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FAR INFRARED STUDIES OF SOLIDS: 
Electronic Levels of dl Ions in Al203 
Phonon Contribution to Electromagnetic Absorption in Lead 

Richard Ross Joyce 

Department of Ph-ysics, University of California 
and 

Inorganic Materials Research Division, 
Lawrence Radiation Labor~tory, 
Berkeley, California 94720 

ABSTRACT 

Far-infrared spectroscopic techniques are used to study 

the low-lying electronic levels of impurity ions in Al~03 and 

the electromagnetic absorptivity of Pb. The transmission 

spectra of A12o
3 

doped with Ti, V, and Cr are measured in 

applied magnetic fields up to 55 kOe. The behavior of ab~orp

tion lines due to the ions Ti 3+ and v4+ is discussed in terms 

of a theoretical description of the energy levels of a single 

d electr©n in the Al 2o
3 

crystalline field modified by a dynamic 

Jahn-Teller effect. An absorption line attributed to v3+ shows 

magnetic field behavior consistent with a spin Hamiltonian 

formulation, and the spin Hamiltonian para.meters are directly 

optained from the spectra. The low-temperature measurements 

of the absorptivity of superconducting and normal Pb show an 

onset of absorption when the photon energy is large enough to 

excite appreciable numbers of acoustic phonons. Most features 

of the data can be explained by a. "Golden Rule" calculation of 
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the phonon generation process proposed by Holstein. Swihart's 

calculations of the surface resistance are found· to be· in good 

quantitative agreement with our data. 
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I. INTRODUCTION 

Many elementary excitations in solids have characteristic energies 

in the meV range and can therefore be studied by the investigation of 

the optical properties of the solid in the far infrared. In cases 

where several types of excitations are present (such as low lying 

electronic and vibrational states), far infrared experiments can study 

not only the interaction between the electromagnetic radiation and 

the individual excitations, but also the interactions between the 

elementary excitation.&. This paper describes two.separate experiments 

investigating the electronic excitation spectrum in solids having 

vibrational states in the same energy range. The electronic excitations 

in one case are the discrete energy levels of the transition metal ions 

Ti and Vin an insulator (Al
2
o

3
); in the other case they are the 

continuo~s 7xcitation spectrum of the cond~ction electrons in a super-

conducting metal (Pb). 

When a paramagnetic ion is placed as a substitutional impurity in 

a crystal lattice, the highly degenerate electronic levels of the free 

ion are split by the electric fields of. the ions surrounding the 

impurity site and by spin-orbit interactions. The res~lt is a series of 

sublevels which are often further split by an external magnetic field. 

1 The methods of crystal field theory can be used to derive parametric 

expressions for the energy levels in the absence of a magnetic field; 

the magnetic behavior of the ground state can often be described by a 

. H ·1·t . 1 ' 2 · spin ami onian. · 

Paramagnetic resonance is a powerf'ul technique for determining the 

spin Hamiltonian parameters of the low-lying levels, although it cannot 
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-1 be used to measure zero-field splittings much greater than 1 cm . . 

Estimates of zero-field ~plittings larger than microwave energies can 

be obtained by specific heat and spin-lattice relaxation measurements. 

Magnetic susceptibility and anisotropy measurements can provide 

Zeeman splitting g-factors for the low-lying energy levels. ·Because 

each of these techniques usually determin.~s only one or two of tl1~ 

spin Hamiltonian parameters. several P.xpArimPnt.~ are r-equircd to obta.i.u 

a reasonably complete description of the system. However, high frequency 

magnetic resonance measurements, utilizing far infrared spectroscopic 

techniques, can directly measure the zero-field splittings and spin 

Hamiltonian parameters. 

We have used far infrared techniques to investigate the low-lying 

electronic states of Ti and V in Al.2o
3

. We measured the transmission 

spectra of crystals of Al
2
o

3 
doped with Ti and V over the frequency 

. -1 
range 5-200 cm in applied magnetic fields up to 52 kO~. This method 

can be thought of as high.frequency, high field paramagnetic resonance, 

with the ability to continuously vary both the frequency and magnetic 

field. Our results for the d1 ions Ti 3+ and v4+ yielded a sufficient 

number of spin Ha.mil tonie.n parameters to allow a qu~ti ta ti ve compA.ri. son 
. 3 

with a recent theory of the energy levels of a d electron in Al2o
3 

including the effects of the interaction with the vibrational modes of 

the Al
2
o

3 
lattice. In addition, we were able to obtain all three spin 

Ha.mi.ltoni~ parameters for the d2 ion v3+ in one experiment. 

The technique of far infrared spectroscopy can be used with equal 

success in studying the electronic statP.s in a metal by mcasnrement of 

the absorptivity. This method has been used to confirm the prediction
4 

'.; 

..... 
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of a gap in the electromagnetic ~bsorption spectrum of a superconductor. 5 

Such research has generally been confined to the frequency region below 
-1. 

50 cm 

The .purpose of our experiment was to extend the frequency range 

of investigation to include the phonon frequencies. The acoustic 

phonons in a metal cannot interact directly with the electromagnetic 

radiation. but the presence of an electron-phonon interaction makes 

possible the indirect excitation of phonons by radiation, with the 

electrons acting as intermediaries. This would result in an increase 

in the electromagnetic absorption when the photon energy is large 

enough to create appreciable numbers of phonons. This effect was 

postulated by Holstein,6 who estimated that the increase in absorptivity 

at optical frequencies due to phonon creation should be comparable in 

magnitude to the anomalous skin effect absorption7 due to the excitation 

of the conduction electrons. 

We have measured the absorption spectrum of pure Pb in the super-
. -1 

conducting and normal states over the frequency region 15-340 cm . The 

zone boundary phonon frequency region (35-80 cm-1 ) lies well within our 

observing range, and the very strong electron-phonon coupling in Pb was 

expected to make any effects due to phonon creation quite large. Our 

absorption spectra show increases at the expected frequencies, and 

the details of the absorption can be fit quite well to a Golden Rule 

calculation of phonon generation. 

This· paper is organized as follows: Section II includes a dis-

cussion of the techniques of Fourier Transform spectroscopy and a 

description of the Michelson interferometer used in our experiments. 
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In Section III we describe the design and construction of the doped-Ge 

bolometers used as far infrared radiation detecto~s. In Section IV we 

describe the experiments on Al
2
o

3 
doped with Ti, V, and Cr. Section V 

describes our investigation of the phonon creation contribution to the 

absorptivity of Pb and includes a comparison.of our results to the 

predictions of a phenome~ological theory of phonon generat~on. 

I . i 
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II. SPECTROSCOPIC TECHNIQUES 

Experiments involving the measurement of the optical properties of 

a material over a wide region of the far infrared frequency range 

(2-300 cm-1 ) have traditionally relied on the Hg arc la.mp as a source of 

broadband radiation. Such experiments utilize only the very low fre

quency part of the blackbody radiation distribution of the Hg la.mp, 

which may provi°de only a few microwa.tts throughout the far infrared region. 

Higher power levels are available from several gas laser lines 8 in 

this region, but these are useful only in certain solid state experiments 

(such as magnetic resonance or cyclotron resonance), where the effect can 

be tuned to the laser frequency. Recent developments in non-linear optics9 '10 

have shown that far infrared difference frequency radiation can be genera-

ted by the interaction of two visible or near infrared laser beams in 

a non-linear crystal. Such methods ean presently generate continuously 

tunable radiation from 1-250 cm-1 , but they are neither simple nor 

reliable. enough to be used as standard sources in spectroscopic experi

ments. For the present, at least, we must still use the Hg arc in con

junction with a grating monochromator or an interferometer. 

The monochromator uses a dispersive grating and two sets of slits 

to select a small region of the broadband spectrum sent into it. Aside 

from the technical problems of eliminating higher-order "false-energy", 

this method :i.R very wasteful of the small amount of energy available in 

the far infrared. The experiments described in this thesis use a 

Michelson interferometer and the techniques of Fourier Transform 

spectroscopy. The output of the interferometer contains all frequencies 

in the broadband of radiation entering it and thus wastes far less 
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energy than.does the monochromator. The interferometer serves only to 

modulate the energy in a precisely determined manner so that the fre-

quency spectrum can be obtained. 

A. Fourier Transform Spectroscopy 

Fourier Transform spectroscopy has been des'lrribed f'ully11 •12 

in the literature, and only a.brief description of the method will be 

~resented here. In a Mich~lson interferometer, collimated broadband 

radiation is split into two beams, one of which is allowed to travel a 

distance 6. further than the other before they recombine. If the input 

radiation distribution s(v) is monochromatic, that is, s(v)=S(v )o(v-v ), 
0 0 

it is easy to ·show that the intensity output of the interferometer as a 

function of the path difference /::,. is: 

I(6) = 1/2 s(v ) (1 + cos2nv 6.). 
0 () 

(1) 

For a broadband distribution S(v), this generalizes to: 

I (ti) = 1/2 f00

s.(v)(l+cos 2nv6.)dv = l/2I(0) + 1/2 rs(v) cos.2nv6dv.(2) 
0 0 

The last integral in (2) is the cosine Fourier Trans.form of S(v); inver:.... 

sion of the Fourier Transform yields 

S( v) = 2 /
00 

F(/J.) cos 2nv6 dl'i 
0 . 

(3) 

where F(6) = I(L'i) - i/2 1I(O) is called the interferogram. In practice, 

one samples the interferogram at a finite number N of regular, discrete 
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points (6.:= n6. ). The integral in tq. (3) is then can.verted to a sum 
0 

and transf0I:'lJled on a high-speed digital computer. The calculated 

spectrum is· 

N 
s·( v) = 2/). [l/2F(O) + I F(~6. ) cos(2ffi.iv6. )]. 

. 0 0 
( 4) 

0 n=l 

The sampling and truncation of F(6.) has several effects on s(v): 

(a) The choice of 6. .. determines the maximum frequency calculated 
O~: . 

from Eq. (4). 
. 1 

by\) = -· max 2/). ' 
0 

region 0 < v < 

The sampling ~ .. theorem· says that this frequency is given 

radiation. ·at higher frequencies is "aliased down" into the 

v • An analogous situation occurs in the Brillouin Zone 
max 

formulation of the states of an electron in a periodic lattice. In prac

tice, one must use a low-pass filter to cut off radiation above v 
max 

(b) Truncation of F(6.) at /). leads to a finite resolution. max A use-

f'ul way to consider the problem is to use the convolution theorem. The 

convolution of two f'unctions is defined by 

co 

h(x) = f(x) * g(x) = f f(u) g(x-u) du. (5) 
_co 

This leads. to the convolution theorem, which can.be stated 

FI'lf(x) g{x)) = Fl'(f(x)) * Fl'(g(x)) ( 6) 

i.e.,, the Fourier Trans.form of a product of two f'unctions equals the con-· 

volution of the Fourier Transforms of the individual f'unqtions~ When 

f(x) and g(x) are symmetric about zero (as they will be in the following 
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discussion), we can limit the integral in Eq. (5) from 0 to 00 and use · 

the Cosine Fourier Traiu;form (CFT) in tt.~_-(6). 

An interferogram F(A) truncated at b. can be written max 

F' (b.) = rect ( b./ 6. ) • F( b.), where max 

rect (x) = 1 

0 

. . 

!xi < 1 

Ix I > 1. 

From ~,., ~ (6) the spectrum S' ( v) = · CFT [re ct ( b./ Li · ) 
':!. · max 

= CF'Tlrect(A/il )·] * CFT(F(b.)) . max = CFT[rect(6./Ci )] 
~. 

• F(b.)] 

• s(~f. 

(T) 

The spectrum 

of a trtincated interferogram is therefore the convolution of the spectrum 

of the untruncated interf~~Qgram and the CF'T' of the truncating f'unetion. 

As a.n example , c0ns:t deie a >monbc;::Q;rotnati c · .i npn.f. · s ( w} it ' tS (\10\1
0 

) • 

CF~ [rect (b./6. )] ~ sin (2nv6. )/2nv, so the calculated spectrum is 
max max 

· sin ( 21TV' 6. ) 
S' (v) b. fm mu o(v-v -v') dv' = 27TV I 6. max 0 

0 max 

sin [ ~7T ( \J..,.\) ) !), ] 

6. . ; 
. 0 max ( 8) :::; 

21T{v-v ) max 6. 
0 max 

= b. sine [(v-v ) 11 ] • 
max 0 max . 

The expression (Eq. (8)) is o~en called the instrumental scanning func

. ti on ( r:r,s) sine~ it gives the instrum~ntal response to a o-function line. 

The sin.c·. f~ion has large sidelobes which fall off in amplitude only 

as (v~v )~1 and are therefore appreciable in magnitude several resolution 
0 

widths away from v . These sidelobes, or feet, on"Eq. (8) are especially 
0 

' ' "; . 

' I 
I ., 
I 
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annoying because they may distort nearby features of the spectrum. These 

can be requced considerably by multiplying the interferogram in Eq. (4) 

by a function which goes smoothly to zero at 6 (apodization), thus 
max 

removing the discontinuity there. 

The most significant advantage of Fourier Transform spectroscopy 
•· 

over grating spectroscopy is the enhancement of signal to noise on the 

spectrum. To illustrate this, we consider the observation of a broadband 

spectral region divided into N resolution widths during a total observing 

time T. A grating monochromator spends a.time T/N observing the radiation 

from each resolution width. An interferometer, however, "looks" at the 

total spectrum at each position, a.nd therefore observes each resolution 

width for the time T, a gain in time by a factor of N over the monochromator. 

If the noise is independent of the signal, this corresponds to a gain in 

the spectral signal-to-noise ratio of a factor of ~12 • This is the multiplex 

0r· Fellgett advantage13 realized in Fourier spectroscopy. Because of the 

cosine modulation term in Eq. (1), the average power output of an inter

ferometer is 50% of the input, so th_e Fe:llg_e.tt advantage is thus l/2r/2 • 

In most discussions the:·factor l/asi.s 14-gnored by a:s:Stimdmg···eqtia.l energy 

available for detection. 

The problem of overlapping spectral orders is also eliminated, and 

the only filtering requirement is a single low-pass filter to eliminate 

rl:i.ulation above v max These advantages far outweigh the disadvantage of 

obtaining data (the interferogram) which is not in a readily interpretable 

form. The presence of a ne~y computing facility made this disadvantage 

a minor one in our case. Furthermore, with experience, one can extract 

the major features of a spectrum by visual inspection of the interferogram. 
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B. The Michelson Interferometer 

The Michelson Interferometer. which we construc.ted for use in the 

far infrared is illustrated in Fig. 1. It is quite similar to one 

,described by Richards.12 
I 

The blackbody radiation from a General 

!Electric UA-3 Hg-arc lamp is collimated by f/1.5.optics and directed 

onto the beamsplit~er, which is a thin film ~f MYlar tightly stretched 

on a hoop. After reflecting from the fixed and movable mirrors, the 

radiation is recombined and focused into a l.l cm i.d. light pipe, through 

which it is conveyed to the sample and detector, The radiation is chopped 

so that phase-sensitive detection techniques can· be ·used. The interfer~ 

ometer and light pipe can be evacuated to remove water vapor, which has 

strong absorption lines in the far-infrared. 

Several filterinp; metha,ds could be employed to eliminate unwanted 

high-frequency radiation. Black polyethylene at the output of the 

-1 interferometer removes virtually all radiation above 500 cm Lower 

cutoff frequencies could be obtained by use of Yoshinaga filtersl4 

mounted on a filter wheel at the interferometer output; these consist of 

polyethylene impregnated with various ionic compounds and could provide 

cutoff frequencies as low as 50 cm-l Still 19wer cutoff frequencies 

could theoretically be obtained by zero-order polyethylene t!ansmission 

t . 15 gra ings which scatter wavelengths shorter than the grating spacing 

out of the optical .axis of the_ interferometer. These were not very 

effective ·in practice because they had to be placed before the ,chopping 

motor. Thus the chopped signal contained not only the modulated radia

tion transmitted by the filter but also the unm~dulated room-temperature 

blackbody radiation of the filter itself. This resulted in a large 

I 
. i 

' 
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amount of unmodulated signal which seriously degraded the modulated 

signal-to-noise ratio. This could be avoided in the future by placing 

the chopper as close to the source as possible, preferably before the 

beamsplitter. The beamsplitter itself has (approximately) a sin2 (v/d) 

efficiency due to interference in the Mylar film of thickness d. This 

was used to. advantage by choosing the beam.splitter thickness so that 

its first ef'ficiency ml.nimum occurs at the cutoff frequency v ' thus 
. max 

aiding in eliminating frequencies beyond v 
max 

The movable mirror is advanced by a stepping motor which is pro-

grammed to turn through a given angle of rotation each cycle. Since data 

are taken at regularly-spaced values of path difference, stepping the 

mirror in this manner makes the "dead time" spent moving between points 

a small fraction of the total running time. 

The mechanical accuracy of the interferometer was very good, con-

sidering the size (15 cm) of the optics. The Mylar beamsplitter 

( ) -1 
20 cm• dia. was flat enough to provide good ~odulation out to 700 cm 

the limit of the black polyethylene filter. The stepping motor could 

position the movable mirror to within .lµ; during a one-hour run the 

zero path difference point would rarely shift by more than lµ. This 

-1 dimensionai stability made it possible to obtain good spectra to 500 cm 

C. Data Ac9-uisi tio_n -~d Analysis 

A block diagram of the experimental setup is shown iin Fig. 2. The 

chopped output of the interferometer is directed through the sample 

(for a transmission experiment) onto a doped Ge-bolometer operated at 

l.2°K. The signal from the bolometer is amplified by a George 620 lock-

in amplif~er where it is converted to a de voltage; the voltage is 
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measured by a digital voltmeter and recorded on punched cards. 

Once the zero path difference point (the first point of the inter-

ferogram) is found, the .operation of the system is automatic. The 

mirror is advanced by 6 , and data are taken for sufficient time to 
0 .. . 

·provide a good signal-to.:.noise, the result is punched on an IBM card, 

and the mirror is advanced again. The mirror. advance .. and voltmeter 
. . 

integrt;ttiori are initiated by cam ::;wit.f"ht:-s driven by n timor motu1; Llils 

cycle is repeated N times, and provides the interferogram recorded 

in a form suitable for immediate analysis. 

It was often desirable to know the results of one run before pro-

ceeding .to· the next one. An IBM 1620 computer was locally available 

to provide rapid recovery of the spectrum from the.digitally recorded 

interferngrAm. Thie: wo.e ~ae by cowputiug 

s 
m 

(9) 

where F =F(n6 ), S =S(mv . )=S(mv /N). This·m,ethod, although direct, 
n o m min max 

is slow, since an N point spectrum requires N2 operations of cosine 

computation, multiplication, and. addition. The c~cul.ation fnr Ns200 

took 10 minutes of.computing time. We have recently instituted the 

. 16 
use of a fast Fourier Transform program based on an algorithm 

invented·by Cooley and Tukey. This program, which is described in 

Appendix A, requires only N log2N operations, and will compute a 

200-point transform in 20 seconds. 

Problems can arise if the first point of the data. is not exactly 

at zero path difference, since the method of cosine Fourier Transformation 

\.'' 

lo' ' 
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requires the interferogram to be symmetric about 6 = 0. If there is 

an error £ in locating the zero path difference point~ then the argu

ment of the cosine term in Eq. (3) becomes 2~6(v-£), and sine terms will 

appear in the computed spectrum. This will distort spectral lineshapes 

and even cause the spectrum to become .n&gative at high frequencies. 

Computational methods exisl7 ,18 ~·the determination of£ from the 

interferogram and the subsequent correction of the spectrum. Fortunately, 

· our Michelson interferometer could be set sufficiently close to 6 = 0 

to make any phase error negligible. 

D. Noise In Fourier Spectroscopy 

If we make successive measurements of the signal from the detector, 

we observe a degree of fluctuation around some average value. As a 

matter of definition, we call the average value the signal and the 

standard deviation of the fluctuations about this value the noise. In 

far-infrared experiments most of the noise is due to unavoidable 

thermal fluctuations in the detector and noise in the first stage of 

amplification of the signal. In the next chapt.er,. we wil·l discuss 

the minimization of this noise in more detail. The present discussion 

is concerned with methods of enhancing th~ signal-to-noise, i.e., -

amplifying as much of the (weak) signal and as little of the noise as 

possible. Our exp~rimental technique is to chop the radiation sip.;nal 

at a frequency w
0

, amplify the resultant ac voltage signal from the· 

detector with a lock-in amplifier, and integrate the de output with a 

.digital voltmeter for a predetermined time. This process is periodically 

repeated at successive points bf the interferogram. We now discuss the 
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effect of these operations on the signal-to-noise. 

1. Lock-in Detection 

A l~ck-in amplifier is a wide-band high-gain amplifier followed by 

(a) narrow band amplification 

(b) phase sensitive detection 

(c) a low pass filter 

The power spectrum after the wide-band amplif~er ~an be reprARPnted by 

Fig. 3{a). · It consists of a signal component at w , t:1. "white" background 
0 

due to detector noise, and a contribution 'ttos~1 from the amplifi~r. 

The narrow band amplification (a) amplifies the power spectrum 

in a region 6w1 centered at w , and cuts out the signal outside this 
. 0 

region. Tl1l::; ls 11.lustrated in Fig. 3(b). 

In the phase detection (b), t.hP Fi.~ dgnoJ. b mulL.i_plled by an ac 

square wave at frequency w . The power spectrum is just the Fourie~ 
0 

Transform.of. the product of these two, anQ. by use of the c;;onvolut.inn 

'Ll1eurem, 'l:fiis is the convolution of the FT of the squa:re wave with the 

power spectrum into the phase detector. A square wave symmetric about 

zerQ vol tR.ge (Fig. 3 ( c)) has frequency components at w , 3w , 5w . . . . 
0 0 0 

Convol vi_ng thii:; with the signal power spectrum centered at w will 
0 

reproduce the signal power spectrum at frequencies w = O, 2w, 4w, 6w ... , 
0 0 (J 

as shown in Fig. 3(d). It is important to note that narrow-banding 

must occur before phase detection; if this were not done·, the broad band 

noise power components at 3w, 5w, 7w , ... would overlap w = 0 by 
. . 0 0 0 . 

the convolution with the square wave SJ?ectrum. 

A low pass filter (c) is necessary to eliminate the powAr spectrum 

components at 2w , 
0 

4w , ... and is also useful in decreasing the width 
0 

l 
I 

' 
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6w1 of the noise spectrum about w = 0. By using an eiectronic RC filter 

of time constant T = RC, the width of the power spectrum can be decreased 

-1 ( to ~w2 ~ T Fig. 3(e)). Since P(w) is a symmetric function, the 

figures show only the positive frequency scale, and the vertical scale 

has been doubled. 

2. Periodic Sampling 

The output. signal from the lock-in illustrated in Fig. 3(e) thus 

contains a signal component at w = 0 and a noise component consisting 

of frequencies from 0 to l/2T. In our experiment this signal is 

integrated by a digital voltmeter for a time T
1

; if digitizing noise is 

negligible, this is equivalent to reducing the noise band width to 

l/T
1

. Thus the noise power bandwidth should be reduced by a factor 

T
1
/t and the signal-to-noise increased by (T

1
/t)

1
/ 2 , as shown in Fig. 4(a). 

However, when an interferogram is being measured, the integration 

mentioned above is repeated with a period T
2

. This periodic sampling 

can be seen to introduce extra noise into the integrated signal, in the 

sense that the signal-to-noise ratio of a periodically repeated (N times) 

measurement will increase more slowly than N112 . As an example, consider 

a noise component whose period is not an integral submultiple of T1 or 

T
2

.. This component, integrated over T1 , will have a non-zero value 

whose modulus is the same for each successive integration interval. 

Hut because _T
2 

is not an integral number of periods, the phase of this 

noise signal will shift with each measurement, resulting in a slow 

modulation of the digital signal. In this way high frequency noise 

(w < l/2T though) can produce J.o'W frequency (w <' l/T
2

) modulation of 

the iriterferogram. 
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A more .sophisticated way to look at this is to consider the 

. successive .. sampling as phase-sensitive detection at a frequency l/T2 

with an "on" time T
1 

< T
2

. This sampling function and its frequency 

spectrum are shown in Fig. 4(b). The power spectrum is similar to that 

for the lock-in amplifier with two exceptions: 

(a) The _sampling fUnction is not symmetric about zero amplitude so 

it has ~component ~t w = O (corresponding to the ability to measure 

a de voltage) in addition to those at w = l/T2 , 3/T2 , 5/T2 . ·· · 

(b) Unless T1 = i/2T
2

, the amplitude of the nth harmonic components 

is not proportional to l/n. 

The resultant power spectrum is obtained by the convolution of the 

sampling power spectrum with the spectral output of the lock-in amplifier 

followed by integration for a time T1 . The result is shown in Fig. 4(c). 

Note that the bandwidth of the output is still l/2T1 , .as·· in Fig, 4(a.), 

but there is additional noise Power which will R.f!pPRr i.ri this bandwidth 

(shaded area) because of convolution with higher harmonics of the . 

sampling function. Thus the effective power bandwidth may be several 

times larger than that expected from a single integration for time T1 . 

O~e solution to this might be to increase the lock-in time constant. t 

to l/T2 , thus cutting off the harmonic contributions to the noise. This 

is incompatible ~ith our step-and-integrate method of sampling the 

interferogram, in which the "dead time" T
2
-rr1 must be several times T 

to allow the mirror to be advanced and the de output of the lock-in to 

come to its new value. Since T2-T1 < T2 , it is impossible to make 

T - T~ and use the step-and-integrate mAthod because the large T would 
.c. 

distort the interferogra.m considerably. This distortion would be a 
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functiop of the path difference 6 and the relative values of T
1

, T
2

, 

arid T. A possible way to eliminate .this distortion is ·to use a 

lock-in ·amplifier which discharges the.time constant capacitor to zero 

during the period of· ·mirror advance. This would entail minor modifica-

tions to the lock-in amplifier we used and might well be-worthwhile. 

If we advance the mirror continuously at a constant speed, there 

is a linear relationship between time and path difference. Although 

use of a large T would still badly distort the interferogram, this 

linear relation makes it theoretically possible to define an average 

path difference during the integration time as well as a phase function 

which describes the distortion of the·interferogram at each point. It 

would then be possible to recover the original interferogram. 

Noise on a continuously driven interferogram appears as wiggles 

which can be thought of as corresponding to high frequency radiation 

modulated by the interferometer. If the sampling interval 6 is chosen 
0 

to be small enough to sample the highest frequency interferogram noise, 

then the value of T can be made small enough so that the interferogram 

obtained by continuous driving is undistorted. 'I'his value of 6 can 
0 

define a v considerably larger than that of the radiation signal 
. max 

present_, in which case a large part of the computed spectrum will contain .. 

noise but no signal (Fig. 4(d)). The noise on the signal from 0 to v 
c 

will be smaller ao a result of this oversampling; if 6 were chosen to 
0 

be l/2v , the noise from v to v ·would be aliased back into the c c max 

region_ 0 - v c 
This method entails taking considerably more data 

points, however. 
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We did not ·utiliz~ these methods be:cause our interferometer was 

operate"d in the step-and-integrate inode' and a lock-in amplifier with 

a single time constant 'r was used. Iri pr_actice ~ w~ ·chose ·T1 'and T2 ~- lOT 

and T - T - 3T and accepted the noise due to periodic sampling~ :e . . 1 

:. . 

~ : .. 

. · .. 
. . ,.· 

._, . 

' . I 

I 
I 



-19-

III. BOLO.METERS 

In Section II, we noted that broadband far infrared spectroscopy 

must contend with the very small power available from existing sources. 

This fact places a premium on the development of highly sensitive radia-

tion detectors. The low temperature germanium bolometer, first described 

19 . 
by Low , is the type.of dete.ctor used in our experiments. The 

requirement of a broadband detector whose response is.not affected 

by a magnetic field eliminated competitive devices such as the InSb 

. 20 - . ·. • . 20 
detector and the super·c·onducting. bolometer. In this section we 

present a brief theory of bolometer performance and a description 

of the methods we employed in making and testing our own bolometers. 

A. Bolometer Theory 

1. Responsivity 

A bolometer is a detector whose response to radiation involves a 

change in temperature which results in a change in electrical resistance.. 

An excellent general theory has been given by Jones21 ; the present 

discussion will be particularized to the case of the Ge bolometer. 

The bolometer itself is made from Ge nominally doped with an impurity 

such as .Ga or In, although there are usually substantial amounts of 

compensat.i.ng nr.ipant (suoh o.o 8b) present as well. 'i'he actual mechanism;.; 

of radiation absorption is not well understoGd at present, but it is 

believed to be a process of photon-assisted hoppi~g between.the impurity 

energy states. For the purposes of bolometer construction, we can 

describe the behavior of the heavily-doped Ge by a lightly-doped model, 

in which the impurity states are separated by an effective energy gap t, 
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fr.om t'hJl conduction,. band. This simplified model is supported by our 

. . ~/T 
experiments, which show that the resistivity obeys an approximate e 

dependence at low temperatures, and that the material is partially 

transparent to radiation of energies hw < k6. For our calculations 

we assume the material is characterized by an electrical resistance 

R er e6/T and a large t~mperature coefficient of resistance et=~~= - MT2
• 

Flgure 5 shows a typical operating configuration. The bolometer element 

is mounted i_n a vacuum, supported by its electrical leads, which provide 

a thermal conductance G between the bolnmet.er and a heat sink at l;j. low 

temperature T . The bolometer element and electrical leads have a heat 
s 

capacity C. The bolometer absnrhR 11, fraction c of the chu!JJ:H:!ll radiation 

signal P
1 

eiwt and the background radiation P , and responds with a 
0 

i~ iwt temperature T
0 

+ T1 e and resistance R
0 

+ R1 e The resistance 

R
1 

due to the slgna.1 is measured by biasing th~ detector with a constant 

t:u.rrent I and measuring the ac .voltage IR
1 

with a lock-in amplifier. 

. . 2 iwt 2 iwt 
'l'he total ~ower input to the bolometer is P. =I R +E P +EP1 e +I R1 e 

dT in o o 
Applying the energy conservation equation C dt + G(T-Ts).= Pin we get 

P I 2R G1T T ) [ P r2R GT . CT ] iwt 0 E ·+ - ~ - + E 
1

+ 
1 

-
1 

-iw 1. e · = . 
0 0 o. s 

(10) 

The first three terms determine the_ operating t~mperature T =T +(EP +I2R )/G 
0 s 0 0 

due to the de power input. The ac term can be simplified by writing 

= :R11?-/R 6. 
0 0 

EP1 + R
1 

[I2 ·+ 

This gives 

T2 (G+iwC) 
OR 6 ) = 0. 

0 

(11) 

.. 
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Defining a time constant T = C/G, we can solve for the ac resistance signal 

.. :R~t.£P1 .. 
H = ---------

l r 2R t.+GT.2 (1 +iwT} 
0 0 ··-

The responsivity S = IR1 /P1 is the measured voltage.signal for unit 

signal power: 

s = 
-R M:. I 

0 

(12) 

(13) 

In an experiment, the relevant c?r.iterion of ·detector quality·is .the 

minimum signal which can be detected, usually called the noise-equivalent 

power (NEP). The desirable goal of minimizing the NEP is not automatically 

achieved by maximizing s~ since there are circumstances in which the 

dominant source of noise.is dependent on other parameters. It is 

therefore necessary to consider the contribution of each noise source 

to the total detector noise, in order that the dominant source be 

identified. In the following we will express the mean square NEP as a 

sum of various contributions to the detector noise, and consider its 

minimization in terms of the responsivity S and the bolometer parameters 

appearing in Eq. (13). 

2. Bolometer Noise. 

In a Ge bolometer, there are often several noise sources of comparable 

magnitude. These are Johnson noise, phonon noise, background radiation 

intensity fluctuations, and current noise. Since the experimental noise 

is measured at the output of the amplifier connected to the detP.ctor, it 

is important to also consider the amplifier contribution, which is quite 
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dependent on the relative impedances and temperatures of the detector 

and amplifier, and can often dominate the system noise. 

a. Johnson noise. The Johnson noise of a resistor, which results from 

the dissipation of thermally induced current fluctuations, is given by 

V - (4kTRB)1/ 2 
J 

where B is the noise bandwidth. Dividing this by the responsivity 

(14) 

expresses th~s noise in terms of an optical noise power incident on the 

bolometer. 

= (4kT R B)1/ 2 /S. 
0 0 

( 15) 

b. Phonon noise. Another contribution to.the detector noise arises 

from r~ndom fluctuations in the phonon flux between the detector and· 

the heat sink through the thermal link G. The resultant noise power 

is given by 22 

(16) 

c. Back~round radiation noise, Fluctuations in the ra,diation from the 

source and from the room temperature background can also contribute to 

detector noise. The mean square noise power from a radiator at temperature 

22 
TR can be· written 

• 
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(17) 

·Her'e S'2 is the solid angle· 5ubtended by the body at the detector (,assumed 

small compared to 27T), ~nd A is the detect"or area. . A focusing cone 

(Fig. 5) is commonly used to limit the field of view to one which just 

includes the image of the Hg arc source. A larger field of view would 

increase only the signal due to the background. The acceptance angle e 

of the cone should thus be determined by the f-number of the spectrometer 

(for ou.r f /1. 5 optics, 6 :::::i 20°). Eq. (17) can then be written 

P~ = BB A a kT~ sin
2 

(:) B. (18) 

The factor B takes into account the bolometer absorptivity, the emissivity 

of .the radiator, and the effects of any filters in the system. For the 

4 2 e purposes of analysis, we can define BA a TR sin (2). = W, the power absorbed 

by the detector, in which case Eq. (18) assumes the simple form 

(19) 

One source of this noise is the room temperature blackbody radiation 

from the mirrors and uncooled filters in the interferometer. For our f/1.5 

system with room temperature black polyethylene filtering, W ~ 10-5 watt, 

2 -24 2 . 
and PR ~ 10 watt . This can be reduced considerably by coating the 

inside of the light pipe with soot, which absorbs high frequency radiation 

and re-radiates at a much lower temperature. In this case, 6 is nearly 

the line-of-sight angle subtended by the room temperature background, 
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-2 which is about 10 . for a 1 m le_ngth of 1 cm. dia light pipe. Cooled 

filters ·,in the light pipe can reduce the background even more. A cold 

-1 I sapphire window, for example, vill remove radiation above 200 cm . Under 

these c~nditions, w~ 10-8 watt~ and p~ -~ 10-27 watt2 . 

The signal from the Hg arc source will also have fluctuations which 

contribute to radiation noise. For ~ tYl>ica.l t.r.<1.no;;mi1111ion c1cpci-ime11t, 

W - 10-9 wa,tt ~ and estima:t:i.ng the source temperature to be TR - :::!UOO K, 

P~ ... 2.5x10-27 watt2
• F'or a signal power equal to the NEP (which we 

will assume to be smaller than 10-9 watt), th~ backi11;:rnu.nd :radiation 

noise power PR ~ 3~10-14 watt is the contributing factor. 

d. Current noise. Little is known about current noise theoretically. 

It is often found in carbon resistors and semiconductorst but appears 

to be abseiiL lu wire wound resistors. Experimentally, current noise 

can usually be expressed. as 

p = (F rY v-8 B)1/ 2 /S (20) 
c 

where F is. a constant, y. is near 2, and B is normally about 1. By use 

of ~:ii:rilgle crystal bolometer materia,1 and cF1.rPf'1111y conctructcd electi .i.t..:1:1.l 

contacts, it appears possible to reduce current noise to a negligible 

value. l9 

e. .Amplifier noise. The bolometer-amplifier circuit we used is shown 

in Fig." 6(a). For the purpose of analyzing the noise in this circuit, 

we replace each resistor with an equivalent noiseless resi~tor and a 

noise voltage source, as :illustrated in Fig. 6(b) •· The load resistor 

RL at temperature TL produces a mean square voltage noise ei=4kTLRLB; 
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the amplifier input res.Utance RI at; the· amplifier 

2 produces e
1 

= 4kTAR
1

B. The detector voltage noise 

temperature TA 

2 e = 4kT R aB, where 
s 0 0 

a includes the contribution of noise sources other than Johnson noise. 

In addition, we define an amplifier noise' resist~ceRA by e!=4kTARAB, 

where eA is the measured input noise of .the amplifier with the input 

shorted. .The current generator ig represents the grid current noise 

in the amplifier. This can be determined by measuring the mean square 

. t . "th th t . 1 hi h . 2 · 2R2B Th. t "b t· 1npu noise wi e ermina s open, w c is eA+ig I . is con ri u ion 

will become negligible when R
0 

«€ RI.· 

20 
Following the method.of Putley and Martin, we can derive the 

noise figure (NF) for this equivalent circuit. This is defined as 

NF = Mean square noise/signal at output (2l) 
Mean square noise/signal at source 

For the circuit in Fig. 6b, with RI' RL >RA, we obtain 

NF 
TA 

= l.+. aT 
0 

.2 
1 

+ '.' g ... 
4kT,.:R ·a 

0 0 

2 

(22) 

From Eqs. (21) and (22) and the definition of e;, we can obtain the 

mean square voltage noise/signal at the output. Division of this by 82 

expresses the voltage noise in terms of an optical noise power, thus 

giving the mean square NEP: 

(NEP) 2 
4kT R B 

+ 4kT2 
. y -s 

0 0 GB + BkT W.B' + FI v B = 
82 () R 

8
2 

4kTAR
0

B R TL R RA i
2B R R R 2 

+ ·2 
[-0- + _Q_ + -] +..JL..;.[ I Lo ] (23) 

RLTA RI R 82 RIRL+RIRo+RLRo 8 0 
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The' first four terms are the' detector noise sources described previously. 

The last two terms are the· amplifier noi.se contribution, which in the 

litirl.t R
0 

<RI' RL reduces to the mean square amplifier input noise power 
. 2 

4kTARAB/S ·• In general, it is dependent on the bolometer resistance R
0

, 

and can be the dominant contribution when TA> Tb. 

3. Design of a.n Optimum Bolometer. 

We can now make several general comments. regarcll.ing minimizing the 

NEP, which is clearly a desirable goal in bolometer design. The first, 

fourth, f.ifth, and sixth terms in Eq. ( 23) can, .in theory, be made 

arbitrarily small by increasing the responsivity. For this reason, it 

is desirable to maximize S, both by judicious choice of the bolometer 

parameters<during construction, and by use of the proper bias current 

during .an experiment. The third term can be reduced by the use of 

cooled filters. The ultimate NEP of the bolometer is thus determined 

1.Jy Lhe phonon noise, and is given by the second.term in Eq. (23). 

In the remainder of this section, we will assume that the experimen-

t~ variabie (the current) is always set to maximize the responsivity 

for a given bolometer. We will then consider the effect of the design 

parameters on S and the NEP. The current dependence of S will be 

discussed in the following.section on bolometer testing. 

Maximizing Eq. (13) with respect to I gives the operating current 

I = (G T2(l+iwT)/R Li)1/ 2 , fo~ which 
m . o o -

:::::: -t../2I 
m 

(24) 

Because the parameters in Eq. (24) are not independent, it is worthwhile 
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to consider maximizing S: in .terms of the conditions available to the 
m 

experimenter: the temperature, the bolometer size and doping, and the 

electrical lead geometry. 

(a). Changing the temperature has pronounced effects on S ,, since it 
m 

enters nqt only explicitly as T
0

, but also implicitly in G(~0 ), 

t=C/G («T2 ), and R (~ e~/To). It is clearly desirable to make T as 
0 0 0 

23 
small as possible; Drew and Sievers report that decreasing T 

0 
from 

1. 5 K to 0. 4 K leads to an increase in S' by two orders of magnitude. 
m 

In practice, T i.s a rather· inflexible parameter determined by the type 
0 

of cryogenic system used. 4 We used a pumped He cryostat capable of 

attaining a bath temperature T - 1.1 K. Depending on the bolometer, 
s 

T ranged from 1.3 K to 1.5 K. 
0 

(b) The bolometer doping determines the parameter ~. Transmission 

24 
experiments have shown that 6 corresponds to an effective band gap, 

and that radiation of energy < kB6 is not absorbed efficiently by the 

material. Therefore, for the purposes of maximizing S, it is desirable 

to increase 6 (and thus R ) until the resulting decrease in E becomes 
0 

important. 

In practice, it is usually more important to'choose 6 so that R 
0 

minimizes the amplifier noise contribution to the NEP. From Eqs. (23) 

and (24), we can see that the only dependence of the NEP on R occurs 
0 

in the amplifier noise terms (we are neglecting any consideration of 

the bolometer current noise). 

the optimum condition 

= 

Minimizing this with respect to R yields 
0 

(25) 
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For our amplifier 

- 4 
and RA~ 2x10 ~, 

sy8tem, TL=TA=3-0'0 K, RL'RI R1 107 n, ig~l0-l3 amp/Hzl/2 , 

for which the optimum bolometer resistance R ~x105 s-2. om · 

For our cryogenic system and bolometer dimens_ions, this condition restricts 

the useful values of /J. to the range 8 :... 10 K. 
. 3 23 

For a He cryostat, 

values near 4 K are appropriate. 

(b) The size of the bolometer is often determined by the experimental 

n~4_ulremeuLi; Ll1aL l L be 11::1.rge enuugh ln 1u·e1::1. Lu luLercepL Ll!e deslrecl 

radiation and thick enough to be highly absorbing ... Further increases 

in these dimensions will have little effect on £, but wili increase the 

heat capacity C. If we &.re operating in the region WT > 1, Eq. (24) 

shows that S 
m 

The· electrical leads furnish the thermal conductance .G between the 

bolometer and the heat sink. When we insert S from Eq. (24) into 
m 

Eq. (23) ~ :we find that all ·terms in the mean square NEP, except ba.okground 

radiation fluctuations~ are _proportional to G. It is clearly desirable 

to minimize G. Unless the system is dominated by phonon noise, the 

effective lower limit on G- (keeping the other parameters constant) is 

provided by the condition that the thermal response of the detector be 

rapid enough to follow the chopping modulation of the radi_ation signal. 

Using the definition of T = C/G, this requires that G ~ we. For the 

operating condition WT = 1, the mean square NEP can be written 

,., 
(.NEP)'-

. . 6 i 
2

R T
2

wCB 
+ __ g~o-m...._·o;;..-_ 

£2ll 

(26) . 
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Here we have assumed the bolometer current noise to be negligible and 

have set the terms in brackets in the fifth term of Eq. (23)· equal to 

RA/Rom' and have assumed R
0
m < RI,RL in the last term. It is found for 

most amplifiers that the input noise resistance RA varies as w-l at low 

frequencies,· so the fourth term in Eq •. (26·) is actually frequency independent. 

Eq. (26) does show the motivation for making w and C as small as possible. 

In practice, we determine C by the minimum volume for efficient absorption, 

select the chopping frequency to be as slow as is convenient (we used 

values between 11 Hz and 42 Hz), and adjust the bolometer lead length until 

WT~ l. 

B. Bolometer Construction and Testing 

1. Selection of Suitable Material 

All of the bolometers we constructed were made from single crystals 

of Ga-doped Ge. Three pieces of material were initially available, of 

which only one was found to be suitable for 1.2 K bolometer construction. 

The room temperature resistivities ranged from 0.11 to 0.18 n-cm, but 

these values w~re only roughly correlated with the· low temperature b"ehavior. 

The energy gap parameter 6 is extremely sensitive to impurity concentration, 

a.nu small scale fluctuations in concentration were found to produce 20 per cent 

differences in 6 between two bolometers cut from adjacent positions in 

the original crystal. The only way to determine the suitability of 

bolometer material is to obtain 6 by low temperature resistivity measure-

ments. 

Several chips about 4 mm square and from 0.5 mm to 0.7 mm thick were 

cut from each sample of doped Ge. The area was made large enough to 

cover the exit hole of the focusing cone (Fig. 5), whose diameter is 
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determined by the thro.ughpu'!; , of the spectrometer. The throughput is 

defined as the product of the· aperture and the solid angle subtended 

by the detector, and is constant for an optical system. The output of 

our spectrometer is focused by an f/1.5 mirror (n ~ .15 rr) into a light 

2 pipe about 1 cm in area, so the minimum output area of the focusing 

cone (:for which n = 21T) i R n, 07 cm~ 1 eorre$yumllng to a diameter nf 3 mm. 

A smalier. exit would not pass all C)f the f /1. 5 radiation; a larger one 

would project the radiation into a solid angle smaller than 2TI. The 

thickness requirement was determineq from tranomis~ion measurements of 

-1 a piece of 0.5 mm thick material, which was opaque above 30 cm , but 

-1 transmitt'ed about 30 per cent at 10 cm 

These chips were etched in a solution of 5 parts HN0
3

, 3 parts 

CH
3

COOH, Sl'ld 3 parts of 30 per cent H2o2 . Several em .. ~ of #34 Cu wire 

(.0.16 mm dia..) were so1d'!ted to oppo;!!ite euges with ln solder. We found 

that good contAds oould be ma.ue uslnp: ,e. regu·tR.1' soldering iror1 aiiu 

ZnCl~ flux, as long as great care was taken to avoid contamination of 
~ . . 

the soldering tip or the flux wit.h materio.lo which 1.:uuld form. a p-n 

junctio!l.in the solder joint. We then made resistivity measurements of 

these chips between 4.2 Kand 1.2 K .to .determine I:!.. 

·only a narrow range of I:!. was desirable for our uulometers. One of 

the pieces of source material had a characteristic. value I:!. ~ 3 K which 

is too Small for a 1.2 K bolometer, although it. would be quite acceptable 

3 23 for a He bolometer. Another piece had I:!. ~ 15 K, too large to produce 

bolometers with acceptable low-frequency absorptivity. Chips out from 

. 4 4 
the third piece had 7 < I:!. < 10 K and 10 < p < )XlO Q-cm at 1.2 K. All 

of our bolometers were made from this material. 
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2. . ·Bolometer Mciuriting 

The chips which were determined to have values of ~ in the desirable 

range were mounted as sho"Wn in Fig. 5. The electrical leads were glued 

into a hole in an Al heat sink, which in turn was glued to a wall of 

the bolometer cavity, which is in intimate thermal contact with the He 

bath. The length of the leads between the bolometer a.ri.d Al heat sink 

was chosen to provide the optimum value of G for the particular bolometer; 

as aetermined by the chopping frequency and an estimate of the heat 

capacity C of the bolometer, solder, and electrical leads. 

A typical chopping frequency in our experiments is 33 Hz, for 

. . 2 8 -l which w = 0 sec Satisfying the optimum operating condition 

WT= 1 ~hen requires T ~ 5 msec. The heat capacity of Ge at these 

temperatures is due to the lattice, and has the approximate value 

4 3 erg/K - mm . (27) 

For an 11 mm3 bolometer at ~ typical operating temperature 

T
0

=1.4 K, CGe=2.6 erg/K. The heat capacity of the In solder (typically 2 mg) 

is:::::: 0.2 erg/Kat this temperature. The electronic heat capacity of the 

0.18 mm dia. Cu leads can be written 

erg/cm -~ (28) 

where ~ is the length of each lead. Thus, at T=l.4 K, the total heat 

capacity C=C +C +C :::::: (2.8+0.6~) erg/K. Ge In Cu 

The thermal conductivity ~f the Cu wires is_proportional to tempera-
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ture i.n this range, and assuming a value K = 1 W/cm -K at T=l K, the 

thermal conductance of the two leads is 

. 2 
erg -~m/sec - K . (29) 

At T = i~4 K, G ~ 5,6x103 t-1 . erg - cm/sec - K. ~olving the equation 

C/G .,.. T "" 5 ll1.5eC:: leatl.B to a. solution for the length of the leads i = 5 cm, 

. 4 
wi.th C = 5. 8 erg/K .and G = LlXlQ- erg/sec - K. 

Initial tei:.ts with an existing bolometer indicated that a lead length 

of about 1~5 cm was sufficient to.make T ~ 5 msec; which implied a lead 

thermal conductance smaller by a factor of four th!il.n that given by Eq. (29). 

One explanation for this discrepancy is that the Cu wire we used for our 

leads has a therma1 conductivity smaller than the.handbook value. A 

more serious possibility is that the glue bond between the leads and the 

heat Gink is poot·. This is undesirable because the. temperature of the 

Cu leads is then very close to the elevated value T , rather than being 
0 

distributed between T and T along the length of" the wire. This will 
0 s . 

make CCu larger. Furthermore, such a tenuous thermal link can change 

with time~ resulting in erratic performance. 

These results indicate that our bolometer mounting is probably nnt 

an optimum design. A more flexible method would involve the use of very 

thin electrical leads of a poor thermal ·conductor. The thermal link is 

then provided by a He exchange gas. This has the dual advantages of 

substituting the small heat capacity of the He gas for that of the Cu 

leads, and of providing a thermal conductance which can be varied during 

the course of an experiment .. 
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3. Sensitivity Tests 

Aside from the absot'ptivity.~ e:, ~he responsivity of a bolometer can 

be measured by purely electrical means. 
. 21 

Jones discusses several 

methods for .doing this~ all of which use the known electrical heating 

power in the bolometer as the power input. Our method is to measure the 

current•v8ltage characteristic (load curve), which contains all the 

information necessary to determine the de responsivity. The de responsi-

vity is, from Eq. (13), 

The second term in the denominator can be written 

·ti~· dP dT '· ... ~ - --...-. = I2 dT dR 
1 dP -2 dR = -H. 

I 

Since the only power input is the de heating P 

H = d(log P)/d(log R), and 

S(O) = €:/I (H-1) .' 

(30) 

(31) 

(32) 

This is obtained by plotting the load curve on log-log pR.per. A 

45° rotation transforms the log I and log V coordinates into log P and. 

log R, and the slope of the load curve with :l:'espect Ibo the latter set 

of coordinates is H~ Figure 7 shows the load curve ~or our best bolometer, 

a.long w.i th the de responsi vi ty calculatelii . from Eq. ( 32) . · 

Since the experimental quantity of interest is·the responsivity at 
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the chopping frequency-~ w, it is necessary- to calculate S(w) from 

Eq. (13 )'. Using the fact· that H(w) = H(l +iWT), the responsi vi ty can be 

written in the intuitive form 

w'here 

S(w) = S(O)/(l+iWT ) 
e 

T = HT/(H-1) .. 
e 

(33) 

( 34) 

Eq. (34) indicates that T is a function of the bias current I, so the 
e 

dynamic responsivity curve cannot be obtained from the de responsivity 

curve by a constant muitiplicative factor. This is illustrated in 

Fig. 8, where the de responsivity.(circles) is plotted along with a 

measured ac response curye, which was obtaineq by illuminating ~he 

bolometer with a chopped radiation signal of unknown magnitude and 

plotting th_e lock-in amplifier output as a function of I. In practice, 

we determined Te for a particular valu~ of I (and H) by measuring t_he 

frequency dependence of the bolometer response to a. chopped radiation 

signal and using Eq. (33), We could then determine T (I) from Eq. (34) 
~ 

and calqulate the dynamic responsivity. The results.of this approach 

:~ 

are indicated by~he squares in Fig. 8. The shape of the curve outlined 

~~these points is a considerably improved fit to the experi~ental curve. 

. Eq_s. ( 33) and ( 34) are approximate in that they ignore· the effects 

of a finite load resistance R1 in the' bias current supply and the 

temperature· dependencrpf T = C/G. The ~armer si tua.tion is discus.sed 

. t 

f 
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'21 · 
by Jones, and is of little consequence here, since we always kept 

R
1 

> R
0 

in our experiments. The· latter problem is more serious, since 

it is difficult to treat analytically. However, we found that calculation 

of T as a. f'unction of current, using cilculated values of C and measured 
2 . 

values of G = I R/(T -T ) gave values of T which were almost constant 
0 s 

over the range 2µa - 15 µa; furthermore, this Twas quite close to that 

determined experimentally by measuring s(w). The approximations inherent 

in Eqs. (33) and (34) are thus relatively unimportant, and the poor fit 

in Fig. 8 at small current is probably due to the inaccuracy in measuring 

the very large slope of the load curve (relative to log R) in this region. 

For this reason, we used the experimental responsivity curve to determine 

the optimum operating current, and fit the theory to the experiment in 

the range 10 µa - 20 µa to obtain the scale factor.for the experimental 

curve. 

We also determined the NEP by measuring the rms noise voltage at 

the output of the amplifier with no chopped radiation signal incident 

on the bolometer and di v:f <ii.ng this by the responoi vi ty. 

The measured parameters for our best bolometer are presented in 

Table ,I. The values of S, NEP, e , R , T , and I are those at the s o o op 

minimum NEP. The values I and S are those at the maximum S, which m m 

often occurs at a different operating point when amplifier noise 

predominates. Because amplifier noise (Eq. (23)·) depends on both S 

and R , it will not necessarily be minimized either at S or the value 
o m 

of R given by Eq. (25). G was obtained from the load curve and the 
om 

measured R (T) curve. The value of T obtained by dividing the theoretical 
0 

heat capacity by the experimental G was quite close to the experimental 
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. . 

value. The l$ad curve analysis thus provides a quite.accurate method 

of bolometer calibration, although. the· calculations for the dynamic 

responsivity can be tedious. We found it more efficient to test several 

bolometers at once by mounting them in a cavity in such a way that they 

were illuminated by approxlhnately equal amounts of radiation. By ~sing 

a calibrated bolometer as a control, the responsivities of the others 

~uuld be obtainetl oy measurement of the relative responses to the applied 

radiation. 

In Fig. 9 we show the NEP calculated from Eq. (23). using the 

measured values of T , R , G, and S for several values of I. The two 
0 0 

curves represent the NEP for the conditions TL :;=· TA = 100 K (our 

experime.ntal condition), and TA = 300 K, TL = 4 K (obtained by cooling 

the l~ad resistor). The background radiation noise power was calculated 

-14 ( ) to be 3x10 watt from Eq. 19 , but an error in this estimate would 

hav·e negligible effects on the NEP, since the ampUfier noise wa.s by 

far the ·dominant factor. The open terminal input noise was measured 

1/2 . -13 1/2 to be - lµv/Hz , corresponding to a grid current noise i - 10 amp/Hz . 
g 

The e_j(perimental NEP ( points ·) shows the.same general current 

dependence as the theoretical curve, and the quantitative ·agree~ent is 

very good except at very small bias current. As i.ndicated in Fig. 9, the 

operating current I is different from I , the current at maximum op m . 

responsivity. This indicates that we are limited by the noise in the 

amplifier. Insertion of the bolo~eter parameters at I into Eq. (23) op 

shows that the amplifier Johnson noise and current noise make approximately 

equal contributions ~hich are about 50 times larger than the.mean square 

detector noise. 
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Severe amplifier noise limitation is difficult to avoid in a system 

consisting of a room temperature amplifier and a low temperature detector. 

The other theoretical curve in Fig. 9 shows the value of cooling as much 

of the amplifier system as possible. Helium temperature load resistors 
. 19 

have been used by Low a.nd others, and could reduce the NEP of our 

system by 10 per cent. The more radical solution of cooling the 

amplifier would achieve a spectacular reduction in NEP (provided the 

current noise also decreases with temperature), although this is not 

practi ca.J. at present. 

In summary, we have constructed bolometers wi t.h measured values 

of NEP as low as 9x10-13 W/Hz1 / 2 at a chopping frequency of 42 Hz. Our 

analysis indicates that this could be reduced by 10 per cent by cooling 

the load resistor. Because the amplifier noise is the dominant factor, 

further reductions in NEP can be obtained only by increasing the 

responsivity. Low25 has achieved an NEP of 3x10-14 W/Hz1/ 2 by 

decreasing the bolometer volume to 0.2 mm3 (which allows a consequent 

reduction of G), but such a small bolometer would be inefficient in 

intercepting much radiation in our experimental configuration. A 

highly desirable alternattve is the use of He 3 cryogenics to reduce '!'--:, 
0 

. 23 
to 0.4 K; with such a system, Drew and Sievers have constructed 

a bolometer 8 mm3 in volume with an NEP = 3x10-14 W/Hz1/ 2 . 
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r/. EXPERIMENTS ON Al
2 

o
3 

DOPED WITH Ti, V, and Cr 

A. Introduction 

Our first experimental program with the apparatus described above 

was the investigation of the transmission properties of Al2o
3 

doped 

"th T" V d C th f 5 -l 120 cm-l · wi i, , an r over e. requency range cm . - in 

applied magnetic fields up to 55 kOe, PrevicmR 7.Prn "f;'i P.ld exp4iirimento 

', ' ' 26 ' ' 27 
on Al2o

3 
doped with Ti and V by Nelson· et al. and· Wong et al 

had shown absorption lines which they attributed to transitions between 

3+ 4+ ' the electronic levels of Ti and V in the Al2o
3 

latt::ice. Their 

assignment was reinforced by calculations made by MacFarlane, Wong, and 

Sturge3 (MWS) of the expected energy levels of a single d electron 

in the Al2o
3 

crystalline field modified by a dynamic Jahn-Teller effect. 

' . ~+ . - ' ' 
The line:> uLLrllluted to 'l'i" had been seen by previous workers, and 

there .was a degree of controversy over thei.r a.si:ii.gmnent. Very aimiUm 

lines were observed by Hadni.
28 

in a ruby aa.mple vi th i10 suspected 

·29 
Ti impurity. They were later observed i_n Ti-doped Al2o

3 
by Perry. 

More recently, Moser~ al had observed the same lines in samples of 

A12o
3 

doped with Ti, V, and Cr. Since the line strengths did not seem 

to correlate with spectrographic analyses of Ti impurity, they were 

30 
attributed to lattice vibrational modes. Our magnetic :fi.el a 

experiments were expected to resolve this discrepancy and to provide a 

critical test of the (MWS) theory in the event the.absorption lines were 

due to the Ti and V impurities. 

The· samples we measured included Ti, V, and Cr doped material 

26 27 
studied by Nelson and Wong and Ti and Cr doped materii:t.l 

30 
used by Moser et al. Our results confirm the assignment to 
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1 t i 1 1 f T. J..0 3+ and v4+ and all . b d e ec ron c eve s o in reasona ly goo agreement 

with the MWS theory. In addition, we investigated an absorption line 
. -1 

near 8 cm in the V-doped sample. Our magnetic field results confirmed 

the assignment of this line to a low-lying electronic level of the 

(_ )2 . y3+ d ion • We obtained an excellent fit to the theoretical magnetic 

field depen~ence derived from a spin-Hamiltonian. 

B. Experimental Techniques 

1. Experimental Apparatus 

The cryostat which we constructed for transmission measurements in 

a magnetic field is shown in Fig.10 The sample is mounted in a light 

pipe which can be removed from the cryostat, and samples can be changed 

without appreciable loss of He. The NbZr superconducting solenoid is 

capable of producing a field of 55 kOe. Radiation from the Michelson 

interferometer described in Section II is directed through the sample 

to the detector chamber, where it is focused by a light cone onto the 

detector. We used our best In-doped Ge bolometer, which had an 

NEP ~ lo-12 W/Hz1 / 2 . .The radiation exiting from the cone is distributed 

over a hemisphere, so the bolometer is mounted in a non-resonant inte-

grating cavity to maximize the absorption. The detector chamber is 

thermally separated from the sample cavity and has its own He tank 

which can be pumped to provide the low temperature necessary for efficient 

bolometer operation. Because of the excellent radiation shielding 

provided by the surrounding 4.2 K He, bolometer temperatures as low as 

1.0 K could be reached. The sapphire windows used to separate the 

bolometer vacuum jacket from the sample cavity also served as a cooled 
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filter to eliminate room temperature background radiation. 

All .of our experiments on Al2o
3 

were done .with the sample at 

4.2 K, as shown in Fig.10. Temperatures as low as 1.5 K could have 

been obtained by pumping on the large He bath. When elevated tempera-

tures are desired, the vent. holes shown in Fig. lQ..,. can be closed and 

the sample cavity evacuated. A sample inse:rt with a l1AA:~.Pr N1.n provide 

tem.veratures .. to 50 K •. 'T'hi R t'PRt.1.u-e halil beon .uocd 'tio b1vest.i~~L~ luw 

critical temperature ferromagnets and transitions which are relatively 

insensitive to magnetic field. 31 

2. Sa.mple Materials 

The samples used for our primary investigations were crystals of 

. 27 and Wuug. · 

been carefully grown to assure that only thP. nominal. impurity 

These ha.ct 

was present in any appreciable quantity. This was important in light 

of our suspicion that the "vib~ationa1. modes" observed by Moser . 

et al may have been due to trace amounts of uninte.ntional Ti impuri tr 

in all of his samples. 

The Ti-doped samples were single crystals about 1 cm in diameter 

and 1 to 5 mm thick•, some of which had the optic axis (referred to 

here as the c axis) in the plane of the crystal (and thus perpendicular 

to the magnetic field), 'W'hile others had the c axis normal to the plane. 

By doing experiments on both types we were able to orient our solenoidal 

magnetic field both parallel to and perpendicular to the c axis. X-ray 
. -

analysis'of these crystals confirmed these orientations to within 3°. 

The concentration of Ti was 0.15 per cent.by we.ight of the oxide; it is 

not known how much.· of th.i.s was in the· 3+ ·oxidation state. 

• 
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The Al
2
o

3
:v crystal was approximately a cube 1 cm on a side. 

The v concentration was' 0.3.'per aent;::l)yc~ei:gttt'-·o·f~the' oxidi}'eorresp&nding 

. 32 
to - · .15 w·t:-per· eent 0f V. : . .S.l.ack: est.i1Jla'.ted-==the ~e~at'icin of 

v3+ at about 0.06 wt per cent from optical absorption experiments; the 

. . d _2+ 4+ . . i . remain er was V- and V . During his exper ments, Wong had irradiated 

the sample with X-rays, resulting in the net raacti0~ hv+2v3+~v4++v2+. 

Both the v4+ and v2+ concentrations approxi~tely tripled from previously 

. 4+ . 
small values as a result of this treatment. The V concentration 

in our experiments was thus about 0.04 wt per cent. 

The A12o
3

:cr sample was a single crystal 15 cm long and 1.5 cm in 

diameter~ The Cr concentrati.on was 1 per cent by weight of the oxide. 

In addition, we measured the transmission of four of Moser's 

samples, two of which were heavily doped (2 per cent and 5 per cent) 

with Cr, and one which was approximately 0.1 per cent V. All of these 

samples ha.d Ti concentrations of less than 20 ppm by spectrographic 

analysi.s. · 

The samples were mounted on a disc of crystal quartz which was 

wedged to prevent interference effects. The quartz disc was fastened 

to the sample holder, with the sample sticking into the light pipe. 

A short section of light pipe butted against the q~artz on one end 

and extended close to the sapphire window ·at the bottom; this method 

minimized the gaps in the light pipe, which are very wasteful of radia-

tion. When this was installed in the cryostat, the sample was immersed 

in the liquid He, so its temperature was maintained at 4.2 K. 

C. Experiments with Al
2
o

3
:Ti3+ and Al

2
03:v4+ 

Our initial experiments on Ti and V-doped samples yielded zero-field 



-42-

26 
transmission spectra which were consistent with Wong's and 

27 
Nelson's results. In the Al.

2
o

3
:Ti3+, absorption lines were seen 

at 37.8 cm-l and 107 cm-l -1 A similar pair of lines at 28.1 cm and 

53 cm-l was observed in the V-doped sample. Furthermore, the lower 

frequency line in each sample was observed to split in a magnetic 

field applied parallel to the c axis. This behavior supports the 

• t. m.3+ a.ssli'nmen . to .1, A.nn v4+ inn::;) h11t. i. i:;t ipco:n•:ij ~ti:-nt with the 

' 30 
to vibrational modes 

3+ : 2R 
or exchange-coupled Cr ions. The 

similarity of the lines in the Ti and V samples (one narrow line at low 

frequency and a broader one at a higher frequency) further supports 

this assignment, since Ti3+ and 4+ V are t~o.ele~trol}.ic and should have 

similar electronic levels. Our following experiments studied the 

magnetic.behavior of the lines with the intention of providing a 

quantitative test of the MWS theory of d1 electronic levels in Al.2o
3

. 

1. Crystalline Field Levels of d1 Electrons in. Al?.0
3 

In the samples studied, the impurity ion is assumed to be substituted 

directly for an Al.3+ ion. The Al.3+ lattice symmetry is trigonal, but 

the six o2- ions adjacent to an Al site lie at the corners of a not too 

badly distorted octahedron; ~hus the crystalline field seen by an ion 

substituted for Al is largely cubic with a small trigonal distortion. 

Both Ti 3+ and v4+ have an electronic configuration consisting of a 

closed Ar shell and a single 3d electron. The lowest levels of these 

ions are thus those corresponding to the single d electron. The 

2 ground state of the free ion, a tenfold degenerate D level, is split 

by the cubic and trigonal crystalline fields into an upper level having 

Eg sy:mmetry and lower Alg and Eg levels. In addition, the lower Eg 
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level is split by spin-orbit coupling and the upper E level is split 
g 

by the Jahn-Teller effect.33 The resulting configuration is shown 

in Fig.11. Only the three lowest levels, labeled E
312

, 1E
112

, and 

2
E

112 
in order of increasing energy, are of interest in our experiment. 

These levels are Kramers doublets, which can be split only by an 

external magnetic field. The magnetic behavior can be described by 

the spin-Hamiltonian 

( 35) 

where n=1,2,3 refers to :the E
312

, 1E112 , and 2E112 states, respectively, 

and the II and 1 subscript~ refer to magnetic fields parallel to and 

perpendicular to the ci,.axis •. This behavior is illustrated in Fig.11. 

2. ~erimental Restil ts 

Our zero field experiments described above showed two absorption 

lines for each of the Ti and V doped samples. These correspond to the 

~ -1 . -1 . 3+ .. 
transitionsc ?.i·,and· -.~ 2, which are 37 .8 cm and 107 cm for Ti , and 

-1 -1 4+ 28.1 cm and 53 cm for V . Unfortunately, the higher frequency 

transition in each sample was quite broad, and observation of its Zeeman 

splitting would have been difficult in the available magnetic field. 

-1 -1 The 107 cm a11d 53 1.:i.U had full Widths at half the peak value of 

absorption coefficient of ,;Lout 19 cm-l and 8 cm-l, respectively. The 

. -1 
corresponding linewidths for the o1 transitions were about 1 cm for· 

each case. Therefore we were only able to.determine the values of g 
0 

and g1 • 

Wlien a magnetic field was applied to the Ti-doped samples with 
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-1 
c II H, the 37. 8 cm line sp~i t into four lines as .indic.ated in Fig. 12. 

The effect of the thermal depopulation of the upper Zeeman level of the 

ground state at 4.2 K was clearly seen. Because we are observing 

transitions between two Zeeman split doubltts with g-factors g
0 

and g1 , 

the difference transitions shown in Fig.12 appear to split with 

g-factors ga = l/2(g
0

+g1 ) and~= l/2(g
0 

- g
1

) ... We thus obtain paraJ]P.l 

g-factors grill = 1.11 ±. 0.03 anci g111 = 2.00 ± 0.06. When the samples 

. -1 
were oriented with: 1 ~'no broadening or splitting of the 37.8 cm 

line was observed, implying that the perpendicular field g-factors 

for both the ground and first excited states are less than 0.1. , 

The results for the V-doped sample were quite similar. The splitting 

of th~ '28.1 cm-l line in a magnetic field parallel to c is shown in Fig. 13. 
. -

The tnree-line pattern .iR A. Rpf!l"i.~l case of the f'oum.-line pattern of Fig .12 

which occurs when the g-factors of the two Zeeman split levels are the 

same. This i.nterpretation is reinforced by the strength of the; central 

line, which as about twice that of the strE)Ilger of the two satellite 

lines. Our .data indicate that g
0

ll = glll = 1. 43 · ± 0. 04. With c 1 H, no 

splitting of the 28.1 cm-l line occurred, indicating gol, g11 < 0.2. 

Our results for g in both the Ti and V-doped samples are in good 
0 

results obtained by electron paramagnetic resonance. agreement with previous 

' 34' 3) 
Two groups have measured values of g

011 
= 1. 07 and gol < 0 .1 for 

.. 3+ 36 4+ 
Al

2
o

3
:Ti • Merritt obtained a value of g

0
ll = 1.39 in Al2o

3
:v . 

3. Colirpa.rison ·with the·· MWS Theory 

Our experimental observations of two zero field transitions which · 

display a Zeeman effect are in qualitative agreement with the static 

crystalline field theory of d1 electroni.c states illustrated in Fig. 11. 
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Attempts . to .. obtain a quantitative fit are, however~ unsuccessful. The 

energy eigenvalues o
0 

= O, o1 , and o2 can be expressed in terms of the 

cubic field parameter !:::., the trigonal field parameter v, and the spin-

orbit parameter r;. Using representative values fo,r v and r; and the 

. ~ -1 -1 T.3+ measured value of !:::., MWS obtained u1 = 109 cm , o2 = 771 cm for 1 , 

. 6 -1 -1 4+ and o1 = 1 9 cm , o2 = 831 cm .for V • Clearly, the static crystalline 

field theory is unable to account for the experimental observations. 

MWS extended the crystalline field picture by considering the 

interaction bet.ween the d1 electronic levels and the vibrational modes 

of the Al2o3 lattice. Because the vibrational, trigonal crystalline 

field, and spin-orbit perturbations are of the s.ame order of magnitude, 

the calculations are quite complicated. Only a brief description of the 

theory will be given here, along with the results of our attempts to fit 

our data to the theory. 

Because the cubic crystalline field strength is very large, the 

2 2 octahedral T2 and E levels are taken as the unperturbed system, and 

the interaction with the lattice is a perturbation on this system. 

This interaction results in a physical displacement of the electronic 

system to a new position of minimum potential energy and lower crystalline 

field symmetry. This phenomenon is known as the static Jahn-Teller 

effect. The gain in the Jahn-Teller potential energy (EJT) is balanced 

by the loss in elastic energy due to the displacement from the equiiliibrium 

position. 
2 . 

The interaction of the octahedr~ T2 level in Al2o
3 

with 

the lattice vibrational mode considered by MWS results in three equivalent 

configurations to which the system can distort, and in the static 

Jahn-Teller effect, the electronic system randomly occupies one of these 
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three energy minima, provided kBT << EJT" The lower symmetry at this 

new position splits ·the previously degenerate level; Fig. 11 

2 this effect on the upper octahedral E level. 

illustrates 

. 2 
The T2 level does not exhibit this static distortion, because 

·the added trigonal and spin-~rbi t perturbations are .comparable in 

magnitude withEJT. These perturl;>ations will cause rapid transitions 

between tfi~ three Jahn-'l'eller potential minima. This dynamic Jahn-

Teller effect results in a partial averaging of the trigonal and spin-

orbit perturbations, as illustrated in Fig. 14. 

To. first order, this causes a reduction of all of the trigonal 

and spin-orbit matrix elements by a constant factor y (tqe H~ ef:fe.ct37 ) • 

This correction is insufficient to explain the experimental data, since 

the Ham effect reduces. the values of o
1 

and o.
2 

by the same multiplicative 

factor,' ~hereas the experimental values for Ti3+ are, respectively, 

0. 35 and 0 .14 of the estimated static crystalline .field valuP.s. 

The MWS theory treats the dynamic Jahn-Teller effect to second 

order within the manifold of pasis 
., . 2 

states for the T2 level and between 

2 for E. They obtained analytical 2 the basis states for T~ and those . .... 

expressions for the energy splittings ~.l ~·.~nd ·02 and the :.~parallel field. 

g-factors g
0

, g1 , and g2 • The independent variables involved are the 

trigonal and spin-orbit parameters v and r;, and. the Ham quenching factor 

y = exp(-3EJT/2hw), where hw is the energy of the vibrational mode 

responsible for the Jahn-Teller effect. 

These analytical expressions of MWS were fitted to our experimental 

.3+ . 4+ . 
data for Ti and V . We used a ~rial and error method to obtain 

values of v, r;, and EJT which gave close agreement between the theoretical 

. ~ ~ 

I 
i 
I 
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and experimental values of o1 and o2 . The values of v, r;, and EJT w~re 

then used to calculate g
0

, g1 , and g2 . This process was then repeated 

many times in an attempt to fit the theoretical values of g
0 

-and g1 to 

our experimental results. Several results of this procedure are tabu-

lated in Table II, along with the data .. The analytical expressions 

are quite.complicated and sufficiently sensitive to a small change in 

some of the variables to make the fit somewhat arbitrary. 

4. Conclusions 

Our experiments on Pi
2
o

3
:Ti 3+ and Al.

2
o

3
:v4+ strongly indicate that 

the observed absorption lines are due to the low-lying electronic states 

of the nominal impurity ion in the effective crystalline field of the 

Al.20
3 

lattice. The Zeeman splitting of the low-frequency absorption 

line in each case shows that they cannot be due to lattice vibrational 

modes.· The general agreement of our results with the MWS theory leads 

to the conclusion that the vibrational interaction correction to the 

static crystalline field can largely explain the electronic levels of 

a d1 iinpuri ty ion in Al.
2
o

3
. As shown in Table II, this agreement 

is not.perfect. Since our fit was made by adjustment of the parameters 

to fit only two of the fiv.e variables (o1 and o
2

), there is considerable 

freedom of choice for the values of several parameters. However, the 

theoretical value of g
0

ll was rather insensitive to variations in v and 

r;, and the 10% disagreement between the experimental and theoretical 
. 4+ 

values of g
0

ll for Al2o
3

:v is probably due to the incomplete picture 

provided by the perturbation approach of MWS .. Because v4+ is more 

positive than Ti 3+, the surro~ding o2- ions are drawn closer to the 

v4+ ions in Al.
2
o

3
:v4+ than to the Ti3+ ions in Al

2
o

3
:Ti3+. Thus v4+ will 
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exhibit a more pronounced dynaJD.ic Jahn-Teller effect than will Ti 3
+, and 

4+ inadequacies of the theory become more apparent for V . However, the 

10% disagreement is not bad for a second-order perturbation approach 

involving three perturbations of the same order of magnitude, and the 

agreement is sufficient to co~firm the assignment of·the Ti3+ and v4
+ 

iirle§: A more com!>lete consideration of _the interaction with the lattice 

could be expected to improve the fit with the experimental data. 

D. Ruby Experiments 

Because previous workers had observed absorption lines in 

Al
2
o

3
:_cr3+. ·(ruby), we made transmission measurements of several ruby 

saJD.ples in magnetic fields in an attempt to explain their observations. 

?R 
ln iy64, Had.ni -1 observed absorption lines in ruby at 37 cm 

and 100 cm-l~ which he assigned to exchan~e couplip~ betwe~n pairs of 

Cr3+ ions. Exchange coupled energy levels have been indirectly observed 

by optical methods, but the direct transition is between states of 

different spin and is forbidden. 
1)6 

Nelson et al:- no absorp-

tion lines in a 15 cm long sample of 1 per cent cr2o
3 

in Al2o
3

. We 

repeated the experiment with the same sample and obtained similar nega~ 

ti ve res.ul:ts for all values of magnetic field. These results, as well 

as the similarity in frequency, width, .and relative strength between the 

3+ lines seen by Hadni and those subsequently found for Ti strongly 

_suggest that he was seeing Ti 3+ as an unintentional impurity in his 

ruby. 

30 Later, Moser et al. reported lines at 37.75 cm-l and 108 cm-l 

in samples of Al2o
3 

doped with Ti, V, and Cr. These were attributed to 

lattice vibrational modes because the line strengths did not correspond 

11 I 

- I 
i 

I 
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with those expected from analyses of the amount of Ti present. However, 

the coincidence of their reps~ted lines with our Ti 3+ spectrum and the 

lack of any lines in.our ruby sample raised doubts as to the correctness 

of this assignment. We performed transmission measurements on four of 

their samples, each of which had Ti concentration of less than 20 ppm 

by spectrographic analysis. -1 We ·observed the line at 37.8 cm in their 

two ruby samples as well as in a V-doped sample·, in agreement with 

their observations. However, in all cases, the 37.8 cm-l line exhibited 

.3+ a Zeeman splitting consistent with the assumption that it was due to Ti . 

Our conclusion is that Hadni's and Moser's ruby samples contained 

3+ Ti a.s an unintentional impurity. Although their spectrographic 

analyses indicated a Ti concentB~tion of less than 20 ppm, we believe 

that such a concentration of Ti 3+ would produce detectable characteristic 

absorption lines. This conclusion is reinforced by our transmission 

experiments on:•.a 1 cm thick 1.2. peir .cent ruby.'of ~ss origin .• _:· Although the 

TL;coneentr.ation was 9nly.:.. '.199 _Jflpm, W'eufldund ... a ;st+,ong::abscrption line at 

37. 8 cm-l (wHh R. peak a,bsorption coefficient a ~ 2 .4 cm-l) and at 

-1 ( 8 -1) . T" 3+ 107 cm · a - 0. cm , which split in a manner indicating i . The 

-1 37. 8 cm line strength was at least ten times the minimum cdb:servable 

value. 

-1 The lack of good correlation between the 37.8 cm line strength 

and the Ti concentration given by spectrographic analysis is probably 

the result of a variation from sample to sample of the fraction of the 

Ti in the 3+ oxidation state. The use of spectrographic analysis as an 

indication.of Ti 3+ concentration is therefore of questionable value, 

because it can provide no more than an upper iimit. The proportion of 
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Ti in the 3+ state will depend on the conditions under which the crystal 

was grown arid aspects of its past history, such as exposure to radiation, 

h . h t . 1 . . T. ·3+ . t T. 4+ u 27 h w ic may emporari y oxidize -some i in o i . wong as 

. 3+ 4+ produced large changes in V and V concentrations in Al2o
3

:v by 

radiation. The possibility also exists that·the transition probability 

for a given ion may depend on the· presence. of defects or other ions 

(such as Cr) in close proximity. 

E. 3+ AJ.2o3:v· Experiment~ 

Th V3+ . h e ion as t~Q d electrons, and thP. P.ffP.~t. nf t.hP ~l~Q~ 

crystalline field on the free-l.on 3F st1J,te, shown i.n Fig. 15, is more 

complicated than for the 2n state of v4+. Only the·lo~est level (3A
2

) 

is of interest here, since the trigonal splitting is believed38 to 

be - 1200 cm: 1 , so the mixing between the 3A2 and 3E states is small. 

The sample was the same one used for the Al
2
o

3
:v4+ experiments, 

and all measurements were done rith•·the sample at 4.2 K. In zero magnetic 

. -1 
field, a strong line with a peak absorption coefficient a - 1.5 cm 

-1 was observed at 8.25 cm In a field parallel to the c axis, this line 

split ll.nearly with field. When the applied field direction was perpen-

dicular to the c axis, a quadratic Zeeman effect was observed. Fig. 16 - . 

shows the benavior of the 8.25 cm-l linP. in hot.h field orientations. 

The ground (3A2 ) state is a spin triplet with zero orbital angular 

momentum. Mixing with the higher states will, however, give rise to 

second-order spin-orbit splitting. Because of the large trigonal 

splitting, such mixing is small, and the spin states I~ +, > ·, I 0 > , and 

I - > are rea.sona.uly good basis states for 3A2 . The magnetic properties 

of the ground state can then be described by me.ans of the spin-Hamiltonian 

Id 
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where S 1 
. is the effective spin of the ground state ( IS' I = 1). Mixing 

with the higher !'ltates will. tend to quench the Zeeman splitting of the 

3A
2 

level, giving values of g
11
· and g! smaller than 2.0 by an amount 

which depends on the ratio of the spin~orbit coupling to the trigonal 

2 
splitting. 

The first term in 3C represents the second-order spin-orbit inter

action, which splits the 3A2 level into two levels separated by D, the 

doubly degenerate M = ±1 level lying higher. The effect of a magnetic 

field parallel to c is represented by the second t'erm; this perturba-

tion does not mix states ·of different M, and the M = ±1 level is split 

by 2 gll ~H, as shown in Fig. 15. The third term in 3C represents a 

magnetic field perpendicular to c, which mixes the three spin states. 

This results in a quadratic Zeeman effect. Fig. 16 shows the experi-

mental data (points) and the theoretical results (lines) obtained by 

adjusting Siii and g
1 

for the best fit. An excellent fit is obtained 

for both field orientation~, yielding the results gll = 1. 92 ± 0. 03 and 

gl = 1. 74 ± 0. 02. 

Our results are in excellent agreement with those of other workers. 

A t . b t• . t 39 recen nucrowave a sorp ion exper~men 

-1 -1 D = 8.26 ± 0.01 cm and D = 8.27 ± 0.01 cm by two different techniques. 

-1 
Within the lim~ts of our experiment, we find D 2 8.25 ± 0.02 cm . 

. 4o 41 
Electron paramagnetic resonance experiments ' have obtained the 

respective results gll = 1.915 l:l.nd gll = 1.910. 

measured g1 = 1.74 ± 0.01 by a torque method. 

• l.12 Smith and Mires have 
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The ·technique· o~. far-infrared spectroscopy used in this experiment 

can be t}lought of as high-field, high-frequency electron paramagnetic 

resonance, with .the additional ability to continuously vary the frequency. 
. . . 

~is.technique allows us to mea~ure all three spi.n-H~ltonianparameters 

iri the Ai2Q~:v3+. expe~iment~which previously required th~e~ s~pa:.rate 
. . . . 3+ '·. 

methods of measurement, ~rth~rmore, _the JU.2o
3 
:~i. · experiments demon-

strate the ability tq measure zero-fi.el<l .!?~littinis of mn.rP t.h.fi.1'.l 1 no 
- '. 1l • " ' - ' • •• •·•• . ' ' •• 

far abo;ve ·.the frequencie~ available by. microwave techniques . 

. . 
. .. :~ . 

. I 

'· . 
. .. , 

-1. 
cm 
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v; FAR-INFRARED ABSORPTION EXPERIMENTS ON LEAD 

A. Introduction 

In .the previous section, we described the measurement of the elec~ 

tronic excitation spectrum of ions in an insulator, which was seen to 

consist of discrete energy levels. The experiments described in this 

section are concerned with the excitation spectrum in a metal. 

If we consider a metal to be a free electron gas at T=O, the exci-

tation spectrum of the conduction electrons is the continuum 

~= (37) 

where £F : h2k~/2m is the Fermi energy. Because of the periodicity of 

the metallic lattice, the electronic states have a well-defined momentum, 

. and the analysis of the electromagnetic absorption must consider both 

energy and momentum conservation selection rules. 

· i(kx-wt) · 
A plane electromagnetic wave e , of energy hw and free space 

wave vecto~ k=w/c, normally incident on a metal has a solution inside 

· ... · i(x/cS-wt) -x/cS the metal mf the form e e . This describes a wave which is 

attenuated.· in the metal over a distance cS, called the skin depth. 

.. .1'-1 
wave vector distribution of this wave is a continuum, 0 < k ~ u • 

The 

There-

fore, only a small portion of this power spectrum will satisfy both the 

energy and wave vector conservation requirements necessary to transfer 

energy to a particular conduction electron. Even when this process is 

integrated uver the electronic states, the total skin-effect absorptivity 

of a metal is extremely small, on the· order of 10-3 . The actual calcu:la-

tion of the skin-effect absorptivity is, of course, a self-consistent one. 
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A real metal also has excitations corresponding to the vibrational 

modes of the lattice. These acoustic phonons do not interact directly 

with electromagnetic radiation, but can interact indirectly through the 

electrons since there exists an interaction between the electrons and 

the lattice. This implies an additional mechanism for radiation absorp

tion, in which the electromagnetic wave (photon) creates both an electronic 

excitation and an acoustic phonon. Since this is a second-order process, 

the matrix element connecting the ini t:i.A.l and final stateG is considerably 

smaller than that for the first-order skin effect absorption process. 

However~ the addition of the phonon to the finai state·proV'ides an 

extra degree of freedom for satisfying the energy and wave vector 

conservs:tion requirements. As a result, for .photon energies large 

enough.to exci~e any allowed phonon mode (hw > kGD)' thiR prn~P5i cQuld 

be expected to provide absorption of electromagnetic radiation comparable 

in magnitude to that expected from the skin effect . Holstein 6 was 

the first to postulate the existence and approximate magnitude of 

the phonon creation contribution to the absorptivity of a' metal (Holstein 

effect) in order to account for the results of near-infrared absorptivity 

experiments. 43 

The calculations of Scher 44 in the phonon frequency region of 

a normal metal indicated that the absorption due to the Holstein process 

should begin aroJ.md the transverse phonon frequency, increase rapidly up 

to the De bye frequency, and approach a high-frequency value about half 

that estimated by Holstein. 

This chapter describes our observation of the onset of the Holstein 

effect in superconducting and normal Pb~. We measured the far-infrared 
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absorption in single crystals of pure Pb over the frequency region 

4 -1 15-3 0 cm . Pb is well-suited to this experiment, since the phonon 

frequencies (30-80 cm-1 ) lie well within our observing range. Also, 

the electron-phonon coupling is very strong, so the Holstein effect 

should be correspondingly large. Finally, we could study the Holstein 

absor.ption in the superconducting and normal states of the same metal, 

in which the electronic excitation spectra are well-known and dramatically 

different. 

Our experimental absorption spectra provide tqe first observation 

of the Holstein effect in the zone boundary phonon frequency region. 

The spectrum of the normal metal shows a dramatic increase around 

the transverse phonon frequency nt ~ -1 35 cm ; a more abrupt onset occurs 

-1 around Qt + 26 ~ 55 cm in the superconductor. In addition, the 

spectra show structure which can be correlated to the transverse and 

longitudinal peaks in the phonon density of states. Most features of 

the data can be explained by a Golden Rule calculation of the Holstein 

phonon generation process, which will be described in Section D. We 

will also discuss recent calculations45 which indicate that the 

features of our data, including the Holstein effect, can be derived by 

a rigorous solution for the ~urface resistance of the metal using 

strong-coupling superconductivity theory. 

B. Efperimental Techniques 

1. Experimental Apparatus, 

We measured the direct absorption in our bulk lead samples by a 

calorimetric method. The sample was illuminated by far-infrared radiation 

from the.Michelson interferometer described in Section II, and the 
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temperature rise due to absorption in the sample was measured by a 

doped-Ge thermometer cemented to the back. . Because the sample absorbs 

a very small .. fraction of the incident radiation, care must be taken to 

avoid spurious contributions to the signal due to resonant modes in 

the surrounding cavity or to direct absorption of stray radiation by the 
. . 

highly absorbing thermometer. 

A s~le mounting geometry (Fig, 17) simi l R.r t.n t.hRt, 11.sPd, by 

Biondi 
1~6 

et. al. was employed to minimize the spurious signals 

described above. The sample, about 7mm x 7rnm x 0. 5mm in size, was 

soldered with In to a length of 0.15 mm wall stainless steel tubing, 

which provided a thermally insulating support for the sample and prevented 
.47 

stray radiation from fall&ng on the thermometer. Drew and Sievers 

employed a .oimilo.1· mounting Let..:lmlque, lJut they inse~'ted a sheet of 

mylar between the sample and the stainless steel to reduce the thermal 

conductance to the stainless tube, and ·th.us increase the sensi.t.i.v:i ty 

of the thermometer. However, they experienced difficulties due to 

leakage of radiation through the mylar insulation. The In solder joint 

in our apparatus was completely effective in blocking strey radiation. 

The caYity itself was machined from brass, a.rid completely filled 

with epo.Jcy heavily impregnated with graphite to make it absorbing in the 

far-infrared. The final cavity shape was then machined to a rough 

finish in order to avoid highly polished parallel sections of the wall, 

which could produce resonant mode structure on the absorption spectra. 

In general, it was intended that radiation leaking between the focusing 

cone and the sample should reQ.uire several :reflections from the highly 

absorbing cavity walls to reach the stainless steel tubing at the back 
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of the s~ple. Because of the thermal link between the stainless steel 

and the sample, absorption in the support could cause heating of the 

sample and a spurious signal. The sample was mounted in the cavity so 

that the radiation baffle at the back and the light cone were very close 

(0.1 mm) to the sample surface. This was .small enough to prevent 

excessive leakage and large enough to insure that dimensional changes 

upon cooling would not bring the sample into contact with the aavity. 

The· thermometer, ~ small ( 2mm::·~,x lmm x 0. 4mm) ::(:n-doped Ge bolometer, 

was glued to the back of the sample with GE 7031 varnish. A piece of 

ZIG-ZAG cigarette paper between .the sample and thermometer provided good 

thermal conductance and electrical insulation. The thermal link to the 

He bath was provided by the 1 cm long O.lmm dia. Cu electrical leads to 

-4 the thermometer, which had a thermal conductance G ~ 2x10 W/K at 1.2 K. 

Lead, because of its low Debye temperature, has a much larger 

lattice specific heat atl.2 K than does a Ge bolometer the same size. 

In the superconducting state, only the lattice heat capacity is dominant 

at 1.2 K, with a value for our sample CS ::::,, ·50 erg/K. When the sample 

is driven into the normal state by a magnetic field, the electrons 

provide an equivalent contribution; and CN ~ 100 erg/K. The large 

thermal time constants TS ~ 25 msec and TN ~ 50 msec require a slow 

chopping frequency for efficient operation. We used our lowest available 

frequen.cy of 11 Hz. A He exchange gas cannot be used as a thermal link 

because it will conduct heat from the cavity walls (which absorb the 

radiation leakage) to the thermometer, resulting in a large spurious 

signal. 
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2. Sample Preparation 

Our samples were made from large single.crystals of very pure Pb. 

Resistivity measurements on this material gave values of the resistivity 

' ' 4 ' ' ' 4 ' ' 
ratio (R

300
/RT) of 1.3Xl0 at 4.2 Kand 8.,5x10 at 1.2 K. At the latter 

temperature, which was that used in our experiments, the mean free path 

of an electron is - 0.4mm. 

A !ampl~ ~uuuL Otnm ~quare and )mm thick was· cut' from one of the 

large crystals using a string saw and a. cutting solution of equal parts 

CH
3

COOH and 30 per cent H~O~. A~er the ot~inle~3 ~teel sµyyurL was 

soldered to a square face, the sample was acid :).apped to its final 

dimensions of 7mm square and 0.5mm thick on a cloth mat saturA.t.f>n vi.th 

the same solution used for cutting. A final polish was obtained by 

~gitating the sample in a solution of 4 parts CH
3

COOH and 1 part 30 per cent 

H2o2 for about 10 seconds. This was immediately followed by rinsing with 

distilled w.ater and. ethyl alcohe>l, ~fter "Which t.hP R1.~rface was quickly 

dried with nitrogen. The rinsing 'artd drying were necessary to prevent 

tarnishing of the surfA.~P.. 'l'hi:- polishing va.o repeated lliwiy Llme!;; to 

obtain a clean, highly reflecting surface. The surface flatness was 

not critical in our experiment, and the commonly observed "orange peel •1 

texture resulting from the acid polish was considered acceptable if the 

surface was clean. 

3. Data Analysis 

All of our absorption experiments were done at 1.2 K on samples in 

the superconducting state and in the normal· state produced by an external 

magnetic field of - 1200 Oe applied parallel to the sample surface. 

Reference spectra were obtained by substituting a highly absorbing carbon 



-59-

resistance bolometer for the lead sample. 

Two methods of data analysis were employed. In the first, the 

absolute absorptivities of the superconducting and normal lead were 

obtained by dividing their absorption spectra by that of the carbon 

bolometer. Because the resonant characteristics of the sample cavity 

changed when the highly absorbing carbon bolometer was substituted 

for the highly reflecting lead sample, the data obtained from this 

analysi·s displayed structure due to cavity modes and were useful only 

for determining the general shape and magnitude of the absorption 

spectrum. Far better results were obtained by calculating the ratio 

of the superconducting and normal lead absorption spectra, since the 

structure due to cavity modes should cancel out when the ratio is computed 

(because the absorptivity is small in both cases). 

Because of the small absorptivity of the sample, the signal-to-noise 

on a single spectral run was quite poor. To enhance the signal-to-noise 

and to minimize systematic sources of spurious structure, we did a large 

number of experiments on several samples in two ·different cavities. The 

resulting spectra were then averaged and standard deviation confidence 

levels were calculated. 

C. Experimental Results 

The absolute absorptivities of the superconducting and normal lead 

relative tq the carbon bolometer are shown in Fig. 18. No significant 

differences· were found in the spectra obtained for the (111) and (100) 

sample orientations, so Fig. 18 contains the average of both orientations. 

The solid line is the frequency-dependent (surface) absorption arising 

from the ordinary skin-effect theory. This was calculated from Dingle's 
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48 tables using the electronic relaxation time derived from the 
. 49 

resistance ratio.measurement and Chambers' value of 

4 10 -1 -2 a/i = 9. x10 n -cm • The shape of this theoretical curve is not 

very sensitive to errors in the chosen parameters, The absolute 

accuracy of the measti.rements is poor so the scale factor is established 

by fitting the norn!l},l CW'VA in t.hli r&gion fl."'6!11 2'.) 1..u 40 cm-]. 'W'here the 

theory is e:x:pected to be valid. The fit in this region is probably 

accurate to 2 per cent. The superconducting curve is fit to the normal 

curve at J:iligh frequencies, wbere A./ AN :i.s lixpeoted to be unity. 

The spectrum for the superconducting sample shows a well-defined 
-1 . 

energy gap absorption edge at 22 cm with very little SiiDa.l at. lower 

frequencies; this indicates that ~t least 95 per cent of •this signal 

ls due to absorption in the lead sample. Our data are in good agreement 

5 
with the more recent mea.•ntrements in the gap regiuu. In addition, 

·-1 
the absorption increases sharply at about 55 cm A similar but less 

-1 sharp increase begins at.about 35 cm in the norinhl sample. Although 

the onset of the additional absorption is slow in the normal state, 

it must be invoked to explain the fact that the spectrum becomes 

concave upward. The skin-effect theory ·predicts a curve which is concave 

downward throughout this frequency region. 

The accuracy of the data in Fig. 18 decreases toward each end of 

the measured frequency range, as indicated by the error bars. The 

fine structure at high frequencies is not considered significant, since 

only five runs on one sample were averaged in the region.from 180-340 cm-
1

. 

Fig. 18 does indicate that the onset of the Holstein absorption occurs 

at the expected frequencies, and that its magnitude is comparable with 
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the skin-effect absorption for frequencies above the phonon range. 

The details of the onset of absorption are seen more clearly in 

Fig. 19, where the ratio of superconducting to normal absorption is 

. -1 
plotted. The ratio rises rapidly from the gap at 2t.=22 cm · to a 

maximum at 35· cm-1 The decrease from 35 to 55 cm-l is due to the 

absorption onset in the normal spectrum. The ratio then rises in two 

6 
-1 . -1 

steps, centered at - 5 cm and - 95 cm , which are due to the onset 

of absorption in the superconducting spectrum. In addition, the ratio 

decreases gradually in the region 120 cm-l - 240 cm~1 , remaining constant 

thereafter. 

Many random and systematic errors are expected to disappear from 

-1 the ratio shown in Fig. 19. ·The data in the region from 20-180 cm 

are probably accurate to ± 0.02; because of the smaller number of high 

-1 4 frequency runs, the confidence limits above 180 cm are ± 0.0 . Thus 

-1 · -1 . 
the fine structure near 30 cm and beyond 100 cm is probably not 

-1 significant, while the sharp feature near 85 cm· could be. The scale 

factor was established by setting the high frequency ratio to its 

expected value of unity. 

As an independent check of our absorption measurements, we measured 

the power reaching a bolometer a~e+ many reflections in a noq-resonant 

cavity whose walls were slabs of single-crystal Pb, a cavity used 

previously 50 to study energy-gap absorption edges in superconductors. 

The ratio of supP.rconducting to normal absorptivity derived from this 

experiment was in good agreement with our direct absorption data over 

the range (20-130 cm-1 ) covered in this experiment. 

' 
. ' 
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D. Discussion 

'The Holstein process involves the scattering of a conduction 

electron which absorbs a photon and emits a phonon. A rigorous 

treatment of the absorptivity due to this process_ involves solving the 
. . 51 

Boltzmann equation to obtain the conductivity. Holstein has 

formulated the problem to high order in perturbation·.·.theory to obtain 

44 
the Boltzmann equation for normal Pb, and Scher has .recently 

solved this to calculate the Holstein absorption in this case. The 

Boltzmann equation for the superconductin~ case is considerably more 

complicated, and we are not aware of any solution for Pb. 

We employed the far simpler procedure of treating the Holstein 

process .as a quantum mechanical transition and using Fermi's Golden Rule 

to ci!.lculate the transition probability.
52 

This ·is equivalent to 

first order iteration of the Boltzmann equation, and is formulated 

in terms· of well-known qua.ritities for both the normal and superconducting 

cases. 

1. Golden Rule Calculation 

Our phenomenological approach assumes the conduction electrons to 

be a free.electron gas at T=O and explicitly includes energy conservation. 

but not wave vector ·conservation selection rules. The initial state 

contains the full Fermi sea and a photon -·of energy· w; the. final state 

is an electron of energy e:1 , a hole of energy e:2 , and a phonon of energy n. 

The density of final states is assumed to be the convolution of the 

independent densities of states of the electron, hole, and phonon. The 

Holstein volume absorptivity is then proportional to· 
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(38) . 

where Ne and Nh are the electron and hole densities of states, and 

ci(n) F(Q) is the product of the square of the electron-phonon matrix 

-1 element . and the phonon density of states. The factor w in front of 

the integral is found to arise in a treatment of the Holstein process 

by second-order perturbation theory. The .frequency dependence of 

the electron-phonon interaction is contained in ciF(Q). Substitat.ion 

of a constant N for the normal electron density of states and a BCS 
0 

density of states in the superconductor gives the expressions 

PvN a: (N~/w) Jw (w-n) a
2

F(S°2)dS°2 (39) 
0 

P a: (N2 /w) 
vN o (40) 

for the Holstein absorptivity in the normal and superconducting states, 

respectively .. K(a) andE(a) are complete elliptic integrals with 

2 2 2 
a = 1 - 4Li /(w-n) . 

We calculated the above integrals using the a
2

F defined by 

( 41) 

where the brackets indicate an average over the Fermi surface. ~k' is 

the matrix element for sc:attering an electron from a Bloch state k to k' 

by means of a phonon of wave vector Q = k'-k. In particular, ciF can 
0 
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be obtained53 from superconducting tunneling data.; we used 

Rowell. and McMillan's values 53 of a2F for Pb. Our resuits for 
0 

PvS and PvN are shown in Fig. 20. The shape of our PvN curve is in 
. 44 

excellent agreement with that obtained by Scher's solution of the 

Boltzmann equation. 

We Llum ealculated a tot.a.J. absorption spectrum by adding the 

superconducting or norm&l theoretical Holstein.volume absorptivity Pv 

to the theoreticiB.l anomalous skin effect absorptivity P • The skin 
s 

effect absorptivities are proportional to th~ surface resistances R8 and 

RN in the superconducting and norm.al states. Our total absorptivities 

are thus 

(42) 

where y. = P /P is the ratio of the Holstein and skin effect absorptivities. . v s 

(a) In his original paper, Holstein drew an analogy between the 

electron-phonon scattering processes involved in the Holstein effect 

and those involved in hig~-temperature (T > 0D) electrical conductivity. 

In the limit hw > k0D' wfiere both Pv and Ps are independent of frequency, 

he estimated y = 16 0Dof/ 15 TvFT. Here of is the high-frequency skin 

depth c/wp), and T is the temperature, large compared to 0D, at which 

the phonon-limited relaxation· time T is evaluated. The composite 

absorption in this high-frequency limit has been used successfully to 

fit the near-infrared absorptivity in copper and silver at low tempera-
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5.4 
tures. Using the experimental value a/£ = 9.4x1010 Q-l - cm-2 and 

55 
McLean's value for the London penetration depth A1=c/wp="305.A, we 

estimate y=l.9. We found, however, that a reasonable fit to our data 

required the smaller value y ~ 1. This is quite close to Scher's 

result y ~ 0.9. We would expect Scher's estimate to be more correct, 

since his theoretical treatment included higher order phonon scatterings, 

whereas Holstein con~idered a single scattering only; 

(b) The normal state skin-effect absorptivity ~ was calculated from 

Dingle's tables of surface resistance, and is the theoretical curve 

shown in Fig. 18. The superconducting surface resistance was obtained 

56 
by multiplying ~ by R8/~, which was calculated from theoretical values 

of cr1 /crN and cr2/crN. This was done in three limits, which we will discuss 

in detail. The resultant values of A8/~ are shown in Fig. 21, along 

with our data (curve A); the data are fit to the expected high-frequency 

In curve B, we used the obviously incorrect vB.lue R8/~=l, ignoring 

the effects o:t' the superconducting energy gap on the skin-effect absorp-

tivity .. This is useful in showing the structure due to the Holstein 

effect. The shape of curve B clearly accounts for many of the major 

features of the data. -1 The computed curve drops smoothly above 35 cm 

as a result of the onset of absorption in the normal state obtained 

from Eq. (39). It then rises in 'two steps as a result of the Holstein 

absorption in the superconducting state. 'I'his two step absorption can 

be seen clearly in the theoretical P ~ in Fig. 20, and even in the 
Vo 

experiment.a.]. absolute absorptivity ahown in Fig. 18. TlI'is arises from 

the presence of the sharply peaked BCS density of states, which weights 
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the phonon.density of states for n near (w-2~) .. Thus the peaks in 
2 . . 

a F(w-2~) ·sho'W?l in curve E contribute step increases to E~. (40) and 
0 

thus to AS/~. The normal density of electronic states is far less 

selective, and only a small ''knee" can be detected in P vN. 

Curves C and D represent the attempts to incluO.e the superconducting 

energy gap effects by calculating RS/~ in the two limits for which the 

oolution he.fl a. du!;;~U form. Using the v~ues of <1
8
/aN.: cr1 {w) - io 2(w) 

calculated from strong-coupling superconductivity theory for Pb
56 , 

. (Pippar.d) (43) 

-1/2 -1/2 = Re(cr -icr ) - Im (cr1-icr2 ) 1 2 (London) (44) 

The values of cr1 (w) and d2 (w) a.re the same for both Umits. Both curveo 

C and D underestimate the steepness of the absorption edge above the 

energy gap. This is not surprising,. since even for very pure lead, 

E,/A.L:::::: 3, and neither the Pippard nor the London limit is applicable. 

-1 In addition, the theoretical curves show a.fall off above 120 cm , 

resulting from a dispersion in the strong-coupled superconducting gap 

function •56 The theoretical feature is similar i.n shape to, but 

much smaller than,, the experimental decrease. We subsequently found that 

a more complete evaluation of Eq. (38) for the sup~rconducting case 

considerably improved the theoretical agreement to the data at high 

frequencies. 
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2. Corrections to the .. Phenomeriological. Theory 

A more detailed tre~tment of the Golden Rule formalism of the 

Holstein effect by Allen57 revealed that our phenomenological theory 

expressed by Eq. (38) is basically correct, but that our specific 

expressions for P 8 and P N derived from this require modification. v v . . 
2 Firstly, our use of a F(w) assumes that the electron-phonon coupling 
0 

is isotropic for both modes of acoustic phonons. The transverse phonons 

couple to electrons mainly by umklapp processes, and the isotropic 

assumption is not bad. The longitudinal phonons couple by both umklapp 

and normal processes, and for the latter, the scattering angle is small. 

As a result, the actual transport electron-phonon coupling ~s smaller 

. 2 2 than that assumed previously, i.e. at < a . r o 
2 2 

Furthermore, at /a should r o 

decrease above the transverse phonon frequency where the longitudinal 

phonons become important. The function a~rF(w) estimated by Allen 57 

') 

is shown along with a~F(w) in Fig. 22. 
0 

The second modification involves the inclusion of coherence effects 

in the calculation of Pvs· These effects result from the pairing of 

electrons in a superconductor, which requires the process of electron 

scattering in a superconductor to be treated differently from that in 

a normal metal. For example, in the normal state, the scattering from 

a state of momentum k and spin a to the state k'cr' is entirely independent 

of transitions from -k'-cr' to -k-cr, as well as of all other transitions. 

The probability of both transitions is thus proportional to the sum of 

the squares of the two matrix elements, that is, jM k' , j
2

+jM k' ., -k_,..1 2
. 

-~a 1 · a - -u , ,, 

Tn a superconductor, however, the states ko and -k-cr are· coupled by the 

pairing interaction, and the two scattering processes described above are 
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coherent. Thus we must add the matrix elements before scatteri.ng, 

obtaining the result IM k' , +Mk' , k 1
2

. When the effects of 
- KO', . CJ - -<:J , - -<J · 

this are taken into account in the calculation of P ·s, the result is 
.V 

simply the cancellation of the term involving K(a) in Eq. (40). 

These two modifications give the amended expressions for the 

Holstein absorptivity. 

2 . w 
2 p a: (N /w) J (w-Q) atr F(Q) ~ vN 0 

(45) 
0 

(N2/w) 
l•.1-~A 

2 p a: J (w-Q) E(a) atr'.F(Q) an vs 0 
(46) 

0 

These were used to calculate A8/~ as before, with y=l; this is shown 

in Fig. 23 along with the exp~rimental data. The·Lo~don limit of RS/~ 

was used, since it gives a steeper onset above the supercrmnucting 

energy gap. 

The inclusion of coherence considerably improves the appearance of 

the theory at high frequencies, since the decrease in the theoretical 

AS/~ above. 100 cm-l is now roughly the same magnitude as that of the 

experimenthl A8/~. As is the case with the steps in A8/AN c'l11P t.o thia 

-1 . Holstei.n absorption, the· fall off in the data above 100 cm is broadened 

and shifted up in frequency. The effects of using a~rF (Q) in Eqs. (45) 

and (46) are less conclusive. From Eq. (46), one would expect the 

step heights in PvS due to the transverse and longitudinal phonons to 

be proportional to the area under the respective phonon peaks in ciF. 
2 2 

For a
0
F, this ratio is 2:1; for Allen's atrF' this iG increased to 

about 3.5 :1. The experimental ratio of the two step heights is 
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approximately 1.8:1, which is considerably closer to that expected 
2 . 

from the use of a F. 
0 

The fit of the theoretical and experimental results is sufficient 

to verify that we have observed the Holstein effect in Pb. Our results 

indicate that the absolute absorptivity due to real phonon creation is 

comparable in magnitude to the skin-effect absorptivity. Also, the 

Holstein absorption in the superconductor shows structure (which is 

absent in the normal state) which is related to the shape of the phonon 

density of states. Our Go1.den Rule calculation O"f this absorption 

explains most features of the data;- a quantitative explanation requires 

a rigorous treatment of the phenomenon. 

3. Nonlocal Calculation of RS/RN 

Because the electromagnetic absorption in a metal is proportional 

to the surface resistance, it' is expected that a calculation of RS/~ 

using the nonlocal wave vector-dependent values o1 (~,w) should reproduce 

our results, including the effects due to real phonon creation (Holstein 

effect)~ as well a~ lhose due· to virtual phonon effects, such as the 

steep absorption edge above 2~ and the fall off at high frequencies. 

In contrast, ou:r· phenomenological analysis attempted to incorporate 

the real phonon effects only in P S and the virtual phonon effects in v . 

RS/~, with moderate success. 

The· computation involved in the nonlocal calculation of R8/RN is 

exceedingly tedious~ involving the determination of o1 (~,w) and o2 (~,w) 
from strong-coupling superconductivity theory, and an integration over 

45 
the allowed values of k for each w. Shaw and Swihart have calculated 

-1 RS/RN in this manner for several frequencies up to 95 cm Their 
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results, which are calculated for the cases of diffuse and specular 

reflection of electrons from the sample surface, are compared to our 

data in Fig. 24. The curve for specular reflection is in very good 

quantitative agreement with our data, except in the region from 45-60 cm-l 

where it is about 5 per cent smaller than our results. The diff'use 

scattering theoretical curve underestimates the peak in the experimental 

A8/~ abo~e the energy gap, but agrees well above. 50 cm-l The better 

fit of the specular reflection theory is somewhat surprising, since it 

is believed7 that conduction electrons are diffusely scatte_red from 

the surface, except· in :metals such as bismuth with.·l©w carrier 

densities. Nevertheless, both curves accurately reproduce 

the steepness of the absorption e4ge above the energy gap and show the 

Holstein effect structure at the correct frequencies. 

The fit of the nonlocal R6/~ calculations is sufficiently accurate 
') 

to raise· the possibility of using the obser.ved A8/~ to determine a""F 

for a particular sample. Although the computation involved would be 

extremely tedious, this technique could be of value in studying super-

conductors such as Nb
3

Sn and v
3
si, which are not amenable to investigation 

by the standard method of supercon~ucting tunneling. 

E. Dirt! Lead E?Cperiments 

We .have recently investigated the Holstein effect in samples of 

Pb alloyed with about 1 per cent by weight of Bi.. This was expected 

to show .:the effects of changing the electronic mean free .. path on the 

Holstein absorption, -since the concentration of Bi was small enough to 

leave the phonon density of states essentially unchanged. 

The samples were made by preparing a molten mixture of 99 parts 
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pure Pb and 1 part Bi, and pouring small pellets about 8mm dia. and 

lmm thick onto a clean flat surface. This quenching procedure was 

necessary to avoid the selective crystallization ·and inhomogeneous 

samples which can result· from allowing the alloy to cool slowly. The 

samples were manufactured in a nit~ogen atmosphere to avoid oxidation 

of the surf'aces. The front surface was generally quite flat and 

shiny, with some striations around the edge, probably resulting from 

the tendency of the molten material to solidify from the center of the 

face outward. 'l'he mo'Wlting procedures were the same as those for the 

pure Pb, although the samples were not chemically polished in any way. 

The resi.'stivity ratio of the material at 4.2 K was about 30. 

Fig. 25 shows o.ur l°esul ts for A8/ ~- comp~ed with _those obtained for 

pure Pb. Only ·fiye 'Spe.ctra'.:on one sample of the alloy are. ayeraged in these 

-1 . preliminary data, so the oscillatory structure above 130 cm is probably 

a cavity resonance. Furthermore, the experimen·ts were not carried out 

to high enough frequencies to establish the scale factor, and we 

arbitrarily fit the alloy data to the pure Pb data in the region around 

50 cm-l This could be in error by 5 per cent, but it is sufficient 

to allow mea.n±ngf'ul comparison of the two sets of data. 

The magnitude of the structure due to the Holstein effect is 

smaller in the.ailoy than in the pure Pb. This is probably. a result 

of the increased magnitude of the skin effect absorptivity rather than 

a change in the Holstei~ absorptivity. At the energy g~p frequency, 

Q, ~ 3 e61 in_ the alloy (eel = c//2mJYJ is the classical skin depth), so 

we are just· into the anomalous :region described by Reuter and Sondhe:i.mer. 7 

For the pure Pb, Q, ~ 5x105 eel' and we are in the extreme anomalous limit 
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for the purposes o"f calculating the skin eff'ect absorptivity. The skin 

eff'ect absorptivity calculated f'rom Dingle's tables is about 50 per cent 

larger for the alloy than for the pure Pb, so the value of y = P /P is . v s 

expected to be correspondingly smaller in the alloy, provided the 

Holstein absorptivity is unchanged. This would account for the observed 

magnitude of the structure on the AS/~ curve. 

Tlie 11::1.t.:k. uf any no.'Eab.le change in the shape of the structure on 

the AS/~ data is probably due to the fact that.our alloy sample is not 

dirty enough. The magnitude of the normal state absorptivity is dependent 

on the rati.o .11./cScl" Although the pure metal vaiue is reduced by a 

factor of 105 by the addition of the impurity, the alloy is still in the 

anomalous.l.11./ocl > 1) region. The superconducting absorptivity depends 

on ;/A, the ratio of the coherence length to the penetration depth. In 

the pur .. e metal with JI,> ~ , ~ ~ ~ ~ 960 A 
55 A~ AL~ 305 A, 55 so 

0 0 ' 

~/A::;::: 3. In our alloy, JI, - 1500 A~ which i.R Rt.iJ.l lar~&r than .;
0

• If 

we use the approximation ~-l ~ ~0-l + i-1 , we obt~in ~ ~ 600 A. A in

creases with decreasing JI., but not significantly until JI, < ~ • F'or our 
0 

alloy, we thus estimate 1 < ~/A < 2, which is not radically changed from 

the pure metal value. We should thus not expect to see major changes 

in the. Holstein absorptivity structure until JI, < ~ , 6 
1

. 
0 c 

A smaller JI, can be obtained by increasing the concentration of Bi 

in the alloy. However, it appears that Bi is a "poor" impurity because 

of its similarity to Pb in density and atomic weight. The average 

distance between Bi atoms in a 1 per cent alloy is approximately 20 A, 

whereas the Iue1:1.sured mean free path is 1500 A. This indicates that 

the Bi atoms are ineffective in scattering electrons through a large 
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angle. More substantial reductions in t may be obtained by use of an 

impurity such as In, rather than by increasing the Bi concentration. 

We are presently investigating both tY,pes of alloys. 
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VI. CONCLUSIONS 

We have used the techniques of Fourier Transform spectroscopy 

in the far-infrared to measure the low-lying electronic energy 

levels of Ti and V ions in Al
2
o

3 
and the. electromagnetic absorption 

in Pb. We constructed a Michelson interferometer and several low 

temperature doped Ge bolometers for use in the far-infrared. A noise 

analysis of the bolom.eter-ampl i fi Pr ~i ri:-i.1it indi oo.tcd that the NEF 

was severely limited by the amplifier nqise, and could be reduced by 

increasing the detector respons:i.vity. This could be achieved by use 

3 . 
of He . cryogenics to reduce the detector temperature by a factor of 

three. 

Our transmission measurements on Ti. and V-doped Al2o
3 

confirmed 

the assignment of perviously observed zero-field absorption lines to 

the electronic levels of the dl ions .Ti 3+ and v4+ i~ the AJ
2
o

3 
crystalline 

field. We investigated the Zeeman splitting of thlilili levelo and found 

good agreement with a theoretical prediction of the. energy levels of a 

single d electron in the Al2o
3 

crystalline field modified by a dynamic 

Jahn-'reiler effect. An additional absorption line attributed to the d2 

ion v3+ exhibited a Zeeman split~ing which ~as in excellent agrP.Amen~ 

with the theoretical magnetic field dependence obtained from a s~in 

Hamiltonian., 

We used a calorimetric· method to measure the far-infrared absorp-

tion in single crystals of pure Pb in the normal and superconducting 

states. Our results show the first example of structure on the absorp-

tivity of a metal due to the excitation of phonons .. The absorption 

spectrum for the normal metal increases dramatically near the transverse 



-1 phonon fre~uency w ~ 35 cm ; a sharper absorption onset is observed 
t 

at wt +2.11 ~- 55 cm-l in the· superconducting state. In· addition, the 

spectrum for the superconductor shows structure which can be correlated 

with the.transverse and. longitudinal peaks in the phonon density of 

states. We have thus observed the onset of the volume phonon generation 

process proposed by Holstein. 

Most of the features of our data can be explained by a "Golden Rule" 

calculation of the absorptivity expected from the Holstein process. 

Recent calculations by SWihart of the non local surface resistance of 
. . -1 · . 

Pb below 100 cm are in very good agreement With our data. This indi-

cates that strong-coupling superconductivity theory can explain features 

in the surface impedance due to real phonons (the Holstein absorption) 

as well as virtual phonons (the steep absorption edge above the energy 

gap). This. represents a possible method for obtaining information on 

the phonon density of states in materials which cannot be easily investi-

gated by the standard method of superconducting tunneling. 
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APPENDIX 

A. A Fast Fourier Transform Program for the IBM 1620 

This Appendix contains a description and printout of FCOOL, a 

,. 
fast Fourier Transform program written for the IBM 1620 computer. The 

local availability of thi.s facility allowed us to rapidly obtain the 

frequency spectrum of one experimental run before proceeding to the 

next one. A previously existing program, which calculated the spectrum 

point-by-point using Eq. (9), was limited to an iriterferogram length 

of 300 points and an output length of 200 points; calculation of this 

spectrumrequired 720 seconds of computing time. The program described 

here is capable o.f calculating a 256 point spectrum from a 512 point 

interfe:rogram in 40 seconds.. 

. 16 
The fast Fourier Transform program is based on an algorithm 

. 18 
invented by Cooley and Tukey. Connes gives an excellent descritpion 

of the steps involved in the computation of the spectrum by this tech-

nique. 

The core storage limitations of the IBM 1620 required the program 

to be broken up into three subprograms, COOLA, COOLB, and COOLC. The 

main program FCOOL calls each of these subprograms ·in sequence, and the 

auxiliary disk is used to store the data during the intermediate stages 

of computation. 

Subroutine COOLA read~ in the nfl,t..e,, ten points to a ca.rd, and 

computes the interferogram •. Although the Cooley-Tukey algorithm 

requires the number of input points to be an integral power of two, 

interferograms of arbitrary length can be read in, and COOLA extends the 

do.to. to the next highest pow.er of two with zeros. The computation of 

the frequency spectrum occurs in subroutine COOLB. The spectrum is 
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plotted out as a histogram by COOLC. 

The Cooley-Tukey algorithm calculates the complex Fourier Transform, 

and thus requires an N point complex interferogra.nl c·onsisting of N/2 real 

and N/2.imaginary points. The output consists of N/2 sine transform 

points and N/2 cosine transform points. for the real, symmetric inter-

ferogram obtained in ou.r experiments, N/2 of the input points would 

consist of zeros, and the sine and cosine transforms obtained are, 

res;pectively, antisymzlietric and symmetric about the N/4th output point. 

The maximum value N~5l.2 imposed by the memory of the IBM 1620 allows a 

maximum interferogram length of 256 points and computes a maximum of . 

128 spe~tral points when· only the Cooley-Tukey al~orithm. is used. How-

ever, the subroutine COOLB utilizes the symmetry of the.sine and cosine 

transforms of the real interferogram to allow the interferogram and 

spectrum lengths to be doubled. The f.frst half of COOLB calculates the 

N/4 significant sine. and cosine transform points of an N-point rPA.l 

interferogran1. These are then reordered in the second half of COOLB to 

obt.ain an N/2 point cosine. transform. A description of this method is 
. . 18 

given by Cannes. 
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P.ROGRAM FCOOL 
'. THIS PROGRAM CALCULATES THE FOURIER TRANSFORM OF A REAL lNTER-

FEROGRAM USING THE COOLEY-TUKEY FAST FOURIER TRANSFORM ALGORITHM. 
TH1S PROGRAM UTILIZES THE SYMMETRY OF THE COSINE AND SINE TRANSFORMS 
OF THE REAL lNTERFEROGRAM• AND CALCULATES ONLY THE COSINE FOURIER 
TRANSFORM OF THE INPUT DATA. MAXIMUM NUMBER OF OUTPUT POINTS IS 
ONE-HALF THE NU~BER OF INPUT POINTS~ INPUT DATA FORMAT IS AS FOLLOWS 

MIN-MAX CARDeooNUMBER OF FIRST AND LAST OUTPUT POINTS. FORMATl2I41 
TITLE CARD ••• DELTA IN MM• FORMAT~F5.3l. COMMENTS 
DAT!\• TEN POINTS PER CARD• FORMATl10F7.2'1 

IF NUMBER OF INPUT POINTS IS NOT A POWER OF Two. THE DATA ARE 
EXTENDED TO THE NEXT POWER OF T~O wrrH Z~ROS. ARE SQUARED JAY 
MARCl-i 1970 TARG 

DEFl~E DlSKllO, 9001 
FIND!ll 
SAM:: COSFllel 

10 CALL COOLA 
CALL COOLA 
CALL COOLC 

C SENSE SWITCH 1 ON FOR MULTIPLE SETS OF DATA 
c 

c 
c 
c 
c 

c. 

l F I SENSE SWITCH 11 10, 20 
20 CONTINUE 

CALL EXIT 
END 

SUBROUTINE COOLA 

C SUBROUTINE COOLA READS IN DATA• AVERAGE~ LAST TEN POINTS TO 
C OBTAIN lllNFlNIT~I• AND CALCULATES THE INTERFEROGRAM FIDELTAI 
C 4o*DELTA*lllDELTAI - l!lNFlNlTYlle 
c 

DIMENSION CO~Mll91• DATUMllOlt DATA!520J 
NU"'1AF.:R = 0 
AVE = 0 
READ l• MIN• MAX 
~EAn· 2• DELTA• COMM 
PRINT 4, C0"1M 
PRINT 5 

10 READ 3t DATU"1 
PR IN ·r 6 • DA TUM 
DO ~O I = l• 10 
IF IDATUMIIll 5Q, 50, 20 

20 NUMAER = NUMAER + 1 
30 DA TA I NUM'3ER I .,, DA·TUM (I I 

GO TO 10 
50 J = NUMBE~ - 9 

DO 60 I = J, NUMBER 
60.AVE:: AVE+ DATA!ll 

AVE =· e l*AVE 
J = (') 
~"An ,. = i. ~UMAF.:R 



c 
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DATA!II = 4.•DELTA•IDATA!II - AVEI 
80 CONTINUE 

N = l 
81 Ml = 2**N 

IF!NUMBER ~ Mll 82, 82, 83 
8.3 N = N + 1 

GO TO 81 
82 MUM~ER = NUM~ER + 1 

DO 90 I = MUMBERtMl 
90 DAT A I I I = 0 • 0 

C JO.= 2**N = NUMBER OF INPUT POINTS ROUNDED OFF TO NEXT HIGHEST 
c POWER OF TWO. 
c 

c 
c 
c 
c 

c 

JO = 2**N 
: LUCY = JOI 2 + 1 

f'>A TA I 1 I = DAT A I 1 I * • 5 
INDISK = 1 
RECORD IINDISKI Nt MINt MAXt JO, LUCY, DELTA 
t<t.lUt<IJ (Jlll!Jbll..I (0"'1"1 
L = 0 
DO. 100 I = 1 t Ml 
L =· L + 1 
DATUMILI = DATA!II 
IF 110-L) lOOt lOlt 100 

lUl t<l;.LUIW l INIJI:::.l'i..J JJAlUM 
L = 0 

100 CONTINUE 
L.=L+l 
DO 102 I = L, 10 

102 DATUMIII = o.o 
REC6RD l?N~l~KI DATUM 
PRINT 308 

·1. FORMAT I 214! 
Z FORMAT llF5.3• l8A4• 1A3) 
3 FORMAT 110F7.21 
4 FORMAT llHlt 16Xt 19A41 
5 FORMAT 114HOINPUT DATA ISi 
6 FORMAT (lH • 16Xt lOFl0.11 

308 FORMAT 115HOOUTPUT DATA ISi 
RFTl!RN 
F.'.ND 

sunROUTINE COOLB 

C SUBROUTINE COOLB CALCULATES THE COSINE FOURIER TRANSFORM USING 
C THE COOLEY-TUKEY ALGORITHM IN A PROGRAM OBTAINED FROM MERTZ. 
c INTEGRATION WITH FIRST POINT ONE-HALF OF ITS. INPUT VALUE 
c 

DIMENSION.OUT!lOlt DATAl5201 
INDISK = 1 . 
FETCH IINDISKI Nt MIN• MAX• JO• LUCY 
tNDISK " 4 

. FINI) I INIHSKI 
J = 0 

3iO FETCH IINl'>ISKI OUT 



DO no I = 1. 10 
J = J + 1 . 
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IF I J - JO I 311 , 311 , 3 12 
311 DATA!J) = OUT!II 
320 CONTINUE 

GO TO 310 
312 INDJSK = 4 

FIND I INDISKI 
c. 
C THE FOLLOWING COMPUTES A J0/2 ORDER FOURIER TRANSFORM, OBTAINING 
C J0/4 COSINE AND J0/4 ~INE OUTPUT POINTS. 
c 

c 

J = 1 
DO 105 I = l• JO• 2 
IF I I-JI 101' 102• 102 

101 TEMPR = DATA!J) · 
TEMPI = DATA!J+ll 
DATA!J) 2 DATA!f) 
OATA!J+l) = OATA!I+ll 
OAT A I I I = TEMPR 
OATA!I+ll =TEMPI 

102 M = J0/2 
103 IF !J-M) 105, 105t ·104· 

.104 J = J-M 
M =.M/2 
IF IM- 2 ) 10 5 t 10 3 • 10 3 

105 J = J + M 
MMAX = 2 

1 0 6 I F I MM AX - JO I l 0 7 ol l 0 , l 1 0 
107 rsT~P = 2 * MMAX 

AMAX = MMAX 
THETA 6028318531/AMAX 
SINTH = SINF!THETA/2el 
WSTPR = -2.*SINTH•SJNTH 
WSTPJ = SJNF!THETA) 
WR = le 
WI " 0 • 
DO 109 M = l• MMAX• 2 
DO 108 I = Mt JO, JSTEP 
J = l + MMAX 
TEMPR = WR*DATA!J) - WJ*DATA!J+l) 
TEMPI = WR*DATA!J+l) + Wl*DATA!J) 
DATA!J) = DATA!I) - TEMPR 
DATA!J+l) = DATA!I+l) - TEMPI 
OATA!l) = DATA!I) + TEMPR 

108 DATA! I+ll = DATA! I+ll + TEMPI 
TEMPR = WR 
WR = WR*WSTPR - Wl*WSTPJ +·WR 

109 WI = Wl*WSTPR + TEMPR*WSTPI + WI 
MMAX = ISTEP 
GO TO 106 

C THE J0/4 COSINE AND J0/4 SINE TRANSFORMS ARE REORDERED TO OBTAIN 
C A J0/2 ORDER COSINE FOURIER TRANSFORM OF THE JO· INPUT POINTS. 
c 

110 DATA!l) = DATA!ll + DATA!21 
DO 150 I' = 3 t LUCY t 2 
J • JO + 2 - I .. 

. TEMPI t-·1 
Tl='MP~ = Jn 
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c 

c 
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W~ = DAfAIII + DATAIJI 
WI= IDATAII+ll + DATAIJ+lll*COSFl3.1415926535*TEMPI/TEMPR> + 

llOATAI II - DATAIJll*SINFl3ol415926535*TEMPIITEMPRI 
DATA( I I = IWR + WI l*o5 

150 DATAIJI = IWR - Wil*o5 
L = 0 
J =MAX -·MIN+ 1 
1')0 '3"10 I = 1, J 
L = L·+ 1 
M = ~*MIN - 3 + 2*I 
·oUTILI = DATAIMl 
IF 110-LI 330• 340, 330 

340 RECORD IINDISKI OUT 
PRI~T 309t OUT 

·L. = 0 
330 CONTINUE 

L = L + 1 
DO 350 I = Lt 10 

."150 OUTIY) = O,O 
pqfNT -:ioq, OtlT 
RECOR~ IINDISKl OUT 

30q FORMAT llH, 16Xt 10Fl0o11 
RETURN 
F.:ND 

SUBROUTINE ~OOLC 

C 'SUBROUTINE COOLC PLOTS OUT ~HE SPECTRUM FROM MIN TO MAX. THE 
C VERTICAL SCALE CONTAINS 100 RESOLUTION WIDTHS. 
c 

DIMENSION OATAl2561• COMMl191• LISTl501t DATUMllOI 
SMIN = o.o 
SMI\!\ = o.o 
INf)(SK = 1 
FI ND I I ND t SK I 
DO 10 I = 1 • 50 

10 LISTIII = 0 
FETCH( INDISKI Nt MIN• MAX• JO, LUCY• DELTA 
DE'.N ,. 2**N .... 1 
NUM~ER = MAX - ~IN + 1 

. DEN = 5.l(OEN * DELTA I 
FREQ = MIN - 1 
FREQ = 2.*FREO*DEN 
NN = 1 
FETCH IINDISKI COMM 
~~ i NT 2 • COM'-1 
INDISK = 4 
FIND I INDISKI 

··20 FETCH IINl'>ISl(I l'>ATUM 
DO AO I = it 10 
IF INN - NlJMBERI 30t 30t 90 

30 IF IDATUMI II - SMINI 40t 40t 50 
40 SMtN = DArU~III 
SO I~ iDAfUMitl ~ SMAXI 70t 60, 60 
60 SMAX = DATUMIII 
70 DATAINNI = DATUMIII 
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80 Niii = lllN +· 1 
GO TO 20 

90 Sl 99./ISMAX - SMINl 
S2 1. - Sl•SMIN 
Niii s2 
Ml " (111111 + 1) /2 
M2 Niii + 2 - 2*Ml 
M2 (2 - M2l * 2 
M2 70*10**M2 
DO 130 I " 1. lllUl .. BER 
Niii Sl*DATAIIl + S2 
Nl = I Niii + ll/2 
N2 = NN + 2 - 1111*2 
DO 95 NN " 1 • Nl 

95 LIST ( 111111) = 6767 
LIST (MU = M2 
GO TO 1100. 1101 • N2 

100 LI ST I NU = 6700 
GO TO 120 

llO LIST I NU = 6767 
120 PRINT 1. FREQ, DATA( I), LIST 

FREQ = FREQ + 2o*DElll 
DO 130 NN = 1 • Nl 

l "10 LI.ST ·INN) = 0 
l FORMAT ( lH • IF7.2, 1F9olt 3Xt 50A2l 
2 FORMAT ( lHlt 2X• 23HUNAPODIZED SPECTRUM FOR• 2X• 19A4•///l 

RETURN 
END 
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Table I. Ge Bolometer Data 

s = 6x104 v/W s m = 7x104 v/W [). = 8 K 

NEP = 9x10-13 W/Hz1/ 2 T =1.08 K s 

G - 5xio-5 W/K T
0
-l. ~o K 

R = 5.5x105 n T ~ 4 msec 
0 

R = 
L 

9x106 n \) = 42 Hz 

I = 4.6 µa I = 2 .6 µa · B = 1 Hz 
op m 

e = 5.5x10-~ v/Hzl/2. .Vol = 11 nun3 
s 



Table II. Calculated and experimental values (in units of cm -1) of the z"ero-fie_ld energy splittings 

01 and 02 and the g-factors for the low lying energy levels of the dl ions .3+ Ti and v4+ 

= in Al2o
3

. Comparison with experiment is made for several values of the crystalline field 

parameters v and I'; and the Jahn-Teller energy EJT. 

'·. 
Sample v EJI' 01 02 goll goi glll gll g211 

·.TOO 129 20·;) 44.98 104.21 1.16 0.0 -2.22 < 0.2 1.88 

T.3+ 680 90 187 37.96 106.53 1.13 0.0 -2.30 < 0.2 1.93 A.l 0 : l . !· .. - 2 3 ... ·, 
Experimental 37.8 107 1.11. <0.1 -2.00 < 0.1 :,:J 

.... ,;; 
..... ~ 
·.~ 

1.86 
I 

970 195 320 27.93 53.15 1.59 0.0 -2.00 < 0.5 (X) 
\0 
I 

Al 2o
3 

:V 
4+ 

750 290 333 27.80 53.2:::i 1.60 0.0 -1.70 < 0.5 1.66 

Experimental 28.1 53 1.43 <0.2 -1.43 < 0.2 
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.FIGURE CAPTIONS 

Fig. 1. Far-infrared Michelson interferometer used in the frequency 

-1 range 2-350 cm 

Fig. 2. Block diagram of the experimental apparatus, including cryostat 

for low-temperature transmission measurements. 

Fig. 3. (a) Power spectrum of the measured signal after wide-band 

amplification. The coherent signal is represented by the spike at 

w ; the noise consists of a "white" detector background and a 
0 . 

contribution o: w-l due.to the amplifier. 

· (b) Power spectrum after narrow band amplification in a 

. ( c) Power spectrum oi' a square wave of fr.equency w symmetric 
0 

about zero voltage. 

(d) Power spectrum of the measured signal af'ter phase detection; 

thfs is the convolution of Fig. 3b and Fig. 3c. 

(e) Power spectrum af'ter a low pass filter of time constant 

T=RC. The noise power bandwidth is reduced from 6w1 to l/T. 

Fig. 4. (a) Power spectrum of the ~ignal after· digital integration· 

for .a time T1 . · 

·. (b) The periodic sampling· f'unction uoed in our data acqui3ition 

and its power spectrum. 

(c) Power spectrum resulting from periodic sampiing of the 

signal. The noise power in the shaded area will appear in the 

-1 frequency region 0 - (2T
1

) as a result of convolution with the 

sampling power spectrum in Fig. 4b. 

I 
. ! 

I 
I 

. I 

i 

i 
! 
I 
i 
i 
! 
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( d) Frequency spectrum obtained by oversampling of' the inter-

ferogram. High frequency noise on interferogram appears as spectral 

noise in the region v -v . 
c max 

Fig. 5 .. Upper: Bolometer mounting geometry used in transmission 

experiments. 

Lower: Schematic of bolometer circuit; C= heat capacity of 

bolometer and electrical leads. G= thermal conductance of leads. 

T = temperature of heat sink. P +P eiwt= power incident on 
s 0 1 

bolometer. T= bolometer temperature. R= bolometer resistance. 

V= bias source. RL= bias current-regulating load res±stor. 

Fig. 6. (a) Schematic of bolometer-amplifier circuit. V= bias source. 

RL= load resistor. R
0

= bolometer resistance. R1= input resistance 

of amplifier. 

(b) Equivalent circuit of Fig. 6a for purposes of noise 

analysis. eL= voltage noise in load resistor RL. e = voltage 
0 

noise in bolometer R . E= signal. e = voltage noise in input 
o I 

resistor R1 . i =grid.current noise in amplifier. 
g 

of amplifier with terminals shorted. 

e = input noise 
A 

Fig. 7. Load curve (solid curve), and theoretical de responsivity 

(dashed curve) of a Ge bolometer. 

Fig. 8. Current dependence of theoretical de responsivity (circles) and 

theoretical ac responsivity (squares) at 42 Hz obtained from the 

load curve shown in Fig. 7. The solid curve is the experimental 

responsivity at 42 Hz for the same bolometer fitted to the theoret-

ical e.e curve above 10 )Ja .. 

Fig. 9. Experimental (points) and theoretical (solid lines) current 
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dependence of the NEP for the bolometer whose load curve is plotted 

in Fig. 7. The upper and lower curves represent the NEP for load 

resistor temperatures of 300 K (our experimental condition) and 

4 K, respectively, obtained from Eq. (23). 

Fig. 10. Cryostat containing superconducting solenoid for transmission 

measurements in a magnetic field. 

Fig. 11. 
. 1 

Low-lying electronic energy levels of Al2o
3

:d . 

Fig. 12. Zeeman splitting of the 37. 8.·cm -l line in Al
2
o

3 
:Ti 3+ in a 

magnetic field oriented parallel to the optic·axis. The points are 

averages of several measurements of the transmission minima. 

Fig. 13. Zeeman splitting of the 28.1 cm-l .line in Al
2
o

1
.:v4+ in a mag

netic field oriented parallel to the optic a.Xis . 

.ll'ig. J.4 ~ Energy level diagram for Al
2
o
3

: d1 illustrating the inclusion 

of the dynamic Jahn-Teller effect. The right side shows the decom

position of the f:ree. ion 
2n level i.n· tbf';! $t.at.:i.c crystalline field 

(Fig. ·11). The left side shows the degenerate vibronic levels of 

a vibrational mode of enersr hw in the cubic field. The inclusion 

of the crystalline field and the vibrational mode yields the "inter-

mediate" energy splittings o1 and o2 . 

Fig. 15. 
' 2 

Low-lying el.ect~onic energy levels of Al
2
o

3 
:d . 

Fig. 16. Zeeman splitting ~f the 8.25 cm-l line in Al
2
o

3
:v3+. The· 

circles and squares represent experimental values for the magnetic 

field oriented, respectively, parallel to and perpendicular to 

the optic axis. Except where indicated by flags, the linewidth 

-1 at one-half the peak absorption coefficient is ~ 0.3 cm 

Fig. 17. Sample mounting geometry employed in the direct absorption 

,\j 
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experiments on lead. 

Fig. 18. Measured frequency-dependent absorptivity in superconducting 

(circles) and normal (squares) lead compared with the prediction 

of normal state anomalous skin effect theory. 'I'he limits of the 

error bars are plus and minus one standard deviation (75 per cent 

confidence). 

Fig. 19. Measured ratio of the absorptivity in superconducting and 

normal lead normalized to the high frequency limit AS/~=l. The 

limits of the error bars are plus and minus one standard deviation. 

Fig. 20. The Holstein absorptivities PN and PS for normal and supercon

ducting lead, respectively, obtained from Eqs. (39) and (40) .. 

Fig. 21. Measured ratio (curve A) of the absorptivity in superconducting 

and normal lead compared with (curve B) a theoretical estimate of 

AS/~ which ignores the effect of the energy gap on the superconduct

ing anomalous skin effect absorption, and estimates of AS/~ with 

the surface absorption taken from the extreme anomalous limit 

(curve C) and the local limit (curve D) of strong-coupling super-

conductivity theory. Curve E is ci ( v-2.1) F ( ~2.1) , ·the square of 
0 

the electron-phonon coupling constant times the phonon density of 

states shifted in frequency by 2.1. Curves A, B, C, and D are 

plotted on the same scale, but B has been shi~ed vertically for 

clarity. 

Fig. 22. a 2 F(v) for lead (solid curve) obtained by Rowell and McMillan, 
0 . 

. 2 
compared with Allen's estimate of <\rF ( v) (dashed curve) . 

Fig. 23. Measured A8/~ for lead (points) compared with a theoretical 

estimate (solid curve) obtained from Eqs. "( 45) and ( 46) , including 
'.! 

. I 
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a~r F(w) a.nd the effects of. superconducting coherence. 

Fig. 24. Measured AS/~ for lead (curve A) compared with Swihart's 

nonlocal calculations for RS/~ for diff'use (Gurve B) and specular 

(curve) reflection of conduction electrons from the surface. 

Fig. 25. Measured AS/~ for pure lead (circles) compared with the 

mea~ured AS/~ for &1 tlluy of 1 per cent bismuth in lead. The 

· d1:1.L1:1. · tu1· the a.l.l.oy are fitted to those . for the pure lead in 
. -1 . 

. the region around 50 cm ; the scale factor established .by this 

fit m~ be in. error by 5 percent. 

.. 

' . ' 
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