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LINE   AND AREA ORTHOGONALITY    OF   JAC OBI POLYNOMIALS

M. M. CHAWLA and M. K. JAIN

Department of Computer Science, University of Illinois
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1. Introduction

Let P  'P) (x), n=0,1,2, ... , be the set of Jacobi polynomials

which form an orthogonal system on £-1,11 with respect to the weight

function   (1-xf (1+xf , * > -1,  F > -1; that is,
r.i

(1)                ( P 4''l),    .El«,iD    =     1       (1 1- X)« ( , ··x)'  1:, ",1')(x)  i«'B)00 dx  =   0,      m  * ni j

These polynomials are standardized, as usual,   such that P<k'F)(1)   =  (n+06 1Cn).
Let pn(x) designate the Jacobi polynomial PEY' P)(x) normalized according

to (1) so that pn(x)
= Pcd'P)(x)/.lip](4'B)11 , where 11 pck'P)11 = (PEx,P)   p * '2))*.n                   'n

ieLet Ep designate the ellipse 24(4 + 4-'), i&=pe  , 04 0 6 21 , p> 1,
in the z-plane (x=Re(z)) with foci at z=f l and semiaxes (P + P-')  and

- (P -p-').  By A(Ep) we shall designate the class of functions analytic on

the closed interval [-1, ]J (A [-1,11 ) and which can be continued analytically

into the z-plane so as to be single valued and regular in  , the interior

of E  , and continuous in ,£p , the closed ellipse £p .

For  f,g E A( 47) we introduce  the line integral inner product

(2)             C f,3) = J  |;'(z)' f(z) 9(z) Ls ( ds  =  I dz I)
EP

which induces the line integral norm

( 3 )                                          11  f  11     =    -    1 W.(*) 1    1 f(=31* ds
P    Ep
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and the area integral inner product

(4)              (f, il).=    11,1(=)1 f (z) 55) &*,4
which induces the area integral norm

(5)              |1 f I'D = ff I W<z)1 lf(*)12 Jx clly
£P

In (2) and (4), Iw(z)  and j W(z)  are weight functions such that #111<00
Ep

and    11 1  11 D  < "•

It has been shown by Walsh [11 that the Chebyshev polynomials of the
/ 1  1\

first kind, Tn(z)    =   cos    (n   arc   cos   z)   =   PC-a'-2 1 (z),    form an orthogonal

system on  Ep with respect to the inner product (2) with weight  Iw(z)|  =

11-z21-2, and that these polynomials are also orthogonal on   with respect
to the inner product (4) with weight |W(z)  = |1-z2 -1, Szego [2J has

shown that the Chebyshev polynomials of the second kind, U (z) = sin[(n+1) arc
/1 1

cos zl/(1-32)2 = PA-5,2)(z), form an orthogonal system with respect to

2  -1-(2) with weight  jl-z |2; it is also known that these polynomials are
/1

orthogonal  on  Ep with respect  to  (4) with weight unity  (See, e.g., Davis DJ).
The purpose of this paper is to show that the (complex) Jacobi

polynomials P <'1  (z) form an orthogonal system on Epwith respect to

the line integral inner product (2) with weight  jw(z)1  - 11-zf< 11+zI ,

oc>-1, 112>-1; further, for * > -1, 4 > -1, these polynomials also form
.l

an orthogonal system on E  with respect to the area integral inner product   -

(4) with weight IW(z)1 = 11-zl=<-2 11+zlf-2 .
2  4

Let L (£ ; |W(z)  ) denote the Hilbert space resulting from the

completion of A( Ep) with respect to the area integral norm (5), and let

H2(Ep; Iw(z)1 ) denote the Hilbert space resulting from the completion

of A(EP) with respect to the line integral norm (3). The Hilbert space
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3

L-(Ep; 1) has been used extensively for obtaining estimates for the errors

of numerical approximation for functions analytic on £-1,1J (the method

suggested by Davis; see, e.g., [4]).  As a consequence of our results we

show that the area integral inner product (2) is unsuitable for obtaining

error estimates for the class of functions A[-1,1] ; this has already been

observed in Chawla [61.  As a side result we obtain relationships between

the real integral, with Jacobi weight function, and the (complex) line

and area integrals for an feA(Ep).  As an important application of the

line integral orthogonality of the Jacobi polynomials on Ep, we show
that estimates for the errors of,rules of numerical approximation for

analytic functions can be obtain directly from Cauchy's integral formula.

2. Line Integral Orthogonality of Jacobi Polynomials

The Jacobi polynomials form a line integral orthogonal system on Ep

with the Jacobi weight function.  This is contained in

THEOREM 1.  Let              "

(6)                                                                                 , i -J'..1p.*(z)  =  B.*(z)/11 F:Il , M = 0.1 1
P

then,    for    K >  -1,      f  2 -1,

(7)                        f It-z/«11+z'B .R,*(Z) 1,  (z) ds  =   4,h , m, n =  01 1, 1, · I.

Ep

Proof. We follow Walsh Cl, Theorem 12J.   For  K > -1,     > -1,  we have

6           =    11  C'-X)«ciax)'  1',*(*) 1,Zoc) drin,n   -r_I

=   t   f   11-   .« 1«11 -  .S.if '1'  f ( 4+LE-) Ap: C G.+LE-I)' d ( 31
ILI= 1

.L ' (   Ii-ZI< It+Z'F  k:(*)K(=31'l= 1
1        « n, „1  < M      

&9
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where  (<n, m < P ) is a normalizing factor. Since for m=n,

2  0(M, n C P,    =    |   |'4  |12'
Ef

the line integral orthogonality (7) of the Jacobi polynomials (6) follows.
1.

Since for P-* 1, (Cl,n(P)-'1 and  p  11-, (2)-2 for all n00, there
£p

follows

1

COROLLARY 1.  On -16 z 61, Pn(z) = (2)-2 Pn(z).
„    -

15:·can,le.   Let  K =-4,  113 =-4,  then pn(x) = (2/'* Tk Tn(x), n>0, po(x) = (71 )-f
Since on  £p,  Tn(z)  = -6.( 'fin + E-n ) , -

(8)    likfIL = (Pt"+P-2,1)4)  ha O
LP

The corresponding line integral orthonormal system of Chebyshev polynomials

is, therefore,
4. - '/.1

P:(*) = (4)'. (p.4„+ P-in)    71 (=) ,     1'>0
(9)                                    ,-91

T.*(Z  =  (47)

3. Area Intecral Orthogonality of Jacobi Polynomials

We next show that the Jacobi polynomials P C<'P)(z) form an orthogonal,
el -1-system on the area of £  with weight 11-z'  2 11+zI B -4- .

THEOREM 2.  Let

(10)
K <=3  =    K «) / c p.i fi'* , n = 0,1,1'1...)

where

(1 1)                                                                          8,  (P)     =    f    81':11         -r

i JR
R

Then, for K>-1, p 7-1,

(12) jf 11-2/*-411-=10-4 311*(Z) je:(z) clx<.1,  =  6„,n  ,  lan= O,·1, ;6,•.--
2
Up

Proof.     Let A designate the annulus:   < =Reio,   1<R<p  ,   0 4 8 4  21  ,
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4
in the 4 -plane, which is the map of £  in the z-plane.  Then, with

-1 ,
z=-2( 4+  4      ),    4 =u+lv,

.-I

(13)
1.1.1 wc=,1 k,"c=, k.:c-, 1*di  = ff ' w (=,1 kfc-) ,5(-, tll -zi-+1+ d« 11/.
:

up                        A

= i" I  f  IW(»31 ,:cz) A:(B  f 11-2-,141'1411 'k
gl-R

<Pr f             -

= 3, '  L  J I wc -)1 L,  (r-) k  ( .) 11 _;il,A l,i - 1 J -f
ER

Now, if | W ( z )| =  1-z 1  -2 11+z I P -'2, then

(14) 17 li-z1-'4; I.=ip-'*,"c.)1·,T (.) &*d.i =j f L j. 1,-61* 1 1+ZIll'.c=)75) 1 1,0 di
4                    R

V                     n 'E62                                                         R
From (7), (8) and (14) we obtain

- rf- 1 K -* -I

(15) ILI I'-zf-'4 i'.:11,-r'*A;Ic-,1'1(,0 J*Ja = J  L 1.11-ZI- it.-IF lf, (=Dit.. (=-)id...0  ,
2                                                                               5,                   A 11 k: li lI k: li  lf-
&P

'..R  -7
=  3.'gr,  1  fllk: 1  f

Jl '-A

and (12) now follows from (15).  We note an alternative expression for

  A n(  P  )    :
i.                                   1

(16)
F,£(p) = 1.f 11-*f'-Yziltzip-yill''*CZ)  '1*,ly

9
From (11) we observe that as p -,1, p ( P )9 0' and since p (z) are

uniformly  bounded  on  -1 6 z 6 1, there follows
0 */COROLLARY 2. The polynomials f niz) are unbounded on -16 361,

and hence unbounded on every  £p ;   P> 1.

See also Sewell [7J , Theorem 5.3.1 and remarks on p. 154.

-                        Let  «=4,   p=-i-,  then  px(x)  =  (2/'jr )-5 Un(x),  n),0.Examples.. 1. n
,n+1 :-n-1   ) / (g-  t-1   ),Since on 6, , Un(z) = ( 16    - 4
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(17)                              1  k,» 1               (  PLI,+14-     P-*4 -Af'                                                                                          ..

so that

./.   , '/1                 /11 + 2

(18) P:   C =3      =C=   1        ( P -1.   P -4 1,-2  Y y z   l'Inc ©
\  11    1

are line integral orthonormal  over   Ep.    Now,
,
  ,•  An + 1 -D-ah-,1

(19)
ALP)=]' C

R .+ A
) Off

=     C   p Al,+2- P
-4-2

,/(ly)+2.)

therefore the polynomials

72                                      3-y/ n + 1
, 111+1 0-A '1 -il             2    .          /      1

(20)
E.*(13 =  2  (-1//)  (P     -

1  ,1<Z)

'.

are area integral orthonormal over  L  with weight   W(z)   = 1.

2.  Let IX=-4, i =.4; then from (8) and (11)
"                        (.9 3 .li,                 -2 h \        JR

PM (f)    =   j      C k      +R       )   7-

=     (  pen  -   p-2 Ill) / (11,3  )           )1> 0

while

4  (p  811Pe(f) Ji R

2    -4  P      ,        (1' 2,3  .

Therefore, the Chebyshev polynomials of the first kind,

Tt'(»3   =   1  ( 4-)'/i (F'"- p-2")-Y' 7I(z)  ,    »2 0
(21)

.           -vi
3,0"(»,  =  C *,7 i,a p)    7



-7-

A
2 -1are area integral orthonormal over £p with weight 11-z j

4. Relations between Real, Line and Area Integrals of an Analytic Function

Assume that f€ A(Ep),  p> 1.  Then f possesses the uniformly convergent

Fourier expansions: On  -16 x 6 1,

:.5 r e
00                                                                                                               Cor, P)  (3)

1  11 _
' (22) fc'0 = 2. a,I kt'(*) = I.. Cii:PL,jil) 11

4/ e ; ID    11

where

1*- =  f' (I-xf (1+1)1  f(k) 1>:(x)dx
(23) A 4-1

..

On 6.p : ' , -%-

,=,                                 9 'I --- - h .Pet Ft'O

(24)         fc-=)= 2 1.I-E» = f ' (lili:1'le,#)11, "4-=U

where

1 *  -  f 11-zi"  11+11"f(*) 7,"(z) Idzj
(25)

(P /1            -       

P

and also the Fourier expansion

'9                                    C':          \ P '(,P(=3+   CD»,   ,            f   c
(26) f (z)  =  2-  en   S,1  l=)  -  19«C (A,(p)fill P16*'11 )    "

n=o

where

*41  i          .P-'4    4   -  9+

(27)                                                 Ch't    =   . 11-zi           11+z)           Il-lz)  J"   (z.)   c/,cAS
Since all these Fourier expansions (22), (24) and (26) of the same fe A( )
arc  identical on -16 zil, the coefficients of P "P)(z) in these

expansions must be the same.  Equating the coefficients in (22) and (24),

, -*-

(28)
1   k:1         a:        =          h.

i '13,0

P

Substituting for a  and  b  from  (23)  and  (25),  we have
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P- 2 rl

(29)             ib-zi« 1*+ z'  flz)  t'.*(z)  Idz'  = 11. '*11   j  (1-*f  ,fif 5(13 k'tx) 2x
P                                                 tp   -1

For n=0, (29) gives

A     A

(30) 1   1   -* f' 11* =-It' f li) Idz I = 11  1, -f  j (1-xf'Cl,-x)'4(x),ix../.

Cp                                       P   -1

since pg is a constant.

Next, equating the coefficients in the expansions (24) and (26),

we obtain

(31)
<  f" C P ).             1..,           =         11      P"     11         C.'

) h,0
74  1 -» -4 11     -,t

Ep

Substituting for b  and c* from (25) and (27), we bbtainn

(32)         11" (11) f  li-z·f'14*zip  iNI)  f(=) lail   =111'*1!.   <'I-z|-411-,zlll-'  f(*) di 41
4           94

For n=0, (32) gives

Lr
4-94 , . 4-5

(33)                     FOCP)  f  I'-zi(11*zillf(=01(1*1   =     11  47,   . jll-il         11+ZI         1,!00 Jxda
4                                 'p

Finally, comparing (30) and (33) we obtain

('f . 4->1 B-,4
(34)                  Fe(-p)  f (.1-% 52(.1-,"xff (:rj dx  = JJ  1,-z.1        1,+11        f(*) Clx,5

...

E9
We note the following special cases of (34)·

(i)       06 4,     p =4   :

-1                              if

(35) t C 92_ ,-9 j    CI-*if+fo,) Lix   =  Jj  f(z) ,/*,1:,
-1                                 f.

9
This particular relation was derived by Davis [5] in connection with simple

quadratures.
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(i i)       0<  -&,      p  =-S   :

<-72 "(36)        2 ty p   _ 1 (1-161)   1-(x)dx  = .:  11--z j.  f(zjdxc/j
-;

(iii)       O/=0,     f,  =0    :   -
4

(37)
f'« (p)   j ' flk, elx   =  jj  11-**.1-541      jl(z) £/XJJ

-1                                                              .\

E
where r

-'-   r FLE-EQ 'ip
1 P:. Lf) 1 31    K

and L (21 ) = length of  's ·
A                                                          /\

5. Errors of Numerical Approximation for Analytic Functions through

Cauchy's Int egral Formula

For f€ A(4), P > 1, we have from Cauchy's integral formula

(38)

f(x)  =  24=    f(*)'1*
Z-X

LP

x G L-1,1] ;  and,  on 6 , f(z) possesses the uniformly convergent Fourier

expansion (24) in terms of the line integral orthonormal Jacobi polynomials

P*(Z). Substituting (24) in (38), we haven
00

(39) f cx>   --     3       6,    ·  "-2-(X)

k=O
11  :i P

since P (z) = p (z)/ l'prj l  . Also, from the equation of closure,
Lf                                             0           2

(40)          nfl)* = f 1,-=1 11-=,1'lf,=,1.z,ts = .  14,-1
M =O

.P t.f
If E denotes the error of a linear process of numerical approximation

for an fe ( ),  P> 1, then from (39)
\1   , 0  5 (E:(>)3·

(41) E (f)  = L    vk
k=o il  * il.

tf

From Schwarz inequality the error E(f) can now be bounded by
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1 \71

(42)          IE(f)) 4 11-fll. C f 'b (P'.,(1324
4  C  t,        1,1  1'   li     J

Cp

If  N f 11 is estimated from
E?                               r r 4%             'p    t   li2

(43) It f 11      L  . M (4)  t  j    1,-7-1   lit.2 1    asj
':      C

Lp „           L?

where M CEO) = max lf(z) 1 on Ep , then we can estimate the error from:
THEOREM   3.      Let    f e A(6) ,      P p  1.      Then,

1 h

(44)            E(f) 1 L. (11 -1 "**1 "SJ l ize   16*11*
-  4 --   '             p      '»  f   f     1 ,-(A.'(,0,1    j        M (40

U
LP

For various error functionals of numerical analysis one can use

a fixed Jacobi weight function and the corresponding orthonormal system

of polynomials P1(z) in the estimate (44); however, for certain particular

error functionals it might be more appropriate to use the related Jacobi
9

weight function and the orthonormal system of polynomials.  A striking

exampl€is the following.

Let En(f) denote the error of an n-point Gauss-Jacobi quadrature

formula with weight  (1-x) (1+X)P :
t1

(45) E n ( f)  =  f ' 0 -l f ( 1 * xf f oo ) d x  - 2  2,11 k f ( x,1 k )k =1

Here x  ., k=1, ... , n, are the n real and distinct abscissas which aren,K

the zeros of the corresponding Jacobi polynomial p*(x) and  2n,k  =

(1/pn'(xn,k)  )-1  -11(1-xf<.(1+x>P (pn(x)/(x - xn,k))dx  ,  k=l,  ...  ,  n,  are
the corresponding positive Christoffel numbers.  Since En(f) = 0 whenever

f is a polynomial of degree 6 2n-1, we have .from (44) the following estimate

for the error of the Gauss-Jacobi quadrature formula.
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F-r -,O-,7-    0
A•:·1 \.'A.11•A .13.

(4 6)                                        n.                              Tp K- # A: 11 //
LP

5. S.synpictic Estimates

The second factor on the right side of (46) can be recognized as

the line integral   norm   of   En   over  H2( £p;     11-z I«   11+zIP  ) :

(47) h E.li L = f IE„ (Pk')IL"

EP k, lii
3

Similarly,   the area integral  norm  of  En  over  1.2 (  p;  11-z I= -2   11+zlf -z) can

be obtained from the Riesz representation theorem (Davis I3], (9.3.13)) in

terms of the area orthonormal polynomials T (z) :               1

(48) 1 E. tiz  =  f  IE. (Pi )1*"D k = 211

Since for z e g  , f> 1, and n sufficiently large (Szego [81, (8.21.9)),

. 4+ A -0<-71 :,-72 n 1-« + P+ 1(49) P.C«, ,)(z)      =        -1.-1       (4 -1) (£2+11   4C n T)71

it follows that

(so)
11 py,1,11* -  irt, p :Ln+9 + +1

4        4

and  since for large n,   11 pi 'P) jl;L c= 2«+P/n, therefore

(51) 11 r IC  =
P :1,1+0<-Ft + 1

l.p

From (11) and (51),

ln*K+ + 1
(52)  n ( P) Cs (24)-1 P

therefore  from   (10)   we  have for large  n· and    P>1, l

(53) 9., (z)     -    62")4  ·PI'(=3
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10:., fram (46) and (53), for large n.

1                                    1

(54) 11   E      It -        ·z        1     1      k     'J  E
n (TOI

k=lh

ani since                                                                           |
IA

11 13  11    L   A_  2  k  195 (92-3'L                                   1
-     2-h    k = 1,1(531                       02

· -   - &2      C

Combining (44) and (55) it follows that for large n,

(56;                                  h En Ilp   46    f Olfy,   11 E" I'D

Thus,   the area integral  norm will overestimate the errors in Davis' method (Ell)-
-00 also Chawla L61.
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