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Preface

The work described in this report was performed and

written in 1963-64. For that reason, I have not changed

its original form. It was never formally presented as a

report or paper. I am issuing it now for several reasons.

First, a paper was presented by H. Eto, "A Simplices

Decomposition Algorithm for Integer Linear Programming" at

the June, 1969 meeting of the Operations Research Society

in Denver, which has substantially the same content as this

paper. Mr. Eto read an early version,of this work but does

not acknowledge my name or work. His algorithm is based

on my early paper. Second, it is now realized that this

work represents one of a large class of related algorithms

which are currently being developed and which will be

presented in subsequent reports and publications by the

present author. Third, Dr. R.A. Cook developed some of

these ideas successfully into a computational method. He

explored one particular method of avoiding having to solve

large sets of linear inequalities. This work is reported

in his doctoral dissertation, "An Algorithm for Integer

Linear Programming", Washington University, 1966. Unfortunately,

Dr. Cook has not seen fit to publish this work. However, a

report has been issued containing most of this work, Report

AM-6J-2, May, 1965, "An Algorithm for Integer Linear

Programming", by R. A. Cook and L. Cooper.
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An Algorithm For Solving Integer LP Problems

I. Introduction

This paper is concerned with solving linear programming problems

in integers. Whereas non- integer linear· programming theory makes   use   of

the properties of convex sets, i.e., the fact that all feasible solutions

to a linear programming problem are members of a convex set and conversely,

all  members  of  this  set are feasible solutions, this principle  can  not  be

used directly, if at all, to solve the integer programming problem.  The

reason for this is that the set of all feasible solutions to this problem

              does not, strictly speaking, constitute a convex set.  A simple example as
shown in Figure 1 in 2-space illustrates this point.  Only the lattice

points in the shaded area are feasible integer points.  It is clear that

this collection of points is not a convex set.  Even if one wished to con-

sider the convex hull of these lattice points (the shaded area in Figure 1)

it is not·at all a simple matter to obtain a knowledge of new constraints

-   which would define the convex hull of these lattice points.  Even if this

is done and simplex theory applied there may still be problems of appli-

cation.

The two main proposals for solving integer linear programming

problems are those of Gomory [1]  and Land and Doig [2   . The method of

Gomory starts with the simplex solution.  If this solution is not an integer

solution then a new constraint may be added according to rules developed by
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Gomory.  This process is repeated until an optimal integer solution is

obtained.

In practice, Gomory's algorithm, embodied in computer codes, has

had only moderate success.  Many people have reported even small problems

(e.g., a matrix of size 4x12) which were taken off a computer with no

solution after several thousand iterations.  However, many other problems

have been solved.

Land and Doig's algorithm also starts with the simplex solution.

If it is not an integer solution, one of the variables is then made integer

by using the notions of parametric programming to determine the integer values

in the range of feasible values of this variable.  The variable is set at

the best value with reference to the objective function and then this process

is repeated for a second variable.  This is done again for the next best

integer value of the first variable and the second variable.  From particular

combinations of values of these two variables we proceed to make a third

variable an integer, a fourth variable, etc.  This is a laborious process and

not much computational experience has been reported with this algorithm.

However, given enough time, it would undoubtedly find a solution.  It can also

be used easily with mixed integer programming problems.

In the remainder of this paper a new algorithm is proposed for the

solution of integer linear programming problems.  It is quite different in

spirit and detail from either the Gomory algorithm or the algorithm of Land

and Doig.
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II.  General Description

The problem we wish to solve can be stated as the following

maximization problem:
--

Max Z=cx

s 06ject -4°   :         A x  6  6

2 a 0                                                                                         (1)
-

x Ini€9%&1

We assume that A i s a n m x n matrix consisting of integer elements,

b is an m-vector with integer components and x is an n-vector with
-

integer components.. We assume further that c is an n-vector with

integer components.  The vectors are usually considered to be points

in an n-dimensional Euclidean space En.  We assume further that (1)

has a finite maximum.

If we solve the usual linear programming problem, i.e., the

problem given by (1) with the integrality restriction suppressed,
-    -

(hereafter denoted by (1) ), we will obtain a solution x=x  with am

corresponding value of the objective function z = zm.  We will assume

that in this solution of the non-integer linear'programming problem there

has been no significant loss in precision in the computation of zm.  If

desired the simplex calculation could be done in terms of rational

-            ,fractions, although this is probably not necessary.
-

From the integrality of c, it follows that the value z  of the0

objective function for the optimal solution to (1) must be an integer, and
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that zo S zm.  Thus, if the problem has a solution, it must be that the

optimal value of c x is one of the values  LzmJ , Lzm J  -1,..., l=m.1 -i '...,
where LaJ denotes the greatest integer   6  a.

The central idea of the algorithm is to form, at each iteration, a

constraint set such that any lattice point in the set is automatically a

-            solution to the problem, and then to find such a lattice point, if it exists.

At any iteration, this set of constraints consists of the original set given

by (1)  and one additional equality, which has the form

1                                                    EX-  =Z I                                                                     (2)
1

i              where
1                                          , -   I   l. . )

2,  =          L  L w,J-    c  i - ' / l=55' 0.
(3)

th
and i represents the i iteration.  If, for i=1, the feasible region de-

' fined by (1)  and (2) contains a lattice point, then clearly it represents

1 the optimal solution.  If the region contains no lattice point, then the

--

6 required value for c x is decreased by 1 and the argument repeated, and so

on.

1                                  -
, As illustrated in Figure II, the above consists of moving the optimal

hyperplane into the feasible region of (1)  by discrete amounts until it

intersects a lattice point.  Point C represents the optimal solution to (1) .

Since point D, the optimal solution to (1), is not an extreme point of the

constraint set described by (1)  and (2), the simplex algorithm cannot be

used to find it.

th                                 •
The i iteration thue consists of solving the following problem:

find a lattice point x such that

1
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k              Ay,6
*

(52 - zE

F 35
(4)

            This is done by first solving

c 2 =zI'
-                                               (2)

as a linear diophantine equation:

After the general solution to the linear diophantine equation is obtained

' and substituted into
-

A i s b
*35

(5)

li
the inequalities (5) can be examined to determine whether or not they possess

an integer solution.  If (5) does possess an integer solution it is auto-

matically optimal.  If it does not, we move to the next iteration, i.e.,

penetrate more deeply into the convex polyhedron of feasible solutions and

repeat the process.  This entire process will now be described in more detail.

Equation (2) can be written:

*A
c,xi+ CL *zt .-   + CY'*n  =22

(6)

Equation (6) is to be treated and solved as a linear diophantine equation.

The general theory of such equations  is  very old and well known.  (See   [4]   ).
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4         If the greatest common divisor of cl,c2 '...,Cn (symbolized D(cl'c2' '.'cn))
*

does not divide zi , then there are no solutions to (6).  Hence if(6)

possesses no integer solutions at any iterative stage, we can immediately
*

move on to the next iteration.  If D(cl'c2'...'cn) does divide zi , we must

now determine if any of the solutions satisfy the conditi6ns expressed by in-

equalities (5), i.e., whether there are any non-negative solutions in the

feasible region of the optimal hyperplane (2).

The general solution to a linear diophantine equation in n variables

can be written  in the following  form  (See   41     ) :

-

f    =    I.  eli K  B+    =55' Un
nj   kn,

(7)

-                                 where  d       and    1<j are kn6wn integer constants   and   the   3 k are arbitrary integer
jk

variables.  It is a relatively simple computational matter to solve (6) and

obtain the solution (7) and we have written computer codes to determine the

d    and   lf'j  of the solution  (7) .
jk

After the equations ·(7) have been obtained they are substituted into

,  (5), the original constraint set of the integer linear programming problem.
\

First we write  (7) in. matrix  form as:

-     n K  + R
X= v C                                             ( )

u.                                             +
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-

where: x is an n-vector of the x
j

D is an nx(n-1) matrix of d
jk

  is an (n-1) - vector of the  9\k

 ' is an n-vector of the   f j

If we now substitute (8) into (5) we have:

-
-

Ax=A[DO+L] 61
X = DB +7 8. 5 (9)

              If we now define:

p = t-9-3
--

- -A 7.2 6-
f-  -  1

(10)

where P is an (m+n)x(n-1) matrix

f is an (m+n) - vector

then inequalities (9) can be written:

..I

pg )f

(11)

The major problem at each iteration is to determine whether or not in-

equalities (11), do or do not have any integer solutions, since any integer

solution to (11) is optimal.
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Solving a large set of linear inequalities such as (11) can be a

tedious business.  Hence the crux of the computational problem will be to

find relatively rapid, efficient methods which may possibly take advantage

of the special structure of the inequalities.  Some possibilities are presently

being investigated.  The computational problem, in general, is discussed in

a subsequent section.  It should be pointed out, however, that there is a

general procedure of elimination that, if all else fails, can be used to

solve a set of inequalities such as (11).

Fourier  5   and more recently Motzkin   6   have both given con-

sideration to the general problem of the solution of linear inequalities.

The method proposed  here is based on these ideas. Motzkin    6  has given  a

detailed theoretical analysis of the conditions for existence of solutions

to linear inequalities.  The elimination method referred to here is as follows:

It is desired to solve

pF 3 f (11)

which  is  a  set  of m+n inequalities  in n-1 variables,  the   k. Rewriting

(11) in component form, we have

il- 1

r &  0  -f.  2 0
M= 1    JK \ R      '.1

' J =1)21 ....1 m +A

(12)

Let Jl (J2) be the subset of the set of integers j=l,2,...,m+n corresponding

to those inequalities of (12) which contain a negative (positive) coefficient

of @ 1.  In other words, Jl contains those j such that p   is negative;
j 1
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J2 those for which p   is positive.  From these inequalities we can write:
j 1

Bl 6 N QJLQI -4,
K=1

for j E Jl (13)

M -t

A       >    7;  deR    - CS'V I / 4-1 for j €,
J2 (14)

K:Z

where

0 1 - - elk)19Ujk -
, V it K= 2-11'..1 n-1

'        S., B Zi/r ie  I, U Iz
' 3            1 1

From (13) and (14) we can obtain a new set of inequalities of the
form

9  & :      A  .-  S 1    3   3/0'4.'' m,-T
i

3,6 3,;  a»,1  i,6  31/, v j,K \-R
=11 Kil          jz

K=.2

or

/ 1 1\  /  \
 1,  C g'   -  10   ')n      -  C K    -  4.     ) 20 3,9 3/OBJ 316 11
/ #    \  \1'1,1<        V j 2.14   / \3 K          \    3,       'J i   7

W 3 1.

(15)

If the set Jl has nl elements and the set J2 has n2 elements, then there will

be Nl = nln2 inequalities of the form (15).  In general, the maximum number
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,m+n 2 m+n  2of new inequalities which  can be generated  is  * (    2       )   ;   i.e. ,  Nl <  (    2      )     '

Normally we would expect Nl to be quite a bit less than this, however, since

not all inequalities  (12) need contain A (p might  be  zero), and since  the
\-1   jl

maximum would only be approached if nl and n2 were nearly equal.

The inequality set (15) has the same form as (12) except that it has

oni fewer variable, since   l'has been'eliminated.  This elimination process

can  now be repeated  with    2,     3' etc., until finally, one arrives at a set of

Nn-2 inequalities involving a -single variable   n-1.  If this set is consistent,
then it may have one or more integer Q for a solution. If it is not con-

V n-1

sistent, the original set of inequalities (11) has no integer solutions.  If

a    n- 1   has been found,   the back solution   for     n.2 ' . . . ,   31
is easily carried

out by substitution and the question of consistency determined at each stage.

It is easily shown by induction that an upper bound for the number of

inequalities Nn-2 involving   n-1, at the last stage of the elimination process,

is·given by

Wn-1 64<m4+M  ZP -1-

(16)

The problem to be solved at each iteration has now been discussed.

If an integer solution is encountered at any stage, it is optimal.  The only

remaining point is the finiteness of the algorithm.

 -
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It is theoretically possible that the convex set of points

-

described by A96 6
- -                                           (5)X3O

contains no lattice p6ints.  This could occur either because the set is

too "small", or more likely because some of the constraints were actually

equalities which have no integer solutions.  In any case, this could be

determined if necessary by solving (5) in exactly the same way as described

previously.      If  xL   is an integer solution, then clearly the stated problem

has a solution, and

4

ZL = E 2-L 5 Zo 6 ZM  = Lz...1
(17)

That is, only integer values between zL and zM need be tried as values for
*

zi  

*
Alternatively, a lower bound zL for trial values of zi  could be

obtained by solving the corresponding minimization problem

Mi.  z= Ex
-

s .6 jec'l-  to : Axs 10
- -

*30
'3.

(18)

If  grepresents the solution  to  (18), then certainly

ZL Z Fltl 6 20 L ZM = 1-2-MJ
(19)
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where   F al denotes the least integer   3·  a.

However, it is possible that (18) has an unbounded minimum.  In this case

rather than resort to (17), it may be preferable to impose some arbitrary

lower bound, which could be dictated by the particular problem involved.
1'

III.  Summary of the Algorithm.

r.  We seek to solve the problem

M c i x    7= E,i   ,A Fc 6 J    S,3 E  J  7- IAerol (A)
(The matrix A, vectors 6, E are integral)

-

2.  Solve problem (A), without the integer restriction on x, by a

linear programming algorithm.  Let the optimal value of the

objective function be zm. Also determine z1  as min z=E x
subject to Ax L b, A > 3, or by some other method as described

previously.  Let zM  =  Lzm]  and zL =  Fzil ·
1.     If  x  , the solution yielding  zm' is integral  we  are  done.

m

If not, we go to 4.

th4.    The typical iterative calculation now begins: On the i

*
iteration, let zi  = zM - (i-1), i=l,2,... We now consider

the problem:

-

Find an integer solution x, if any exists, to i

-

Ax56
- *-

X3O

C i  =  zi                              -                          (B)
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5.  The set of inequalities, (B) is solved by first solving

--  *
c x = zi  as a linear diophantine equation, substituting into

A*66
x-30

and determining integer solutions, if any.

6.  If (B) has at least one integer solution we are done.  If not,

go to 7.

7.   Increase i by 1.   If zi* 3·  zL' we return to 4. and continue the
*

calculation.     If  z. < zL'then there  is no integer solution
1

to (A).

IV.  Numerical Example

Consider the following problem:

Max z = 3xl + 4x2 + x3 + 7x4

Subject to : 8xl + 3x2 + 4x3 + x4 6 7
2x + 6x +X + 5x <3 (20)1 2 3 4 -

xl + 4x2 + 5x3 + 2x4   5    8

xj    3     0, integer j=1,2,3,4

The optimal solution to the non-integer problem, found by simplex,

is

x = (0.842,0,0,0.2632)

Zm = 4.368

Thus,    zM   =    L4.368 J     =4.       Clearly   zL   =   0   is a lower bound.



-16-

We now attempt to find solutions, if any exist, to the following:

8xl  + 3x2  + 4x3  + X4 f 7 (21)

2xl  + 6x2  + x3  + 5x4    4 3 (22)

xl  + 4x2  + 5x3 + 2x4    4
8 (23)

3xl  + 4x2  + x3  + 7x4         4                           (24)

xl                      8 0 (25)

x2 3 0 (26)

x3            3
0 (27)

*4   3 0 (28)

Equation (24) is solved as a diophantine equation:

3xl  + 4x2  + x3  + 7x4
= 4

x3 =4- 3xl  -4x2 - 7x4

.

xl =   

"2 =  2

*3   -    4 -3 e, - 4e,  -7 01                                                                                                (29)

x4 - @*

where   1,  " 93
are arbitrary integers.

We now write  (21)  -  (23),  (25)  - (28) in terms  of  B\j

as follows, by substituting from (29):

A
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4@,4-891+1793 -9   3 0 (30)

@ , -1 (12  + 1  @3    - |          0                                                          (31)
149, +16@5 +3203 -11 1,0                       (32)

1                                   3 0                                            (33)

1                                               3  0                                                                                        (34)

-301 -901-793 +9 36 (35)

O            06)
 3,   can be eliminated  from  (30)  -  (33), (35) giving rise  to the following

set (adding in (34) and (36 :

1 3 92  +SK F3  -It 30 (37)

-1 0  @7   -   3    +1 3 0 (38)

-  8    0 2      +   i     + 10 5 0 (39)

-4  2  -703 +4 30 (40)

92                    8 O (41)

/3    30             (42)
  i  can be eliminated  from  (37)  - (41), which together with (42) gives  the

following:

507 (23   -8 7 2-0 (43)

-93 +1 20 (44)

447(13  4371 30 (45)

 3 +20  30 , (46)

SI      3      +   4 g            0                                            '                                           (47)

-7@3+4 3 0 (48)

@3        8 0 (49)

L                                                                                          1
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Examining (43) - (49) successively, we obtain:

  3 X -37- f07 . I  3>,1

B) 4   1                      , .        1 5 (13 6 1     Or   {13  =1

@2  3   -3 7 2                                                  8,    =  1447 ./ \ -2.

98 =10 3    2        20
 3  3  -                          '              p l-*r                                    n     -1

7-1           I
1        1.  1.0 3 4\13 \   - 9 3   #  i   J  .4 6.1 Ct , J   a    CoM  YO o|,C+ 1 07  -

1

.. It is therefore clear that there are no integer solutions to (21) - (28).

We would now continue the process and at the next iteration, attempt

to resolve (21) - (28) with equation (24) replaced by:

3x  +4x  +X3 +7x =3=z  -1M

This problem would also prove to have no integer solution, as would the

*
following iteration with z3  = 2.    -

th            *
At the 4   iteration z4  = 1, and we attempt to solve (21) - (28)

with (24) replaced by
*

3xl  + 4x2  + X3  + 7x4 =
1 (24)

Solving (24) , we obtain
-

*l= 01
x   =    2.
2

*
„3-1-3 1-4 2-7@3 (29)

x4 =  3
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and corresponding to (30) - (36) we get by substitution

*
4@ i  t \3el +27(23  + 3  2 0 (30)

0, - 291 +193 +22 0 (31)
*

*
199,+16 1 +1202 +3 3 0 (32)

*
01                           2 0 (33)

*
6 3·0 (34)

*

-3B, -9 01 -703 +1 3 0 (35)

p                                                                        *

93 80 (36)

Eliminating
  1 gives:

*
2 3  @7    + -53 3    + ,3            :- O (37)

-1001 - @3 + 7  8.0                       (38)*

*
-FOL  +  3  +23    8 0 (39)

-  4  /1       - 7(3   1-  1           3 0 (40)*

02                 3 0 (41)*

*
B 3 6 0 (42)

Eliminating     3 2 we obtain a set corresponding  to  (43)  -  (49):
*

5-0 7(2 3  +1 9 1    3 D (43)

*-03 +7 30 (44)

*
447  03    + l 23    3 0 (45)

02   + 13   3 0 (46)*

*
51  15 +75 30 (47)

-7  3  + 1 20 (48) 

03      3 0 (49)
*
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*
Examining (43)  - (49)  we obtain successively:

n  > - 291
C# 3/ - .'.       3 3 0

507

F 3  5  7          ·            :      0 4 0 3 5 7
633fl>-- O 5 03 57

CJ 2  +* 447
050357 3 3   -23

G     3     -7£                                                        050 3 67.

1/

@3 6     f                          .:              0 5 03
S O or  /3 - 0

*Substituting   3=0 into (37)  - (42) we find that    2=0.  Substituting
*

for   2 and   3 into (30)  - (36)  we find that    1= 0. Therefore from
*

equations (29)  we find that:

X  =0
1

X  =0
2

x =1
3

X  =0
4

is the optimal integer solution to (20).

6
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V.  Computational Considerations

The extent to which the algorithm proposed in this paper can be

applied in practice to large integer linear programming problems which

might be encountered in industrial and military practice has yet to be

determined in detail.  Studies are now under way to examine the feasibility

of employing the algorithm for large problems.  The major computational

problems which are seen to exist are as follows:

1)  Performing -fixed point arithmetic on a di ital

computer with large numbers

2)  Solving the sets of linear inequalities at each

' step of the iterative process.

Let us briefly examine  each of ,these problems.

The problem of performing fixed point arithmetic and handling rational

fractions is not a problem in any theoretical sense.  For example, in a

digital computer with variable word length and a very large fast access memory,

the calculations could be easily performed.  In a fixed word length computer

each numerator and denominator could be represented by a single word and sub-

routines written to perform rational fraction arithmetic.  If the numbers

became too large for a single word, in principle, it appears that two or more

words could be used for each numerator and denominator. The extent to which

this is practical and is required, is currently being explored.

The second,problem, of solving large sets of linear inequalities,

can also be handled in principle, as the second part of this paper indicates.

However, the practicality of solving the large sets of inequalities that the
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algorithm generates, by the general process of elimination that is described,

has to be examined by performing calculations with actual problems, which is

now being undertaken.

First, it should be noted that even if no better general way of

solving these inequalities can be found, in many problems it is unnecessary

to go through the complete elimination process described.  At each iteration

we wish to know if there is no solution or, if there is one, to find it as

rapidly as possible.  The following principles can be used and they can

be incorporated in a computational code.

1.  Any of the constraints of the original integer linear programming

problems that are strict equalities can be solved simultaneously          

with the adjoined equality constraint as a set of linear diophantine

equations thus reducing the total number of inequalities that need

to be solved,.and also the number of variables, since each equation

can be used to eliminate one variable.

2.  The set of inequalities (11) can be scanned for any obvious con-

tradictions.  If any occur, the calculation can proceed to the

next iteration.

3.  At any point in any iterative stage the uncovering of a contradiction

implies that the set of inequalities has no solution.  Hence, we

can proceed to the next iteration.

4.  The transition from one iteration to the next can be greatly

simplified, since many of the calculations are the same at

each iteration.

L
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The general elimination process should not be as forbidding as

. the upper bound calculation indicates.  Computer codes are now being

written to explore this matter.

VI. Summary

A new algorithm has been described to solve integer linear pro-

gramming problems which is based  on· the  idea of solving  as a linear

diophantine equation a constraint parallel to the objective function

hyperplane and then ascertaining if the original constraint inequalities

and the linear diophantine solution have an integer solution in common.

Some computational considerations which may affect the applicability of

the algorithm to problems with many variables have also been briefly

discussed.
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