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Led i'r\l ’;')(x), n=0,1,2, <. , be the set of Jacobi polynomials
which form an orthogonal system on [—1,1] with respect to the weight

o
function (1-x) (1+x), x> =1, p> -1; that is,

@) (RSP, 2P f(' - (rexf RO B P dx = 0, m#n

n
Let pn(x) designate the Jacobi polynomial PS(

These polynomials are standardized, as usual, such that PISO(’F)(I) = (n+ac) . |
’P)(x) normalized according

to (1) so 'tha.tlp*(x) = P(J’Fv)(x)/yMP(a(’F)ll , where HP(Q"P)” = -(Pr(:(’F)’ Pr(:( ’F))%’:.
Let 5,9 designate the ellipse z=; (§ +5), g = Pe , 040 ¢ 27, P> 1,

in the z~plane (x=Re(z)) with foci at z = £ 1 and semiaxes 4(P +P') and

(P ~-7"). By A(EP) we shall designate the class of functions analytic on

the closed interval [-1,1] (A[-1,1]) and which can be continued analytically

into the z-plane so as to be single valued and regular in-é;, s the interior

of 8!’ , and continuous in fp » the closed ellipse £, .

For f,geA(E;.,) we introduce the line integral inner product

(2) (£,9) = fmz» (=) 3@ ds (ds = |dz1)

: P
wihich induces the line integral norm

3 w(z)| | f@)]" ds
(3) 5y = fpl | 1£@I*




arnd the area integral inner product

(@) (5>9) = J[ WG $6) 32 dedy
5;

which induces the area integral norm

(5) HH; =ﬂ | W(z)| ;f(z);"dxdg
| £
In (2) and (4), lw(z)| and |u(z)] are weight functions such that Hl¥:<_oo

, P
de1HD<m.

It has been shown by Walsh [1] that the Chebyshev polynomials of the

]

11y .,
irst kind, Tn(z) = cos (n arc cos z) = Pﬁ = g)(z), form an orthogonal

system on E% with respect to the inner product (2) with weight |w(z)| =
- . A .
ll—z2 “, and that these polynomials are also orthogonal on é% with respect
-to the inner product (4) with weight IW(ZM = Il-zzl-l. Szego [2] has

shown that the Chebyshev polynomials of the second kind, Un(z) = sin[(n+l) arc
2y (4,3 ,
cos z]/(l—z )2 = Pn‘“'a (z), form an orthogonal system with respect %o
i :
(2) with weight ]l-zzlz; it is also known that these polynomials are
orthogonal on & with respect to (4) with weight unity (See, e.g., Davis[3]).
The purpose of this paper is to show that the (complex) Jacobi
polynomials Pn (z) form an orthogonal system on P'Wlth respect to
the line integral inner product (2) with weight Jw(z)l = ll—zf(]1+zlp,
X>-1, Jp >-l; further, for « > -1, p >~1, these polynomials also form
A
an orthogonal system on E} with respect to the area integral inner product -
. : . K s p—5
(4) with weight lW(zM = ll-zl < ]l+zl .
, A |
Let L2(EP; |#{z)] ) denote the Hilbert space resulting from the
completion of A(EP) with respect to the area integral norm (5), and let

Hz(fk; |w(z)] ) denote the Hilbert space resulting from the completion

of A<£P) with respect to the line integral norm (3). The Hilbert space

e
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(EF; l) has been used extensively for obtaining estimates for the errors
of numerical approximation for funciions analytic on [—l,l] (the method
suggested by Davis; see, e.g., [4]). As a consequence of our results we
show that the area integral‘inner product (2) is unsuitable for obtaining
error estimaies for the class of functions A[-;,l]; this has already been
observed in Chawla [6]. As a side result we obtain relationshipé between
the real integral, with Jacobi Qeight function, and the (complex) line
and area integrals for an fe.A(ék). As an important application of the
line integral orthogonality of the Jacobi polynomials on £P y We show
that estimates for the errors of.rules of numerical approximation for

analytic functions can be obtain directly from Cauchy's integral formula.

2. Line Integral Orthogonality of Jacobi Polynomials

The Jacobi polynomials form a line initegral orthogonal system on Ek

with the Jacobi weight function. This is contained in

l]

'HT0REN 1, Let
CpXe) = BRI =012 .
() P () l?"< Jhb HEP; h=01,12,

~ then, for x> =1, B >-l, .
% - ' .
(e @@ b = S s mas 04,
EP ' :
Proof. We follow VWalsh [1, Theorem 12]. For « >=l, p>~l, we have
Y N ' X |
b = J (n—x)“‘ (:+1)F P:(x) P,: () dx

2
—————

g"_ Z,-t-s:l‘(,’ 5;1-5,"[ P(&-f—f.') ':'(U,.c l),d(ﬁ_&)

&l =1

! “ g ln—z] ez ID CZ);’MCZ) ldz|

n m(‘

"P




where o (P ) is a normalizing factor. Since for m=n,
4

X 0 (P) = Db} ll
&

the line integral orthogonality (7) of the Jacobi polynomials (6) follows.

Since for P- 1, o, n(P )1 and el - (2)2 for all n) 0, there
. iy a
P
follows

CORCLLAPY 1, On ~lz g __1 -vx< ) (2) < w(( )

Bramole. Let & =—f, A==}, then pﬁ(x) = (/% )"’7 Tn(x), n>0, p'é‘(x)

The corresponding line integral orthonormal system of Chebyshev polynomials

is, therefore, ,
X = /] ( A -2:1)—'/2’7— (z
(z) = (_FF) P™ 4 P n ) > >0

(9)
(Z> (-l// )

¥

3. Area Integral Orthozonality of Jacobi Polynomials

HWe next show that the Jacobi polynomials Pé“’ﬁ)(z) form an orthogonal,

1 1
system on the area of £P with weight ll—z)d-'z— ll+zfp <.
THIZORELN 2. Let

2% 2) = ”:(z) (n(P) K n=0,1,2,-,
o) KA (.) / B.(P))*

where

, F R
1) A () = [

Then, for x>-1, pr-f,

(12) ff |- 2[ l]t‘w-zlf-’"‘/.-c P,,,*CZ)P"T(Z) JIJ"] = Sm)n > Won= 0,14, -~

(/
‘O
Proof. Let A designate the annulus: Ej=Rela y L<R<p, 0g0<& 27,

¥

= ()%



A

in She 'Z;f-plane, wnich is the map of QP in the z-plane. Then, with

1 _,,-l

z=3(E+ & ), &S=u+iv,

(13) Jf M) B b dxdy Hmm; b ) Lfi-g duds
J [[ h’\/(‘)i}) (7)k),<z) ’Il (.'(I ‘J ’]JP\
'jgl=R
J [ { e e YRSV
. 5 - é’R
Wow, if |#(z)] = |1-2"% [1+2]P™<, then

S

v e Yy TR ' ) d=( ] 4
(14) j TR IR /'Fn (=) by, (=) dxdy =J L} l""'x"”" QTS .J-ER-
} i
& | R
Froa (7), (8) and (14) we obtain

fu A .
ff e sl O Py dely = [T a2l R
P Y 1 I g ) dk

= m,nJ. ”,n -
"R

and (12) now follows from (15). We note an alternative expression for

Fo(P)

Cryy

“~
= x
~
N
~—
S
o
>

(15)

[425%

i-z“"“/l AN IE )

Prom (11) we observe that as P-1, /B (P)—70 and since p*(z) are
wnifermly bounded on «l 2z <1, there follows

Q_(Q__R’QI;LARY 2. The polynomials (S);(z) are unbounded on -lzz<l,
~ and hence unbounded on evéry El’ , p> 1.

See also Sewell [7] , Theorem 5.3.1 and remarks on p.4154._

Gxcmples. 1. Let =%, p=i, then pX (x) (2/;7) U (x), ny 0.

. o~ +1 s=n=-1 o
Since on <p , Un(Z) = (ﬁn - Z " )/(-‘f;"fs' )y




—f-

(17) ‘ ” }—":’é _ ( {th+2+A P-Zn-%jlz
/I
so that _
(18) | PM)\- - (_:Il_) ( lh-rl --z.n‘-z>“/2. Un<z>

are line integral orthonormal over EP' Now,

. _ P - - /]
(19) ﬁ,,(P)=J"CR LR ”)4}

= (PR pTI=2Y/(an+2)

therefore the polynomials

J () _ 2 (,,,.,\ (le-}. ~2.n-.z>.yz U,1<Z) :

(20)
are area integral orthonormal over EP with weight |W(z)] = 1.
2. Let ¥==%, P=-k; then from (8) and (11)
P - “n L/R
Fa(p) =) (R™4R7) &£
' N
( F:n _ P;u)/(zn) 5 h>0
while

o B
ﬁo(m" "’/f L,lgg‘

i
= 2 Jf:g P (PW)
‘l‘herefore, th_e Chebyshev polynomials of the first kind,
o~ My, . - -Y2 — )
(33. *(',—_) Y ( _pl)/l.<P).n~p -241) 2 7"' (Z) )- h)o
~ Y/
nr (z) ( 27 é(? P) 2,

(21)
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are area integral orthonormal over E% with weight [1-z)

ations betwecen Real, Line and Area Integrals of an Analytic Function

Then f possecses the uwniformly convergent

4. ZRelat
Asmmethm:féA(a)y
On "‘l‘é.xﬁ 1,

P> 1.

Fourier expansions:

\2\3**
2 4, h«cx) =

(u p«,nn) [ARAE

Co2) 0 0=
where T | l : o
, | | | . , .
. P AR T P
On &y - Z < A )__5(«, ;'-)<Z)
(24) fe= 2 b F % Hl pey st
E Qhere
= [healfhesl @ T e
* (25) . E -
‘ and also the Foﬁrier expansion
a , PN
) . D% ) 9P
ORI S WP AR ,-o(u.,(p))’*zp‘ P
where : :
(27) f h-=i 2 |1 )ﬁ e )T, (?—) dudy
Since all these Fourier expans1ons (22), (24) and (26) of the same ft~A(Lp)
arc identical on =lgzz ¢l, the coefficients of P( ’ﬁ)( ) in these

expansions must be the same., Equating the coefficients in (22) and (24),
* * . ‘
(28) 3 = by hyo

Substituting for a¥ and b¥ from (23) and (25), we have




’ ' e -"__.( P y < x a2 |
(25) J == b Mel = T f (123 ('*u HETAMESTH
P ‘:p
Tor h:O, (29) gives
. : el ) . :
(30) el $@ el = HET [ Gx3 Gy $00 dx
oy

C’F (
since p* i1s a constant.
Next, eguating the coefficients in the expansions (24) and (26)
we cbtain
PN A T .
(31) (o) by = 0k, s Cn s hyo
' P

Suwbstituting for bg and pg from (25) and (27), we obtain

(32) "'n(F)} [1- z' ]H—z] }) (z) F(=) la‘z] -f”’ ” ){{ -Z‘l’( /&,l-rzlﬁ-\/LEB f‘(“—)dla{y

, & & &
For n=0, (32) gives. |
o b *p
(33) p@@)j hezl lirz) £ 2] = ) hg, ﬂ h-2 ].+z| (,_)J“/d
& &
Finally, comparing (30) and (33) we obtain
A . » ‘7("4.
(34) 2,(8) | G=x) (+x) f0xy dx =f;( ezl el 4G dixd l
. ~) P
- , , £P
We note the following special cases of (34).
(i) x‘%’v =";'1':" : |
B .1 \ W& ‘
(35) L () | 0 e dx = Jf f(2) dxdy
' ~1 Zx

b

This particular relation was derived by_Davis[§J in connection with simple

guadratures.




(i1) ==, pe=—i :

f ll—z_l} C(Z)Jld,y

. pl Y,
(36) 2 dyp J" G P 200y dx =

G

=™

(1ii) ==0, p=0 : .

(37) B, (#) (oo dy = v{.( i-2 Hz)z/xold
_i A
where r

, 34 L r
Po (P) = j, (K> dR

and L(E,) = length of 5,..,\ .
I~

5. Brrors of Numerical Approximation for Analytic Functions through

Cauchy's Integral Formula

For fe.A(z}), P > 1, we have from Cauchy's integral formula

(38) FO0 = ;’*f f——-—‘"j_‘i‘

LF

x ¢ [=1,1]; and, on é%', £(z) possesses the uniformly convergent Fourier
expansion (24) in terms of the line integral orthonormal Jacobi polynomials

Pg(z). Substituting (24) in (38), we have

. L - X
(39) fe = > b k"i)
| : K=o i b,
P
since Pﬁ(z) = pﬁ(z)/ ]|pﬁ % . Also, from the equation of closure,
: & wa 2
| 2o by
(40) 1Y = [ peaf et lior e = 2 16
B '

If E denotes the error of a linear process of numerical approximation

foram fe (Z;), P> 1, then from (39)
| & L E(hTo)
(41) EE =2 T
. ' P

=0

From Schwarz inequality the error E(f) can now be bounded by .




~10—

‘ ©0 /.(,
(42) |EG)] <« IF1] <§_ L*_M )
“p k=o

= riﬁ
| . f
If (£} is estimated from
E.' \~
VI [) YL £ M (L‘\ > j‘ "'ZT( ]l""zl)ads)/L
(43) ifli, = 7 ).
(.P > (.);
where n(to) = max lf(z)] on [~ then we can estimate the error from:

s—P‘I
. Let feA(co), £>1. Then,

) [ERE 6" \*
(44) _}EG’)I < (J ) ez d )/ <K : “‘J > M&)
F

~Por various error functionals of numerical analysis one can use

THEOREE

a fixed Jacobi weight function and the corresponding orthonormal system

of polynomials;Pz(z) in the estimate (44); however, for certain particular
error functionals it might be more appfopria%e to use the related Jacobi
weight function and the orlhonormal system of polynomials. A striking
example is the following.

Let En(f) denote the error of an n-point Gauss=Jacobi quadrature

& y
formule with weight (1—x) (l+x)P
]

' B axy L N
E (£ = 5‘-: Q-xY (=) $60dx — Z An g FCx 00

(45) k=1

Here x

X k=1, ... , n, are the n real and distinct abscissas which are

the zeros of the corresnondlnﬂ Jacobi polynomial p*(x) and 2 K =
(l/py'(xp . -1 ‘ (1—A) (l+xy5(p*(x )/ (x - X n,k ))dx , k=l, -+ 3 B, are

the corresponding pObltlve Christoffel numbers. Since En(f) = 0 whenever
fis a polynomial of degrée 4 2n-1, we have from (44) the following estimate

Tor the error of the (Gauss=Jacobi quadrature formula.




[T ern Rt kil
Liiiunsiliu 351 .

P ‘ . . F’ \/-L 2] ;E-” (}/*(X))/‘L \\/l.
5 [ (j‘-) £ < !"ZF)H-Z s ( - : - ML
v Jope (el a) (2 S ) e
“
5. Jsveonitetic Estimales o

The seccond factor on the right side of (46) can be recognized ac
tae line integral norm of E over HZ(EP; llf-z)« )l+z)F‘ ):

(47) hE " = D |E. (RO

P k=2n

. 2 a2
Similarly, the area integral norm of E_over L‘}(é},; -z|™ 72 ll+z|ﬁ %) can
be obtained from the Riesz representation theorem (Davis [3], (9.3.13)) in

k) A X.
terms of the area orthonormal polynomials (S)n(z) : |

bl

(48) VEE = > |E, (B

2
k =2y
Since for z e £, , P>1, and n sufficiently large (Szego [8], (8.21.9)),
Cp

« T e e oo
(49) PEPGy = A (&) g n 3T g

3 (e A+ 2
L peopyt L 2T e
IR A v P
P

. o 2
aad since for large n, n PI(:(’P)” = 2“+P/n, therefore

. | oyt o z'n+o<+}3+|
(51) Hag = e

From (11) and (51),

(52) Pa(p) = (any! pnTeThY!

therefore from (10) we have for large n-and P> 1,

(53) | Pr=) = Gny* PR




I
12 1
Low, frem {48) and (353), for large a, ‘
1
s P |
(54) PEE = 2 2 k=t
B k=2n
ard csince
o9 i 2 i
i LAY
oz “'L < [ z k =n C?k.}l *
(55) “nfe S an AZaa |

Combining (54) and (55) it follows that for large n,

b ‘-V i AR ez '(E i
iE, T (M) E,

JAPaN

kDo) nl ~ .D
“p

M ve o

fave, the area integral norm will overestimate the errors in Davis! method ([41)-

e T

. & 3
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