from severa l mm to 1 cna) and the relat ively long period over 

which the velocity naeasurenaents were averaged (l sec), effects due to 

naolecular exchange laaay be cons idered to have been small . Moreover , 

since the "eddy Prandt l nunaber" (the ra t io of the eddy t ransfe r coef

ficients) depends upon the p roper t i e s of the field of naotion and not upon 

those of the fluid naedium, to a f i r s t approximation eddy t rans fe r s of 

heat and naomentuna can be cons idered essent ial ly identical in the two 

laaedia. 

The Location of the Tes t Section 

In exper iments involving honaogeneous turbulent decay in a 

towing channel, vir tual ly any portion of the tank through which the gr id 

has passed at proper speed can be cons idered a suitable tes t section. 

The average lapse r a t e is essent ia l ly the same in all portions of the 

tank, and sooner or la ter the fluid in any region, save where the grid 

has been acce le ra t ed or decelera ted , will exhibit the cha rac t e r i s t i c s of 

the init ial per iod of decay. Specifically, f i r s t -pe r iod decay will be ob

se rved to occur roughly between lO/u and 150/U seconds after the grid 

has passed through the selected region at a speed of U laaesh lengths 

per second. However, the occur rence of longitudinal surging naotions 

genera ted by s tar t ing and stopping the grid naakes it des i rable to place 

the tes t section as close to the s ta r t ing position of the grid as possible. 

In the f i r s t place, the surge conaponents a re of snaallest amplitude near 

the ends of the tank, both because of the presence of the r igid end 
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plates and because here ver t ica l excurs ions of the senairigid lid a re 

effectively r e s t r i c t e d by the end c lamps . Secondly, when turbulence 

measureiaaents a r e laaade close to the s tar t ing point of the grid, one 

need only consider the dis turbance to the mean flow contr ibuted by the 

initial surge genera ted during acce le ra t ion and its subsequent re f lec

tion frona the far end of the tank approximately 10 sec la te r , provided 

the rarefac t ion wave caused by decelerat ing the grid can be delayed so 

as not to r each the tes t a r e a ups t r eam until after the observat ions have 

been conapleted. 

This l as t requirenaent taken along with the usable length of the 

channel effectively deternaines the naaxinaum dinaensioias of a gr id for 

an experinaent concerned with the f i r s t period of turbulent decay. In 

o rde r to prevent in ter ference by the rarefac t ion wave, the ca r r i age 

should have an uninter rupted run of at leas t 150 mesh lengths beyond 

the tes t section to the region of decelerat ion, this to allow sufficient 

tinae for the f i r s t per iod of decay to be completed before the r a r e 

faction wave begins . With the t e s t section located between 1.0 and 

1.3 m frona the s tar t ing position of the grid, the 9.1-m Argonne chan

nel allows a naaxinauna constant speed run of 6.0 na, the f i r s t me te r up-

streaiaa being provided for acce lera t ion from r e s t while 2 na a re 

requ i red to dece lera te and acconanaodate the ca r r i age after it stops at 

the far end. Thus, a g r id with a mesh length of 4 cna would allow suf

ficient t ime to observe honaogeneous turbulent decay over a full 

150 naesh lengths with only the s tar t ing surge to contend with in the 

mean flow. 

In the p re sen t experinaents, however, the levels of turbulence 

produced by the re la t ive ly low gr id Reynolds numbers used tended to 

beconae too weak in the final s tages of decay. Therefore a sonaewhat 

c o a r s e r grid, with a 5-cna inesh length, was enaployed in all runs . Al

though this grid genera ted slightly s t ronger turbulence fields, obse rva 

tions could only be made during runs of 120 mesh lengths before the 

grid decelera ted . The grid was of so -ca l l ed "s tandard" design, a 
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b i p l a n a r a r r a y of c y l i n d r i c a l b a r s p l a c e d at r i g h t ang les to one a n o t h e r 

and s p a c e d wi th a r a t i o of laiesh length M to b a r d i a m e t e r d be tween 

4 and 6 (cf T o w n s e n d , 1956, p . 35) C o n s t r u c t e d o f - - - m a lunamum 

b a r s m o u n t e d 2 m a p a r t , a s shown m F i g u r e 4, the g r i d had a bolidi ty 

r a t i o M / d = 5 3 

''i 

F i g . 4 - - V i e w of the i n t e r i o r of the t e s t s e c t i o n with g r i d 
a p p r o a c h i n g f r o m the r i g h t ; note a r r o w s which loca te c e n t e r ol 
the c a m e r a t i e l d 

T r a c e r M a t e r i a l s and T r a c e r R e s p o n s e 

L a g r a n g i a n o b s e r \ a t i o n s fol lowing the d i s p e r s i x e mo t ions ot the 

fluid w e r e ob t a ined by pho tog raph ing the s u c c e s s i v e pos i t i ons ot 

n e u t r a l - d e n s i t y t r a c e r d r o p l e t s as they m o \ ed along t u r b u l e n t t r a j e c 

t o r i e s m the wake of the nao \ ing g r i d The t r a c e r m a t e i i a l e m p l o \ c d 
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was a mixture of ni t robenzene and olive oil, two compounds which a re 

miscible with each other but immisc ib le with water . In the rat io of 

about 48 par t s of ni t robenzene to 100 of olive oil, the mixture has a 

specific gravity very near ly equal to that of water at 25 °C. In addi

tion, the refract ive index of the mixture is such that droplets i l lumi

nated from a posit ion at nearly r ight angles ('-SS") to the line of sight 

a re seen as br ight points of light, since by refract ion and in ternal r e 

flection, each drop reproduces a tiny image of the source of 

i l lumination. 

Droplets approximately one laam in d iameter were introduced 

into the tes t section a few minutes p r io r to each run by means of a 

hypodernaic syringe equipped with a long, 10-mi l -d iameter needle, the 

shor t delay being sufficient for the extraneous motion introduced into 

the fluid by this operat ion to decay to an insignificant level. Since the 

density of the t r a c e r mixture was very nearly identical to that of the 

water within which the droplets were suspended, and since the in t e r -

facial tension between the mixture and water was sufficiently high for 

the droplets to behave in the manner of r igid pa r t i c l e s , such t r a c e r can 

be expected to respond to all motions of the fluid except those of a 

scale sma l l e r than the droplet d iameter . In these exper iments , this 

high-frequency fil tering effect becomes relat ively unimportant , since 

the turbulent fluctuations were de termined frona t r a c e r motions av

eraged over an in te rva l of one second, a procedure that imposed an 

additional high-frequency fi l ter with an even lower cutoff. 

One possible source of spurious t r a c e r response could a r i s e 

under cer ta in exper imenta l conditions frona the fact that the 

ni t robenzene-ol ive oil mix ture expands more rapidly with t empe ra tu r e 

than does water (see Table 3). In stably s t ra t i f ied exper iments t r a c e r 

droplets whose densi t ies exactly equal that of the surrounding water 

at a pa r t i cu la r level become subject to unbalanced buoyancy forces 

that force them further away from thei r or ig inal equilibriuna posit ions 

once they have been displaced e i ther upward into wariaier regions or 



45 

downward into cooler reg ions . In unstably strat if ied conditions, the net 

forces resul t ing frona such displacements a re r eve r sed , that i s , they 

a re stabilizing instead of destabil izing; but in these cases the average 

ver t i ca l t empera tu re gradients a re so smal l that the effect is negli

gible. Of course , in the i so the rma l condition t r a c e r droplets re ta in the 

sanae re la t ive buoyancy at all l eve ls . 

TABLE 3.--Theriaaometr ic conductivities and expansion 
coefficients for olive oil, n i t robenzene, and water ; t r a c e r com
ponent values a re only approximate since basic d a t a f o r a range 

of t e m p e r a t u r e s frona 6 to 25°C were used^ 

Mater ia l 

Olive Oil 

Nibrobenzene 

Water at 25°C 

/c 
( c m V s e c X 10^) 

0.92 

1.09 

1.43 

dp/de 
(gm/cm^-deg x 10 )̂ 

-0.68 

-1.04 

-0.26 

^Internat ional Cr i t ica l Tables ; Handbook of Chenaistry 
and Phys ic s . 

It can be shown that the droplets adjust very rapidly to changes 

in the tenaperature of their sur roundings . Using the value K = 10 •^cna^/ 

sec for the t r a c e r naixture (quite reasonable in view of the values 

shown in Table 3), a solution of the heat equation for a sphere one nam 

in d iameter indicates that the average t empera tu re of droplets so 

smal l will at tain 99 per cent of the change to a new environnaental tena

pe ra tu re only one second after the change has occur red (cf. Cars law 

and Jaeger , 1959, F igure 12). If one therefore assunaes that the teiaa-

p e r a t u r e s of the t r a c e r droplets are always virtually identical with 

that of their sur roundings , the differential volunae-expansion effect 

will be overes t imated , but probably not by a very large anaount. 

Consider this effect as it acts in the naaxinauna stably s trat i f ied 

condition used in the experinaents , nanaely, in the conditions of case 

VS/25/x ,z where dg/dz = +0.30 deg /cm. When a t r a c e r droplet, 
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in i t i a l l y in e q u i l i b r i u m wi th i t s s u r r o u n d i n g s at sonae p a r t i c u l a r l e v e l , 

i s d i s p l a c e d v e r t i c a l l y 3.3 c m , i t s t e n a p e r a t u r e wi l l v e r y quickly change 

by 1°. Such a d i s p l a c e m e n t , i t i s to be no ted , i s l a r g e even in coiaapari-

son wi th the t o t a l v e r t i c a l d i s t a n c e s t r a v e r s e d by the t r a c e r d r o p l e t s of 

th i s e x p e r i m e n t du r ing the e n t i r e 16 s ec of o b s e r v a t i o n ; in the 50 t r a 

j e c t o r i e s of c a s e V S / 2 5 / x , z i t i s e q u a l l e d only 6 t i m e s and i s s i gn i f i 

can t ly e x c e e d e d only t w i c e . If d p / d S of the m i x t u r e i s t a k e n to be 

approxi iaaately 10"'' g m / c m ^ - d e g ( a l so r e a s o n a b l e in v iew of Tab le 3, 

bu t , aga in , an o v e r e s t i m a t e ) , one o b t a i n s a dens i ty change of 10"^ g m / 

cna^. Subs t i tu t ing th i s in to S t o k e s ' so lu t ion for the s low laaotion of a 

s p h e r e of r a d i u s r a n d d e n s i t y Pi t h r o u g h a m e d i u m of dens i ty Pj and 

dynanaic v i s c o s i t y / i , we ob ta in for the t e r m i n a l ve loc i ty 

YTrr^(P i -p2) g 2(0.05)^(10-^)(10^) ^ , , , / . . . . 
V = ; ~ _ —~i ~ ~ 0.05 c m / s e c . (36) 67T/ir 9 x 1 0 - ,2 

Again th i s c a n be c o n s i d e r e d an o v e r e s t i m a t e , s i nce the a s s u m e d c o n 

d i t ions of m a x i m u n a dens i t y d i f f e rence a r e not l i ke ly to p e r s i s t suff i 

c i en t l y long for t e r m i n a l ve loc i ty to be a t t a ined . 

A c t u a l n a e a s u r e m e n t s of the m a g n i t u d e of the d i f f e ren t i a l e x 

p a n s i o n effect in f a i r a g r e e m e n t wi th the fo rego ing r e s u l t w e r e o b 

t a i n e d frona p h o t o g r a p h s of the i n i t i a l t r a c e r d i s t r i b u t i o n t aken j u s t 

p r i o r to e a c h r u n of the V S / 2 5 / x , z s e r i e s (us ing a s t r e a k - f l a s h t e c h 

nique s i m i l a r to t ha t i l l u s t r a t e d in F i g u r e 7, but wi th a t i m e i n t e r v a l of 

10 s e c r a t h e r than one) . T h e s e show t r a c e r d r o p l e t s a p p r o x i m a t e l y in 

b a l a n c e a few c e n t i n a e t e r s be low the c e n t e r of the f ield; at the s a m e 

t i m e , t r a c e r at the top of the 1 5 - c m f ie ld of v iew is r i s i n g a t an a v e r 

age r a t e of 1.1 m m / s e c , whi le t h a t n e a r the bo t tom s inks at the a v e r 

age r a t e of 0.3 m m / s e c . T h u s , the r a t e of v e r t i c a l drif t due to e x c e s s 

t r a c e r e x p a n s i o n i s o b s e r v e d to i n c r e a s e s o m e w h a t l e s s than 0.1 nana/ 

s ec wi th e a c h 1 .0 -cm change in depth , j u s t t w o - t h i r d s of tha t o b t a i n e d 

in the t h e o r e t i c a l e s t inaa te (0 .5 m m / s e c a f t e r a 3 . 3 - c m d i s p l a c e m e n t ) . 
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Since the select ion of t r a j ec to r i e s for measureiaaent was r e 

s t r i c ted to the cen t ra l 10 cm of the tes t section, and since individual 

t r a j ec to r i e s were seldoiai observed to move through more than one-

quar te r of this ver t i ca l dis tance, the naaxinaum change in ver t ica l 

speed exper ienced by any t r a c e r droplet as a resu l t of this buoyancy 

effect was of the o rde r of ±0.25 m m / s e c . Comparing this with the 

laaagnitude of the r o o t - m e a n - s q u a r e ver t ica l speeds actually observed 

in exper iment VS/25/x ,z (ranging from 5.3 mna/sec down to 2.3 m m / 

sec at the ternaination of the observat ions) , we find that in the leas t -

favorable t e m p e r a t u r e distr ibution, the observed ver t ica l velocity 

fluctuations exceed the contr ibutions of the differential expansion effect 

by an o rde r of magnitude or more in all but the final stages of the ex

perinaent. In the remaining exper iments with smal le r tenaperature 

grad ien ts , the effect can be cons idered to have been of proportionally 

sma l l e r impor tance . 

Photographic Techniques 

T r a c e r droplets were illunainated by a multiple light source 

that s imultaneously supplied continuous and pulsed illunaination. De

pending upon the position of the c a m e r a in the par t icu la r experinaent, 

this assembly was ei ther suspended above the tes t section or mounted 

at the side. Continuous light from a pair of 250-W m e r c u r y - v a p o r 

laiaaps (GE model H-250-A5) was briefly supplemented at in tervals of 

one second by four, closely grouped e lect ronic flash tubes (Kenalite 

23-ST-Q). These ordinar i ly supplied an additional 110 W-sec of i l lu-

laaination of very shor t duration, but every fifth flash was automatically 

i nc r ea sed to 175 W-sec . A c a m - o p e r a t e d microswi tch operated once 

each second by a synchronous timing motor both t r igge red the e lec 

t ronic flash and supplied a pulse to drive a stepping switch that m o 

mentar i ly added a supplementary charged capaci tor to the e lectronic 

flash power supply every 5 sec . The in terva l between f lash- t r igger 

pulses was quite constant, varying at naost only ±1 lais from the nominal 
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p e r i o d of one s e c o n d b e t w e e n o b s e r v a t i o n s , th i s r e s u l t i n g frona nainor 

i r r e g u l a r i t i e s in the c l o s i n g of the m i c r o s w i t c h . 

T r a c e r d r o p l e t s w e r e p h o t o g r a p h e d wi th a 3 5 - m m c a n a e r a 

(Robot) equ ipped wi th a 15- in . , f -4 .5 t e l epho to l ens (Gra f l ex T e l e -

Op ta r ) and a s o l e n o i d - o p e r a t e d s h u t t e r r e l e a s e ( see F i g u r e 5). Dur ing 

e a c h e x p e r i n a e n t a l r un , the s h u t t e r w a s he ld open for the e n t i r e p e r i o d 

of o b s e r v a t i o n ; as a r e s u l t , e a c h nega t ive r e c o r d e d c o m p l e x , i n t e r 

s ec t i ng p a t t e r n s of long t r a j e c t o r i e s s ina i l a r to t hose shown in F i g 

u r e 6. With the a id of the naore i n t e n s e iiaiages a p p e a r i n g e v e r y fifth 

s econd , p lus the fac t t ha t t u r b u l e n t decay i n s u r e d t h a t d i s p l a c e m e n t s at 

the b e g i n n i n g s of t r a j e c t o r i e s w e r e naa rked ly l a r g e r and m o r e i r r e g u l a r 

than t h o s e t o w a r d t h e i r e n d s , i t b e c a m e r e l a t i v e l y sinaple to identify 

F i g . 5 . - - R o b o t 35-nam c a m e r a with 15- in . t e l epho to l ens 
a t t a c h e d ; note so l eno id s h u t t e r re lea . se and pu l se t i m e r in r i g h t 
f o r e g r o u n d . 

http://relea.se


Fig. 6 . - -Pos i t ive r e v e r s a l of 17-sec long turbulent t ra jec tor ies 
photographed froin above m exper iment S/25/y; horizontal line is the 
drive cable; droplets a re laaovmg m direction of the arrow. 

the consecutive positions ox individual t r a c e r droplets . F igure 7 shows 

another type of photograph, a short t ime exposure taken with the e lec 

tronic flash progranamed to fire m an asymiaietrical sequence (** *) 

designed to label both the average speed and direction of the droplets 

during a single second; this technique was used m a se r i e s of p re l im

inary studies (cf. Appendix, below) to map the distribution of naean c i r 

culations withm the tes t section. 



F i g . 7 . - - P o s i t i v e r e v e r s a l of 1-sec long d r o p l e t d i s p l a c e m e n t s 
p h o t o g r a p h e d f r o m the s ide for the d e t e r m i n a t i o n of the dr i f t p ro f i l e ; 
d r o p l e t s a r e naoving in d i r e c t i o n of the s ing le dot. 

P a r a l l a x e r r o r s in a p p a r e n t p a r t i c l e d i s p l a c e m e n t w e r e r e 

duced by p lac ing the c a n a e r a 5.5 na f r o m the tank, n e c e s s a r i l y viewing 

the t e s t s e c t i o n t h r o u g h a f r o n t - s u r f a c e n a i r r o r i n o r d e r to a c c o m m o d a t e 

th i s e x t e n d e d op t i ca l pa th -within the space a v a i l a b l e . At tha t d i s t a n c e , 

the 2.5° f ie ld of v iew of the t e l epho to l ens i nc l udes only a 2 5 - c m leng th 

of the t e s t s ec t i on . When d r o p l e t s a r e l o c a t e d in a pos i t i on for naaxi-

m u m p a r a l l a x e r r o r a t the v e r y edge of the f ield, l e s s t han 3 p e r cen t 

of t h e i r naovement t o w a r d the c a m e r a is r e c o r d e d as s p u r i o u s long i 

tud ina l o r v e r t i c a l d i s p l a c e m e n t . 
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In each experinaental run, the photographic sequence (that i s , 

the opening of the canaera shut ter and the s tar t ing in c o r r e c t phase of 

the tinaed e lect ronic flash mechanism) was automatically initiated when 

the moving c a r r i a g e t r ipped a laaicroswitch 3.5 sec after the gr id had 

passed through the midpoint of the tes t section. This fixed delay a s 

signs to the f i r s t one-second displacement of each t ra jec tory recorded 

a cen t ra l gr id t ime T = 4 sec m e a s u r e d from the t ime the passage of 

the gr id set the droplets into laiotion. Some unavoidable uncertainty 

a r i s e s in this de terminat ion since the t r a c e r droplets do not all s t a r t 

f rom the same longitudinal position re la t ive to the grid; consequently, 

turbulent t r a jec to r ies may begin at slightly different t imes . However, 

among those droplets for which complete t ra jec tor ies were recorded 

and analyzed, none were ever separa ted by more than half the width of 

the tes t section at the s t a r t . At the slowest grid speed employed 

(12.5 c m / s e c ) , this co r r e sponds to a naaxinaum rela t ive timing uncer 

tainty dis t r ibuted among the t r a j ec to r i e s of ±0.5 sec, but it falls to 

±0.25 sec in runs at 25 c m / s e c and to ±0.15 sec in those at 40 c m / s e c . 

During the run down the tank, the ca r r i age also t r ipped two m i c r o -

switches placed 100 cm apar t that s t a r t ed and stopped a 0.0 1-sec e l ec 

t r i c t ime r , this device determining the ca r r i age speed for each run. 

Data Reduction 

As the f i r s t s tep in the convers ion of the Lagrangian turbulent 

fluctuations from photographic analogue form to digital data for s t a t i s 

t ical analys is , the 35 -mm negatives were enlarged to 11 x 14-in. p r in t s . 

This was done on plas t ic ized, s h r i n k - r e s i s t a n t photographic paper 

(Eas tman Kodak, Res is to-Rapid) with the use of a non-diffusing-type, 

p rec is ion , 35-mna en la rge r (Leitz Foconaat). An average of 5 t r a j e c 

to r ies were selected f rom each print , to make in mos t cases a total 

sample of 50 drawn frona 10 rea l iza t ions of the homogeneous turbu

lence field produced by as naany gr id runs under each set of exper i 

naental conditions. 



52 

After the points along each selected t ra jec tory had been s e r i 

ally numbered for ready identification during measu remen t , the x and 

then the z components of the dis tances between consecutive images of 

the t r a c e r droplets were m e a s u r e d with a Benson-Lehner Osci l lograph 

Analyzer and Reader (OSCAR). This device, although principally de

signed to evaluate ampli tudes of se lected points on curves t r aced on 

continuous s t r ip c h a r t s , readily adapts to this type of measu remen t . 

Observed displacement magnitudes were converted to digital data with 

a s tandard scale factor of 300 OSCAR counts per one cm of r ea l d i s -

placenaent in the exper iment . Normal sca t te r in the machine ' s digital 

output was ±1 count, while random e r r o r s on the par t of the opera tor in 

setting the c r o s s h a i r s upon the cen te r s of the droplet images were 

sonaewhat l a r g e r , but not more than ±3 counts. Thus maximum e r r o r s 

in m e a s u r e m e n t were of the o rde r of ±4 OSCAR counts; in the case of a 

median one-second droplet movement of the o rder of 5 m m (150 OSCAR 

counts), this is equivalent to deternaining the par t ic le displacement (and 

hence the average velocity for that second) within ±3 per cent. 

With the F lexowr i t e r output of the OSCAR set to pr int all m e a s 

u remen t s of each t ra jec to ry on a single l ine, the opera tor m e a s u r e d the 

success ive d isp lacements along each t ra jec tory in their o rde r of occur 

rence , f rom the t ra jec to ry beginning to its end. When s imi la r ly m e a s 

u red d isplacements from each succeeding t ra jec tory were printed on 

succeeding l ines , the OSCAR pr in t -out of all data from one exper iment 

took the forna of an Uĵ i m a t r i x of the observed displacements of i p a r 

t ic les over j ident ical g r i d - t i m e s . This ma t r i x of raw observat ions 

•was then t r a n s f e r r e d to punched tape, the input format r equ i red by the 

Argonne digital conaputer, GEORGE. 1 

An automat ic , h igh-speed digital computer designed and con
s t ruc ted by the Applied Mathenaatics Division of Argonne National 
Labora tory featuring a two-address systena and a 4096-word magnetic 
core memory . 



CHAPTER V 

THE ANALYSIS OF THE OBSERVATIONS 

Determinat ion of one component of the Lagrangian autocorre~ 

lation function from the r e su l t s of one exper iment (i .e. , from data 

derived from ten photographs s imi l a r to F igure 6) typically involved 

the calculation of more than one hundred mean products of 5 0 t e r m s 

each, in addition to the computation of the va r iances of some 15 to 

20 se ts of 50 numbers each for the decay plots . Though the solution 

of one such problem is not a ve ry l a rge task by digital computer 

s t andards , a computer p r o g r a m was p repa red because of the l a rge 

number of tinaes this p rocedure was to be repeated . As it turned out, 

the p r o g r a m was used naore than one hundred t imes in the analysis of 

the set of 26 exper iments desc r ibed in this repor t , since each of the 

two components of Rj^(|) de te rmined from each exper iment requi red 

a min imum of two computer runs ap iece . 

The Computer P r o g r a m 

Before computing e s t ima tes of R k ( | ) , it was n e c e s s a r y to c a r r y 

out the following p re l imina ry s t eps : 

(a) to convert observed d isp lacements to turbulent fluctuations 

by removing contributions of the mean flow; 

(b) to de te rmine the v i r tua l origin of the decay p rocess to 

provide a valid t ime base for the decay cor rec t ions ; 

(c) to convert the decaying fluctuations to a s tat ionary t ime 

s e r i e s through application of the decay cor rec t ion . 

These p r e l im ina ry steps as well as the calculation of R}^(|) estinaates 

for all possible values of i| were c a r r i e d out through the following 

p r o g r a m . The computer : 

53 
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(1) accepts as input the Uĵ4 ma t r i x of measu red one-second 

d isp lacements , i .e . , the observed droplet veloci t ies of i 

pa r t i c l e s at j t i m e s ; 

(2) averages all veloci t ies with the same observat ion t ime 

as an es t imate of the mean flow; 

(3) subt rac t s these means from the Uii ma t r i x of d i sp lace -

naents to obtain a û ^ m a t r i x of observed turbulent fluctuations; 

(4) de te rmines the va r iance of the 50 fluctuations observed 

at s imi l a r t imes j in all ten exper iments and pr ints out these 

tu rbu len t -energy e s t ima tes for a s epa ra t e , manual d e t e r m i 

nation of the vi r tual origin and the ra te of decay; 

(5) subt rac t s the t ime of the vi r tual origin from the t imes of 

observat ion to de te rmine the decay t ime t; 

(6) mult ipl ies each entry in the observed fluctuation m a t r i x 

u-'- by the square root of the appropr ia te decay t ime t to 

obtain a decay -co r r ec t ed , fluctuation ma t r i x u-^l; 

(7) calculates au tocorre la t ion es t imates (equation [12]) for all 

possible t ime lags tg - t | , e tc . , and averages those obtained 

with data of identical decay t imes over all t r a j e c t o r i e s ; 

(8) pr in ts out the averaged cor re la t ion es t imates Rj^(i^) along 

with the redefined lag in te rva l s of co r rec t ed t ime ( ^ = i n t j / t i ) 

to which they cor respond . 

The f i rs t computer run for each set of observat ions was auto

mat ica l ly in te r rup ted between operat ions (4) and (5), and the i n t e r 

media te pr in t -out of decay data was plotted in o rde r to deternaine the 

v i r tua l origin (see decay plots F igu re s 11 through 40). These plots 

a lso revealed those data which for one reason or another systemat™ 

ical ly depar ted from the f i r s t -pe r iod decay law. Since the decay 

co r rec t ions could not be expected to apply to such data, these points 
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were deleted frona the inj^ut tape,-*- and the remainder , along with the 

additional information on the value of the vir tual origin, were r e s u b 

mit ted to the computer in step (5). Reasons for this failure of the 

turbulent decay to adhere to the c h a r a c t e r i s t i c s of the initial period 

a r e d iscussed in the Appendix. 

Block-averaging Corre la t ion Es t ima tes 

Fo r convenience in plotting and fitting curves to the l a rge 

number of sca t t e red autocorre la t ion es t imates obtained from the 

computer , values of R|^(|) which lay within na r row blocks of c o r 

rec ted t ime (Ci i 0.05 sec or l e s s ) were collected in simple a v e r a g e s . 

The need for this simplification can be seen in Figure 8, where all 

cor re la t ion e s t ima tes computed for one case a r e plotted along with 

the curve de te rmined by the i r "block-averaged" va lues . 

In genera l , co r re la t ion e s t ima tes calculated from data samples 

differing in s ize cannot be collected in simple ave rages , even though 

all samples have been drawn from a single population for which just 

one t rue cor re la t ion ex i s t s . However, when, as in this case , the 

samples a r e all approximately of the same relat ively la rge size (i .e. , 

between 48 and 50, but near ly always the l a t t e r ) , the cor re la t ion e s t i 

ma tes a r e all very near ly equally weighted; and on this ground a v e r a g 

ing might s eem p e r m i s s i b l e . But in this case the populations from 

which the saiaiples a r e drawn a r e all slightly different, for they derive 

At f i r s t glance it naay appear that this oiieration const i tutes 
omitting observat ions which fail to satisfy some |3reconceived notion 
of the r e su l t s of an exper iment . But this is not the case ; ra ther , these 
data a r e deleted because they sys temat ica l ly fail to satisfy the c r i t i ca l 
assumpt ion that the input data to the cor re la t ion computation for 
d e c a y - c o r r e c t e d fields follows the l inear law of the f i rs t period of 
homogeneous turbulent decay. It cannot be emphasized too strongly 
that failure upon the pa r t of any port ion of the data in this r ega rd in 
val idates the application of the Batchelor decay cor rec t ions to those 
data . Therefore , when excess ive depa r tu re s from l inear decay 
appeared , the data involved were deleted. 
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.hi F i g . 8 . - - C o m p l e t e plot of a l l c o r r e l a t i o n e s t i m a t e s ob ta ined for e x p e r i m e n t S /Z5/x 
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from lag t imes which vary over the range ^x - 0.05 co r rec ted seconds. 

However, Rj^(^,) is observed to be a comparat ively smooth, continuous 

function which over a smal l in terval can be approximated quite well by 

a s t ra ight line (cf. F igu re s 11 through 40). Fur the r , although sets of 

nonzero cor re la t ion es t ima tes based upon random samples drawn from 

a single l a rge population in general exhibit skewed dis tr ibut ions around 

the i r t rue values , this skewness d e c r e a s e s with increas ing sample size 

as well as with decreas ing values of R, as may be seen in the d i s t r ibu

tion of 95 per cent confidence in te rva l s shown in Table 4. 

Table 4 . - -95 per cent confidence in te rva ls on cor re la t ion es t imates 
R as a function of sample size and corre la t ion magnitudesa. 

R 
Number of data pa i r s in sample 

10 50 400 

0.95 
0.90 
0.70 
0.50 
0.25 
0.00 

+0.04, -0.57 
+0.08, -0.80 
+0.26, -1.09 
+0.42, -1.04 
+0.62, -0.98 
+0.82, -0.82 

+0.03, -0.17 
+0.07, -0 .40 
+0.21, -0.58 
+0.34, -0«68 
+0.48, -0.68 
+0.61, -0 .61 

+0.03, -0.04 
+0.04, -0.07 
+0.12, -0.17 
+0.18, -0.23 
+0.24, -0.28 
+0.28, -0.28 

+0.01, -0.01 
+0.02, -0.02 
+0.05, -0.05 
+0.07, -0.08 
+0.09, -0.09 
+0.09, -0.09 

a-David, 1938, Chart II. 

To i l l u s t r a t e this mode of presenta t ion , given an es t imate R = 0.70 

der ived fromi a sample of 50 data p a i r s , the table indicates that there 

i s only one chance in twenty that the t rue cor re la t ion of the population 

from which the sample has been drawn (assuming that population to be 

a b ivar ia te norm.al distr ibution) will be g rea t e r than R + 0.12 = 0.82 

or l e s s than R - 0.17 = 0.53. 

Although dis t r ibut ions of nonzero cor re la t ions based upon 

smal l samples a r e evidently badly skewed, increas ing the number of 

data pa i r s to as much as 400 sufficiently na r rows the confidence in

t e rva l s that one may cons ider the cor re la t ion es t imates to be d i s t r i b 

uted essent ia l ly symmet r i ca l ly about R, over the ent i re range of R. 
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In fact, as may be seen in the table , this is only slightly l e s s t rue for 

50 data p a i r s , the sample size used in the p resen t exper imen t s . 

Therefore , it may be reasonably expected that the dis tr ibut ion of a 

number of e s t ima tes of R}^(î ,), corresponding to closely spaced 

values of c over a maximum range of ±0.05 co r rec t ed second, will 

be approximately symmet r i ca l about the vir tual ly l inear descending 

t rend of the t rue cor re la t ion value over that in te rva l . It follows that 

the s imple "b lock-average" of a number of such closely spaced e s t i 

m a t e s , say R^(f ), when ass igned a mean lag t ime ? equal to the 

average of the individual lag t i m e s , can be expected to de te rmine an 

improved es t imate of a single point on the Lagrangian au toco r r e l a 

tion curve . 

The Mean Flow Problemt 

As is often the case in experimiental studies of turbulence, the 

r e su l t s obtained in this investigation were found to be strongly d e 

pendent upon p rocedures adopted to remove the mean flow. In the 

fields produced in the lee of a moving grid, the problem becomes not 

so much one of dist inguishing between the inean and turbulent flows, 

since the rapid ra te of decay exhibited by the l a t t e r c lea r ly separa ted 

it f rom the remiainder of the c i rcula t ion; r a the r , it becomes one of 

insur ing that the mean flow remiains essent ia l ly the same in each run 

of a given exper imenta l s e r i e s and, in so far as poss ib le , at each level 

in the test section during each run. If this ideal could have been r e a l 

ized, then the average of all t r a c e r d i sp lacements observed at s i m i l a r 

t imes in the ten separa te runs of each set would have indeed cons t i 

tuted an adequate estimiate of the mean flow cha rac t e r i s t i c of each 

pa r t i cu la r t ime in the exper iment . 

However, as is d i scussed in some detail in the Appendix, the 

mean flow was found to exhibit velocity max ima cente red about the 

middle levels of the tank. Moreover , these jet l ike profiles in the 

genera l longitudinal drift per iodical ly intensified when the surging 



59 

dis turbance assoc ia ted with s tar t ing the grid was reflected back 

through the tes t section from a l te rna te ends of the tank. Unfortu

nately, the s imple averaging p rocedure included in the computer 

p r o g r a m to es t imate themeanf low, although able to accommodate 

the periodic surge , taci t ly a ssumed the longitudinal drift to be in

dependent of height. Consequently, in those exper iments in which 

t r a j ec to r i e s w e r e , on the average , unfavourably dis t r ibuted re la t ive 

to the drift prof i les , the averaging procedure became inadequate, 

and some port ion of the mean flow remained in the ma t r ix of observed 

fluctuations, u.'.. Since these uncomip en sated fractions of the mean 

flow were subsequently magnified by the veloci ty-decay cor rec t ion , 

a positive parabol ic t rend was imposed upon the data, a t rend that 

eventually dominated the noininally decay -co r r ec t ed fluctuation 

ma t r i x u.'l. Superposit ion of a monotonic t rend upon the data in this 

manner gives the appearance of the p resence of l a r g e - s c a l e eddy 

components whose per iods exceed the total observat ion t imes of the 

exper iment . As a resu l t , the au tocorre la t ion functions for such cases 

were prevented from reaching ze ro , an effect s imi la r to that which has 

been d i scussed by Webb (1955) for the case of l inear t rends s u p e r i m 

posed upon otherwise s ta t ionary turbulence data. 

Since it was of fundamental impor tance that such effects be 

minimized, a separa te invest igat ion of the nature of the miean flow in 

the towing tank was c a r r i e d out. A descr ip t ion of these auxi l iary ex

pe r imen t s and a summiary of thei r r e su l t s is included in the Appendix. 

Observed Distort ions in C o r r e l o g r a m s 

In spite of all precaut ions adopted relat ive to the p rese rva t ion 

of uniform mean flows and the deletion of data unduly affected by 

surge- induced depa r tu re s from the f i r s t -pe r iod decay law, many of 

the au tocor re la t ion functions evaluated in this study appear to have 

been adverse ly affected by uncompensated mean flows As may be 

seen in the plots of Rk(i: ) or " c o r r e l o g r a m s " of F igures 11 through 
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40, the cor re la t ion fails to approach zero in many c a s e s sca t t e red 

over the ent i re range of the exper iment . In such cases cha rac t e r i s t i c 

p a r a m e t e r s , such as the t ime to ze ro , tj^^g, and the Lagrangian t ime 

scale .Xj^, a r e more or l e s s inde te rmina te . What is m o r e , even in 

those cases where the Ri,(i?,) curve does in t e r sec t the i, ax is , it can

not be asce r t a ined whether or not the p resence of some uncompen

sated l e s s e r fraction of the mean flow has not acted to delay the fall 

of R]^(u ) and thus ar t i f ic ial ly inc reased both these parai-neters . In 

case N / 1 2 . 5 / Z , for exaixiple, cutting off the data at T = 15 re su l t s 

in the curve shown in F igure 12, R|^(|) falling to zero nea r i, = 1.22. 

But when l a te r data to T = 20 a r e included (adding points which s y s -

temtatically depar t from the f i r s t -pe r iod decay slope), the in tercept 

is delayed until I, = 1.38. 

The dis tor t ing influence that mean-flow effects exer t upon auto

cor re la t ion es t ima tes i n c r e a s e s with increas ing lag t ime due to the 

posit ive parabol ic t rend imposed by the decay cor rec t ions upon these 

m o r e slowly decaying fract ions of the total velocity field. It follows, 

then, that the e a r l i e r port ions of c o r r e l o g r a m s can be expected to be 

l e s s subject to this source of e r r o r than a r e the l a t e r por t ions . 

This expectation is borne out by two separa te de terminat ions 

of Rjj(P) made under identical exper imenta l conditions of neu t ra l 

s trat i f icat ion and grid Reynolds number . The f i rs t c o r r e l o g r a m 

(case N / 2 5 / X , F igure 13) is based upon longitudinal d i sp lacements 

photographed from the s ide , while the second (case N/25 /xy , F igure 15) 

de r ives from longitudinal d i sp lacements photographed fromi above in an 

ent i re ly different set of experimiental runs . Note that the two c o r r e l a 

tion curves a r e essent ia l ly identical for .| < 0.6; but f rom that point on, 

the curve de te rmined by data photographed from the side appears to 

level out around R = 0.25, while that der ived from data photographed 

from above ve ry nea r ly r eaches ze ro . The difference between these 

two r e su l t s can probably be a t t r ibuted to improved lighting and init ial 
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t r a c e r dis t r ibut ion achieved in the la ter exper iments , factors which 

favoured the select ion of t r a j ec to r i e s from nar rower ranges of depths 

than had previously been poss ib le . As a resul t , t r a c e r droplets s e 

lected from ver t i ca l views probably experienced significantly more 

uniform mean flows than those selected over wider ranges of depths 

in e a r l i e r s ide-view exper iments . Of course , this also tended to 

place t r a c e r n e a r e r the je t max ima and, hence, in regions of l ess 

homogeneous decay (see Appendix); note that l a rge r and somewhat 

e a r l i e r depa r tu r e s from l inear decay appear in Figure 15 as com

pared with those shown in Figure 13. However, average displacements 

m e a s u r e d at sin-xilar t imes in the ver t ica l -v iew case very probably 

constituted super ior e s t ima tes of the actual mean flow; therefore , 

since data exhibiting dis turbed decay were deleted from both compu

tat ions, Rx( f) determiined from the ve r t i ca l view sti l l gave the bet ter 

resul t . 

It is evident from these two figures that for ^ \ 0 . 6 , these two 

independent au tocor re la t ion deter ininat ions a re near ly identical. This 

suggests that significantly m o r e represen ta t ive es t imates of charac

t e r i s t i c p a r a m e t e r s such as K,y. would resu l t if they were based 

solely upon the f i r s t port ions of the corre logramis . Indeed, by fitting 

adequate functional r ep resen ta t ions to the autocorre la t ion functions, 

this p rocedure can be followed. 

The Exponential Approximation 

The r e a d e r will r eca l l that s eve ra l determinat ions of Rv( | ) in 

the field descr ibed in Chapter II approximated simple l inear e x p r e s 

sions of the form 

Rj^d) = 1 - a^. 

Functions of higher o rder have also been used for this purpose; 

Frenkie l (1948) has suggested that forms of the normal e r r o r function 

or combinations of exponential and t r igonomet r ic or a lgebraic func

tions might be used. On the other hand, from considerat ions of the 
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g e n e r a l s i m i l a r i t y t h e o r y , Inoue (1951) h a s shown tha t the L a g r a n g i a n 

a u t o c o r r e l a t i o n funct ion c a n be e x p e c t e d to a p p r o x i m a t e the f o r m 

Rk(gJ = exp - ( I / a ) (37) 

e x c e p t w h e r e Rĵ ( | ) a p p r o a c h e s uni ty o r z e r o . P h y s i c a l c o n s i d e r a t i o n s 

to the effect t h a t t u r b u l e n t e d d i e s canno t con t inuous ly d e c r e a s e a t the 

s m a l l end of the spec t rumi to i n f i n i t e s i m a l l y smiall s i z e s r e q u i r e tha t 

the s lope of the R i^ ( | ) c u r v e a t | =: 0 m u s t be z e r o , a p r o p e r t y not ex 

h ib i t ed by a s i m p l e n e g a t i v e e x p o n e n t i a l ; s i m i l a r l y , the nega t ive e x 

p o n e n t i a l i s u n s u i t a b l e for l a r g e 4 s ince it a s y m p t o t i c a l l y a p p r o a c h e s 

z e r o a s | becomies inf in i te , w h e r e a s c o r r e l o g r a m s d e r i v e d f rom t u r 

bu len t f ie lds w i th a f in i te r a n g e of eddy s i z e s i n t e r s e c t the t, ax i s a t 

f ini te v a l u e s of ^. 

The r e s e m b l a n c e to decay ing e x p o n e n t i a l s b o r n e by the e a r l i e r 

p o r t i o n s of the i n a j o r i t y of the c o r r e l o g r a m s ob ta ined in t h e s e e x p e r i 

m e n t s is qui te s t r i k i n g . T h i s can be s e e n by c o m p a r i n g the o b s e r v e d 

Rx,( 4) da ta po in t s shown in the f i g u r e s wi th the d a s h e d exponen t i a l 

c u r v e s tha t a p p e a r w i th t h e m . In m o s t c a s e s t h e s e c u r v e s r e p r e s e n t 

funct ions s i m i l a r to (37) d i s p l a c e d by a s m a l l i n c r e m e n t of t i m e 6 in 

o r d e r to b e t t e r fit the o b s e r v e d d e p a r t u r e of R |^ ( | ) f r o m a t r u e e x 

ponen t i a l n e a r ^ = 0 a s shown in F i g u r e 9. E x p r e s s i n g th i s in a 

compound func t iona l f o r m , we have 

R^{^) ^ 1 f o r 0 < ? < 6 ; R^^^) - e x p - ( i ^ ) for 4 ^ 6 . (38) 

The d i s p l a c e m e n t f a c t o r 6 is r e a d i l y d e t e r m i n e d a s the i n t e r 

cep t of the exponen t i a l w i th R = 1 on a s e m i l o g a r i t h m i c p lo t of the 

c o r r e l o g r a m , a s shown in F i g u r e 10. Note tha t s i nce 6 is a m e a s u r e 

of the t i m e R]^( | ) r e m a i n s v e r y n e a r l y uni ty , it can be c o n s i d e r e d a 

m e a s u r e of the d u r a t i o n of the in i t i a l , l i n e a r p e r i o d of d i s p e r s i o n to 

be e x p e c t e d in the t u r b u l e n t f ie ld t ha t g ives r i s e to a p a r t i c u l a r 

c o r r e l o g r a m . 
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1.0 

0.37 

R|^=exp- e-s' 

( fR=0 .37 -S )— ' ' 

R|̂ (^)Observed 

*R = 0.37 

,̂̂ g= TOTAL AREA = A R E A | + A R E A 2 = CR = 0.37 

Fig. 9 .--Sketch i l lustrat ing the method of determining the a r ea 
under the compound functional represen ta t ion of Rî ( | ) . 

Case 4011-19(X)H 
N/25/X 

X 

0.4-

0.2-

0 0.2 0.4 0.6 0.8 

Fig. 10.--Sketch i l lustrat ing the miethod of determining the 
displacement factor o for the compound functional representa t ion 
of R W O -
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The a r e a under the exponential port ion of the curve is simply 

J Rk(l)de =J e x p - ( i ^ ) d ? , = a. (39) 

The value of the constant a can be de termined direct ly from the ex

ponential curve itself, for when R = e"^ = 0.37, then | - 6 = a. Since 

the additional a r e a under the curve for | < 6 is numer ica l ly equal to 6, 

we have for the total a r e a , that i s , for the e s t ima ted magnitude of the 

Lagrangian scale t ime based on the exponential approximation, 

a + 6 = IR=O.37 ^ ' *ke- (40) 

The detai ls of this calculat ion a r e shown graphical ly in Figure 9. 

The foregoing method contr ibutes a negligible overes t imate of 

^•^ due to the introduction of the smiall additional a r e a above the R]^(^) 

curve in the vicinity of 5 = 6 . A somiewhat l a r g e r , but s t i l l negligible, 

overes t imate is contr ibuted by use of a functional form that asympto t i 

cally approaches ze ro at infinity. For a = 0.5 sec and £ = 0.05 sec , 

values which a r e close to those observed in the exper iments , the ex

ponential has fallen to R = 0.02 when ; = 2 sec , whe reas the addi

tional a r e a contributed beyond that point is a l i t t le l e s s than 2 per cent 

of a. Beyond e = 1.5 sec , the e r r o r is sti l l only 5 per cent of a. In 

the exper imenta l corre logramis obtained, Lagrangian sca les for curves 

with t imes to ze ro l e s s than 1.5 sec could be evaluated di rect ly since 

these in te r sec ted the | ax is . 

The Pseudomic rosca l e 

The observed shape of the c o r r e l o g r a m near t = 0 de te r 

mines an additional cha rac t e r i s t i c of the turbulent field, namiely, a 

"mic ro sca l e " or "dissipat ion length" which Taylor (1935) suggested 

might be cons idered a m e a s u r e of the sma l l e s t eddies , i .e . , those 

p r i m a r i l y respons ib le for the final convers ion of turbulent energy into 

heat through the effects of v iscos i ty . The concept is appropr ia te 
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to e i ther Lagrangian or Euler ian coordinates , the definitions of the 

m i c r o s c a l e from these two points of view being closely analogous to 

one another . Thus, one can define a Lagrangian mic rosca le Ai in 

t e r m s of the initial curvature of the R]^(c,) function: 

1 ^ lim 

Taylor showed that the osculating parabola which jus t fits the 

c o r r e l o g r a m near i| = 0 in te rcep ts the | axis at the value X-. . In 

fact, Taylor used this graphical method to estimiate a Lagrangian 

m i c r o s c a l e from a c o r r e l o g r a m der ived from data obtained from a 

field of g r id -produced turbulence in which allowance had been made 

for the influence of turbulent decay by means of the method descr ibed 

in equation (31) et seq. In this ea r ly es t imate of a Lagrangian-

Euler ian re la t ionship for turbulent mot ions , he found that the m i c r o -

scales viewed in the two coordinate sys t ems appeared to differ by only 

a constant scale factor . 

Because of the l imitat ions in sensi t ivi ty imposed both by the 

compara t ive ly slow response of the re la t ively large t r a c e r droplets 

and by the re la t ively long one-second displacements used to determine 

fluctuation veloci t ies , data obtained in the cu r r en t exper iments a re in

herent ly deficient in higher f requencies . Therefore , an accura te 

e s t ima te of the t rue m i c r o s c a l e cannot be obtained. However, a 

"pseudomicrosca le" based upon the ea r ly curva ture of the observed 

c o r r e l o g r a m s can be used at l eas t to compare the resu l t s of the sev

e r a l exper iments of this investigation with one another . Since this 

p rocedure bases the osculat ion parabola on points of the R-, ( i|) curve 

for values of i_ significantly l a r g e r than ze ro , whereas the definition 

of Xy^ s t r ic t ly applies only to the limiiting case £-*0, the pseudomicro -

sca les can be expected to tend to overes t ima te the t rue value. 

For the osculating parabola we may wri te 

l - R k ( € ) ' 
g2 

(41) 
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%(!) = ! - ( |Vx|). (42) 

where the in tercept with the £ ax is , Xj^, is the pseudomicrosca le . 

Taking the logari thm of both sides of the express ion in (38) for the ex

ponential port ion of the c o r r e l o g r a m , we have 

£n R = - ^ ~ R - 1, (43) 
a 

where the approximation on the r ight is valid when R > 0.85. As may 

be judged from the corre logramis , this las t is general ly t rue since 

R s 0.9 at the point of osculation, in al l c a s e s . Solving (42) and (43) 

s imultaneously, we obtain 

I 2 - ^ 4 T ^ = 0. (44) 
a a 

This quadra t ic express ion has a double root appropr ia te to the point 

of tangency when the c h a r a c t e r i s t i c (b^-4ac) = 0. Thus: 

'xf 46 X? 
_ ^ - k = 0 

or 

K^ = 2 (a 6)1/2 , 2[( ^^^-d)6f\ (45) 

since from equation (40) we have a = -^i^e " ^ • 

As desc r ibed in g r e a t e r detai l in a l a te r section, the expo

nential approximation becomes l e s s appropr ia te in the specific case 

of the ve r t i ca l component R ^ d ) under conditions of modera te to strong 

stable s t rat i f icat ion. In these c a s e s , Gaussian normal e r r o r functions 

of the form R = exp - ( l / a ) ^ a r e super io r , as may be seen in F ig 

u r e s 20, 24, 28, and 32. A s imultaneous solution for points of t an

gency of osculat ing parabolae to this form of R^d) shows that the 

curves touch only at | = 0 and that the constant a used in the e r r o r 
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function for any par t i cu la r c o r r e l o g r a m is numerical ly equal to the 

in tercept of the osculating parabola with the * axis , that i s , for 

R2(e) = exp - {Pja.f, then X2 = a. (46) 

The Lagrangian Power Spectrum 

The significance of Lagrangian scale t ime changes observed 

in the exper iments can be in te rpre ted in t e r m s of changes in the r e l a 

tive dis t r ibut ion of energy among var ious turbulent eddy s izes , for 

the magnitude of the ^-^ scale can be shown to determine the f r e 

quency of a significant peak in the Lagrangian power spec t rum. If one 

a s s u m e s the exper imenta l c o r r e l o g r a m s can be r ep resen ted with suf

ficient accuracy by the compound form given in equation (38), then 

corresponding Lagrangian power spec t ra can be obtained through the 

cosine t r ans fo rm (cf. Taylor , 1938). Thus 

..•̂  

F(n) = 4 I R ( 0 cos nt df, (47) 
0 

where n is the frequency in rad ians per second and f(n) is an "ampl i 

tude density" that e x p r e s s e s the fraction F(n)dn of turbulent energy per 

unit frequency contained in the frequency band between n and n + dn. 

It follows that the power spec t rum can be wri t ten nF(n). Substituting 

equation (38) for R( f ) in (47) and multiplying by n, we have 

( l ) cos nî  dP, + 4n | e x p - i— j cos nf d | 

After introducing the change of var iable z = f. - 6 in the second 

in tegra l above, integrat ion gives 

nF(n) = -—T [sin nc + an cos ng ]. (48) 
1 + a^n^ 
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Since the f i r s t der ivat ive of the foregoing resu l t is t r anscen 

dental, a genera l express ion for the frequency of the point of ze ro 

slope cannot readi ly be obtained. However, it can be shown that at 

n = a/(a^ + 6^) the slope of this spec t rum function is posi t ive, whereas 

at n = l / a the slope is negative; therefore , the frequency of the 

spec t ra l peak l ies between these limiting values . If we examine the 

width of the foregoing range re la t ive to the magnitude of, say, the 

upper l imit , we obtain 

V a a^ + 6 ^// a a^ + 6^' 

For a = 0.50 and 6 = 0.05, values which a r e represen ta t ive of those 

obtained in the exper iments , the in terval between l imits can be seen 

to be slightly less than 1 per cent of the value of the upper liinit. What 

is m o r e , with even the l a rge s t d isplacement factor 6 observed in all 

of the exper iments (case N / 1 2 / Z , 6 = 0.09, a = 0.55), the interval b e 

tween l imits is st i l l l ess than 3 per cent of the upper value, l / a . 

Therefore , for the purpose of analyzing the resu l t s of the exper iments , 

the upper liinit itself provides an adequate es t imate of the frequency 

nj, of the peak in the Lagrangian power spec t rum. Converting the 

la t te r to cycles per second, we have 

nj, = (27ra)-i = [27T( ^ J ^ ^ - 6 ) ] ^ \ (49) 

where the las t follows from equation (40). Actually, the lower l imit 

n = a/(a2+ 6^) can be shown to provide a somewhat c lose r es t imate of 

the location of the spec t ra l peak, but in view of the nar row separa t ion 

between upper and lower l imits and in considerat ion of the uncer ta in

t ies involved in the exper imenta l data, little is to be gained by using 

the l ess convenient express ion . 

The Brunt-Vaisa la Stability P a r a i n e t e r 

In the discuss ions to follow, it will be convenient to express 

gravi tat ional fluid stabili ty in t e r m s of the Brunt -Vaisa la frequency N. 
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For an incompress ib le fluid (cf. Eckar t , I960) 

-^-(f^)=(m^)- (-
Substitution of suitable numer ica l values for water in the t empera tu re 

range of the cu r r en t exper iments gives the approximate express ion 

N^ ~ 0.23 (de /dz ) s e c - ^ 

The Brunt -Vaisa la frequency is an appropr ia te stability pa

r a m e t e r to introduce into an investigation of the influence of gravi ta 

tional stabili ty upon s m a l l - s c a l e turbulent c i rcula t ions , since it is a 

m e a s u r e of the buoyancy forces that support or oppose ver t i ca l d i s 

p lacement of fluid e lements in a s trat if ied environment. When 

dQ/dz ^ 0, as in stable s t ra t i f ica t ions , N is a r ea l number that can 

be shown to r e p r e s e n t the frequency of ver t i ca l oscil lat ion about an 

equil ibrium level exhibited by a fluid pa rce l after a smal l initial d i s 

placement . On the other hand, when d S / d z ^ 0, a s in an unstable 

s trat i f icat ion, N becomes imaginary. In this case the frequency 

equation has an exponential solution that desc r ibes the monotonic 

passage of a d is turbed p a r c e l from an original position of unstable 

equi l ibr ium; he re N cor responds to the rec ip roca l of the "time of 

flight" requ i red for the pa rce l to r each a level e units above or below 

the s tar t ing point. 

A fur ther advantage in the use of the Brunt -Vaisa la p a r a m e t e r 

for these i ncompres s ib l e -mode l exper iments a r i s e s from the fact that 

the definitions of N^ for compress ib le and incompress ib le media a r e 

closely analogous. Allowance for adiabatic changes of density during 

ver t i ca l motion in the compress ib l e , a tmospher ic prototype r equ i re s 

only that a potential density r e f e r r e d to a s tandard p r e s s u r e level be 

substi tuted for p in (50), as will be d i scussed in a la ter section. 

Fur the r support for the suitabili ty of this p a r a m e t e r to the p resen t in

vest igat ion appears in the exper imenta l r esu l t s themse lves ; for, as 
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will be seen, seve ra l key paramieters descr ipt ive of the decay-

co r rec t ed turbulence fields exhibit approximate l inear var ia t ion 

with the absolute value of N. 



CHAPTER VI 

THE RESULTS OF THE EXPERIMENTS 

The pr incipal r e su l t s obtained in this investigation are d i s 

played in the energy-decay plots and Lagrangian autocorre la t ion curves 

of F i g u r e s 11 through 40. These have been derived from a large num

ber of independent rea l iza t ions of turbulent fields genera ted in the 

towing tank under severa l conditions of initial turbulence intensity and 

fluid stabil i ty. The R]-(e,) curves have also been used to derive a num

ber of cha rac t e r i s t i c p a r a m e t e r s that descr ibe the p rope r t i e s of the 

decay -co r r ec t ed turbulent f ields; these a re collected in tables which 

appear throughout the chapter . 

Deta i ls of the neu t ra l , s table , and unstable exper iments a re 

f i rs t p r e sen t ed beloAV "with only a minimum discussion of r e s u l t s . In 

la te r sect ions of this chapter , the r e su l t s of the neut ra l exper iments 

a re compared with those obtained under sinailar conditions of s t r a t i 

fication by Vanoni and Brooks ; finally, the influences of initial 

turbulence intensity and fluid stability upon the Lagrangian autocor

relat ion function a r e d i scussed in some detail . Pa r t i cu l a r attention is 

paid to the behaviour of th ree key p a r a m e t e r s , the average co r rec ted 

turbulence intensi ty, the Lagrangian scale t i ine, and the pseudomic ro 

sca le . Note that the remaining paranneters depend uj)on one or more of 

these (see note appended to Table 7 below). 

In each experinient the gr id was driven at one of th ree s tandard 

ca r r i age speeds: 12.5, 25, or 40 c m / s e c . Since the mean water t e m 

p e r a t u r e remained in the n a r r o w range 23 i'2°C, these speeds effectively 

define th ree gr id Reynolds n u m b e r s , namely 0.7 x lO'*, 1.4 x 10^, and 

2.2 X 10 . In subsequent d i scuss ions , these will frequently be r e f e r r e d 

to simply as the slow, mode ra t e , and fast c a se s . Coded notations such 
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as "N/25 /x" a r e used to designate the "x conaponent of the neutral ly 

s trat i f ied exper iment with a grid speed of 25 c m / s e c . " In these 

des igna tors , V u / means "very unstable ," and WS/ means "weak 

s table" ; the absolute s t rengths of the temiperature gradients so 

designated will be c lear in the context in which these notations appear . 

The Neutral ly Stratified Exper imen t s 

The difficulties involved in maintaining a n e a r - z e r o ver t i ca l 

t empe ra tu r e gradient for long per iods of t ime in a la rge quantity of 

fluid a r e probably not general ly rea l ized. Heat l o s s e s through evapora

tion plus conduction to or f rom the environment combine to genera te 

lapse r a t e s that a re anything but i so thermal . In these exper iments , the 

success achieved in this r e g a r d resu l ted from severa l features built 

into the appara tus : (a) only 5 per cent of the water surface was open to 

the a i r ; (b) the t empe ra tu r e of the environment was kept within +0.5°C 

of the mean t empera tu re of the tank; and (c) a rapid flow of t h e r m o 

stat ical ly control led water at a t empe ra tu r e equal to that of the tank 

was continuously c i rcula ted through the upper and lower heat exchang

e r s connected in s e r i e s . W'ith these a r r angemen t s , the average of all 

lapse r a t e s observed in the neutra l ly strat if ied exper iments was 

+ 0.002°C/cm, whereas the maximum range of lapse r a t e s observed in 

any one set of runs with the same gr id Reynolds number was ±0.003°c/ 

cm. The remaining exper imenta l conditions of the neu t ra l runs a re 

summar i zed in Table 5. 

The initial computer output for each exper iment consis ted of 

the means of the d i sp lacements observed at each t ime along with the 

s tandard deviations of the observat ions from these m e a n s . The la t te r 

(provided of course the s imple ave rages do indeed r e p r e s e n t the mean 

flow as explained in the previous chapter) r e p r e s e n t the r o o t - m e a n -

square turbulent f luctuations, hereaf te r designated uĵ ĵ . Thus, the v a r 

iance uĵ ĵ  r e p r e s e n t s the k component of the turbulent energy at any 

t ime i. Above each c o r r e l o g r a m the r ec ip roca l s l/ut.: a r e plotted 
(Text continues on page 81) 
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TABLE 5.--A sumixiary of the experimental conditions and key 
decay cha rac t e r i s t i c s of the neutral ly stratified exper iments 

Designator 
Code, (Fig.) 

N / 1 2 / X , (11) 

N / 1 2 / Z , (12) 

N/25 /x , (13) 
N / 2 5 / Z , (14) 

N/25/xy , (15) 
N/25 /y , (16) 
N / 4 0 / X , (17) 

N / 4 0 / Z , (18) 

Re„ x 10"^ 
6 

0.7 
0.7 
1.4 
1.4 
1.4 
1.4 
2.2 
2.2 

Virtual Origin 

T(sec) 

1.0 
3.5 
1.0 
2.0 
2.0 
2.0 
1.0 
1.5 

M 

2.5 
8.8 
5 

10 
10 
10 

8 
12 

Data 
Cut off 
T(sec) 

>14 
<6, >15 

>12 
>17 
>11 
>12 

<2 
>11 

against the grid t ime T = i. The intercept of the result ing l inear slope 

with the absc i s sa de te rmines the vir tual origin (tp) of the f i r s t -per iod 

decay, while subsequent deviations from the l inear relation reveal ob

servat ions which must be deleted since they violate the assumptions 

underlying the decay cor rec t ions . 

Virtual origin t imes l is ted in Table 5 for the neutral exper i 

ments correspond to posit ions that range from 2.5 to 12 mesh lengths 

behind the grid. With the exception of the smal les t of these values 

(which may be in e r r o r due to the very low level of turbulence in that 

pa r t i cu la r , s low-speed case) , these compare favorably v/ith locations 

of IQ between 10 and 20 mesh lengths observed in wind tunnels at 

higher grid Reynolds numbers . Since the position of to has been ob

served to shift downstream with increasing Rcg, and since values of 

this ra t io that obtain in these exper iments a re quite low by wind-tunnel 

s tandards , vir tual origins located at l e s s than 10 mesh lengths from the 

gr id a re not unreasonable . Note there is some evidence in the table to 

show to tending toward g rea t e r dis tances from the grid as Re„ in

c r e a s e s . It is interest ing that in the case of the longitudinal (x) com

ponents of turbulence, the t imes of occurrence of tg tend to remain 

constant at 1.0 sec after grid passage for all three grid speeds, the 
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increasing mesh- length distance between the grid and tg largely r e su l t 

ing frora the increase in speed. 

Table 5 also reveals a marked tendency for the vir tual origin of 

the ver t ica l components of turbulence at any one value of Rea under 

neutral ly strat if ied conditions to be delayed in comparison to to for 

ei ther the longitudinal or t r a n s v e r s e component. This indication of a 

depar ture from isotropy is confirmed A\̂ hen one compares the relat ive 

magnitudes of the average, cor rec ted turbulence intensi t ies of these 

components in Table 6. This effect may have resul ted from the r e c 

tangular c r o s s section of the towing tank; but, on the other hand, it may 

have a more general origin since it also appears to some degree in 

measu remen t s obtained in a water tunnel of symmetr ica l section (see 

Table 14 et seq., below). The turbulence field becomes more isotropic 

as the gr id Reynolds number i n c r e a s e s , for whereas the time of ocur-

rence of tg for the longitudinal component remains constant in Table 5, 

that for the ver t ica l turbulence component steadily dec rea se s . In a 

s imi lar manner , the ver t ica l , longitudinal index of isotropy, w^/u^, 

steadily i nc r ea se s with increasing Re^, an effect that can be at tr ibuted 

to increased mixing that resu l t s from increased turbulence levels at 

higher gr id Reynolds numbers . As will be discussed in a la ter section, 

this tendency for anisotropy in the towing channel is great ly reduced by 

the introduction of ei ther unstable or, surpr is ingly enough, weak stable 

gradients . 

TABLE 6.- -Average turbulence intensi t ies and indices of isot
ropy observed in the neutral ly stratified exper iments 

Designator 

N / l 2 / x , z 
N / 2 5 / X , Z 

N/25/x ,y 
N / 4 0 / X , Z 

Re X 10-* 

0.7 
1.4 
1.4 
2.2 

Turbulence Inten
sity (mm^/sec) 

2 2 ^ 
U V w " 

94 46 
145 88 
110 88 
222 159 

Indices of 
Isotropy 

v^/u'^ w^/u^ 

0.49 
0.61 

0.80 
0.72 
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Table 5 also l i s t s the gr id t imes of observat ions deleted from 

the au tocorre la t ion computation as a r esu l t of depar tu res from l inear 

decay. In two of the cases ( N / l z / z , F igure 12, and N / 4 0 / X . F igure 17) 

data m e a s u r e d at the beginning of the observat ions were deleted since 

these points were c lear ly above the decay curve , an indication that the 

rapid r a t e of decay c h a r a c t e r i s t i c of fully es tabl ished turbulence had 

not yet fully set in. 

Case N / 2 5 / z , F igure 14, is pa r t i cu la r ly interes t ing since it 

shows a r e tu rn to l inear decay after a 6-sec dis turbed per iod, probably 

assoc ia ted with a surge- induced depar tu re from homogeneity, as d i s 

cussed in the Appendix. In this case , it was not found n e c e s s a r y to 

delete data during this pe r iod of evidently not too ser ious ly d is turbed 

decay, for the inclusion of mean products involving data observed at 

T = 10, 11, 12 and even 18, did not significantly a l ter the block-

averaged cor re la t ion e s t i m a t e s . 

These two examples of data deletion ear ly and late in the ex

p e r i m e n t i l lus t ra te a fact that tends to be obscured in the decay curve 

due to i ts na tu re as a plot of the r ec ip roca l of the energy. Note that 

what miay appear to be only smal l depa r tu re s from the decay law ear ly 

in two of the neu t ra l exper iments were deleted when seenningly l a r g e r 

depa r tu r e s late in another were re ta ined. However, the magnitude of 

such d e p a r t u r e s f rom the l inear law mus t be considered in re la t ion to 

the magnitude of the ordinate at the point of depar tu re ; an excess of 

one unit where the amplitude of the r ec ip roca l decay curve is only 

one unit co r re sponds to a re la t ive reduction in energy of 50 pe r cent, 

w h e r e a s a s imi l a r excess where the ordinate of the decay curve is 

l a r g e r r e p r e s e n t s a propor t ionate ly sma l l e r percentage reduction in 

energy. 

Table 7 s u m m a r i z e s the c h a r a c t e r i s t i c sca les of turbulence and 

v i r tua l diffusion coefficients der ived f rom the c o r r e l o g r a m s of the neu

t r a l expe r imen t s . These a r e d i scussed in detail in a l a t e r section, 

pa r t i cu l a r ly with r e g a r d to the influence of increas ing gr id Reynolds 
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number . Fo r convenience, a brief descript ion of the origin of the 

en t r ies in the table is given below; it applies equally, of course , to the 

s u m m a r i e s of the stable and unstable r e su l t s given in Tables 10 and 13. 

TABLE 7,"Characteristic parameters derived from correlograms of the neutrally stratified experiments' 

Designator 

Code, (Figs.) 

N/12/x,z (11. 12) 

N/25/X.Z (13, 14) 

N/25/x,y (15, 16) 

N/40/x,z (17, 18) 

Times to Zero 

(corrected sec) 

^Rx"0 ^Ry=0 ^Rz-O 

1,4 1.22 

0,90 

1,26 l.(B 

Lagrangian Scales 

Time 
(corrected sec) 

X^ Xy x-i 

0,55 0.54 

0.69' 0.39' 
av: 0.70 
0.70' 0.65' 

0.45 0.50 

Length 
(mm) 

•^x -^y -^z 

5.3 3.7 

8.3 3.7 
w. 7.8 

7.4 6,1 

6.7 6.3 

Virtual Diffusion 
Coefficients 
(mm2/sec) 

Kx Ky Kz 

51.7 24.8 

100.0 34.3 
av:88 

77.0 57,1 

99.9 79.5 

KJ/Kx K|/Kx 

0.48 

0,34 

0.74 

0.80 

Pseudomicro-

scales 
(corrected sec) 

Xx Xy X^ 

0.42 0.45 

0.39 0.26 

0,33 0.28 

0.27 0.16 

^Entries in Table 7 above and in Tables 10 and 13 to follow are derived in the following manner: 

CR=0 tiie intercept of the R|((C) curve with the f axis, when available. 

JL\ the area under the R|<(C) curve when available, equation (23); values marked with asterisks derive from the exponential 
approximation, equations (39) and (40); 

£)^ Xk multiplied by U|(, equation (24); U|< from Table 6; 

KJ l \ multiplied by U|;, equation (S); 

Xj( derived from functional representation of correlogram through equation (45) or (46). 

av average values obtained by combining entries immediately above and below. 

The Stably Stratified Exper iments 

As descr ibed in Chapter IV, the fact that the water remained at 

r e s t the g rea t majori ty of the t ime made it possible to maintain strong, 

stable t empera tu re gradients in the towing tank. Gradients as la rge as 

+0.7°C/cm have been achieved, this corresponding to a top- to-bot tom 

t empera tu re difference of 20°C. But because of the tendency for two-

dimensional je t -veloci ty profi les to appear under conditions of strong 

stable strat if ication, the Lagrangian t ra jec tory exper iments were 

l imited to weaker s tabi l i t ies in the range from 0.03 to 0.30°C/cm. 

In six of the seven stably strat if ied exper iments , lapse ra tes 

m e a s u r e d jus t p r i o r to each of the ten runs remained constant within 

+7 per cent. In the weak stable case , the lapse r a t e s observed Avere 

within l '0.002°C/cm of +0.030°C/cm, whereas in the two very stable 

c a s e s , lapse r a t e s were (+0.280 ±0.020) ° c / c m and (+0.300 ±0.012) ° c / 

cm, respect ively . In one modera te ly stable case , the lapse r a t e s 

(Text continues on page 99) 
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Fig. 19.--Decay curve and correlogram for experiment s/l2.5/x. 
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Fig . 24.- -Decay curve and correlogrami for exper iment s / 25 / z . 
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Fig . 25.--Decay curve and co r r e log ram for experiment S/'25/Xy. 
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v a r i e d o v e r a wider range of ±15per cent, namely (+0.110 ±0.017)°C/cm. 

The remaining exper imental conditions along with the average lapse 

r a t e s for each case a r e su inmar ized in Table 8. 

TABLE 8.--A summary of exper imenta l conditions and key decay 
cha rac t e r i s t i c s of the stably stratified experinaents 

D e s i g n a t o r 
Code , (Fig . ) 

S / l 2 / x , (19) 
s / l 2 / z , (20) 
W S / 2 5 / x , (21) 
W S / 2 5 / z , (22) 
s / 2 5 /x , (23) 
8 / 2 5 / z , (24) 
S / 2 5 / x y , (25) 
S / 2 5 / y , (26) 
VS/25 /X, (27) 
V S / 2 5 / z , (28) 
V S / 2 5 / x y , (29) 
V S / 2 5 / y , (30) 
3 / 4 0 / x , (31) 
S / 4 0 / z , (32) 

de/dz 
(°C/cm) 

0.13 
0.13 
0.03 
0.03 
0.12 
0.12 
0.16 
O.lO 
0.30 
0.30 
0.28 
0.28 
0.11 
0.11 

Reg X 10"^ 

0.7 
0.7 
1.4 
1.4 
1.4 
1.4 
1.4 
1.4 
1.4 
1.4 
1.4 
1.4 
2 . 3 
2 . 3 

V i r t u a l 
Or ig in 

T( sec ) 

2 . 5 
3 .5 
2 .0 
1.5 
2 .0 
2 . 5 
2 . 5 
1.5 
2 .0 
2 . 5 
2 .0 
2 .0 
2 . 5 
2 . 5 

M 

6 

9 
10 

8 
10 
12 
12 

8 
10 
12 
10 
10 
20 
20 

Data 
Cut Off 
T ( s e c ) 

.^17 
X 5 , > 1 7 

/ 1 9 
13, 14, ^'17 

/ 1 5 
12 .. T x l7 

. T 7 
none 

.-lb 
yl3 

yl3 
none 

de le t e 19 
none 

Under conditions of stable stratification there appeared to be a 

tendency for the vir tual or igins of the longitudinal turbulence compo

nents to be delayed between 1.0 and 1.5 sec relative to values observed 

for the same components in neutra l exper iments . Where tg for the 

x-components of turbulence occur red 1.0 sec after grid passage in 

three out of four cases with neutra l stratification, the introduction of 

stabilizing density gradients appears to delay the origins of the saine 

comiponents to T = 2.0 or 2.5 sec (cf. Tables 5 and 8). As far as these 

data indicate, the effect r e sembles a " threshold response ," since in the 

single weak stable case ('WS/25/x) tg has already increased to 2.0 sec, 

while in the two very stable cases (VS/25/x and Xy) to exhibits no fur

ther delay. Similar delays in vir tual origins of either t r ansve r se or 

ver t ica l components of turbulence were not so wel l -marked as those 
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seen in the longitudinal component. As a resul t , the v i r tua l or igins of 

the two components of turbulence observed in any single exper iment 

tend to be more near ly equal under stably stratif ied conditions than 

was the case in neut ra l conditions. 

The effect of increasing Rcg upon the position of the vi r tual 

origin re la t ive to the gr id appears as it did in the neut ra l exper iments , 

the combined effects of inc reased stability and relat ively fast flow in 

exper iment s / 40 /x , z giving a displacement of 20M, the l a rges t ob

served during the investigation. In the low Reo- range, the long, 

3 .5-sec delay of the vi r tual origin of the ver t ica l component again 

occurs . But under this condition of modera te stability, tg for the longi

tudinal component is delayed 1.5 sec la ter than that observed in the 

neut ra l case ; as a resul t , it p recedes the ver t ica l component by only 

1.0 sec . Thus, somewhat paradoxical ly , stable density strat if icat ions 

dec rease the a symmet ry observed at low Reg under neut ra l conditions. 

This unexpected influence of stability also appears in the case of mod

era te Reg as may be seen in the distribution of turbulent energy com

ponents in Table 9. 

TABLE 9---Average turbulence intensi t ies and indices of isotropy 
observed in the stably strat if ied exper iments ; composite N/25 /x ,y ,z 

data included for purposes of comparison 

Designator 
Code 

s / l 2 / x , z 
N/25 /x ,y ,z 
WS/25/x,z 
s /25 /x , z 

s /25 /x ,y 
VS/25/x,z 

VS/25/x,y 
s /40 /x , z 

dS /dz 
(°c /cm) 

0.13 
0.00 
0.03 
0.12 

0.16 
0.30 

0.28 
0.11 

Reg X 10"* 

0.7 
1.4 
1.4 
1.4 

1.4 
1.4 

1.4 
2.2 

Turbulence 
Intensity 

(mmVsec^) 
u^ v^ 

44 
128 88 

85 
64 

av: 77 
90 106 
79 

av: 74 
69 66 
98 

w 2 

26 
88 
88 
56 

48 

75 

Indices of 
Isotropy 

vV'u^ 

0.69 

1.18 

0.96 

w^/u^ 

0.59 
0.69 
1.04 
0.88 

0.61 

0.76 
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In going from neu t ra l to modera te ly stable conditions, the 

ve r t i ca l , longitudinal isotropy index wyia^ inc reases from 0.49 to 0.59 

at low Reg, and from 0.69 to 0.88 at the modera te value of Reg. Com

par i son of u^ at comparable gr id Reynolds nuinbers revea ls that, in 

changing from neutra l ly s t rat i f ied conditions to any one of the three 

s t rengths of stabil i ty, the intensity of the longitudinal turbulence com

ponents was sharply reduced. At lower Reg, increasing stability does 

not affect the ve r t i ca l component w^ quite so strongly as it does u^ 

(perhaps because it is re la t ive ly weak to begin with), hence the tend

ency toward inc reased isot ropy. At high Reg (case S/40/x ,z) , u^ and 

w^ a r e reduced nea r ly in propor t ion by the introduction of modera te 

stabil i ty, and the degree of isotropy r ema ins approximately the same 

as that observed in exper iment N / 4 0 / X , Z (wyu^ = 0.76 as compared 

with 0.72). 

At Reg = 1.4 X 10^, Table 9 shows that ii^ tends to dec rease 

slowly with increas ing stabili ty once the initial appearance of weak 

stabili ty has reduced the turbulence intensity by a third. Thus, u^ 

d e c r e a s e s from 128 to 85 mm^/sec^ with a lapse rate inc rease over 

i so ther ina l of but O.OS^C/cm; increas ing the lapse ra te by an additional 

order of magnitude reduces ^ by only an additional 13 per cent. Since 

the d ispropor t ionate initial reduction does not occur in the case of the 

ve r t i ca l component of turbulence , the isotropy index wyii^ i n c r e a s e s 

sharply froin 0.69 to unity with the introduction of weak stabil i ty. 

"With fur ther i nc rease in stabil i ty, however, w^ d e c r e a s e s as shown in 

the table , and the energy ra t ios r e v e r t to anisotropic conditions. 

The ra t io v;^/u^ in excess of 1.0 obtained in exper iment S/25/x,y 

appears quest ionable , although the decay curves in this case a re ex

ceptionally wel l -behaved (cf. F i g u r e s 25 and 26). The _v^/u^ ra t ios for 

this exper iment and for case VS/25/x ,y indicate, at any r a t e , a strong 

tendency for the p r e s e r v a t i o n of isotropy between the two hor izontal 

components , once the appearance of a slight degree of stabil i ty has 

damped excess energy in the longitudinal component. 
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Table 10 s u m m a r i z e s the secondary resu l t s of the stably 

strat if ied exper iments . Again, these cha rac t e r i s t i c s of decay-

co r rec t ed turbulence are d iscussed in detail la te r in the chapter , in 

this case par t i cu la r ly in the section dealing with the influence of fluid 

stabili ty. 

TABU 10.—Characteristic parameters derived from correlogran-s of the siabiy stratified experiments: 
composite N/25/x.y,z data included for comoarison 

Designator 
Code. (Figs.) 

S/K/x.z (19.201 

fj/25/x.y.z (13-161 

WS/25/x,2 (21,22) 

S/25/x,z(23,24) 

S/25/x.y(S,261 

VS/25/x,zi27,?8i 

VS/25/x,y (29,30! 

S/40/x,z (31,32) 

Times to Zero 
(corrected seci 

^Rx=o 

1.81 

1.59 

2.0< 

1.85 

~1.7 

1.45 

^Ry=0 

-1 .4 

2.07 

« R . = . 

116 

0.90 

1.4 

0.65 

0.52 

0.91 

Lagrangian 

Time 
(corrected seci 

*x 

0.70 

0.70 > 

0.56 

0.67' 
av: 0.68 
0.68'' 

0.73' 
av 0.70 
0.66 

0.59-

ty .<2 

0.37 

0.65'' 0.39^ 

0.35 

0.34 

0.62° 

0.29 

0.76 

0.37 

Scales 

Lengtfi 
(mm) 

/, / , 

4.6 

7.8 6.1 

5.2 

5.4 
av: 6.0 
6.5 6.4 

6.5 
av: 6.0 
5.5 6.2 

5.8 

^z 

1.9 

3.7 

3.3 

2.6 

2.0 

3.2 

Xy 

31. 

88. 

48. 

42. 
av: 52. 
61. 

58. 
av: 52. 
46. 

58. 

Virtual Diffusion 

Coefficients 
(nr^-/sec) 

Ky ^2 

iO. 

57. 34. 

Kj/KJ 

0.65 

31. 1 

19. 

66. 

14. 

50. 

28. 

1.08 

1.09 

K;/«;? 

0.32 

0.39 

0.64 

0.45 

0.24 

0.48 

PseudorDicro-
scales 

(corrected sec) 

\ y Ay Xj 

0.44 0.31 

0.36 0.28 0.26 

0.34 0.26 

0.41 0.33 
av; 0.40 
0.39 0.41 

0.29 0.29 
av 0.36 
0.43 0.41 

0.31 0.28 

The Unstably Stratified Exper iments 

The effects of only two degrees of instabili ty at jus t two grid 

Reynolds numbers "were investigated in the unstably strat if ied exper i 

ments . This l imitation was adopted, not only because the range of in

stability was technically l imited by the capacity of the lower heat 

source , but also because excess heating from below introduced con-

vective motions that could not be removed by simple averaging. The 

smal les t value of Reg was omitted from this s e r i e s since the low levels 

of turbulence produced by the gr id moving only 12.5 c m / s e c were r e l a 

tively ineffective in compar ison with the convective motions already 

presen t ; p r io r to the unstable runs , t r a c e r droplets placed in the tank 

were observed to move at speeds up to severa l m m / s e c in these 

c i rcula t ions . 

Lapse r a t e s m e a s u r e d in unstably stratif ied exper iments were 

found to be very small and quite var iab le , evidently as the resu l t of 

continuous overturning taking place within the fluid. Kuo (1961) has 
(Text continues on page 111) 
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Fig . 33.- -Decay curve and c o r r e l o g r a m for experiment U/25/x . 
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Fig . 34.- -Decay curve and c o r r e l o g r a m for experiment U/25 /z . 
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shown in a nonl inear , theore t ica l analys is that once the minimum, 

c r i t i ca l instabil i ty condition n e c e s s a r y to initiate convection has been 

exceeded, an i so the rma l region appears in the middle levels of the 

fluid. When the t e m p e r a t u r e difference between upper and lower 

boundary surfaces i n c r e a s e s fur ther , this i so thermal region grows 

both upward and downward; consequently, regions of increasingly 

strong unstable lapse ra te become concentra ted in increasingly shallow 

l aye r s immedia te ly adjacent to the boundar ies . In this condition, t e m 

p e r a t u r e measu re inen t s taken a c r o s s the cent ra l regions of the tank (as 

in these exper iments ) will show very l i t t le in the way of an average 

ve r t i ca l t empe ra tu r e gradient , even though the ent i re body of fluid is in 

an unstable , superc r i t i ca l ly convective s ta te . 

A nominally modera te unstable strat if icat ion was maintained by 

placing a modera te voltage a c r o s s the e lec t r ica l hea t e r s in the tank 

base and adjusting the upper heat exchanger until the mean t empera tu re 

of the wate r in tank remained constant. With an input of 65 V. this con

dition was at tained when the heat exchanger continuously removed about 

500 W. Lapse r a t e s observed during the thir ty runs of the three sets 

of modera te ly unstable exper iments averaged -0.00 l°C/cni . Increas ing 

the voltage at the base to 100 V requ i red the upper heat exchanger to 

remove an additional 750 W in o rde r to naaintain the average water 

t e m p e r a t u r e at a constant value. Under these conditions, the average 

lapse ra te observed during the one "very unstable" exper iment ap

proached -0.00Z°C/cm. Since the re la t ive aixiounts of energy removed 

by the upper heat exchanger provide a more represen ta t ive m e a s u r e of 

the re la t ive ins tabi l i t ies than do the lapse r a t e s , these values a re l i s ted 

with the other conditions of the unstably strat if ied exper iments in 

Table 11. 

The influence of g r id Reynolds number upon the re la t ive pos i 

tion of tg is again apparent in Table 11. At Reg = 1.4 x 10"̂ , v i r tual 

or ig ins v/ere located at an average of 8 mesh lengths from the gr id . 
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whereas increasing Rec? to 2.2 x 10* moved the vir tual or igins near ly 

twice that distance downstream. The proport ionately g rea t e r energy 

supplied to the ver t ica l component of turbulence in unstable density 

dis tr ibut ions appears to eliniinate the tendency for its vi r tual origin to 

be delayed in comparison with the longitudinal component; 'whereas in 

neutra l and stable conditions the origins of the z components -were 

usually delayed between 0.5 and 1.0 sec relat ive to those of the x com

ponents, Table 11 shoAvs these c i rcumstances to have been r e v e r s e d by 

the introduction of the rmal instabili ty, tg for the ver t ica l component 

preceding that of the longitudinal component in tvfo out of three cases . 

TABLE 11.--A summary of the exper imental conditions and key 
decay cha rac t e r i s t i c s of the unstably strat if ied exper iments 

D e s i g n a t o r 
Code , (Fig . ) 

U / 2 5 / x , (33) 
u / 2 5 / z , (34) 

u/zs/x, (35) 
U / 2 5 / y , (36) 
VU/Z5/X, (37) 
V U / 2 5 / z , (38) 
U / 4 0 / x , (39) 
u / 4 0 / z , (40) 

H e a t 
R e m o v e d 

(W) 

4 Z 5 
4 2 5 
540 
540 

1270 
1270 

4 9 5 
495 

-, - .-.- ,.-.., 

Reg X 10"* 

1.4 
1.4 
1.4 
1.4 
1.4 
1.4 
2 .2 
2 .2 

V i r t u a l 
O r i g i n 

T ( s e c ) 

1.5 
1.5 
2 .0 
1.0 
2 .0 
1.5 
2 .0 
1.5 

. 

M 

8 
8 

10 
5 

10 
8 

16 
12 

Data 
Cut Off 
T ( s e c ) 

> 1 8 
> 1 3 
> 1 4 

> 1 9 
y l 3 
/ 1 2 

None 
None 

The las t column of Table 11 shows that depar tu res from f i r s t -

per iod decay ra tes frequently requi red data observed late in the 

unstable exper iments to be discarded. On occasion the disturbed 

regions of decay resembled those previously associa ted with su rge -

induced je ts in the neutra l and stable exper iments (see Chapter V), 

since they began around T = 12 and showed some tendency to re tu rn 

to normal approximately 6 sec la ter (cf. F igu re s 34 and 37). In other 

c a s e s , changes in the decay ra te also appeared late in the exper iment 

(e.g., F igu re s 35 and 38). There is a tendency for these la te r d i s to r 

tions to occur when the mean - squa re turbulence fluctuation is observed 
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to fall below approximately 2.5 m m / s e c (i .e. , 1/u^ ,-0.16 s e c y m m ^ in 

the decay plots). Since this approximates the o rder of the velocit ies 

observed in the rmal eddies p r io r to gr id passage , it seems probable 

that this final depar ture from the l inear decay law only becomes sig

nificant after g r id -genera ted turbulent fluctuations have decayed to the 

magnitude of the approximately s teady-s ta te , thermal motions. Note 

that in the cases of high grid Reynolds number of F igures 39 and 40, 

where uj^ did not fall below 2.5 m m / s e c during the experiment , marked 

final depar tu res were not observed. 

Table 12 l i s ts the average , decay-cor rec ted turbulence inten

si t ies obtained in the unstably strat if ied exper iments . Note that de

pa r tu re of the lapse ra te from i so thermal has again effected significant 

reductions in the intensity of the longitudinal component u^; it will be 

reca l led that this was also found to be the case with the f i rs t appear

ance of stable strat if icat ion. Once m o r e , a sharp increase in the index 

of isotropy r e su l t s , wVu^ increasing from 0.69 to 0.94 with the onset of 

instabili ty, it having attained a s imi la r value near unity (i .e. , 1.04) with 

the initial introduction of a stable density gradient. These effects of 

stability changes upon isotropy a re d iscussed further in a la ter section. 

TABLE 12.- -Average turbulence intensi t ies and indices of i sot 
ropy observed in the unstably stratif ied exper iments ; composite 

N/25/x ,y ,z data included for purposes of comparison 

Designator 
Code 

N/25 /x ,y ,z 
U/ '2 5 ;X,Z 
u / 2 5 / x , y 
VU/25/x,z 
U/'40/x,z 

Heat 
Removed 

(W) 

0 
425 
540 

1270 
495 

Reg X 10"* 

1.4 
1.4 
1.4 
1.4 
2.2 

Turbulence 
Intensity 

(mmy sec^) 

? 7 -> 
U V w " 

128 88 88 
94 88 
98 116 

117 103 
139 108 

Indices of 
Isotropy 

v^u^ wVu^ 

0.69 0.69 
0.94 

1.18 
0.88 
0.78 
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Otherwise, Table 12 shows the usual increase in turbulence in

tensity with gr id Reynolds number and the expected tendency toward 

isotropic conditions with the additional mixing contributed by thermal 

instabili ty. In the las t section of the table, inc rease of the grid Reyn

olds number under conditions of relat ively weak instabili ty seems to 

have r e v e r s e d the t rend toward isotropy establ ished at lower Rcg. It 

would appear that inc reased levels of mechanical turbulence generated 

by the fas ter -moving gr id were able to generate depar tures from isot 

ropy that were too g rea t for the relat ively weak the rmal mixing to 

overcome. In fact, w^/u^ RS 0.75 seems to be cha rac te r i s t i c of all 

stability conditions when Reg attains the highest value used in the 

investigation. 

Table 13 l i s t s the var ious cha rac te r i s t i c p a r a m e t e r s of the 

decay-cor rec ted turbulence fields derived from the co r r e log rams of 

the unstable exper iments . Several difficulties a r i se in the in t e rp re t a 

tion of these r e su l t s ; for one, the large a symmet r i e s p resen t in the 

neut ra l case make it difficult to detect effects solely due to a change 

from neutra l to unstable conditions. The same problem is p resen t in 

the interpretat ion of the resu l t s of the stable exper iments ; but those 

data cover a wider range of nonisothermal conditions, and stabil i ty-

dependent t rends in the behaviour of the var ious p a r a m e t e r s can be 

detected without depending too strongly upon the neutral case . These 

points a re among those d iscussed belov/ in a subsequent section sum

mariz ing gravitat ional stability effects. 

TABLE 13.—Characteristic parameters derived from correlograms of the unstably stratified experiments; 
comoosite !M/25/x,y,z data included for comparison 

Designator 
Code, (Figs.) 

N/25/x,y,2 (13-16) 

U/25/x,z (33,34) 

U/25/x,y (35,361 

VU/25/x,z (37,38) 

U/40/x,z (39,40) 

Times to Zero 
(corrected sec) 

^Rx=o ^Ry=0 ^R2=0 

0.90 

1.80 -1.6 

1.42 -1.6 

-1.3 -1.2 

1.74 1.28 

Lagrangian Scales 

Time 
(corrected sec) 

^x 

0.70-

0.52 

0.50 

0.36-

0.56° 

^ y ^z 

0.65" 0.39' 

0.48-

0.56 

0.30' 

0.56" 

Length 
(mm) 

A 

7.8 

5.0 

5.0 

3.9 

6.6 

^y 

6.1 

6.0 

^1 

37 

4.5 

3.0 

5.8 

Kx 

88. 

49. 

49. 

37. 

78. 

Virtual Diffusion 
Coefficients 
(mm^sec) 

Ky Kz 

57. 34. 

42. 

65. 

31. 

60. 

KJ/K; 

0.65 

1.33 

Kz/K^ 

0.39 

0.86 

0.83 

0.78 

Pseudomicro-
scales 

(corrected sec) 

^x ^y ^z 

0.36 0.28 0.26 

0.28 0.27 

0.32 0.29 

0.27 0.21 

0.33 0.27 
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Comparison Avith Water- tunnel Resul ts 

The re su l t s of the neutra l ly stratif ied towing-tank runs compare 

favourably vfith those obtained under somewhat s imi lar experimental 

conditions in a water tunnel by Vanoni and Brooks (1955). It is to be 

reca l led , however, that in the l a t t e r investigation an ent irely different 

solution to the problem of utilizing data was obtained from decaying 

turbulence fields. Vanoni and Brooks used only one velocity product 

from each of a number of t r a j ec to r i e s ; for each es t imate Rk(?i)) ve 

locity samples were taken at t imes + | j / 2 and - | j / 2 measu red from a 

cent ra l t ime that was approximately the same for all t r a jec to r ies , the 

method being designed to keep the effects of decay uniform for all 

Rk( 0 de terminat ions . 

Grids of three different mesh lengths in a flow of constant ve 

locity defined gr id Reynolds numbers for the water- tunnel investigation 

very s imi la r to those used in the towing channel. Table 14 l i s t s the 

r e su l t s obtained in these two studies in the form of the t imes required 

for Rk(?) to fall to ze ro . Limitat ions imposed by fast flow relat ive to 

the c a m e r a in Vanoni and Brooks ' exper iments prevented the observa

tion of lag t imes longer than | = 1.7 "correc ted" seconds ("corrected" 

in the sense that their method of analysis also determined pa i r s of 

lagged products in a manner not intended by the usual definition of ^). 

TABLE 14.--A comparison of t imes to ze ro observed in the neu
t ra l ly stratif ied towing channel with those found in a water tunnel 
by Vanoni and Brooks; scales of co r rec ted time in the two exper i 

ments a re not necessa r i ly the same 

Water Tunnel 

Reg X 10-^ 

0.7 

1.3 

2.7 

(correc ted sec) 

tR^=o ^R2=o 

1.90 0.80 

1.85 unknown 

1.50 1.31 

Towing Channel 

Reg X 10"^ 
(Figs.) 

0.7 ( U , 12) 

1.4 (15, 16) 

Z.2 (17, 18) 

(corrected sec) 

eR^=o £R^=O 

1.4+ 1.22 

2.0+ 0.90 

1.26 1.15 
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The two wate r - tunne l en t r i e s in the table l a r g e r than 1.7 sec were ob

tained by l inear extrapolat ion, while the "unknown" value did not fall 

belov/ R = 0.25. In the towing channel r e s u l t s , the entry 2.0+ r e f e r s to 

case N/25/xy., F igu re 15, in which Ri^(4) was not observed to fall below 

0.10. 

The r e s u l t s of these two different invest igat ions cannot, of 

cou r se , be compared in close detail . Not only were ent i re ly different 

decay -co r rec t ion p rocedu re s employed, but also Vanoni and Brooks 

averaged t r a c e r veloci t ies over pe r iods of only l /60 and 4/60 sec , 

whereas in the c u r r e n t exper iments in terva ls a full second in duration 

were used. F u r t h e r , Vanoni and Brooks centered thei r decay c o r r e c t e d 

data about points lOOM, 50M, and 25M downst ream fromi the g r id for 

the low, mode ra t e , and high values of Reg l is ted in Table 14. These 

d is tances cor respond to a g r id t ime T « 2.5 sec with the constant flow 

velocity (50 c m / s e c ) and the th ree gr id mesh s izes used. In the towing 

tank, on the other hand, data were taken over an ent i re range of g r id 

d is tances between 10 and lOOM, the Batchelor decay co r r ec t i ons r e 

storing the observed fluctuations to the approximate intensity and 

scale of turbulence c h a r a c t e r i s t i c of decay t ime t = 1. Since the 

v i r tua l or igins were observed f rom 1 to 3 sec after gr id pa s sage , the 

co r r ec t ed toAving tank observa t ions co r respond to gr id t imes T from 

2 to 4 sec , not a g r ea t deal different f rom the gr id t ime T » 2.5 ap 

p rop r i a t e to the wa te r - tunne l r e s u l t s . 

The fair ly close ag reement in the magnitude of the t imes 

requ i red for the c o r r e l o g r a m s observed in the two different e x p e r i 

ments to fall to ze ro (if not ent i re ly fortuitous) indicates that the 

l imi ted spec t ra l sensi t ivi ty of the methods of observat ion employed in 

the c u r r e n t invest igat ion did not obscure the pr inc ipa l fea tures of the 

au tocor re la t ion function. The c o r r e c t e d t ime sca les of the two e x p e r i 

men t s , although not p r e c i s e l y the s a m e , appear to re fer thei r r e s p e c 

tive r e s u l t s to c o r r e c t e d fields of turbulence s imi la r ly located re la t ive 

to the g r i d s ; in other words , c o r r e l o g r a m s obtained in the two 
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exper iments derive f rom fields of turbulence cor rec ted to roughly 

s imi la r s ta tes of decay. However, it is difficult to completely a s s e s s 

the comparat ive effects of the two methods of decay correc t ion; t h e r e 

fore , the separa te r e su l t s obtained should probably not be subject to 

m o r e than a genera l compar i son of t r ends within the individual expe r i 

mental r e c o r d s . 

In this r ega rd , note that both exper iments find longitudinal, 

ve r t i ca l a s y m m e t r y : | j ^ -^ > £j^ -.^ in 5 of the 6 cases in Table 14. 

The wa te r - tunne l r e su l t s a lso show | j ^ -Q to dec rease with increas ing 

Reg. Although this does not appear c lear ly in the t imes to ze ro l i s ted 

for the towing channel, this pa r t i cu l a r t rend may have been obscured 

by unco r rec t ed mean-flow effects. As will be d iscussed l a te r , a tend

ency for the longitudinal component of the Lagrangian scale t ime to 

dec rea se v/ith increas ing Reg is observed in the towing channel in both 

neu t ra l and stable s t ra t i f ica t ions . The t rend in ?R^=:o obseiwed in the 

wate r - tunne l supports this resu l t . 

The pr inc ipa l difference between the c o r r e l o g r a m s de te rmined 

by the two exper imen t s l ies in the sma l l e r radi i of curva ture of Rk(C) 

nea r i; = 0 observed in the water tunnel. Five of the six curves given 

by Vanoni and Brooks tend to r emain e i ther exponential or l inear well 

into the region of smal l | , showing l i t t le or no tendency to round off 

nea r | = 0. This indication of re la t ive ly small m ic rosca l e can be 

at t r ibuted to the shor t averaging pe r iods used to de termine velocity 

fluctuations in the wa te r - tunne l expe r imen t s , a p rocedure which ena

bled the observa t ions of Vanoni and Brooks to extend into significantly 

higher f requencies than did those of the cu r ren t investigation. How

ever , it is significant that this difference in p rocedure does not appear 

to have affected any other fea tures of c o r r e l o g r a m s cha rac t e r i s t i c of 

the range of gr id Reynolds number s common to both exper iments . 
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Observed Depar tu res from Isotropy 

A strong tendency for a significantly l a r g e r proport ion of the 

fluctuation energy to appear in the longitudinal component of turbulence 

occurs under conditions of neut ra l stratif ication at all three values of 

the gr id Reynolds number , as can be seen in Table 15. At the in te r 

mediate value of Reg, however, the introduction of ei ther weak stability 

or weak instabili ty vir tual ly r e s t o r e s the field to isotropy. Stronger 

stability at the same modera te Re^ tends to dis tor t the field to the 

anisotropic condition once m o r e , evidently as a r e su l t of the selective 

reduction of the ve r t i ca l component as negative buoyancy becomes 

more effective; in Table 9, w^ can be seen to dec rease steadily with 

increasing stabili ty. When the stability r emains at the same modera te 

value (ds /dz - 0.13°C/cm), increased mixing associa ted with i n c r e a s 

ing Reg initially encourages isotropy; but once Reg at tains the highest 

value used in the exper iments , the index of isotropy falls to ~0.75, a 

value that appears to be largely independent of the stability condition. 

It would appear that when the level of mechanical turbulence becomes 

sufficiently strong, the a symmet r i c influences of rec tangular gr id and 

channel c ro s s section dominate weaker effects favouring isotropy 

brought about by the changes in gravitat ional stability. 

TABLE 15.- -Var ia t ion of the vert ical , longitudinal isotropy index 
with lapse ra te and gr id Reynolds number; r e su l t s of Vanoni and 

Brooks included for comparison 

Reg X 10"* 

0.7 
1.4 
2.2 

-0.002 

0.88 

d 6 

-0.001 

0.94 
0.78 

/ d z (°c /cm) 

0.00 0.03 

0.49 
0.61 1.04 
0.72 

0.13 

0.59 
0.88 
0.76 

0.30 

0.61 

V. and B. 
-0 .00 

0.74 
0,81 
1.12 

The possibi l i ty that s t ruc tura l a s y m m e t r i e s in the apparatus 

contribute to the observed depar tu res from isotropy in the neutra l case 

is suggested by the fact that fields of turbulence in the lee of 



119 

symmet r i ca l gr ids in tunnels of symmet r i ca l c ro s s section a re gen

era l ly found to be approximately i so t ropic , provided Reg is sufficiently 

high. Values of Reg used in the c u r r e n t exper iments , though rela t ively 

smal l , a re la rge enough to have genera ted c loser approaches to the 

isotropic condition in neut ra l s t ra t i f icat ions than were actually ob

served . This is indicated by the las t column of Table 15, in which 

wYja_̂  values computed f rom observat ions taken by Vanoni and Brooks 

in a symmet r i ca l , 12 by 12-in. water tunnel at very s imi la r values of 

Reg (0.7 X 10*, 1.3 X 10*, and 2.7 x 10*) a re shown for compar ison. 

Note that values of the wyu_^ ra t io obtained in the water tunnel a re 

f rom 30 to 50 per cent higher than those observed in the towing chan

nel under s imi la r conditions. 

Confining attention to the modera te value of Re^, it can be 

shown that the sharp reduction of _û  observed when the neut ra l density 

gradient becomes e i ther slightly stable or slightly unstable does not 

m e r e l y r e su l t f rom the compar i son of nonisothermal resu l t s to a single 

sample of abnormal ly high turbulence intensity for the neutra l ly s t r a t 

ified ca se . The N /25 /x ,y , z data l i s ted in Tables 9 and 12 combine the 

r e su l t s of two exper imen t s , one photographed from the side (N/25/x ,z , 

F i g u r e s 13 and 14) and the other photographed from above (N/25/x,y, 

F i g u r e s 15 and 16). The f i rs t of these gave u^ - 145 m m y sec^, 

whe reas u^ = 110 m m y sec^ was computed for the second exper iment . 

F u r t h e r , in the neut ra l ly s t ra t i f ied exper iment of the two-dimensional 

je t s tudies desc r ibed in the Appendix, the average , decay -co r r ec t ed uf 

was found to be 154 m m y s e c ^ . These high values compare with 

85 m m y s e c ^ obtained in the weak stable s trat if icat ion (WS/25/x, F i g 

u re 21) and -with 94 and 98 m m y sec^ obtained in the two sets of runs 

c a r r i e d out in weak unstable s t ra t i f icat ions (u/25/x,Xy, F i g u r e s 33 and 

35). Thus, it would appear that at the lovf and modera te Re^ va lues , the 

a s y m m e t r i c c r o s s section of the appara tus effects maximum depa r 

t u r e s f rom isotropy specifically in the neutra l ly s trat i f ied condition. 
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At the l a rge s t value of Reg used in the exper imen t s , stability changes 

in the range of these exper iments no longer exer t a significant effect. 

With the onset of instabil i ty, the appearance of quas i - i so t rop ic 

turbulence can be a t t r ibuted to inc reased ver t i ca l mixing which acts to 

dis t r ibute the turbulent energy more uniformly among all components 

of the field and to counteract the tendency of the a symmet r i ca l gr id and 

tank c r o s s section to put a l a rge r port ion into the longitudinal compo

nent. When weak stabili ty f i r s t appea r s , however , a s imi la r r e s t o r a 

tion of i sot ropy is difficult to explain. 

One poss ib le explanation l ies in the "decoupling" effect that one 

could expect to find assoc ia ted with reduced ver t i ca l mixing in the 

stable case . Conceivably this could r e l ea se the cent ra l levels of the 

tes t section from r e s t r i c t i ve influences imposed upon the field of 

motion by s t ruc tu ra l a s y m m e t r i e s in the tank and grid. In a manner of 

speaking, the fluid in the center of the tank cannot sense that the upper 

and lower boundar ies a r e n e a r e r than those at the side, once ver t i ca l 

xxiixing has been reduced. As stabili ty i n c r e a s e s fur ther , a reduction 

in wyu^ will eventually appear once the select ive damping effects of 

negative buoyancy become sufficiently impor tant . Very close to the 

neut ra l condition, where only smal l reduct ions in ve r t i ca l exchange 

have occur red , the suggested mechan i sm r e q u i r e s that the decoupling 

effect outweigh the effects of select ive damiping. The observed changes 

in the ve r t i ca l component of the v i r tua l diffusion coefficient do not con

t rad ic t this possibi l i ty . In Table 10, the introduction of weak stabili ty 

can be seen to reduce K^ only 13 p e r cent, f rom 30 to 26 m m y sec; on 

the other hand, the appearance of weak instabi l i ty , which is cons idered 

to have encouraged isot ropy through i nc r ea sed ve r t i ca l mixing, can 

be seen in Table 1 3 to have i nc r ea sed K* by 40 per cent (from 30 to 

42 m m ^ / s e c ) . 

The abrupt changes in the intensi ty of the longitudinal compo

nent of turbulence assoc ia ted with the depar tu re of the s trat i f icat ion 

f rom neu t ra l make it difficult to compare the r e su l t s of the neutra l ly 
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strat i f ied exper iments with those conducted under other conditions. 

However, as will be seen in a l a t e r section, the range of stable condi

t ions employed in the exper iments enables the influence of stability to 

be a s s e s s e d without relying too heavily upon the uncer ta in r e su l t s 

obtained in the neut ra l case . 

Effects of Initial Turbulence Intensity 

The effects caused by changing the velocity of the gr id and, 

hence, the gr id Reynolds number can be summar ized in t e r m s of the 

observed behaviour of th ree pr inc ipa l p a r a m e t e r s , namely, the ave r 

age intensi ty of the d e c a y - c o r r e c t e d turbulence field, uy^, the Lagran 

gian scale t ime ^]^, and the pseudomic rosca le Xĵ . As noted previously , 

the remaining turbulence c h a r a c t e r i s t i c s depend upon one or more of 

these t h r ee . In F igure 41 , nondimensional , re la t ive m e a s u r e s of the 

ve r t i ca l and longitudinal components of these p a r a m e t e r s , observed 

under neu t r a l , modera te ly s table , and modera te ly unstable conditions, 

a re plotted against the th ree s tandard values of the gr id Reynolds num

ber . Since observat ions of the t r a n s v e r s e plane were c a r r i e d out at 

only one Reg value, the y components have been omitted from this 

compar i son . 

Although, as may be seen in the tables previously given, an 

inc reased Re^ genera l ly produced an i nc r ea se of the absolute in tens i 

t ies of the d e c a y - c o r r e c t e d turbulence f ields. F igure 41(a) shows that 

re la t ive to the energy of the mean flow, the turbulence intensi t ies 

uniformly dec reased . In the f igure, u-|^U^ falls most rapidly in the 

case of the longitudinal component in neu t ra l conditions (N/x), in

dicating the tendency for i nc reased isotropy with increas ing Reg. At 

all values of Recr> the N / x components a re the s t ronges t , whereas at 

any stabil i ty condition, the x component is more intense than the z. 

The difference in energy between the x and z components is g r e a t e s t 

in neu t ra l conditions and l e a s t in unstable conditions, indicating once 

m o r e that these conditions a r e respec t ive ly assoc ia ted with the l a r g e s t 
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Fig. 41 . - -A nondimensional presentat ion of the 
effects of increasing gr id Reynolds number Reg upon 
the turbulence intensity uj^, the Lagrangian scale t ime 
^T^, and the pseudomicrosca le Xĵ . 
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and smal l e s t depa r tu res from isotropy. Finally, as might have been 

expected in view of the effects of buoyancy, the figure shows the v e r 

t ical component to exhibit the l eas t intensity at each value of Rcg under 

stable condit ions. 

F r o m the c o r r e l o g r a m s it can be seen that the t imes requi red 

for R]^(t) to fall to ze ro var ied widely, pr incipal ly as a resu l t of 

changes in the genera l t rends of the curves in their la ter port ions that 

probably resu l ted f rom the p re sence of uncor rec ted fractions of the 

mean flow. Lagrangian scale t imes , as previously noted, a re l e s s 

subject to this source of e r r o r since comparat ively large changes in 

the I in te rcept a re r equ i r ed to appreciably change the total a r ea under 

the curve . In ca ses where the exponential approximation has been used 

to es t imate -^ke ' e r r o r s resul t ing f rom uncompensated mean flow are 

a lso re la t ively ineffective, since the exponential function is p r ima r i l y 

based upon those por t ions of the curve that cor respond to shor ter lag 

t i m e s as d i scussed in a previous chapter . Thus, even though lit t le 

sys temat ic behaviour with increas ing Reg can be seen in IR=:O ™ either 

the c o r r e l o g r a m s or the t ab les . F i g u r e 41(b) revea l s a tendency for 

nondimensional m e a s u r e s of the Lagrangian t ime scale to inc rease with 

increas ing gr id Reynolds number . Here y^k is expressed in t e r m s of a 

typical eddy per iod d/uj^ in which the d iameter of a grid bar , d, has 

been adopted as a r ep resen ta t ive size for the decay-co r rec t ed , root-

m e a n - s q u a r e fluctuation u]^. 

On the other hand. Table 7 shows a tendency for the absolute 

magni tudes of both horizontal and the ve r t i ca l Lagrangian time sca les 

to d e c r e a s e with increas ing Reg in the neut ra l condition. This, it will 

be reca l led , pa ra l l e l s the steady d e c r e a s e in sj^ -Q observed with in

c reas ing Rcg by Vanoni and Brooks in the essent ia l ly neutra l ly s t r a t 

ified flow of the water tunnel (cf. Table 14). Similar ly , in the stably 

s t ra t i f ied case . Table 10 shows that the absolute scale jt^ a lso de

c r e a s e s with increas ing turbulence intensity; however, the ver t i ca l 
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component X^ r e m a i n s vi r tual ly constant at a comparat ively low value. 

In cont ras t , the l imi ted data for the unstable condition (see Table 13) 

shows that both X^ and ^ ^ inc rease as Reg inc reases f rom the mod

era te to the high value. It is these changes in absolute r a the r than 

re la t ive m e a s u r e s of X\_ which can be in te rpre ted in t e r m s of changes 

in the Lagrangian power spec t rum (equation [48] e_t seq., Chapter V). 

In this connection we note f i rs t that fields of turbulence gen

era ted in the lee of gr ids at low Reo- a re general ly found to produce 

turbulent spec t ra re la t ively deficient in small eddies . The effect ap 

p e a r s in the tabulated r e su l t s of the p r e sen t exper iments where the 

l a r g e s t absolute m e a s u r e s of pseudomicrosca le in Tables 7, 10, and 13 

can be seen to be assoc ia ted with the smal les t values of gr id Reynolds 

number ; evidently i nc rease of Reg resu l t s in the appearance of p ropo r 

tionally g r e a t e r amounts of turbulent energy at the high-frequency end 

of the spec t rum. When this energy has been red is t r ibu ted , the new 

equi l ibr ium state of the spec t rum will shovf a shift in the frequency n^ 

of the peak toward that end of the spec t rum in -which additional energy 

has been introduced, that i s , in this case toward higher f requencies ; 

since X\^ -^ nj^^ (cf. equation [49]), the scale t ime will d e c r e a s e . 

An inc rease in n^ f rom 0 31 to 0.36 cps vv'ould account for the 

observed dec rease of Xjj in the neut ra l condition during the inc rease of 

RCo- from the low to the high value. In the case of stable s trat i f icat ion, 

the observed reduction of Xj , with a s imi la r inc rease in Reg c o r r e s 

ponds to a smal le r shift in n^ f rom 0.23 to 0.29 cps , the near ly s tat ion

ary value of ^z indicates that n^ r ema ins largely unaffected by changes 

in Reg in modera te ly stable conditions. 

In the case of unstable s trat i f icat ion, there is some evidence to 

suggest that the p r e sence of gravi ta t ional instabili ty encourages the 

production of smal le r eddies , even at comparat ively low values of Rep-. 

The average of all th ree components of the pseudomicrosca le observed 

under modera te ly unstable conditions was only 0.28 co r r ec t ed second, 
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w h e r e a s in v e r y u n s t a b l e c o n d i t i o n s the a v e r a g e Xy^ w a s an even 

s m a l l e r 0.24 c o r r e c t e d s e c o n d , the l o w e s t o b s e r v e d for any s t ab i l i t y 

cond i t i on (cf. T a b l e 13). T h i s wou ld i n d i c a t e t ha t s ign i f i can t ly s m a l l e r 

e d d i e s w e r e p r e s e n t in the u n s t a b l e r e g i m e . 

If s u c h an effect d o e s c h a r a c t e r i z e u n s t a b l e s t r a t i f i c a t i o n s , then 

the p o s s i b i l i t y a r i s e s t ha t m o d e r a t e i n c r e a s e s in Reg of the o r d e r of 

t h o s e e m p l o y e d in the p r e s e n t e x p e r i m e n t s m i g h t not be ab le to c a u s e 

s ign i f i can t f u r t h e r i n c r e a s e s in the e n e r g y of the h i g h e r f r e q u e n c i e s , 

for the r e a s o n tha t g r a v i t a t i o n a l i n s t a b i l i t y m a y have a l r e a d y e n a b l e d 

the s m a l l eddy s i z e s n o r m a l l y invo lved to be e x c i t e d at l o w e r Re^,. As 

a r e s u l t , the p e a k in the p o w e r s p e c t r u m -would not be o b s e r v e d to m o v e 

t o w a r d h i g h e r f rec juenc ies wi th i n c r e a s i n g Ke„; in fact , the peak c o n 

c e i v a b l y cou ld shift t o w a r d l o w e r f r e q u e n c i e s in r e s p o n s e to a g e n e r a l 

i n c r e a s e in e n e r g y o v e r the r e m a i n d e r of the s p e c t r u m . In t h i s way , 

L a g r a n g i a n t i m e s c a l e s cou ld i n c r e a s e wi th i n c r e a s i n g R e g , a s they 

s e e m to have done in F i g u r e 41(b) . H o w e v e r , s i nce t h e r e is s o m e 

q u e s t i o n c o n c e r n i n g the s u i t a b i l i t y of tlie decay c o r r e c t i o n s to u n s t a b l e 

s t r a t i f i c a t i o n s , i n t e r p r e t a t i o n of o b s e r v a t i o n s ob t a ined u n d e r t h e s e 

c o n d i t i o n s a r e no t w i thou t q u e s t i o n . 

A s can be s e e n in T a b l e s 7, 10. and 13. a b s o l u t e m e a s u r e s of 

the L a g r a n g i a n s c a l e l e n g t h s i j ^ l a r g e l y r e f l e c t the m o n o t o n i c i n c r e a s e 

in t u r b u l e n t e n e r g y wi th i n c r e a s i n g Reg ; t h u s , the d e s c e n d i n g t r e n d s in 

j ' ] ^ u n d e r n e u t r a l and s t a b l e c o n d i t i o n s a r e r e v e r s e d , and £k g e n e r a l l y 

i n c r e a s e s w i th i n c r e a s e of R e p . S i m i l a r l y , the v i r t u a l diffusion coef-

f i c i e n t s Ky^ u n i f o r m l y i n c r e a s e -with i n c r e a s i n g Re„ in a l l s t ab i l i t y 

c o n d i t i o n s . 

In Tab le 7, a b s o l u t e m e a s u r e s of both the long i tud ina l and 

v e r t i c a l p s e u d o m i c r o s c a l e s can be s e e n to d e c r e a s e s t e a d i l y v/ith i n 

c r e a s i n g Reg in n e u t r a l s t r a t i f i c a t i o n s . T h i s i s v i s i b l y ev iden t in the 

c o r r e l o g r a m s of t h e s e c a s e s , for the c u r v a t u r e of the Rj^i •?) c u r v e n e a r 

1 = 0 m a r k e d l y i n c r e a s e s wdth i n c r e a s i n g R e ^ a s m a y be s e e n by c o m 

p a r i n g F i g u r e s 11, 13, and 17 ( c a s e s N / 1 2 / x , N - 2 5^,'x, a n d N / 4 0 / x j . 
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Though l e s s well m a r k e d in the re la t ive coordinates of F igure 41(c) 

(due to the s imultaneous reduction in the represen ta t ive eddy per iod 

d/uk) the effect is still apparent in the represen ta t ion of the ve r t i ca l 

component N / z . 

In stable conditions, the absolute value of the longitudinal p seu

domicrosca le X-x d e c r e a s e s in much the same manner . However, the 

ver t i ca l component X^ r ema ins very nea r ly s tat ionary at a compara 

tively low value, a behaviour para l le l ing that exhibited by the t ime 

scale ^ 2 under s imi la r conditions. The nea r - cons t an t values of Xz 

and Xg in stable s t ra t i f icat ions indicate that, in the ve r t i ca l component 

of the field of turbulence, the inc reased generat ion of higher f requen

cies genera l ly assoc ia ted with increas ing Reg is reduced by the 

appearance of gravi ta t ional stabil i ty. Note that this is p rec i se ly the 

r e v e r s e of events observed in the unstable condition, where it appears 

that higher f requencies can be genera ted at even the lowest expe r i 

mental value of Rep. 

In the case of unstable s trat i f icat ion, the r e v e r s e d t rend of in

creas ing Xjj, both in the absolute t e r m s of Table 7 and in the re la t ive 

presen ta t ion of F igure 41(c), con t ras t s with i ts response to increas ing 

Rcg in ei ther neut ra l or stable conditions. Along with s imi la r ly un

usual behaviour on the p a r t of Xy^ with increas ing Reg in the unstable 

c a s e s , this cas t s further doubt upon the validity of the decay-correc t ion 

p rocedu re s in unstably s t rat i f ied fluids. 

The Effect of Gravi tat ional Stability 

Gravi tat ional stabili ty influences a r e summar ized i n F i g u r e s 4 2 , 

43, and 44, in which nondimensional , re la t ive values of a number of 

p a r a m e t e r s observed in exper iments at the same modera te gr id Reyn

olds number (Reg = 1.4 x 10*) a r e p re sen ted over a range of ve r t i ca l 

t empe ra tu r e gradients f rom -0.001 to +0.30°C/cm. As explained in the 

las t p a r t of Chapter V (equation [50] et seq.) , it is convenient to ex

p r e s s gravi ta t ional fluid stabili ty in t e r m s of the Brunt -Vaisa la 
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p a r a m e t e r N", a p p r o p r i a t e v a l u e s of which a r e l i s t e d for the s e v e r a l 

cond i t i ons of the e x p e r i m e n t in Table l b . In al l but the w e a k s t ab le 

c a s e (WS/ ), the t e m p e r a t u r e g r a d i e n t s shown a r e the a v e r a g e s of two 

e s s e n t i a l l y i den t i ca l e x p e r i m e n t s , d i f fer ing only in tha t the one w a s 

o b s e r v e d f r o m above the t ank whi le the o t h e r w a s o b s e r v e d f r o m the 

s i d e . 

T A B L E 1 6 . - - V a l u e s of the B r u n t - V a i s a l a p a r a m 
e t e r N" c o r r e s p o n d i n g to t e m p e r a t u r e g r a d i e n t s 

o b s e r v e d in the e x p e r i m e n t s 

D e s i g n a t o r Code 
( F i g s . j 

U, 25 x ,y ,z (33-3b) 
N/ 2 5, x .y . z ( 1 3 - l b ) 
WS/25 , x,z (21 , 22) 
S; 25 x ,y , z (23-2bj 
VS/25 x ,y ,2 (27-30J 

dG, dz 
("C/ cmj 

-0 .001 
+0.002 
+0.03 
40.14 
+0.29 

N"̂  X 10^ 
(sec"'^) 

- 0 .23 
+0.4b 
+6.9 

+51.Z 
+66.7 

F o r r e a s o n s which wil l b e c o m e a p p a r e n t as the d i s c u s s i o n p r o 

c e e d s , the r e s u l t s of the n o m i n a l l y v e r y u n s t a b l e e x p e r i m e n t s (VU, 25/ 

x , z , F i g u r e s 39 and 40 ; a r e not i nc luded in the d i s c u s s i o n of s t ab i l i ty 

e f f ec t s . T h e s e w e r e found g e n e r a l l y to d i v e r g e f r o m t r e n d s m o r e o r 

l e s s e s t a b l i s h e d by the r e s u l t s of the r e m a i n i n g c a s e s ; it s e e m s p l a u 

s ib le t h a t the p r e s e n c e of e x c e s s i v e l y l a r g e t h e r m a l m o t i o n s in the 

v e r y u n s t a b l e f luid m a y have been unduly magn i f i ed by the decay c o r 

r e c t i o n s . Thus it would a p p e a r tha t the u s e of d e c a y - c o r r e c t e d t u r 

b u l e n c e f i e lds in u n s t a b l e r e g i m e s should be l i m i t e d to cond i t ions of 

v e r y w e a k t e m p e r a t u r e g r a d i e n t s . 

In F i g u r e 42(a) , i n c r e a s i n g s t ab i l i ty ( i n c r e a s i n g N^) can be s een 

to have c a u s e d a g e n e r a l d e c r e a s e in the r e l a t i v e i n t e n s i t i e s of al l 

t h r e e c o m p o n e n t s of the d e c a y - c o r r e c t e d t u r b u l e n c e f i e l d s . The a b 

n o r m a l l y high va lue of the long i tud ina l c o m p o n e n t u" in cond i t ions of 

n e a r - n e u t r a l s t r i i t i f i ca t ion ( s m a l l , p o s i t i v e N^j i s p la in ly ev iden t , as i s 

the r a p i d r e d u c t i o n of the s a m e c o m p o n e n t to the a p p r o x i m a t e l eve l of 
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w^ with the onset of e i ther negative or l a r g e r posit ive values of N". A 

s imi la r descending t rend with increas ing stability appears in the 

t r a n s v e r s e componentjv^, but it is m o r e var iable than e i ther of the 

other components . Since the re is r eason to expect the magnitude of 

v^ to approximate that of u'̂ , the value of v^ in the modera te ly stable 

condition (N^M'^/U^ x 13 x 10"* in the diagram) would appear to be too 

high. 

An in teres t ing stabili ty dependence of the Lagrangian t ime 

sca les can be seen in F igure 42(b); nondimensional m e a s u r e s of the 

horizontal components Ĵ 3̂  and j^y r ema in approximately constant or 

inc rease slowly with increas ing stabil i ty, but at the same t ime the 

re la t ive value of the ve r t i ca l component ^ ^ steadily d e c r e a s e s . The 

contrast ing behaviour of the horizontal and ver t ica l t ime sca les is even 

m o r e striking when absolute values a re compared in Tables 7, 10, and 

13; as the s trat i f icat ion becomes increas ingly s table , J^-^ and ^ y 

steadily inc rease from around 0.5 to 0.7 sec or m o r e ; over the same 

stabili ty range , Xz monotonically d e c r e a s e s from 0.48 to 0.29 sec . 

The observed steady inc rease in the absolute values of h o r i 

zontal t ime sca les with stabili ty can be in te rpre ted as a steady de 

c r e a s e in the frequency ny^ of a peak in the Lagrangian power specti^um, 

as shown in Chapter V. Equation (49) indicates that iix, the frequency 

of the peak in the hor izontal spec t ra l component, shifts downward from 

0.31 to 0.21 cps as N^ i n c r e a s e s over the full stabili ty range . A n o n -

dimensional vers ion of this t rend (relat ive to the r ep resen ta t ive , 

decay -co r r ec t ed eddy frequency u^/d) is shown as a solid line in F i g 

u re 43 . A surpr is ingly rapid shift toward higher frequencies upon the 

p a r t of the peak in the ve r t i ca l component of the Lagrangian power 

spec t rum appears when the ve r t i ca l t ime scales a re s imi la r ly ana

lyzed (see dashed line in F igure 43). 

When the stabili ty i n c r e a s e s beyond some undetermined 

modera te value, a significant change takes place in the form of the 

ve r t i ca l component of the au tocorre la t ion function. F o r cases with 
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values of N^ near ze ro ( N / 2 5 / Z and U / 2 5 / z , F igures 14 and 34) the ex

ponential form given in equation (38) is c lear ly appropriate ; but, as 

may be seen in F igu re s 24 and 28 for cases S/25/z and VS/25/z , the 

ve r t i ca l c o r r e l o g r a m s assume the na ture of Gaussian e r r o r functions 

when the stability becomes sufficiently strong; that i s , 

R ^ ( e ) « e x p - ( | / a ) ^ (51) 

By integration it can be shown that the scale t ime for this form of the 

cor re la t ion function becomes 

^ z g = (a/2)7ri^2. (52) 

F u r t h e r , through cosine t ransformat ion and subsequent differentiation 

of the result ing spect ra l function to locate the point of ze ro slope, a 

p rocedure analogous to that followed in equations (47) through (49) 

above, it can be shown that peaks in the ver t ica l component of the 

Lagrangian power spec t ra for such cases occur at 

nz - [^zg(8Tr)i^2]-^ . ^^^^^y^zy^ (53) 

These re la t ions Avere used to de termine the two points furthest up and 

to the r ight in F igure 43. 

F igu re 44(a) displays the var ia t ion with stability observed in 

nondimensional m e a s u r e s of the Lagrangian scale lengths £y_ and in the 

vi r tual diffusion coefficients Ky^ Note that when expressed in t e r m s 

re la t ive to the represen ta t ive eddy dimensions d and uj^, the p a r a m 

e t e r s iy_ and K-, become identical (cf equations [24] and [25]). The 

figure shows that the horizontal components i x , y ^'^^ ^x. y remain ap

proximate ly constant as the stability inc reases The ver t ica l compo

nents i ^ and Kg, on the other hand, steadily decrease with increasing 

stabili ty, since the corresponding components of scale time and tur 

bulence intensity from which they are derived both t rend downward. 

It should be noted that in nominally very unstable conditions 

(VU/25/x,z , Table 13) values obtained for these two p a r a m e t e r s depart 

f rom the t rends es tabl ished in F igure 46(a); I x "̂  3.9 mm and 
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< $ - ' ) N f̂-i-: 10' 

F i g u r e 4 2 . - - A n o n d i m e n s i o n a l p r e s e n t a t i o n of the ef fects of 
i n c r e a s i n g s t ab i l i t y ( N ' ) upon the t u r b u l e n c e i n t e n s i t y uy^ and the 
L a g r a n g i a n s c a l e t i m e Jt y^. 

x,y 

F i g u r e 43 . - - A n o n d i m e n 
s iona l p r e s e n t a t i o n of the ef fects 
of i n c r e a s i n g s t ab i l i t y (N^) upon 
the f r e q u e n c y n^ of the p e a k in 
the L a g r a n g i a n p o w e r s p e c t r u m . 
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F i g u r e 4 4 . - - A n o n d i m e n s i o n a l p r e s e n t a t i o n of the effects of 
i n c r e a s i n g s t ab i l i t y (N^) upon the L a g r a n g i a n s c a l e l eng th £]^, the 
v i r t u a l diffusion coef f ic ien t K^, and the p s e u d o m i c r o s c a l e X-y^. 

i^ - 3.0 m m o b s e r v e d in t h i s e x p e r i m e n t a r e we l l be low the e s t i m a t e s 

ob t a ined u n d e r cond i t i ons of w e a k e r i n s t a b i l i t y in c a s e U / 2 5 / x , z . S i m 

i l a r l y , the diffusion coe f f i c i en t s K^ = 37 m m ^ / s e c and K^ - 31 inm^/ 

s ec a r e too s m a l l ; t h i s i nd i ca t i on of a d e c r e a s e in the m a g n i t u d e of the 

v e r t i c a l coef f ic ien t of diffusion in a condi t ion of i n c r e a s e d i n s t ab i l i t y i s 

one of the p r i n c i p a l r e a s o n s tha t the v e r y u n s t a b l e c a s e s a r e not c o n 

s i d e r e d to have r e a l i z e d d e c a y - c o r r e c t e d f ie lds of t u r b u l e n c e su i t ab le 

for c o m p a r i s o n to the r e m a i n i n g e x p e r i m e n t a l r e s u l t s . 

F i n a l l y , F i g u r e 44(b) shows t h a t n o n d i m e n s i o n a l m e a s u r e s of 

the p s e u d o m i c r o s c a l e ( r e l a t i v e to the s t a b i l i t y - d e p e n d e n t , c h a r a c t e r i s 

t ic d e c a y - c o r r e c t e d eddy p e r i o d d/uj^) r e m a i n r e l a t i v e l y unchanged 

ove r the r a n g e of N". The abso lu t e m a g n i t u d e of the h o r i z o n t a l c o m p o 

n e n t s X^ and X„, h o w e v e r , s t e a d i l y i n c r e a s e wi th i n c r e a s i n g s t ab i l i t y , 

f r o m a r o u n d 0.3 to a s m u c h as 0.4 s e c over the e x p e r i m e n t a l r a n g e . At 

the s a m e t i m e , the v e r t i c a l c o m p o n e n t X^ i n c r e a s e s only v e r y s l igh t ly 

f ro in 0.Z7 to 0.29 s ec o v e r the s a m e r a n g e . 



CHAPTER VII 

FURTHER INTERPRETATIONS AND CONCLUSIONS 

Apart from in te rpre ta t ions pecul ia r to the na ture of the p a r t i c 

u la r model employed in this p r o g r a m of labora tory invest igation, the 

r e su l t s obtained indicate a number of more genera l conclusions that 

can be made re la t ive to the influence exer ted by gravi tat ional stabili ty 

upon the behaviour of the Lagrangian autocorre la t ion function. But be 

fore these a r e d iscussed, it is des i rab le to es t imate the scale of motions 

within the broad spec t ra l range of the a tmospher ic prototype to which 

the r e su l t s of these model exper iments inight bes t be expected to co r 

respond. It should be r e m e m b e r e d that m e a s u r e m e n t s obtained from 

the model in this case have evidently been significantly affected by un

compensated mean-flow components and occasionally by fa i lures of the 

c r i t i ca l assumption upon the na ture of homogeneous turbulent decay. 

At the same t ime , the prototype a tmosphere contains i ts own pecul ia r 

depar tu res f rom homogeneity, resul t ing for example from the p resence 

of surface roughness and ver t i ca l shear of the horizontal wind, factors 

for which no analogues were included in the model . There fore , close 

simili tude between model and prototype cannot be expected, and only 

genera l compar i sons can be drawn. 

General S imi lar i ty Considerat ions 

The use of nondimensional equations and the de terminat ion of 

conditions for dynamical s imi la r i ty has been d i scussed by Ful tz (1951) 

for the genera l meteorologica l p rob lem. It was shown that simili tude 

could be attained by maintaining the magnitude of th ree d imensionless 

p a r a m e t e r s : a Reynolds number , a F roude number , and a rotat ional 

132 
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pa rame te r known as the Rossby number . •'• With r ega rd to the specific 

problem of a tmospher ic c i rculat ions of relat ively small scale , 

Batchelor (195 3) has shown that cer ta in , not unreasonable res t r i c t ions 

upon the field of motion define a c lass of circulat ions for which the 

Richardson num.ber alone is a sufficient c r i te r ion for dynamical s imi 

la r i ty . F u r t h e r , these motions can be shown to include those c i rcu la

tions in the lower a tmosphere which constitute the principal agents of 

turbulent mixing during short diffusion t imes up to 10 niin in duration. 

Briefly, the d iscuss ion proceeds as follows. Initially, consider

ation is l imited to a tmospher ic motions of bcales between 10 km and 

10 cm, thus insuring that Coriol is acce lera t ions a re negligible; further, 

it is a s sumed that the Reynolds number is relat ively high, the A-Iacli 

number small , and that the a tmosphere behaves as a perfect gas. 

Batchelor then wr i tes nondimensional equations of motion, continuity, 

and energy for the sys tem, and shows that conditions for sinailarity in 

this p re l iminary , genera l case involve three nondiinensional p a r a m 

e t e r s , namely, a Froude number , a p r e s s u r e coefficient, and the rat io 

of the specific heats of the fluid nnedium. 

After specifying that the p r e s s u r e distribution be everywhere 

s imi la r to that of an "equivalent adiabatic a tmosphere ' ' of s imi la r total 

m a s s and internal energy, the governing equations a re then writ ten in 

t e r m s of depar tu res of the p r i m a r y sys tem from this idealized adia

batic condition. This introduces an additional s imi lar i ty p a r a m e t e r , a 

density ra t io which specifies a cha rac t e r i s t i c depar ture of the density 

from that defined by the equivalent adiabatic a tmosphere . It is then 

requi red that such depar tu res upon the par t of the density of a moving 

1 A ra t io between cha rac t e r i s t i c Coriol is and centrifugal acce l 
erat ions in a rotating systeiTi; principal ly important to the analysis of 
a tmospher ic motions on a l a r g e r sca le , it becomes a controlling factor 
when ci rcula t ions approach planetary sca le . 
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fluid pa rce l r e m a i n smal l ; thus , both p r e s s u r e and density a r e requ i red 

to remain closely s imi la r to thei r counte rpar t s at s imi la r positions in 

the equivalent adiabatic s ta te . This las t enables second-order t e r m s 

containing the smal l density depa r tu res to be neglected, and Batchelor 

shows that this simplification enables the Froude numiber and the den

sity ra t io to be combined into a single teriTi with the p roper t i e s of a 

Richardson number : 

Here L and U a r e r ep resen ta t ive sca les of length and velocity, p* is 

the potential density (see equation [55] below), and g is the a c c e l e r a 

tion of gravi ty. 

At this point the p r e s s u r e coefficient and the ra t io of the spe

cific heats sti l l r ema in in the continuity equation, specifically in a 

t e r m descr ib ing the change in density of a fluid parce l due to ver t i ca l 

motion. By requi r ing that the scale of such ver t i ca l motion renaain 

smal l , the continuity equation reduces to V • uj^ = 0. Thus , under these 

r e s t r i c t i ons , the a tmosphere essent ia l ly behaves as an incompress ib le 

fluid. F u r t h e r , since this las t step e l iminates both the p r e s s u r e coef

ficient and the ra t io of specific heats from the governing equations, the 

Richardson number r ema ins as the sole c r i t e r ion for s imi la r i ty . 

The r e s t r i c t i o n to s m a l l - s c a l e ver t ica l motion can be further 

specified in t e r m s of the ver t ica l dis tance over which appreciable 

changes in density occur ; that i s , the ver t i ca l dis tance over which the 

velocity of a parce l undergoes appreciable change is r equ i red to r e 

naain smiall in compar i son with the ver t ica l d is tance over which density 

var ia t ions a r e apprec iab le . Charac te r i z ing the la t ter as a scale height 

which, for motions near the surface of the ear th , is equivalent to the 

height of the homogeneous (constant-densi ty) a tmosphe re , Batchelor 

es t imates that conditions for this c l a s s of motion will normal ly be 

satisfied by a tmospher i c motions of length sca les l e s s than 100 m. 



135 

this corresponding to the o rde r of but one per cent of the scale height. 

In this way it is shown that the Richardson number is a sufficient 

c r i t e r ion for s imi lar i ty relat ive to the principal scales of eddy motion 

involved in turbulent diffusion over short tiine intervals in the 

a tmosphere . 

For a truly incompress ib le fluid, such as the water used in the 

towing channel exper iments , the Richardson number can be writ ten 

But in the a tmospher ic case , even though the field of smal l - sca le 

motion approximates an incompress ib le s tate , the form of Ri which 

appears in the s imi lar i ty analysis mus t still include density t e r m s 

which refer to standard p r e s s u r e leve ls , that i s , ei ther the potential 

density p* or potential t e inpera ture 0* must be used: 

1 7 - 1 

P* - p( |^) ' ; 9* - 0(1^) \ (55) 

In these express ions , the subscr ipt 0 indicates the value of the r e fe r 

ence level and ") = cp/c-^- is the ra t io of the specific heats at constant 

p r e s s u r e and constant volume. Thus, a Richardson number appropr i 

ate to the a tmosphere can be wri t ten as 

-=s(^Vp*feV^.i^*A-feV. (56, 

A Richardson Number of Turbulence 

One of the difficulties encountered in defining a Richardson 

number for a specific field of motion l ies in the choice of r ep resen ta 

tive scales of velocity and length. Although it often happens that one 

choice is bet ter than another, the selection is seldom uniquely de ter 

mined. It is quite possible , as Batchelor points out, for the Richardson 
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number to have seve ra l a l ternat ive forms, just as does the Reynolds 

number . However, in the case of turbulence fields charac te r i zed by 

Lagrangian sca les of velocity and length, the choice falls natural ly upon 

the v e r t i c a l components of these p a r a m e t e r s . In fact, the ve r t i ca l 

component of the Lagrangian scale length i,^ can be seen to r ep re sen t 

approximately "the maximum ve r t i ca l distance over which the velocity 

can be cons idered to vary apprec iably ," while the r o o t - m e a n - s q u a r e 

velocity fluctuation Uz consti tutes an es t imate of the magnitude of that 

var ia t ion . 

A Richardson number defined with these represen ta t ive scales 

exhibits the des i rab le cha r ac t e r i s t i c s of a bulk pa rame te r since the 

velocity shea r s upon which it is based cha rac t e r i ze the ent i re field of 

motion and do not m e r e l y der ive from gradients evaluated at a single 

point; thus the requ i rement that the Richardson number be recognized 

as "a re fe rence pa rame te r for the whole flow field, just as is the 

Reynolds number" (Batchelor, loc. cit.) is fulfilled. Application of 

Lagrangian turbulent scales in this manner has a close counterpar t in 

the frequent use of Euler ian scales of velocity and length in specifica

tions of "Reynolds numbers of tu rbulence ." Hence, it is appropr ia te to 

refer to this form of the Richardson number in s imi la r fashion, that is , 

as the "Richardson number of tu rbulence ." Thus we define 

-* ̂  I [t)m - f m ̂ ^ 
where the last form on the r ight follows from the Lagrangian scale 

definitions of equations (23) and (24). Fur the r , from (50) we have 

N^ = (g/p)(dp/dz); therefore (5?) can be wri t ten as 

R i* ^ N ' i ^ . (58) 

In short , the Richardson number of turbulence as defined here is nu

mer i ca l l y equal to the square of the Lagrangian scale t ime reduced to 
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nond imiens iona l f o r m by the B r u n t - V a i s a l a f r e q u e n c y . T h i s s i m p l e r e 

su l t i s r e a d i l y a p p l i c a b l e to the a t m o s p h e r i c c a s e , for in the c o m p r e s s 

ib le m e d i u m we n e e d only w r i t e 

N' J_ l£* = £. 
p- dz 

d r * 

e* dz 
(59) 

and s u b s t i t u t e in (58) to ob ta in the f o r m r e q u i r e d for (56) by the 

B a t c h e l o r s i m i l a r i t y a n a l y s i s . 

The S i m i l a r i t y Range for the Mode l 

V a l u e s of the t u r b u l e n t R i c h a r d s o n n u m b e r Ri* a p p r o p r i a t e to 

the five e x p e r i m e n t s in which R^ii) -̂'"'cl h e n c e ^z w e r e e v a l u a t e d a t 

the s a m e , m o d e r a t e v a l u e of Reo- (omi t t i ng the v e r y u n s t a b l e c a s e for 

r e a s o n s e x p l a i n e d e a r l i e r ) a r e p r e s e n t e d in T a b l e 17. Al though Ri* 

can be s e e n to r a n g e o v e r two o r d e r s of m a g n i t u d e , we m i g h t s e l e c t 

the v a l u e o b s e r v e d u n d e r m o d e r a t e l y s t a b l e cond i t i ons a s r e p r e s e n t a 

t ive of the mox'e i n t e r e s t i n g p h a s e s of the e x p e r i m e n t , t h e r e being 

s o m e q u e s t i o n c o n c e r n i n g the i n t e r p r e t a t i o n of the m o d e l r e s u l t s in 

bo th n e u t r a l and u n s t a b l e s t r a t i f i c a t i o n s . Note t ha t th i s v a l u e . 

Ri* « 30 X 10" , i s a p p r o x i m a t e l y the a v e r a g e v a l u e ob ta ined in the 

t h r e e s t a b l e e x p e r i m e n t s . 

To e s t a b l i s h the r a n g e of a t m i o s p h e r i c cond i t ions m o s t a p p r o 

p r i a t e to m o d e l - p r o t o t y p e s i m i l a r i t y , v e r t i c a l L a g r a n g i a n t i m e s c a l e s 

t h a t c o r r e s p o n d to Ri* = 30 x 10"* w e r e c o m p u t e d for a n u m b e r of 

T A B L E 1 7 . - - T u r b u l e n t R i c h a r d s o n n u m b e r s a t t a i n e d in the e x p e r i m e n t s 

at Re 
g 

i . 4 X 10-̂  

Designator 
Code 

u / 2 5/x,z 
N / 2 5 / X , Z 

WS/25/x,z 
S/2 5/x,2 
VS/25/x ,z 

d e / d z 
(°C/cm) 

-0.001 
0,002 
0.03 
0.12 
0.30 

N^ X 10^ 
(sec"2) 

-1.3 
+4.6 

+ 69 
+276 
+ 690 

•' z 

(cor rec ted sec) 

0.48 
0.39 
0.35 
0.34 
0.29 

Ri* X 10* 

-0.5 
+0.7 
-r8.4 

+31.8 
+ 58.0 
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typical a tmospher ic lapse r a t e s by using equation (59) for N^ and solv

ing equation (58) for "k.^. The re su l t s obtained and l is ted in Table 18 

show that, in a tmospher ic conditions ranging from slight to modera te 

stabili ty, fields of turbulence cha rac t e r i zed by Xz sca les between 2 

and 5 sec will be in the s imi la r i ty range of the model exper iments as 

specified by the c r i t e r ion Ri* ~ 30 x 10" , 

TABLE 18 , - -Lagrangian scale t imes in the a tmosphere corresponding 
to Ri* = 30 X 10"* for seve ra l typical lapse r a t e s 

Lapse Rate 

Adiabatic 

Standard 

I so the rmal 

Invers ion 

dS /dz 
(°C/100 m) 

-1.0 

-0.65 

0 

+ 1.0 

d0 * /dz 
(°C/ l00 m) 

0 

+0.35 

+ 1.0 

+2.0 

N^ X 10* 
(sec"2) 

0 

1.2 

3.3 

6.6 

^ z 
(sec) 

00 

5.0 

3.0 

2.1 

Ver t ica l t ime sca les of this o rde r appear to be appropr ia te to 

fields of turbulence at re la t ive ly low levels in stable a tmosphe re s . It 

i s , however, n e c e s s a r y to make this inference indirect ly since no 

d i rec t m e a s u r e m e n t s of this pa r t i cu la r p a r a m e t e r seem to have been 

made. For example, Panofsky and Deland (1959) used Tay lo r ' s indirect 

method to compute e s t ima te s of the t r a n s v e r s e Lagrangian a u t o c o r r e 

lation function from concentrat ion dis t r ibut ion m e a s u r e m e n t s obtained 

close to the ground during P ro jec t P r a i r i e Gra s s at O'Neill, Nebraska , 

During daylight hours they found that Ry(f) fell to 0.1 at I = 40 sec; 

this would indicate that the hor izonta l sca le t ime was as la rge as 

20 sec in the daytime, unstable condition. On the other hand, Ry( I) 

simiilarly evaluated at night was found to descend rapidly along a 

near ly exponential curve, the value of the absc i s sa at R = l / e giving 

the value Ay ~ 6 sec . In view of the re la t ive magnitudes of horizontal 

and ve r t i ca l t ime sca les observed to prevai l under stable conditions in 
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the p r e s e n t e x p e r i m e n t s , it i s no t u n r e a s o n a b l e to e s t i m a t e a X^ -for 

the s t a b l e a t n i o s p h e r i c c a s e in the n e i g h b o r h o o d of 3 s e c , tha t i s , about 

half of X^y. 

Inoue ( i960) h a s e s t i m a t e d c e r t a i n c h a r a c t e r i s t i c s of the b e h a v 

iou r of the v e r t i c a l a u t o c o r r e l a t i o n funct ion R^l'" ) m o r e d i r e c t l y , but 

u n f o r t u n a t e l y only for an u n s t a b l e c a s e . F r o m c o m p o s i t e p h o t o g r a p h s 

of p l u m e s e m i t t e d by a f a c t o r y s m o k e s t a c k , he found tha t the v e r t i c a l 

d i s p e r s i v e m e c h a n i s m r e a c h e d the f ina l , p a r a b o l i c r e g i m e af te r about 

16 s e c . Since t h i s r e p r e s e n t s the t i m e for Rz( ' ' ) to fall to z e r o and 

s i n c e the v e r t i c a l s c a l e t i m e i s r e p r e s e n t e d by the a r e a u n d e r the c o r -

r e l o g r a m , X^ can be e s t i m a t e d to have been be tween , s ay , o n e - q u a r t e r 

and o n e - h a l f a s g r e a t , t h a t i s , s o m e t h i n g of the o r d e r of 4 to 8 s e c . 

Aga in , the r e s u l t s of the c u r r e n t e x p e r i m e n t s s u g g e s t tha t u n d e r s t ab l e 

c o n d i t i o n s , ^ 2 would have been r e d u c e d by as m u c h a s one-ha l f ; t h u s , 

for a n o t h e r e s t i m a t e of Jl^ in s t ab l e cond i t i ons we obta in a r e s u l t v e r y 

s i m i l a r to t ha t o b t a i n e d in the p r e v i o u s p a r a g r a p h , that is, be tween 2 and 

4 s e c . 

In c o n t r a s t , Hay and P a s q u i l l (1957) ob t a ined m e a s u r e m e n t s 

i nd i ca t i ng an e n t i r e l y d i f f e r en t o r d e r of iTiagnitude for the L a g r a n g i a n 

s c a l e s . C o n c e n t r a t i o n d i s t r i b u t i o n m e a s u r e m e n t s t aken d o w n s t r e a m of 

a s o u r c e e m i t t i n g m i c r o s c o p i c t r a c e r p a r t i c l e s i n d i c a t e d tha t R2(' ' ) 

t e n d e d to r e t a i n r e l a t i v e l y h igh v a l u e s for a m inu t e o r m o r e , the m e a s 

u r e m e n t s a p p e a r i n g to i n d i c a t e t ha t the d i s p e r s i n g p a r t i c l e s t r a v e l l e d 

in n e a r l y s t r a i g h t l i n e s for tha t l eng th of t i m e . But , a s the a u t h o r s 

po in t ou t . t h i s r e s u l t can be a t t r i b u t e d to the long (30 -min ) o b s e r v a t i o n 

p e r i o d s e m p l o y e d to c o l l e c t t r a c e r ; t h i s p r o c e d u r e a l lowed the l a r g e , 

s low e d d i e s p r e s e n t a t the c o m p a r a t i v e l y high e l e v a t i o n s of the e x p e r i 

m e n t to d o m i n a t e the t u r b u l e n c e s t a t i s t i c s , w h e r e a s the ef fec ts of 

s m a l l e r e d d i e s b e c a m e o b s c u r e d by a v e r a g i n g . 

I n s o f a r as the t u r b u l e n t R i c h a r d s o n n u m b e r can be c o n s i d e r e d a 

v a l i d s i m i l a r i t y c r i t e r i o n , and to the ex t en t tha t the m e t h o d s of decay 

c o r r e c t i o n e m p l o y e d in the a n a l v s i s of the expe r imien t s did not 
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i n v a l i d a t e t h i s s i m i l a r i t y , the d e c a y - c o r r e c t e d f i e lds of t u r b u l e n c e u s e d 

to c o m p u t e e s t i m a t e s of R]^(^) in t h i s i n v e s t i g a t i o n c a n be c o n s i d e r e d 

to h a v e b e e n a p p r o x i m a t e l y s i m i l a r to s m a l l - s c a l e a t m o s p h e r i c t u r b u 

l e n c e wi th the fo l lowing p r o p e r t i e s : 

a) t u r b u l e n t R i c h a r d s o n n u m b e r s of the o r d e r 30 x 10"*; 

b) l a p s e r a t e s b e t w e e n s l i g h t and m o d e r a t e s t a b i l i t y 

( -0 .6 < d e / d z < + 1.0 °C /100 m) ; 

c) L a g r a n g i a n s c a l e t i m e s b e t w e e n 2 and 5 sec. The above 

c o n d i t i o n s m o s t p r o b a b l y ob t a in 

a) o v e r l e v e l s u r f a c e s a t s t a c k he igh t (~50 m) and below, and 

b) d u r i n g s h o r t diffusion t i m e s (~1 to 10 min ) wi th in which 

t u r b u l e n c e c o n d i t i o n s r e m a i n q u a s i - h o m o g e n e o u s . 

In a l l the e x p e r i m e n t s c o n d u c t e d in u n s t a b l y s t r a t i f i e d c o n d i 

t i o n s , the o b s e r v e d l a p s e r a t e s w e r e so s m a l l ( d S / d z = - 0 . 0 0 1 ° C / c m ) 

and so v a r i a b l e t h a t i t i s p r o b a b l y no t j u s t i f i a b l e to b a s e an e s t i m a t e of 

Ri* upon t h e m . M o r e o v e r , the p r e s e n c e in t h e s e e x p e r i m e n t s of t h e r 

m a l m o t i o n s t h a t d id not d e c a y a s r a p i d l y a s the t u r b u l e n t c i r c u l a t i o n s 

s u b j e c t e d the d e c a y - c o r r e c t e d f i e ld s to i n f l uences for wh ich t h e r e a r e 

no c o u n t e r p a r t s in the p r o t o t y p e a t m o s p h e r e . T h e r e f o r e , the u n s t a b l y 

s t r a t i f i e d r e g i m e h a s no t b e e n i n c l u d e d in the s i m i l a r i t y r a n g e . 

The l i m i t a t i o n to l a p s e r a t e s no m o r e than m o d e r a t e l y s t a b l e 

r e s u l t s f r o m the fac t t ha t v a l u e s of N^ c o r r e s p o n d i n g to g r e a t e r s t a b i l 

i t i e s , when t a k e n in c o m b i n a t i o n wi th v e r t i c a l t i m e s c a l e s of the o r d e r 

of t h o s e e s t i m a t e d to o c c u r in s t a b l e a t m o s p h e r e s , def ine g r e a t e r 

v a l u e s of the t u r b u l e n t R i c h a r d s o n n u m b e r than t h o s e found to c h a r a c 

t e r i z e the m o d e l e x p e r i m e n t s . T h e r e d o e s e x i s t t he v e r y r e a l p o s s i 

b i l i t y t ha t .^2 fa-Hs to v e r y low v a l u e s in s t r o n g l y s t a b l e s t r a t i f i c a t i o n s , 

but to da te t h e r e a r e no f ie ld o b s e r v a t i o n s to s u p p o r t such an a r g u m e n t . 

C o m p a r i s o n of Diffusion Coef f i c i en t s 

It i s of i n t e r e s t to e s t i m a t e a s c a l e f a c t o r b e t w e e n v i r t u a l diffu

s ion coe f f i c i en t s o b s e r v e d in the m o d e l and t h o s e m e a s u r e d in p r o t o t y p e 
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a tmospher ic eddy circulat ions approximately representa t ive of the 

s imi lar i ty range . Atmospher ic data suitable to this purpose is p r o 

vided by the r e su l t s of a meteorologica l field investigation conducted 

in stably stratif ied flow over level ground at Hanford, Washington 

(Hilst, 1957). P lumes of smoke re l eased from the 200-ft level of a 

tower were photographed from above to measu re horizontal, c r o s s -

wind diffusion r a t e s . In a few exper iments , f luorescent t r a c e r p a r t i 

cles emitted from the source along with the smoke were collected at a 

number of points dis t r ibuted ver t ica l ly along a balloon cable located 

1,000 ft downstream. Results of these simultaneous horizontal and 

ver t i ca l measu remen t s a r e l is ted in Table 19. 

TABLE 1 9 . - - V a r i a n c e s of c r o s s - w i n d dis t r ibut ion observed in stably s t ra t i f ied flow 
1,000 ft f rom a source at an elevat ion of 200 ft; after Hilst (1957) 

Field 
Tes t No. 

15 A 

13 A 

14 A 

Standard 
Ri 

0.17 

0.54 

1.23 

de/dz 
(°c/lOO m) 

2.19 

0.64 

2.64 

Observed Variance 

4 
164 

85 

56 

< 

169 

92 

37 

Turbulence 
Ri* X 10* 

90 

40 

100 

Diffusion Coeff. 
(m^/gec) 

K; 

1.64 

0.85 

0.56 

K* 

1.69 

0.92 

0.37 

Since all th ree runs l is ted in the table took place at s imi lar 

mean wind veloci t ies , namely, 20 ± 1 f t / sec , the t ime of diffusion in 

each case was approximately 50 sec . Values of the horizontal var iance 

(Oy) shown a re based upon the assumption of a Gaussian distr ibution 

ac ros s the visible plume (Hils t ' s model 1); the ver t ica l var iances ( a l ) 

were derived from samples of par t ic le concentration collected along a 

ver t i ca l line through the plume. Hor izonta l -d ispers ion measuremen t s 

were r e f e r r ed to the axis of the plume, which, though meandering hor i 

zontally, tended at the same t ime to remain the same height above the 

ground. Thus, the effects of horizontal eddies l a rge r than the plume 

itself were eliminated, and only^ those of the quasi-homogeneous, 

s m a l l e r - s c a l e eddy circulat ions were retained. The "Standard 
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Richardson Nunaber" Ri was der ived from wind shea r s and t e m p e r 

a ture gradients observed between levels of an ins t rumented tower and 

is not to be confused with the turbulence Richardson number Ri*. E s t i 

mates of Ri* were based upon N^ values calculated from the observed 

lapse r a t e s in combination with an assumed ve r t i ca l Lagrangian scale 

-C^ ~ 3 sec , in accordance with the previous es t i inates for a stable 

a tmosphere . Finally, e s t ima tes of Kft and K* in the las t column of 

Table 19 were der ived by assuming the plume at 1,000 ft to be in the 

final parabol ic reg ime of diffusion. F r o m equation (29) we have 

K* = xF/ZT = a^/lOO, (60) 

since T = 50 sec . 

Compar ison of Tables 17 and 19 shows that the turbulent 

Richardson numbers based upon the a s sumed value of the Lagrangian 

scale t ime, although somewhat l a rge r , a r e within an o rde r of magnitude 

of those observed in the model exper iments . It is to be noted that the 

l a rges t value of K% observed by Hils t ( test number 15A, 1,69 m y sec) 

compares favourably v^rithobservations made by Rider (1954) at a height 

of 75 cm; those m e a s u r e d in t e s t s 13A and 14A a re outside the range of 

R ide r ' s data, but they do appear to roughly continue the decreas ing 

t rend of K* with increas ing stabil i ty es tabl ished by R ide r ' s r e su l t s at 

lower values of Ri, 

For compar i son to the model , the value of K* observed in 

tes t 13A appears to be the mos t appropr ia te , for the modera te degree 

of stabili ty which prevai led in this case de te rmines an es t imated Ri* 

which closely cor responds to the condition for s imi lar i ty . Comparing 

the prototype value K* = 0.92 m / s e c with the average of the e s t ima tes 

observed in the model under modera te and very stable conditions, 

namely, K* « 16 m m Y s e c , it can be seen that coefficients of diffusion 

in the model a r e scaled down by a factor of the o rder 10^, Since the 

Lagrangian t ime sca les differ by a factor of 10 ( x „ = 0.3 co r r ec t ed 
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second in the model as compared to .^^ ~ ^-^ r ea l seconds es t imated 

for the prototype), it follows that the length scales in the model a r e 

scaled down by a factor of the o rde r 10^. Thus, for example, the 15 cmi 

depth of the tes t sect ion in the model could be considered to cor respond 

to as much as 1 50 m in a ful l -scale prototype. 

It will be noted that whereas significant differences between K^ 

and K* (or K*) which inc reased with stabili ty were observed in the 

model in all stable exper iments (cf. Table 10), this form of anisotropy 

does not appear in the a tmospher ic measu remen t s of Table 19 until 

the stabili ty becomes quite pronounced. This indicates a significant 

difference between the quas i -homogeneous , art if icial ly steady turbulent 

model and the spatial ly inhomogeneous but s ta t is t ical ly steady lower 

a tmosphere . In the a tmosphere , ve r t i c a l shear of the horizontal wind 

continuously counterac ts the damping effect of a stable density gradient 

by supplying energy to the ve r t i ca l component of the turbulence field 

through the Reynolds s t r e s s e s . In contras t , negative buoyancy forces 

which r e s i s t ve r t i ca l fluctuations of gr id-produced turbulence in a 

stably strat if ied fluid in the model a r e unopposed by any comparable 

continuing source of energy. Since the Batchelor cor rec t ions can only 

compensate for n o r m a l energy decay, the turbulence field in the model, 

once subject to the select ive damping of stable s t rat i f icat ions, soon 

becomes anisot ropic . 

Compar ison of Lagrangian and Eu le r i an Scales 

In addition to the genera l behaviour of Rk( | ) under var ious con

ditions of gravi ta t ional stabil i ty displayed in the c o r r e l o g r a m s and 

summar ized in the tab les , there a r e s eve ra l resu l t s of special i . t e res t , 

e i ther because of the manner in which these compare (or contrast) with 

a tmospher ic conditions or because they indicate cer ta in features so far 

unobserved in the a tmosphere , but which the model indicates may pos 

sibly be p resen t . 
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The f i r s t of these concerns the observed t rends with increas ing 

stabili ty exhibited by the Lagrangian t ime sca les ; these provide an 

in teres t ing con t ras t to the var ia t ion of Eule r ian length sca les with 

stability recent ly summar i zed by Panofsky (1962). Since both the 

Lagrangian scale of t ime and the Eule r ian scale of length a r e in tegrals 

of thei r respec t ive co r re l a t ion functions, thei r re la t ive magnitudes 

under s imi la r conditions provide a m e a s u r e of information with r ega rd 

to the problem of Lagrang ian -Eu le r i an re la t ionships . 

Some inconsis tencies have been found in proposed rela t ionships 

of this kind, and the re is evidence to indicate that some of the difficul

t ies a r i s e because the re la t ion between the two systemis of reference is 

stabili ty dependent (Barad, 1959). Resul ts of the cu r r en t investigation 

provide indications of fur ther complexi t ies , for whereas the ve r t i ca l 

Eu le r ian and Lagrangian sca les a r e both found to be smal l and to be 

come smal l e r with increas ing stability, the same cannot be said for the 

two horizontal components . As may be seen in Table 10 (and to a 

l e s s e r extent in F igure 42[b]), the longitudinal and t r a n s v e r s e compo

nents of the Lagrangian t ime scale both inc rease as the stabili ty in

c r e a s e s . On the other hand, both hor izontal components of the Euler ian 

scale rapidly d e c r e a s e with increas ing stabili ty (cf. Panofsky, loc. cit. , 

F igure 3). In the unstable condition, hor izontal Eu le r ian scales 

approach isotropy, as do the Lagrangian sca les . But the ve r t i ca l com

ponent of the Lagrangian scale joins in the inc reased sy inmetry of the 

field, increas ing over smialler magnitudes of .5̂ 2 that p reva i l in stable 

and neut ra l conditions until it near ly equals A^ £i-nd ..^y in the unstable 

case (see Figure 42 [b]). This is in marked cont ras t to the ve r t i ca l 

Eu le r ian scale which, although it i nc r ea se s when the instabil i ty in

c r e a s e s , never approaches the magnitude of the hor izonta l sca les . 

Trends with increas ing stabil i ty exhibited by the absolute m a g 

nitudes of both the hor izonta l and ve r t i ca l components of the Lagrangian 

t ime scale a r e quite consis tent , as can be seen in Table 10. In fact. 
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except for the value of ^^ m e a s u r e d m n e a r - n e u t r a l conditions (where, 

it will be recal led , the g r id -produced fields of turbulence were pecul

ia r ly subject to strong depa r tu re s from isotropy), .^xy ^"^^ ^z ^'^^ 

each be shown to vary^ ajDproximately^ linearly^ with N, the Brunt -Vaisa la 

stabili ty p a r a m e t e r . This behaviour is c lear ly evident in Figure 42(b), 

where plots of ^ j ^ v e r s u s an absc i s sa proport ional to the square root 

of N ( i .e . , p ropor t ional to the absolute value of N) lie nearly^ along 

s t ra ight l ines . 

Functional Representa t ion of Rĵ ( f ) 

One of the m o r e s tr iking r e su l t s obtained in this investigation 

is evidenced by the manner in which these autocorre la t ion es t imates 

der ived from experimiental m e a s u r e m e n t s a r e found to approximate 

exponential functions closely. In the g rea t major i ty of cases the calcu

lated points lie along s imple negative exponential curves slightly d i s 

placed from the origin by the smal l factor I, However, ve r t i ca l 

components R2( i ) in modera te and s t rong stable s trat i f icat ions provide 

notable exceptions. In the case of re la t ively weak stable strat if icat ion 

(WS/25/z , F igure 22) the disjalaced exponential curve sti l l appears 

adequate; but c o r r e l o g r a m s der ived under more stable conditions 

( s / l 2 , 5 / z , F igure 20, S/ 25 z. F igu re 24, and VŜ  25/z , F igure 28) more 

closely approximate Gaussiannormial e r r o r functions of the form R = 

e x p - ( | / a ) ^ , in which the constant a is observed to dec rease with in

c reas ing stabil i ty. In case s / 2 5 / z , a = 0.40, whereas for VS/25/z , 

a = 0,33; between these two ca se s , the Richardson number of turbu

lence near ly doubles, inc reas ing from 32 x 10"* to 58 x 10"*, It v/ill be 

noted that the c o r r e l o g r a m for the case of high Reynolds number 

(S /40 /z ) shown in F igure 32 does not fit the Gaussian express ion as 

well as do those for lower Re^ at the same stability, another example 

in which inc reased ini t ial turbulence intensity tends to modera te an 

effect brought about by i nc r ea sed stability^ 
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In consequence of the change in the exponent of e in the func

tional r ep resen ta t ion of K^lc,) f rom 1 to 2, the c o r r e l o g r a m becomes 

increas ingly convex upward in its ear ly port ion and then descends more 

steeply through regions of medium i. This init ial tendency for R to 

r ema in re la t ively high becomes m o r e marked as the stabili ty in

c r e a s e s . At I = 0,2 in F igures 22, 24, and 28, for example, R^i^^) can 

be seen to exhibit values of 0.60 in weak stabili ty, 0,78 in modera te 

stability, and 0.79 in strong stabili ty. 

To the turbulence spec t rum, the change in R ^ d ) from an ex

ponential to a Gauss ian form signifies a re la t ive i nc r ea se in the energy 

of eddies of medium and modera te ly smal l s ize, while the energy of the 

l a rge s t eddies d e c r e a s e s . The ve ry sma l l e s t eddies probably r e m a i n 

re la t ively unchanged, the smal l net i nc r ea se observed in the pseudo

mic rosca l e with increas ing stabili ty probably and p r i m a r i l y reflecting 

the inc reased energy in the modera te ly smal l s ca l e s . 

In t e r m s of plume behaviour, the appearance of a Gauss ian fo rm 

of R z ( | ) in. the more stable s t ra t i f icat ions r e s u l t s , of course , in m o r e 

rapid completion of the t rans i t ion from the l inear to the parabol ic dif

fusion reg ime . Paradoxically^, the change in the shape of the c o r r e l o 

g r a m in regions of smal l | (tending to hold R at higher values) r e su l t s 

in the very e a r l i e s t s tages of t rans i t ion being somewhat delayed (that 

is , the duration of the initial, conical diffusion r eg ime is actually in

c reased) , but this is more than compensated by a subsequent, m o r e 

rapid dec rea se in R, 

Therefore it appears that when selecting functional forms to 

r e p r e s e n t the Lagrangian au tocor re la t ion function, considerat ion should 

be given to n o r m a l e r r o r functions as once suggestedby Frenkie l (1948). 

More specifically, however, functions of this type appear to be pecul 

ia r ly appropr ia te to the ve r t i ca l component R z ( l ) in stable s t ra t i f ica

tions of significant s t rength. One sys temat ic way^ of handling this 



147 

problem for all th ree components s imultaneously would be to wri te a 

genera l express ion of the form 

Rk(t) = exp-( | /a)^ (61) 

in which both the Lagrangian scale factor a and the exponent b would 

be cons idered stabili ty dependent. By definition, b would rennain unity 

for k = x,y; but for the ve r t i ca l component k = z, the exponent b would 

be allowed to i nc r ea se once the strat if icat ion had become stable. 

Such an introduction of nonintegral exponents, however, is not 

likely to be advantageous. The genera l functions which resu l t in (61) 

a r e inconvenient if not in t rac table , and they would needless ly compli 

cate the analysis of au tocor re la t ion functions. The special cases of 

in tegra l exponents 1 and 2, on the other hand, define two types of 

functions which fit a wide var ie ty of c o r r e l o g r a m s (as evidenced by the 

resu l t s of these exper iments ) , and which have been tabulated over a 

wide range of independent va r i ab l e s . 

Lagrang ian-Eu le r i an Relat ionships 

Eule r ian cor re la t ion curves evaluated from field data by 

Panofsky (1962) exhibit the same exponential cha rac te r found to r e p r e 

sent adequately the major i ty of the Lagrangian c o r r e l o g r a m s obtained 

in this investigation. This appears to confirm the widely held i m p r e s 

sion that co r re la t ion functions in the two franaes of reference a r e 

essent ia l ly s imi la r in form and differ only in the scale of their r e s p e c 

tive independent va r i ab le s . But, unfortunately for this sim.ple approach, 

the r e su l t s of the p re sen t invest igat ion also indicate that the ve r t i ca l 

component R2(^) undergoes a significant change of form in conditions 

of modera te stabil i ty. Therefore , the concept of a simple scale factor 

appears to r equ i re modification. Of course , there is a possibil i ty that 

the ve r t i ca l Eule r ian cor re la t ion may undergo a s imi la r change of form 

under s imi la r conditions of s t rat i f icat ion. This is cer ta inly a point to 

be cons idered for future invest igation. 
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It will a lso be reca l led that the cu r r en t exper imenta l r e su l t s 

indicate that the hor izonta l Lagrangian t ime scales i nc rease with in

c reas ing stability, whereas in s imi l a r c i r cums tances the hor izontal 

Eule r ian length scales sharply d e c r e a s e . This contrast ing behaviour 

a lso suggests that a s imple connection of scale factor between 

Lagrangian and Eule r ian f rames will be inadequate; fur ther , it supports 

the view that whatever re la t ionship does exist must depend strongly 

upon stabil i ty. In addition, in r ecen t studies of fully developed pipe 

flow Baldwin and Walsh (I96I) have found that the re la t ionship is com

plicated to the extent that the magnitude of the supposed scale factor 

also depends upon the intensity of turbulence. 

Since both gravi ta t ional stabil i ty and turbulence intensity a r e 

exper imenta l va r i ab les that a r e re la t ive ly easy to control in the 

Argonne tank, a compar i son of the Lagrangian and Eule r ian au tocor

re la t ion functions over a range of s tabi l i t ies and turbulence intensi t ies 

is one of the exper imenta l p r o g r a m s planned for this facility in the 

future. 

Summary of P r inc ipa l Resul ts 

Resul ts obtained from this p r o g r a m of labora tory investigation 

can be briefly summar i zed as follows. 

1. The feasibil i ty of employing decay-cor rec ted , homogeneous 

fields of turbulence produced in the lee of gr ids as a mediumi 

for the study of turbulent diffusion has been shown; in so doing, 

the usefulness of the decay -co r r ec t ion p rocedures proposed by 

Batchelor has been demonst ra ted , 

2, The Brun t -Va isa la stabil i ty p a r a m e t e r N has been found to 

be pecul iar ly suited to the r ep resen ta t ion of the effects of g r av 

i tat ional stabil i ty in the model since a number of p a r a m e t e r s 

descr ip t ive of the turbulent fields were observed to vary ap

proximate ly l inear ly with the absolute magnitude of N. 
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3. A "Richardson number of turbulence" has been introduced 

and shown to be a suitable c r i t e r ion for s imi la r i ty between the 

diffusion model in water and an atmiospheric prototype; this bulk 

p a r a m e t e r , a shea r - s t ab i l i ty ra t io defined with Lagrangian 

sca les of turbulent velocity and length, has been shown to be 

numer ica l ly equal to the square of the ver t ica l component of the 

Lagrangian scale t ime reduced to nondimensional form by the 

Brun t -Va isa la frequency. 

4. In tegrals of the hor izonta l and ve r t i ca l autocorre la t ion 

functions, the hor izonta l and ve r t i ca l Lagrangian scale t imes , 

have been found to exhibit opposite behaviour with increasing 

stabili ty; the hor izonta l components were found to inc rease 

steadily with stabili ty, whereas the ve r t i ca l component was 

found to d e c r e a s e at an equally steady ra te , 

5. The foregoing behaviour of t ime sca les combined with 

damping effects exer ted by increas ing stability upon all com

ponents of turbulence approximate ly alike r e su l t s in horizontal 

diffusion coefficients that r ema in re la t ively unchanged during 

conditions of increas ing , stabil i ty while the ve r t i ca l diffusion 

coefficient d e c r e a s e s rapidly. 

6. With the exception of the ve r t i ca l component in stable con

ditions, Lagrangian au tocorre la t ion functions a r e found to be 

r ep re sen t ed adequately by exponentials of the approximate 

form-'- R.]^ = exp-(^ , /a) , where a = ^y^, the Lagrangian scale 

t ime. When the stabili ty is sufficiently strong (N^ "> 10"^ sec"^ 

in the model exper iments ) , the ve r t i ca l c o r r e l o g r a m as sumes 

the form of the no rma l e r r o r function, R^it) = exp-( £/a)^, in 

which the sca le t ime is :Az = a (•V^^/2). 

1 More proper ly , the c o r r e l o g r a m s approximately cor respond 
to the compound form given in equation (38). 
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7, The contras t ing var ia t ions with stabili ty exhibited by 

Lagrangian and Eu le r i an scales indicate that the re la t ionship 

between these two re fe rence sys tems will show a pronounced 

dependence upon stability; what is more , the change in the 

functional fo rm of Rz( I) observed in the stable case suggests 

that, in this region at leas t , it may not be possible to r ega rd 

Lagrang ian -Eu le r i an re la t ions as simple scale factors between 

their independent va r i ab le s . 

The significance of these l abora tory r e su l t s in the absence of 

confirmation by a tmospher ic observat ions is of course l imited. But 

they do point to a nunaber of a r e a s which ful l -scale field investigations 

might well invest igate . For example, the paradoxical , divergent b e 

haviour shown by the hor izonta l and ve r t i ca l Lagrangian scale t imes 

could be studied over a range of stabil i ty conditions in the a tmosphere 

by adapting the composi te-photographic method of Inoue (I960), using 

ve r t i ca l as well as hor izonta l views to es t imate .^y as well as^X^. It 

would also be useful to invest igate the value of the p a r a m e t e r s N^ and 

Ri* to fu l l -scale a tmospher ic-di f fus ion prob lems . The turbulent 

Richardson number , because of i ts na ture as a t rue bulk p a r a m e t e r , 

could conceivably contr ibute to the resolut ion of difficulties of the kind 

that frequently a r i s e when s tandard Richardson numbers a r e evaluated 

by means of differences in mean wind between success ive levels within 

a turbulent boundary layer . Average shea r s defined by turbulent length 

and velocity sca les r ep re sen ta t ive of the field as a whole might be ex

pected to be more re levant to, for example, p rob lems concerning the 

intensification or decay of turbulence than is the shear of the average 

horizontal flow m e a s u r e d between a r b i t r a r y levels . 
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THE MEAN FLOW PROBLEM 

Upon c lose r examination, the problem of the naean circulat ion 

in the towing tank was found to be quite a complicated one. Not only 

was the longitudinal drift found to consis t of more than one component, 

but a lso i ts dis t r ibut ion in the ve r t i ca l was found to vary with the 

stabili ty of the fluid. Mat ters were further dis turbed by the fact that 

the appearance of jetl ike ve r t i ca l profi les in the longitudinal drift 

was observed to be assoc ia ted with significant depar tu res from the 

normal p roces s of homogeneous turbulent decay. Although no p roce 

du res capable of ent i re ly el iminating these difficulties were found, 

studies of the mean flow did resu l t in the adoption of cer ta in methods 

of exper iment and analys is which enabled the principal investigation to 

avoid their wors t consequences . 

Conaponents of the Mean Flow 

Mean-flow c i rcula t ions set up by a single passage of the grid 

through fluid init ial ly at r e s t were found to be made up of two com

ponents occur r ing s imultaneously, one osci l la tory and the other steady. 

The osc i l la tory component, a longitudinal surge with a period between 

6.5 and 7.0 sec , was init ial ly excited by the acce le ra t ion of the grid 

from r e s t and subsequently reflected back into the tes t section by the 

far end of the tank. Additional complication of the experiment by a 

counte rpar t ra refac t ion wave was avoided by decelera t ing the grid only 

after the las t observat ion had been completed. Both phase and ampl i 

tude of the surge component were found to be int imately associa ted with 

the s ta r t ing posit ion and ra t e of acce le ra t ion of the grid; therefore ca re 

Avas taken to reproduce these init ial conditions accura te ly throughout 
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each exper imenta l s e r i e s . The grid was always s ta r ted from a position 

125 cm ups t r eam of the center of the tes t section, and the acce le ra t ion 

from r e s t was duplicated for each run of a given set by means of the 

e lec t r ica l ly dr iven speed cont ro l . 

What appeared to a steady drift through the tes t section in the 

di rect ion of grid movement was actually par t of a l a rge , toroidal s e c 

ondary c i rcula t ion that filled the ent i re tank. Consisting of a uniform 

flow down the cen t ra l axis accompanied by compensating r e tu rn flows 

near the boundar ies , this c i rcula t ion was maintained by the drag ex

er ted on the fluid by the grid during i ts passage along the tank. The 

s trength of the drift component was found to depend not only upon the 

speed of the grid, but also upon the c lea rance at its outer edges, that 

i s , upon the unobstructed c r o s s - s e c t i o n a l a r ea available to the r e tu rn 

flow. In p rac t i ce , the gr id was centered in the tank by adjusting the 

mounting s t ru t s , c l ea rances at the sides and bottom being kept as uni

form as poss ib le . In addition, the depth at which the upper l ids floated 

above the grid was adjusted just before each s e r i e s of runs . 

Another form of "mean flow" impor tant to the de terminat ion of 

the ve r t i ca l turbulent fluctuations and, eventually, to the computation of 

R^l^) took the form of slow, steady r i s e or fall of t r a c e r drople ts 

slightly l ighter or heavier than their sur roundings . This buoyant com

ponent was held to a prac t ica l mininaum (< ±1.0 m m / s e c ) by careful 

adjustment of t r a c e r m i x t u r e s . Except in a few ca se s , t r a c e r from the 

same batch was employed for all runs of a par t icu la r s e r i e s . In any 

case , var ia t ion of the buoyant drift f rom run to run remained quite 

smal l ; there fore , removal of the average of all ve r t i ca l displacemients 

observed at s imi la r t imes by the computer p rog ram can be cons idered 

to have el iminated this effect adequately. 

Thus, every effort was made to insu re that the ampli tudes and 

phases of the mean flow components would be uniform from one run to 

the next in each exper imenta l s e r i e s . 
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The Mean Profi le 

The field of observat ion in the test section did not include fluid 

n e a r e r than 10 cm to the upper and lower boundaries of the tank. Al

though r e tu rn flows were init ially confined to the vicinity of these 

boundar ies , they deepened with t ime; as a resul t , these circulat ions 

tended to p rog re s s ive ly intrude into the field of view in the la ter s tages 

of the exper iment . It was n e c e s s a r y to determine the extent of this ef

fect in o rde r to avoid selecting t r a j ec to r i e s whose mean drift compo

nents were unduly affected by it. In other words, it was des i red that 

t r a j ec to r i e s only be selected from those regions in which the mean 

drift profile remained approximate ly flat. 

Photographs for profile evaluations were obtained by ar ranging 

the c a m e r a to take t ime exposures , one second in length, every other 

second, while the electronic flash was p rogrammed to fire th ree t imes 

in an asymnaetr ical sequence (** *) that made it possible to identify 

both the speed and d i rec t ion of each t r a c e r droplet (see F igure 7). A 

rec tangular sampl ing-gr id placed over each photograph divided the 

field of view into 6 levels with 10 sampling squares per level . With the 

aid of the Benson-Lehner OSCAR, the horizontal d isplacement of the 

one t r a c e r droplet image located n e a r e s t the center of each square was 

then m e a s u r e d . Then by averaging the d isplacements observed at each 

level , e s t ima tes of the profile were obtained. 

F igure 45 p re sen t s mean profi les obtained in this way with 

2 5 - c m / s e c grid speeds in neut ra l , naoderately s table , and slightly un

stable s t ra t i f ica t ions . Each profile shown is the laiean of five individual 

profi les obtained from five independent real izat ions of the turbulence 

field under identical exper imenta l condit ions. With the exception of the 

uppermos t levels in all c a ses and the in te rmedia te levels in stable 

conditions, the profiles a r e fair ly flat. On the bas i s of these r e su l t s , 

the select ion of t r a j ec to r i e s was r e s t r i c t e d to the cent ra l two- thi rds of 

the field of view, avoiding those levels in which the drift began to 
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NEUTRAL 
d0/dz =+0.002 

deg/cm 

STABLE 
d 0 / d z = +O.I2 

deg/cm 

r 

UNSTABLE 
de/dz =-0 .003 

deg/cm 
T 

H 

F i g , 4 5 . - - S u c c e s s i v e v e r t i c a l p r o f i l e s of the m e a n long i tud ina l 
dr i f t ; g r i d speed - 25 c m p e r s e c . 
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change too r a p i d l y wi th dep th l a t e in the e x p e r i m e n t . F o r the s t a b l e 

c a s e , h o w e v e r , t he o b s e r v e d e a r l y o c c u r r e n c e of m a r k e d j e t m a x i m a 

r e q u i r e d f u r t h e r inA^estigation. 

Two-d i i a i ens iona l J e t s in S tab le S t r a t i f i c a t i o n 

The m a r k e d t e n d e n c y for the h o r i z o n t a l naomen tum to c o n c e n 

t r a t e v e r t i c a l l y in to t w o - d i m e n s i o n a l (x, z) j e t s s h o r t l y a f te r g r i d p a s 

s age p o s e d a s p e c i a l p r o b l e m . R e s u l t s of p r e l i m i n a r y t r a j e c t o r y 

m e a s u r e m e n t s and c a l c u l a t i o n s of Rj^(4j i n d i c a t e d tha t t he p r e s e n c e of 

such v e l o c i t y m a x i m a in the d r i f t p r o f i l e s would r e s t r i c t the e x t e n s i o n 

of the L a g r a n g i a n s t u d i e s in to the m o r e s t r o n g l y s t ab ly s t r a t i f i e d r e 

g i m e s . To i n v e s t i g a t e t h i s p o s s i b i l i t y , a s e p a r a t e s tudy of the j e t 

p h e n o m e n o n w a s c a r r i e d out . A naore c o m p l e t e d e s c r i p t i o n of the 

s tudy a p p e a r s e l s e w h e r e ( F r e n z e n , 1960), but a b r i e f summary^ fo l lows . 

R e s u l t s o b t a i n e d in the t w o - d i m e n s i o n a l j e t in-\ e s t i g a t i o n a r e 

not e n t i r e l y a p p l i c a b l e to the p r e s e n t s tudy , spec i f i c a l l y wi th r e g a r d 

to the t i m e of a p p e a r a n c e and t h e i n t e n s i t y of the j e t s . Th i s i s due to 

the fac t tha t L a g r a n g i a n t r a j e c t o r i e s w e r e o b s e r v e d in a t e s t s e c t i o n 

l o c a t e d wel l u p s t r e a m for r e a s o n s d i s c u s s e d e a r l i e r , w h e r e a s t h e o b 

s e r v a t i o n s of the j e t s tudy w e r e m a d e in the c e n t e r of the tank , a 

r e g i o n in wh ich the j e t s bo th fornaed m o r e r e a d i l y and r e a c h e d g r e a t e r 

s t r e n g t h s . H o w e v e r , t h i s s tudy did show that u n d e s i r a b l e ef fects of 

s t r o n g j e t s could b e l a r g e l y avo ided p r o v i d e d the s t a b i l i t y w a s not too 

s t r o n g and p r o v i d e d obser \ ' - a t ions w e r e t e r m i n a t e d suf f ic ien t ly e a r l y . 

The o c c u r r e n c e of r e l a t i v e l v s t r o n g t w o - d i m e n s i o n a l j e t s l a t e in 

the s t a b l e c a s e s a p p e a r s to be r e l a t e d to the ^-er t ical c o n c e n t r a t i o n of 

monaentuna which t h e o r e t i c a l a n a l y s e s by Long (1959j and Yih f l959) 

have shown to o c c u r in s low flow of s t a b l y s t r a t i f i e d f luids when the 

c i r c u l a t i o n c a n be c h a r a c t e r i z e d by a c r i t i c a l va lue ( I /TT) of a r a t i o of 

the i n e r t i a l and g r a v i t a t i o n a l f o r c e s known as the i n t e r n a l F r o u d e 

n u i n b e r : 
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-where u and d a re represen ta t ive m e a s u r e s of horizontal velocity and 

ver t i ca l length (e.g., the velocity and depth [Az] of a jet) and the other 

symbols have their famil iar meanings . Note that Fi^ is the rec iproca l 

of the Richardson number . 

In the Argonne tank a bulk m e a s u r e of F i was evaluated from 

success ive one-second t ime-exposure photographs of the same kind 

employed in the evaluation of the mean profi les (cf. F igure 7). Aver

age ver t i ca l shea r s d is t r ibuted over the ent i re field were determined 

f i rs t by measur ing the horizontal d isplacements of t r a c e r droplets 

located n e a r e s t the cen te r s of a 10 by 10, square sampling grid, and 

then calculating the average difference between displacements observed 

in squares located one above the other . With the ve r t i ca l distance be -

t^veen sampling levels represen t ing the dimension d, the average of the 

local shea r s gave u /d , v/hereas the mean t empera tu re and lapse ra te 

1 A p 
de termined -=r —r—. These were combined in m e a s u r e s of Fi charac te r -

p d 

is t ic of velocity fields produced by the gr id in a s e r i e s of exper iments 

over a range of stable s t ra t i f ica t ions . As one might expect in decaying 

turbulence, the value of this Froude number was found to dec rease with 

t ime , the decay proceeding in accordance with a power- law relat ionship 

of the form F i = at" . On a log-log plot, both the in tercepts a and the 

negative slopes b of this family of F i decay curves were found to de

c r e a s e in a fairly regu la r manner with increas ing stabili ty. This made 

it poss ible to summar i ze the exper imenta l observat ions of the t rends 

in F i in the form of the approxiinate , empi r ica l nomogram reproduced 

in F igure 46. 

Strong two-dimensional je ts and a nea r -co l l apse of the turbulent 

decay p r o c e s s (the decay ra te abruptly decreas ing to approximately 

u_" <x t~^'^, cf. l as t few points of F igure 47) were found to be closely 
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assoc ia ted with the a t ta inment of the lower value designated on the 

nomogram, Fi = 0.6, eight observat ions lying within ±0.04 of this 

value. Because of the choice of d, the definition of Fi used here dif

fers from that of Long and Yih by a factor of 2; consequently, this 

lower cr i t ica l value co r responds very closely to the theoret ical value 

I/TT = 0.32. Note, however, that this t e rmina l state never was allowed 

to appear in the t r a j ec to ry exper iments , since comparat ively weak 

s tabi l i t ies and re la t ive ly shor t per iods of observat ion were employed. 

In t e r m s of the nomogram, the t ra jec to ry observat ions were t e r m i 

nated well before Fi fell to 0.6. 

Depar tu res from Homogeneous Decay 

The ordinate F i = 1.0 is also marked for special attention on 

the nomogram of F igure 46. In the two-dimensional jet exper iments , 

values of F i near unity gave some appearance of indicating the onset 

of a r eg ime of acce le ra t ed turbulent decay in stable s t rat i f icat ions; 

but as a reproducible c r i t e r ion , it left much to be des i red . Increased 

r a t e s of decay were observed in only 6 out of 10 cases , while the 

values of Fi assoc ia ted with thei r beginnings were sca t te red from 1.3 

to 0.7. However, s imi la r regions of acce le ra ted decay were subse

quently indicated in many of the t ra jec to ry exper iments , and there is 

r eason to believe that the effect is genuine. It does not simply a r i s e 

from e r r o r s in m e a s u r e m e n t or ana lys i s . 

Initially, this d is turbed decay effect was thought to be a s s o c i 

ated with an in te rmedia te reg ime of acce le ra ted , "nonviscous" decay 

(see Chapter III), somehow influenced by the stabili ty to occur ea r l i e r 

and c lose r to the grid in a region normal ly occupied by normal , f i r s t -

period decay. This in te rp re ta t ion principal ly a rose from the fact that 

the r a t e of decay observed approximate ly equaled that theore t ica l ly 

predicted for the in te rmedia te per iod, namely, _u •=« t~ ' . However, 

subsequent t r a jec to ry exper iments have eliininated the associat ion of 

this effect with the stable reg ime , for it has been found under neutra l 
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and unstable conditions as well . Fu r the r , c lose examination and r e -

analysis of one of the most pronounced examples obtained in the two-

dimensional jet studies (shown in the log-log plot of F igure 47) 

indicates that, r a ther than represen t ing an a l te rna te reg ime of homo-

geneous turbulent decay, the appearance of acce le ra ted decay in these 

experi inents is assoc ia ted with sys temat ic depar tu res of the turbulent 

fields from homogeneity. 

Increased decay f i rs t appears near decay t ime X ~ 12 sec in the 

figure. Examination of the dis t r ibut ion of energy a c r o s s var ious levels 

in the tes t section shows that excess d isappearance of turbulent energy 

after that t ime pr incipal ly occurs near the level of maximum velocity 

in the profile. The data a r e not conclusive, for the exper iments were 

not designed to invest igate this point; ten sainples per level cannot lead 

to an accura te es t imat ion of energy. Be that as it may, these r e su l t s 

a re cited in o rde r to i l lus t ra te what appears to be a sys temat ic depar 

ture of the fields of turbulence from homogeneity in the region of 

apparent overal l i nc reased decay. 

At t = 10.5 in F igure 47, severa l seconds before the decay 

curve exhibits an i n c r e a s e in slope-'- in excess of the normal charact 'er -

is t ic of the initial period; the total var iance of all observat ions taken 

from all ten levels was 9.1 nnm / s e c ^ . In the same photograph, the 

var iance of just the two levels containing a weak re la t ive jet maximum 

located just below the cen t ra l level was 9<0 mm'/sec^l the combined 

var iance of the two levels bounding the jet above and below was 

7.9 mm / s e c , while the combined var iance of the four levels bounding 

the foregoing th ree (i .e. , two above and two below) was 8.8 mmysec^. 

Thus, pr ior to the appearance of the region of dis turbed decay, the 

References to changes in the slope of decay curves he re refer 
to plots of the rec ip roca l of the r o o t - m e a n - s q u a r e fluctuation, u~ , 
ve r sus the decay t ime t; thus, i nc reased slope cor responds to in
c reased decay ra te and vice v e r s a . 
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F i g . 4 6 . - - N o i x i o g r a m r e p r e s e n t i n g the a p p r o x i m a t e o b s e r v e d d e 
cay of the i n t e r n a l F r o u d e n u m b e r in the t w o - d i m e n s i o n a l je t e x p e r i m e n t s . 
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ver t ica l dis t r ibut ion of turbulent energy was fairly uniform (i .e . , flat 

within 10 per cent . ) . 

On the other hand, at t ime t = 18.5 (5 sec after the decay curve 

deflects upward), this was no longer the case . By this t ime , decay had 

reduced the overal l var iance of the ten levels to 3.7 mm / sec^ ; but two 

levels containing a modera te ly strong jet in the center of the tank 

showed a combined var iance of only 2.7 mmYsec^ ; the two on ei ther 

side of the je t had a slightly l a r g e r var iance equal to 3.3 mmYsec^ , 

while the two on ei ther side of the cent ra l four showed a markedly 

l a r g e r var iance of 5,9 mm y sec . In the rennaining four levels (the 

upper and lower two) the var iance dec reased again to 3.4 mm^/sec^. 

Thus, energy changes from level to level now exceed a range of 

±35 per cent. If the l inear energy decay of the ea r l i e r port ions of the 

exper iment had continued until this l a t e r t ime, the overal l var iance 

would have been in the neighbourhood of 6.0 mm^/sec^, ve ry close to 

the maximum observed in the thi rd and eighth levels on ei ther side 

of the cent ra l jet ( i .e . , in the region of maximium mean shea r ) . 

F r o m the available data it is difficult to de te rmine just how this 

select ive d isappearance of energy among the levels in the tes t section 

might occur . However, t r a j ec to ry data decay curves such as that ob

tained for case N / 2 5 / z indicate that what in some cases appears to be 

the es tabl i shment of a monotonic i nc rease in the ra te of turbulent decay 

may only be the beginning of a t e inpora ry d i s turbance . In F igure 14 

for this case , note that the decay slope begins to inc rease near 

T = 8 sec but r e t u r n s to normal near T = 14 sec . Since this 6-sec 

period is approximately that of the surge , and since the dis turbance 

f i rs t appears very near to the t ime of the a r r iva l of the reflected surge 

in the t e s t section, it seems likely that the apparent inc reased decay 

effect is assoc ia ted with the surge comiponent. 

Successive profile m e a s u r e m e n t s show that the surge takes the 

forin of a local intensification of the toroidal drift c irculat ion; the 
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veloci t ies of both the miain downstreami cur ren t in the core and the 

secondary r e tu rn flow along the boundaries i n c r e a s e . Even in neutra l 

s t rat i f icat ions this tends to produce per iodical ly something ap

proaching a broad jet maximum in the complete profile, only a portion 

of which is seen in the tes t sect ion. Note in Figure 45 that at grid t ime 

T = 10 sec in the neut ra l case (this being close to the t ime of the max

imum surge) the ent i re visible portion of the profile is shifted toward 

higher ve loci t ies . Since the lid exhibits l i t t le ver t ica l motion in this 

region (between 1.0 and 1.5 in from the end clamps) , the net flow 

through the tes t section mus t r ema in approximately unchanged; t h e r e 

fore, r e tu rn flows above and below the visible section of the complete 

profile must s imultaneously undergo s imi la r , but opposite, intensifica

tion. Evidently, this appearance of a broad jet in the neutral case is 

sufficient to d isrupt the homogeneity of the turbulence field in much 

the same way as is accomplished by na r rower , more intense je ts in 

stable conditions; for d is turbed per iods of decay, approximately syn

chronized with the surge maximum, a r e frequently observed in both 

neutra l and stable s t ra t i f ica t ions . 

Locally inc reased r a t e s of turbulent decay have been observed 

in wind tunnels under conditions del iberate ly designed to produce in-

homogeneous fields of turbulence (Townsend, 1956, pp. 51-56). But in 

such exper iments , the maximum r a t e s of dissipation of turbulent 

energy occur in regions of maximum turbulence intensity, an a s soc ia 

tion tending to r e tu rn the field to homogeneity. On the other hand, 

local var ia t ions in r a t e s of decay in the cur ren t exper iments , initially 

at leas t , appear to remove the turbulence field even further from the 

homogeneous condition; in o rde r to have attained the ver t ica l energy 

dis t r ibut ion found la te in the exper iment of F igure 47, maximum d i s 

appearance of turbulent energy must have taken place at levels of 

minimum turbulence intensi ty during at leas t a par t of the period p r e 

ceding the t ime of observat ion. 
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Even with the l imited information avai lable, it s eems fairly 

cer ta in that the form of inhomogeneous turbulent decay observed in the 

wind-tunnel exper iments is not involved to a significant degree in the 

dis turbed per iods of decay observed in the towing tank. Rather, it 

would appear that a significant fraction of that port ion of the l imited 

turbulence spec t rum observed by the methods of observat ion employed 

in these studies supplies energy di rect ly to the jet in the centra l levels 

of the towing channel, and probably to the upper and lower re tu rn je ts 

as well . If this is the case , the mechan i sms involved in this t r ans fe r 

of turbulent energy to the mean c i rcula t ion a r e of considerable in t e re s t 

to other meteorologica l p rob lems ; hence, th is feature is cer ta in ly 

worthy of further study. 

Finally, note that the profi les for the unstable case in F igure 45 

remain the f lat test of al l , showing nei ther a marked jet maximum nor 

a significant overa l l i nc rease in velocity at the t ime of a r r i va l of the 

surge . As may be seen in F igures 33 through 40, this inc reased uni

formity (the resu l t , no doubt, of inc reased ver t ica l exchange) is a s s o c i 

ated with somewhat m o r e consis tent behaviour upon the par t of the 

decay c u r v e s . In the eight ca ses m e a s u r e d in the unstable r eg ime , 

there a r e only two fair ly we l l -marked deviations in decay slope near 

T = 10 sec, and these a r e somewhat l e s s pronounced than the major i ty 

of those observed in s t ra t i f icat ions other than unstable . 

Whatever may be the detai ls of the mechan i sm of this d i s to r 

tion in homogeneous decay, to the pr incipal exper iment it contributed 

an effect that it was n e c e s s a r y to avoid, since any depar ture from the 

decay c h a r a c t e r i s t i c s of the init ial period would invalidate the bas ic 

assumption of the Batchelor c o r r e c t i o n s . For this reason, when r e 

sults of the initial comiputer run for any exper iment revealed l a rge 

depa r tu res from the f i r s t -pe r iod decay slope, the data corresponding 

to the observat ions in doubt were deleted from the input of the auto

cor re la t ion computation. Data exhibiting modera te depa r tu res from 

the l inear decay law were somet imes re ta ined, but individual 
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c o r r e l a t i o n e s t i m a t e s b a s e d upon t h e s e w e r e r e v i e w e d for c o n s i s t e n c y 

r e l a t i v e to t h e i r n e i g h b o r s in c o r r e c t e d t i m e . W h e r e the r e s u l t s a p 

p e a r e d doubtful , t hey a l s o w e r e d e l e t e d . 

It r e m a i n s to be exp la ined why the a c c e l e r a t e d decay effects 

a p p e a r in the r e s u l t s of s o m e e x p e r i m e n t s and not in o t h e r s , A c lue 

to the a n s w e r to t h i s q u e s t i o n l i e s m the r e s u l t s of e x p e r i m e n t 

N / 2 5 / X , shown in F i g u r e 15 H e r e the o b s e r v e d A'elocity f luc tua t ions 

d e t e r m i n e a d e c a y cur^-e with one of the m o s t c l e a r l y m a r k e d c h a n g e s 

of s lope found d u r i n g the i n v e s t i g a t i o n P h o t o g r a p h s for t h i s c a s e 

w e r e t a k e n f r o m above the t ank u n d e r c i r c u m s t a n c e s of i m p r o v e d 

l igh t ing t h a t m a d e it p o s s i b l e to collii-nate the i l l u m i n a t i o n into a 

c e n t e r e d r a n g e of d e p t h s s ign i f i can t ly n a r r o w e r t han tha t v iewed by 

the c a m e r a m o u n t e d at the s ide of the t ank m pre \ - ious e x p e r i m e n t s . 

In add i t ion , t r a c e r d r o p l e t s m the ^ e r t i c a l - ^ ' i e w c a s e s w e r e i n i t i a l l y 

d i s t r i b u t e d in a c e n t r a l l y l o c a t e d h o r i z o n t a l , r a t h e r t han v e r t i c a l , 

p l a n e . As a r e s u l t , a l a r g e r n u m b e r of the t r a j e c t o r i e s s e l e c t e d for 

m e a s u r e m e n t in t h e s e c a s e s t e n d e d to be l o c a t e d n e a r the c e n t r a l 

l e v e l s of the t ank , w i th in the r e g i o n of j e t m a x i m a and, h e n c e , wi th in 

the r e g i o n of m a x i m u m d e p a r t u r e s f r o m h o m o g e n e i t y In c o n t r a s t , 

t r a j e c t o r i e s s e l e c t e d f r o m s i d e - \ i e w c a s e s w e r e generall-^' d i s t r i b u t e d 

o v e r a w i d e r r a n g e of d e p t h s , both b e c a u s e of the v e r t i c a l l y w i d e r f ie ld 

of i l l u m i n a t i o n and b e c a u s e of the i n i t i a l t r a c e r d i s t r i b u t i o n in a -^-erti-

ca l p l a n e . T h u s , in s i de v i e w s , the p r o p o r t i o n of s e l e c t e d t r a j e c t o r i e s 

wh ich l a y in the r e g i o n s of a c c e l e r a t e d d e c a y b e c a m e a m a t t e r of 

c h a n c e . 

A s i m i l a r r e l a t i o n s h i p could o b t a i n be tween any two e x p e r i 

m e n t s in wh ich t r a j e c t o r i e s s e l e c t e d for m e a s u r e m e n t for one lay , by 

c h a n c e , m o r e c l o s e l y g r o u p e d about t h e c e n t r a l l e v e l s than in a n o t h e r 

C o n s e q u e n t l y , t he m o r e o r l e s s r a n d o m a p p e a r a n c e in the e x p e r i m e n t s 

of p e r i o d s of significantl-^? a c c e l e r a t e d d e c a y can p r o b a b l y be a t t r i b u t e d 

to the r a n d o m v e r t i c a l d i s t r i b u t i o n of the s e l e c t e d t r a j e c t o r i e s about 

the c e n t r a l r e g i o n s of i n h o m o g e n e i t y 
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