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COUPLED TRANSMISEION LINES

K. E. Worecham end 5. W. Mosko

Introduction

In a discussion about the design of cyclotron resonmstors, the

(1)

suggesticn hes besn made that & wide range variable -fredquency

syatem might be copetruected with two coupled resgnent eircuits. It
also would presgent the posaibility of tuning without the swiltching

of high-current contacts, a8 ftroublescne item nov commondy uwessd for
eyclotrons. One of the elrcults would ©e the dee snd ite stem which
might, or might not, be tuned. The second clrcull could be located

out of the megnet gap in a3 region where more space is usuelly svallable.
Tunlng could be accomplished by varlaticn of the coupling between the
two cireults and/or by, say,verlable capacitance of the tuned, or

tunable, circult.

sle

In zny cage, 1t was necessery to solve the problem of two coupled
transmi ssion liHEE{E} subject to a peculiar set of boundsry conditions.
Consider two losaleaa parallel transmlssion lines surrounded by &8 conmon
outer conductor. They mey be treated from an electriecal circuit view-

point to have distributed inductance and capacitance along thelr length.

%. gr. MacKenzie, privete communication.
2
A simllar problem has been treated extensively for cross-talk problems
in telephone lines sod for directional couplere. See, for example,

B. M. Oliver, Proc. I. R. E. 42, 1686 (Nov. 195L).
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The physical arrangement and the definition of the line conatanta are shown
in Fig. 1, Hote that the polarity of the voltages 18 posltive from line
to shesth, snd the pelarity of the currents is positive when esch 1s flow-
ing into the coupled region.

From Eirchoff'se Laws, the woltage and current ineresase per unit

length alomg the line are given by
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Since only the ateady stete solutlon to thesge equations is of

interesgt here, the following subetitutiong ere made:
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Elimination of 11 and IE then leade to two seoond-order simyltanecus
Iinear differential egquations with consteant cosfficients In terms of

a/V _’L_wzl//;‘# 7 — Z..ﬁ..j-/w”V/},, £y é;&] o

A . 3 (2)
5;;:;:— &/ jjéEJ:C;Z ‘$1£:rJ7‘¥quz€f2£5?{; —'Ealﬂkv =5
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Thesge eguations have B solution of the form

Y= At t BePT 41CePTh DT

where the four values of p Are the four roots the determinent of
Eq. (2). The four wevem, &p reprepented by the four velues of p, muat

8ll1l have the pame propagation conztent. An epsentlial regquirement, then,

iz ithat '
F e Jﬁ'fﬂ:{zzczz and 71%"7.{ ’{E ﬁéj'é ﬁ“"*é’e""*-"

fo Dt and

< 1” JJZ ﬁﬁ (.:;1 (3)

Then, omly two volues of p remain; they are

— -“‘- ; oy
/Cf,’a? = .__L/w(/é,é;, (71-4% ()
From the coupling term coefficients in Eq. (2}, uasing Eq. (3]

44;"’4-‘3»"' ﬂé/‘;ﬁfhr/,{&:;‘{;; "&45})

= (7
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" The coupling term vanishes, thus
—_ -
Y = Ael + B
—p =

y=CelT+De (5)
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where the value of p and the pfopagation constant n are glven by
pEjr =g 4G (14 = Jw Y £ Cor (47 (6)

Boundary Condltlions

For the particular application in a gyeclotron rescnator, the
coupled transmissicn lines will have wniform coupling over a length,

/E , and will be grounded at one end. Thus:

at Z=0: ¥ =¥y, V5 = Vg

(T)
&tE:j; ?1=D,vE=D.
Evalustion of the constants in Ed. {5} leads to:
V., = ¥y gin ol f -Z)
R Y )
(8)
V. = sin n { F§ -Z)

2= Yoz sIm L

Therefore, the ratlo of voltages at any point, %, ou the lines ig the
gane . -

How to find the currents in the two lines ag a function of their
length, from Eg (1}:

a/_;z': = - 'w@,f{ NV o ¥

A
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and similarly for I
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The secondary quantities V,, and In; may be stated in terms of

the primery quantities, "’cu and Ty

/;: = Loy foerd |f504)

()
dfse

%z = £‘, (10)
and
I'*:;I' / Lo o
fu.
B "’LJ Ve, J ;ﬁ:. nk fn. E)
Ty = A
(11)

Solution for Currents and "Inltages with ﬂmrplinﬁ Near Undity

The qapmcitive coefficient of coupling, Eq. (3] may be re-written

kg = B . (12)

'J{ﬂm + clj {Cm + Cz)

The value of kﬂ is made to approach unity by increasing Cp s0 that as

Ca

kﬂ —1, % gnd & —e=0. Also, the Inductive coefficient of

eoupling has to spprosch wnlty, 8s was showm previously. As It dees so,



the pumber of megneiic lines or tubes of flux thet surround just one
of the tranamiesion lines approechea zero sc that the megnetie Flux
muast surround both lines, meking Iny ——== Iy and Loy —w= L.

The prepegetion constant may be writien ocut es

T2, +Cnla?Cy)
p= & Z#'_
w2 (13)

&
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77— /Z,.,/[;v‘fzj (“ ‘é“'") (14)

which is the propesgetion conetent for the two lines electricelly connected
at every point.

In the limit Bg. {10) gives
Vog o= Vgy (88 k —=1). (15)

For Bq. (11), however, we must first eveluete

-3
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£ = Ly =/~ (18)
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wherae 2

af
if the tyo lines wers electirically connected at every point.

is the charsctéristie impedance the coupled lina would have

Finally, then, aa k -]

Vi,
T p— ‘Z TL- .
= ’ A Ao n 4 (19)

Exparimentsl Work

Ay p-f regonstor with compled tranemizsion lipea was bullt as
ghovn in Fig., 2. The characteristic impedance nf1 line A was 150. Inside
the box, the characteristiec impedance of the lineg wasz 503, and both
linezs were ghorted at 0. Various coaeffielents of eoupling could be
pbtained between pointe "e" and "C" by changing the apacing between lines,
and by varying the geometry of the lines 1n that region. The system was
depigned Lo be in resonance &t approximately 90 Mcla"a if the coupling

coefficlent vere unity. The aystem hes other resonant freguencies which




are not necessarily of interest.

The resonator deseribed above 1 %o be used for verifying the
theory of coupled transmiesicon lines. From the digeusslon above, as
k —a1, the voltages and currents should satisfy Eqs. (15} and (19}.

For k cother than unity, we may obtaln from Ea. {9):

E‘L O .Ia,’ R
.:é' - %z Cin Tuz Lz2 {20)
}f jgf . ;?:
Lz_ 0%~

From Eq. (3}, kX may be predicted for a given system. If we
measured the voltage standing weves in the system, snd computed the
characteristic impedance of the lengths of line outside the coupled
reglon from thelr geometry, we would be sble to find values for Yop,
Yoz Ipy, and Iﬂ2{3)‘ These velues mey be used in Eq. {20} to glve
ah experinentel value of k.

If we use seml -cylindricel geometry for the coupled section, as
ghovn in Fle- 3{&] s we can obtain better coupling than for cylinders
&3 shown in Fig, 3(1:-} vhen the separation of the lines fs smwll. For
exemple, in the sem!-cylindrical case, if each line was 1/2 of a 3/8-in.
round rod, and with 2 1ine spacing of 0.010 in. we get & value of
€y = 332 puf/meter and k = 0.907. Similarly, for 3/8-in. cylinders

with the same 0.010-1n. spacing, we get Gy = 9.k y f/meter and X = 0.123.

3Bronvell, &. B., end Beam, R. E., Theory and Application of Micro-

waves, McGraw-Hill, Nev York, Chapter 8.

N {}3



Measurements

A serles of four sets of measuremente was made. BExperimental data
wae obteined for the resomator as follows:

1. The line gecmetry was that of Fig. 3(a), and the clesrance
between the lines wes set to 0.045 in; thus, c_ = 173.7 pt /m .
The voltage standing wave was measured at verious points along the
line. When the observed V5W values were substituted in the transmission
line equations, the valtages and currents 8t the begloning of the coupled

line region were found to be;

Vg, = 2.8 volts I, = 0.754 amperes

Yoz = E2 volts Ige = 1.264 amperes

The values of Iy, and V. from Egs. {10}, {11) were:
IGE = 1.20 smperes
vGE = 23.3 volts.
Also, the valuegs of k were:
¥ from geowetry of coupled section = 0.685
K computed from messurements = 0.67.
The resonant frequency of the aystem for the ahove case was T3 ths;
The circult has two modes of oscillation of which this was the upper mode:
the lower mode was not checked.
2. With the ssme geometry =& ahove, a polystyrene dlelectric was
fnserted, and the gap was reduced to 0.001 in. The dlelsctrie constant

was 2.56. Then,

€, = 8300 ppf

ky = 0.996.
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Actually, there was some air betwsen the lines dve to werping. If
this air gap were another 0.001 in., the mutual capecity, Cp, would be

shout 2330 puf, and Kz = 0.986., From the VAW data:
Vo = 3.6 volts Iﬂl = .693 omperes
Ve = 11.6 volte Iye = 7715 emperes

From these messurements, we comgpute, k = 0.955. The resonant fregquency
for this test vas 80 Mc/s. The computed and measured values of k agree
within about 3, which is better than the meourmey of veltage meagure-
ments. The inaccuracy in the gap has only & glight &ffect on ¥k, slnce
Cg > Gy or Cs.

3. An effort was made *o eliminate the alr gap lesving cnly the
polystyrene dielectric batween the coupled lines. As a result, the
resonant frequency waa raised to &4 Mc/s.

From VEW dste:

5.0 volts = 0,752 amperes

'I:IH
i}
1

Y

0.700 amperes

From these meseurements, ko, = 1.00; the predicted value of k from geometry
was 0.996.

h. Another effort wasg mads to reduce the air space sroumd the
polystyrene dieleectric., As a8 result, the uniformity of the gpacing

improved as the following measurements shou:

Vg = 4.93 volte = (.81 amperes

g
I

1.039 amperes

1




At & point 2 in. from vhere coupling began:

V91 = 4.95 volte Voo = 5.05 volts, and
I, Predicted by Eq. {19) is: 0.970 amperes.

Concluslon

The festa on the courled transmissicon lines resonator show that
w2 are able to predict a fairly sccurate value of the coupling co-
efficlent by cahsgldering line geomstry. The imeasured values of VOE
and Ips appear to agree with the values predicted by Egs. {10}, {11},
and (19).

Development of a resonator for ORIC with two voupled transmission
1ines i1e now under way. Detalls on the performance of the resonator

will be given In & report in the near future.



Line 1

Line 2

R
Fig. 1 {a} Fig. 1 {(b)
Cm = mutual capacitucgj'\mit 1engt]1 Lﬂ'.l = mutual inductance funit length
C; ,= line-to-sheath capacity/ L, , = self-inductance of line 1, 2/
: urit length of line 1, 2 ' unit length
C” =C_+C
m 1
sz = Crn + GZ
24n el LEn — 2o > -
)
A B
T L |
~1/20 1D /- ) \?fs-1 ID
/ | pa- 1
3/8" OD 378" OD
15II
"-\
I I ~Adjustable Specing
X , Y
C

Fig. 2. Coupled-line Resonator
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Fig. 3. Crosa Section for Coupled Lines
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