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ABSTRACT 

A double-Regge model consistent with duality 
is applied to the reaction TT+p - rr+f p at 13.1 
GeV/c. The diffractively produced rrf system is well 
described by two amplitudes involving Pomeranchuk/A2 
and Pomeranchuk/f exchanges. 
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1. Introduction 
The reactions (a) rr+p - TT+p p, (b) n+p - • TT+TT~A++ .and (c) TT+p -» .iff0? 

are the most abundantly produced three body final states in the four-
aistraint class at 13.1 GeV/c incident beam momentum. These channels 

ii ..ouically low meson-meson and baryon-baryon four-momentum 
transfers and can be described by peripheral scattering amplitudes. Dis­
cussions of processes (a) [l] and (b) [2] have been given previously in terms 
of a simple double-Regge model which is consistent with duality. We 
present here a consideration of reaction (c) within this model and empha­
size certain similarities and differences which occur when compared with 
(a) and (b) . 

A description of the bubble chamber exposure and data analysis is 
given in reference (1) where there also appears a graph of the uncut TT+TT+TT~ 
mass spectrum with the A, and A_ enhancements above the Tip and TTf thresh­
olds respectively. 

2. Data Selection 
The f was selected by requiring ^H--- = 1.26 ± 0.1 GeV; in 5% of the 

selections both rt+TT~ combinations fell within the f mass band. For these 
cases the combination with invariant mass nearer 1.26 GeV was chosen. In 
order to avoid the effects of a A+T contamination, the TT+p invariant mass 
was restricted to values greater than 1.6 GeV. This cut was chosen lower 
than the minimum 2.0 GeV in reaction (a) in order to increase the statistical 
size of the sample. There were no apparent effects attributable to a A++ 

influence with this selection. With these rough cuts, the background under 
the f may be as high as 50%. This sample contains 1075 events. 

The peripheral nature of reaction (c) is shown in the c m . longitudinal 
momentum distributions of the p,f and TT+ given in fig. 1, where the sharp 



backward peak in the q spectrum contrasts with the double peaked structures in 
f° rr the q and q plots. We interpret these distributions as evidence for 

diffraction scattering; the sharp backward peak in q' is indicative of 

diffractive scattering off of the proton and the forward peak in q sim-

ilarliy is suggestive of diffractive scattering off of the incident pion. 
f o 

The forward peak in qT is associated with the backward structure in qf; the 
f° TT 

central enhancement in qT is associated with the forward peak in q , 

In order to separate the contributions of the two diffractive mechanisms, 

a division of the data was made at q = -2.0 GeV/c; those events with <K < -2.0 
> p 

GeV/c are regarded as proton diffractive, whereas the events with q̂  > -2.0 

GeV/c are considered pion diffractive. The four-momentum transfers squared 

t and t , for the proton diffractive events were observed to be peaked 

towards low values with only sparsely populated tails; the cut-offs listed 

in table 1 were made at points suggested by the data to remove the tails. 

This same proceedure was followed for the pion'diffractive events, with the 
t difference that only t was found to be peaked towards small values. This PP 

contrasts with the situation in reaction (a) where t o was observed to be 
PP 

skewed towards low values simultaneously with t . This difference could 
J pp 

have been anticipated from fig. 1-b, where the non-forward (hatched) peak 
f° in q is centered roughly at 0.0 GeV/c, whereas for reaction (a), the 

corresponding qZ peak occurs at approximately -1.0 GeV/c. Thus, in the pion 

diffractive events of reaction (a), the q^ and qp distributions are skewed 

backwards and overlap strongly in values; whereas in reaction (c) only oz 

is skewed backwards. The accepted kinematical range of the pion diffractive 

events is also listed in Table 1. 

Of the initial 1075 events sample, 485 events fall in the proton diffractive 

catagory of which 463 are within the limits of Table 1: of the 590 pion 

diffractive events, 235 are within the cut region. 
The cut sample is indicated by hatching in fig. 1, where the correlated 

disposition of the data suggests that the major portion of reaction (c) can 
be described by a double peripheral model. We also observe that the 
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separation of diffractive vertices is essentially unambiguous; there is no evidence 

for double diffraction. 

The four momentum transfers to the diffractive vertices, t and t are 
pp TTTT 

shown in fig. 2; the line of slope 8.0 (GeV/c) drawn through the proton 

diffractive data is characteristic of elastic rrp scattering and the same 

paramenterization was employed in reaction (a). The slope of 5.5 (GeV/c) 

for the pion diffractive vertex is similar to the values used in reactions (a) 

and (b) . 

3. Double-Regge Model 

The diagrams corresponding to the amplitudes used to parameterize the data 

are shown in fig. 3. The diffractive vertices are described by an exponential 

dependence upon the four-momentum transfers squared, exp(8t ) and exp(5.5 ) 

respectively for the proton diffractive and pion diffractive cases, and coupled 

to the Pomeranchuk trajectory. 

Internal vertices are taken as constants; in particular, no dependence upon 

the Toller angle is assumed. The nondiffractive vertices are described by a simple 

pole term of the form R (t) - 0 (t)a (t) [1 - Te("1TTa_(t^ ]/T(l +a (t))sin[>* (t)] 
a a a a a -

where a designates the exchange trajectory, a (fc) is the trajectory, function taken 

the linear form a (t) = J -M + a (0)*t, with J and M the usual particle spin 
fl. cl cl el cl cl 

and mass. The signature factor is T and the values an =1.0 and a (o)= 
Pom. a 

1.0 (GeV/c) were assumed throughout. The g (t) residue factor in R (t) was 

taken as a constant for all three diagrams in fig, 3, and modifications due to 

spin effects were ignored, 

The linear a (t) factor is introduced into R (t) to cancel the unwanted 
pole at a (t) = 0, which would occur in the exchange of the f and A_ trajectories; a ^ -t 

this factor is not included for TT exchange which has no zero, 

With the notation A(a£b]) denoting the amplitude for Pomeranchuk coupling 

to the diffractive [b] vertex and Reggeized (a) exchange to the non-diffractive 
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vertex, the amplitude corresponding to the diagram-in fig, 2-a is then 

A(f°[p]) = N(f°fc])R^(t^(^^/.o)«f«»(^8^p/so)tf«-eXp(8tpp) 

where s = 1.0 (GeV/c)2. o 
Calculations of the diagrams illustrated in fig. 3 were carried out using 

the Monte-Carlo phase space program FOWL [3], The distributions presented in 

the following are not all independent and are given to illustrate the overall 

picture for this type of representation of the data. 

Determining the normalization constants N(f [p], N(TT, [p]), and N(A_[p]) 

will form the crux of the following section, 

4. Diffractive Proton Vertex 

The scatter plot of -t ,o versus -t given in fig. 4-a exhibits a clustering 

of points along each axis with a predominance of simultaneously low values of 

the four-momentum transfers. Diagrams 3-a and 3-b yield distributions peaked 

towards small values of t and t f respectively, but neither diagram is 

capable of completely describing the reaction. Moreover, there is an area of 

strong overlap between the two diagrams making the determination of the normal­

ization constants non-trivial. The range and relative strength of influence 

of the different amplitudes is shown in the At distribution of fig. 4-b, where 

At = |t | - |t | is equivalent to the Jackson angle of the TT+ in the rr+f 

system. The solid curve, a, is the contribution of diagram 3-a (f -exchange) 

and the solid curve, b, is the contribution of 3-b (A -exchange); these curves 

were normalized to the wings of the At distribution. The dashed curve, b, re­

presents the contribution of 3-b (TT-exchange) and is normalized to the same area as 

curve b. An incoherent sum of the solid lines provides a good description of the 

data; A_ exchange is evidently more favored than TT-exchange, 

Arguments steming from the duality concept [4] relating s-channel and 

t-channel scattering amplitudes suggest that reactions in a kinematical region 

where both diagrams contribute strongly can be described, on the average, equally 
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well by either diagram. However, if the interference between the two diagrams 
is included, the contributions will have been improperly altered, by double 
counting. In two-body scattering the domains of t-channel and u-channel 
scattering amplitudes are well separated and their application as an asymptotic 
approximation is essentially unambiguous. This situation does not necessarily 
prevail for the three body case and care must be taken in adding approximations 
to amplitudes in different channels. We determine the normalization constants 
N(f. [p]) and N(A~[p]) and avoid double counting in:the sense of duality by sub­
dividing the data sample in the At distribution into disjoint phase space regions 
as indicated by the vertical dashed line in fig. 4-b. Because both diagrams 
yield essentially the same results for small value of At , the point of partition 
is not critical and was chosen at a value intermediate in the overlap region 

2 of the two diagrams; this point, At = -0,2 (GeV/c) roughly divides the data 
into equal parts. 

The At spectrum and partition point depend upon the accepted ranges of 
t„__ and t c as well as the lower bound of M_+ ; however, the area of dominance rrrr nf Trp' » 
of the two diagrams changes in a corresponding way so that the results do not 
depend sensitively upon the selection critera. 

Events to the left of the partition in fig. 4-b,. refered to as Region-I, 
will be described by A(f [p]) whereas the events in Region-II will be described 
by A(A_[p]) or A(TT[p]), Region-I and -II contain 214 and 249 events respectively, 

The invariant masses of the pi-plus in the f, (TT+.o),with the proton and the 
pi-minus in the f ,(TCO) with the final TT+ were examined for influences of the A++ 

and p resonances respectively. In Region-I, the p and A++ enhancements.-in 
M + - and MTT+n were each less than 5% above a siioothly drawn curve through the 
77 "f0 / : . -., 

data. In, Region-II, the A++ enchancements was less than 10% and there was no 
p bump. 
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5. Results 

The cm. longitudinal momentum distributions of the Tt+ and f are shown 

separately for Regions-I and -II in fig. 5. The solid curves represent the ~~ 

prediction of A(f [p]) for Region-I and A(A2Lp]) for Region-II; the dashed curve 

represents A(rr[p]). We observe that f and A„ exchange describe the single 

particle distributions quite well in their respective regions; whereas TT-exchange 

yields a poor description of the data, 

Four-momentum transfers squared to the TT and to the f are given in fig. 6, 

where again, the solid curves represent f and A exchanges and provide a good 

description of the data. The dashed curve in Region-II of the t fo plot corres­

ponding to the TT-exchange prediction disagrees strongly with the data, 

The TT+f invariant mass distribution is shown in fig, 7 with the predictions 

of f , A„ and TT-exchanges; we again note the complete overlap and similarity 

of predictions of the diagrams in the ML+f° spectrum characteristic of diffraction 

scattering. Invariant mass distributions of 'the TT p and pf are shown in fig. 8 

with the predictions of f and A exchanges given by solid curves. The dashed 
2 

curve corresponding to tt-exchangecconsistently disagrees with the data. The 
distributions in the Toller and Treiman-Yang angles are given along with 

the predictions of the double-Regge model in fig. 9, the agreement is abserved 

to be good. 

The Berger amplitudes [5] were also calculated for the diagrams in fig. 3 

and found to differ from the simple pole model in no significant way for the 

range of variables taken herein. 

6. Pion Diffractive Vertex 

Analysis of events in the pion diffractive catagory in carried out in terms 

of the single diagram 3-c However, for this sample the surplus of events in 

the p region of M -n+ is 25% arid the expected low mass peaking in the M;0p 
f° ' r 

distribution constrains M + to the A++ mass region. The cm, longitudinal TT foP 
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momentum distributions of p and f are given in fig. 10; the t spectrum 

is shown in fig. 11 and the invariant mass distributions are given in fig. 12, 

along with the model predictions. The data are well described by the model, 

despite the large background effects. 

7. Conclusion 

A simple double-Regge model with two exchange diagrams provides a good 

description of the diffractively produced TTfo system; -.double counting is 

avoided by normalizing the data in a way consistent with duality. It is 

apparent from the kinematical relationship 
2 2 s .0 + t _ + t _o = 2m_ + m£o + t that if peripheral mechanisms exist to allow 

TTf TTTT TTf . TT f pp r r 

simultaneously low-peaked spectra in t , t _o, and t , there will result a 
J r r TTTT* TTf ' pp* „o consequent low mass peak in the TTf effective mass; or conversely, if there is -. '.o:? 

o a low mass resonance in the TTf system the meson-meson four-momentum transfers 

will tend to be small since the resonance can be produced diffractively. We have 

shown that at least part of the low mass TTf enchancement can be effectively repro­

duced by the exchange diagrams of fig. 3. 

It is noteworthy that the events in Region-II are'described by Pomeranchuk/A~ 

exchange. In constrast, the f A*+ data is consistent with TT exchange; [6J;, 

however, the t fo spectra have different ranges in the two cases. 
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Table Captions 

Table 1. Bounds of the domain to which the double-Regge model was applied. 



PROTON DIFFRACTIVE 

qP < - 2.0 GeV/c 
L 

- t pp < 0,5 (GeV/c)2 

-Vzr < 2.0 (GeV/c)2 ' 

- t ^ f < 2.0 . (GeV/c)2 

m^p > 1.6 GeV 

PION 

qP > 

"tpp < 

"tTTTT < 

m 7 r p * 

DIFFRACTIVE 

-2.0 GeV/c 

0.5 (GeV/c)2 

1.0 (GeV/c)2 

1.6 GeV . 

TABLE I 



Figure Captions 

Fig. 1. Cm. longitudinal momentum distributions. Hatching indicates those 
events selected as proton diffractive?:or pion diffractive within the 
ranges listed in Table I. 

Fig. 2. Distributions of four-momentum transfer to the diffractive vertices. 

Fig. 3. Double exchange diagrams. 

Fig. 4. (a) Scatter plot of -t_co vs. -t . (b) Distribution in At = It I -
TTt TTTT TTTT 

It ..o I; the curves a, b, b represent f , A0 and ^ exchange, respectively. 
Tit Z 

Fig. 5. C.TU. longitudinal momentum distributions; the solid curves represent 
the predictions of f and A„ exchange for Regions-I and -II respectively; 
the dashed curve is the prediction of fr-exchange. 

Fig. 6. Spectra of four-momentum transfers; the solid lines represent model 
predictions, the dashed line corresponding to TT exchange. 

Fig. 7. Effective mass distribution of the rt+f system with curves from the 
double-Regge model. 

Fig. 8. Effective mass distributions of the TT+P and pf systems. The curves 
are obtained from the double-Regge model. ■ 

Fig. 9. Distributions of the Toller angles and the Treiman-Yang angles with 
curves from the double-Regge model. 

Fig. 10. C*. longitudinal momentum distributions of the f and rr+ with curves 
from the double-Regge model. 

Fig. 11. Spectrum of t with the predictions of the double-Regge model. 

Fig. 12. Effective mass distributions of the TT+f , TT̂ P and pf systems. The 
curves are predictions of the double-Regge model. 
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