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The exact form for the contribution of a single Regge i]

pole is given beth for peositive and negative angular momentum
without making the usual approximations. This exact form involves
Legendre functions of the first and second kind with non-integral
index and argument greater than one., These functions were calculated
using the IBM 7090 computer at Brookhaven and are plotted in this
paper. A one-parameter fit is made to the high energy P-P elastic

scattering data which gives good agreement with experiment.

Introduction

According to the Regge pole theory elastic scattering at
high energies is dominated by the highest angular momenturs Regge
pele which is called the vacuum pole or Pomeranchuk pole. In
Eq. {6) we give an exact form for the contribution of a single
pole without making the usual approximations. The foxm given
in this paper is in terms of Legendre functions of non~integral
index which we have calculated and which are plotted iam Figures
1 to 4. These plots along with Eq. {6) make it a simple task to
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deﬁemiﬁe the angular momentum values uft) froin» the experimeantal

data. ‘ | | | |
If the usual »épproximations are made the form given fgr-‘

the gcattering crogs section ip ?g-g- ='F(t)(s/2ﬂz)aa”2 where F(t)

i

s a completely a‘f’biﬁ.‘(al"y function.”™ The question ariaes as to

wvhether the theory can say something about the form of F(t). It

we make the assmnphionz

that the residue p(t) of the vacuum pole
is constant along its rruwctory, then our Eq. (6) gives an o
explicit prediction for F(r) which as we shall see in Flgure 5

héppems to fit the high energy P-P scattering data very well.

The Scattexing Agplitude

We write the gcattering amplitude due to the vacuum pole as

(2)
at(eyt) = - p(€)a(2arl)(1re” i7sy. “%""’""‘s el (1)
where the factor (1+e im-’ provides the even sigmature, the factor
o is to fem‘dve the '-“ghost"_singﬂl{.arity at ¢ = 0,3 and“wherea
z e e o (2)
Mflgft ‘ :

Recént:ly S. M'andelstmh, by taking the c'cmtour,in'the'angulaf
' m'omehtinn piane to large ﬁsg,ative Q rathar than to @ = - % ,' has
managed to eliminate t:.he usual bad grozmd integral and has e?tended -~

. t,hg formaliam to valuea,of a less :han w% .,5 In his paperx Manaolstma



finds that Pa( z) must be replaced with
- M(Z) = _m O z)

~g =
where Q‘?(z) is the Legendre function of the second kind of
angular momentum ( as defined on page 317 of Whittaker and
Wai:son.‘s' Except in the region near g = —%, P (z) ~M (z) for
positive . However, for negative a P and M become qui.t.e .
different and it is cleax' that the Mandelstam form M (z) should
t:hen be used, A

An apparent difficulty with the Mandelstam form M ( z) is
that as « approaches -él-, Ma( z) approaches infinity. ﬂowever, if
we consider the Regge poles for a nonerelativistic Schroedinger
equaﬁi.oﬁ with an ordinary potential, it can be e'hown" that when
there is a pole at a' = -élo, there must also be a conjugate Rnggé

pole having angular momentum ' = -g 5 We find this pole cone
: tributes an amplitude A' which when added to the amplitude

| A" w ts(t)a(?a+1)(1+e i:m) _%Z_L A(B.)
gives a t:ot:al. amplitude | o |

Aroral = a(t)m(awl)(he"w“} -Sf% R )

Hen%ce' we‘ reéomnend using Eq. (%) [which happens to be 't:hé: same
a8 A in Eq. (1)) when comput:ing scattering cross sections
correspondi.ng to positive a, and usi.ng Eqr (3) when in the region
of negar.:lve_ a. We note that at . = O vhere we recommend changing
one_r‘f":oim'ul’d(gv) rto.Ma,(z), both fomg, Egs. (3) ‘and (4), are

o exact:'.ly‘,equal' for all z.



" Using the relationa'%% = Jéé—- and %g- - -!5 % » we have

a0 _ _awial® -
:dt‘ s(sn ) ° (5)

At. t = O the vacuum pole has angular momentum o = 1, and then
. 2 o
. P, (2) 4 .
dg - 2 1 -
= 36m:-(0) ~fort = 0 ,
e - a(s-4°) |
1f we divide Eq. {5) by this, we obtain the quantity X which is
défined_ as the ratio of %% to its value at the same emergy, but

at Oo,or € = 0. Using Py(z) = 2, we obtain the result

P2 <
%{__),g_i.%%'-lf (Z)1f5 fora >0

0). 9sin“w & (=2 5 |
(6)
. %a®(2a+1) 2cos’r 2 (2)
X a%j«t-l ég~2 ' EQ”%IQ s fora <O
p° (0) 97 cos“wa (-é-;iﬁ 1)

where z = ( - 1),

AM-t .
- Using the IBM 7030 at Brockhaven National Laboratory we have
célétilated 't:hé P and Q f\métions needed for use in Eq. (6). The
P functions for the regiim 6%< a <1l ere plottéd in Figures 1
and 2. Other P £\mct!.ona may be easily obtained from Figures 1
and 2 using the recursion rel.atione

?=c=’1 = 'Pa

(2u+1)P = (u+1)‘P _‘_1 +oP 1 e

'!he Q functions Q_ l(z) for the region =2 <2 <0 are plotted

i 1n Fi.gurea 3 and lh Other Q functiona may be,obtain‘ed by using



the recﬁxsion relation

1 ‘ o ’
P, = = tamwa(Q, - Q. __3) o (7)
For z > 5, Figures 3 and 4 agree within 1% with the asymptotic

£omm

The asymptotic form £or P (z) is cbtained by aubstituting the
above into Eq. (7)-

We have tried fitting all the existing P-P scattering
data above 10 Geve with Eq. (6) by setting-g%%% = 1. This gives .
us an exact form for #(t) and permits an accurae determination

2 yndividual solutions for.

of « for each individual value of X.
o 80 obtéined from 1p different experimentsl cross sections axe
.plotted in Figure 5. It is encouraging to saé thet in the geveral
cases.where two diffevent points have sbout the seme value of

t, the same value of a 18 cbtained even though the beam energies

mey be a factor two apazto The vsual mathode

of calculating a
by comparing two different cross sections at the same t; but
different 8, thevefore gives solutions for a about the same as
oura; but with considerably less accuracy. A smooth cuxve 18
- drewn through our 1§ values of a in Figufe 5 and it is szen
thatvKo (6) gives é;gbod one-parametexr £it to all the high

energy P-P s¢atteriﬁg déta.
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Figure 1.

-Figuxe 2.
Figure 3.
Figure 4.

’ Fig\me '50

Figure Cégtions

The Legendre function Pa(z) V8. 2 fo: values of

a from 0.1 to 1.0,

The Legendxe finction Pa(z) ve. z for valuea of

a from =0.5 to O.

The Legendre function of the second kind Q;a;l(z)

ve. z for values of ¢ from -0.1 to ~1l.5.

The Legendre funccion of the second kind‘Q_;_l(z)

V8. Z for-values of a frdm'-1,3 to =2.0,

The sngular momentum . of the vacuum trajectory
vs. t, the 4emomentum transfer squared. The.

experimental points are solutions of Eq. (6)

':3
b .
proton. scattering cross sections given in

(assuming £l - 1) corresponding tb the protone-
0 K .

" Reference 8.
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