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TWO-DIMENSIONAL FLUID-HAMMER AJSIALYSIS 
BY THE METHOD OF NEARCHARACTERISTICS 

by 

Yong W. Shin and Chr is t ian A. Kot 

ABSTRACT 

A numerica l technique based on the method of n e a r c h a r 
ac t e r i s t i c s is considered for solving propagation of fluid-
h a m m e r waves in a t^vo-dimengionalgeometry. The solut ionis 
constructed by relating flow^ conditions by compatibil i ty equa
tions along lines c a l l e d n e a r c h a r a c t e r i s t i c s . Three choices a r e 
considered in the numer ica l scheme that a r e accura te v/ithin an 
e r r o r of the o rde r of magnitude of the t ime s tep. 

Since the n e a r c h a r a c t e r i s t i c s lie in the coordinate 
planes, the technique provides an efficient method requir ing 
only simple interpolat ions in the init ial plane. On the other 
hand, the n e a r c h a r a c t e r i s t i c s fall outside the cha rac t e r i s t i c 
cone. Thus the solution procedure d i rec t ly r e fe r s to conditions 
outside the t rue domain of dependence. The effect of this is 
studied through numer ica l calculation of a simple example 
problem and compar ison with r e su l t s obtained by a b i cha rac 
t e r i s t i c method. Comparison is also made with existing ana
lytical solutions and exper imen t s . F u r t h e r m o r e , the th ree 
solution schemes considered a r e examined for numer ica l s ta
bility by the vonNeumann t e s t . Two of the schemes were found 
to be unstable; the third yielded a stabili ty c r i t e r ion equivalent 
to that of the b icharac te r i s t i c formulat ion. The stabil i ty-
analysis resu l t s w^ere confirmed by numer ica l exper imentat ion. 

I. INTRODUCTION 

The method of cha rac t e r i s t i c s i s an efficient and informative technique 
for numer ica l integration of quasi l inear hyperbolic sys tems of differential 
equations. The equations a re cast in a form that r e l a t e s the conditions along 
lines that physical d is turbances t r ave l . As a resul t , a close re la t ionship is 
maintained between the numer ica l p rocedure and the physical phenomena in 
which the stability of the numer ica l scheme is easi ly control led. The solution 
is thus, in general , more accurate than other d i rec t finite-difference methods . 

The method of cha rac t e r i s t i c s , as applied to p rob lems in two indepen
dent var iab les ( referred to as two-var iable method) in pa r t i cu la r , p o s s e s s e s 



an a t t rac t ive feature in that the re la t ions holding along c h a r a c t e r i s t i c s a r e 
ord inary differential equations that can eas i ly be handled numer ica l ly . When 
more than tw^o independent va r i ab les a r e involved, how^ever, the simplification 
is not as g rea t , since the compatibi l i ty conditions a r e still pa r t i a l differential 
equations. The b i cha rac t e r i s t i c formulation^" cons iders b i c h a r a c t e r i s t i c s 
selected such that the compatibi l i ty conditions, when put in a difference form, 
a r e essent ia l ly like o rd inary differential equations. Hence the solution can be 
constructed without re fe r r ing d i rec t ly to conditions outside the physical do
main of dependence, i .e . , the c h a r a c t e r i s t i c cone. On the other hand, the for
mulat ion p rocedure itself i s ex t r eme ly difficult, and, bas ical ly , the formulation 
b e a r s no resemblance to the conventional two-var iab le method. This i s 
especial ly t rue for four or m o r e independent v a r i a b l e s . 

Sauer* proposed a technique that , basical ly , r e p r e s e n t s a d i rec t exten
sion of the two-var iab le method. It cons ide r s l ines (Sauer called these n e a r -
cha rac t e r i s t i c s ) that l ie in any plane pa ra l l e l to the t ime coordinate . The 
formulation p rocedure is s imi la r to the conventional tw^o-variable method, 
and a problem involving four or m o r e var iab les p r e s e n t s no m o r e diffi
cult ies than the t h r ee -va r i ab l e method. Since the n e a r c h a r a c t e r i s t i c s , geo
met r ica l ly , a r e outside the cha rac t e r i s t i c cone, the solution is d i rec t ly 
influenced by conditions outside the t rue domain of dependence, and it is not 
c lear how this affects the numer ica l r e s u l t s . A technique proposed by Coburn 
and Dolph,^ further developed by Holt, involves two b i c h a r a c t e r i s t i c s and a 
line that falls outside the cone. Werner^ used the n e a r c h a r a c t e r i s t i c formu
lation in combination with extrapolat ion methods , and observed that the e r r o r 
in the solution i n c r e a s e s as the n e a r c h a r a c t e r i s t i c deviates f rom the 
b i cha rac t e r i s t i c . 

This repor t cons ide rs the t h r e e - v a r i a b l e formulat ion that u s e s the 
n e a r c h a r a c t e r i s t i c s lying in spatial coordinate p lanes . Numer ica l calculat ions 
a r e c a r r i e d out for the problem of f lu id -hammer w^ave propagation in a simple 
geometry , and the r e su l t s a r e compared with the r e s u l t s obtained by a b i 
cha rac t e r i s t i c formulation. Compar i son is a lso made with existing analytical 
solutions and exper iments for a plane discontinuity diffracting from a 90° cor 
ne r . Acoustic solutions for plane w^aves and one-dimensional numer ica l solu
t ions a r e also presented in support of the numer i ca l r e su l t s of the 
n e a r c h a r a c t e r i s t i c method. VonNeumann stabil i ty t e s t s a r e per formed for 
the three numer ica l schemes cons idered . 

II. BASIC DIFFERENTIAL EQUATIONS 

The bas ic equations governing the unsteady, compress ib le , inviscid 
flows a r e the conservat ion equations of m a s s , momentum, and energy. When 
the compress ib i l i ty is small , such as in l iquids, the energy equation may be 
replaced by an isentropic condition w^ith a constant wave speed. The basic 
differential equations descr ibing the f lu id-hammer effects charac te r iz ing the 



rapid t rans ien t s in slightly compress ib le fluids a r e wr i t ten for two-
dimensional plane and ax i symmet r ic geometry . 

Continuity: 

^ + | . , p , ) , „ ^ , | . ( p « ) . 0 . (1) 

Momentum: 

du ^ 5u , Bu _̂  l ^P _ -. , , . 
dt or oz p or 

dw 3w Bw 1 ^P _ , , 
TT + ^^— + WT— + - 3 — = 0 . (3) 
dt or oz p oz 
Isentropic relat ion: 

.Bp/g (4) 

In these equations, v = 0 for Car tes ian and v = 1 for cyl indrical geometry . 
Because of the small change in density, the der ivat ives of density a r e e l imi
nated by combining Eqs . 1 and 4: 

dp dp dp /du ^ u ^ dw\ - ,_, 
^ - + u^—+ WT—+ pc^l^—+ V- +^—) = 0. (5) 
dt dr dz \dr r dz / 

Equations 2, 3, and 5 a re used instead of the original Eqs . 1-4. These 
equations a r e first nondimensionalized by using appropr ia te reference quanti
t i es for each variable so that each t e r m is of o rde r of magnitude unity. Al
though the selection of reference quanti t ies is not always an easy task, a 
p roper nondimensionalization provides a group of d imensionless p a r a m e t e r s , 
physically meaningful, that govern the problem. The nondimensionalized equa
tions a re 

dT^ n^d7-'bd7J+d7- °' (̂ ^ 

I7 + e(u|^+^|^) + ^ ^ = 0, (7) 
dt \ d r b d z / b d z 

and 

/ dp w d p \ au u ^ l d w - , - , 
+ elur—+ - T - J + ^ — + V - + - T - = 0, 8) 

\ d r b d z / d r r b d z 



where the d imensionless p a r a m e t e r s a r e 

U 
e = — 

c 
(9a) 

and 

-I- (9b) 

The nondimensionalized var iab les in Eqs . 6-8 a r e 

u = u*/U; w = w*/U; p - p*/pcU; 

t = ct*/R; r = r* /R; z = Z * / L -

(10) 

Here , the quantit ies with an a s t e r i s k r ep re sen t dimensional va r i ab les , c is the 
wave speed, and R and L a r e the cha rac t e r i s t i c length in the r and z coordi
na tes , respect ive ly . The reference p r e s s u r e change Ap may be expressed in 
t e r m s of the reference velocity U as 

Ap = pcU. (11) 

In the nondimensionalized equations, Eqs . 6-8, the propagation of fluid-
h a m m e r waves is governed by two d imens ionless p a r a m e t e r s , e is a m e a s u r e 
of nonlinear effects, and b is a geomet ry p a r a m e t e r . As e approaches a small 
number, the problem tends to a l inear p rob lem. The flow becomes one-
dimensional for la rge values of the aspect ra t io b . 

III. NEARCHARACTERISTIC FORMULATION 

Using the method of n e a r c h a r a c t e r i s t i c s f i rs t proposed by Sauer,* we 
look for l ines that lie in the coordinate planes along w^hich the solution can be 
extended. (Sauer called these l ines n e a r c h a r a c t e r i s t i c s . ) Equations 6-8 a re 
combined l inear ly to obtain the compatibi l i ty conditions that hold along these 
n e a r c h a r a c t e r i s t i c s . As der ived in Appendix A, tw ô sets each of th ree com
patibili ty equations a r e obtained. 

In the r - t plane: 

1 dw 
du - dp b d : 

, u , ew 
+ V- + —-

r b 
du ^ ° P 
dz dz 

dt; 

dr = (eu - l)dt; 

dz = 0; 

(12a) 

(12b) 

(12c) 



du + dp 
1 dw u e w / d u £ p 
b d z r b \dz dz 

d t ; 

d r = (eu + l )d t ; 

dz = 0; 

dw = - T M^—+ ewT— dt; 
b \ d z Oz, 

d r = eu dt; 

dz = 0. 

In the z - t p l a n e : 

du , u , 
T— + V— + eu 
d r r d̂ w - dp 

dw _^°P 
d r d r 

d t ; 

d r = 0; 

b dz = (ew - 1 )dt; 

dw + dp 
du , u , / d w , op 
r— + V- + eul r— + T— 
d r r vdr d r 

d t ; 

d r = 0; 

b dz = (ew + l )d t ; 

^ + eu|^jdt; du = 

d r = 0; 

b dz = ew dt . 

H e r e the o p e r a t o r d r e p r e s e n t s the d i f f e r en t i a l a long the r e s p e c t i v e n e a r -
c h a r a c t e r i s t i c s . The above f o r m u l a t i o n r e p r e s e n t s a s i m p l e e x t e n s i o n of a 
o n e - d i m e n s i o n a l p r o b l e m , and it m a y be e a s i l y e x t e n d e d to the t h r e e -
d i m e n s i o n a l c a s e . 

F i g u r e 1 d e p i c t s the p r o j e c t i o n of n e a r c h a r a c t e r i s t i c s and the c h a r a c 
t e r i s t i c cone on the c u r r e n t t i m e p l a n e . A l s o shown i s a b i c h a r a c t e r i s t i c , 
wh ich i s a l ine jo in ing a point on the b a s e c i r c l e (with c e n t e r at Q and r a d i u s At) 
and the cone v e r t e x P . The four n e a r c h a r a c t e r i s t i c s - - I P , 2 P , 3P , and 4 P - -
a p p r o a c h b i c h a r a c t e r i s t i c s ; t he r e m a i n i n g tw^o n e a r c h a r a c t e r i s t i c s a p p r o a c h 



the s t r e a m l i n e a s t h e p a r a m e t e r e t e n d s to z e r o . H e n c e , in the l i n e a r l i m i t , 
the two s e t s of c o m p a t i b i l i t y r e l a t i o n s of the n e a r c h a r a c t e r i s t i c m e t h o d r e d u c e 
to t h o s e of the b i c h a r a c t e r i s t i c f o r m u l a t i o n , e x c e p t for t h e f o r m of the r e l a 
t ion a long the p a r t i c l e pa th . 

Fig. 1 

Projection on r-z Plane of Characteristic 
Cone and Nearcharacteristics (lines con
necting P with points 1, 2, 3, 4, 5, 
and 6). ANL Neg. No. 113-5630. 

IV. BOUNDARY AND A X I A L - P O I N T CONDITION 

On b o u n d a r i e s , s o m e n e a r c h a r a c t e r i s t i c s fal l o u t s i d e t h e c o m p u t a t i o n a l 
d o m a i n . The c o r r e s p o n d i n g c o m p a t i b i l i t y c o n d i t i o n s on t h e s e n e a r c h a r a c t e r 
i s t i c s b e c o m e u n a v a i l a b l e and a r e r e p l a c e d by a p p r o p r i a t e b o u n d a r y c o n d i 
t i o n s . The b o u n d a r y cond i t i ons u s e d h e r e a r e c o n s i s t e n t w i th t h e i n v i s c i d 
f lows . The v e l o c i t y c o m p o n e n t n o r m a l to r i g i d b o u n d a r i e s i s se t to z e r o , 
w h e r e a s the t a n g e n t i a l c o m p o n e n t i s left f r e e . On the a x i s of s y m m e t r y (for 
V = 1), i . e . , a t t he a x i a l poin t , t he r a d i a l v e l o c i t y c o m p o n e n t i s z e r o and the 
t e r m u / r i s r e p l a c e d by d u / d r . 

V. N U M E R I C A L P R O C E D U R E 

F o r n u m e r i c a l t r e a t m e n t , the d i f f e r e n t i a l e q u a t i o n s , E q s . 12 -17 , a r e 
w r i t t e n a s f i n i t e - d i f f e r e n c e r e l a t i o n s . S ince the r i g h t - h a n d s ide of the c o m 
p a t i b i l i t y e q u a t i o n s c o n t a i n s p a r t i a l d e r i v a t i v e s of a l l d e p e n d e n t v a r i a b l e s , a 
n o n i t e r a t i v e s e c o n d - o r d e r s c h e m e canno t be d e r i v e d . T h r e e f i r s t - o r d e r 
s c h e m e s a r e c o n s i d e r e d h e r e in w^hich the so lu t ion i s o b t a i n e d wi th in an e r r o r 
of the o r d e r of m a g n i t u d e of the t i m e s t e p . The f i r s t s c h e m e u s e s equa t i ons 
in t h e r - t p l a n e , the second s c h e m e u s e s e q u a t i o n s in t h e z - t p l a n e , and the 
t h i r d s c h e m e u s e s t h e l eve l i ng t e c h n i q u e , in w h i c h t h e above two so lu t i ons 
a r e a v e r a g e d wi th equa l w e i g h t s . 

The d i f f e r ence r e l a t i o n s in the r - t p l a n e a r e 

u - p = Ui Pi 
1 dw u ew^ 
b Oz r b 

du fP 
dz dz 

At; (18a) 

-"1 



r - r j = (eui - l)At; 

U + p = U3 + p3 
1 3w u ewf ^11 ^ 
b 3 z r b V S z Sz 

At; 

r - r3 = (eu3 + l)At; 

1 w wc - — r— + ew^— At; b \ d z 

r - r5 = eusAt. 

'Z/5 

The d i f f e r ence r e l a t i o n s in t h e z - t p l ane a r e 

[Su u / dw ^PM 

w - p = W2- P2+[a7+V7+eu(^-^+-^jJ^At; 

b(z - Z2) = (ew2 - l)At; 

W + p = W4 + p4 
3u , u , (3w , ^P 
T - + V— + eul^— + T 
Or r \o r o r 

At; 
J4 

b(z - Z4) = (cw4 + l)At; 

dp 

"̂  " ""6" yd7^ ^ 
d u \ 

b(z - Z(,) = ew^At. 

(18b) 

(19a) 

(19b) 

(20a) 

(20b) 

(21a) 

(21b) 

(22a) 

(22b) 

(23a) 

(23b) 

H e r e the v a r i a b l e s wi thout s u b s c r i p t s r e p r e s e n t the v a l u e s at the cone v e r t e x P 
(the unknow^n point ) , and the s u b s c r i p t s r e f e r to the i n t e r s e c t i o n s of r e s p e c t i v e 
n e a r c h a r a c t e r i s t i c s wi th the c u r r e n t t i m e p l ane ( see F i g . 1). The c o o r d i n a t e s 
r j , r3 , r^, z^, Z4, and Z5 can be e x p l i c i t l y d e t e r m i n e d when the n e a r c h a r a c t e r -
i s t i c r e l a t i o n s a r e c o m b i n e d w^ith i n t e r p o l a t i o n f o r m u l a s . H e n c e , t he s c h e m e s 
d i s c u s s e d above a r e t r u l y exp l i c i t s c h e m e s and r e q u i r e no i t e r a t i v e p r o c e d u r e . 

VI. N U M E R I C A L S T A B I L I T Y 

The C o u r a n t - F r i e d r i c h s - L e w y ( C F L ) c r i te r ion® p r o v i d e s the n e c e s s a r y 
cond i t i on for c o n v e r g e n c e and s t a b i l i t y for h y p e r b o l i c p r o b l e m s . T h i s c o n d i 
t i on r e q u i r e s the d o m a i n of d e p e n d e n c e of the a p p r o x i m a t e - d i f f e r e n c e s y s t e m 
to c o n t a i n the d o m a i n of d e p e n d e n c e of t h e e x a c t d i f f e r e n t i a l s y s t e m . F o r the 
f i n i t e - d i f f e r e n c e g r i d n e t w o r k shown in F i g . 2, t h i s i m p l i e s t h a t t he t i m e s t ep 
m u s t be c h o s e n such tha t a l l the n e a r c h a r a c t e r i s t i c s fal l i n s i d e the r e c t a n g l e 
B C E D . (No d i s t u r b a n c e should t r a v e r s e m o r e t h a n one g r i d s p a c i n g d u r i n g 
one t i m e s t ep . ) 
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NEARCHARACTERISTICS r t = 'o+^' 

Fig. 2 

Finite-difference Network. 
ANL Neg. No. 113-5627. 

The vonNeumann analysis '"^^ is per formed h e r e to find more specific 
conditions for stabili ty for the t h r ee schemes considered. In general , the 
vonNeumann condition is again a n e c e s s a r y condition. In many ins tances , 
however, it i s a lso a sufficient condition. Fo r these solution schemes , ex
plicit express ions a r e obtained by l inear combinations of the compatibil i ty 
re la t ions . The f i rs t scheme (considering the r - t plane) yields, from Eqs . 18a, 
19a, and 20a, 

u = f i ^ i + U3 - pi + P3 + 
1 Sw , u , eŵ  
b oz r b 3 z 3 z 

At 

1 3w u ew| 3u _P 
b3z r bVSz 3z 

w 
l / ^P 3W^ 

^5 - b t e -" '-^hz/s At; 

(24a) 

(24b) 

p = " j r ^ i + U3 + pi + P3 
13w , u , ew + V— + 
b 3 z r ' b \ 3 z ' 3 z 

u ^ ^ P 
At 

J 1 

1 3w , u , ew^du_ _P 
bd : b Vd Z/J3 

At (24c) 

The second scheme (considering the z-t plane) is obtained from Eqs . 21a, 22a, 
and 2 3a: 

'3p duN .^ 

W = 7 ^ 2 + W4 - P2 + P4 + 

(25a) 

[ ^ + V- + eu f- — + —] 
[Sr r ^ \ d r dr / . 

[ . ^ + V- + euf — + —11 
l_3r r \3r 3r/J 

At 

(25b) 



P ^ Jy^^ + W4 + P2 + P4 
3u , u , f Sw °P 
^ — + v — + e u l - T : - + T -
o r r \ o r c3r 

At 

3u u [Sw £P 
d r r w r 3 r 

(25c) 

The v o n N e u m a n n t e s t s r e v e a l e d tha t t h e s e two s c h e m e s a r e n u m e r i 
c a l l y u n s t a b l e for a l l t i m e s t e p s for any fixed g r i d s i z e s . H o w e v e r , the t h i r d 
s c h e m e tha t y i e l d s the so lu t ion by a v e r a g i n g the above t-wo u n s t a b l e s c h e m e s 
i s p r o v e n s t a b l e . The s t a b i l i t y cond i t ion for the t h i r d s c h e m e i s found to be 

A r i Ar3 Az2 AZ4 
— - + — - + — - + — - s 2, 
Ar Ar Az Az 

(26) 

w h e r e Ar^ = |r - rj], Ar3 = |r - V2,\, e t c . , and Ar and Az a r e the g r i d s i z e s . 
T h i s cond i t ion i s equ iva l en t to the s t a b i l i t y r e q u i r e m e n t d e t e r m i n e d for t h e 
b i c h a r a c t e r i s t i c method .^ N u m e r i c a l c a l c u l a t i o n s , wh ich a r e d i s c u s s e d in the 
next s ec t i on , c o n f i r m the f indings of t h e s t ab i l i t y a n a l y s i s . In p a r t i c u l a r , 
Eq . 26 i s found to be a suff ic ient cond i t ion for the s t ab i l i t y of the a v e r a g i n g 
s c h e m e . D e t a i l s of the v o n N e u m a n n s t ab i l i t y a n a l y s i s a r e g iven in Append ix B. 

VII. N U M E R I C A L CALCULATIONS 

To t e s t t he n u m e r i c a l s c h e m e ( s c h e m e 3 tha t u s e s the l eve l i ng t e c h 
n ique) b a s e d on the m e t h o d of n e a r c h a r a c t e r i s t i c s , an a c o u s t i c p r o b l e m of a 

p l a n e p r e s s u r e d i s c o n t i n u i t y d i f f rac t ing 
f r o m a 90° s h a r p c o r n e r i s c o n s i d e r e d . 
An a n a l y t i c a l so lu t ion of t h i s p r o b l e r a w a s 
o b t a i n e d by Kel ler ,^^ and a c o m p a r i s o n 
w a s m a d e wi th the e x p e r i m e n t of White 
and Bleakney.^^ In F i g . 3, t h e n u m e r i c a l 
so lu t ion of the n e a r c h a r a c t e r i s t i c m e t h o d 
i s p lo t t ed a long w^ith the a n a l y t i c a l so lu 
t ion and the e x p e r i m e n t . A l so g iven in 
F i g . 3 i s t he n u m e r i c a l so lu t ion o b t a i n e d 
by a b i c h a r a c t e r i s t i c me thod . ' ' The c o m 
p a r i s o n i n d i c a t e s a g e n e r a l l y good a g r e e 
m e n t , excep t tha t , n e a r t h e w^ave f ront , 
s o m e d i s c r e p a n c y a p p e a r s b e t w e e n the 
n u m e r i c a l r e s u l t s and the a n a l y t i c a l so lu 
t ion due to the n u m e r i c a l d i s p e r s i o n r e 
su l t ing f r o m the r e s t r i c t i v e t i m e s t e p s 
r e q u i r e d in both n u m e r i c a l m e t h o d s for 
s t a b i l i t y and c o n v e r g e n c e . The d i s c r e p 
a n c y o b s e r v e d b e t w e e n the e x p e r i m e n t 
and bo th t h e a n a l y t i c a l and n u m e r i c a l r e 
su l t s n e a r the c o r n e r i s a t t r i b u t e d to the 
v i s c o u s v o r t e x e f f e c t s . The t e c h n i q u e 

0.5 

ANALYTICAL SOLUTION 

EXPERIMENT [13] 

• • • NEARCHARACTERISTIC METHOD 

A A A BICHARACTERISTIC METHOD 

0.5 

X 

Fig 3. Diffraction of Plane Acoustic Wave from 
90° Sharp Wedge. ANLNeg. No. 113-5788. 
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u s e d i n K e l l e r ' s a n a l y t i c a l s o l u t i o n i s B u s e m a n n ' s c o n i c a l f l o w m e t h o d ^ ^ b y 
w h i c h t h e v / a v e e q u a t i o n i s t r a n s f o r m e d i n t o t h e L a p l a c e ' s e q u a t i o n . T h e 

p o t e n t i a l p r o b l e m i n t h e c i r c u l a r s e c t o r 
i s t h e n s o l v e d b y a c o n f o r m a l m a p p i n g t o 

2.5l- ''^ ̂ —\ a unit circle. The experiment of White 
and Bleakney used a 12% excess pressure. 

2.0 

1 .0 -

0.5 -

1^ 
Pi 

^v^e=0 

/ •* 
8 = 37r/2 

- POINT G 

A 

A* 

^ 

orTv;̂ '̂̂ ^̂ ^̂  
- POINT F 

ANALVTICAL SOLUTION 

• • • NEARCHARACTERISTIC METHOD 

A A A BICHARACTERISTIC METHOD 

20 
STEP NUMBER 

40 

A c l o s e e x a m i n a t i o n of the n e a r -
c h a r a c t e r i s t i c r e s u l t in F i g . 3 r e v e a l s an 
o s c i l l a t o r y n a t u r e when c o m p a r e d to the 
o t h e r s o l u t i o n s . To e x a m i n e t h i s m o r e 
c l o s e l y , p r e s s u r e - t i m e h i s t o r i e s a r e g iven 
in F i g . 4, in wh ich the p r e s s u r e at po in t s G 
and F ( loca ted on t h e wedge f a c e s , d i s 
t a n c e " a " a p a r t f r o m the c o r n e r a s shown 
in F i g . 4) a r e p l o t t e d . A l so shown in 
F i g . 4 for c o m p a r i s o n a r e K e l l e r ' s a n a 
l y t i c a l so lu t ion and the n u m e r i c a l so lu t ion 
b a s e d on the b i c h a r a c t e r i s t i c m e t h o d . 
The n e a r c h a r a c t e r i s t i c r e s u l t e x h i b i t s 
" o v e r s h o o t s " a s w e l l a s o s c i l l a t i o n s about 
the exac t a n a l y t i c a l so lu t ion , w^hereas the 
b i c h a r a c t e r i s t i c r e s u l t a p p e a r s to follow 
t h e a n a l y t i c a l so lu t ion wi thout o s c i l l a t i o n s . 

Fig. 4. Pressure-Time History of Points Fixed on N u m e r i c a l c a l c u l a t i o n s a r e f u r t h e r 
Wedge Faces (cAt/a = 0.095; cAt/Ar = c a r r i e d out for a p r o b l e m wi th a s i m p l e 
0.475;Ar = Az). ANL Neg. No. 113-5789. g e o m e t r y involv ing a sudden e x p a n s i o n 

and c o n t r a c t i o n w^ith an a x i a l s y m m e t r y . 
F i g u r e 5 d e p i c t s the g e o m e t r i c c o n f i g u r a t i o n . Two d i f fe ren t c a s e s wi th v a r y 
ing a s p e c t r a t i o s (0.572 and 2) a r e c o n s i d e r e d in e x a m i n i n g the v a r y i n g t w o -
d i m e n s i o n a l i t y . S t e p - p r e s s u r e p u l s e s a r e i m p o s e d fa r u p s t r e a m of the s y s t e m , 
wh ich is in i t i a l l y a t z e r o p r e s s u r e and a s s u m e d to be f i l led wi th s t a t i o n a r y 
w a t e r . A l s o , the p a r a m e t e r e is v a r i e d (O, 0 .0033 , and O.l) to s tudy the effect 
of n o n l i n e a r i t y on the n u m e r i c a l r e s u l t s (e = 0.0033 and 0.1 c o r r e s p o n d to 
p r e s s u r e p u l s e s of 1000 and 30,000 p s i , r e s p e c t i v e l y ) . 

Fig. 5 

Sample Problem. ANL 
Neg. No. 113-5580. 

PRESSURE 
PULSE 

T~ 7 ~ r ~ 7 £ . fl76 8in2 
\ A| =44 2 in' • AjM , 12=1 , A3 = 44 2 in 2 • 

'• [2162 in^ " O 

For computational efficiency, the domain is divided into two separate re
gions. The two-dimensional region comprises the central part including expan
sion and contraction, and the rest of the system is treated as one-dimensional. 
The nearcharacteristic formulation, in the one-dimensional domain, reduces 
to the more familiar two-variable method (one space coordinate and time). 



At the in terfaces that divide the two regions , the simplified conditions u = 
3u /3 r = 3w/3r = 3p /3 r = 0 a r e considered. Square gr ids (Ar = bAz) a re 
employed (with nine radial nodes for the cent ra l region for b = 2) using the 
t ime step chosen to mee t the vonNeumann condition (Eq. 26). 

F igure 6 shows the p r e s s u r e resu l t s at point G (of Fig . 5), in which 
the th ree numer ica l schemes , all using the same t ime step as de termined by 
Eq. 26, a r e compared . This and additional calculat ions, using smal le r t ime 
s teps , revealed that schemes 1 and 2 were unstable for all t ime steps, while 
Eq. 26 w^as the sufficient condition for stability of scheme 3. 
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-SCHEME I ( r - t PLANE) 

OOL-
00 

Fig. 6 

Nondimensional Pressure at Point G 
Obtained by Three Numerical 
Schemes (6 = 0.0033; b = 2). ANL 
Neg. No. 113-5631. 

30 

TIME, msec 

Figures 7-9 compare the r e su l t s of scheme 3 with the r e su l t s obtaine 
by a b i cha rac te r i s t i c formulation. ' ' The two solutions differ most when large 

Fig. 7 

Nondimensional Pressure at Point G 
Comparing Nearcharacteristic with 
Bicharacteristic Solution (e = 0.0033). 
ANL Neg. No. 113-5628. 
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Fig. 8 

Nond imens iona l Pressure at Point K 
Comparing Nearcharacteristic with 
Bicharacteristic Solution (e = 0.0033). 
ANL Neg. No. 113-5629. 
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Fig. 9. Nondimensional Pressure at Point H Comparing 
Nearcharacteristic with Bicharacteristic Solution 
(6 = 0.0033). ANL Neg. No. 113-5632. 

g r a d i e n t s e x i s t in the so lu t ion . As c a n be s e e n in F i g . 7, the l a r g e s t d i f f e r ence 
o c c u r s at point G d u r i n g p a s s a g e of the w a v e f ron t . O t h e r w i s e , the two so lu 
t i o n s a r e in f a i r a g r e e m e n t . (See, in p a r t i c u l a r , po in t s K and H in F i g s . 8 
and 9-) The n e a r c h a r a c t e r i s t i c s o l u t i o n s , in g e n e r a l , exh ib i t ed an o s c i l l a t i o n 
about the b i c h a r a c t e r i s t i c so lu t ion (the s a m e t r e n d a s shown in F i g s . 3 and 4) . 

The effect of n o n l i n e a r i t y i s shown in F i g . 10, w h i c h c o m p a r e s the non
l i n e a r r e s u l t s to the so lu t ion of l i n e a r i z e d e q u a t i o n s ( E q s . 6-8 wi th e = 0). 



T h e r e s u l t for e = 0 .0033 (Ap = 1000 ps i ) w a s e s s e n t i a l l y i d e n t i c a l to t ha t for 
t h e l i n e a r so lu t ion and h e n c e not p l o t t e d . As the n o n l i n e a r i t y p a r a m e t e r in 
c r e a s e s to 0 . 1 , a n o t i c e a b l e d i f f e r ence (up to 18%) o c c u r s at p o i n t s of l a r g e 
g r a d i e n t s . The n o n l i n e a r r e s u l t p r e d i c t s p r e s s u r e s t ha t e x c e e d the u p p e r -
l i m i t i n g p r e s s u r e of the l i n e a r a n a l y s i s , i . e . , the i m p o s e d p r e s s u r e (non-
d i m e n s i o n a l p r e s s u r e of 1.0). 
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NONLINEAR ( € = 0 1) 
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Fig. 10 

Nondimensional Pressure at Point G 
Comparing Nonlinear with Linear 
Solution (b = 2). ANL Neg. 
No. 113-5635. 

30 

TIME, msec 

F i g u r e s 11 a n d 12 c o m p a r e t h e t w ^ o - d i m e n s i o n a l n e a r c h a r a c t e r i s t i c 
s o l u t i o n s w^ith t h e o n e - d i m e n s i o n a l a c o u s t i c s 'olution^^ a n d t h e n u m e r i c a l s o l u 
t i o n b a s e d o n a o n e - d i m e n s i o n a l t r e a t m e n t f o r t h e e n t i r e r e g i o n . T h e t w o -
d i m e n s i o n a l r e s u l t , i n g e n e r a l , f o l l o w s t h e o n e - d i m e n s i o n a l r e s u l t f o r b o t h 
a s p e c t r a t i o s c o n s i d e r e d . How^ever , a l a r g e d i s c r e p a n c y a p p e a r s i n t h e e x 
p a n s i o n r e g i o n , i . e . , a t p o i n t G f o r b = 0 . 5 7 2 ( r a d i u s r a t i o 7) , a s t h e t w o -
d i m e n s i o n a l i t y i n c r e a s e s ( s e e F i g . 1 1 ) . A t p o i n t s aw^ay f r o m t h e c e n t r a l r e g i o n , 
e . g . , a t p o i n t H , t h e t w o - d i m e n s i o n a l i t y i s n o t a s l a r g e ( s e e F i g . 1 2 ) . 

Fig. 11 

Nearcharacteristic Solution at 
Points G and K in Comparison 
with One-dimensional Acoustic 
and Numerical Solutions. ANL 
Neg. No. 113-5634. 
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Fig. 12. Nearcharacteristic Solution at Point H in Comparison 
with One-dimensional Acoustic and Numerical 
Solutions. ANL Neg. No. 113-5633. 

VIII. DISCUSSIONS AND CONCLUSION 

T h i s r e p o r t d i s c u s s e s the n u m e r i c a l a s p e c t s of the n e a r c h a r a c t e r i s t i c 
i n t e g r a t i o n t e c h n i q u e t h r o u g h the a p p l i c a t i o n of the m e t h o d to t w o - d i m e n s i o n a l 
f l u i d - h a m m e r p r o b l e m s . The n e a r c h a r a c t e r i s t i c s , a long w h i c h the n u m e r i c a l 
s o l u t i o n s a r e i n t e g r a t e d , fel l s l i gh t ly o u t s i d e t h e c h a r a c t e r i s t i c cone ; h e n c e , 
a d i r e c t r e f e r e n c e w^as m a d e to the c o n d i t i o n s tha t h a v e no p h y s i c a l in f luence 
on t h e so lu t ion . T h i s i s in c o n t r a s t to the b i c h a r a c t e r i s t i c m e t h o d , in wh ich 
only i n d i r e c t r e f e r e n c e i s m a d e to r e g i o n s o u t s i d e the t r u e d o m a i n of d e p e n 
d e n c e due to i n t e r p o l a t i o n r e q u i r e m e n t s . N e v e r t h e l e s s , t he n e a r c h a r a c t e r i s 
t i c s a r e a d m i s s i b l e d i r e c t i o n s a long w^hich an eff ic ient n u m e r i c a l t e c h n i q u e 
can be f o r m u l a t e d . T h r e e n u m e r i c a l s c h e m e s w e r e c o n s i d e r e d . The 
v o n N e u m a n n s t a b i l i t y t e s t r e v e a l e d t h a t s c h e m e s tha t c o n s i d e r n e a r c h a r a c 
t e r i s t i c s in any one s p a t i a l - c o o r d i n a t e p l a n e , e i t h e r the r - t o r z - t p l a n e , a r e 
a l w a y s u n s t a b l e , -while the s c h e m e t h a t c o n s t r u c t s the so lu t ion by a v e r a g i n g 
the u n s t a b l e s c h e m e s i s s t a b l e . Us ing the l e v e l i n g t e c h n i q u e , t he l a t t e r s c h e m e 
r e q u i r e s t h e s a m e s t a b i l i t y r e s t r i c t i o n s a s t h e b i c h a r a c t e r i s t i c f o r m u l a t i o n . 
The t i m e - s t e p l i m i t a t i o n i s m o r e s t r i n g e n t t h a n the one d i c t a t e d by the C F L 
( C o u r a n t - F r i e d r i c k s - L e w y ) c r i t e r i o n . 

The n u m e r i c a l r e s u l t s o b t a i n e d by the n e a r c h a r a c t e r i s t i c m e t h o d ex 
h i b i t e d an o s c i l l a t o r y so lu t ion about the a n a l y t i c a l so lu t ion and t h e b i c h a r a c 
t e r i s t i c r e s u l t , t h e a m p l i t u d e of o s c i l l a t i o n i n c r e a s i n g wi th s t e e p n e s s in the 
g r a d i e n t of the so lu t ion . The o s c i l l a t i o n r e s e m b l e s t h o s e tha t a p p e a r in the 
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numer i ca l r e su l t s of d i rect finite-difference schemes , which a re often sup
p r e s s e d by use of ar t i f ic ial v iscosi ty . The method, neve r the le s s , proved i ts 
efficiency, and the accuracy, in general , is demonst ra ted by compar ison with 
analytical solutions and exper iments and also with one-dimensional acoustic 
solutions in which essent ia l ly one-dimensional behavior is expected. The 
bas ic technique of t rea t ing the ent i re domain by two separa te regions is e s 
pecial ly suited to problems involving complex networks in which only l imited 
regions requ i re tw^o-dimensional t r ea tmen t . Fo r such problems , the technique 
provides needed resolut ion in a r e a s of p r i m a r y in te res t and, by a smooth 
t rans i t ion to the conventional two-var iable method, enables the remaining 
region to be t rea ted one-dimensional ly w^ith great reduction in computation 
t i m e . 



A P P E N D I X A 

C o m p a t i b i l i t y C o n d i t i o n s a long N e a r c h a r a c t e r i s t i c s 

Fo l l owing the p r o c e d u r e s g iven in Refs . 4 and 16, Eqs . 6-8 a r e l i n e a r l y 
c o m b i n e d : 

a, 
Su / 3u w Su\ , 3p 5w / Sw w 5w\ , 1 Bp 
at \ ar b Sz/ 3rJ "̂ L̂ t \ 9r b oz/ b Bz 

fSp / ^P , w Bp\ , Su , u , 1 Sw 
(A.l) 

C o n s i d e r f i r s t the r - t p l a n e . E q u a t i o n A . l i s r e a r r a n g e d so t h a t the 
l e f t -hand s ide i s in a c h a r a c t e r i s t i c f o r m , wi th the c h a r a c t e r i s t i c s lying in 
the r - t p l a n e : 

9u / \ Su , 3w , Qw , 5p , / , X 9p 
5t Sr 3t Sr at ar 

ŵ  au 
-a, e — — 
^ b az 

1 / aw ap\ u , 1/aw ap\ 
"'̂ b I'^aT + atJ - '̂̂  V- + ^[-^ + c w ^ j 

(A.2) 

It fo l lows t h a t 

d r 
dt a 

(9̂ 1 eu + 0̂ 3) = —cy2^^ = —(o^aGu-I- a j , 
a. a. 

(A.3) 

w^here t h e o p e r a t o r d d e n o t e s the d i f f e r en t i a l a long a n e a r c h a r a c t e r i s t i c in the 
r - t p l a n e . E q u a t i o n A.3 y i e l d s t h r e e e q u a t i o n s t h a t a r e h o m o g e n e o u s in the a ' s . 
T h e e x i s t e n c e of r e a l c h a r a c t e r i s t i c s r e q u i r e s the coef f ic ien t d e t e r m i n a n t 
( ca l l ed the c h a r a c t e r i s t i c d e t e r m i n a n t ) to v a n i s h : 

eu 
d r 
dt 

eu 
d r 
dt 

1 0 

^ 0 

eu 
d r 
dt 

(A.4) 

T h i s y i e l d s t h r e e n e a r c h a r a c t e r i s t i c e q u a t i o n s : 

d r 
- = e u - 1, (A. 5a) 



4 f = ^^ + 1> (A-5b) 
dt 

and 

f = " . (A.5C) 

Subs t i t u t i on of t h e s e e q u a t i o n s in to Eq. A.3 d e t e r m i n e s t h r e e s e t s of v a l u e s 
for the cy's. The c o r r e s p o n d i n g c o m p a t i b i l i t y e q u a t i o n s a r e then d e t e r m i n e d 
f r o m Eq. A. 1: 

au 
at 

, ,^u ap , , ap 1 aw u e w / au apN / . ^ \ 
+ ( e u - l ) v ^ - ( e u - l ) ^ = : r ^ — +^^— + - T r l - ^ — + T ^ > (A. 6a) 

ar at a r b az r b \ az a z / ^ 

, , , ,^au , ap , / , , \Sp 1 aw u ew/au , ap\ ,^ . , , 
+ (eu + 1)^— -F ^ + eu + 1 - ^ := - - ^ V - r r l T - + r ^ i > A.6b) 

a r at a r b az r b \az ozJ 

au 
at 

and 

aw aw 1 ap ew aw / , , \ 
- T - + eu^— = - T - ^ - -r- T—• A.6c 
at a r b az b az 

A s i m i l a r p r o c e d u r e d e t e r m i n e s the fol lowing t h r e e c o m p a t i b i l i t y 
e q u a t i o n s in the z - t p l a n e : 

aw , 1 , > aw ap 1 / , \ ap au u / aw ap\ , ^ . 
— - + - ew - 1 - f - - ew - 1 ^ = _ + V - + eu (--— + ^ ) , A. 7a 
at b az at b az ar r \ ar a r / 

aw 
at 

and 

, 1/ , , \ ^ w , Sp , 1 / , , \ S p au u /aw , ap\ / . _, % 
-I- — e w + 1 ) ^ — + -TT" + Tr(sW + l ) ^ = -rr V ^ u U " + ^ . (A. 7b) b az at b az ar r \ a r a r / 

au ew au ap au , , 
TT '^ ~r >~ "" - ^ - ^^^—• (A.7c) 
a t b Oz a r a r 
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A P P E N D I X B 

F o u r i e r S tab i l i t y A n a l y s i s of v o n N e u m a n n 

Since the F o u r i e r a n a l y s i s can only be p e r f o r m e d for l i n e a r s y s t e m s , 
the n u m e r i c a l s c h e m e s d e s c r i b e d by E q s . 24 and 25 a r e f i r s t l i n e a r i z e d by 
a s s u m i n g s m a l l c o n v e c t i v e t e r m s ( i . e . , e -• 0 in the e q u a t i o n s ) . T h i s b r i n g s 
fo r th f u r t h e r s i m p l i f i c a t i o n s t h a t 

bjz - Z2I = bjz - 6Ar, ( B . l a ) 

and 

rgl = b|z - z j = 0, ( B . l b ) 

w^here Ar = bAz i s a l s o a s s u m e d and S i s def ined by Eq. B . l a . The p r o c e d u r e 
ou t l ined in the follow^ing i s l i m i t e d to the p l ane t w o - d i m e n s i o n a l c a s e (v = O). 
The a x i s y m m e t r i c c a s e can be t r e a t e d e s s e n t i a l l y in the s a m e m a n n e r , and 
the r e s u l t s ob t a ined for the p l a n e c a s e apply equa l ly to the a x i s y m m e t r i c c a s e . 

The dependen t v a r i a b l e s a r e w r i t t e n a s F o u r i e r s e r i e s , and e a c h c o m 
ponen t i s e x a m i n e d a s to i t s groAvth w^ith t i m e . A F o u r i e r c o m p o n e n t of the 
v a r i a b l e u, for exannple , a t t he a d v a n c e d and c u r r e n t t i m e l e v e l and at l o c a t i o n 
r = jAr, z - kAz, c a n be w r i t t e n a s 

u(jAr, kAz, t + At) ^ f i g i p j A r e i Y k A z (B.2a) 

and 

u ( jAr ,kAz , t ) = U o V P j ^ V ^ ^ ^ ^ (B.2b) 

w^here P and Y a r e the wave n u m b e r s a s s o c i a t e d wi th the r and z c o o r d i 
n a t e s , and Uô  and u^ a r e the t i m e f a c t o r s at t he a d v a n c e d and c u r r e n t t i m e 
l e v e l , r e s p e c t i v e l y . S i m i l a r e x p r e s s i o n s a r e c o n s i d e r e d for the o t h e r t^wo 
v a r i a b l e s . The s u b s t i t u t i o n of t h e s e e x p r e s s i o n s into the l i n e a r i z e d v e r s i o n 
of t he n u m e r i c a l s c h e m e s and s i m p l i f i c a t i o n y i e l d s l i n e a r s y s t e m s of the t i m e 
f a c t o r s in t h e f o r m 

uo"+ 
' \ 

n+1 
Wo 

Po / 

lA 
A(PAr, YAz, At) Wo" (B.3) 

Ul 
where A is a ma t r i x called the amplification mat r ix . Following vonNeumann 
(as given in Refs. 9 - l l ) , the numer ica l stability r equ i re s the spec t ra l radius 
of the amplification ma t r i x ( i .e . , the maximum of the absolute value of the 
eigenvalues) not to exceed unity. 



In deriving the finite-difference form of the solution schemes , Eqs. 24 
and 25, the values of the dependent var iab les (uj, U2, . •., etc.) and their de r iva 
t ives ( au /a r , a w / a r , . . . , etc.) in the cur ren t t ime plane a re evaluated by l inear 
interpolat ions. Fo r example, u^ = SUQ + (l - S)u^, . . . , (au/ar)2 = 6(uj^ - U Q ) / 
2Ar + (1 - 6)(uG - uF)/2Ar, . . . , e tc . , w^here the subscr ip t s refer to specific 
grid points in the cu r ren t t ime plane as shown in Fig. 2. The amplification 
ma t r i x Aj of the l inear ized vers ion of the f i rs t scheme is thus obtained: 

A, -
-62(sin PAr)(sin YAz) 1 

-i6(sin PAr) 
[1 - 6(1 - cos YAz)] 

0 -i6 sin PAr 

6(1 - cos YAZ) -16 sin YAz 

-16 sin YAz 1 - 6(l - cos YAz) 

(B.4) 

The eigenvalues X of this m a t r i x a r e determined by the foUow^ing cubic 
equation: 

(1 - X)[(l - 6 + 6 cos YAz - \)^ + 6̂  sin^ YAz] + 62(sin2 pAr)[62 gin^ yAz 

-t- (1 - 6 + 6 cos YAZ)(1 - 6 -h 6 COS YAZ - X)j = 0. (B.5) 

It is difficult to solve Eq. B.5 for all possible values of PAr and YAz. 
Never the less , it is possible to show that, for some par t icu la r choice of these 
values , the eigenvalue takes on a number that is g rea t e r than unity. Indeed, 
for the choice of sin YAz = 0 and cos YAz = 1, 

X = 1 ± 16 sin PAr. 

Hence, 

|x| = -N/I + 6̂  sin^ PAr, (B.6) 

which c lear ly indicates that the eigenvalue exceeds unity for all values of 
6 > 0. This is a sufficient proof that scheme 1 is unconditionally unstable. 

F r o m the complete symmet ry of the two schemes , Eqs. 24 and 25, the 
resu l t for the l inear ized sys tem of scheme 2 can immediately be wri t ten down: 

\\\ = -N/I + 6̂  sin^ YAZ, 

which again proves the instabil i ty of scheme 2. 

(B.7) 

A procedure s imi la r to the above is applied to scheme 3 (that uses the 
averaging technique), from which the foUow^ing resu l t s a re obtained: the 
amplification ma t r ix , 
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A3 = 

2 - 6(1 - cos PAr) -b^(sin PAr)(s in YAz) 

•6^(sin PAr)(s in YAZ) 2 - 6(1 - cos YAz) 

- i 6 ( s i n PAr) 
\ [2 - 6(1 - cos YAZ)J 

- i 6 ( s i n YAZ) 
[2 - 5(1 - cos PAr)] 

-126 s in PAr 

-125 s i n YAZ 

2 - 6(2 - cos PAr 
- cos YAZ) 

; (B.8) 

and the t h i r d - o r d e r polynomial for the eigenvalues, 

[2 (1 - \) - 6(1 - cos P A r ) ] { [ 2 ( l - X) - 6(1 - cos YAz) ] [2 ( l - X) 

- 6(2 - cos PAr - cos YAz)] + 26^ s in^ YAz[2 - 6(1 - cos PAr)] } 

+ 6^(sin2 pAr)(s in2 Y A Z ) { 2 [ 2 - 6(1 - cos 6Az)] + 2[2 - 6(1 - cos pAr) ] 

- [2 (1 - \) - 6(2 - cos pAr - cos YAz)]} -h 262(sin2 PAr ) { [2 - 6(1 

cos YAz) ] [2 ( l - X) - 6(1 - cos Y A Z ) ] } = 0. (B.9) 

The genera l solution of this polynomial again is ex t remely difficult; 
hence, var ious specific values of PAr and YAz were considered. It was indi
cated that the mos t s tr ingent condition on 6 r e su l t s from the choice PAr = 0 
(so that sin PAr = 0 and cos PAr = l) . Thus, 

| ( ' c o s YAz) ± 16 s i n Y A Z . (B.IO) 

Finally, the requ i rement |x| ^ 1 yields the condition for stabili ty of the third 
scheme: 

26 ^ 1. (B . l l ) 

If the simplif icat ions, Eqs. B . l , were not made, the above procedure 
would involve a more complicated algebra. Never the less , it can be shown 
that the stabili ty condition of the third scheme that accounts for the nonlinear 
cha rac t e r i s t i c equations is indeed the one descr ibed by Eq. 26. 
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