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. GEmERAL TREES AND GENERAL LOOPS IN THE UNITARIZATION 

. * OF THE DUAL RESONANCE MODEL 

Loh-ping Yu 

Lawrence Radiation Laboratory 
University of California · 

Berkeley, California 94720 

February 2, 1971 

ABSTRACT 

We present a. series of beautiful, elegant, ;'simple" and ur_ique 

formulas for general tree amplitudes and general loop amplitudes in 

the dual resonance model. in particular, new result of multiloop 

amplitude::; with external reggeons and pure -reggeorl mul tiloop ampl: tudes 

are derived. Various rules are given for writing do·Nn the most gfneral 

tree ampli t.u.des and loop amplitudes by simply inspecting the corre-

spending Feynman-like diagrams. Simple intuitive interpretations of 

various factors in.the formulas are also discussed. 
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I. PHILOSOPHY AND MOTIVATION 

A Veneziano formula1 incorporates the following three properties . 

of strong interaction:2 

(a) All. its· singularities arise from narrow resonance 

exchanges. 

(b) Regge asymptoticbehavior in all channels; 

·(c) Exact cross1ng symmetry. 

It follows from the properties (a), (b) that such a model must contain 

an infinite number of exchanged resonances instead of a finite number. 

Consequently, it then follows that the model necessarily possesses the 

duality property (hence the name "dual resonan:ce model"), because direct · 

channel resonance exchanges are supposed not only to dominate the low-

energy reg{on but also to describe .the high'""energy region, which is 

usually controlled by cross-channel Regge ·poles. Accordingly, duality 

is a natural consequence of the assumptions (a), (b). 

However, the narrow resonance, in fact zero-width, assumption 

although is in consistency.with the experimental fact that all Regge 

trajectories seem to rise linearly, 3 neverthele.ss clearly violates the 

unitarity principle of S-matrix theory4 on the other hand; because 

unitarity requires branch cuts on the real axis (in the energy-squared 

plane) if above thresAold, and all resonances, having finite widths, 

'to lie on the second Riemann ohcet beneath the cuts. However, since 

the dual resonance model has already incorporated almost all S-matrix 

principles, 4 except unitarity, it is natural to hope that suitable 

modifications made on the model will enable it to satisfy the unitarity 
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principle, and will hence enable one to obtain a satisfactory theory 

of strong 1riteraction. This is the motivation behind this thesis. 

The idea of uni tarization of the dual resonance model, as 

suggested· by the factorization propert; of n-point Veneziano formula, 

is to regard the n-point Veneziano ampli1;:.ude as the Born (or tree) 

amplitude, Which is an a~~roximation6 to a more exact physical 

scattering ~lllplitude.. One then attempts to construct, from unitarity, 

the higher order multiloop amplitudes, co~patible6 with theduality 

assumption~ In other words, the unitarity constraint is im!>osed on 

the dual ·resonance model in a perturbative way, strictly in analogy 

with the .perturbativefielq. theory. But, there is one fundamental 

important' property distinguishing the dual resonance model from the 

perturbative field theory. Namely, duality is assumed6 to be true in 

each order of the loop diagrams; therefore all loop amplitudes related · 

by duality are e.qual to one another instead of being added, as they 

usually are in the field theoretical model. 

As we will see later, the outcome of such an approach is 

surprisingly elegant and simple. The results are not only mathematically 

beautiful but also have.very simple intuitive interpretations. It 

·might therefore be hoped that. they will be useful iil the framework nf 

future theory of strong interaction. 

t 
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IL OUTLINE PRINCIPLES AND SUMMARIZE THE RESULTS 

The perturbative-unitarity equation can be mathematically 

stated as follows, 

Im f(n) = 
*(n-m) (m) 

f f ' m <. n, m,n = 1,2,··· 
(2.1) 

where is the scattering amplitude to nth · order in the coupling 

constant. Equation (2.1) means that the imaginary part of the nth 

order amplitude can be constructed from the mth and the (~)th order 

amplitudes. For example, the imaginary part of the planar box diagram 

(~th order) can be obtained from two ~nd order four-point tree diagrams. 

In principle, one may then use the dispersion relation to get the real 

part of the !!.th order amplitude. In practice, however, it is more 

convenient to use Feynman tree theorm7 to ge.t directly the loop ampli-

tudes themselves. The application of the Feynman tree theorm can be 

carried out in two steps: (a) cuttings or factorizations, to get 

multiply factorized tree diagrams; (b) sewings, to get multiloop dia-

grams. To illustrate this theorem we again consider the planar box 

diagram. The theorem states that we first factorize on the n-point 

Venezia.no tree diagram, obtaining a six-point tree diagram· with two 

adjacent excited legs· (Fig. 1), and then sew the two excited legs 

together by inserting a propagator and integrating over the loop 

momentum. We thereby obtain the planar box diagram. 

Similarly, the nonplanar loop diagram can be obtained by sewing 

two nonadjacent excited legs together, as shown in Fig. 9. ·And the. 

overlapping loop diagram can be obtained by sewing two overlapped pairs 

of excited legs, as shown in Fig. 11. Finally, the nonorientable loop 
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diagram-is defined by sewing an excited leg with a twisted excited leg. 
. . . 6 

It has already been shown that the above-mentioned four types of loops, 

namely, the planar loops, the nonplanar loops, the overlapping loops, 

and the nonorientable loops, are the complete set of loops that one can 

construct from the_.perturbative-unitarity equation, Eq. (2.1). 

The construction of amplitudes from simpler amplitudes by 

repeatedly cutting and sewing, which represents the main part.of the 

work of this thesis, results in a series of beautiful, elegant, and 

simple formulas: 

(a) 
. 8 

multiply factorized tree amplitudes, Eq. (4.25), 

(b) 
. .· 8 

pure-reggeon tree amplitudes, Eq. (4.2?), 

(c) multiloop amplitudes9 (of all types), E~s. (5.35) and 

(5.4?), 

(d). multiloop amplitudes with external reggeons, Eq. (6.5), 

(e) pure~reggeon multiloop amplitudes (of all types) Eq. (6.7). 

The last two classes of amplitudes, (d), (e), are the new results 

of this thesis report. They are present.ed here for the sake of 

completeness and for suggesting a complete theory of pure reggeon 

10 calculus. A detailed mathematical calculation for the nonplanar 

multiloop amplitude and simple derivations therefrom of the overlapping, 

the nonorientable, and the planar multiloop amplitudes are given here 

to supplement the methods given.in the former publicationo.9. 

Most of the formulas in the following are expressed in operator 

f 1
. 11 erma ~sm. We briefly review the operator formalism. An infinite 

set of four-dimensional harmonic oscillators a 1J = 1,2,),4, 
!J.,n 

~-
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n = 1,2,··~oo is introduced11 to discuss the factorized excited states. 

They obey the commutation relations 

[a ,at ] = g 5 
.~ J.l,n v,m J.l.V nm (2.2) 

Three very useful identities are 

exp(fa) zata at a exp(fza), = z 

ata . t z exp(fa ) = exp(fzat) rata, 

exp(fa) exp(gat) = · exp (gat) exp (fa) exp(f·g). (2.3c) 

It turns out more convenient to introduce the coherent state, defined 

by 

lz) = exp(zat)!o). (2.4) 

A number of useful properties involving coherent states are 

alz) = zlz), 

eJtp(z'at)lz) = lz' + z)' (2.5b) 

xata:lz) = lxz). 

·-y 
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III. NOTATIONS AND THE ALGEBRA OF ,CROS.S-RATIOS 

Kikkawa and Sate's. notations12 will be used throughout the 

whole work. We summarize the notations as follows: Let k i be the 
jJ. 

four-momentum of the ith particle; n = 1,2,·••oo be the harmonic 

oscillator operators corresponding to the ith particle (if it is an 

excited reggeon), then 

lki) (ki ki ~,··) = ~' 
--r " ..• 

' - ' ' 22 n2 

lai) (al 
i i . . ) 

- a · • • a 1 • • • '·2' ., n' ' 

(M+)nm = (M T) 5 (~)~ (-)n c-~) + .mn 

1 

(M_)mn = (M T) - (i)2 (-)n (:) ' - run 

(Mo)nm - 8 .J run 

00 

(ailx) xlai) L i n 
= - a 

X ' n (3.1) 
n=l 

00 

(ailxlaj) [· i n a j = a X , .n n 
n=.l 

co 

= L 
n,m=l 

'(' 
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In Appendix~' a set of useful identities is listed. 

. 13 
Consider now two sets of N Koba-Nielsen variables w. 

and i = 1,2,···,N; a cross-ratio defined on the w. 
1 

(w. w.e)(wk w ) 
P(j,k,£,m) P(w.,wk,w.e,w ) J m - - (w. wm)(wk w.e) 

. 
. J . m 

J 

It is easy to·see, from Eq. (3.2), that 

(a) 0 ~ P(j,k,.e,m) ~ 1, except if j = m. 

(b) 1- P(j,k,.e,m) = · P(j,.e,k.,m) , 

1 
P(j k .e ) = P(j,k,m,£), ,· ' ,m 

1 

set is 

(3-3b) 

P(j,k,.e,m) = P(k,j,m,.e) = .P(m,.e,k,j) = P(.e,m,j,k), (3.3c) 

P(j,k.,.e,m) P(j~k,~,n) = P(j,k,.e,n), (3.3d) 

P(j,k,.e,m) = 
1 

1 - 1 
P(j,m,.e,k) 

P(j,k,.e,m) = wm' 

and we speak of wj, wk' w.e specifying the W frame. 

(d) If w = oo, a specifies the W frame, and 

(3.3e) 

wj = oo, wk = 0, w,£ = 1 specifies the W' frame; then the projective 

transformation from the W frame to the W' frame is 

(3.4) 



-8-

and that from the W' frame to the W frame is 

w' m 
:::: P(j ,k,£ ,m). (3-5) 

Note that in Eq. (3.4), we use· P' to define the cross ratio of the 

W'. frame. 

(e) Any cross ratio is invariant under pro,iective t:ransformatj nnR 

(dualit~ transformations), i.e., . 

P(p,q,r,s) P' (p,q,r,s). 

It is this property that greatly simplifies the calculations 

and frequently enables us to obtain frame-independent, projectively 

invariant results. As in special rela ti vi ty, we can al·ways choose a . 

particUlar convenient frame, work out the answer, and then generalize 

it to a projectively invariant form (dual form) by forming the 

appropriated cross ratios. 

We now come to the aglebra of cross ratios. Because, in later 

calculation, it is always possible to keep the momenta conserved inside 

the notation I); we will ass'ume, from nm.;o on_, that momenta are always 

conserved when they appear inside the notation I)· Bearing this 

assumption in mind, we can always ignore all residue terms, i.e., terms 

due to the contractions nf M± on lk1 ) • 

. A typical example of cross-ratio algebra is illustrated here 

by considering a term describing the· coupling of 

8 reggeon: 

= (0 I exp[ (ai I Pi (j) M_P( i+l, j+l, i, j) 

i a reggeon with 

T . 
M P.(i)laJ)J 

- J 

.. 

\ 

>J: 
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where 

Pi(j) = P(i,i+l,i-l,j), P/i) = P(j,j+l,j-l,i), (3.8) 

I 
. . . 8 14 

and the coherent state Aj) is of the form' 

·IAj) = exp [ ~(k£1Y£1ajt)}oj), (3-9) 

As we just mentioned, here we assume L k.e = 0. Suppose. now we 
.e . 

substitute Eq. (3.9) in Eq. (3.7) and commute aJt to the left by 

using Eq. (2.3c), we obtain (omit lA·) for simplicity) 
J. 

r1j = (oj lexp [ [ (a
1 

I Pi (j )M_P(i+1,j+1,i,j >i,r5/i)y £ ik) loj). 

. .e J (3.10) 

We can explicitly calculate Eq. (3.10), by writing 

(3.11) 

with 

Pj(x) = C ) = P(j j 1
1

. 1 ) = P(j,j+i,x,j-1). pj X , + ,J- ,x (3.12) 

Substitut·ing Eq. (3.11) in Eq. (3.10), we can explicitly simpli:t'y l!!q. 

(3.10) as follows 

(aijP.(j)M P(i+l,j+l,i,j)M TP.(i)P.(zn)lkn)J:o.) 
J.- -J J.c. .c. J 

.. [by Eq. (3.11)] 

· - (Oj lexp [ ~ (a
1

1P1 (j)M_P(i+1,j+1,i,j)M_TP(j,j+1,j-l,i) 

Equation (3.13) 

X P(j,j+1,z£,j-1)lkj)] loj) . 

continued next page . . ·[by Eq. (3.12)] 
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Equation (3.13) continu.e<;l 

-, (oj I exp [ ~ (0.1 IP1 (j )M_ P(i+l,j+l,i,j)M_ TP(j,j+l,zt,i) lk.e)] IOj) 

, [by Eq • ( 3 . 30) ) 

= (ojl~xp r~ (ail;1 (j)M_P(i+1,j+1,i,·.j) . -
1

1 . lk.e)l!oj) 

.t. . l P{j,j+1,~~.e,i) . J 
(Uy Eq.(3.1)] 

= (Oj lexp [~ (a
1

1P1 (j )M_P(i+l,j<l,i,j)l'(j,i,z.e,j+l) lk.e)] loj) 

. · · · [by Eq. ( 3. 3e) ] 

= (Oj I exp [ [ (a
1 

IP1 (j )M_P(j, i, zt,i+l) lk.e)] loj) 

· p, fby Eqs. (3.3c) and 

(3-3d)] 

(a i 1 P ;_ (j) [1 - P u , 1, z .e , 1 + 1 l J I k .e l} I o j > 

· . . . (l.Jy Eq • ( 3 . 1) ] 

= (oj I exp [ L (a
1 

IP(i,i+l, i-l,j) p(j ~·.e• 1, i+l) lk.e] loj) . 

.e [by Eq • ( 3 . 3a ) ] 

= (Oj I exp [ ~ (a
1 

IP(i,i+l,i-l,z£) lk.e)] IOj) [by Eq. (3.3d)] 

- \0 j I exp [ ~ (a 
1 

I Pi ( z £ ) i k £ ) ] loj ) (by Eq • (3 • 8) ] 

·- (ojlexp rr-.(aiiP.P.-1
(yn)lkn)]lo.).·· 

~ lJ .(, .C• J -
£ - . . -

-
fpy Eq. :(3.11)) 

- (3.:i-3) 

-.-~· 
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This_ .example should be enough to illustrate how the algeb ·a of 

cross ratio works.. However, it is more convenient to restore the 

coherent state I A.j) e:Kplici tly. · This can be done formally by in:;erting 

exp[f(k.e.IY.elajt)J to the right .of. (ojl in Eq. (3.11), and use Eq. 

(2.3c) to pass it to the right, we get 

Iij = (ojlexp·[L (k.eiY.el.ajt)]exp [L (aiiPiPj-
1

(y.e)lk.e)]lcj) 

. .e . .e 

- (Oj lexp[(a
1

1PiPj -1
( ) laj)] exp [L (k£ IY£ lajt)] IOJ) 

. .e 

( I i I . "' -l I J) I ) - _ 0 j exp [a PiP j . ( ) a _ ] A.j . 

Comparing Eq. (3.14) with Eq. (3.7), we .conclude the symbollical 

identity (add I"-· ) back) 
J. . 

Iij ~ (o lexp [(a
1 IP1Pj -

1
( ) laj)) :~) 

""'(Oiexp[(aiiPi(j)M_P(i+l,j+l,i,j)M_TPj(i)laj)J :~) 
·. J 

Since Eq. (3.7) is symmetrical with respect to i,j indices, it 

follows that 

().14) 

( 3.15) 

1 . 'A.) )P.- P.laJ)] .., 1 
• 

J. J ''-. . J 

(3.16) 

Note the two symbollically identities Eqs. (3.15) and (3.16) 

a.re true ohly if lA.. ), lA..) are of the form given by Eq. (3.9). As 
J. J 
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we will see later, this is indeed the way that we defineS the factorized 

coherent.states {see Eq. (4.20)]. 

But Eqs. (3.15) and (3.16) say something more, namely,. it is a 

proof of the factorizability of the operator part of the N-reggeon tree 

amplitudeS (see Appendix B also). In fact, they have already been used 

in the p+-anar N -loop· calcul,a;tion 1 in Ref. 9 (TTC:RT.-?0054). Of' r:-c:i1.1.rse, . 

Eq. (3.13) is identical to Lovelace10 expression. 

The virtue of the cross-ratio algebra is not only that it is 

elegant but alsci that it frequently yields projectively invariant 

expressions .. 
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IV. MULTIPLY FACTORIZED TREE AMPLITUDES 

AND PURE REGGEON . TREE AMPLITUDES 

ln Ref. 8, we have obtained a.set of rules for writing down the 

most general fQrmulas for these two classes of amplitudes [see Appendix 

B, also], by simply inspecting the corresponding tree diagrams. However, 

there we did not fUlly.invoke the cross-ratio. algebra; and in deriving8 

the pure-reggeon tree amplitude, we remarked that.letting certain momen-

tum go to zero by modifying the spectrum of relevant trajectories to 

get the asymmetrical propagator, is not a necessary procedure. Here 

• we would like to use cross-ratio algebra to re-do the multiple factori-

zations. and to give a proof of the remark mentioned above, by direct 

factorization. The reader who is interested only in the final answer 

may well skip to Eqs. (4. 25) and ( 4 .27). 

Let us first write down the dual N-point tree amplitude in the 

Koba-Nielsen representation13 (Fig. 2a) 

G(o) 
(W) 

where 

X 

w. N) 1+ 

(4.1) 

-~k. ·k. 
-w.) 1 J 

J 
(4.2) 
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The three variables w ,w.b,w are fixed and they specify the W frame. 
a c. 

The set of N variables wi' i = l,2,···N are ordered, for convenience, 

on a circle (Fig. 2b). Figure 2(b) will hereafter be called the ordering 

diagram. in Eq. (4.2), we assume a trajectory function a(s) = a0 + ~s; 

and for N scalar external legs, the bootstrap conditions 

i = 1,2,· .. N, 

We can interpret the factor 

to lines directly connecting the w. 
~ 

is satisfied. 
_l.k ·k 2 • • 

(wi - wj) ~ J as corresponding 

leg to the wj leg [if one 

inserts several holes inside the circle of Fig. 2(a), thus obtaining 

the multiloop diagram, one then naturally expects thatthese lines 

have the freedom to encircle the loops].. Since i f j in the 

factors (wi - wj) 
-~ki·kj 

the momentum is not conserved, and the 

factors 

and 

1 2 
ao+fki+l 

(w. - w .. 
2 ) 

~ ~+ 

are necessary to guarantee the projective invariance of the whole 

integrand in Eq. (4.1) (they can also easily be generalized to loop 

amplitudes). 

We start by factorizing the N-point tree into M-point and 

(N-M1 .. 2)-point trees. We introduce8 three frames (Fig. 3): 

w frame: wl = oo, w = 1, . WN = o, w. = wi+N (i = i 2 · "N) 2 ~, ' ' ' 

y frame: YM oo, YM-1 l, yl = o, y. = yi+M (i ::: l 2 · · ·M) 
~ ' ' ' 

z frame: ZM-1 = oo, ZM = 1, ZN = o, z. = ZN-M+2+j (j = M-1,· · ·N), 
J 

(4.)) 

, .. • 

,. 
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the w. 's are related to 
~ 

the y i' s,, a.'s 
J 

variable t by the equation 

. y2 
i = 1,2, • · ·M-1, w. - . -., 

~ y. 
~ 

t 
WM 

= -- ' WM-1 

wj = y2 t zj' j = M, · · ·N. 

Substituting Eq. (4.4) in Eq. (4.1), WE get 

G(o) 
(W) 

and the factorized propagatm 

(4.4) 

X fl 
. Jo· 

-a(s ·)-1 a -1 
dt "t l (l - t) 0 

-k. ·k. 
- ·y. t z.) :t,. J 

~ J 

where s1 = (~ + ~+1. + ·•• + ~)2 . Introduce 
11 

harmonic oscillator 

aM, aMt to factorize the last factors in Eq. (h~5):· 

M-1 N 

~ 11 (1- yi t 

i=l · ~=-M 

-k. ·k. 
z.) ~. J 

J 

Substituting Eq. (4.6) in Eq. (4.5), and defining 

(4.6) 



' . 

G(O) 
(W) - ( I (l) M . (l) Mt I ~ 0 G(Y) (a.) D(R,S) G(Z) (a ) 0) 

we then obtain the single-factorization result 

(o I G~i~ (aM) I~) 

=··J 11 ay1 !rMl (olexp[r (aMIY;_Ik;_)]l\1), 
. (~fM,M-1,1) . ~=l . · 

'(4.8) 

with yM = oo, yM-l = l, y1 = 0 •. 

On.e can i~ediately generalize Eq. ( 4. 8) into a general frame 

Ya = oo, yb = 1, yc = 0 by simply putting 

(4.9) 

hence the single-factorized tree amplitude (Fig. 4) in a general frame 

is 

We now proceed to obtain the asymmetrical propagator by direct 

t'actorization on Eq. (4.10). Sin~e we C1.l·e ~on~luerlug Llle case of two 

dots facing each other (see Fig. 5), we relabel y. 
~ 

i = 1,2, • • ·M by Y:i., i = 1,2, • • ·M, shown in Fig. 4. Then Eq. (4.10) ... 

becomes 
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(4.11) 

where P
8
(i) =· P(S,S-l,S+1,i) •. We then choose the frame Yi = oo, 

Y2 = 1, YM, = 0 to facto.rize Eq. (4.11), as indicated by the dotted 

line in Fig. 4. We divide. Yj_, . i = 1,~, · · · ,M into a W frame and a 

V frame by choosing . w8 +1 = oo, w8 = 1, w1 = 0 and v8 = oo, v8+1 = 1, 

VM = O, so that 

y! 
w2 

= - ' ~· w. i = 1,2,·••8, 
~ 

t 
Ys+1 

= ' Ys 

y'. = w2 t vj' J 
j = 8+1, · · ·M. 

Substituting Eq. (4.12) in (4.11), we find.
15 

i 1 .. -o:(s2) 
X dt t (1 

0 

8+1 

X (olexp L (asiPs(i) lki) + 

i=l 
(ifS) 

8+1 

2:: (aS+liPs+l(i)lki) 

i=l 
(itS+l) 

(4.12) 

Equation (4.13) continued next page. 
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Equation (4.13) continued 

M 

+ L (a
8 

IM_P' (S~1,1,S,S+1)M: t PS+l (j) jkj) 

j=S+2 

where P' refers to W frame, P" refers to V frame, i.e., 

P8(i) = F'(s,s-1,S+1,t) 
(ws - wS+1)(wS._1 :.. wi) 

- (ws- wi)(ws-1 - wS+1)- ' 

PS+l ( i) -· P' (S+1,1,S~i), 

(vS+1 - vM)(vS+2 - v.) 
p~+1 (j) P"(S+1,S+2,M,,j) J 

. -. -
(vS+i - vM){vS+l - v.) 

J 

and 

. 2 
s2 = . (kS+2 + kf?+3 + ' · • • + ~) ' 

00 

Rs = 2::- n an St an S' 

n::1 

00 

RS+1 =· L m a!+lt a!+l 
m=1 

one then defines 

' 

(4.14) 

(4.15) 
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with 

We thus obtain the second factorized tree amplitude (Fig. 5) 

S+l 

r_ cas IPs ( i ) I ki ) 

i=l 
(i~S) 

(4.17) 

+ 

S+l 

~ 
i=l 

(i~S+l) 

(aS+liPS+l(~)lk1 ) + (aSIM P'(S-l,l,S,S+l)M TlaS+l) l"'s > 
- · · - "-s+l • 

. 14 
Note that in obtaining Eq. (4.19), we have put, in Eq. (4.13), 

M 

L: 
j=S+2 

t P" (j)lk·) S+l j 

(4.19) 

(4~20) 

As demonstrated in Eq. (3.],.3), the coupling of aS with S+l. a . term 

in the exPonent of Eq. (4.19), can be symbolically simplified to 

(siP' p'-lc >I s+l> a S S+l a (4.21) 

Equations (4.18) and (4.19) are the desired proof we mentioned e9.rlier • 

• > 

' 



• 
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We now proceed to- write down the fourth-faCtorized trees in 

the most general config~ratio~, Fig. 6. · In Ref. 8 (see Appendix B) 

we have derived a set of rules_ for writing down directly ~he fourth-

factroized tree amplitude CO]:'responding to Fig. 6: 

S+l 

L (a a.j p a( i) I ki) L 
cr=(a:,f3, r,5) i=O 

(i~a) 

1 
+ -2 2 :(a ~IP o<~)MJ( cr+l,>.+l, cr,x)M_ TPX ( cr) Ia~) 

. a, A.= (a:, t3, y, 5) 

' (4.22) 

( cr#.) 

where 

Pa(j) = P(cr,cr+l,cr-l,j), a = a:·, t3' r, 5' j = 0,1, • · · ,S+l, (4.23) 

and we have omitted the coherent states 1."-c,.)'s, for simplicity. 

One interesting interpretation emerges from the form of Eq. 

(4. 22). Equation (4.22) contains the coupling~ of momentum k. to 
~ 

momentum k., the couplings of momentum k~ to the "internal 
. . J .... 

a a 
coordinate" a , and the couplings of internal coordinate a to the 

- A. 
internal coordinate a • 

As remarked in Sec. III, we can keep momentum conservation 

inside the symbol I) in Eq. (4.22), by using the identity 

P (a+ 1) = 0 and Eq. (:3.13). Hence the most general form of the a 

fourth'-fact'orized tree amp1.itude' (Fig. 6) is 
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S+l 

~ 

(4.24) 

Notice .the form of the expression in Eq. { 4. 24) is insensitive to the 

dot positions. {Of qourse ~ the cross ratios themselves do depend on 

the dot positions.) 

The related fourth-factorized tree amplitude with dot on the 

opposite side, say, of.the aa leg, is obtained by simply interchangins 

Ya+l with Ya-l · everywhe:re in Eq. (4,24). 

T.he generalization of Eq. (4.24) to the Nth-factorized tree 

amplitude is trivial. One simply extends the summation over a,A in 

Eq. (4.24) from (a,8;r,tY) to {a,f3, • • • ,o} (N in number) 

G(N)( .. a,· ) 
(Y) a s 

= Jrr--f(lyi (ys•2) •JCP 
. (i~a,b,c) 

1>·' + ..... 
2 

a,k=[cx,8, · · · ,o} 
( a~A) 

(4.25) 

[Again, the expression in Eq. (4.25) is independent of dot positions.) 

The pure reggeon tree amplitudes can be o~tained in a yery 

simple way, too. The symmetrical four-reggeon tree amplitude is 
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obtained from Eq. (4.24) by simply setting all Koba-Nielsen variables 

associated with.sca+ar external legs vanish. Namely, one simply sets 
S+l 4 

a = 1' t3 = 2' r = 3' ' 5 = 4 L ~ L in Eq. ( 4. 24)) hence the 
i=O i=l 

pure four-reggeon tree amplitude (syinmetrical) is 

G(4)( i, ) 
(Y) a s = J TI dyi (Y4) exp 

(i~a,b~c) 

4 4 
+ ~- L L (a i I pi p j -1 ( ) I a j ) 

i=l j=l 
(ifj) 

2:
4 

. [ i ] k. ) (aJIP. ~ 
. J j+l k. 
~=1 J 

( i~,j) 

(4.26) 

S~ilarly, the symmetrical pure N-reggeon tree amplitude is 

obtained·-from Eq. (4.25) by letting a= 1, t3 = 2, ···, 5 = N; 

S+l N 
i~ ~ i~· Hence the (symmetrical) N-reggeon tree formula (Fig. 8) 

is 

G(N)( i,· ) 
(Y) a s dyi {YN} exp f( I >=l 

(i,4i,b,c) 

N N 

+ ~ [ I: 
j=l i=l 

(ifj) 

j I A -1 I i (a P. P. ( ) a ) 
J ~ 

(4.27) 

Following the interpretation after Eq. (4.23), one can regard 

a reggeon (or a hadron) as a composite object, which is described not 

only by a four-momentum k. but also by an infinite number of internal 
~ 

i degrees of freedom a One may further regard k. as the "zero mode" 
n ~ 
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of the har~onic oscillator mod~s [actually k. - (a0
1 - a it)]i hence 

l. . 0 

in the exponent of Eq. (4.27), one can combine the first term with the 

second term into a single term. Therefore, the form of the pure 

N-reggeon tree amplitude, Eq. (4.27), strongly suggests that one should 

regard the space-time degree of freedom as the zero mode of the infinite 

number internal degrees of freedom, and should treat all of them on 

equal footing as a generalized coordinate or generalized momentum to 

describe a reggeon (or a hadron). This indicates a theory of third 

quantization.~ 10 
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v. GENERAL MULTILOOP AMPLITUDEs16 

In this section we give detailed calculations (by using cross

ratio algebra) of the nonplanar multiloop amplitude, 9 and thence present 

very simple .deri~ations of planar,9.overlappingand nonorientable9 

multiioop amplitudes. We ~hen summarize the multiloop calculations 

into a set of rules, which again enable us to write down directly any 

arbitrary multiloop formula by simply inspecting the corresponding 

mul tiloop ·Feynman diagram.· 

A. · Nonplanar Multiloop Amplitudes 

According to Eq. (4.25) (or Appendix B), we can directly write 

down.the 2Nth factorized tree amplitude corresponding to Fig. 9 

[compare with Eq. (4.25)]: 

G(2N)( a t3. ar a'O· (Y) a. ,a , , , · · · ~; 

X exp 

1 
+ -2 

2: 
. aE(;i. *) 
ed£) 

+ 

+ 

S+l 

L 
i::O 

(ifo:,e) 



where 

p (i) 
ex ; . P(ex,ex+l,ex-l,i), exe("£ *), 

(5.2) 

f3E(~) • 

The notations (~ *), · .(£ ) mean. the set (ex, Y, ···,a J, the set 

{f3,o,···,A.} respeqtively. Each loop is labeled by two bdices, e.g., 

the (CXB) loop·is obtained by sewing the excited a leg with the f3 

leg. We have grouped, in Eq. (5.1), the indices (C1,f3); (ro), ···, 

(GA.) as referring to different loops·' with the total number of loops 

equal to N. The variable tCXf3 will be defined as the propagator 

variable corresponding to sewing the excited ex leg with the f3 leg. 

We now apply the sewing prescriptions, discussed in Ref. 9, 

simultaneously on the N pairs of excited legs aex,_ a6 , 

(CXB)e (all.N loops). The prescription is as follows: 

(a) replace 

c af3 I ~ c r..
6 
I , 

(b) set 

lr..0) = 1>--
6

) =·lr..Of3), k0 =-k
6

, a€(1...*), f3€(~); 

and perform the following integrations 

(5.3) 
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!~, 11 11 [~ - · -t(ka)-1 I , t? I. d k I I . -I dt tae 
ae(c( *) a o ae(:f._*) _ ae . · 

xf11d ~) dl~) exp{- -~- (>-.~l>-.at3)]·· 
. . _· at:(£*) . . . ry~= (~ *) 

.(5. 4) 

We then get the non planar N: -loop ampii tude·, denote it by YNL(N) : 

FNL(N) 

' (5 ·5) 

where 

exp(-(:>-..*1:>-..) + (>-.*l[c] 1:>-..) 
"" "" "" "V 

In Eq. (5.6), we have introduced the N-dimensiona1 vectors in loop 

number s-pace: 

1>-.). --~ (! :>-..ae)' I "-r-5), . ~ • ' I "-OA. D 
"V 

(5.7) 

IE) - (1Eat3), !Eye), ••• , IE
0
"-)) etc. 

"" 

The definitions of [A l, [C], [D], .IE), 
"V 

IF) 
"V 

in Eq. (5.6) are 
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yat3 
. T tat3 

(5.8a) - M t - 1' 
etf.3 

... 
i k. 

1 

S+l 

Zf.(~*;) c~:l ko: 

iEctf3) . = L pl3 k~· ' 
i=O 

kr i~('f. 'i *) 
k f, 

(5.8b) 

i 

' 

(5.8c) 

[C]eti3,Y8. 
,.. -1 ), (5.8d) = Yetl3 Pet Po < 

[DJctl3, ~ 
" -1 . T ), [DJctl3,etl3 = o; (5.8e) = Yetl3 Pet Pr Yr5 ( 

[.A J ctl3' Y8 
,.. -1 

) [AJctl3,ctt3 ·= 0. . (5 .Sf) = Pl3 Po ( ' 

We now can·explicitly do the integral of Eq. (5.6) by the principal 

axes method.9 We write Eq. (5.6) ~~ · 
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I . A.) I= d.J2 I A.*) . f ( -[A] 
d :j; exp - ~ ~~~ ,(~*/), .. l · . [I]-[C] 

= 

where 

[6] = 

[GH] = 

(
(~) 

+ . 

0 

f oo . ('F)) 
exp ~ L · ~~~, (~!) [GH]n · ''- . 

n=O /E) 
'V 

1 

(det[4] )2 

· ( -[Al 

[rj-[cJ . 

[I]-[C]T) 

. -[D] . 

(

[C] 

[A] . 

[D]) 
[c]T 

- [G].:.[Ji] ' 

[I]-[C]) 

-[D J 

("5.9) 

(5.10) 

(5.11) 

(5.12) . 

We now calculate Eq. (5.10) order by ord~r in the [GH] matrix. We 

def'ine9 the projective operator (note Yett' == Q~;) 

1 

( 
ta£3 \ c . 1)' 

t~ - l;f 1 - x 
~(x). = 1 

( t - 1 '\ ' 
1 - a~ ) 

tu:f.3x 

and the projective operator corresponding to encircling the (as) loop: 
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From Eq. (5 .14), we have, for ~:~,11 (CXS)E(~ *.f), 

With Eqs~ (5.13) and (5.14), we can easily calculate, from 

Eq. (5.8), the following quantities and obtain.[summations over (ro), 

(crA) are understood] 

S+l 

I 

S+l 

L 

. S+l 

L 
i=O 

" -1 
p 13 Rt'CX 

i 

a. 

p~ (~+1 

" -1 -1 
P l3 Rt'CX R 

or 
i/=(<I:' -£*) 

' (5.16a) 

' 

i 

(5.16c) 



-)0'-

S+l 

[D] l~)a(3 = L , 

(5.16d) 

i 

S+1 (Y+1) 
k y 

. [All~)<:xf3 I: -1 
= pf3 Rar 8 k8 . , 

i=O 

C) k 
i~(~, (/!*) a 

k 
(OA)~(Y8) A 
(~)~(Y8) (5.16e) 

i 

S+l 

c8:1) [cJTI~)af3 = L pf3 R8Y .(5.16f) 

i::O 

(a) i~(t ;ct.*) 

' A 
(ot-)~(Y8) 

From Eqs. (5.12) and (5 .. 16) we obtain9 the [GH] operator, acting on . . ·c IF)) the vector · : · 
. IE) . 



=. c·[C] 
[A]. 

[D] \ 

[cJV at3, rt> 
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This GH operator, Eq. (3.17), can also be proved to be applicable tc 

all higher order terms. It follows that· 

[GHJ~, rt'> 

(5.18) 

+ n-1 ± ± + · + where (R-]-P · = R...p R :..P •• ·R:.O with total number of R-
c{ i" <1\ cJ.- ' c).... " . . 

equal· to (n-i) {summing over all intermediate. -;L' s is understood); 

and also, in the produce R~~~ or R~;aor' it is implied that 

(a~)~ (rt'>). 

The zeroth-order term in Eq. (5.10) can be obtained from Eqs. 

(5.16a) and (5.16b), with the result 

.r . 0 

X 

Equation (5.19) continued 



··· .. . 
:, ..... . 

Equation (5.i9) continued 

-1 R· 
t30 
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G+J 
C) 

_;k ·k · [a:,e,r,oJ [o:,o,a,t,.J 

.We then calculate the !!_th-order term in Eq. (5.10), from Eqs. 

(5.16a), (5.16b), and (5.18), we get 

= 

Equation (5.20) continued 
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Equation (5.20) continued 

N. 
(~),···,(CA.) 

( Y' 8 I ) ' ( Y"O) € ( t *' ;f.) 

_l.k . ] • k[ ] 2 [a,e,r' ,8' r,8,cr,t-. 

. (Ya \. 
. Ye+l) 

><. 
( Yy'). 

Y8' 
(Y' 8' )~(~) 

Equation (5.20) continued 



Equation (5 .. 20) continued 

_.lk . ·k 
2 [a,e.,-r' ,5' J [r,5,cr,:>J 

(OA.)~(Y'O) 

·(Yy') 
·.. y5, .. 

(Y'5' )~(at3) 

~k[ . . J ·k[ J a,e.,r',B' L,5,a,~ 

X 

_.lk J. k 2 [a, B , r' , 5 ' [ r, 5, a, ~] 

(OA.)~(Y5) (5.20) 
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We note that, in Eq. (5.20), the operator 
± . 

R occurs in 

different orders; hence when we take infinite product over n, there 

are infinite many number of cancellations9 on the factors involving the 

variables associated with the excited legs, i.e. , y
0

, y 
13

, 

(a(3) E (;:(*-;f). This inf:j.ni te number of cancellations is necessary, 

because· the final answer should not depend on y
0

, y
13

, (a13) E (cL* . .fJ; 

and it is this infinite number of cancellations that lead to the invari-

ant points of the loops .. 

. . The invariant points and the "mul tipiier" of the projective 

operator Rl30 corresponding to (aS) loops are defined as follows: 

[ (2) (l)x J. (1).(2)(1 z Xaj3 - Xa{3 a{? - XOS XCX£3 -
0 <. X <... 1, - ae 

(5.21a) 

-+«>. (2) 
I= 

x(l) . 
Rec/~1) = xal3 , zl at3' 

(5.2lb) 

R;(z~) = 
(l) 

xaj3 , z2 I= 
(2) 

~ae (5.21c) 

In Appendix C, we show how the infinite number of cancellations actually 

lead to the invariant points of the N loops. We now combine Eqs. 

·(B.8) and (B.9) with Eqs. (5.19) and (5.20) and hence obtain the 

expression for I: 

I -· ,_;;;.1_· ..... fr I • 

(det[6])2 n=O n 
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We then separate out all Koba-'Nielsen. variables ya_, yt3' (at3) € Ci. *£.) 

in (Y
8
+2 J of Eq. (5.5) and combine it with Eq. (5.22), we get the 

expression for (Y
8

+
2 

}I:· .. 

(YS+2 }I. . . --{ . . 

~ ·1 _ rr-· . I ff' 1f 
(det[6])2 (af3), .. ·,(:Y5)E(;f*<t.) i,j=O· . n=O 

. [i,jf(~*,'i.)J . 

~1( 
( af3) 1 ( Q I t3 I ) oo o n=0 

(CJ)i.),(Yf>)e~ *~ 

-k ·k i y 

Equation (5.24) continued 



........ , 
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Equation (5.24) continued 

(ya-1- Ya)(ya- Ya+l)(yt3~1- yt3)(yt3- Yf?+l) 

(ya~l- Ya+l)(yt3_1- Yt3+l) · · 

. 2 
_.!.k -1 

2 a . 

(5.24) 

. ' 
In order to expressour·final· answer in a projective invariant 

. . . 
form, we need to transform- from the set of variables (tat3' Ya' Yt3' 

ae('~.*), t3e(~)} to the new set of variable's, 

(Ot3)e('t,*t,)J. The relevant factors, in Eqs. 

X 

(1) (2) 
(Xat3' x0 t3 , xat3 , 

(5.24) and (5.5), that 



In Appendix D, we show how the expression (5.25) is transformed 

into 

Combining Eqs. (5.26) and (5.24) with Eq. (5.5), we then get the 

nonplanar N-loop amplitude (Fig. lOa) 

.rtf 
i=O 

[~f=(;( ~*,a,b,c)] 

X 



Equation·· (5 .27) continued 

: ' S+1j 

X·. r~ .. . tJ 
[i~(~ ,£.*,£*-1,-t -1)] 
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··if 
i,j=O (013), • • •, ( Yf>) E (;('*;;() 

ff 
n=O 

[i, jf=(~ ,;I:_*)] [ih,n=O] 

• x(2) - [R:](~~.1Acr~~)1~ka·kr 
~--:-+....;:-:z.:~~ n) _ [R ±] tn) (, ( 2"K ' 

xa.t3 f3 '0:' 'Acr~·f'5 ji(ar'· )/=(a' f3' ) 

where 

R~(z) = 

( cr;: .. )f( Y5) 

(5.27) 

( a.t3) .€ ~ *;1:.)' 

(5.28) 
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no cont~ins all projective group elements generated by. R~, 

(at)) E (-;f *1.J, i.e., it contains terms like R±n R±m••• 
~ or ' 

n,m = O,l,2,···,oo x(R} is the mul.tiplier of (R}. The syniuul 

[ ±](n) .· 
R ~30:;f1~" is denoted for with total number of 

equal to n. The ordering of the variables will be mentioned after 

the following interpretations. 

We interpret9,l7 various factors in Eq •. (5.27): 

(a) The divergent determinant factor 

~ -4. 
r I I [ l - X(-}] 

(R} R 

corresponds to all "closed lines" going around the loops~ The lines 

are not distinguished by their overall directions or by the points at 

which they begin. 

(b) . The factors raised to the power o:0-1 connect successively 

the a.d.iacent pairs of"externallegs, includingthe pai:rs across the 

sewed positions. These factors, together with 

.)-tk. ·kj y. l 
J . 

are invariant under projective transformation. 

(c) The factor corresponds to all 

lines connecting the external leg yi with the external leg yj 



and which go round. the N loops a total number of n times (in either 

direction) ; The restriction that 'f. ~ 'i_' in the product 

or~~· implies that a. line does not go successively round the 

same loop in opposite directions. The· n = 0 component describes the 

line connecting the external legs yi with yj without surrounding 

any of the N loops. 

(d) The factor 

corresponds to all lines connecting the external leg yi with the 

"center" points (1) (2) 
XYf> , XYf> of the ( Y5) loop and which go round the 

other loops a total riumber of n times. The final loop surrounded 

must not be the (Y5) loop. 

(e) The last factor in Eq. 

corresponds· to the lines connecting the (ett3) loop with the (Yo) 

loop, and going around the loops a total number of n times. The 

first loop surrounded must not be the· (o:t3) loop, ·and the last must 

not be the . (Y5) loop. The n = 0 component describes the lines 

directly connecting the (o:t3) loop with the (Y5) loop without going 

around any of the other N-2 loops. 



Equation (5.27) is very usefUl in obtaining the overlapping 

. and the nonorientable multiloop amplitudes, and also makes it easier 

to discuss the planar multiloops; we will show this in the next 

subsection. 

However, the ordering of the variables in Eq. (5.27) is not 

transparent.. Recall we started from the multiply factorized tree . 

ordering 

. y. < y., 
~ ·- J 

for j S i . 

After sewing, we get two new identities, Eq. (5.15.), 

= y ' . s 

(5.30) 

which, together with the identities Eqs. (D.2c-g) in Appendix D enable 

us to obtain the ordering of the set of variables (y i' i ~ (~ '~ *); 

x~~); x~~), (aS)E(d(*~)}. We phrase the ordering as following:18 

one simply replaces, from the original multiply factorized tree ordering, 

Eq. (5.30), all Koba-Nielsen variables associated with excited legs 

Ya' yS' (as)E(c( *de), by the corresponding invariant points, i.e., 

(2) 
~ .xas ' 

~ (1) . 
xas ' 

(5.31) 

We thus obtain an ordering diagram Fig. lOb, which is associated with 

the nonplanar N-loop amplitude Eq. (5.27). 

But, this ordering diagram, Fig. lOb, is incomplete in 

describing the range of integration (we need two more invariant points), 

and also suffers the shortcoming that not ull external legs are treated 
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on equal footing. Conseque.ntly, the integrand of Eq. (5. 27) is slightly 

unsyriunetrical with respect to all external legs. 

x(l) and x( 2 ) 

For.instance, the 

external legs trapped between 
CXj3 CXt3 ' 

remain trapped, but, by projective invariance or duality of Eq. (5.27), 

those externhl legs located between the invariant points of different 

but adjacent loops, e.g., yt3+l' yt3+2, ... ,yr-l in Fig. lOb, are free 

to move past invariant points, i.e., the ordering 

(l) < ·•• <.' x( 2 ) · l' th d · 18 
Yt3+l <. xCXI3 . CXt3 1mp 1es e or er1ng, 

(5.32) 

In order to get the N-loop formula in a.manifestly symmetrical 

form with respect to all external legs, and to discuss the range of 

integration in a transparently symmetrical way, we move, [due to the 

projective in variance of the integrand in Eq. (5 .. 27) 1, ~11 those external 

legs, located between the invariant points of different but adjacent 

loops, away from the region occupied by the invariant points. A·simple 

renumbering yields the new ordering diagram shown in Fig. lOc 

= [y ~ x(l) < y < ... <. y < Y ~ x(2) < ..• <. y 
S+l CA. S - - a+l a · ax. p 

<. ... <.y <y <.y ]. 
- - 1 0 S+l (5.33a) 

-1 
Since the .action of Rt3CX flips legs across the (CXI3)-loop's invariant 

points [Eq. (5.32)], the action of R ~ R-1 ···R-l with total number 
x.a t3CX' 

of R's equal to N, is to flip legs across all N loops, until we 
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regain the original ordering. Hence if we move the external legs 

y0 ,···ya-i (in Fig. lOc) infinite number of times. past the N pairs 

of invariant -points, due to the important inequality Eq. (5.32) and 

Eqs. (D.2c-g), we will asymptotically approach the two invariant points 

(l) (2) . . . A . -1 
x , x of the product projective operator R- (R~···RA0 ) . It 

. 18 (l) (2) has been shown that the invariant points x , x lie outside the 

region occupied by the N pairs of invariant points, and hence (l') 
X . ' 

x( 2
) divide the exte~nal legs variables y

0
, · · ·y

0
_
1 

from the N pail' 

invariant points of the individual R's. It can be shown18 that the 

region occupied by the variables y0 ,···ya-l and the regions occupied 

by i = 0,1, · · · ,a-1 are disjoint (n f 0). As 

n ~oo, we merely approach the two invariant points (1) (2) 
X 1 X , 

Therefore, we can subtract the periodicities due to these disjoint 

regions by integrating over.only one of them, i.e., integrate one of 

the variables y0 ,···ya-l' from ya-l to R(ya_1 ) for instance, where 

Ya-l lies between x(l) and x( 2 ). Exactly similar arguments should 

be applied to all those external legs trapped between each individual 

pair of invariant points, i.e., 

(l) xae .< yt3-l < (a(3) E (c/.. *ci) • 

Consequently, in summary, the ranges of integration corresponding to 

the orde~ing diagram Fig. lOc, is 

u 2 = 



(The range of integration ~l is always determined implicitly by u2 .) 

Notice the complete symmetry between R~'s and 

R = (R~·~·R~0)-1 , meaning that the-distinction betweE~ outer and inner 

quark loo~s disappears. To reflect the-symmetry, the factors raised to 

the power . a
0

-1 in Eq. (5.27) ar·e formed to change to9 ·· 

(5.34) 

If we repla.ce the expressions (5. 34) and (5. 33b) into Eq. (5. 27), we 

then get the completely symmetrical nonplanar N-loop formula correspond-

ing to the ordering diagram Fig. lOc: 

ft 
i=O 

[i;f(a,b,c)] 

dy. 
·]. 

Equation (5.35) continued 



-46-

Equation (5.35) c6ntinued 

X 

)( [ H xdll ~J !:o:o-1) 

(O'$)€C;l' ~ . 

where ~ = (R ···R )-1 . I3Ci ;>..a 

Note that in Eq •. (5.35), we have defined [due to Eq. (5.32)] 

(2) +oo 
~ yt3' (5·· 36a) Yo: s . XO:f3 - Rt3D:( z1 ), zl 

yt3 
. (1) 

R;(z2), z2 f. Yo:' (CL{3)E~ *~); (~.j6b) - .x.O:t3 -

and 

o ,::: xf3o: < 1. (5.36c) 

(Though the amplitude corresponding to the ordering diagram Fig. lOc 

has the advantage of being symmetric in all quark loops, the actual 



calculation is much e~sier from the N-factorized tree in the configura-

tion given by Fig. lOb, or Fig. 9.) 

B. Overlapping Multiloop Formula 

In this subsection we give a very simple derivation of the 

overlapping multiloop.formula from the nonplanar multiloop formulas 

obtained in the previous subsection A. 

If we interchange the labeling of the excited ~ leg with the 

excited r leg_in Fig. 9, we obtain Fig. 11. By sewing the ~ pair 

and the r,5 pair, we then obtain the overlapping mu1tiloop ·diagram. 

However, the formulas of multiply factorized trees only depend on 

various cross-ratios associated with the excited legs, which in turn 

only depend on the pO$itions of the dots attached to the excited legs. 

A comparison of Fig. 9 with Fig. 11 shows clearly that the two.config-

urations Fig. 9 and Fig. 11 have identical expressions for the multiply 

factorized .tree integrands, except for the ordering of the Koba-Nielsen 

variables~· It· follows.that sewing the configuration in Fig. ll gives 

a multiloop integrand identical to the configuration in Fig. 9. We 

therefore conclude that the overlapping multiloop integrand-is identical 

to the nonplanar multiloop integrand of Eq. (5.27); but the ordering of 

yi and xj(), x~) are different, as already shown in Fig. 11 and 

Fig. 9 (the overlapping loops have overlapped invariant points.) . 

Then, by the projectively invari~t nature of the overlapping 

multiloop integrand [Eq. (5.27)], we can move those legs "inside" all 

loops to the "outside," and so obtain, after renumbering, the ordering 

diagram for overlapping multiloops shown in Fig. 12. Because any 
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multioverlapping multiloops can always be reduced to pairwise overlapping 

loops, du.e to the projective invar;i.ance of our multiloop integrand, it 

' . 

is suffici·ent in Fig. 12 orily to consider one pair of overlapping loops 

R1 and R2 . Corresponding to the overlapping loop ordering diagram 

Fig .. 12, the range of integration is 

lJf) = 
'-

[x(?). <. -- = x(l) <. · · = x(l) <. y ::: x(?) < 
· Y:J+l - 2 YE:r = 1 · s-1 - 2 Ys-2 

~ xi2) < x(l) < Ys-; ~ Ys-2 S ... S Yo< R(yS-3) < x(2)], 

. (5.37) 

and x(l), x( 2 ) are the two invariant points 

x~1 ), x~2 ) are the two invariant points of 

R1 and R2 . respectively. Notice that the product projective operator 

-1 -1 R2 R1R2R1 is the correct projective operator to bring, say, y
8

_
3 

across the invariant points [xi2 ), x~2 ), ~ (l), x~1 )'] to the side 

·adjacent.to y0 • This fact also naturally determines the factors raised 

to the power a0 -1 which connect the successively adjacent pair of 

external legs, it is then given by 

().)8) 

If we replace the last brace in Eq. (5.35) by the expression 

(5.38), Eq~ (5.33b) by Eq. (5.37), and take the case N = 2 together 

with an obvious modification of the indices in Eq. (5.35), then we get 

the completely symmetrical overlapping double-loop formula corresponding 

to the overlap!)ing ordering diagram in Fig;. 12·. 



c. Nonorientable Multiloop Formula 

The nonorientable loop diagram cah be constructed from the 

multiply factorized tree diagram by sewing a pair of excited legs with 

dots on opposite sides. But two multiply factorized tree amplitudes 

with dots on· opposite sides of one excited leg, say ~ . leg, are 

related to each other by ·the twist operator, or equivalently, by inter-

changing, say y~ +l wi"th y;( _1 , everywhere in the tree amplitude. 

It is then clear that .the nonorientable multiloop integrand can be 

obtained from the nonplanar multiloop integran·d :Lri Eq. (5.2'7), by 

simply i~terchanging Yc;t +l and yo(' _1 everywhere in it. Under this 

interchangement, however, the external legs previously trapped between 

the two invariant points x~), x~ in the nonplanar case are no 

longer confined between them. The factors raised to the power a -1 
0 

then contain factors which connect variables associated with lines 

inside and outside the loop. Since we have the freedom to move out 

the external legs lying between x~), ~) into the complementary 

region, we must assign a negative multiplier -~- to the nonorientable 

loop Rd(. After moving out all external legs away from the invariant 

points and renumbering them, we obtain the nonorientable ordering 

diagram shown in Fig. 13. (Again we only consider the nonorientable 

double-loop case.) The range,of integration corresponding to the 

nonorientable ordering diagram Fig. 13, is 

= [x(2) <. y 
S+l X(l) <. y ·= x(2) <. y = x(l) <. y 

- 2 S 2 S-l 1 S-2 

(5.39) 
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where ·R = R2-2R1 - 2 is the correct projective operator taking y
8

_
3 

across the nonorientable loops R1 , R · to the side adjacent to 
2 

Thus the factors raised to the power a0-1, is 

where 

(').40) 

R~(z) 
~ 

z[x~ 2 ) + x
1
(l) X.] - x

1
(l) x~ 2 )(1 +X.) 

~ . ~ ~ ~ , i 1,2, (5.41) 

and X. > 0. 
~ '"':" 

Hen~e, if we replace the last brace in Eq. (5.35) by the 

expression (5.40), Eq. (5.33b) by Eq. (5.39), let all X(/., become -X;I.,' 

and take the case N = 2 together with an obvious modification of the 

indices in Eq. (5.35), we have the completely symmetrical nonorientable 

double-loop formula corresponding to the ordering diagram Fig. 13. 

D. Planar Multiloop Formula 

The planar multiloop formula is a particular case of nonplanar 

mu+tiloop formuia, if we let all external legs inside loops disappear, 

i.e., if we set all Koba-Nielsen variables inslde the loops vanish. 

The planar multiloop ordering diagram is shown in Fig~ 14, which of 

course is a particular case of Fig. lOc. On examining Fig. 14, it is 

trivial to write down the range of integration 
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[x(2) < y. = ~~1) <y = ~~2) < ... < y . 
· . S+l .N S 1\J S-2N+3 

. = x(l) < y =·x(2) < x(l) < y < •.. < < 
- · 1 S-2N+2 1 S-2N+l - - yl -Yo 

< R( ) < x( 2)J, 
Ys-2N+l 

where R.=·~-~:1 ···R1-l and the factors raised to the power 

{~ - . ao -1 {-[.Y_o_-R_(_Y;r.s-~· 2,.;.;N.....;+l..;_)_J_( x_C_l_) --Y~s--2~N_+l_j· . ao -1 
I I ~yi Yi+l) (1) ~ 
i=O [x ~R(yS-2N+l)] 

X 

Again, replacing the last brace in Eq. (5.35) by the expression 

(5.43), Eq. (5.33b) by Eq. (5.42), arid the factors 1'1- ~)2 
by9,l9 · ~(1 - X;/!)' then :we get the symmetrical planar N-loop 

formula (with an obvious modification in the indices). 

E. · General Rules for Writing Down Any 

Arbitrarily Mixed Multiloop FormUla· 

.In this subsection we give a. set of rules for writing down any 

arbitrarily mixed20 multiloop amplitudes by simply examining the corre-

spending· mixed multiloop Feynman-like diagrams (they are essentially 

equivalent to the corresponding ord~ring diagrams). 

Rule 1 

Given any mixed multiloop Feynman diagram, we appeal to duality 

and arrange the diagram such that 

(a.) no loop is C:Llluw~d to be within another loop, 
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(b) no external legs are allowed to be within overlapping loops 

and nonorientable loops, 

(c) all exter~al legs not confined within nonplanar loops are 

bunched together, 

(d) no more than two loops ever overlap. 

It is because the range of integration is only transparent in this 

particular configuration, and the Feynman diagram simultaneously repre-

sents the ordering diagram, the we make these arrangements (a)-(d). 

(It is certainly not necessary to do so.) 

Rule 2 

We assign to. each external scalar leg one Koba-Nielsen variable 

yi' i = l,···,S, and one incoming four-momentum ki; to each loop 

(1) (2) 
one loop momentum k.;( and three parameters x~ . , x:;f , X;J. which 

define a projective operator R;/. (R-;.) corresponding to surrounding 

the looJ;>.in·a clockwise (counter-clockwise) direction. We adopt the 

convention that 

loops; and X~ 
Ru1e 3 

0 .:::; Xcf_ < 1 for planar, nonplanar and overlapping 

is negative for nonorientable loops. 

We integrate over all loop moraenta kof, all multipliers X~, 

all invariant points x~), xif_) and all exte:rnal leg vari.ables yi' 

i = 1, · .• •, S; i.e., we perform the integrations 

i=l 
(i~a,b,c) 
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where y· y· y are any three fixed variables taken out from the set a'.. b' c 

of variables (.yi' i = l,···,S; (1) . (2) 
~'~ all -;f. J. The ordering 

. diagram, which determines . u2 in the expression (5 ,!~4)' is similar 

to the rearranged multiloop Feynman diagram, provided we assi~n x~), . 

x}l) to the points forming the loop R~ with the main tree, and ::Jt(l), 

x( 2) to the points separating the "outside" external legs from the 
. . 

region occupied by the loops, as shown in Fig~ 15 for example, (u1 is 

implicitly deterllrl,ned. from u2) .• 

Rule 4 

The mixed multiloop integrand consists of 

(a) the linear dependence factors (see Rule 5), 

(b)· . the factors raised to the power 0:0-1' which connect the 

successively adjacent pairs of external legs, and their forms depend 

on the ordering diagrams· (see Rule 6), 

(c)· the divergent determinantal factors corresponding to the closed 

curves surrounding the loops, see Rule 7, and 

· (d) the momentum-dependent factors corresponding to open curves 

surrounding the loops '(see ·.RUle 8) • 

Rule5 

The linear dependence factors are: for each planar loop ~' 
a factor : (1 - X£); for each nonplanar or overlapping loop, a factor 

(1 - X~)2 ; and for each nonorientable loop ~' a factqr (1 + lx~l )2
• 

Rule 6 

a factor 

The adjacent pair of external legs yi and yi+l contributes 
0: -1 

(y, - y. , ) 
0 · : F.ar.h pa:tr of external legs, for example .• 

. l l+..L 

.··:.:·· 

'i..' 



the y£+l and the ym legs in Fig. 15 that are adjacent to 

x~2), contributes a factor 

(1) 
x3 and 

Simi.lar t·actors correspond to the pair adJat:t:u L Lu Lhe invaria11t poil'lts 

x(l), x( 2 ) of the product projective operator R. Til~ vr-uduct projec-

"' tive operator R is obtained by examining how one leg of the adjacent 

pair moves past all loops. When it passes (in counterclockwise 

direction) a planar or a nonplanar loop ~, it acquire a factor -1 
~; 

when it passes an overlapping pair of loops in the sequence ·'fl: , £' , 
then it acquires a factor -1 -1 

~ , ~Rei ,R~; and ·when it. passes (in 

cow1terclockwise direction) a nonorientable loop ~, it acquires a 
,... 

factor For example, the product projective operator R in Fig. 

15 is There also occur extra 

projectively invariant factors which come from the Jacobian transforma

tion9 from the sewing configuration (e.g., Fig.' lOb) to the symmetrical 

configuration (e.g., Fig. lOc). They are, for each planar or nonplanar 
~ ~(a0-l) loop ~' a factor ·~ , for each nonorientable or overlapping 

· a -1 
loop ~· a factor ~ , and for (each) product projective operator 
~ ~(a0-1) R a factor (~) · 

Fig. 15, the factors are 

Rule 7 

The divergent factors, corresponding to the set of closed 

curves surrounding the loops, are 



rr-((1 
nn 

)-4 - xnn ' 

-5_5.-. 

·where are the multipliers of the projective group elements 

generated by R± (for all ;f!_) . such that cyclic permutations and 

inverse of cyclic permutations of the elements are omitted. 

Rule 8 

:The momentum-dependent factors, corresponding to the set of 

open curves surrounding the loops, i.e., the curves connecting the 

external leg yi to the external leg yj; the curves connecting the 

external leg yi to the "centers" x;}), x~) .·of the loops d_ 's; 

and the curves conn~cting the· "center" x~l), ~). of the loop -;t to 

the "center" x(l) x(2 ) of the loop-'' The factors are if.'' ~· ~· 

~---r rl ·1( (yi-(R±)~~';;('(yj)JJ,-ki·kj 
i,je all externa.ls -t., · · • ,?/..' e(cf:) n=O 

· (n=O,ifj) 

X r-----1.· 
iE a.ll e:kte:tm.8.ls 

. 1( 
, ···,;f.' c/..."e (~) n=b 

Equation (5·;46) continued 
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1 111 
'(;(, "f.•, · · · ,~" g('" n=O 

. . i 
. . -2k • k II I 

.{ (1) ± (n) . f.. (1) \ (2) [ ±] (n) r: (2.) \} J:_ "ct. 
·. x -[R]oe, 1["\x~":/ .x. -R ~~,~"\11'';/ 

X (1) ±·· (n"J · ~ 2)) (2) ± {n) t: l) \ · 
· . x - LR J.;< 1 , ;! "\xc/ " 1 x - [R X 1 _,a('.,\ x,;(., 1/ -;;( ~£· 

. ;!:"~~Ill 
(5. 46) 

[ ±] (~) + . + ± . where R d:. ,~~ ;;;;; ~ · · ·~ 1 , with total number of R.;e, equal to 

n, and_ it is implied that i.. ~;f._ 1 in the product R~ R;} 1 . or R;~;J:.. 1 • 

We end this section by illustrating the rules 1-8 in a general 

example_consisting of two planar loops R
1 

and R2 , two nonplanar 

loops R
3 

and R4, one pair of overlapping loops R
5 

and R6 , and 

one nonorientable loop R
7

, as shown in Fig. 15. We then write down 

the answer 

FML(7) . 

X { u dyJn~) 
(i~a,b,c) 

dx(2) 
~ 

Equation (5.47) continued 
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with 



u2 == 
[ (2) < (1) x x

7 
< x(2) ~ x(l) < x(i) 

7 6 5 
< x(2) <. x(2) 

6 5 
< (1) <. 

x4 

<ys _:::ys-1 <: ~ Ym+l 

<y <y 1 < m- m- -
... < y 

- £+1 

< R (y ) <. x(2) < ~1) 
4 s 4 < 

< R3(ym) < x(2) 
3 

< (1) 
x2 <. x(2) 

2 < 

~ y 1 < TI ( Y.e ) < X ( 2) J • 
(5.48) 

The formula, Eq. (5.47), is manifestly projectively invariant, 

hence, any formulas related by duality to the Feynman diagram of Fig. 

15, can··also be directly written down. In fact, the only modifications 

are the ranges of integrations and the factors raised to the power 
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VI.. MULTIFACTORIZATIONS ON THE MULTI LOOPS AND THE 

PURE REGGEON MULTILOOP AMPLITUDES 

These two_classes of amplitudes are the new results of this 

thesis work .. 
21 

Since their derivations are very similar to Sec. V, 

we will not give the detailed calculations but shall only outline 

briefly how various new factors are obtained. · Again, in the end one 

can intuitively interpret these new factors in a similar way to Sec. V. 

A. Loop Amplitudes With External Reggeons 

One simply way to obtain .the multiloop amplitudes with some of 

external legs excited, is to sew, in Eq. (5.1), M pairs of excited 

legs with M < N. We therefore .. separate out, in Eq. (5.1), those 

factors which eventually cor-respond to multiloops .from those which 

represent the excited legs. Hence we write Eq. (5.1) as 

X exp L 
e(T) 

S+l 

L 
i=O 

(ifot) 

(atiPt(i)lki) + ~ L (atiPtP~7( 
t,t'e(T) 

( t!t I ) 

where [L] is identical to the integrand of Eq. (5.1), except N is 

replaced by M. The notation (T) indicates all unsewed excited legs. 

We note that the last exponent factors in Eq. (6.1). simply contribute 
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[ A -1 
extra terms of PI3(Pt ( 

tE(T) 
)Jiat) to the IE~) of Eq. (5.8b), 

L A -1 )Jiat) IF ) and extra terms of y~ Pa[Pt. ( to the of Eq. 
tE(T) ~ 

(5.8c). Consequently, all calcUlations from Eq_. (5. 8) go through 

exactly to Eq. (5.18). From Eq. (6.1), we calculate the integrand 

after sew.ing, i.e. , I = tf( In' and, using the following ~ymbolic 
n=O 

identi tie·s 

R p -1( ) ( 
A -1 -1 . (G.2a) pt = )Pt R(3a ps'-· . r:a ~ 

;.. 
Rt)a ps-1( ) ( -1 -1 (6.2b) p· )Pt . RI3CX Ps' t 

+ A -1( )I) ± (6.2c) yi RSa pt = ( IPt RI3CX(y), 

where y. · is the Koba-Nielsen variable, and Eqs. (6.2a) and (6.2b) 
~ 

are understood to be sandwiched between (at I and Ia s). We find 

again that two sets of an infinite number of cancellations occur 

beautifully in the operator part; and result in 

+ L 
tE(T) 

t :> ·: :> ; 
n=l ;i, · · · ,5' ,f" i/=(~,;l*) 

E(~) 

( -;t. '1=1") 

Equati6n (6.3) continued 
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[R±];.~of' (i) k. 
-~ 

. ( ) ( (2) k';/.. '!* (R±] n ' X;! " 
t 'rt ,;t_ . (1) 

(6.)) (a IPt x;;{" -ki "* 

~ k-J.* 

y.i. * 
where [I

100
p] is given· by Eq. (5.22), with N ~M. Combining Eq. 

(6.3) with· the first brace in Eq. (6.1), ~nd then combining it with 

[L], we finally get the answer for the multiloop amplitude with T 

excited reggeons, corresponding to the ordering diagram Fig. lOb 

00 

-+ 2: L 
t€(T) n=O 

+ L: 
t€(T) 

> i~(~,;t'*) 
(i~t, n::O) 

~ ··:·. . 

k,;( "* ) 

-kt. "* 

(6.4) 



where 
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(F}(
5

.27 ) is given by Eq. (5.27), with 

are the two invariant points of the loop 

. (" ) 
M loops, and x ·; , 

;; 
It should b·~ 

pointed out that ,only the iast factors raised to the power -a(kt 1 

and the factors raised to the power a 0-1 in (F}(
5

.27 ) are sen.;itive 

to the ordering of the external legs. Again, it is trivial to mo're all 

legs away from the region occupied by.the invariant points, thereJy 

obtaining an amplitude corresponding to the ordering diagramFig. lOc. 

' For simplicity, we first assume that all external legs adjacent tJ ali 

invariant. points in Fig. lOc are n~t excited, then the amplitude i.s 

+ 

wht·re 

~* 

l 
exp 2 

+ 

00 

00 

(F)().3~) 
are. the two 

<:•e(T; 
(n=O, tit') 

I 
all;i) 
€(;(') 

~i'* 

is given by Eq. (5"·35), with M 

invariant points of the loop ot. 
loops, .and 

~' 
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A simple interpretation of the ~ast brace in Eq. (6.5) again 

emerges: 

. (a) The first terms (in the exponent) 

(atiPt[R±]~~~· P~~( )!at') 

describes all lines which connect the reggeon t a w~th the reggeo~ 

t' a (notice t could be equal to t', for n 1 0) and which encircle 

the M loops a total number of n times. 

(b r The second terms 

(atiPt[R±]~~~,(i)lki) 
describe all lines which connect the reggeon at with the external 

scalar·leg yi and which encircle the M loops a total number of n 

times. 

(c) The last terms 

(atiPt[R±]~n;f' [y;("*] _kt"*) 
Y...#" k_, "* '.,I) 
r:/.. - ~ . (.~ '~;/") 

describe the lines connecting the reggeon t a with the "center" of 

the loop o( " and which encircle the M loops a. total number of n 

times. 

(d) The factors raised to the power -o:(kt) de:rend on the ordering 

of the particles. They appear here because, for excited legs, 

1 2 
a(kt) ;;;; o:0 + 2 kt 1 0. In the case that two excited legs are adjacent 

to the two invariant points; for instance, if yo:+l and y
13

_1 are 

.excited and adjacent to (1) (2) 
x<XI3 ' xoe in Fig. lOc, then the corresponding 

factor should be 
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(6.6) 

Furthermore, if the two dots associated with two excited legs "face" 

each oth.er, then we need an asymmetrical propagator, similar to Eq. 

(4 .18). 

It should be observed that all the new factors appearing in 

Eq. (6.5), as compared with Eq. (5.35), are insensitive to the ordering 

diagrams. ·Consequently, the ·planar, overlapping and nonorientable 

multiloop diagrams with arbitrary number of excited external legs can 

again be discussed as in the previous section. In short, they are 

distinguished only by the expressions ·for (FJ(
5

,.35 )' which have 

already been explained in .Sec. v (A-E). 

B. The Pure Reggeon Multiloop Amplitudes 

The way to obtain this class of amplitudes is simple. One 

simply puts all Koba-Nielseri variables, in Eq. (6.5), associated with 

external. scalar legs vanish. In this limit, however, there are 

extra factors similar· to Eq. (6.6) appear for each loop, in addition 

to the factors raised to the power ~(kt). Hence, the pure T-reggeon 

nonplanar multiloop amplitude corresponding to the ordering diagram 

Fig. lOc is .(Fig. 16) 

FNL (T)(M) =J 
__ /. [. J-a(kt) ,I ~, . (yt-1-yt)(yt -yt+l) 

• (yt-1 - Yt+l) 
tE(T) 
t:j:(J:. *+1,£ -1) 

Equation (G.7) continued 



.. 
Equation (6.7) continued 

.f exv~·f. ~~ · 1~ n=O t,t'e(T) 

.~ tl +](n) I 
/ 1 (a Pt[R- ;/.. ,-P' 
all -vf ' o( 

L (n=O,t~t') e(;C) 

co 

+ L L ~--, 
L-......J 
all.;( 
e(~) 

~ ~ 
n=O te('r) i~(o(,~*) 

(n=O,i~t) 

+L 
te('l') 

:::;> _ ___, 
c;( ,···,t· ,'i" 
e(7.') 

. (;f I f-;1..") 

tl ± (n) (")! ) (a Pt[R ]_p _fH 1. · k. 
o\'ol... 1. 

where {F.' )(
5

.7."') is the integrand of Eq. (5.:55).,rut with no external 
' . :J.) -

scalar legs. Again, the forms of the expressio:J. of the whole integrand 

in Eq. (6.7) is independent of dot. positions. · v.1hen two dots of 

ad,jacent legs face each other,, a·n as:>'lmnetrical ·propagator similar to 

Eq. (4.18) is required. 
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Equation (6.7) applies equally well to planar, overlapping, 

and nonorientable multiloops, provided we modifY the ·expression of 

(F' )(
5

•
35

) according to previous Sec. V (A-E). [The factors 

~(···) in Eq. (5.7) should be omitted, however.] Again, one 
CXE( ;;/.. *) 
~e(.;e) 

can give a ·set of rules for writing down any mixed multiloop amplitudes 

with any number of excited external legs. Since this is fairly obvious, 

we will not elaborate here. 

~·· ::. 

, .. 



VII. CONCLUSIONS 

Ih this· thesis we have presented a series of beautiful, elegant, 

and "simple" formulas of general tree amplitudes and general multiloop 

amplitudes in the dual ·resonance model. Various rules have been given 

for writingdown directly the formulas corresponding to the Feynman-like 

tree or loop diagrams. Interpretations of the formulas also emerge in 

very simple ways. And the· essential point of thi·s approach is that the 

formulas are mathematically unique and exact. 

The remaining problems are: 

(a) elimination of the divergent determinant factors, 

(b) explicit summation of-subsets of multiloop diagrams to see if 

it is indeed unitarized, 

(c) incorporationof internal symmetries beyong the Born terms 

(after ghosts are eliminated). 

None of these problems have been solved, however. 
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APPENDIX A. USEFUL IDENTITIES 

We denote 

then we have the following set of identities 

M M T = M+ , 

MM 

MxM + -

MxM 

1 . 1. 
= 1 - x M+ 1 - 1/x' 

1 
= (1 - x) M_ l - 1/x' 

= M_ (1 -. ~) M_Tx. 

The·identities involving the twist oper~;ttorare 

(aiM_ = (al, 

<~Ia) = -(kla), 

a = (T t)-l a T t, 
a . a 

exp(atiM Ia) :, 

(A.l) 

(A.2) 

(A.4) 

(A.5) 

. (A.6) 

(A. 7) 

(A.8) 

(A. 9) 

(A.lO) 

(A.ll) 

(A.l~) 

(A.l3) 
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(A.l4) 

n t(-~) = : exp(atiM_T- I)la): exp(alk). 
a ' 

(A.l5) 



Rule 1 
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APPENDIX B. · RULES FOR WRITING DOWN MULTIPLY 

FACTORIZED TREE FORMULAS 

We assign to each ·leg (scalar or excited leg} one Koba-Nielsen 

variable i = 1,2,···,s, and an incoming four-momentum k .. 
l 

Corresponding to each· excited leg, we assign one destruction (creation) 

operator a· 
ll;n 

(a+ ), where 
~J,,n 

ll is space-time indices, ll = 1,2,3,4; 

n is the excited harmonic oscillator mode in question, n = l,2;···,oo, 

and the superscript a coincides with the labeling of the Koba-Nielsen 

variables, a ~ s~ 

Rule 2 

The scalar part of the multiply factorized tree is the 

ordinary Koba-Nielsen representation13 of the s·-point dual antpli tude, 

i. e .• , Eqs . ( 4 .1) and ( 4. 2) • We denote it by 

Rule 3 

.The operator part of the multiply factorized tree consists· of 

the scalar products 

s 
(olexp [ r 

a i=l 
a<S (ila) 

where the eros:::: ratio 
' 

a a ·k. 
l 

It is 

a l i 1 u " -1 ( [. r) I . IPa + 2 (a IPcl~ ( 
a~l ka a,~<S 

(a~) 

Pc/i )[P~ (i)] is defined on the a(~) 

) I a~) I"-' s) 

(B.l) 

excited 

leg, suCh that the first variable in the cross ratio is Ya (y~), the 

second variable is the variable behind the dot attached to the a (~) 

leg, the third variable is the variable in front of the dot attached to 

, 



the a (~.} leg, and the fourth variable is yi.' The notation. Pa[a ± 1] 

here means .that if. the second variable in the cross ratio is yQ·I-l 

(yc:x_1 ), then the fourth variable is also Ya+l (ya_1 ). i.e., 

P [a + 1] -a - 0 for all cases. We include it to ensure conservation of 

momentum in I ) • The ·notation Pa 
A -1 
p~ has been explained in .Eqs. 

().10-14). If P
13
(x). - P(~,f3-l,f3+l,x), then 

p~ -l(x) = y~-1 -
yfl+l - y~ 

(B.2) 

and if P~ - P(~,~+l,f3-l,x) then 

Rule 4 

= y~+l -
yf3+1 - y(:? 

1 - x( y ~ - Y ~-l ) 

yt:-+1 - yt?-l 

(B.3) 

.When two excited legs are adjacent and the two dots attached to 

them face each other, e.g., Fig. 5, then we need an asymmmetrical 

propagator, e.g., Eq. (4.i8) with w
8

_
1 

= PS+l(S- 1). In all other 

cases no modification of the ordinary propagation is required. 

Rule 2. 

The two amplitudes with the dot on the.opposite sides of one 

excited leg, say the Ya leg, are related to each other by the twist 

operator n+(-ka,aa), or equivalently, by the interchange of Ya+l 

with everywhere in Eq. (B~l). The only additional complication 

to this rule is the case stated in Rule 4, where we need an asymmetrical 
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. APPENDIX C. INFINITE NUMBER OF CANCELLATIONS ON y 

We·show how the infinite number of cancellations involving 

yo( beauti:f'ully occur, and enable us to pass from Eq. (5.20) to Eq. 

(5 .22) •. We first consider the factors raised to the power 

Eq. (5.20). The:r are 

X 

Using the restrj ction that ;!__ f. i. I. in the product 

R'£..~£', we can _wri.te Eq. (C.l) as follm·Ts 

For n = 0, we have, from Eq. (5.19), 

-k. ·k in 
l. r 

(C.l) 

or 

(n 2: 1). 

·(c. 2) 



Take the infinite product over . n, we get, from Eqs. (C.2) and (C.)), 

(c.4) 

Again, using the restriction that of f o(' in the product 

we can write the two limiting factors in Eq. (c.4) as -

Jy -~R±](N+l)(y )l . :=. ry. -[R±](N+l)(y )} L1 ~,r...a YJ[a~fn,-] L1 
· ~,A.a Y (aA.)f(Yo) 

(C.)) 

and 

(c.6) 
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is independerit of z. Hen6e, E~s. (C;5) and ~C.6) are equal to 

' 

and 

(C.8) 

respectively, where 

(1)· 
= xr5 ' 

are the two invariant points of R
01

. Substituting (c.7) and (c.8) 

in Eq. (C;4), we get 

(C.9) 

Similarly, those factors in Eq. (5.20) which are raised to the. power 

~k ·k' can b~ shown to be. equal to a Y . . 

f 
I 

(CXf3)~(cx'(3') 
( <Jf-.)rf( 15) . 

Equation .(C.lO) continued 



Equation (C.lO) ·continued 

(C.lO) 

Hence Eq. (5 •. 22) follows. 
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APPENDIX D. THE JACOBIAN CALCULATIONS 

The transformation fiom the set (tCX/3, ya' y~} to the new set 

(1) (2)) 
(Xa~' xCXf3 , xCX/3 is one of the most complicated Galculations. We 

show here howEq. (5.25) is transformed into Eq .. (5.26). 

We ne.ed a- set of identities connecting the old set of ·variables 

to the new set of variables. We express -1 
R~, Eq.· (5.14), as [using 

Eqs. (5.13), (5.2) and (B.2)] 

where 

. tO@ 

• a = tCXf3 - l d, t = a 
a - d ' 

(D.2a) 

. (ya - Ya-l)(y~ - Y~-1) 
d - (ya+l ~ Ya-l)(y~+l - Y~-1) . 

(D. 2b) 

Compare Eq. (D.l) with the standard form Eq. (5.21), we obtain the set 

of idcnti tieo 

(1 - a) ::;: £(1 - X~), (D.2c) 

y~ - ay 13+1 = £~(2) _ x-1 . (1, 
X CXf3 CXj3 XCX/3 , (D.2d) 

aya+l ·- y = £~(2) x-1 _ x(l) (D.2e) a ?@ Of3 at3 ' 

Ya_Y~ - Ya+ly~+la = £ x~) x~)(l -1) 
- xa~ ' (D.2f) 
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(D.2g) 

From Eqs. · (D.2d) and (D.2e), we can derive the identity. 

a == 

With the following fUrther identities 

-X~ 
• ' 

(D.3b) 



. ' 
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= , . (D.3f) 

one can show that the expression (5.25) is equal to (only consider one 

.a~ 1 ' 

-1 . 
Yf3+l - xa§ Yo:+l 

(1) x-1 
xa§ o:t3 

-1 
. yt' ~. xcxi3 Yo:+l 

Hence the expression (D.4) reduces to 

(a - d)2 ·.· 
ad 
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(D.6) 

The calqulation of the Jacobian factor [J] is rather complicated. But 

it gives9._ 

Substituting Eq. (D.7) in (D.6), we obtain 

. ( . ( ) . . -i(k ) -1 
dX [dx l)][dx 2 ](1- X )2 X a 

at' . . a(3 a(3 a.t3 at' 

(D.8) 

We then uniquely generalize9 the expression (D.8) to a general frame, 

it is 

· (1) (2.) -.e (k,J -l 2 (ya-yb )(yb-yc )(yc-y a) 
dX ·dx dx X ._.. (1 - X t:J 

at?> at?> a(3 at' -u:f-' I'..· _(1) . (2}\2 
\xat3 . - xat3 ") 

Hence the expression (5.26) follows. 
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FIGURE CAPTIONS 

Fig. L Feynman tree theorem for planar box diagram. 

Fig. 2. (a)· N-point amplitude with scalar legs. 

(b) N-point tree ordering diagram .. 

Fig. 3 .. Single factorization. 

:F'ig. 4. Change the y frame to the Y' frame for second 

factorization. 

Fig. 5· Asymptotic propagator case (for aS+l. leg). 

Fig. 6. Fourth-factorized tree diagJ·am. 

. Fig. 7· Four-reggeon tree amplitude (symmetrical). 

Fig. 8. N-reggeon tree amplitude ( S;} 11lill.etrical). 

Fig. 9· 2Nth-factorized tree diagran. (for nonplanar loops). 

Fig. 10. (a) Nonplanar N-loop amplitude with external scalar legs. 

(b) Partial ordering diagram, which is mimic to 2Nth

factorized tree ordering. 

(c) Nonplanar N-loop ordering diagram. 

Fig. 11. ~th-factorized tree diagram (for overlapping loops). 

Fig. 12. Overlapping double-loop ordering diagram, 

Fig. 13.. Nonorientable double-loop ordering diagram. 

Fig. 14. Planar N-loop ordering diagram. 

Fig. 15. Mixed multiloop Feynman diagram, also simultaneously repre

sents mixed multiloop ordering diagram. 

Fig. 16.. Nonplanar M-loop diagram with all external legs excited. 
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