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ABSTRACI

The many-body problem for finite systems is discussed from a point
of view which is largely that of the intermediate-coupling and configu-
ration-mixing shell models. Emphasis is placed upon the determination
of excitation spectra for two simple systems, the single hole system and
the single particle system. It is shown how the spectra for these are
obtained by passing from pure independent model to quasi-particle model
and thence to representations of the real states. The configuration
mixing of the description is generated by allowing for the existence of
density correlations in the many-body systems Such correlations manifest
themselves as the oscillations of the nuclear surface. Single particle
(hole) excitations are altered by the presence of these collective motions.

' Other, non-collective, configurations serving to modify the single particle

spectrum are also discussed.
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THE SPECTRUM OF EXCITATIONS FOR REAL NUCLEI

l. Introduction.

This paper is largely descriptive. Its purpose is to give as com-
plete an account of the many-body problem, in its application to finite
systems, as is currently possible. The emphasis is upon those aspects
already familiar from the intermediate coupling and configuration-mixing
shell model; a Green's function formalism is used throughout. This
method of the test-particle, as it is sometimes called, emphasizes the
spectrum associated with single particleé and holes. It is after all
the central problem of the "shell model" to define in some way a complete
set of excitations in the presence of interactions. We will refer to
the independent excitations as quasi-particles. In order to be precise,
we shall need to define and clarify our usage of certain terms. A shell
model basis set will be thatvset of one-particle functions which is de- .
fined in an energy-independent, state-independent, one-body potential
Ub. No such potential -exists, in naturé, for the problem under discus-
sion. The many-body wave function of the shell model is a Slater deter-.
minant in the basis set noted.

We may go beyond this concept of the shell model. It is possible
and traditionai to extend the model in two simple ways.. 1) We may
introduce the mixing of configufations of shell model, many-body, wave
functions. 2) Slater determinants of more sophisticated one-particle
functions, e.g., quasi-pérticles, may be used to represent the many-

particle system. Then, the configuration mixing is studied in this



more general situation. Approach 2) has not received a great deal of
attention. The eafly impetus in this direction owes to Brueckner and
his collaboratorsl’z). Qur only criticism of this effort is that it does
not go sufficiently far. It does not contain specific aspects which we
believe to be relevant to the specification of finite systems. We shall
undertake to make these statements precise at the appropriate points in
our discussion. The nuclear many-body problem is unmistakably hard.

It is not, however, cleér to us that the study of finite systems is
necessarily elucidated by an anelysis of nuclear matter. Indeed, the
two systems afe so disparate in, for example, their thermodynamic behav-
ior, that they are most likely unrelated. Further, we do not view the
relating of the values of dynamical quantities computed in the infinite
system to those for the finite system as specifically useful. It is
submitted that a more natural procedure is available. The direction
which the approach takes is based upon'our traditional ideas of the con-

figuration-mixing shell model. Some elaborations are of course indicated.

The approach is formally based upon the expansion of the Martin-Schwinger3),
(M-8), Green's functibns in terms of those defined by Brueckner. More-
over, the Hartree-Fock (H-F) method, as developed.by Thoulessh), will be
seen to play a dominant role in our discussions. While the development

of our treatment is quite formal, the results are easily translated into
numerical form. A program of numerical evaluation (nuclear properties

., and single-particle spectra), based upon the notions of this paper, is

currently in progress. Hopefully, the results will throw light upon
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those aspects which we emphasize here.

It is intrinsic in the shell model, as usually conceived, that &
diagonalization of the residual force be carried out. Such a force
arises as a reflection of the difference existing between the model and
the actual Hamiltonian. This same underlying feature will be present in
the extended shell model of this discussion. In order to effect as large
a diagonalization of the given (physical) two-particle force as possible,
we héve to choose & good quasi-particle representation. Thié first step
is to be devoid of considerations arising from perturbation theorye.
Experience has taught us that it is proper to look for a quasi-particlg
representation. Several such representations are discussed in section II.
The definition of these representations follows from their association
with corresponding one-body, energy:operators. Suéh operators are
diagonsl in the basis of the representation.

At this point, we have to treat the residual force. This is done
partially by non-perturbative methods and otherwise by treating the
force as small. There is associated with the representation basis, a
non-abstract space. This is the space of éccupied or unexcited states.
The one-body, energy operators will not be diagonal with respect to
those configurations of N particles containing a hole in unexcited states
and a particle in excited states. These configurations are the next
most complicated, when compared with the ground state configuration,
having N particles in unexcited states. The residual force is to be

partially diagonalized over the space of hole-particle, (n,p), states.
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This step is also non-perturbative. It introduces a set of collective
states. Such states are discussed in section IITI.

It is shown there that the positions-in-ehergy of the states are
associated with the poles of the two-particle pr9pagator Gaf. In addi-
tion, we shall find that the spectrum of (h,p)-excitations is always
corrected by its cgupling to that of (2h,2p) excitations. A state-
energy expansion is introduced for G2 in order to achieve these generai
results.

The foregoing statements express the fact that we will take as
triél function for the N-particle system, an appropriate linear com;
bination of ground state and (h,p) configurations: One direct conse-
quence of this assumption is that the quasi-particle spectrum is now
shifted. This effect comes about, in part, owing to the coupling of
quasi-particle and collective states. Evidently, there can be distor-
tions of the spectrum which arise through couplings to states of non-
collective, (h,p)-charactero The perturbed quasi-particle spectrum is

discussed in section IV. Some attention is also given there to the per-

‘turbation treatment of the residual force.

We attempt to make some specification of the residual force in
section V. It is appreciated that in any consistent use of the new

Tamm-Dancoff methods) this is formally unnecessary. Nevertheless, we

T The poles actually appear in the function L, defined as L = G2 - GG




will parametrize the theory whenever the residual force can be treated
as a perturbation. This approximation, introduced for simplicity, can
be checked numericaliy. Here, one has to determine from the evaluation
of the state-, and energy-dependent difference of given énd average
interactions, the quality of the approximetion of a state-, and energy-
independent parametric, potential formo

The pairing interaction is also a part of the residual force. If
is one of those contributions, however, which must not be t;eated frbm
the point of view of standard perturbation theory. At the same time, it
is still possible to introduce a sort of perturbation théory for this
effect. The details are sketched in section VI. A more complete dis-
cussion based_upon the Nambu6) representation will be published else-
where.

Sectibn VII contains a sumary of the principle results and a re-
capitulation of the methods used. There, also is an enumeration of the

data chosen by us for subsequent numerical summary and evaluation.

2. Quasi-Particle Representation

We shall discuss two of the'possible quasi-particle representations
in this section. Our aim here is not so much to rederive Weil-known
results but rather to describe some procedures for handling these in the
many-body problem. These procedures are to be ultimately used in & com-
putational scheme.

First, it is desired to compute the ground state properties of an



N-particle system. To do this we must have the corresponding many-
particle wave function, @o, eigenfunction of the energy operator H, with

eigenvalue Eo. In the Heisenberg representation we may write

H(t) =H +V‘Q%Jd& vv*- W(x)

+
el oy

j a& ax' v v (x") vix,x") ¥(x) ¥(x") ; (1)

»
1

(%,t), v(x,x') = 8(t - t*) v| & - &']) .

The field operators are expanded in terms of some one-particle basis

set u, as

J
w*;x) - zag (8) w (), ¥(x) = zaj. () ugy ()

The basis funcﬁions are solutions of the one-particle equation

]v, @ - 0 | | (1%)

[<-:J -1y - U, (J) 3

and the a;, a, are respectively creation and annihilation operators for

J .
the state j. One determines the potential Uo’

5, = f & v (0 v G v,

in terms of the given two-body potential ve. This is done by wrifing H
as

H=(H°+U°)+(V-Uo)



and forming the variational expression,
“(s o |ge)) =0,

for the ground state energy. All of this has been done in a very nice

way by Thouless, so we will only quote the results. One finds that

”6(3)’=:E:i Cugay Yags) - (2)
and that

J'di uj(pz/QM) uj(i) +J'd3: u'; vDujgi) -ikdi d.?cl u':;(i)vid(i,il)uj(&l)

; (3)

€

! jd.?:'.u'g' (x") uj(i')
where
vbﬁ>=3idwu;ﬁwv<m-iq)%<w>,
k
and

I o) = o () v (I - 3y ]) B (8
Goxp) =g (k) v (x - %) —5—== 4, (x) ;

k
- Vy

tey = T3 (J) ‘1'3(1{) .

We have written all of this explicitly because we wish to solve



eq. (2), representing the H-F approximation of eq. (1). Let us first,

however, make the customary, preliminary remarks. It is neceésary to

1

There is no exchange for non-identical particles. This is assured by

read for %, the set of variables (ila T); the notation is standard.
, :

the presence of the operator tjk' It is our intention to circumvent the
difficulty produced by the presence of a hard core in the given, two-
body potential ve. This can bé‘done if we take v to be the potential

of the modified boundary condition model, (BCM),7). That model supposes
that at some radius T, the logarithmic deiivatives F(g jST) are specified
for every open channel of the relative, two-body system. Outside of the
radius s there is a specified potential tail. For the choice of one-,
plus, two-pion exchange potential tail (0«P+E.P. plus T.P.E.P.), and a
matching rédius of 2 pion Compton waveléngths, r = 0.7 f, the model has
enjoyed considerable success. It sumarizes the available two-nucleon data
with far fewer parameters (~ 1/3 less) than the Bfueckner-Gammel;Thaler |
potential, (BGT'). There is also an absence of difficulty in explaining

the high-energy behavior of the 62, singlet~D phase shift, which diffi-

1
culty is characteristic of BGT« Finally, the choice of potential tail
is fully supported by the work of Cottingham and Vinh Maug). These
authors, starting from the causal matrix, obtain as the equivalent,
static nucleon potential, the O.P.E.P. plus T.P.E.P. tail. This repre-
sentation is known to be suspect for interparticle separations of 05 f

or less.

In our many-body computations, we will take the pair suppression




parameter of ref. 7 to be unity and the ladder parameter to be zero.
This specifies our potential tail, which we denote as v(l). The effect
of the boundary condition is taeken into account through the introduction
of a pseudo-poten%ial9)f., It is required that we choose this operator
so as to guarantee hermitian, time-reversal-, and, -parity-invariant,
two-particle matrix elements. Even so, considerable ambiguities arise
in the choice of a pseudo-potential. We have tentatively settled upon

the radial form for the internuclear force giveh as

; 5 L .
i |F d - +) 4
2 e | — - : d | - - - —_— .
Vau = W (ro 8(r = x.). [;r 8(r -~ r ") - 8(r - r, ) dr] )A ;0 (L)
r==r -0,rt=r +0t .
o o o o :

The left-hand derivative dL/dx appears in the above form. No one of the
derivatives is to act upon the spherical volume element. Finally, we

may write the given force as

= (1) .
V=V ¥ Yoy S
(1) _ A a
v~/ = v(0.P.EP.) + V(TPEPR), % - X, > 1 - (5)
= % - x| .
0, le x2| - ro

1 This was pointed out to us by S. Kahanna.
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This potential form is eminently suited to the computatiop of matrix
elements such as those appearing in (3).

In order to solve eq. (3) we shall have to make.é guess for the uy.
This i1s facilitated by going over'fo a method of combined variation and
itération. The substance of the approximation is to expand ‘the members
of the quasi-particle basis set over the set of shell model functions Ws.

A convenient shell model basis is provided by the wave functions of the

isotropic, harmonic oscillator. Thus we write
@ =r,(r) Y, () X5 @) X, () ()
Vgix) =Ry \r) ¥ \x) Xy o @) Xy /p .

Again, the notation is altogether standard. The quasi-particle expansion

is given by

uJ(?:) = ZCJS v (%) . 4 (7

Now, evidently, we are going to treat the c, as variational parameters

Js
in the expression of eq. (3). The procedure is to take successively
larger numbers of "princiﬁal orbitals" n (the prinéipai quantum number)
until convergence, if at all possible, obteins. There are some additional
technical details involved in the solution of (3) but these will become
evident in any practical evaluation. One advantage associated with the
use of the WS defined by (6), is the decomposition of product pairs into

factors. These factors separately involve the center of mass and the

relative coordinate of position. This decomposition is formally expressed



in terms of the familiar Moshinsky-Brodylo) transformation brackets.
The ¥ of (3) are not the only possible shell model basis set. We have

suggestedll) that one may use the two-parameter set

N | 1 1/2)3 Loom g
A =Z [m | ]fﬂj(aj, By r) YEm(Jf) Xl72(a)xl/2(§). (8)

m, M

Here, the radial functions fan have been determined in & non-local
potential of the Yamaguchi form. The parameters (aj, 33) are fixed by
the binding energy of a particle in the orbital and the mean square
radius of the orbitallz). The advantage afforded by the functions of
(8) is that they decay exponentially. The radial functions are somewhat
more complicated than those of the oscillator. Additionally, one is now
forced to give up the Moshinsky-transformation when using the functions
of (8). For the sake of completeness, we note'that the integral repre-

sentation pertaining to (8) is

1/2

2
=12 + B 1 2
fn.zj(a’ﬁ’r) J' |:p2 Ql (l + -2-;5)] m Jl(Pr) pdp . (9)

The form factor in momentum is a product of Yamaguchi and MitralB) form
factors. In the latter, Ql(z) is a Legendre function of 2nd kind.
Finally, we should give some additional detail regarding the solu-
tion of (3)e The procedure is the following. 1) Expand the states
uj(j # k) according to (7). This means thet J = (ngj) or (ng) while

s = (n'4j') or (n'g). There are M-1 states k and we want these to be



known at every stage of iteration. 2) Write for these states, k, the
shell model functions of (6) or (8). 3) Carry out the variation with

respect to the c.s to obtain ejo and u l. L) Compute vl, namely le and

<%Xk%)l. 5) Assume a new set of ®is (j = 1,0005,M) and repeat step 3)
, ‘
j L d

We have now determined the H-F quasi-particle basis for bound, un-

to obtain ejl, u 6) Continue until convergent.
excited, or occupied, states. In the finite system there will be bound
and coﬁtinuum excited states. To discuss these, we must go from the
ground state, N-particle system to the (N + 1)-system. That is, we add
one particle to the ground state N-system. The motion of that particle,
in each state (nfj) or k = (kzk), is determined by solving (1'). The
average of H-F field is that owing to the N 'quiescent' particles in
occupied states. This procedure will yield distorted-wave states
uy = uﬁ(i) for the continuum situation. The represehtation of (8), and
one similar to it for the continuum, is used exclusively in this part of
the computation. An iteration procedure £s readily available to solve-
the integro-differential equation (recall that we have exchange) of (1').
This is not discussed here. The H-F quasi-particle basis has been deter-
mined for the physical problem. Evidently, we shall be able to compute
binding energies and radii for closed shell systems. These systems pro-
vide thé physical vacuum for the special (N +ll)-configurations discussed
above.

All of this labor has not taken us very far. The H-F basis. is an

approximation to the physical situation and omits much of the physics.

13



It is nevertheless a useful fifst step to obtain that basis.. We know,
for example, that a description involving only passive, unexcited
particleslh) will never give us the quasi-particle, finite-lifetime
effects which we observe experimgntally. These are, however, included
if we can establish or determine the BHF-basis. And, evidently, to ob-
tain this basis, which is biorthogonalls), reflecting a non-hermitian,
one-body problem, we shall proceed from the H-F basis. The H-F basis
provides then a useful set of trial functions for the new prbblem of
self-consistency.

Thé BHF basis is obtained by studying the spectrum of excitations
of the N * 1 systems. This information is carried by the one-particle‘
GCreen's function, G. We shall proceed to the G of Brueckner theory by
starting with that defined by Maftin and Schwingere. The development
which makes this possible has been given elsewherelé). Howevef, the
relevant equations will be reproduced here. The significance of the
expansion and the motivation for it is easily discussed. Bruéckner,
recognizing that the phase space fér particles is much greater than that
.for holeé, uses a scattering operator t defined in terms of particle
propagators ¢*t. Corrections to the self-energy Z which corresponds to
this t will be important for those states neer the Fermi level ef(N).
This was also recognized by Brueckner. Such states, being weaklylinflu-
enced by the exclusion principle, are filled and depleted a great part
of the time. We thus speak of the probability of depletion of an occupied

state s < €.. In like manner, the excited states s > €

£ » for quasi-

f

1k
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particles, will be filled with some probability even when we discuss the
ground state N system. The t-operator of M-S, say, % has hole-particle
symmetry as does the cqrresponding E, When we are far away from €, We
shall not need this symmetry. In the vicinity of €e it is quite impor-
tant. It then ﬁakes sense to expand % in terms of Z in order to recover
the symmetry between holes and particles. The correctioﬁs arising to Z
may be thought of as density-fluctuation contributions. In féct, one
chooses to generate them from the density-density correlation function
L, within the scheme of conserving approximations to G2 (=L +aa),
discussed by Baym and Kadanoffl7). |

The one-particle propagator G, defined as

6(L, 1) =-1<T¥ (1) v Q) > , Q=%k) , (10)

the expectation of the time-ordered product of Heisenberg operators over

the N-particle ground state, satisfies the equation
-1 T Tt = : 5 5 s+
¢, (1,19 ce(I%e) =1 -1iv (1, 2) G2(l 3,23 . (11)

This 'is in the matrix notation of ref. 17. The given potential is the
Lh.dimensional generalization of (5). The unperturbed propagator G, is

defined by
. 2 |
Go'l (1, 2) = (i B—S— - 5%—-) s(1 - 2) . (12)

The ladder approximation,

15



v(1,2) 6(1 2,1'2") = f(l 2,121) [?(i',l') a(2',2") - a(1*,2') G(é',l'ﬂ (13)
provides an equation for t, némely,

£(1 2,1%2") = v(1 2,1'2" - 2'1*) + 1 v(1 2) 6(1,3) a(2,B) (3 K,1t27) ,  (1b)
when we assume the Bethe-Salpeter equation for Gg,
G,(1 2,1%2") = 6(1,1) 6(2,2") - 6(1,2") o(2,1%)

+ 6(1,3) cl2,k) T (3 E, 5 6) G(5,1') c(6,2%) ; (15)

and introduce the approximation that the vertex I' is funqtionally inde-~

pendent - of Ge.

T (12, 1'2)

iv(12) [5(1,1:) 5(2,2') - 8(1,2%) 5(2,1')]

1v (12, 1t2* - 2"11*') . : (16)
The irreducible self-energy Z is defined as
PO 1) = -1 V(1,8 6Bl an
and from the above discussion it follows that.we also have
| 5 (1,1") = - 1 ¢(I 2,3,1") o(I,3") . (18)

Equation (18) is the M-S expression for the nucleon self-energy, previously

called . Now when the Brueckner operator

+ + .
t=v +1ivG G t; (v, =v@21%2'-21Y)) , (19)

16



is used, the self-energy of (18) becomes the power series (in the Brueckner
operator) shoﬁn in figs. 1, 2.and 3¢ We will always draw Goldstone dia;
grams. Thus, the reader may attach external lines to our diagrams to
obtain the appropriate self-energy for particles and holes. Furthermore,
only the operator defined by (19) will play a role in our discussions.

We wish now to pass to the BHF-basis, as we have called it,’and to
deal with the problém of self-consistent determination of that basis.
This first of all implies that we shall employ a state~energy represen-
tation for all of the éperators of thé theory. The state representation

-in terms of our biorthogonal basis 68 is, for G,

a¢(1,1*) = j: | ss(&l) > 6, (6 - tl') <.'5s (il') | . (20)

This involves both continuum and discrete states. We are assuming
spatial homogeneity and that the processes under consideration are
stationary when we write eq. (20); thus G(1,1!) = G(i - 1%'). The bound-
ary conditions are implicit in the functions 68 and 35. fhese will
reflect the characteristic finiteness of the nuclear system. The fre-

quency or energy spectrum is introduced by means of Langef'sl8 represen-

tation,
3 in(t, =t *)
Gs(tl-tl')=-19(tl-tl')JdmAs (w-p)e T 1
‘ B
- 1m(t, -t ')
+19(tl',-tl)J‘des(w-u)e UL (e

17



This representation, as written, is only appropriate to the infinite
systems The continuous energy variable w is symmetrically defined about
a chemical potential p. Symmetry between holes and particles ié thereby
:I.mplied.A The functions As and Bs are respectively the spectral functions
qu particles and holes. The characteristic asymmetry of the finite
systenm manifésts itself through the existence of two quantities i, namely,
w(vn+1) =g (N) - E (N +1) and p(N - 1) =E (N - 1) - E (N). Even in
a.la.rge but finite system these quantities are umequal. It is also true
that the hole-particle asymmetry i1s reflected in the definition of the
spectral functionse.

The spectral functions have the Lorentz form. We have, for example

1
o -1, - [o,] - 2 (a)

-21
m

As(w - )

Fs(w) . , ('22)

[u) - Ts(w) - IB,| - Re Zs(w) ]2 + Fszgw)/h

with a similar statement holding for B . Actually, the negative of (22)
with B_ substituted for B+ gives Bs'. The quantities B+'a.nd B_ are tﬁe
binding energies of the last particle in the (N + 1)-, and N-systems,
respectively. In order to define the spectral functions, we introduce
the well of fig. &, whicr; is typical of a finite systeme. Next, we

proceed to define the spectra,l functions on a finite set of points for

18



continuum and bound states. These definitions will be consistent with
the existence of L2-functions » in the Fourier transform sense, on the
infinite internal (- ® S € w). Let us proceed to do this. In the

limit of zero width, (22) goes over to

As(w -u) = 25w - ws) £,

-1
s [l -%Re Z (w) ] ; (23)

o =0

a
U}

s
(DS - TS((DS) - IB+I - Re zs(ws) =0 e

Referring to fige 4, we note that s is the discrete index, either (ngj) .

or (n,z) for all of the states of negative total energy w. We can then

write the following.,~r

Bs(w- p) = 2ndlo - ws) £ o = NETC W
(- BW)] - e,(M) S, S~ [BW] ;

= olw, < - |B(W)] - e(N) .

T The spectral functions are given for the ground state configuretion.
An excited configuration, say, that of one excited particle, i, will
have B, ~f &andA ~f_ .

s s 8, 5,
i i i i

19



As(w - u) = 2x5(w - ‘f)s) fs; O = Qpyqseeccrly fs =1 - fs 3

(- [sW)| <o, <0) . (24)

There are precisely N hole-states of the (N-1)-system which can be
generated from the N-particle ground state. We can, however, sustain
(M-N) béund, excited states of the (N+1)-system within the interval
|B(N)|. For the positive energy states, & is a‘ mixed, continuous and
discrete label, i.e., (lk k). However, recall that the scattéring of
a particle from an average field of‘ short range shows resonances. It

is then meaningful to write

As‘(w - 1) O(a)s > %) ;
(25)
rs(w)/z o - )
(o - u)‘5)2 + FBE(w)/h 3\Og = Qg oo Dy’ 2

(0<¢DSS(DMAX) °

The discrete states W = u>(rik Zk) are the ﬁosition_s of the scgttering
resonances of the particle in the. average field; I‘s(a)s) is the associated
width of the resonance. The quantity g is just a ﬁuinber, €egoy 1 MeV,o -
We have insisted upon appending & subscript 'k' to the prinéipal quantum
number and orbital angular momentum. 'fhis is because we wish to indicate
that there is a problem of self-consistency assoclated with the deter-

mination of W for continuum states.



The definitions of (24) and (25)f permit us to use the transform

of (21)s We have cut off the spectrum for the (N-1)-system from below
and that for the (N+l)-system from above. This corresponds to the
physical situation for the (N-l)-system. The upper cutoff must be em-
ployed if we are to have alfinite mathematical representation. It is
implied by (24) that the bound, excited (N+1)-states do not have a width.
This is not true and the statement is an.approximation. We shall have
to compute the widths by means of perturbation theory. The Green's
function method provides an average descriﬁtiono The réferences to
states of the (Ntl)-systems mﬁst be understood in this sense. Averages -
are takeﬁ over the actual (physical) states of these systems.

We are not'vgry far along in describing the problem of self-consistency
which will yield the BHf-basis. It must be kept in mind that them8 of
(24) and (25) are not known. Nevertheless, sufficient formal methods are
now avaeilable to us. The self-energy operates Z, eq. (18), and the
scattering operator t, eg. (19), are put into the state-eﬁergy represen-
tation. To do this, it is necessary to consider that Z is a homogeneous
function .of its arguments, Z(1,1') = Z(1-1'). The operator t is taken
as the retarded part of a more general function. The reader will recall
that < 1 2|t]1'2' > depends upon just two times, say, t, and t.'s There

2 2

equal to t,., and

are delta functions in the definition of t which set t o

1

¥ The statements of (24) and (25) constitute a heuristic prescription,
the basis for which is supported by the work of the Appendix. There,
we obtain G (t) as a stationary, time series.



tl' equal to te'. Again, we demand homogeneity in the time-dependence.

As t, can exceed t2', or be less than ta', we can formally generate both

the retarded (t2 < t2') and advanced (t2 > t2') parts of t. The retarded

part of t describes the séattering of pairs of particles. Hblé scattering

contributions do not exist for the definition of (19). The appropriate

results, which are consistent with the foregoing statements, appear below.

2_ () = Z [< splt|sp > - < sp|t|ps >] £,
pfép(N)'
. (26)

' 1
- i < sp'ltalﬂuﬂe > “"‘”zf ey < .Belhltalp's> rp,fﬂhfz2

.62p 'ﬂu 2

t |pipy > = tlpp, > - tlpgp, > o
<3'P'|taQD)ISP’> = < S'P'Iva(w)ISP > + < s'p'lvlmlm2 >

e

1

7 <amft [sp> . | (27)

w=w_ ~w_ +i0

Equation (26) results from the assumption that we will compute the
self-energy from the diagrams of fige l. This includes the sum of BHF

and rearrangement energies. No designations have beeen made for the

states (4, p'%,)s We do this now. It is to be understood that £,,% < e (N)
oP by o2%) = €p

22
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and p > ef(N), holds, independently of whether s is less than or greater
than € f(N). Equation (27) is to be understood as applying when
(syp) S ef(N) holds and either (s'p!) < ef(N) or (s'p?') > ef(N) holds.

The notation (s p) 2 €, is meant to imply that one or both of the vari-

£
ables in parenthesis satisfies the given inequality. For the states my
and m, we can mitigate against violations of the exclusion principle by
repla.cingAlmlm2 > by ldet|m1m2| > in the potential matrix element. These
states éatisfy the condition (m1m2) > €f(N)o The restrictions on the
states are consistent with those of the discussion of Bethelg)o Our
expressions have an unsymmétrical appearance, the probability-of-

occupation factors f, of (26) being absent in (27). This is tantamount

J
to the approximation that intermediate states ml,m quite far from the

2
Fermi level are principally involved in the determination of t. In the
case of Z we would say that the presence of the fa;tors fj shows that we'
‘are always computing the interaction energy in a system of interacting
particles. Typically, the binding energy IB(N)I will be of the order of
8 MeV or more in the closed shell systems which we discuss. The observed
spectra of quasi-particles, namely that of single holes in the (N-1)
system and single particles in the (N+1)-system, persist up to excitations
of perhaps 3-5-MeV. At higher energies, more complex types of excita-
tions appear. The quasi-particle representation of (23) and (24) then

ceases to be valide For this reason, the sum rule

o0

% J'dw [As(w - 1) 8w - p) B (0 -u) o(u. - w)] =1

-00
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is certainly exhausted in the interval +|B(N)| about e #N). Inview of

this, we write

e.(N) IB(N) |
% dw B_(w - u.) + dwAlo-p)| =1 o
-|B(W) | e (W)

It is propbsed then that the negative energy states of the (N:kl)-systems,
be treated together. The self-consistency of the continuum (N+1)-states
is discussed as a separate mat't;er and will only be approximate. A similar
situation arose in our discussion of the H-F basis. The spectral func-
tion for the optical potential states is that given by (25). While we
may sometimes refer to a particle in such states as a quasi-particle,
this-ga.nnot be the case. In reality the opticel states are packets of
energy w and width I'(w). The quasi-pa.rticie states, those of (24), are
characterized by the factors f, and f j+ As these factors are not always
1l or O, we have the interpretation that a quasi-particle is a linear
combination of shell model hole and particle states.

The self-consistency involves the eqs. (26) and (27) , and an
eigenvalue statement such as is given in (23). The approximation is

made that the occupation factors f, are unity. Again, restricting our

J :
attention to quasi-particle states, we proceed as follows. 1) Make a

guess for the energies in (26) and (27). The H-F energiés e 4 associated

with the u:L provide a starting pointe. 2) Compute the matrix elements

of t, diagonal and non-diagonal, from (27), in the u, -basis. Use the
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principal value of (27). 3) Determine the self-energy for each of the
quasi-particle states from (26). 4) Determine if the eigenvalue state-
ment of (23) is satisfied for each state s and its assumed w. 5) If o

does not equal ®_, readjust the e and repeat steps 2) - 5) wntil @

i

equals _e 6) Ifw= o  is still not possible, start from 1) end vary
all of the ui's by making the root mean square radius d< Rl\?‘? larger
or smaller. The u, are functions which one has tabulated and plotted.

A linear variation of the rem.s. radius is straightforward for both
bound and scattering states. 7) Repeat 2)=5) with the new ui's (= ?J._i's)
until w = g is satisfied, for each state.

The eigenfunctions and energies are then (ws, ‘195 = ﬁs). These -
functions constitute the hermitian approximation 'Eo the BHF quasi-particle
basis. The self-energies Zs(ws) are known for those states within the
interval 2|B(N)| about € +(N). It is then possible to construct the
factors fs and f‘s, for these states, by numerical differentiation. A
more reliable procedure. involves the direct differention of (26). This
is straightforward if t(w) is not too strongly energy-dependent within
the region of 1r;terest. The deeply bound. states, W < -IB(N) I, are
pure hole excitations of the ‘(N-l) -system. We have yet to discuss the
quasi-particle damping which is associated with the excitations of f.he
(N+1)-system. This will be done in & later section.
| We turn now to the optical model states. Without disturbing the
previously obtained basis » one computes the hermitian interaction energy

of (26), written now as Re 2k(w). The anti-hermitian part I‘k(a)) is com-
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puted in the approximation of fig. 5. As yet we have no wave functions
t),a
to complete our discussion of the basis. The H-F basis functions u(i)(r)

comprise a complete sets We define the quantity
U@ = ) ) @> 5 @ <u® @) (28)
o’ A & > Iy k A

as the complex non-local potential for the particle in continuum states.

Tt is of course true that o = T+ |B(N) [, where T, is the asymptotic.

k

kinetic energy of the incident particle. One can then solve the equation
+ ~ A i ~ A A
@-m o @) = far o @0y, @30 (29)

in order to obtain the basis functions fdr energy we As is the case
with all statements made "ip principle”, it is not suggested that one
perform the computation of (29). What is intended has to do with the
demonstration that the H-F basis functions provide a means of Qetermining
the BHF basis. We use the set u(E) in (28) instead of plane waves simply
because the former more nearly pertain to the phyéical situation under

discussiéno

.3. Collective States
We shall obtain the collective states of the N-spectrum. These have
significance for the ultimate determination of the (N+l)-states. Collec-

tive oscillations are described by us as density fluctuations. Mainly,
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our concern is with those motions of particle-hole structure. These
states will occur at finite frequencies. This is in contrast to the
zero-frequency collective state, that leading to uniform dilastation of
Fermi sphere, which characterizes pairing.

It has been explained that hole scattering corrections to Brueckner
theory are of some importance. These play a dominant role in the vicin-
ity of the Fermi level. It is especially relevant to discuss these
corrections in finite systems. For these systems we ggldom get pure
quasi-particle behavior, even at low exéitations, once the medium weight
(A ~ 60) nuclei are reached.

Hole corrections to particle-particle interactioﬁs teke their simplest

form in the symmetric (ph)-scattering graphs. These may be included in

. the formalism already given without the occurence of double countings.

The one-body, non-hermitian operators, defining the quasi-particle basis,
are not diagonal with respect to configurations having a hole in unexcited
states and a particle in excited states. We restrict ourselves to con-
figurations having just N-particles. The aim then is to incorporate the
zero-point oscillations and the correlations associated with these into
our description of what has been called the non-dégenerate, N-particle,
ground state, |0 >. The new state |¥(N) >, upon which the quasi-particle

operators af and a, act, will be an admixture of excited and ground

J J
states.
The excited configurations with a particle and a hole present are

most simply discussed in terms of the operator L(1 2, 1'2'). This is
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the operator for the density correlations. In particular, we have the

defining statements
(1 2, 1'2") = G, (12, 1'2") - 6(1,1") a(2,2"), | (30)

<a(1), n(2) >, = - 21 I L(1 2, 12 s =y, (51)

which suggest the interpretations just given. In addition to the possi-
bility of having the independent propagation of (p,h)-pair (fig. 6), we
can have correlations within the pair. This is described by saying that
the particle and hole can scatter themselves into a bound state. Both
the scattefing and the bound state configurati§ns are contained in the
propagatoer. We shali extract the bound states from the solution of
the integral equation for L, given in ref. 17. Our treatment is very
similar to that of Gottfried and Picmaneo) and a preliminery discussion
has appeared elsewherezl).

The integral equation for L, defined as the negative of the functional
derivative, [8G(l,l';U)/6U(2',2)]UEO, U being a scalar external field,

is found to be

L(1 2,1'2') = - 6(1,2') G(2,1") +'J‘G(l,5) o(k,11) = (55, §6) L(8 2,5 2"). (32]

The vertex operator =,is obtained for the ladder approximation, as

Il

(12, 1t2%) = [zs}:)l,a)/tac(z',l')]U.=o

-1i<12/tj1irer> +~(< 1 3|t|2'E > a(,5) a(6,3) <2 5[t[16 > .
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One proceeds by putting (32) into the state-energy representation, the
basis for which has already been discussed. The first step of the pro-~

cedure yields

', vta') =-5 G (t, - t2') G, (t

- 1
1 2 tl )

+ IGa(tl'EB) Gu(tu-tl') < mE5,atle|uEwk56 > L(kEg,Bt,; mEs,vte'). (33)

One is to apply the Fourier transformation to this expression. The two

contributions to the vertex are

6(%5 - t3) <mx ; Ejltl uk 5 ), >8(E, - E)

+z<mp ; t5lt| o ; £, > Gp(t3 - t5) Go(th - £ <m; tjltlok 3 B>
Gp .

And, the propagator is to be specialized as

L § l= ) -
,vta) L, (t t

.B“ l 2'; t2 - tl') . (5]"')

L{a t10 Bty Bty

This says that a hole in state p at time t.' propagates to t2, state B,

1
ﬁhile a particle in v, at time te', propagates to tl,-state Co The
. Fourier transform of (33), with restrictions to be discussed shortly,

takes the form
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L, ou(BoBp) = - 08 (%)?ZJ&D < mot(a) e > Ty, oo - 53 )

~(2x)° [Ei,;) ]'2 Z < mplt(E-E:(Lé) ) o >
kmpo

. < pal,t(E](é)lok> Lkv’pm ( ) )

L (2:r) Z(mkm-E( )) < mx|t|uk > Ly, pm

- (2r)° [E](_'é)] -2 Z < mp|t(- Ei,;))luo >
. kmpo'

. <pa|t(E§2-))lok> Lkv,Bm . (35)

The expressions on the right-hand side of (35) have been arranged
so as to depend only upon the energy difference El - E2 = Eié)o This
is the energy of the (p,h)-pair (v,B). Then, QGV,BM no longer depends
separately upon the variables El and E2. The first term of (35) is the
expected convolution in energy. It describes the transition of particle-
hole pairs (v,B) into those (k,m). The latter are at the relative exci-

tation energies (wkm - ( ) Jo It is possible to have excited configu-
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rations of two particles, (ok), and two holes, (mu), in the N-particle
system. These cqnfigurations are coupled to those in which a single

(h,p)-pair, (p,o), is excited. This is the situation described by the
second term of (35). The more éeneral energy dependence of this term
has been restricted so as to yield the homogeneous vgriable'Eié). The

formal over-simplification introduced is that of having 2-particle,

(-) (-)
12 12

energy of the (p,h)-pair (v,B).

2-hole excitations at E -(-E ) =2 E§;), or twice the excitation

Eq. (35) is to be regarded as a set of algebraic equations for an

> (k)

abstract particle-hole vector X »y k= (le), whose components are

xék), s = (a,n); (s,k =1, 2,ees). The product of delta functions in-
(35) 1is written as that ssk for the abstract, particle-hole space. Then,

we write the algebraic statement

k (k)
XE; ) = 681: + Zaﬁ, Xll' o (36)

This has the solution

(k) _ -1 ~8J o =1 ~sk
Xg ' T et ¥ M %5 T Eet M) M

M(k) = [1 - al]
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1l - al - 8, - 33 .« s o

- 2 2 2
-al -8.2 -8.3 e o o 5
P 3

a:, = (2x)2 (a)p, - Eié))-l <m'oa|t|uk! >

- (2x)° [E;)]'2 Z <n'plt|w > < poltlok' > ; p' = (k'm*) .
‘ o

Collective states appear at the zeros of det g(k) = O. This is an

(<)
12

dependence of the coefficients az, upon these energies has its origin

eigenvalue problem for the unknown energies E (k) The quadratic
in the’(2p,2h) correction terms. Otherwise, the eigenvalue problem is
that first described by Brown ahd his collaborators. The correction
terms are associated with ground state correlations and are trouble-
(-)

12
states move away from the unperturbed quasi-particle values wk, and

some to compute. They are the more important the farther the E

toward zero energy. The ground state correlations have been discussed

by Brown et al., and also by Kerman and Kleinea)

» and Lewis-Walecka5).
We would note that the formalism presented here does contain the correl-

ation effects in a way which is unrelated to perturbation theory. This
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will mean that low-lying collective statés, €« g¢y 37, which move down
' +  + _+
by large amounts and those such as 1 , 2 , 3 bullt upon (p,h)-states

of low excitation, within a sub-shell, e. go, Ni58, can be properly

detefmined.

The (p,h)-collective states are established by the residual, two-~
nucleon interaction. The actual (observed inAfree scattering) inter-
action.is used to build the quasi-particle spectrum. This spectrum is
sufficient to determine the positions of the wunperturbed (p,h)-states.
The residusl force is non-singular and not too energy-dependent for
states at the Fermj sea, once saturation has been achieved. The tremen-
dous success of the descriptions of the residual force in terms of, for
example, Rosenfeld and Soper mixtures, is indeed meaningful, in the
conventional shell model theory, that without configuration mixing. The
latter is an essentlal part of what is termed the intermediate couplingv
shell model. The intermediate coupling shell model has been extensively
utilized by Gillet23). On the other hand, the residual force ié the
difference between the 2-body operator corresponding to the given force

and the l-body operator of the average field. The non-diagonal (p,h)-

‘transitions in the secular matrix for the collective state can only be

induced by the given force. The unperturbed (p,h)-energies are, to

good approximstion, given by the average field, either ﬁ-F or BHF. Thus,
the;average field drops out of transition matrix elements, as it should.
The collective state is established from both average and given inter-

actions. But, the force parametrization of conventional shell model
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theory is ineppropriate. One encounters precisely this situétion in
applications of the configuration mixing shell model. It is to be seen
that the theory ﬁresented here does imply the configuration-mixing shell
model. |

It is, finally, indicated thét once the basis vectors i(k) have
been determined the L-propagstor for the bound states (collective states)

can be written, in state-energy representation, as

509 > < <00

(D(k) - (Ds

L(k)(l 2,1'2';mk) ’ Oy) = E§;)(k) ; (37)

L(1 2,1'2') ZL(k) (1 2,1'2?;%) .

k
There also exist scattering contributions to the propagator

~ v, > <y | |
L1 2,12%w) = z = 2 . ] aw L1 2,1'2%w) = L'(1 2,1'2').

w -
a

However, we have no interest in these as their spectrum is Just the

same as that which is implied by the (N+1) and (N-1) representations.

4, Single Particle Spectrum
We shall discuss some very simple excitation spectra and how these

may be computed. Our results apply mainly to the (N+l)-spectrum as it
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is influenced by states of the N-system. One example, that of the 2-

particle bound state, is specifically relevant to the coupling of the
(N+2)-, and N-states. The selection of topics and their order of dis-
cussion is somewhat arbitrary. First, a non-perturbative coupling of
quasi-particles to vibrations is discussed. This is an old problem
which was treated quite early on by Kisslinger and Sorensena&i Our
remarks are therefore cursory. Second, we examine the second order
perturbation theory for coupling of quasi-particle and vibration. Thg
difference between the first and second examples has to do with relative
duasi-particle purity of the excitation spectrum. The second example

has been discussed from another point of view by Schriefferzs). The
finél and third discussion summarizes some of the aspects arising in

the analysis of quasi-particle couplings to non-collective (p,h)-states26)
and (2p,lh)-§tate827). As our interest is primarily with single particle
spectra, we do not deal with the possible many-pafticle spectrae.
Mottelsonas) has, however, given such a diécussion in some detaii.

We distinguish here between the quasi-pgrticle spectrum and the
single-particle spectrum, namely, that for a real particle. It is
necessary to approximate to the latter in some reasonable way. . At low
excitations in the (N+1)-system, the spectrum may very well look like
that for a quasi-particle. At somewhat higher energies, excitations of
the core become important. The most obvious way to generate the single-
particle spectrum in this regime is to couple the quasi-particle and

core states. This must be done in the strong-coupling limit. A
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diagonalization of the particle-core interaction over the basis noted is
carried out. The result of the diagonalization is to give a single-
particle spectrum which cannot be characterized as being that for a
quasi-particle. The diagonaiization has also teken into account that an
extra nucleon has been added to a real system, one undergoing vacuum
fluctuations. In general, the low-lying core state is the 2+ vibration.
However, in many isotopes, e.ge., those of Ni, the odd parity >~ vibra-
tion must also be taken into account.

The calculation proceeds along the lines of the Tamh-Dancoff approx-
imation. One, of course, is instructed to form states of good.JII, etce
In view of the nature of this appfoximation, the quasi-particle basis
states are employed at their unperturbed energies. Since the calculation
fixes the single particle spectrum, no attempt is made to compute the
shifts of the quasi-particle spectrum. In fact, for a sufficiently strong
interaction between quasi-particle and vibration, the resulting single-
particle spectrum will achieve the Paschen-Béck limit.

These points are mentioned owing to the fact that some attempts to
compute quasi-particle energy shifts have been made in thé past. These
have usually been done in the weak-coupling limit,-and involve difficult
questions concerning the self-consistency of the quasi-particle basis
epergies. An overall question in the discussion of the quasi-particle
coupling to a vibration is that of £he coupling potential. Again, as
with our earlier discussions, the interaction is that remaining after

subtraction of the self-consistent field from the given two-body inter-
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action. We have noted that in Brueckner theory this statement gets

translated into tij -< ti >o - < tj >°.
An example of the weak coupling of a quasi-particle to a vibration
will be considered. Here one wants to obtain the quasi-particle eﬁergy
shift. Fortunately, one can see where the self-consistenéy is 1ikely to
go wrong, if we use the Green's function methods. This is to be dbne.
In addition, the answer to the problem is known from other consideratidns29).
We attempt to compute the self-energy Z owing to a nucleon being in a
bound state of (p,h)-type. The bound state propagation is described by

L' of eq. (3), which we call LB. The first assumption is summarized by

writing

¢clo=1-1iva

o 2")l-iVIAB °

This removes the independent particle-pair propagation in G2. The next
assumption considers that it is possible to define the scattering oper-

ator, t, as

VL =-tGG|X

B
with, moreover,
t=v+itGaGve

The exchange part G GIX of independent particle propageation, G G, is that

identified as the propagation of independent particle and hole pair. Now

writing
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t=[1+itgeglv

so that

[l+itGG]vLB=-[l+i.tGG]tGG X’

-we obtain
| tI.B=-EGG .
If we assume that
LB%-GGIXfLBEGG
holds, then
tGGl}'(=-EGG+tLBAE'GG .
For-thg se;f-energy, defined as

£G=-iVIB >

there follows

z=-1‘[EG-tLBEG].. | - (38)

Suppose now that we retain the lowest-order bound-state term

(2)
ZB=;tLBtG. ) (39)
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This self-energy'may be characterized as the second;order, weak-coupling
contribution owing to the fact the nucleon is sometimes in a correlated
state. The nucleon is supposed to have the additional self-energy

I' = - itG + tGGtG = - i = G, which is that defining the‘BHF quasi-
particle basis. On the face of things, the approximate self-energy

It + Z(E) describes the combined bound state and independent motion of
a nucleon. However, it need scarcely be pointéd out that Z, defined as
above, with t being a given, instead of derived, operator, is, ohly
artifically consistent with the results of section II. The self-energy

defined previously as Z G = ivG, has, in addition to the terms appearing

2
in (38), contributions which may be identified as mass renormalizations
of hole lines. Even if these ére ignored the two self-energy expressions
are not to be formally equated. We have only found a formal device for
reproducing the quasi-particle contribution to the self-energy, in the
presence of correlated.nucleon motions. The motivation for this sort of
description is provided by one's view of the physical situation. The
mathematical operation is that of projecting on to a transpose space all

of the operators, and relations between these, defined in sec. II. We

note that the weak-coupling result,
T=-ilEc-tLytel , y (ko)

fails to correct the quasi-particle motion for the presence of the
correlations. This feature defines the approximation.

In discussing 2(2)

B of eq. (40) we encounter an interesting feature.
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- The contribufion will become lérge for states in the quasi-particle
spectrum wvhose energy éeparation is just equal to the excitation of the
collective state. There is not, however, a pole in the Zée)-term when
the frequency condition is satisfied. We will explain what occurs
shortly. The behavior noted is similar to that of the continuum, two-

30). At the positions of these

particle bound state discussed by Fonda
states, the S-matfix will not exhibit poles. We describe the phenomenon
under discussion as a "2-particle bound state". The frequency condition
involved just two states of the quasi-particle spectrumo The nomenclature
15 not misleading even though one of thé states is virtuale. In the
(N+l)-system, the correlation between the two such states could prodﬁce
significant energy shifts in the energy of a real (as against virtual),
bound quasi-particle. The scattering configurations of the (N+1)-system
will be similarly influenced, for sufficiently low energies. Here, the
correlation of states, induced by the virtual phonon for a nuclear sur-
face oscillation, will modify the real part of the average, one-body
potential. Additionally, it is expected that the imaginary part of that
potential will also change. The correlation increaseé the average life-
time of the one-body, wave-packet state. The effect is to change the
energy dependence of the imaginary part of the optical potential in the
vicinity of zero energye. |

The two-particle bound étate persists when_weAconsider two real
. quasi-particles, states of the (N+2) -system and also two virtual quasi-

particles, again in the (N+2)-system. These conclusions are supported
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by the analysis of Schrieffer. In the (N2) systems the two-particle
bound state gives an extended description of pairiné. Two quasi-particles
in different orbitals correlate over large distances by the exchange of
a virtual phonon. The manifestation of the bound state is likely to be
stronger in the (N+1)-, and (N-2)-system§ than in the (N+2)-system.
This is prédicated upon assumptions regarding the exteht to which the
core nucleons will be excited.

As is customary, we go éver to the state-energy representation in
order to discuss Zée). It is probably helpful to note that the operétor
multiplication in eq. (30) is that specified by the diagram of figo Te

We have, according to this diagram,
zéz) (1t,4%) = 1 { 1'31t]I 2> LB(é'i, 312) <5 k|t|3'4r > G(i,&) .
The propagaﬁor is expressed as
Ly (2'3;3'%2) = é(tg' - t5') 8(t, - t3):z: lﬁs(xzxs) > L (t," - t,)
s

R ATV ,(hl)

The frequencies of the bound states, Ws’ are ms. Furthermore, these

states may be expressed as.

ws(xz,xg') = jz:csrlﬁkCXE') > < kIQqKI 7>< 32 (xj')l ’ (k1)
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in terms of the biorthogonal BHF basis set, where time-reversal, K9, is
denoted by 3. The remaining, undesignated quantities are: csr-expansion
amplitude or direction cosine for the projection of the bound state

vector along the axes of the abstract (p,h)-basis system; s - (g,k),

'-qSICSq;r=(kZ)’k=(nl£l'jl; ml),Z=(n2' o ja';-m2')$

and

< klﬂq’cll > = 100, 2)

is the product of vector cbuplingAcoefficient and the phase utilized in

the definition of the (p,h)-basis states. Finally, if
~im(t, -t *)
ey = 1 11
L(ty _'°1) = |awe L(w)

the spectral function is

ps(w)

@O -w
s

L (o) =

where the weight Bs(ws) will in ggneral be approximated as unity by us.
The scattering operators in (39) are no longer assuméd to have the homo-
geneous time dependence qf our earlier discussions. This is to say that
the spectral forms for these operators will, in general, be off of the

energy shell. Our.figal result, lncorporating all of the foregoing, is
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(2)

- = K % Ky~
Ty = zki (E) = 1 chg < klsqu'l > cp < rlnc1 3> P (gm)

(k2)

<klk; E - wsltlmj; em> < rm; emltlﬂkl; E> ;

= T ¥ = (1)K
where g = (k ), ®ep (-1) Csp?

energy of quasi-particle states of type m, at the energy €

p=(r73); pm(em) is the density-in-

The expression of eq. (L2) yields the width I (E) for the process

, 1
under discussione. The particle in state kl at the energy E experiences
4 +
a complex self-energy, Re Z_(E) + i ImZ (E); ~-2Im Z_ (E+ i0 ) =
kl kl . kl

I, (E). Eq. (42) pertains to the scattering configurations of the (N+1)-
1
system. Therefore, the state label kl

that state are to be understood as continuous variables. The contribu-

and the energy E corresponding to

tion to the optical potential supplied by (39) would be.determined by

computing Re Zk (E). One can show in general that
. 1 :

P PX(X) t
Re T_ (z) = 5 J. ax = (z=E+1iy ; x=E"). ‘“5)

It is then possible to compute the real part of Z being given its dis-
continuity across the reel axis. This evaluation is left for the
reader. The principal value is implied in (43). It is also clear from

this form that Re 2 (E) will not have poles.
S
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Eq. (4%2) suggests the interpretation that the particle in the wave
packet state (kl,E) is.coupied to the bound, quasi-particle state (m,em)
through the vibration (q, «; wé). Inspection of the matrix elements
shows that the optical-state particle excites the target with which it
interacts. A schematic representation of the excitation process is
indicated in fig. 8. As fhe optical particle must scatter back into the
entrance channel from the intermediate state in order that Zkl(E) be
calculable, we are confronted by the need to introduce approximétions. '
If o, << E is satisfied thenveqs. (42) and (43) give a good approximation
to a physical process (elastic scattering)s. By wg << E we shall mean
wg < 0.3 E. Even so, the separate matrix elements of (L42) involve off-
energy-shell operators. The resulting self-energy may indeed be quite
small owing to this aspect. On the other hand, the singling out of an
ém’ satisfying em =E = Wes together with our inequality, produces on-
shell matrix elements. The corresponding self-energy is significantly
larger. We rely here upon the "rapid" drop-off of matrix elements as
one goes off of the energy shell. This is a rather tenuous proposition.
However, the nature of two-particle bound state has been disclosed.
This is as far as we need to go.

Some brief remarks can be made concerning the coupling of the con~
tinuum (N+l)-spectrum for quasi-particles into non-collective states.
The coupling to (p,h)-states has been studied by Shakin and Lemmer who
investigate neutrqn scattering from le. The presence of the inter- A

mediate (p,h)-states leads to resonances in the neutron scattering
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cross section. In the energy range O { En <10 MeV, the resonance widths
vary between 0.6 to 800 keV. The mean spacing of the states is roughly
1. MeV-l. The reader is referred to the cited reference for additional
details. Some consideration has also been given to the couplings to
(2p,1h)-states. The effect of such states is also seen as resonances in
the total neutron scattering cross sections. The experimental evidence
is beautifully sumearized by the data of Glasgow and Fosterjl). For

2 < E, < 6 MeV, and 20 S A < 208, the resonances appear. The widths are
tybically'of the order of 100 keV and the mean spacings are 2-4 MeV-l.
Both the resonances arising from (p,h)-intermediate staﬁes and those

from (2p,lh)-intermediate states are described as "the resonances of

intermediate structure".

5. Residual Forces

We want to make some general remarks concerning the appearance of
residual forces and their freatment. The problem arises only if we
decide to parametrize the effect of these forces in terms of some
selected functional form. Traditional shell model computations have
followed this approach. The reason for this has been to make a compli-
éated problem tractable.

The many-body descriptions of the fermion systems seek to produce
a self-binding system, at the given density and energy. We will con-
sider finite systems as has been done throughout these discussions. The
seif-binding is produced by the delicate balance between the attractive

forées, principally that in the lSo state, and the kinetic energy. The

k5



finiﬁe size of the system is carried by the representation basis. This
basis has been generated in this analysis from the diagrams of fig. l.
The procedure has been to generate the Brueckner operator, t, from the
given force ve. Let us now designate this t as the given force. Now the
diagrams of fig. 1 generate the average potential < tj > = Ub(J,ej)'
which defines the basis. At each vertex in the diagrams, the given force,
t, acts. For all other diagrams, we describe the vertex operator by t'
=t -<t >°, the reéidual interaction.

Thg average potential is a set of numbers, Uo (j,ej), for any many-
body computation. We were given a coordinate representation for V.
Corresjonding to this v there is a functional, coordinate-representation
for the given force, t. On the other hand, the residual forée, t', is
the state-, and energy-dependent set of numbers t'(j,ej). As long as
we are doing numerical computations on fast computers, as part of a
systematic program of evaluation, the t'~interaction is just as easily
handled as that t. The problem of what to do with the residual force
never arises. It is only when the evaluations involving t' are not part
of such an established program, and we utilize a functional form for tt,
_that difficulties arise. In general, it sill not be easy'to find simple,
tractable forms which replace to good approximation the non-local,
veloéity-dependent, interaction implied.by the many-body theory. Very
often, if we work within a given shell, e.g. p-, Or (sd)-, the form
parametrization can be achieved. Thus we encounter force mixtures of

Rosenfeld and Soper types, for example.



In an earlier section, while discussing (p,h)~-states, we noted that

the transition matrix elements of t' really reduced to those of t. 6ne
was then forced to remark that only the given force, t, was relevant to
the specific computation. The use of an equivalent functional form,
which we will now deséribe as the effective force, for t', the residual
force, simplifies.the computation of transition matrix elements. The
effective force is to be evaluated within excited configurations, or
within configurétions other than the chosen configuration. This is its
role. The following considerations éerve to illustrate thise.

We stated earlier that a trial functionm, ¥(N), would be used for
the N-system consisting of the usual Slater determinant in occubied
states, plus additional determinants of (h,p)-type. The physical vacuum

¥(N) is then expressed as
¥(w) = c_ o +Z°m1 oo e, (k)

the c's being expansion coefficients and @o(N) the true vacuum. The

+ .
operators (a,a’ ) for the quasi-particles satisfy anticommutation rules.
In particular, we also have the relations for these operators, symbolizing

dressed particles,
a ¥(N) £0, (K> k; kSky) -«

We then introduce the customary definitions,
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3 » (k> k)

-akf, (k > kf)

o ;e - , (45)

< <
bk‘l', (k S kf) L (k < kf)

of the quasi-particle operators in terms of those for bare or shell model

states. For the latter operators, the following relations hold

ak'd>o=o, (k>k.) ; b g .

= <
w8 =05 (ESk

The vacuum state is rewritten as
tot
= + .
y(n) c, ¢o Zcml a_ bl o - (hé)
The states of the (Ntl)-systems have the representations
0 + Ye. b to | (k> k)
k1l "1 o] ’ f
¥(N-1) = o ¥(N) = 5 (b7)
t t,_t,t <
co by @ t Zcml & b b 0, (k -~kf)
and

T : L S ¢
+
CQ &y (Do Zcml a bl~ & Qo , (k> kf)

¥(w1) = o " w() = , )

t
+ E <
0] c] a @o > (k-kf)

These lowest states of the (Ntl) systems are linear combinations of hole
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and (2h,lp)-states, particle and (2p,1lh)-states.

The chosen configuration, that described by (46), determines the
configurations of the (N#l)-system within which the evaluations of the
many-particle matrix glements occur. In particular, we shall not attempt
to determine the excited configurations of (U47) and (48) in any self-
consistent way. Such configurations are computed from perturbation -
theory. We deal with the states \z(N-i) first. The diagrams of fig. 1
are given again in fig. 9, and labelled so as to pertain to these states.
The interaction operators of thiszdiagram must be described.

We adopt the operator point of view developed by Watson32) whereby
the one-, and three-quasi-particle configurations are projected out by
operators P. and P5° The average values of the given force, t, computéd

1
in these configurations are t. and t,. The interaction operator is then

1 3

written as

t=(l-P)t+PtEI-hPt=I+Pltl+P5t3 . (49)

The Watson, I-operator is the residusl force, t', of this discussion.
The quasi-particle basis is defined in terms of the one-body operators

deriving from the averages

e, -T

X e - Uy (ek)] 3 =0 , (50)

, 1
U (e) = Z < ksltllks > - 2 < kmlt3lpg > Gy < pz|t3|km > (51)
s plu :
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= X . < . <
<t,> -<t 5 t3 > (s < ke 5 Py I S kg £> kf) .
The expression for the average field is determined by the vanishing of
the sum of diagrams in fig. 9. We have previously discussed the self-
g+ Note that in (51), e

is the excitation of the.3 quasi-particle configurations relative to

3

consistent determinstion of the states k < k

that for a single quasi-particle.

Next, we examine the states of the (N+l)-system. It is considered
that no more hole graphs are to be accounted for in the self-consistency.
The five graphs of fig. 1, 2, and 5 are repested in figs. 10, 11, 12,
and 135 with, however, a different'grouping.f Excited configurations,
v*(N+1), of the (N+1)-system are produced by the conventional operation
upon (48). These consist of linear combinations of (1p)-, (2p,1h)-, and
(3p,2n)-states. Again, we should only like to account for these config-"
urations in an approximate way. The graphs of figs. 11 and 13 are dis-
carded, on this basis, in the self-consistent determinations. That of
fig. 12, (a), could indeed belong to ¥(N+l). It is of 3rd-order and
should be a perturbation on the interaction energy. We shall.also dis-
card this graph in the self-consistency. If we were to retain any 3rd-
order process, it would be that represented by fig. 12, (a). However;

in order to take full account of (p,h)-correlations, we would sum the

fThe arrangement of graphs is governed by the configuration assignments.
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ladder of repeated (p,h)-interactions. This would define the J-vertex
of Shawji), fige. 14. Let us follow this procedure, observing that the
new operator has the average'J3 in the (2p,1h)-states. We can now form
the representation for the self-consistent potential as in fig; 15. The

3rd-order term, involving J,
+ - .
J=t+1tG G J , (52)

the‘operator for (p,h)-interactions, is still in general smaller than
the lst-order term. Particle self-consistency would then be determined
by the graph of fig. 10. That the graph should vanish, ylelds the self-
consistent potential defined on occupied states; The role of the (2p,1h)-
states is to determine the4anti-hermitian part of t as indicated by
figs. 5o

The omission of the (3p,2h)-graph of fig. 11 is known to lead to a

violation of the equilibrium thermodynamics of the infinite system;hD.

The corresponding restriction does -not apply to the finite system, in

any event. The determinations we have made, leading to different state-
ment of self-consistency in the (Nil)-systems, are reflections of the
relations. in (47) and (L43).

The question of residual forées cen be raised again. Referring to
our diagrams, the choice of residual interaction, either (t-tl) or
(t-t5)’ follows from the definition I = ¢ - P,t, - P5t5- The one-body

operators tl and t3 describe the interaction of the quasi-particle,
nemely, the excitation k of the (N+l) systems, with the background of

occupied states, and with the excited configurations of two particles
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and a hole (two holes and one particle). In computing the scattering of
(h,p)-pairs, say, (z,ml) and Lz,me), as in fig. 16 (a), we obtain in the
matrix element

.< ﬂemlltlmzﬁl - ﬂlmz > - 6m m

<m It lm > .
21 1ohe

< 2_2|t3|£l > - %'2*@1

For the hole states, t3 projects off the.(2h,lp)-background interactions.
The (2p,lh)-background is to be projected off for particles. However,

wé have seen that these states play a rather definite role in detérmining
particle lifetimes. There is as noted earlier no ti-projection operator

for particle stafes. We can maintain the formal structure of the matrix

for particle states. This has additional

elements by replacing t, by t

3 >
implications. An excited state of the (N+l)-system was noted as having
(1p)-, (2p,1n),- and (3p,2h)-contributions. It is immediately clear that
unless we add one particle, at the Fermi level, to a quieécent N-particle
system, the excited (N+1)-system is always under discussion. Having
already accounted for the (1p)-and (2p,1h)- contributions, we need then
to incorporate the remaining contribution, fig. 11. This is done by
defining an interaction operator I =t - Pltl “PB-t3- - ?5+t5+ with the
additional projections (+) on quasi-particle and quasi-hole states. The
self-consistency for particles is determined by the operator Uk(ek) of
(51) with t, = t,~ replaced by t_

3 3 5°
eliminate all diagrams except those of fig. 16. These together with

Order arguments are then used to

that of fig. 5 determine the (N+1l)-excitations. We could have arrived

at these results in a direct way. However, the chain of argument is
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instructive. The (3p,2p)-configurations actually involve (2h,lp)-

- - + + - - + +
= + = t +
Psts” +Psts =P FPot

intermediate states, thus t What

3 373 575 °
has been indicated is the very basic asymmetry in the discussion of ho;es
and particles.

The (p,h)-matrix element which we introduced above is now written

as

<L [tlmyg, - £ym, > - amlm < z.2|t5|£.2 > -8, , <m1|t5|m2 > .
2 172

This is just the matrix element < ﬂemllllmeﬂl - ﬂlmQ > of the residual

interaction. Evidently, the non-diagonal elements of I are equal to

those of t, the given interaction, in this case. The situation is no

different for a conventional H-F computation with the diagram of fig.

16 (b). One simply replaces t, and t5 by\JHF.

3

Whén we employ effective forces to rewrite
= - +
t=(1-P)t+P t
as
= '+
t=t Po t

with a functional form t' replacing what was I, a great deal of the
descriptive simplicity is lost. '

It is supposed that the function t' is equal to the actual force t,
but evaluated in the medium. The qualification states that the presence

of other particles is important for the pair-interaction under scrutiny.
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This renormalization of the interaction can be quite important. One
would find this to be the case in computing two-body interactions at the
middle of a shell. One can say this in another way. There are appreciable
components of long-range multipoles which contribute to the average field,
PO t. The situation is well-known in, for example, the discussion of
vibrations about the deformed shape. If we discuss vibrations about the
spherical shape, there can still be important polarization effects. Two
particles, being part of a vibration, may chiefly interact through virtual
emission and absorptién of a phonon.

There is, as noted, some.reason to believe that the dynamical
polarization effects may well be important. Chiefly, wé expect these
to manifest theméelves in the (N2) systems. It is assumed that the
N-system'has'a spectrum of comparatively low-frequency, vibrational
states. This spectrum is established with little or no renormalization
of the given force.. One relies upén coherent momentum transfers, of
nearly equal and small amounts, to build the collective states. This is
physically the meaning of the formal sumation df the "ring diagrams".

As long,‘then, as we work in the N-system, almost any functional approx-
imétion, t', to the near-zero-momentum transfer components of t is likely
to be adequate.

Now one can argue indefinitely fhat the hard core, or high-momentum
components of the force, drive the diagrams of figs. 11 and 13 (b). This
has no relevance for the finite system. Again, the renormalization en-
countered in going from'v to t can never be important at low momentum

transferse.
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The given force is still evaluated as a diagonal operator, symbolized
by Po t. However, the parameters in t' are not well-determined. The
recourse to empirical data as a means of fixing the matrix elements of
P, t does not necessarily work as satisfactorily for t'. In using t'

- we will of course compute transition matirx elements. At the same time,
we have the rule that these matrix elements are formally equal to.those
of the given force. The practical difficulty is largely with the differ-
ence in the momentum spectra of t' and t. In most applications we choose
a t* which reproduces t over a part of itsvmomentum-traﬁsfer spectrum.
Forces, t', with predominately low momentum components are used to
sumarize the scattering data up to perhaps 20 MeV. "Alternatively, they
do this in a quite approximate way and give the level spectra for some
class of nuclei, ee«ge, p-éhell systems. It is also possible to use
forces t! with appreciable high momentum components which summarize the
two-body scattering data ué to 100 and sometimes up to 310 MeV. Most of
the nuclear phenomena we are tryiné-to describe, in an intermediate-coupling
or a configuration-mixing shell model calculation,are insensitive to the
existence of the very high momentum components of the force. We believe
then fhat we are not forced to reproduce t beyond perhaps 45 MeV, or at
the most 100 MeV. |

Owing to the absence of suitable H-F and BHF calculations for finite
systems we never establish a quasi-particle basis. Instead, one assumes
a shell model basis with the states being fixed by empirical data. The

shell model basis, to date, is that of the isotropic, harmonic oscillator.
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Despite the overwhelming success of this description, oné is still trou-
bled in any computation. The higher oscillator levels, A\, A =2n + [ - 2,
are chéracterized as having wave functions with too much kinetic energy.
This, in effect, simulates the behavior of a'very hard force.

Often, a two-body force, t' =~ A & (?l - ?2), of zero-range is em-
ployed in the computations. This force fills the entire momentum spec-
trum with uniform weight. It is conventionally argued that t' represents
the fluctuations about the a&erage field Pot. The effective force, given
above, is supposed to be a reasonable approximation to the short range,
fluctuating'field; In many situations, however, t' céntains additional
long range correlations to whieh the nucleon motions are quite sensitive..r
One uses the given effective force, in most cases, owiﬁg to its simplic-

ity ' The volume strength parameter, (A/4x), should be approximately
430 Mev - fj, corresponding to the observations in the two-body system.

The shell model computations, diagonaiizing the effective force,
are very often sensitive to the functional form chosen for t'. This
sensitivity seems to be dependent upén the type of nuclear state being
computed. -Discussions of this effect are abundant in the literature.

| -Before the advent and adoption of hard core potentials, the shell
model had the burden of explaining_saturation. This was manifest in

the use of exchange mixtures satisfying the saturation conditions, in

¥ This point has been especially stressed by Mottelson.

56.



full or partially. Brueckner has demoﬁstrated that nuclear matter is
stable against collapse about the point of normal density, as given by
the empirical mass formula. In the computations pertaining to finite
systems one can take the view that the model operator defining the BHF
basis is not required to saturate. This aspect is not altogether clear55).
Independently of whether this is so, we are entitled to feel uncomfort-
able if the result of an empirical search for a best effective force,
simulating t', produces an exchange mixture implying saturation.

Most of the effective forces in use utilize the relative coordinate
dependence v(r) = vo(u/r) exp (-r/u)e The range is taken to be that
given by one pion'exchahge, roughly p = l.4 f. This emphasizes again
the long range nature of the force, its absence of high momentum com-
fonentso " The hard core is believed to be about 035 f. This is seen,
witheany probability, in collisions of about 85 MeV in the relative system.
We are talking about potentials, here,whose momentum components are ex-
hausted by the time one reaches 35 MeV of momentum transfer in the rel-
ative system.

It is customary to neglect the tensor force in the description of
the effective force. The necessity of having such a contribution is
well-known in connection with the average field giving the binding of
nuclear species. There is also the possibility that the correct two-
body tensor force will generate the average, one-body spin-orbit field.
This was investigated extensively by Kisslinger56) within the framework

of Brueckner theory. Relative to the computation of certain transition
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matrix elements, the tensor force has been required for the description
of the pB-decay in light elements37).
Finally, we note that the effective force may have matrix elements

which are energy-, and, momentum-transfer-dependent. The many-body

theories extant would prefer this. The sort of force implied would have

high momentum components. A partial list of some commonly used effective

forces is given in Table 1, and some of their properties are noted. The

‘reader must note that none of the forces listed can establish the single

particlé baéis,or spectrum which is summarized by the nuclear shell model.

The forces are effective interactions, then, in this specific sense.

6. Pairing Force

Up to thishpoint, no account has been given of the pairing inter-
action. The shell model summaries of nuclear properties indicate the
importance of this interaction for systems having 7 2 28 59). We shall
give a relatively brief discussion of how the pairing is to be taken
into account in the presence of the self-consistency of the previous
diécussions.

Our point of view, here, is the same as tﬁat of the earliér sections.
Pairing is deécribed through the introduction of the so-called gap-
function, F, into the one-particle propagatoruo). The result is to
geheralize this propagator to a matrix function. Again, we observe that
the addition of a particié or a hole to the N-particle system does not

take place at the equilibrium density p,(N) of that system.. It is
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however assumed that, the relevant density, p, departs by a small amount
from po. The density fluctuations are governed by the quantity (p - po)e,
the average being performed over the chosen configurations of the N-
system. Density fluctuations are introduced by computing the system-
response to a scalar, external field, this being ultimately set equal to
zero. The information concerning the fluctuations is contained in the
correlation function, L. The external field induces ta-tenms in the
equation of motion for L. These terms describe the re-establishment of
equilibrium through the mechanism of collisions. Single pérticle (quasi-
particle) self-enérgies, Z, are modified by their coupling to the density
fluctuations. The new self-energies depend upon the Brueckner scattering
‘operator, t, to Yth-order. This result follows from a perturbation ex-
pansion of the Martin-Schwinger operator in terms of that of Brueckner.
It is believed that the pairing force is a short range, fluctuating
residual interaction, in the sense of the shell model discussion of the
previous section. In view of this, we can represent the interaction as
a delta function in coordinate space. Many other alternative possibil-l
ities existhl). For the present, we shall confine our remarks to in-
finite systems and the spectral functions associated with these. The
discussion of the pairing in finite systems and the corresponding §pectral
functions, represented as stationary time series, is defefred to a sub-
sequent publication. The transition from infinite to finite system is
-only a matter of detail.

We replace the Heisenberg operators of our earlier discussions by

59



i

two-component spinors. These are defined as

Y = and Y =[Ev1T awa] . (52)

The operator a annihilates two particles of opposite spin (total angular
momentum) projection. The projection is symbolized by the arrows in
(52). The operator a,

a = ¢ Jd&‘ lh*(z't) ‘bf(%t) ; C - constant, (53)

keeps the mean number of pairs constant in the N and (N+1)-systems.

Our motivation for the representation of (52) and the dependent relations,

G(1,1") =-i <7 [¥(1) ¥'(1")] >

INORRCD IS CTTAD
=-1 < > K

RO RN RIS TV RNEL)

c(1,1) F(1,1') _
G(1,1*) = ‘ s - (5h)
F(1',1) - -c(1%,1)

is quite straightfowarde It has been tacitly assumed that the N-particle,

60



physical vacuum is non-degenerate.A This is not the case. There exist
a set of gauge and spin transformations upon ¥ which leave the many-body
Hemiltonian unchanged, (see ref. 6). In general, the existence of such
invariances, independent of the existence of inter-particle interactions,
will lead to the presence of a zero-mass bosonhe). Here, this boson is
manifest as the zero-frequency, pairing state. Eq. (54) tells us that
a particle in the many-body system not only undergoes independent prop-
agation, G, but also has a finite probability for being in & projection-
correlated state, F.

The equation of motion for G is derived in the conventional manner.
One must first consider that obtaining for ¥. To do this, it is necessary

to introduce the matrix set (1? T T,). The equal-time, anti-

12 T2 T3
t

commutator of ¥ and ¥ generates the unit matrix l. It is common know-

ledge that the general 2 x 2 matrix may be expressed in terms of (;?%).

The matrix equation of motion decomposed over this basis is found to be
67(1,3) 65,11 = 8(1 - 1) + 37,V Itr(e) v 1 - 9Bl enmh),  (59)

2
v.
Q;l(l,l') = I:i Bta-,_+ 5‘%{— 'rél):l 5(1 - 1') .
1

As we have no special interest in the gauge-invariant formulation of
the problem, the discussion proceeds as before. The 2-particle propaga-
tor is considered as satisfying the Bethe-Salpeter equation. The laddar

approximation generates the matrix scattering operator. The density
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correlation function is defined as & variational derivative with respect
to a scalar external field. This procedure also geherates the eqﬁation
.6f motion for the correlation function. Leaving aside the matrix repre-
sentation for the moment, we carry out a set of manipulations which can
then be directly generalized to the matrix functionse One has

TG=1ivG, =t GG;ET=tG ,

2

and

Te=iv{(GG+L)=tGaG .

We introduce the operation

(L+itcg) z=(1+1itaag)vic G+ L ,

to obtain

(L+itG66) s=t(GG+L) .
The next step is to consider the perturbation expansion generated by

2
= = +
t = At, 2= +ATL,

course, we also have G = Go + Go G =G

+.",L=ﬂw+xﬂn+x%@)+“.. of

(o) (o) , = (o) 1ot
1 .ee

+ ees , but it is not required that we carry this explicitly. The per-

+NG Z, G
o.

turbation expansion leads to the self-energies
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T c=tgc+tr®

. G=-1tGG zl G+tL(l)

(2)

-1itGG 22 G+tL

These expressions, together with

L=-GG+GGEL ,

—
-
—

t+itG Gt

define a perturbation expansion which is reminiscent of that which appears
in section II. There, however, we did not expand the correlation function,
L. Indeed, in order to discuss the bound states of L, including that owing
to palring, the expansion on L is not permissible. As the only question
at 1ssue is one of counting, we may formally sum the L-contributions, when
there is a bound state present, and rearrange the perturbation expansion

as
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. G =

tGG+tL

™~
Q)
!

= -1t
iteéG G' 21 G

We argue then that the bound states of L appear in the "first-order" of

the perturbation expansion. The remaining terms of Z, i.e., ZN contain

the higher order, weak-coupling ocrrections to 2 It is easily seen

l.

that the computation of Z. G accounts for those terms, up to t5, which

1
were enumerated in section II.
In keeping with the discussion just given, we write the following

matrix equations

ZQ=TQQ+T£ . (56)
1 ' :

£L=-GG+GGTL |, (57)

T=v1l+ivGGT , | (58) -

G =G +G G . . (59)
SLON |

The correlation equstion, (57), has been approximated. This approximation,

neglecting the Te-terms, ignores the hole-~hole and particle-particle
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correction to £L. These terms are not necessarily>small corrections to
the pairing interaction, but their omission will not invalidate the
discussion of the lowest-order pairing situation. It is required that
eqs. (56) - (59) be solved self-consistently. The egs. of (58) are
solved by first carrying out the projections in %-space, by means of
suitable trace-operations. At the same time, we must introduce the -

spectral representation
o ‘ -1'
Glwye) = (o - €Ts - A T,)

where A is the undetermined gap parameter. The Spectral representation
of T generates that for £,l(57). Both representations determine that of
2:1, (56), and finally that of G, (59). The gap parameter appears as an
eigenvalue in the sum-rule expression for the spectral representation of
the gap-function Ff It is completely obvious that in solving the self-
consistent set of equations we will approximate G by that of the BHF-
basis. The formal manipulations are straightforward, but tedious. We
will find that the quasi-particle energies, €, are defined now as

(ke - u(w) 12 + A?)l/z, and, as well, an integral equation for A. These
results are all well-known. Our only purpose in re-iterating such
statements, is to indicate that the pairing interaction may be taken into
account in the presence of the previously obtained, many-body self-
consistency.

In any determination of the pairing, we will be guided by the em-

pirical classifications furnished by the shell model. We shall be
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restficted to (j-j)-coupling. It is possible to summarize any representa-
tions (state;energy) of dynamical quantities in terms of their invariances
under the operations of the symplectic group. In this connection, it
ﬁili be helpful td recall that the quantum numbers referring to reduced
isotopic spin and seniority have special relevance for the interaction

of identical particles in the same j-shell.

To Sumnary and Conclusions

‘A discussion of the many-body problem has been given from the point
of view of the'gonfiguratipn-mixing and intermediate-coupling shell
models. It has been emphasized that the configuration-mixing density
correlations can be taken account of in a formally consistent manner.
These correlations determipe the.many-body configurations within which
we carry out our evaluations. They moreo§er specifically influence the
nature of the quasi-particle spectrum which one can obtain.

: All of our remarks have been, and are, restricted to systems having
spherical symmetry. The quasi-particle basis which pertains to such
systems has been described by us as that of Brueckner-Hartree-Fock (BHF).
We were able to show that the non-hermitian, one-body, energy-operator,
which defines the basis, led to quite different interpretations of the
physical configurations appearing in the excitation spectra for the
(N+l)-, and (N-l)-syétems. Thé absence of a simple symmetry operation,
such as that of particle-hole conjugationua), to relaﬁe the excited (N-1)-

configurations to those of the (N+1l)-system is completely evident.
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The presence of density correlations in the physical system was
shown to lead to collective states, the oscillationsAof the nuclear
éurface. Qur discussion was entirely restricted to the collective states
of particle-hole character. The study of more complex stateé, those of
higher quasi-particle number*,*would not have been consistent with our
configuration assignménts. It was found that the (p,h)-matrix elements,
determining the positions of fhe collective states, were to be corrected
by matrix elements involving the states of two particles and two holes.
The existence of such matrix elements reflected the symmetric description
of particles and holes for states near the Fermi level.

. The quasi-particle spectrum'was‘replaced by & real spectrum. We
héve described the latter as that for a single particle. The single
particle spectrum includes the couplings between quasi-particles and
‘ collective states. Several of the renormalizations which are brought
about in this way were described. A combination of perturbation theory
and matrix-diagonalization procedures was used in obtaining the descrip-
tions.

Some attention was given the problem of residual forces and the
description of these. Tﬁe enumeration of such forces is dependent upon
how we choose and restrict our configurations. Our discussion was pat-

terned after those of the projection method introduced by Watson.

+ .
T The low frequency 2 state is one of higher quasi-particle number, i.e.,

4, in our nomenclature.
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We attempted to outline how one is to incorporate thé'description
of pairing into the computations. In effect one seeks to generalize the
BHF basis so that it is defined in the pairing field. It was necessary
to use the Nambu, spinor representation.of the Heisenberg operators in
order to begin theAgeneralization. The many-body self-consistency becomes
rather complicated. It is summarized by four, simultaneous matrix equa-
tions in the operator functions of the theory.

The differences between the Green's function descriptions for finite
systems and infinite systems have been stressed. These are summarized
largely in the basis sets and spectral representations which apply in
the two situations. There can also be considerable differences in the
modes of description. These however are dictated by the physics in every
case.

" A large part of the current experimental effort is oriented toward
measurement of the properties of nuclear excited states. The formal
apparatus of the Green's functions is especially suited to the descrip-
tions of such states, if they are ﬁot too complicated. Our emphasis has
been placed upon the single particle states. . Such are to be seen in the
low-resolution (d,p)--d/zarl:a.m“l‘6 ), for example. At least in the region of
the Ni-isotopes, we have reason to expect some level shifts of the neutron
spectra, owing to the collective couplings, especially to the 2+ gnd 3.
The 7-spectfa from fast neutron capture also show fluctuations in this
regionh7). It may’well be that this éelection-rule-restricted process
, has some appreciable contribution coming from the 2-particle bound state,

as we have described it.
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Fluctuations in the apparent density of states in ﬁhe single particle
spectrum can arise from quasi-particle couplings to both collective and
non-collective states. As to which of these is the more important will
depend upon the particular class of experiments. As a general guide we
always ask ourselves where the strength for the particular impurity-
excitation lies in energy. The total, elastic and inelastic y-cross
sections bear upon this question. Fluctuations of the photon transition
strength function have been seen in high-energy, bremsstrahlung mono-
chromator measurements empioying small bandawidthshs). Similar to the
situation obtaining in (n,y), the strong operation of selection rules
ought to be vastly helpful in restricting the possible formal descrip-
tions.

ls-scattering by Lemmer and Shakin26), for

The analysis of n-0
' neutron energies up to 10 MeV, describe the quasi-particle couplings to
non-collective states of (p,h)-character. Such states are also employed
in the discussion of the fluctuations in S-wave strength functions given
by Biock and Feshbachhg). The 3-300 keV data5o), especially ﬁhat per-
taining to the behavior of P-wave strength function, has some interesting
fluctuations in the vicinity of A = 60. We have examined this aspect
fromAthe point of view of collective couplings. However, no numerical
results are available at this time.

Quasi-particle couplings to (2p,lh)-§tates have been discussed

0.

theoretically The impetus for this work was provided by the total

neutron cross section data of Foster and GlasgowBl), and the reaction
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8, o+ Mgas, 12.5 € E < MeV, obtained by the CISE group5l).

data, n + 812
Numerical determinations are in progress for the two situations.

In ekplaining,.or attempting to explain, those features of physical
data which make manifest the continuum intermediate-coupling and config-
uration-mixing shell model descriptions, ce;tain problems arise. What
ﬁe iook for in the data are certain correlation structures, built upon
energy-angle dependences of the cross sections.- These structﬁres of the
system must be-distinguished from.the statistical fluctuationssl) in the
level densities of the true states of the system. This is not:altogether
simple to do. While some general rules might be given the experimental-
ist, the subject is somewhat young and still under development. Subsequent

experience with the models will enable us to state what are, very likely,

the most profitable ways in which to collect and ahalyze the data.
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TABLE 1
Effective Forces
Force Character Remarks
Yamaguchi (i'lvli)=x2vl(k,k')Pt(Bknﬁk,);vl(k,k')=vl(k)m& (k') | Factorization occurs in momentum space of the relative 2-
vl(k)drl(s,i)(ﬂ12+k2)'21'l,T‘-tensor of rank { body system. Parameters \,B, are determined by fit to
formed from total spin §=31 + 82 and relative scattering and bound state data. The corresponding scatter-
momentum i; A and Bt are parameters. ‘ing operator (R[tli) is factorable, and energy-, momentum-
transfer-dependent. Owing to the Moshinsky transformation,
(k*]t]k) can be used with oscillator functions.
Roserfeld T o7 . . .
13 2 V(l}l'r') (0.3 + 007 81°82); one chooses The exchange mixture satisfies the full saturation condi-
as a rule either v(r)=vo(u/r) exp(-r/u), or tions. It assumes singlet-to-triplet ratio of deutron.
v(r) - 5(rl-r2).
Soper v(l?l—?al)(o.865 + 0,135 31°32)- This exchange mixture is a fit to p-shell data, that in
' Li-isotopes.
Hulthen and 1 -3 1+PM i -1
- v, (r)P “+v, P ] ;5 v,=v (u,r) Texp(ep.r); The parameters are adjusted to fit the low energy (n,p)
1 1 ¢ 3¢ 2 i o ‘i i
Sugawara
v 12146.87 Mev, v 3:52.15 MeV, u, = 0.8547 £71, | aata.
o o
Wy = 0.7261 £7L,
Intermediate 4 Gei + Rosenfeld 2-body force; Yukawa form. The parameter §{ is fixed upon diagonalization of the energy
Coupling matrix. The term { G+ is a one-body force.
(typical)

T See ref. 38,



Fige lo Goldstone-type graphs determining matrix elements of one-body
interaction operator in the quasi-particle basis. Horizontal
lines are Brueckner t-operators. External lines are attached

to heavy dotse.
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Fige 2o Third-order, single particle self-energy, with mass renormali-

zation 8m on hole lines. This graph contributes to the polar-

ization operator.
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ol

Fige 3. Third-order, single particle self-energies which contfibute

to the mass operatore.
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Figo )"'o

Idealized, single-particle well generated by the ground state
system of N particles. The last nucleon of that system is
bound by an amount B(N). A nucleon added to this system in

continuum states has asymptotic total energy Tk' We define.

€y-€, 25 ef(N).
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Fige 5. The lifetime T’ of a single-particie state, k, as determined

in the small-width approximation.
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, Fig. 6o Direct minus exchange scattering of independent, particle-~

hole pairse.
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Fige Te The self-energy Zée) (1%,4*) which yields the two-particle

bound state. This greph is one of Baym-Kadanoff type.
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Fige.

8.

Excitation sequence describing the formation of a two-particle
bound state. Wavy lines connect interacting particles which
then make the transitions shown by arrows. The frequency of

the collective state, correlating the states k, and m, is W e
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Y 0 = O - ¥ ¥ (2h, 1p)

Figoe 9. Hole self-energies, i.e., those of the (N-l)-system which
define the quasi-parﬁicle basis. Configuration labels ¥ are
indicated. The operators tl and t5 are projected on to 1 and
3 quasi-particle states, thus (t-tl), (t—tj) are residual

interactions. The lowest configurations appear here.
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¥ (1p)

N +1 | 1._1.‘

Fig. 10 _Particle self-energy, first-order, belonging to lowest,-(N+l)-

configuration.
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Fige.

11.

Second order, particle, self-energy
(next-lowest), (N+1)-configuration.

is defined in the texte.

%
\I/N+1(3p’2h)

coming from the excited

The Watson, I-operator



N+I

Vv  (2p,ih)

mo 12

¥V (2p,1h)

N+l m, u£|

Fig. 12. (a) Same as fig. 10, except for order; (b) The elementary

particle-hole scattering generated by (a).
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.
V¥ (3p,2h)
N+t .
Sm

¥ (ip)

N +1

\I/N + |(3p’ 2h)

Fige 13. Particle, self-energies of 3rd-order mixing the lowest and next

lowest, (N+1)-configurations.
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Fige

1k,

4 (5 + +oe0 2 AL
1=

Sequence of interactions which defines the Shaw-operator, Je.

This is the operator for hole-particle interactions.
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\yNH('p) 4 _f.b O -

Figo 15, Single particle energies of the lowest, (N+l)-configuration.
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t-tg

v —) - ! ¥ (3p,2h)

t-tg

Fig. 16. Particle self energies which define the quasi-particle basis.
The next-lowest (N+1)-configuration is the chosen configuration

in the sense of Bethe.
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Appendix

It is necessary to have a spectral representation of the Green's
function G, which is appropriate to the discussion of finite systems.
The necessary generalization consists of the incorporation of a station-
ary time series in the usual definition of the spectrai function.

For purposes~of orientation we consider the finite, one-body well
associated with the ground state,'Ed(N), N-body system as that shown in
fig. 1A, When we add or remove a particle from this system, the excited

state energies are given by

E(N+1) - EO(N) eX(N+l) - p(yl) 5 p(l) EO(N) - EO(N+1) ;

EO(N) - E(N-1)

pt(N-1) - ex'(N-l); ut(N-1) EO(N-l) - EO(N) o

The excitation energies in the (N=l)-systems are shown in fig. 2A. Note
that p(N+1) = |B(N+1)] and p'(N-1) = |B(N)| hold, where B is the binding
of the'last nucleon.

The Green's function is defined in the time-domain as

R iEgtl ~1H(t, ~t,)
Gp(tl-t2)=(-1)T < ap(tl)ai(te) >o=(-1)T <e a, e Q€

-i(H-EI;I)(tl;te) t

=(-1) © (tl-t2) < ap € aP o

1(H-E}) (£, ~t,)

+ i - < .
16(t2 tl) 8, € at,.p >
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We require the Fourier transform

©0
o (o) = & -iwt-|alt , t ( ‘
o' = 5 € Gp(t),a->0,t=tl-t2 , 2a)
00

which defines the spectral function.

The transform of (1a)leads to

>l <slatlo> P o(el - & - w)

G?(w)

- Yl <stlalo> P ot - &+ w)

Ap(m)+Gp(m) o (3a)

We introduce the retarded function

| »
o) = 100-0) Y8l - wt) € N (gt = - Hag o) (3a)

where {' is an, as yet, arbitrary, irrational number. This expression
has a transform which leads to the BP of (BAL if we make the identification

= €

| <s'lajlo>]® =8 (! - u; (1) . (58).

Xs'!

We write, then,
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Gy (@) =) 8 (g - k) slo - a) (68)

The repfesentation'for the advanced function is taken to be

‘ it [ o
G; (t) = -iG(t){ZGP(wN-u). A +j de a7 (e - Ty elet} (7a)
vl )

with (wN - p) = - Nnlpo The corresponding transform is

+
G, (w)

D Gpley - 1) 8l - ) + a3 o - )

1 : AI;(X-u,) .
. B :

The function G£ (w) is defined on the real axis as the limit from below,
- + '

-Gp (w - io )e It is analytic in the lower-half, complex, energy plane.

The complex variable representation for the function is

G; (z) = 5%{ rctnnz @P (z -p'); z=0-1iy , (9n)

as is known from the general theorems concerning the summability of
series.
The advanced funption of (8A)has a branchAcut. The diséontinuity

across the cut is just the spectral function Aéo We observe that the

on



advanced function will be analytic in the lower half-plane. The analytic

continuation of (8a) is

[ee]
-~ A'(x-l\l)
+ _ 1 P
GP(Z) = 57 |nctonz GP(Z) +j dx ~ | (104)
h

It is required that the inverse transforms of (9A) and (10A), namely,

J°eizt G, () az (118)

C

return us to (3A). In (3A) we have not taken the usual infinite state-
limit in order to obtain a continuum representation. The relevant con-
tours for the evaluation, (t < 0;t > 0), of (11A) are shown in fig. 3A.
The reader can verify that the representations of (4A) and (7a),
G (0 _-p) = | <.s|af|o >l2, A' = A, do indeed reproduce the mixed,

P s . P P b ’

spectral representation of (3A). The single remaining detail is a common
one. In expressions such as (GAL the density-in-energy of the actual
compound states (s,s') is to be identified with the energy-conserving

delta function. OQur results are then summarized by writing
- = ﬁ LI 1
6 0) = ) B () - 1) o (o)

+ _ X 1 A(x-p)
o
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The relevant point which arises, here, has to do with the execution of
the integration of (11A). The insertion of factors pp(z) in the ex-
pression of (9A) and (10A), i.e., ﬁ(z) =8 (z) p (z) and G (z) =G (z)p (z)
» p Y p p p

takes care of what would otherwise appear to be an ambiguitye.

The undefined, irrational numbers { and {' of (MA) and (7A) permit
us to adjust the formal spectra into a rough correspondence with the
physical spectra. We will know the number of states N = No in a practical
compufation. Then, £ and {' are adjﬁsted to fit the end-points of the

corresponding spectra.
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Fig °

1A.

Typical finite, one-body well generated by N-system.

binding of the last nucleon is B(N).
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H (N+I) - € (N+1) -A | -ex(Nd)

(a) ) - - (b)

Figo 2A. Excitation spectra for (a) the (N+1)-system and, (b) the
(N-1)-system. The interval A is that separating the Fermi-

and ls -levelse.

1/2
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N\

t<o ' | t>0

Fige 3A. The integration contours c. and cp for the inversion of (llA).
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