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The exact form for the contributtm of a sringle 

pole &e gaven boa f o r  poslltive and negatlue angular 

wAthout: mddag the -us1 appmxbationa. Thia ~ M E ~ C C  forar fnwZves 

Legadre fuactSans of $he Eixet Burd aecoad kind wgth mm-&nteg1:al 

index andl az$mmt greater tbaa one. Thkse fiarctiau were catc~lated 

ushg the UUM 7Q:)O computer at broo~ven awd are plotted in tbte  

papex. Aone-gerrrametar Pft i a  made to the high mew PII'e1iretS.c 

scattering data whach gSves guod og~eems~df w&th ~ l ~ t O  

1ntrodlucl;llon 

hQh energies i s  dominated by the M@mse: angular momentum Regge 

pole which is called the vacuun pole or PaneranchJr pole, Tsr 

Eq. ( 6 )  we @we an exisct f o m  for the contribution of a s ingle  

pole without making the usual approxfniaeions. The fa= give? 

in thio paper is in ternus of Legendm functions of non-integral 

index which we have calculated sand which are plotted in Figures 

1 t o  4. These plot8 along w%th Eq, ( 6 )  make it a aknple taak to 
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determine the sngulsr omne-ntm values rx( t ) f rm the experimental 

data* . . . . 

If the usualayprcxdnafions a r e  made the form given for. 

ehe ~ c a t r o r h g  cross 6ecti.on 3.0 ;$ t :b_ ' F ( f )  (s/2$.)a02 where F ( t )  

1s a c m p l e ~ a l y  ar51twery function,' The question arise* at3 t o  

wheEher the theory can .say something about t 4  form of . P(L) . Pf 

we maice the assumption2 that the residue ~ ( t )  of the vacuum pole 

is constart along i e s  trajectory,. then our ~ q .  (6) gives an 

sxpLj.cit prediction for F( t) which as- we shall see in Figure 5 

happens to frlt the high energy P-B scaekerfng data very well. 

.We wire the scattering mplitande clue to tho vacuum gale as 

where the factor ' ( l+e -iffa) the even ~ i g . y C w e .  the factor 

B ba ~o remate ehe "phost", siragulartey at (8. - ga3 end where 4 

Recently S i Mandelatsm, by takLng the  contour Fn the angular . ' 

. . 

momentum plane to large negative a rather than to a - - i, ,' hae ' 

. . 

managed to  eliminate the uoual backgrot.mcl. integral 2nd bas extonded 
" .  ' 5 ~n h i s  paper -+cf.e~s t;na the formsii8m t o  valraee o f  a l eas  ' th- -2 . 

. . 



f fnds that P (2) must be replaced with a 

where C+(z) is the Legendre functd of the aecond kind of 

angular momentm @ as defined on page 317 of Whlttaker and 
1 w ~ c G o ~ . ~ '  ~ x c a p t  in the region near a = 3, P (2) s M (2) for 

a .  Q 

positive a However, for negative a P and M become quite 
Q Q 

-different and. it ie clear Itkt the bde l sesm form Pa. (2) should 
a .  

then be wed, 

&I apparent difficulty w i t h  the llandelatem form ~ ~ ( 2 )  is 
f that ee a approaches 3, W (2) approaches M i a l t y .  ~ ~ e r ,  if 

a 
we cme%der the R e g g e  poles for a non-relativbstic Schroedinger 

equatbn w i t h  an ordinary potential, it can be shown that when 
1 there LB a pole at a = 3. there must also be a conjugate Regge 

pole having angular momentum a' - -4.5 we find this  pole con- 

tributes an amplitude A' whfch when added to the amplitude 

Hence we recamend using Eq. (4) [which happens to  be the same 

as A+ in Eq. (1) 1 when computing eoattering cross aeceions 

cozprponddng to positgve o , and us&' Eq. (3) when i n  the region 

of negaeive a. We note &hat a t a  = 0 where we reccmmend changing 

over from ~ ~ ( 2 )  ro %(z),  both forms, Eqso (3)  and (41,  are 
. . 

exactly ,equal' for all 2,- . . .  ... , . . ... , 



a. 1 ~ 1 ~  Wing rha relatime ;E = a 

A t  e = 0 the vacuum pole has mgu11ar momentun U, = 1, and then 

Hf we divide .Eqo ( 5 )  by th i s ,  we olbieain rhe quantfty X whkh SLs 

defined aa the ratio of to irs value at  the same energy, but 

at 0'. or. t 0. Uaing Pl(z) = zr  we obtain the result 

2e where z = (T 1). 
4H -t 

Using Lhe IBM 7090 at Brookhawen Nationel Laboratory we have 
7 

1 '  . B funceiane for the region ( .a < 1 are p1otra.d in Figurea 1 

end 2. . Other P ftmceiona' may be eas i ly  obtained frm Figures 1 

.. . The g functions Q_Lbpl(z) for the region -2 ( 3 ( 0 are plotted 
3 ' .  

' . . : ia Figurea 3 and 4. , '  Other Q functions mey b e  obtained by wing 



the recaa~8icm relation 

For z >, 5. Pigurea 3 and 4 agree warhim 1% with the asymptotic 

The asymptotic f o w  for P (2) La .&tel.ned by aubsti tut inp the 
CL 

above into Eq. ( 7 ) a  
. . 

8 data above 10 Gev with Eq. (6 )  by aet t lng  %j = 1. This givea 

us an exact form for ~ ( t )  and permits an accurm detexmAnation 

of a for each Padivldkal value of x O 2  individual aolutAons for 

cases where two different pohlnes have eboug the erne ,value of 

by comparhg two d8fferent crobsbl 81ecthonf3 a?i- the @am@ eg but 

oum, bug w&th cmd~dlderably Bees accuracy, A mmth c m e  its 

that Eqo (6 )  givee a good one-parmeter f AE t o  ell  the kSgh 

energy Pal? scattering datao 
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Figure f . . The Lagendre function O ( z )  J vs. z for valuee of 

The Legendre function P (2) vs. z for values of Figure 20  il 

Figure .  3. The Legendre function of the second kind Q , , ~ ( Z )  

vs, a for value8 o f  from - Q o %  to -l.5* 

Figure  4, The tegandre function of the second k i . n d ' ~ , , ~ ( ~ )  

P&gu~er 50 q e  anrpgm1a.a: m o m n t m  ,A of the vacuum trsajectory .; . 

va. t, the 4-ummntm t~anefer aquazed. The 

experhentat poiat8 are solutions of Eq. ( 6 )  f 

(aeambg # = I) correepondtng t o  eha proton- : . 

proton clcatteting croes sections gWen tn \ 

YBefexence 8. 














