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ABSTRACT 

The most fundamental basis of optical activity is the differ

ential response of a molecular·system to the probes of left- and 

right--circularly polarized light. Necessary to such a differential 

response is the presence of an asymmetry in the system. For natural 

optical activity this asymmetry is inherent in the molecule, for 

magnetically-induced optic.al activity it must be supplied by an ex

ternal magnetic field. 

In the first part of this dissertation the genera 1 theory of 

natural and magnetically-induced optical activity is developed from 

fundamental assumptions. All pertinent mathematics are incluqed, 

yet there is an attempt, throughout the derivations, to retain con

tact with the physics of the phenomena. Also, a consistent notation 

and formalism is maintained, and, in the second part of the disser-

tati on,. this pro vi des a sound foundation for de vel oping extensions 

of the general theory. Here, for vibrating and substituted chromo

phores, are determined the vibrational and substitutional symmetry 
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patterns that enhance and allow the various electronic transitions of 

natural and magnetically-induced optical activity. 

The value of this investigation lies in the deeper understanding 

obtained for optical activity, in particular the magnetically-induced 

type. Specific results of interest are the various symmetry patterns 

and rules developed for substituted and vibrating chromophores. The 

most important result is the conclusion that magnetically-induced 

u!Jtit:dl activity 1s quite different from natural optical activity in 

the type of information it provides. Specifically, magnetically

induced optical activity measures quantities pertinent to the elec-. . 

tronic structure of molecules while natural optical activity reveals 

subtleties regarding molecular stereochemistry. This dichotomy of 

natural and magnetically-induced optical activity is emphasized 

throughout the dissertation. 

In conclusion, the attempt has been to provide a theoretical 

textbook of optical activity, one that would prove valuable to neo

phyte and expert alike. It is hoped that it will be helpful in 

stimulating investigation into new application of natural and 

magnetically-induced optical activity. 



Chapter 1 

INTRODUCTION 

Theoretical derivations for optical activity, especially the 

magnetically-induced type, tend to be at be~t a complex exercise in quantum 

mechanics and at worst a confusing morass of mathematical notation. It 

is the object of this dissertation to present a clear physical picture of 

optical activity, to expand and extend the present theories, and to map 

out a framework into which future theories can fit. As necessary preliminary 

steps, in this introduction we briefly describe the physical nature of 

polarized light and of optically active media, the various .measures and 

uses of optical activity, and the status of current theories. This 

hopefully will set the stage for the quantum mechanical derivations to 

follow. 

A. Polarization and Doubly-Refracting Media 

Electromagnetic radiation, of which light is an example, can be 

described completely in terms of its measurable quantities-- i.e. 

wavelength, intensity, phase, and polarization. These characteristics 

can be used as probes to help determine the nature of atomic and molecular 

systems. In this dissertation we deal with the measurement of optical 

activity by the probe of polarization. In order to understand this use 

of polarized light, it is first necessary to describe briefly the various 

types of polarization. 

A plane electromagnetic wave in free space is a transverse 

wave, the directions of vibration of its electric and magnetic fields 

being mutually perpendicular and perpendicular to the direction of 

propagation. The electric field is designated by the electric field intensity 
~ ..... 

vector E, the magnetic field by the magnetic field intensity vector H, and 
ll 
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··-the flux density of field energy by the Poynting vector S. In free space 
_,. -the direction of Sis in the direction of propagation and lSI is proportional 

,.. 
to the vector cross-product E. x H. These vectors and their relation to k, 

the unit propagation vector, are shown in Figure 1 .. The pola~ization of an 

electromagnetic wave is characterized by the motion of the end point of the 

electric vector. The general polarization case is that in which the motion 

describes an ellipse with unequal principal axes, and there is a direction 

of rotation-- i.e. a handedness of polarization; There are two limiting 

cases whieh are important. Linear polarization is one of these and ts 

characterized by a preferred axis but no handedness; the other is circular 

polarization, characterized by a handedness but no preferred axis. These 

two cases are the po 1 ari zati on types ·used as probes to measure opti ca 1 

activity. 

In free space, a plane wave of specified polarization type will 

propagate with no variation of this polarization.(Footnote 1), with no 
8 . . 

diminution of amplitude, and at a speed c = 3 x 10 meters/sec .. Upon 

entering and traversing various media, this wave can undergo changes in any 

or all of the.above characteristics. We shall consider here only homogeneous, 

(somewhat) transparent media. The complexities -; of non-homogeneous 

media are beyond the scope of this thesis. 

All homogeneous transparent media can be divided. into two classes; 

singly-refracting and doubly-refracting. Singly-refracting med1a are 

isotropic and optically inactive. These media have a refractive index, 

and thus a velocity of propagation, which is independent of the direction 

of propagation and the type of polarization of the incident wave. All 

experiments with doubly-refracting media are interpretable on the 

assumption that the propagation of plane monochromatic waves can be 

sustained in any direction, but for each wave, specified by a wavelength 
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FIGURE 1. Propagation of electromagnetic wave in free space. 
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and a direction of propagation, there are two special polarizations~ with 

which there are associated specific refractive indices. · These polarizations 

are analogous to eigenfunctions, the refractive indices to eigenvalues, and 

both result from the solution of Maxwell's equations for the doubly

refracting medium. Thus we term them the eigen-polarizations and the 

eigen-indices. We note that singly-refratting media can be ·considered as 

doubly-refracting media where the eigen-indices are identical and 

independent of direction of propagation. 

·we may further classify homogeneous transparent media as optically 

inactive and optically active media. An optically inactive medium is 

one in which, for any given direction of propagation, the eigen-polarizations 

are linear, are mutually perpendicular, and are perpendicular to the 

direction of propagation. If the optically inactive medium is doubly-

refracting, it is of necessity anisotropic, and the. two.eigen-indices 

differ from one another and depend upon the direction of propagation. An 

optically active medium is by definition doubly-refracting, and is one in 

which the two eigen-po'larizations are not linear for all directions of 

propagation. These media can be either isotropic or anisotropic. We 
. . 

shall be concerned with the isotropic, opticallY, active medium, in which 

the diffe~ence of eigen-indices is independent ~f direction and the two 

eigen-polarizations are always circular and of opposite handedness. This 

is the situation encountered when dealing with the natural and maqnetically

induced optical activity of chemical and biochemical solutions. 

B. Types of Optical Activity: Origins and Uses 

Opt1cal activity can be measured with either the probe of linear 

polarized light or with the probes of left- and right- circularly polarized 

light. When an optically active medium is traversed by a linear polarized 

light wave in the spectral region in which an optically active chromophore 
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absorbs, two things occur. The plane of polarization is rotated (optical 

rotation.) and the resultant light becomes elliptically polarized (optical 

ellipticity). The rotation is defined as the angle of rotation of the plane 

of polarization while the ellipticity is defined as the angle whose tangent 

is the ratio of the minor axis of the ellipse to the major axis of the ellipse. 

When the same opt'lcally act·ive medium 1s traversed by left- and right-. 

circularly polarized li.ght in the same spectral region, one observes both a 

difference in speed (circular birefringence) and a difference in absorption 

(circular dichroism) for the left.and right components. Both circular 

birefringence and optical rotation are defined by the difference in the 

indices of refraction for left- and right- circularly polarized light while 

both circular dichroism and optical ellipticity are defined by the difference 

in the absorption coefficients for the left and right components. All four 

of these measurements -- optical rotatory dispersion, optical ellipticity, 

circular birefringence, and circular dichroism -- give identical information, 

the differences being in their probe of polar-ization a·nd.their. definiHon. In 

Table I, we present the four measures according to these criteria. Rationale 

for choosing one particular method of measurement of optical activity over 

any of the others i.s determined by convenience of mea·surement and/or of data 

interpretation. The rationale is discussed in the following paragraphs. 

In the case of natural optical activity, one conventionally 

measures either circular dichroism (CD) or optical rotatory dispersion (ORO), 

where ORO is the variation with wavelength of the optical rotation. These 

are to be preferred over the corresponding circular birefringence and 

optical ellipticity because of ease of experimental measurement. In the 

case of magnetically-induced optical activity, the same reason dictates that 

the conventional measurements are magnetic circular dichroism (MCD) and magnetic 

optical rotatory dispersion (MORD), commonly known as the Faraday Effect. 
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TABLE I 

Measures of Optical Activity . 

Probe linearly Right- and left-
Polarized Circularly 
light Polarized 

Definition light 
. 

Difference in 
indices of 
refraction for Optical Circular Birefringence 
left- and right- Rotation 
circularly polarized 
1 ight 

n~-- nR 

~-- ~--
...... 

Difference in 
absorption 
coefficient for left- Optici'll Circular 
and right- circularly Ellipticity Dichroism 
polarized light 

){L- }fR 
-··-·"'" . .. -···· 
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In choosing between CD and ORO, MCD and MORD, the ease of data 

interpretation favors CD and MCD. Inspection of Figure 2 readily confirms 

this. Here I have sketched possible curves for CD and ORO of a chromophoric 

transition in an asymmetric environment at a wavelength A0 • Note that 

there is only one peak for CD compared to two for ORO. Also, the CD curve 

rapidly falls to zero while the ORO curve exhibits "tails" which fall off 

slowly. While these tails can sometimes be useful for investigation of 

transitions 1n wavelength regions not directly available for instrumental 

measurement, in general, they do no more than add an annoying background to 

other transitions. Thus, a less cluttered spectrum and lack of background 

make CD (and also MCD, for which identical arguments can be advanced) the 

preferable measurement from an interpretive point of view. 

Before leaving Figure 2, we should note the similarity of shapes 

of the ORO curve to the dispersion of the index of refraction and of the 

CD curve to that of the absorption coefficient. This similarity is, of 

course, not surprising when one co~siders that circular birefringence 

(and thus ORO) depends on an index of refraction difference and circular 

dichroism (CD) on an absorption coefficient difference. 

As will become increasingly evident throughout the remainder of 

this thesis , optical activity requires the presence of an asymmetry. This 

can exist as an inherent characteristic of the molecular system being 

investigated, as in asymmetric molecules which have natural optical activity, 

or it can be externally introduced, as by a magnetic field in the measurement 

of magnetically-induced optical activity. The detailed role of these asymmetries 

and the descriptions of the physical origins of natural and magnetically-induced 

optical activity will be examined in detail in the more complete derivations 

which foll9w this introduction. For the moment, we note that optical activity 

arises from the generation, by the optically active system, of small electric 

field components perpendicular to the applied electric field of the incident 

. ' 



FIGURE 2. 

'A ..... __,. 

Circular Dichroism (CD) and Optical Rotatory Dispersion (URD) 

of a chromophoric transit ion at A 0 • 
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light, and small magnetic field components perpendicular to the applied 

magnetic field of the incident light. For example, optical rotation is 

an obvious illustration of this effect as the introduction of these small 

(perpendicular) components result in a small net rotation of the fields of 

linearly polarized light as this light traverses an optically active medium. 

Natural optical activity is characterized by the introduction of 

special components into the electronic and magnetic polarization and thus 

into the electric and maqnetic induced fields. These new, small components 

of the electronic polarization are proportional to, and parallel to, the 

incident magnetic field and thus are perpendicular to the incident electric 

field. Conversely, the new, small components of the magnetic polarization. 

are proportional to, and parallel to, the electric field and thus are 

perpendicular to the magnetic field. The constants of proportionality can 

be termed cross-field polarizabilities. As is shown in Chapter 2, these 

constants and the associated optical activity result from the variation of 

the amplitudes of the incident fields over the dimensions of the molecule. 

This phenomenon is justifiably ignored when considering simple absor~tion, 

a measure dependent on the more familiar electronic polarization. It is, 

therefore, reasonable that variations in the qeomettical structuring of the 

molecule would have a greater effect on natural optical activity than on 

absorption. This is borne out by the primary uses of natural optical activity, 

which have been to determine stereochemical relations of asymmetric molecules (2). 

Magnetically-induced optical activity results from the perturbation 

of the electronic polarizability by an external magnetic field. In the absence 

of this perturbation, this polarizability is simply a constant givinq 

components of the electronic polarization proportional and parallel to the 

electric field of the incident light. When the external magnetic field is 

introduced, terms appear in this polarizability whdch result in small 

components of the electric~polarization still proportional to, but now 
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perpendicular to, the incident electric field. In the derivation of 

magnetically-induced optical activity, the amplitudes of the incident fields 

are considered constant over the molecular dimensions. Thus there is not the 

intimate relation with variations in geometrical. structuring that one finds 

with natural optical activity. In fact, it will be seen that it is not 

molecular asymmetry that is important for magnetically-induced optical 

activity, but rather molecular syrrmetry. In order to understand this, we must 

anticipate the results of the theoretical derivations and present the 

quantum-mechanical equations for magnetically-induced optical activity. 

Optical activity h of net:.essily dssuc1ated w1th a chromophoric 

transition. For a transition from a ground state a. to an excited state 6 the 

natural and magnetically-induced partial molecular rotation (ORO and MORD) are 

given by [<f>o.bCw>J and [4>o.b(w~M, the natural and magnetically-induced oartial 

molecular ellipticity (and therefore the CD and MCD) by [9~.~.~o(wl] and [ea.bCwU 11 

[¢o.b(w)] and [cP""b(w~M are expressed in degrees of rotation per unit path length 

per molar concentration of optically active substance. [e"'b<wil and [e~bcw>]M 

are expressed in degrees ellipticity per unit path lenqth per molar concentration 

of optically active substance. The quantum mechanical equations for optical 

activity are listed below. (Footnotes 2, 3). 

[ <Pab(w)] = - ~8 eN f-z. (W, W~) Rl1b 

[ 9a.b Cw) J :: - 4~ .f ... ( w, W~~o~) Ro.b 'fa c .,. 

[<Po.b(w) ]M = - 2~~H' [f, (w,CM..,o.)Aca~ +fl(w,wbo.) Bo.b +f.pfl.(uJ)Wbo.)Co.~] 

[ 9o.'- (w) ]M =- Z..:~H'[t3 (w,w'o,JAo.b + t4 (w>Wbo.) Ba.b + k~ t4 (w>wb,J Co.b] 
·The ·expression for the absorption coefficient is: 

( ktl'o (w)] = - ~ec N f"'" (UJ .• w~ca.) Da.b 

H' is the magnetic field strength, h is Planck's constant, c the 

speed of light, N is Avogadro's number. The transition frequency GOb~ is 

related to the transition energy by the fonnula Eb(). = i!~ WbQ.. = 1; w.,o.. 
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The line shape functions f.(w_wbo.) > t1 (w,wbo.), .f3 (w)w~ and t4 (w)w.,o.) 

are shown in Figure 3 and are given bythe expressions: 

2 w .. ~ u.;?... [(w.:a- w"')"l.- w"- n,:] 
f,cw)wbo..) = ~[(w:-a-w')'Z.+ w1~,:-]-z. 

( w~- W 1)Z. + w"~- rb~ 

3 ~ ·r 4-W bo. w cw.,;- w ) I bQ. 

}j[(Wb!- (A.ft.r·+ W";J. n.:· ]'.l. 

r ( , w3 ~~ 
1 ..._ w,wb01 :: 

T ( w.;O..- W7..)'2. + W"l. r..!: 
w is the frequency and l;,o.. is the bandwidth of the transition. 

Ra.b is the natural rotational strength; A·o.b > BlAb , Co..b 

the magnetic rotational strengths; and 1)~Ab the oscillator strength. 

They are given by the expressions: 
r.~em 

R~b = f 2 ~{fibo. · mob} 
Gl Gl.,b . 

A db= z~ ~ [mbb- m~o.] ~~ L;:<ab x;Ubo..} 
0. o.,b 

1'""\Q...... . ~ . ~ . 

8 1 ..._-- [~ mdo. -> .-:. YYlbd ~ ~ } 
o.b = d 2_ Jm L ~w •JJ--o.b XjJ-.,d + 2 ~uJ • }J-o.~ ><.)-A-cta. 

0. . 0.., b d~o.. <fo.. d~ b Jb 

C~b : z~ 'f mo.a.•~ [Ao..b x;;.,J 
0. ~)b 

D"b = T ~ ~ {Pbo... ,#o.b} 
(). O..b ~ 

where dQ. is the degeneracy of the qround state a.> )Ao.b is a transition 
. ' --> 

electric dipole moment between states (land b , mo.ba transition magnetic 

dipole moment between states <A and b,m~a pennanent magnetic dipole moment 

of state 0. , and the summation is over all transitions degenerate with Q_,.b . 
' ...:. ~ ..... - _:. .._:. 

Similar definitions hold for the moments jl-bo.t/AbJ>ftdl\.>rr"\c~o.lYI 11dJmw,. The notations 

~1'- }and 6to_{ }denote the imaginary and real parts of the expression in the brackets. 

The existence or non-existence of natural and magnetically-induced optical 
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Line Shape Functions for Absorption, ·Natural and 

Magnetically-Induced Optical Activity. 
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activity and of·absorption is determined by whether or not the above 

rotational strengths and the oscillator strengths are zero or non-zero. It 

will be seen in the later derivations that symmetry arguments play a 

predominant role in these determinations. 

Inspection of the quantum mechanical equations for the magnetically

induced optical activity will make clear the role played by molecular 

symmetry. ·There are three types of terms for magneti ca lly-i nduced opti ca 1 

activity. In a shorthand notation, they are: the "A" terms the "B" terms . ' . 
and the "C".terms. These correspond to the expressions involving the 

magnetic rotational strengths ~b. 13!U1, and Ca.b. Of the three, the 

"A" and "C" terms involve permanent magnetic moments. For a molecular state 

to have a permanent magnetic moment, it must be degenerate. Possession of 

degenerate states, in turn, requires the molecule to have a 3-fold or higher 

axis of symmetry. Thus unless the molecule of interest exhibits at least a 

minimum degree of symmetry, there will be no "A" or "C 11 terms. This 

requi·rement does not apply to the "B" term which can occur for all molecules. 

The "B 11 terms result from the final state of the transition being 11 Mixed 11 

with other molecular states by the perturbation of the external magnetic 

field. There are no permanent magnetic moments involved, and therefore, 

no degeneracy is required. 

The 11 A11 terms result from Zeeman splitting of the degenerate 

ground· .. and/or excited states. The 11 C11 terms result from the Boltzman 

population distribution over the sublevels of the Zeeman-split degenerate 

ground state and hence are temperature dependent. The 11 8 11 terms, as 

mentioned above, arise from mixing of states by the external magnetic 

field. All magnetically-induced optical activity terms are linear functions 

uf th~ exLer·nal niilynetic field. 

In Table II are listed the uses to which CD (and/or ORO) and MCD 
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TA13LE 11 

Applications of CD and ORO 

lo Study of relative and absolute configurations of asymmetric molecules (2)0 

2o Study of magnetically allowed transitions (such as n-rr*) and 

estimation of. magnetic moments (3)o 

30 Determination of relative orientations of interacting·transition 

dipoles and dimer configurations (4). 

4o Determination of polarization directions of transitions .responsible 

for strong absorption bands (5)o 

Applications of_MCD and MORD (Footnote 4) 

lo Determination of degene~'acy iu ~·i Ut~r ground or excited states (8, 9). 

20 Resolution of overlapping absorption bands (lO)o 

30 Assignment of symmetries of excited states of allowed transitions (8, 11) 

4o Assignment of symnetries of vibrational part of excited vibronic state 

of electronically forbidden transition (13)o 

50 Determinations of relative polarizations of transitions (4, 14)o 

6o Determination of magnetic moments - permanent moments for ground and 

excited states and transition moments (15, l6, 17, 18) 0 

7 o Deter·miuat·iun of influence of substitutions on chromophores (7, 19) 0 
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(and/or MORD) have been put .. This table does not pretend to be exhaustive -

especially for CD - but most of the major applications are listed. The CD 

applications have been extensively discussed elsewhere (see Table II for 

references), and no further elaboration is necessary .here. However, a few words 

about the MCD applications would be useful. Determination of degeneracy and 

resolution of overlapping absorption bands can be made. The former depends on 

the recognition of the presence of nAn and/or "C" terms. The "N' terms can be 

recognized by their line shape function \'lhich differs.from those of the "B" and 

"C" terms. (See Figure 3). The nc" terms can be identified via their temperature 

dependence. Band resolution depends on the possibility that the MCD of adjacent 

bands will be of opposite sign. This is in contrast to the absorption which is 

the same sign (positive) for all bands. Assignment of synunetries and determination 

of relative polarization rely on the determination of relative magnitudes and 

signs of the "An, "B", and ncn terms. Simple group theory arguments play a 

prominent role in both of these applications. Determination of magnetic moments 

and of the influence of substituants can be obtained from calculation of the 

ratios A_rr ' B-)4 and C(J.Yr . 
Do." Dlib Do.b Finally, the influence of substituents on 

chromophores can be examined via the variation of Ao.vs B~b' and C~b with said 

substit~tton.: ·Detailed discussion of these applications, their theoretical and 

experimental basis, and their limitations can be found in Schatz and 

McCaffery (6a) and in the references listed in Table II. 

C. Quantum Mechanical Theories of Optical Activity 

Many attempts have been made by various researchers (see Table III for 

references) to develop satisfactory quantum mechanical theories of natural and 

magnetically-induced optical activity, with work on the former being the most 

common. However, much is left to be desired in both areas. A satisfactory theory 

of optical activity should explain not only natural and magnetically-induced 

optical activity for a single, simple non-vibrating, unsubstituted 

chromophore, but also fonn~~r.basis for evaluation of vibronic interactions, 
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substi tuti Onill effects, and chtOfliOphure-chromoohOre interactions. Some of 

these areas have been investigated to a greater or lesser degree. It is 

the purpose of this dissertation to expand some of the partially investigated 

topics, to examine some previously untreated areas, and in general, to 
"' 

present a more unified theory of natural and magnetically-induced ootical 

activity than has been done previously. 

It is not the intent here to present a history of the theories 

of optical activity. This has been done in several places. In particular, 

Lowry (20) anu Lhe reviews of ,_,ason (2la, 21t:>) deal with natural onticill 

activity while Groenewege (22), Steohens (23) and the reviews of Schatz and 

McCaffery (6a) and of Buckingham and Stephens (6b) deal with magnetically-

induced optical activity. Rather we shall briefly discuss at what stage the 

theories of each type of optical ·activity have evolved and where this dissertation 

will add to their completeness and/or improve their precision. 

In order to understand the connection between the various 

Ll1tmr~tical treatments of optical activity, one must understand the philosophy 

underlying pP,rt.urhation theory (Footnote 5). Most oroblems that one 

encounters in phy~ic~ and. chemistry do not leuu Lht!ms~lves to solutions 

in closed form. Because of this, a common ~ractice is to aooroximate the 

complex problem with a simpler problem plus some small perturbations 

(deviations from the simpler problem). If the simpler case is not capable 

of being solved in closed form, then the procedure is repeated until a 

problem that. is solvable is nhtilined. Thus one has a comnlcx problem 

approximated by a solvable problem plus a series of small perturbations. 

This will lead to the expectation values of the observables of the 

complex system being expressed in terms of the expectation·values of 

the observables of the simple system (which are assumed to be known). Almost 

all of the quantum mechanical theories of ODtical activity rely on a 
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perturbation approach (Footnote 6). 

The mechanics of the perturbation theory approach are straight

forward. Let the following notatio.n hold: 

}e - Hamiltonian of complex system 

1p., - Eigenfunctions of ){ (wave functions of complex system) 

E~'~ - Eigenvalues of J{ (energies of Hamiltonian of complex system) 

~o - Hamiltonian of simple (solvable) system 

~: - Eigenfunctions of ;eo (known wavefunctions of solvable system) 

E~ - Eigenvalues of J(o (known energies of Hamiltonian of solvable 
system) 

)(.= Jlo + LJ!: 
k 

df~ - Perturbation Hamiltonian 

It can be shown (27) that the eigenfunction of the complex system,~ 1 

can be expanded in the ei genfunc ti ons of the simp 1 e sys tern, (J/..,o , \"'i th 

coefficients dependent on the perturbation Hamiltonians. 

111 = )11° + ~ \ (?.J!i/~~/?.JJ,.jll/0 
1.1/n lfJrt L- L._ E"- Eo 'f'R 

k ). :L "' 

We emphasize that the df; (more accurately the ratio (11J,_" J~JI1JI~)) 
£1- E:, 

must be small enough so that the series expansion will. con~erge. Otherwise 

this expansion is not valid. .The eigenfunctions of the complex system, 1Jf.,.. , 

are then substituted into the expressions for the expectation values for the 

observables of the complex system. 
,... 

Let an observable be denoted by 0, where 

"' 0 is a scalar, vector, or tensor operator. Its expectation value in the 

complex system is given by: 
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where the integration is over all coordinate space. Upon substituting the 

expansions for 4if~ , one obtains the expectation values of the observables 
,... 

of the complex system, 0111\, in terms of the expectation values and transition 

probabilities of the observables of the simple system. This is done in 

detail in the later derivation~. It should be noted that the above 

equations are fo·r non-degenerate perturbation theory. The details of 

degenerate perturbation theory are also considered in the later derivations. 

The calculation of natur-·itl nrt.1ca1 activity i~ gcne1·olly divhJ~t.l 

into three distinct stages (28, 29). The optical activity is first related 

to the difference in the complex refractive indices of left- and right

circularly polarized light. These indices are then expressed in terms of 

the induced electric and magnetic moments by solving.Maxwell •s equations, 

vJith the optically active media specified by the phenomenological 
~ ~ 

equations for the induced fields D and B. These moments are then quantum 

mechanically calculated, via time dependent perturbation theory, as the 

expectation values of the molecular electric and magnetic moments averaged 

over all orientations of the molecule. This three step approach has. the 

advantage that the ph_vsical bi'lc;is of the optical activity is i'~tciinet.l to a 

greater degree than in other methods of derivation, mainly because there is 

less tendency to get lost in the complex mathematics. 

·rn order to derive the equations for magnetically-induced optical 

activity, only one modification is involved. When the induced moments are 

calculated, the expe~tation values of these observables are evaluated using 

wave functions which are ~igenfunctions of the Hamiltonian for what we shall 

term the magnetic syste. This magnetic system comprises both the molecular 

system and the external magnetic field. Its Hamiltonian consists of the 
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molecular Hamiltonian plus a perturbation Hamiltonia~ due to the interaction 

of the molecular magnetic moments with the magnetic field. When the 

eigenfunctions of the Hamiltonian of the magnetic system are expanded, via 

time-independent perturbat1on theory, in terms of those of the molecular 

Hamiltonian, the equations for the expectation values of the induced moments 

take on a form ~hich lead directly to equations for both natural and 

magnetically-induced optical activity. 

We must now ~onsider how to evaluate the effects of vibronic 

structure, substitution, and chromophore-chromophore interaction for both 

types of optical activity. To do this, we must elaborate on the derivation 

of natural and magnetically-induced optical activity and further subdivide 

the system Hamiltonian. Let us write (Footnote 8): 

~ = ~' + ~~ + ){~ + ).{: 

){. - system Hamiltonian 

~ - molecular Hamiltonian for vibrating, substituted, interacting 
set of chromophores 

'143 
(/':\.O 

~.-

' 
time varying perturbation Hamilton-ian of light wave leading 
to refractivity and absorption 

time varying perturbation Hamiltonian of light wave leading to 
natural optical activity 

:ft~ - magnetic perturbation Hamiltonian leading to magnetically
induced optical activity 

where: X= Xo +~~+X~+ J.e~ 
~ - molecular Hamiltonian for non-vibrat]ng, unsubstituted, 

non-interacting set of chromophores 

~i- chromophore-chromonhore interaction perturbation Hamiltonian 
. 1 Jev - vibrational perturbation Hamiltonian 

~ - substitutional perturbation Hamiltonian 

l·Je first apply the time varying pertrubations X~ and x:. 
Here the wave functions of the molecular system in the presence of light are 
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expanded in terms of the wave functions of the molecular system in the 

absence of 1 i ght, with coeff'ici ents being functions of Jt3 and X: . The 

next step in the general orocedure is to find the smallest remaining 

perturbation Hamiltonian and senarate it out, thus leavinq a "remainder" 

Hamiltonian. \'Je then expand the ei qenfuncti ons of the ori gina 1 Hamiltonian 

in terms of the eigenfunctions of the "rema i nder 11 Hamil toni an, with coefficients 

as functions of this smallest perturbation Hamiltonian. 0f the four 

perturbation Hamiltonians,){~, ~i, Je~ and ~e;, the magnetic nerturbation 

~~is generally considered to be the smallest. Thus, the eigenfunctions of~ 

are expanded in terms of the eigenfunctions of)( with the coefficients being 

functions of J.e! ,~, and )f~. These steps are the basis of the derivation 

of natural and magnetically-induced optical activity. The orocedure is then 

to consider the next larger perturbation. Suooose it is ){~. The eigen-
' ' . 0 "'1~1 1 functions of J{ are then expanded in terms of the eigenfunctions of X+"-x+-)f~ 

with the expansion coefficients being functions of )t~. This process is 

continued until all the perturbations are accounted for seC"Juentially, and we 

")IJO • are at the stage vJhere we are expanding in terms of the eigenfunctions of ~ , 

the solvable problem -- solvable in that we know,or assume we know, the 

eigenfunctions of )eo. The end result is that the ei_genfuncti ons of ;fe 

ar·e ex-pressed 1n terms of those of J{o, with expansion coefficients determined 

by the various perturbations. These expanded eitenfunctions are used to 

calculate the expectation values of the induced moments. which in turn lead to 

the desired equations for optical activity uoon application of the first 

two steps of.the aforementioned three step approach. 

It should be noted that the sequential method of perturbation 

application is only valid if successive perturbations become larger and 

larger (in order of mathematical application). If two or more of these 

perturbations are of the same order of magnitude, a simultaneous aoproach 

is necessary for these particular perturbations. This can be the case 
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when dealing \'lith J{i, ){ ~. , and 
. 1 

}{s and the various possibilities 

will be considered in detail in the later theoretical sections. It is 

possible that there can be spectroscopically observable effects from one 

of the three perturbations ){~ , x; or ){! being of the same order of 

magnitude as 'J{~ However, in the interests of not overcomplicating 

th~ problem, we shall ignore this possibility. It is something that bears 

investigation in the future. 

We now consider the current status of the general theories of 

natural and magnetically-induced optical activity and their various 

extensions. These extensions include vibronic structuring, substitutional 

influences, chromophore-chromophore interactions {polymeric systems) and 

combinations of these. In Table III there is a synopsis of the various 

theoretical treatments -- general and extended -- including a descriptive 

name for the method, the important perturbations, and reference to the. 

authors of these works. If there has been little or. no treatment, this 

is indicated by the lack of a reference. Two or mbre references given 

generally indicate different methods of attacking that perticular theoretical 

problem. Finally, the degree of investigation is not necessarily proportional 

to the number of references given or even to the number of papers written 

on the subject. Later,:·in this dissertation, ·we shall attempt to propose . 

future research which will hopefully fill in the theoretical outline 

presented in Table III. 

The theoretical treatment of optical activity begins in Chapter·2. 

with a general tutorial derivation of natural and magnetically-induced optical 

activity. The attempt is to present a clear and physically meaningful account of 

the derivation without omitt1ng any important mathematics. This is accomplished 

by liberally filling the derivation with discussions about ohysical meaning and 

relegating detailed and possibly confusing mathematics to aopendices. 
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TABLE III 

Theoretical Treatments of Natural and Magneti ca lly-i nduced Optical Activity 

Pertinent Perturbations and References for various Extensio~s 

Type of Natural Magnetically-induced 
Theory Optical Activity Optical Activity 

General Condon {28) Groenewege {22) 
Moscowitz {29) Stephens {23) Theory Maaskant and Oosterhoff (30) Buckinghan1 and Stephens (6b) 
Downii (this work) Downie {this work) 

Substi tuUona 1 Sche11rnan {31) 

Influences Tinoco (32) Downie (this \>tork) 
Downie (this work) 

Vibronic Weigang (33) Downie (this work) Structuring Downie {this work) 

Excitonic Tinoco (32) ·: Harris {26) 
I nte,·act i 011 Hdrrls (25) finoto ~nd Bush:(34) 

~ ·--- .. --- --

Weak and Strong Tinoco (32) 
Harris (26) Coup li 11y Hcu·r1 s {2!5) 

Vibrational and 
Substitutional Downie (this work) Downie (this work) 
Perturbations 

Substitution 
and Tinoco {32) ----------Interaction 

Vibration, 
Substitution, ---------- ----------Interaction 
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Following this general derivation, in Chaoter 3 a general 

discussion of optical activity of complex systems is presented. The 

validity of the perturbation theory approach is revie\o~ed and the various 

approximating simple systems used in analyzing the complexities of vibration, 

substitution and chromoohore-chromoohore interaction are detailed. In 

summary, Chapter3 sets the stage for the extensions fo the general theory. 

In Chapter 4 we investigate one such extension, the vibrational 

and substitutional structuring of natural and magnetically-induced 

optical activity. Here, the intent is to determine, using symmetry 

considerations, the specific vibrational and substitutional symmetry 

patterns that alter, enhance, and allow the various electronic transitions 

in molecular optical activity. Thus, for natural optical activity, 

the substitutional symmetry rules of Schellman (31) and the vibronic 

structuring results of Weigang (33) are confirmed and extended. For 

magnetically-induced optical activity, neither of these problems 

have been treated before (Footnote 9). The key tools in this analysis 

are a third order perturbation expansion and a group theoretical 

symmetry treatment by computer. 

He conclude this introduction with an em~hasis on the 

theoretical framework set forth in Table III. In this skeletal 

structure, one can inc 1 ude most of the oas t and present ~1ork on 

natural and magnetically-induced optical activity, and it offers a 

guide to future theoretical developments. The importance of having 

such a framework should not be minimized as, by keeoing it in mind 

while proceeding through the various theoretical derivations, the 

reader will always have before himself an overall view of optical 

activity and \'lhat it can tell him. In Chapter 5, we shall refer to 
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this table to see \.'Jhat we· have contributed to the theory of natural 

and magnetically-induced optical activity and what remains to be done. 

· t~e now begin the theory of natural and magnetically

induced optical activity. 
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. FOOTNOTES 

1. Except for a perfectly monochromatic wave (a physically non-realizable 

phenomenon), any sample of electromagnetic radiation wi.ll be of mixed 

polarization. In experimental work calling for measurement with a 

specific type of polarization, it is a measure of the efficiency of the 

apparatus as to how pure one can obtain a specified state of polarization. 

2. These equations for molecular rotation and ellipticity are derived in 

Chapter 2. Consideration of these equations is not a prerequisite to 

the understanding of the remainder of Chapter 1. They are included 

here only .for readers who are happier when they have mathematics to 

which to refer. 

3. For readers not familiar with quantum mechanical notation, see 

Appendix I. 

4 .. For a more complete 1 ist of applications of MCD and MORD, see 

References (6), (7), (8). 

5. The use of perturbation theory is only valid under certain limiting 

conditions. If these conditions are not satisfied, a more general pro

cedure must be used. Unfortunately, this general procedure, diagonalization 

of the representation of the Hamiltonian, is itself limited by its 

difficulty of application. Therefore, in this thesis we will restrict 

our specific extensions of the theory of optical activity to cases 

where perturbation theory is applicable. However, in Chapter III we 

do develop the necessary formalism for the more general procedure · 



and specify under what conditions perturbation theory ceases to be 

valid. 

'6. Karplus and Kolker (24) have given a variation aporoach for natural 

optical activity while Harris has used the Hartree-Fock method for 

both natural (25) and magnetically-induced optical activity (26). 

26 

7. In these relations, it is assumed that the \'lave functions are normalized 

so that J (/): 7j/n d"' ::: 1 • 

8. In general, the superscripts on the perturbation Hamiltonians indicate 

the relative sizes of these perturbations, a larger superscript 

indicating a higher order (smaller) perturbation. For a discussion of 

the relative magnitude of the various types of perturbations, see 

Appendix II. 

9. Stephen:. (12) wrote a sltcH·L nutt:! g1v1ng some preliminary equations 

for vibrational structuring in magnetically-induced optical activity, 

but these were far from complete and were applied to one particular 

rare-earth system. 
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Chapter 2 

General Theory for Optical Activity 

A. Synopsis of General Theory 

A quantum mechanical theory of natural and magnetically-

induced optical activity is presented. The treatment is for a general 

chromophore; the analysis of the influence of vibrations, substitutions 

and chromophore-chromo~hore interactions being delayed until Chapters 

3, 4, and 5. Since the purpose is to present a tutorial derivation, 

every attempt is made to make the analysis physically meaningful. This 

has resulted in much of the complex mathematics being relegated to 

appendices so as not to disturb the continuity of the derivation. Also 

this derivation may be read at either of ~wo levels. For the reader 

who is interested in understanding the physical basis of optical activity 

(Footnote 1) but does not feel it profitable to explore the more 

detailed mathematics of the quantum theory, this synopsis extracts from 

the detailed derivation the pertinent equations, explores their origin, 

and through discussion of their physical meaning, analyzes their 

implications. The second of the two levels includes following through 

the details of the derivation. In part B of this chapter, an extensive 

mathematical treatment of optical activity is presented. A study of this 

detailed derivation along with the synopsis of the theory will prepare 

the reader to fashion extensions of th.e theory of optical activity and 

will lead to a better understanding of the interrelation of the physics 

and mathematics. 

Before we begin this detailed treatment of optical activity, an 

examination of th~ demand for this new derivation is in order. Considering 

that there have been three recent quantitative quantum mechanical 
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derivations of magnetically-induced optical activity (6, 22, 26} and 

many more of natural .optical activity, it is natural that we consider 

this question. The new treatment can best be justified by examining 

the current theories, their strengths, and their weaknesses. Harris' 

theories of natural (25) and magnetically-induced (26) optical activity 

are unique in that CD and MCD are derived by determining the net power 

absorbed by a system illuminated by left- and right- circularly polarized 

light. The other two theories base their derivation on the measure of 

rotation and/or ellipticity of linearly polarized light. The derivation· 

of Harris is done pr1matily for the purpose of providing a background for 

the theory of optical activity of polymers and, due to its brevity and 

complexity, is not appropriate for study by one who is about to be 

introduced to the quantum theory of optical activity. The derivation of 

Groenewege (22) is more detailed and attempts to treat both natural and 

magneti ca lly-i nduced opti ca 1 activity. Hm·Jever, the organization 

of the paper is poor, there are some questionable assumptions regarding 

the order of application of perturbations, and still worse, the 

results for magnetically-induced optical activity are incorrect. The 

last is due to a failure to treat the complex notation for the 

electromagnetic fields consistently throughout the paper. The last, and 

best, major derivation of magnetically-induced optical ·activity is 

presented in two places: the paper of Buckingham and Stephens (6) 

and the doctoral thesis of Stephens (23). This is a rather detailed 

derivation and determines the quantum mechanical equations for CD 

and MCD as well as those for ORO and MORD. The treatment of CD and 

1•1CD involves the solution for optical activity within regions of 

absorption and requires a more complex mathematical notation. Stephens 

used a tensor notation which, unfortunately, tended to obscure the 

physical basis of optical activity. Because of this complexity and 
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loss of physical meaning, the derivation is difficult to read and to 

understand; In the theory presented in this dissertation, we attempt 

to combine the good points of all previous approaches and~ if pos~ible, 

to eliminate the bad. Thus we adhere closely to the theoretical 

format used by Stephens and most workers in the field of natural 

optical activity, but deviate in places where clarity can be improved. 

We derive directly only the ORO and t~ORD and thus are able to use a · 

vector notation for the electromagnetic fields. This type of notation 

is more familiar to most chemists and lends itself more readily to 

physical understanding than the more complex tensor notation. The CD and 

MCD can be obtained from the ORO and t~ORD as will be discussed later. 

As a final justification, we contend that the derivation presented 

here offers an excellent platform on which to build extensions of 

the theory of optical activity. This was the object of the writer and 

therefore effort was expended to provide a flexible and consistent 

notation, to search out key words and thoughts which yield a ·more 

comprehensive physical understanding, and to present in this and other 

.sections a unified approach, via perturbation techniques, to the 

· theCJries of upl'ical activity. 

The basic procedure followed in deriving the general equations 

for natural and magnetically-induced optical activity· is the three 

step approach described in both Chapter 1 and in part B of this chJpter. 

At the risk of repeating some of this work, we outline below the major 

steps of the derivation, at all times attempting to maintain a clear 

physical picture of what the various steps of the derivation signify. 

Consider a sample that has different complex indices of refraction 

for left-and right circularfy polarized light. It will be shown that this 

condition is requisite for the existence of optical activity .. For this 
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sample there will be different indices of refraction {the real part of 

the complex index) and different extinction coefficients {the imaginary 

part of the complex index) for the left and right components. On 

the one hand the difference in indices of refraction results in 

different velocities of propagation in the medium for left- and right

circularly polarized light -- i.e. the phenomena~ of circular 

birefringence. As linearly polarized light is equivalent to the sum 

of equal parts of left- and right- circularly polarized light, this 

differential velocity leads to a rotation of the plane of polarization 

of linearly polarized light . -..... 1.1-!, nRn and/or MORD. On the other 

hand, the .difference in extinction coefficients results in the 

differential absorption of the left and right components i.e. CD 

and/or MCD. In fact, the reader will recognize that not only are 

these the definitions for optical rotation and circular dichroism, 

but inherent in these descriptions is the basis for m~asurement of 

these phenomena. 

Thus we find that thP nR[l and/or MORD i!i given by the fonnuld 

{most of the equation numbers relate to equations derived in part B 

of this chapter): 

(2-36) . cprr.,w) 

CD and/or t1CD is given by: 

(2-37) 

where W is the radian frequency of the 1 i ght, c is the speed of 1 i ght, 

~ is the pathlength, ( nL..- n-.). is the difference in the indices of 

refraction, and {HL-)(~ is the difference in extinction coefficients. 

As is to be expected, these measures of optical activity are directly 

proportional to the pathlength. They are also directly proportional to 
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the concentration of the solute molecules. This, however, is not 

immediately evident as the concentration dependence is hidden in (~L-n~ 

and (>fL- ~~). Likewise one should not be deceived by the apparently 

simp 1 e frequency dependence as both ( nL- nj() and · ( "){ L- ~~) wi 11 turn 

out to be complex functions of uu . The object of the rest of the 

derivation will be to determine the exact forms and sources of the 

differences {YI~.-n,V and (~~--~~). 

There are two procedures that can be followed to determine 

these differences. The first i nvo 1 ves determ1 n1 ng ( n~.- nR) and (df ._- 'X~) 

simultaneously. This was the method of derivation used by Stephens and 

necessitated the complexities of a tenso~ noiation. The second 

procedure is the one we shall use here. It entails the orimary calculation 

of one of the differences and then a secondary calculation of the 

other difference from the first, via the general set of expressions 

known as the Kronig-Kramers transforms (29, 35), (Footnote 2). As 

the primary calculation of (re~.-~~ involves the more complex 

question of optical activity through regions of absorption, we shall 

calculate primarily {YlL-VI~t) and then calculate secondarily (XL-~~). 

The solution of r~axwell's equations under the restrictions 

imposed by an optically active medium (in the form of constitutive 

equations for the induced electric and magnetic fields) yield two 
'' '' 

solutions for forward~.propagating: waves~-;' These '.correspond to the 

field equations for left-and right- circularly polarized light and 

yield two values for the index of reft·action, nLa..,d nR. Maxwell's ·-~ 

equations are (in a medium without free charges or conductivity): 

(2-43) 

. ..... -
~ 

J.. DLo c 

-\7 • 13LD: Q 

~ 

\1• DL.o-:::: 0 

where ELo and H~.-o are the macroscopic incident electric and magnetic 
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fields at the molecule, DLo and BLo are the macroscopic induced 

electric and magnetic fields at the molecule. These field vectors are 

real quantities but for reasons which will become clear as we progress, 

it is convenient to write each of them as the sum of two complex 

conjugates. As an example, we write the incident electric field 

intensity as: 

(2-38a) 

~ ~ 

where ELo is the complex field intensity, EL! its complex conjugate; 
...:.. '-' ~ 

at a position defined by the vector L = ~ k + R · 
~ 

ELo is given by: 

(2-38b) E:o - E~ e i w [ -t -. ~ (~ + k. R)J 

.,.... 
where k is a unit vector in the propagation direction, n is the 

"""- .,.._... 
index of refraction, and k· L = i! + k • R is the r coordinate of the 

location where the field intensity is measured. The coordinate system 

used here is illustrated 1n F1gore J of part B of this chapter. 

The constitutive equations specifying the optically active 

medium are given by: 
~ ...... .!I.. ...!....:.. ~ 

D LO =· E E 1.0 - ~ H Lo - f, ( E Lo ~ H 1) 

(2-41) ~ _... . ~ . • .... 

BLo -:: JA HLo + '} Elo - +1.. ( Hlo X. H') 
. The parameters;-t,G > <t' >+, > f:t. are functions of molecular 

electric and magnetic moments, and of~ , and are quantum mechanically 

derived in part B of this chapter. The vector H' represents the static 

external magnetic field and is assumed parallel to the direction of 

propagation (Footnote 3). The terms involving 1r give rise to natural 

optical activity, those involving~ andf~ to magnetically-induced optical 
...llo. 

activity. If ~ is zero-·and H' is zero, there is no optical activity and 
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equations (2-41) reduce to the more familiar - ~ 
DLo t ELo 
~ ~ 

B~.o -= jt HLo 
It is shown in Chapter 4 that <t is zero for a ,non-asymmetric 

molecule butt1 and f 2 can be non-zero for all molecules. Thus \'lhile 

only asymmetric molecules possess natural optical activity, with a· non-
. '· 

zero, properly oriented magnetic field all molecules will exhibit 

magnetically-induced optical activity. 

Upon substitution of the constitutive equations (2-41) and the 

expressions for the induced and incident fields (2-38) into Maxwell •s 
~ . ....:. ~ 

equations, the DLo , BLo , and HLo fields are eliminated. This results -in two vector equations in the ELD field. The first is 

(2-53) (n2.-~E)E:o + i~f! (n~+,PE)(kx EL) + iw\,Pt,+Etz)(ELo x H') = 0. 

and the second is the complex conjugate of the first. Decomposing 

either of these equations into its components gives three linearly 

independent equations in the components of the electric field intensity. 

Written in matrix form we have: 

nl.-re -iw(.i: (n~+j.tE::) 
: 0-t .... e.fJ H~ 

-"iw~.f, + Et1 ) ~; 

(2-54) 
iw[t<nl.+fAE) 

+t~' + Et1)H~] Y\~-)-<€ iw rf, + €+1..) ~-~~ 

i c.u (JA-.f, + e -+z.) ~Y -iw(Jt.f1 +E-fz.)H~ n'Z.-;<-e 

As stated previou~ly, the external magnetic field is colinear with the 

direction of propagation, in this case the ~ axis. We thus set 

-ELox 

~ 

EL.oy 

1"-J 

Elo;! 

Hx• = ·. Hy• = 0 and H2
1 = H'. The above matrix equation then reduces 

,..., 
to the condition of transversality ( ELo2"= o ) and to the secondary 

matrix equation: 

=0 
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- 0 
(2-56) 

. As rlo~ and ~Loy are linearly independent variables, this matrix 

equation will only be true when the detenninant of the index of refraction 

matrix is zero. 

n"~--;U-e 

iw[..i. (Yl ... -+ fA-E) . 

. n + 0-t, + E.f1 ) H'] 

- fW r~(YI'&+jA€) 
~ +5P-·f.+Et,.)Hj 

n~-.P- e 
0 

This characteristic equation yields four solutions for Yl . Two 
. A. . . 

of these correspond to propagation in the ~k direction and can be ignored. 

The other two correspond to the indices of refraction for forward ~ropagating 

left-and right-curcularly polarized light. \~hen we make the approximations 

}lff 1 , Ett. <<)At ,fe~ 1 (these approximations are justified in part B 

of this chapter) we find: 

(2-59} nL::; VEu... + W (~- + +, H') ;--. ~ 

h~=:Y€p. - w (<} + +, H') . z. 
Thus we have for the difference in indices of refraction 

(2-60}' 

Substituting into equation (2-36} we have the optical rotation 

expressed in tenns of the parameters ~ and .+,· and 1 n terms of the 

component of the magnetic field: 

The first term is the natural optical rotation (ORU) and the 

second term the magnetically-induced optical rotation (~10RD). Two 

things should be noted in the above equations. First of all the two 
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types of optical activity are independent and additive. Secondly, the 

magnetically-induced optieal activity-is a linear function of the 

magnitude of the external magnetic field. 

The next step in the derivation is the quantum mechanical 

determination of the expressions for the parameters ~ ·and ~. 

However, before we begin this, we may profitably digress to discuss the 

physic~l implications in the constitutive equations and to present simple 

models for natural and magnetically-induced optical activity. By 

comparing the constitutive equations for an optically active medium 

~- ~ ~ 

DL.o = E ELo - ~ Hlo 
(2-41) 

_.:.. ~ ~ 

BL.o = }< Hlo + <j Elo 

with those for an optically inactive medium, 
..;:.. ~ 

DLo =- E ELo 
- ~ 
Ba..o =)A Hlo 

_.. 
we see that in the ccinstitutive equation for DLo it is the introduction 

_,. 
of small components perpendicular to Eu, that is responsible for optical 

_.. 
~ 

activity while for B~ it is components perpendicular to HLo • These 
~ 

additional components produce a rotation of the induced field DLo 
_.. ..> ... 

with respect to ELo and of BLo with respect to HLo , and thus a net 

rotation of the plane of polarization. We may best illustrate the 

molecular origin of this rotation by reference to Figure 4a for natural 

·optical activity and to Figures 4b and 4c for magnetically-induced 

optical activity. As with both types of optical activity, w·e are 

dealing with absorption and refraction in the visible and ultraviolet 
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a. Diagram for Natural Optical Rotation 

b. Diagram for MC!..9.netically-induced Optical Rotation. 

Magnetic field out 
of paper 

Propagation Direction 
out of paper 

c. Force Diagram for Magnetically-induced Optical Rotation 

FIGURE 4. Model~ for Optical Activity 
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regions of the spectrum, we are concerned with electronic movement only. 

Thus we may represent a molecule by its molecular orbitals, i.e. those 

volumes where the electrons may be found. 

In Figure 4a we show a linear~y ·polarized electromagnetic field 

incident upon the most basic asymmetric molecular system, a helical 

molecular orbital fixe~ in space {Footnote 4). A little thought will 

convince one that any asymmetric molecular orbital can be constructed 

from a set of helical molecular orbitals of variou~ radii, pitch, and 

handedness. Thus if we can demonstrate that the presence of a helical 

molecul~r orbital will result in rotation of the incident fields, then 

we will have shown it for any asymmetric molecular orbital {and therefore 

any asymmetric molecule absorbing in the ·visible or ultraviolet). To 

demonstrate this rotation, consider the action of the electric field 
..!> 

intensity ELD on the helical molecular orbital. The electric field will 

produce electronic flow in the helix. This helical flow in turn produces 
..... 

a small magnetic field component proportional to ELo and perpendicular 
~ 

to HLo , thus resulting in a ·net rotation of the magnetic field. A 

comparable argument holds for the production of a small electric field 
_,. 

component by the incident magnetic field H~ , and the net result is 

a rotation of the plane of polarization. As withriut the helicity, there 

would be no such rotation, \oJe may conclude that an asymmetry is 

necessary for natural optical activity. 

We now turn to magnetically-induced optical activity. Unlike 

natural optical activity, an asymmetry is not required, and we choose a 

simple symmetric model; a circular molecular orbital. We again fix our 

model in space; this time with its axis colinear with the direction of 

propagation and thus with the direction of the magnetic field. The 

geometry is shown in Figure 4b. Viewing the system in the negative k 
direction (looking directly into the light), we see that a magnetic field 
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in the k direction w.ill cause a clockwise flow of electrons in the 

circular molecular orbital. The forces on the electrons. due to static 

magnetic fields of conventional strength will be quite small compared 

to the ·forces on the el~ctrons due to the electromagnetic fields. 

However, in Figure 4c we minimize this difference for purposes of 

illustration. Here we show th~ net tangential forces acting on an 

electron in the molecular orbital loop for positive ~nd negative swings 

of the electric field strength. {In this diaqram we do not includP. 

forces in the radial direction as they are not important to the 
~ 

For pos1t1ve swings of ELo the tangential forces are 

greater on the right side of the loop. This tends to remove the · 

electrons from the right side of the loop with respect to the left side, 

resulting in a small component of the electric field perpendicular to 
~ 

ELo and pointing from left to right. A parallel argument holds for 

negative swings and, as can be seen from the diagrams, leads to a net 

rotation of the light. 

Having· described simple models for the origin of optical activity, 

we now return to the problem of deriving the constitutive equations and 

their associated parameters ~· and .f, from the microscopic molecular 

properties. The-connection between the _microscopic and macroscopic quantities 

originates in the microscopic origins of the electric polarization per 
..Jo. .... 

unit volume PLo and the ~agnetic polarization per unit volume MLo • 

~ -' 
The contributions of PLo and MLo to the macroscopic induced fields 
~ -"' 
DLo and BL.o are given by the familiar-relations: 

{2-40) 

~ 

Microscopically PLo can be expressed as the volume average of 
-

all the electronic oscillators in the limit of zero volume. can be 
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expressed in a similar manner as a function of the magnetic oscillators 

(Footnote 5). These electronic and magnetic oscillator~ are averages 

over all molecular orientations of the corresponding molecular oscillators. 

Finally thse molecular electronic and magnetic oscillators are themselves 

averages. Each individual molecule has an electronic oscillator and a 

magnetic oscillator for each of its electronic states and the molecular 

oscillators are averages over all electronic states i~ the molecule. Of 

thse three sets of averages - volume, orientation, and state - the 

orientation average plays the most important role in the physics of 

optical activity. Before averaging, the oscillators can have components 

in any direction. After averaging, all contributions to the molecular 
. . 

oscillators reduce to components either oarallel to or perpendicular to 

the incident fields. As stated before, it is the small ,perpendicular 

components that are responsible for optical activity. 

The averages discussed here are explicitly expressed by the 
..... 

following set of equation, where we will ultimately relate PLo and 
...:... ~ ~ 

MLo to the expectation values of )1- and m in the third-order radiative · 

states ~R~, the states of the magnetic system in the presence of the 

inddenl electromagnetic radiation. We have: 

(2-:-39) 
~ ~ 

Mlo = No~ 
where multiplication of~ and~ by ~o, the number of molecules per 

unit volume, defines the volume average. The doubly averaged moments 
.Jio ~ 

~ and nn may be written in the equivalent form: 

.......:.. -=r-
~=/;6 
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where the upper bars indicate the average over all orientations. The 
~ ~ 

underlying bars indicate the state average,and for# and m we may write: 

.-
m 

The sum is over all the states~;~ , and ~! is the fraction of the 

molecules in the state ~~ , a second-order wave function of the 

magnetic system. Here p! = p! as there is no popula~1on change in 

the states upon irradiation of the magnetic system by the P.lectromagnetic 
~ 

field. The individual electronic and magnetic osciilators ') }URa.o.. and 

'fmRu. are the expectation values of the electric moment f and the. 

magnetic moment vn in the state lV R3
a.. Thus: 

Introducing these last three sets of relations into equations 

(2-39), we have: 

Substituting these equations for the polarizations into equations (2-40), 

we have for the induced fields: 
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In order to develop the constitutive equations (2-41}, the 
~ -> 

moments 4 and m , which are induced by .the local microscopic field, 
..... -J> 

must be determined in terms of the macroscopic fields ELo , Hlo and 

their time derivatives 
~ 

HLD • Although the local fields, in 

general, are not equal to the corresponding macroscopic fields (Footnote 6}, 
~ 

we shall assume such a relation in this dissertatton. Since/;!; and 
__:.. vn are then directly related to the macroscopic fields, and the fields 

in turn are dependent on these moments, one can envisage the production 

of optical activity as light traverses an optically active medium as a 

type of .. snowball .. phenomenon. The molecular electronic and magnetic 

moments are induced by the electromagnetic fields and the fields in 

turn·1 are slightly changed by the induced moments. The altered fields 

induce moments in subsequently encountered molecules, these moments then 

changing the fields some more and so on. This process leads to all the 

various manifestations of optical activity. 

The evaluation of A and m is predicated upon the determination 

of the third-order radiative wave functions ~~ and the second-

order population coefficient j)! . The latter is related to the 

first-order coefficient ;c>! through equation {2-86}: 

(2-86} 

where do.. is the degeneracy of the first-order complex system wave 

functions 1j/~ .. The complex system, while not including external field 

perturbations such as the static magnetic and the electromagnetic field&·, 

does include what we shall term the molecular perturbations-- i.e. 

vibrations, substitutions and chromophore-chromophore interactions {Foot-
~ 

no.te 7}. The moment tmQ.Q. is the expectation value of m in l./f! and 
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k is the Boltzman constant. In equation (2-86) we have a splitting 

of a ground state degeneracy by the magnetic field and the resulting 

population redistribution in the split state leads to the "C" term in 

magnetically-induced optical activity. If the ground state is not 

degenerate ( 1 mQAequal to ier(), do.. equal to one) or if the magnetic 

field is zero, then p; = ~ , the population of any one member of 
dll. 

the degenerate set being equal to the total population of the set 

divided by the degeneracy, and there is no 11 C11 term. Turninq now to the 
1 . 

q/R~ , they are expanded in terms of the 1j/a... in a two step 

procedure. First, via time dependent perturbation theory in the light. 

wave (radiative electromagnetic field), the third-order radiative wave 

functions are expanded in terms of the second-order magnetic wave 

functions lJ!; , those wave functions of the complex system plus 

external static magnetic field. Secondly, via time independent 

perturbation theory in the static magnetic field, the ~~are expanded 

in terms of the 1Jfi.. For a clearer picture or the vdriuus systems descr1hed 

above, 'ex~mples of such systems, arld :;pe~ifil;ation of the Hamiltonians 

and perturbations to be discussed below, see Table IV of part B of this 

chapter. 

These results for p!... and the 1J!R3
o. are used in conjunction 

with the previously mentioned averaging procedures to obtain the moments 
....:lo __,. A·t and vn , and thus, using equations (2-39) and (2-40), the 

constitutive equations. Before presenting the results (repeating details 

of the derivation of part B of this chapter would add little to the 

physical picture presented here), we ag~in digress to discuss the various 

perturbation Hamiltonians involved in the expansions and to determine 

what they can tell us about the sources of natural and magnetically

induced optical acitivity. The total Hamiltonian of the system can be 



43 

written (Footnote 8): 

(2-16) 

}{' -first-order complex system molecular Hamiltonian 

IDM~ - second-order external static magnetic field perturbation 
0\ Hamiltonian -

(2-20) 

}{~ - third-order electromagnetic field perturbation 
Hamiltonian 

- fourth-order electromagnetic field perturbation 
Hamil toni an 

"\P 2. 1.14- . It is shown in part B that tf\.H and d'lo have a similar form: 
~ 

- H' - YYl • 

- ..... where Ali is the vector potential of the light wave, ('Vx ALi)0 is 

a magnetic field component of the light wave at the molecule of interest, 
...... 
H' is the static magnetic field, and ~ is the molecular magnetic moment. 

The natural optical activity arises from a combination of the 

two perturbations If; + Jto- , the magnetically-induced optical activity 

from the two pertrubations J.eo3 + ~~ . Although :te!, which by itself 

leads to refractivity and. absorption, is common to both types of optical 

activity, it does not mix them. Therefore, natural and magnetically-induced 

optical activity are separate and independent. Thus when we talk about 

their sources, we may confine ourselves to separate discussions of J-e! 
and /-e~ . 

Referring back to Figure 4, we examine more closely ;).(: and 

Jf.~ . In discussing magnetically-induced optical activity, we were 

concerned with the flow of current in a circular loop and its interaction 

·with the static magnetic field. The model we chose was a current loop 
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fixed in space in such a way that its axis, and therefore its magnetic 

moment, was parallel to the. static magnetic field. If we were to 

describe such an interaction of magnetic moment and field, we would do 

it via the projection of the magnetic moment on the field. But this 

is exactly the form of the ~xternal magnetic field Hamiltonian 
2. ~ ..jot J{M =-m· H Considering natural optical activity, we first note 

that ;;.to' results from expansion of the vector potential over the 

dimensions of the' molecule (see Part B of this chapter). Thus this 

type of optical activity depends on the variation of the amolitudes ·of 

the indt.hmt fields over the dimensions of the molecule and is closely 

related to its geometrical structuring. This is in cont~ast to magnetically

induced optical activ1ty. However, like magnetica~ly-induced optical 

activity, natural optical activity depends on the interaction of a 

· magnetic moment with a magnetic field, Here the magnetic field is 

that of the. electromagnetic wave and the magnetic moment is that 

moment induced in an asymmetric molecule by the electric field of the 

electromagnetic wave. 

Having discussed the physical implications of the various 

Hamiltonians, we present below the results derived in part B of this 

chapter - ~ for 4 and m . 
~ ..!.lo. ~ -" M = 0( E Lo - ,!3 H Lo - t{ ( E Lo >< H 1 ) 

(2-103} 
-" ~ ~ -") 

~ = A HLo + ,6 Elo - f ( H Lo >< H 
1 

where 

(2-102} 



(2-101) 

(2-100) 

2 Wbo. wt. [ C wt!.- w'3.)1. -·w~ r;,:] 
11 [C We!: - w ... t + wl. I~! ]2 

~e~ { } 
Cab = 2~o. L mo.o.. ~ flab xfbQ. 

a,b 
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In the above equations, we have suppressed superscripts,~~ 
._...:.. ~ __.\. ~ 

being now replaced by. pQ.. , ·milA. by mi).O.. , Juo..b by )Aa'o , etc. 

Important quantities in these equation are defined as follows: 

/ ~ ' - W '·' d is the degeneracy of the state a. , the vv bo. ·- b-.VJo.. , a. 
~ ~ mQ.O. > )1-~'o etc. are expectation values and transition probabilities 

of the magnetic and electric moments in the first order states, f1b~ is 

an artificially introduced line width. The frequency functions f,(uu>uubo.) 

and t 'Z. ( w) (,.Obo.) are 1 i ne shape functions. D<lb is the osci 11 a tor 

strength, RQ.~ the natural rotational strength, A,. , Bo.b , Ca.~o the 

magnetic rotational strengths, and the sums are over members of states a and b. 

The quantities X and f are never calculated as they result _ 

in negligible contribution to the optical activity. However, we retain 
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--" 
them here to maintain a symmetrical appearance in the moments ft- and m . 

_.... ~ 

Substituting the above equations for g and m into the equations 

~ .....:!> ~ 

DLo - Et..o + 41T" No,#-

we obtain: 

Dlo = E ELo - <}H:o - .f, ( E:o X H') 
(2-41) ~ .::.... ...... 

BL.o = )-< Ht.o + }El.o- +2. ( Hlo X H') 

These are the desired constitutive equations. The parameters E.,jt, ~,.f. ,fz. 
can be expressed in terms of the parameters o<, X) (3, Y{_l f 

E = I + 41T"NooZ 

)A = 
(2-42) 

I. + 4-rr No X 

~ 
- 4-rr No,8 -

f. - 4rr No yt 

f'l. - 41T No f 
Under the conditions \'lhere X and ~ are negligibly small we may make 

the previous approximation )A:: I J €t z. < <jA+,. ~Ji th these approximations, 

we have 5hown that 

(2-60) 

when Maxwell's equations are solved under the restriction imposed by the 

. constitutive equations. Or, substituting in equations (2-42), 

(2-61) 

Substituting (YlL-r'\,:t.) into the equation for the optical rotation 
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(equation (2-36)) we have: 

(2-62) 

Substituting f3 and 1 from equation (2-102) into (2-62), we have 

cpr~,w) ¢rz,w) + ¢11 (:cJw) 

where: 

(2-104) 
cp,., ( i! ,w\ = - -+;1\z ~'{.: N.~ [f. (w, w • .l A,0 + t', (w ,W..) B.b +~+, <w,w •• ) c • ., J 

¢(~,~) is the natural optical rotation, <PH (~,w) is the 

magnetically-induced optical rotation, No..=fo..No is the number of 

molecules in state a . We now determine the partial rotation for one 

particular transition Q.-.b and convert to partial molecular rotation 

using the following equations (See ·References 

(2-105) 
[ 

1 raN th ( cPa.b (L.o)J :::: 1TNo. ~ l.f.lo.b r) w) 

[ 
~ 18N l'h 4>c..b (w)J = N \flMo.b (~,w) 

M If o..-r 

We then have 

( 2-106) [ ¢a~..(w)J = - 4~~ { 2. ( w l l.Uba.) R o..b 

(2a), (2b), and (23) ). 

[ <Pob(u>~M=- 2~~1-1' [t,(w>Wbo.)Aab +t2.(w,W~:~o.) Ba.b +'k!rt2 (W)WbA)Co.b] 

These are the equations for the natural and magnetically--Induced partial 

molecular rotation that were presented without proof in Chapter 1. To 

obtain the corresponding equations for partial molecular ellipticity, one 

takes the Kronig Kramers transform of the partial molecular rotation. 

This is done in Appendix VI and the equations for natural and magnetically

induced partial molecular optical ellipticity are: 
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(2-1 07) 

where 

(2-108) 

(wb';.- w 1
)"' + w"L r;;:: 

Equations (2-106) and (2-107) give the partial molecular 

optical rotation and the partial molecular optical ellipticity in terms 

of frequency functions and rotational strengths. The frequency functions 

are given by equations (2-101) and (2-108). The rotational strengths are 

given by equations (2-100). These equations-- (2-106), (2-107),· (2-101), 

{2-108), (2-100) --express the results of the general theory of natural 

and magnetically-induced optical activity and are the equations which 

were stated without proof in Chaoter I. 

In summary, we have presented a quantum mechanical derivation 

of natural and magnetically-induced onti~~l ~~tivity .. We have endeavored 

to include all details, yet to stress the physics underlying the mathematics. 

To this end, we have divided this chapter into two parts; part A presenting 

a more physical derivation of optical activity and part B detailing the 

mathematics. 

We conclude part A of this chapter with a brief outltne of the 

physical origins and asymmetry requirements ·for ontical activity. 

Natural optical activity arises from a time dependent 

perturbat~on of the molecular states by a perturbation Hamiltonian that 

originates in the small variations of the incident electromaqnetic fields 
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over the molecular dimensions. This fact, coupled with the observation 

that natural oPtical activity occurs only for asymmetric molecules, leads 

to the conclusion that it is the asymmetric character of the stereochemical 

structuring that is responsible for such ontical activity. In Chapter 4 

we discuss in more detail this asymmetry requirement. 

~agnetically-induced optical activity differs from natural · 

optical activity in several ways, two of which are quite revealino. First, . ' . . 

the external magnetic field, rather than the molecular stfucturing, provides 

the necessary asyT!111letry. Secondly, the variation of the electromagnetic 

fields over the molecular dimensions is not important to the derivation. · 

These two differences indicate that we will find no direct relation between 

magnetically~induced optical activity and molecular stereochemistry such 

as exists for natural ootical activity. However, magnetically-induced 

optical activity does yield infonmation about the electronic properties 

of the molecule. 

There are three types of magnetically-induced optical activity, 

denoted as the 11 A11
, 

11 811
, and 11 C11 terms. AS the 11 A11 and 11 C11 terms have 

similar origins, we shall discuss them first. 

A molecular state possessing spin and/or orbital angular 

momentum is 2J +I degenerate, where :r is the angular momentum quantum 

number. The Z!+l members of such a degenerate state can be split by an 

external magnetic field, the new energies given by perturbation 

relations such as equation (2-20). This is tenmed the Zeeman srlitting. 

The occurrance of an 11 A11 tenm usually involves transitions from a non-

degenerate ground state to the members of a Zeeman split degenerate 

excited state while a 11 C11 tenm involves transitions from the members of 

a Zeeman split degenerate ground state to a non-degenerate excited state. 

In either case, the members of the degenerate state are characterized by 

two quantum members. J and M :r , where M;r reoresents the projection 
,, 



of the angular momentum on the magnetic field. As units of angular 

momentum are associated with the photons of circularly polarized light, namely 

-1 for the left component and +1 for the right component, we note that 

transitions involving a 6MJ"=-I will be still)ulated by left- circularly 

polarized light while those involving aiJH;r==+f will be stimulate.d by right

circularly polarized light. 

In Figures 5a and 6a, we have illustrated the important 

transitions leading to 11 A11 and 11 C" terms for three-fold degenerate states 

(J=l). The· basis· of the 11 A11 and 11 C11 terms are best illustrated by reference 

to magnetic circular dichroism, the measurement of the differential 

absorption of left- and right- circularly polarized light. For the ~ystem 

pictured in Figure 5a, a degenerate excited state, the Zeeman shifted, 

signed absorptions of the left and right components are shown in Sb, and 

in 5c the resulting MCD- an-. 11 A11 term- is illustrated. For the system. 

oictured in Figure 6a, a degenerate ground state, the important factor is 

not the Zeeman splitting per se, but the Boltzman oooulation redistribution 

resulting from that splitting, Due to this redistr1but1on, there are more 

possible transitions from the lower member of the split ground ~t~te than 

there are from the upper member. This results in a greater absorption for the 

component of circularly polarized light associated with transitions from the 

lower member .. The intensity differing, signed absorptions for the left and 

right components are shown in Figure 6b, and in 6c the resulting MCD - a "C 11 

term - is illustrated. 

A fi na 1 word on the 11 A11 and 11 G11 terms. As both de!)end unon a 

degeneracy, so both depend upon the existence in the molecular system of 

a three-fold or higher axis of symmetry. This molecular symmetry 

requirement for the 11 A11 and "C 11 terms can be contrasted to the molecular 

asymmetry requirement for natural optical activity. 
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Turning now to the "B" tenn of magnetically-induced ootical 

activity, '"e see that there is no such syrrnnetry reoui rement as ext sts for 

the "A" and "C" tenns. The source of the "B" term is not a Zeeman tyoe 

snlitting, but rather a mixing of states by the exter.nal magnetic field 

in such a way that the resulting hybrid state is a differential absorber 

of left- and right- circularly polarized li~ht. There has been little 

work done on the syrrnnetry or asymmetry conditions for .the existence of 

"B" tenns (however, see (6a)and (17) ). This aspect will be discussed in 

more detail in Chapter 4. 

This concludes oart A of this chaoter. Readers who ar~ interested 

in the details of the quantum mechanical derivation may go on to part B. 

Hm'lever, this is not necessary to the understanding of the remainder of 

the dissertation and may be omitted. In either case, the results of this 

chapter are the foundation upon which we shall build extensions of the 

theory of optical activity, beginning in Chapter 3. 
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B. Detail~d Derivation 

The detailed derivation of the quantum mechanical equations for 

natural and magnetically-induced optical activity is most naturally 

divided into three sections. The first section derives the expression 

for ootical activity as proportional to the difference in the complex 

indices of refraction for left- and right- circularly polarized light. 

In the second section, these indices are expressed in terms of a 

set of molecular parameters. These parameters couple the moments 

induced in individual molecules to the electromagnetic fields 

of the light traversing the medi.um and to the static external magnetic 

field. Finally, in the third section of the derivation, the induced 

moments and the explicit form of these coupling parameters are 

calculated quantum mechanically. However, before we begin the 

derivation, we must specify a coordinate system and a method for 

locating individual molecules in this coordinate system. Then in the 

framework of this coordinate systP.m, \'IP. ~pPr.ify t.he static magnetic 

field, the electromagnetic fields, and the various terms of the 

Hamiltonian of the magnetic system. 

We assume that liqht of wavelength A 1s incident nn t.hP 

optically active system at 2 =0, and propagates through the system 

in the positive ~ direction-- i.e. in the direction of the unit 
A 

vector k . At ~ we specify a macrovolume whose width is .6-r 

and whose cross-section spans the cross-section of the sample. The 

width ~~ must satisfy two conditions; it must be smaller than the 

wavelength)( , and it must be large enough such that the samnle can 

be considered homogeneous throughout the macrovolume. If these 

conditions are incompatable the electromagnetic fields are not 

continuous functions of ~ and the statistical concentration fluctuations 
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in the sample cannot be ignored. vJithiri each macrovolume are .many 
~ 

microvolumes; their location specified by the vectors R from the 

center of the macrovolume to the centers of the microvolumes. The appropriate 

microvolume for a solution is a region containing one solute particle 
·' 

(monomer or aggregate) surrounded by that particle's share of the solvent . 
• T.H 

Finally, the vector from the center of the mi crovo 1 ume to the Z 

charged particle that can be acted on by the various fields is given by 
~ 

..Jl..i. The only charged particles considered in this derivation will 

be electrons. A macrovolume and microvolume are illustrated in 

Figure 7. The vector from the origin of the coordinate system to the 

• 7H Z charged particle under consideration is given by: 

(2-l) 
A. ~ 

~k + R 
.... 

+ Ai 

We must now specify the static external magnetic field and 

the electromagnetic fields of the propagating light wave at the 
~ 

position determined by the vector Si. . This is done most readily 

via the concept of the vector potential. For the electromagnetic 
. ~ 

fields, the vector potential at the position specified by Si is 

given by: 

(2-2) 

where. 
wn " ..,. ~ ( V' "" ..... ) 

A~ _ Aebo iwt _A~ -i-c (k•Jti) _ Ao iw i- c:k·Ai 
Li - Lie - Lo e - Lo e 

~ - i ~ (k. s·) A~o iw ( -t- ~ k· Si) -A e c "= e 
- 0 0 
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·FIGURE 7: Definition and location of macrovolume and microvolume 

used to describe optical activity. 
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..... 

time dependent complex vector potential at Si 
.... 

time independent comolex .vector: potential at Si. 
. _.., A _.l. 

time dependent complex vector potential at L=2k + R, 
the center of the microvolume 

. . . .... - -
time independent complex vector potential at L=~k+R, 
the center of the microvolume . 

time dependent complex vector ootential at any 
point on the verti~al plane through the origin 

time independent complex vector potential at any 
point on the vertical plane through the origin 

~ - ~ 
The electromagnetic fields ELi and H~.i. are related to AL, by: 

----'>' ~ 

{2-3) 
Eli- -{-Ali 

~ ~ ~ 

where 'V x Au is the curl of ALi. and Au is the time 
..lo. 

der1 vatiVe of At\. 

...... 
For the external magnetic field, the vector ootential AMi 

must be such that 
~ _.. 
H' = \7 X AMi 

__.. 
The only variations of H' that we shall be concerned about is 

over the mi crovo 1 ume • Therefore, the gradient '\7 is with respect to 

the variations in Jli . Therefore, equation {2-4) gives the necessary 
""" expression for )\ML' as can be seen by substitution into the 

~ 

foregoing equation for H'. 

The total vector potential then is given by: 

(2-5) 
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We must now determine the Hamiltonian of a .microvolume of the 

magnetic system .. We ignore any solvent contribution (Footnote 5}. 

The Hamiltonian is composed of the kinetic and potential energy 

operators of the molecule in the presence of external fields plus 

the three perturbation Hamiltonians ){i , Jf! ' }(~ , which have 

been previously defined (see Chapter 1}. Thus: 

(2-6} ){ 

(2-7} 

V =·~eVi 
' the sums are over all electrons in the microvolume, \/i is where 

the potential Of the iTH electron, m and e are the maSS and 

charge of the electron, and mfti is the kinetic momentum of the 
•-rH l electron. 

As we adopt a Cou 1omb guage ( tJ:i({= o} , there is no 

contribution of the external fields (static magnetic or electromagnetic} 

to the potential energy. However, in the presence of external fields 
~ 

characterized by a vector potential Ai the kinetic momentum is not 
..:a. 

equal to the canonical momentum f'i but is given by: 

~ ~ e -t' 
( 2-8) m.n.t = pt - c: Jlf-i 

..:a. 
where fi is defined by Hamilton's equation 

aCpi)x = _ ~ 
<it ax 

Substituting (2-8} into (2-7) and then into (2-6}, we have: 
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(2-9) 

...., . . 1 t 

X=~ Wn Cpi-ffi,.) + e V1] + Xi+ Us+ Xv 
1. 

Using ~quation (2-5), expanding (2-9), and dropping term·s in 
__.;>. ~ _.. ~ 

(ALi· ALi) and (A..t• A,.-.;.) we have: 

X = .z [z :-n I fi 12. + e vj_J - Lrfc ( P• .. ~ .... ,') 
. t i 

(2-10) 
~ e ~ e _. ~ 1 . 1 .P1 -vt 

- 4-~Cpt- zA,..,1)·At.i + J.f-:r + ""s + ~v · 
t 

~ 

We must now expand ALi about the center of the microvolume, 
~ . 

that is about ft\. -= o . When this is done the thi.rd term of 

equation (2-10) separates into t1rro terms; a third-order time 

varying ele~tromagnetic field perturbation ~; which, upon 

application, results in refractivity and absorption, and a fourth

order time varying e.lectromagnetic field perturbation Je:-
which, upon application, results in natural circular birefringence 

and natural circular dichroism (ORO and CD) (Footnote 8) . 

. Magnetically-induced ~ircular birefringence and cir~ular dichroism 
. z 

(MORD and MCD) result from the combined pertu~bation of )eM (the 

static magnetic field perturbation given by the second term in 

equation (2-10) and J.e~ 

From Appendix III we have: 

Therefore (2-10) becomes: 

( 2-11 ) 



where 

(2-12} 

(2-:13) 

Substituting (2-5) into {2~8) and rearranging~ we have: 

{2-14) 

Substituting into the third .tenn of (2-11), we have: 

;e = xo + J<~ -l ~ c mxi -+ ~ At,) · Aw · 
(2-15) L 

One may ask why substitute {2-14) into the third term of · 

{2-11) but not into the fourth tenn. Actually we could have 

substituted into the fourth tenn and there would have been no great 

difference,.as later on the additional tenns which result are 

ignored due to their small siz~. The rationale for this method is 

that it makes the derivation somewhat clearer. 

GO 

Dropping the tenns in { Al.i• ALo) and in· AMt• (\7xALl)oxA; 

in (2-15) as they involve squares of the fields, we have:. 

(2-16) 
- ID' 1n..,_ 1.1l "\a+ 
- d'l + d"'<M -+ ~o + "-.o ·where J.e.' =Ito+ Xi + tfl~ + ~! 

{2-17) 

(2-l8) ;e: =- Lz;c P\ • (Vx ALJox hi=-b~c Oh x ~i) • (\lx. ALi )0 . . 
'1. \ 



(2-19) 

(2-20) 

~ 

We know the magnetic moment vn is given by: 

The equations for '){ ~ , ~: , J.€: are therefore: 

~ ~ 

= - m · H' 

4 J..fo = 

Now that the external fields, static magnetic and electromagnetic, 

have been soecified (via their vector potentials) and the various terms 

in the Hamiltonian of the magnetic system delineated, we turn to the 

first section of the qu~ntum mechanical derivation of ootical activity. 

1. Expressions for Natural and Ma~netically-induced Optical Activity 
in terms of the complex ind1ces of refraction 
for .left-and right- circularly polarized light 

Having obtained expressions for the electromagnetic fields 

that are traversing the sample, we may now determine the effect on these 

fields when the sample has different complex indices of refraction for 

left- and right- circularly polarized light-- i.e. when ~tis optically 

active •. Consider the electric field intensity to be given by an 

expressi9n analogous to equati~n {2-2) 

(2-21) 

where from (2-2) and (2-3) 

~ . ~ 
Eo= -.MAO 

0 c. 0 

Therefore at any point of the medium (located by the vector 



we have: 

(2-22) 

where F)= n- t)( is the complex index ·of refraction. In 

optically active media, its specific form is dependent only on the 

type of polarization of the propagating fields. 

Let us now determine the field at the macrovolume located 
~ . ~ 

fi? 

at 2 . As ELi. is determined comp 1 ete ly by EL~ , we may do a 11 our 

mathematics with .the latter in thds first part of the derivation. 

Substituting equation (2-1) into (2-22) we have: 

As ~~n~~ ~ we may represent the'last exponential as 

approximately · ( 1' ~R 1~ ~ ) . 
- i 21T k·. + "'• A~ · e A 

-lo 

As the projections of R and Jt on the r axis (k· R and k·.it) 

are smaller than 6'l: (see Figure 7) and therefot·e much smaller than 

the wavelength, this exponential has an argument which can be 

considered zero. Therefore, this exponential can be set e~ual to 

unity over the macrovolumc. Thus we have: 

(2-23) 
. .IV ~ ~ 

~E ~Eo iw(t-2-~) 
Li- o e 

.·~ 

For left- circularly pol arfzed 1 i ght E~ = ( t- iJ) E: 
~ 

For right- circularly polarized light E: = (i. + i.j) E~ 

If the electromagnetic wave incident upon the sample is linearly 

polarized in the X .direction, it consists of equal amounts of 

left- and right- circularly polarized light. In this case, the 

electric field intensity at ~ is given by: 



63 

(2-24) 

,., ,... 

E~ -Eo("' .,..) iw(t-~L.-i!) Eo(,.· .,..)·/.>iw(t-~-r). 
Li - o (-2.J C: + o L~l.J "-

.here 

(2-25) 

where hL and n~ are indices of refraction, J.e~. and ~"-

are extinction coefficients for left- and right- circularly polarized 

light. Expanding (2-24) and taking the real oa~t, we have: 

(2-26) 

The expression for complex optical activity is written as· (2): 

(2-27) ~(r:,w) = cpce,w)- i e-c~)w) 

where ({J(~,w) is the optical rotation (circular birefringence) 

$-(.c)w) is the optical ellipticity (circular dichroism) 

The rotation of the plane of polarization is expressed in terms 
~ 

of the X and y components of Eu. (~,w) (2): 

(2-28) 

The ellipticity of the polarized light is expressed in terms 
...II. 

of the minimum and maximum of EL~ --i.e. the minor and major axes (2): 

(2-29) t:v:.' 



G4 
...lo. 

now Eli (~,vJ) = LEu (2>w) + J Et11 (t!.)w) 

therefore 

(2-30) 

(2-31} 

E Eo { -J-eLW'l- . -Jl We l 
~(-2,W) = o e C ~ W(t-n~..~) +e R C (..()--a. w(i-nR.~)j 

The maximum value of I Eu ('e,w)j occurs when wt = (n~.. + h~) ~Z.-+ 1T(k+Vz.) 

where k is an integer. In this case we have: 

(2-33} 

where k is an integer. In this case we have: 

I ELi c~,w)ll'l'lin f we)( we } o - c R - c d-e1.. 
(2-34·} = E.o e - e . 

' 

(2-35) 

= {taHl' r- ELyC~,w>ll . r Eu,(~>w)jj wt = (YiL+ n~)'-~c~ +ll(k+Vz) 

Substituting this value of wt = (nl+n-t)~z+-rr(k+~)into the 

equations for ELx c~,w) {equation (2-30)) and for 

Et~(~)<.o) (equation (2-31)) and then substituting these equations into 
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(2-35), we have: 

This reduces to: 

(2-36) 

Substituting I EL\ (r,w>l,.ut (equation (2-33)) and I· ELi (i!)w)j ""'.'" 

(equation (2-34).) into (2-29), we obtain: 

we rep 1 ace the numerator by ~ (XL- XR) c ' 
and the denominator by 2. Remembering also that for )( small, 

~-• {X 1-= "X. we have: 

2. Expression of indices of refraction in terms of parameters 
relating induced moments to external fields 

As mentioned in part A of this chapter, we only deal with the 

indices of refraction nL. and YlR, knowinq that we can . calculate the 

extinction coeff·icients )('L and H~ (and the accompanying circular 

dichr.oism) from nLand n~via the Kroniq-Kramers transfonn. 

The constitutive equations for the medium can be obtained from 

the induced molecular moments (calculated quantum mechanically in the 

third section of this derivation). When Maxwell's equations are 
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solved under the conditions specified by the constitutive equations, 
~ 

one obtains one or more solutions for the field interisities E 
~ 

and H and for the associated indices of refraction. For an optically 

active medium, there are two solutions for forward propagating waves, 

corresponding to left- and to right- circularly polarized light . 
..;..,. 

In the microvolume located by the vector L the average induced 

electric and magnetic dipole moments for an optically active medium are 

given by (as shown in section 3}: . 
...). ·~. ~ ~ ~ 

.~ = CX ELa -13 H~o- Yl (Eto X H') 
(2-103) 

m = X HLo + ,sELo- ~ (HLox H') 

Here we recall (by analogy to (2-2)) that 

. , ... E~ ~Eo iwt -iw~ ("2 + k· R) 
Lo= oe e 

(2-38) 

Hi is the exterMl magnetic field and o<.,f3, ~1, X'> f are molecular 

parameters whose explicit form is not important in this section 

of the derivation. In fact. we never do calculate the exact equations 

for X and f as their contribution will be show~ to be negligible. 
~ 

However, in the interest of obtaining symmetrical equations for~ 

and m they are included here. The double bars under the mome11ls 
::::!!! . . 

indicate two averages; the first over all available molecular states 

and the second over all mol~cular orientations. 

We must obtain the constitutive equations for the optically 

active medium. The connections between the macrosconic fields and the 

microscopic induced moments are given by the relations: 
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__::.. 

(2-39) 
Ro - Nog 

_..:. 

MLo = No yt.... 

_,. . ___,.. 

where P~.o is the electric polarization ·per unit volume, Mt.o is 

the magnetic polarization per unit volume, and·· No is the number of 
_.. 

molecules per unit volume. Both of these field vectors, Ro and 
__:,. 

~Lo and all other field vectors referred to in this part of the 

derivation are measured at the center of the microvolume located hy the 
..:0. 

vector L . The induced electric and magnetic fields are given by: 

(2-40) 

-> ~··~ ~ ~ 

Dl...o ::= E Lo + 41T Ro = Elo ~ 41T N~ 
_,., ~ __::. rl .... 
Bl.o == HLo + 4-rrMLo = Hto +- 411" No~· 

Substituting the equations for ft and m (equations (2-103)) 

into (2-40), we obtain the constitutive equations for an optically active 

medium 

(2-41) 

_.:. __.:.. ~ .=... _.... . 
Dt.o = E ELo- ~ Hlo - +, (Et.o X H') 

Blo = jA ~to +<a ELo - ·t ( tt, X H 1
) 

where 

)A- = + 41TNaX 
(2-42) 

~ = 41rNo,£3 

t, - 4lfNo t1_ 

+2. = 41TNo ~ 
We now must solve Maxwe11•s equations for the optically active 

medium. specified by equations (2-41). For a medrium with no free 

charges or conductivity, Maxwell•s equations are: 
~ .,!..:!. ...:. 

(a) \J X. ELo = -+s~- .. (c) 'V· 0~,..., ~. 0 

(2-43) 
~ ~ ....:.. 

(b) \}x \I Lo = {- DLo (d) \J• B&..o == 0 



Substituting equations (2-38) into· (2-43), we get iwo sets 

of independent equations. The first set is: 
~. . 

- I~ \7 X. Elo - - C DL.o \l• DL.o = 0 

(2-44) 

68 

The second set is the complex conjugate of the first $et. As 

solution of either set yields the same result, we need to concentrate 

on only one of these sets. We also revise our constitutive equations 

{2-45) 

v1here \'le have taken advantage of ~he fact that E.>j-J->~ >+' >+z.. are 

real. Th-is is a result of o<., X> f3) 'Yt.~ ~ being real (to be shown in 

section 3 of the derivation). 

We nm-1 rewrite equations (2-44) in a more solvable form. For 
~ ~ ~ ~ ~ 

any vector VLo =- ELo ) H,u , DLo ) l3&.o we have: 

b 
The time derivative Vt.o is given by: 

-~ ~ 
{2-46) V.._o = iw VL.o 

&:b. 

In evaluating the 5pacc derivatives, the cu•-1 V'x:. V~s:> and the 
.::b. 

divergence\l·V~ ,-we recognize that we are evaluating Maxwell's equations 

in a specific macrovolume --i.e. at a specified 2. Thus our spatial 
~ 

derivatives are, with respect to the components of R , 

{2-47) 
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Using the relations (2-46) and (2-47), we can simplify 

(2-49) 

Substitution of (2-49) ·into (2-48~) and (2~48d) yfelds: 

"' ~ "' ~ r ("' ~ ~) 
E ( k • £ L.o) - l W ~ ( k • H Lo) - i W 1"1 k • E Lo X H 1 = 0 

)A(k·H~.o)+ iw<}(k· Eta}- i.w.f~(k.ftoxH')=o 
~ 

For any general direction of the external magnetic field H', these 

equations have the aoproximate solution: 

"" ~ k • ELu = 0 
(2-50) 

k. rt~ = o 

This solution is valid as Wtz. << Wt, << 1 and E>,JA-:::: 1. 
~ "' ...1. 

For the special case H'= kH', i.e. the magnetic field H' along .the 

direction of propagation of the light, equatirins (2-50) offer an 

exact solution. These equations predict the transverse nature of the 

· electromagnetic fields. 

·We now combine equations (2-48~) and ·(2-48b),(2-49), and (2-50) 
!!!.>. 

to obtain a~ equatirin in E~. This equation then can be solved for 

the eigen-polarizations and eigen-indices of refraction associated 

with optical activity. 
I 

"' 
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Substituting (2-49) into (2-48) 

(a) .· · n (k x tLo) =/A Hw + iwC} Eto - iwtz.. (i=L x H') 
(2-51) 

(b) 

~ 

We must eliminate HLo from these t\'IO equations. · Taking the cross 

product of (2-5lb) ~ith we have (using (2-50)): 

- n ( k X k X ~t.) = - n [ k ( k. fi:o) - Hlo ( k. k )] = 
I 

~ 

Yl HLo 

therefore, 

- Yl (k x k x HLo) = VI HLo = E (k x ELo)- iw~(kl< ~w)- iCAJf, (~x ELD x H'} 
or 

substituting· this last equat~on into (2-5lb) · 
"' ~ 

we can eliminate kx HLu 

- n<= ('k x Ew) + n~H:o + iwt,n('kx E:o ><H') 

== i. W~E to + W
2t.}l. R:Q + Jt. '} ctlo X H') 

dropping terms in ~1. and f,~ as these are products of two 

small .quantities: 

(2-52) 

~ 

Substituting HLo (from equation '(2-52) ) into (2-Sla) we obtain: 

n~~ . ~E J-~.e ~ . r 
2. W Q_ 1;\ • Lo + /=- ( k X E L ) - 2. W t I )..(. ( "'k ~£,.. .-)HI) 

Cf 1 1 . Y) o h ~ . X Lo X 

~ (' . E Wl-11. Q E (~ ~) z.' + E .A "!!.>. ....) . + !U.)C'i. -Lo + ----4--=- E X H' - W 1 (1 ?- H') (} h '1. Lo n '< X t:; Lo )( 

wl.r t "' ~ ~ ..... 
- -t, z. (k x EL.o x H' x H') 

V'l ' 
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~ ~ 

The last term is zero and we can drop thP. term in ( Eto x H') as 

-fz.C} can be ignored (for the same reasons as 9s.,_ and·C<t). 
" 

Taking the cross product with k and combining terms 

(using (2-50) ), we have: 

-1;-Cnl.-f-E)[:o = .hJ(n4~r~)(kxf:J + i~(t;u++'2 E)(E .. oxH') 

rearranging 

We may separate this vector equation into components 

t gnz.-;< E.) ELox- i C::9r (n-z.+j<E) ELoy + iw (.ff" + tt.E)(ELo~ Hy- ELoy H~ )] 

+ J [( n1.-? E.) ELM:~ + i~~(n"~-•f-E) ELoX + iw (+j'- + ft.€)(Ei.~:t H~- Ewe 1-1; )] 

+ k [(n"l.-)LE) Eloi! +- iw (t;U+t7.€)(ELo~H~- ELoxH;)] = 0 

This yields three linearly independent equations in the variables 
N ~ ':;! 

· ELox > ELo~) I:. Lo~ • In matrix form 

Vll.-)Ae. - iw[!=- ('d·+re) "" iwC.fYA++~.t:) H~ El.Dl 
+(+,r+tl.E) H~] 

.· i.w [~ (n'-+f-e) . - i w ( .ff< +t1.E) Hi 
..., 

n'L-.JA-€ El.alj 
+ Cty.t++le-) Hi] 

(2-54) 
- iw(.f~+t~.E)H; iw( +.,.u + t1.E) 1-1~ Y'l"l.-j-t€-

N 

E~.~ 

For the case we· are interested in here, that of maqnetically

induced optical activity, the magnetic field is along the direction of 

propagation of the electromagnetic field and we have: 

=0 



H~ == H~ = o 

H~ = H' 
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Sub~tituting these into the matrix equation (2-54); 

0 

(2-55) tw [~ (n'"-t-,JAE) . 

. + y;.+, + €+z_)Hj 0 

0 . 0 

,.., 
First of all, this yields (n'-,J.AE) ELo~ = 0 

_.,; 

or ELDi!' = o This. 

again demonstrates. the electromagnetic fields are transverse. Secondly, 
,....; . ~ . 

we have the matrix equation for ELo'X. and Elo~ 

.-J 

EtoX 
{2~56) =0 

"""' 
Elo':i 

It wi 11 b~ seen that n2 ~ )J-E . He the}'efore have 

-
Y)~~e. fLox 

=0 

iw[2Vl~ + ~.f, +€tt) H'] 

For this matrix equation to be satisfied, the determinant of the matrix 

must be zero. 
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{2-57) 

This can be factored 

This can be factored further 

[ V1- WI}+ Vpe + w H').M-f,+ Efz.) ~w1{J[ n-'w~-Y)-<£ +wH'~f. +EfZ:) +w)i] 

X [ V) +W~ + Vp.E- wH'0f, +Hz.) +W~~fn+W~-V)lE- wH'v-tf, + E{~.) + WL~ ~. = 0 . 

The first and thitd roots correspond to waves traveling in the 

negative k direction and we ~hall not concern ourselves with these. 

The second and fourth roots correspond to left- and right-
;e. 

circularly polarized waves traveling in the+ k direction. They 

yield the valueS of V\L and nR : 

. I 

n~.~ w~ +Y}-tE[l + ~~'Gu+, +Et~!] 2 

nR~-WCJ- +~[1 - ~~'{ft.f; + Etz)JE. 

where we have dropped the small term uu~~- By expanding the square 

rootS in both n._ and Y"}R We have: 

(2-58) 

The electric field intensity corresponding to the first root 
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;., 

is Et.o% (1:- iJ) or left-circularly nolarized light; corresnonding ,.. 
to the second root is ELo~ (t + i.J) , or right- circularly 

oolarized light. 

In section 3 of this derivation, we show that ;U-91.1) fz.<<t1 ,yt ~ 1. 

Thus we have: 

·nL~~E +W[l&+£Ji'J 
(2-59) 

w [ ~ + +~H'J 

The difference is thus given by: 

(2-60) 

. Substituting in for ~ and f, from equations (2-42) 

(2-61) 

The first term represents the natural optical rotation (ORO), and 

·the second term the magnetically-induced optical rotation (MORD). 

Substituting (2-61) into (2-36), we have for the opt1ca1 ~otation: 

(2-62) 

He now turn to section 3 of the·derivation ~/here we determine f3 
and 1 in terms of molecular quantitie~. 
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3. 

In order to detenni ne f3 and '1. we must detenni ne the quantum 
. _.:. .-=. 

mechanical expressions for the average induced moments /1: and m . 

Anticipating the results of this section of the derivation, we write 

below the equations (2-103} for~ and ~ which illustrate the role 

of f3 and· yt 

(2-103) 

These moments, jJ; and vn , are obtai ned by doubly averaging 
~ __,. 
~and 3nnR~, first over all occupied molecular states and then over 

~- ~ 

all possible molecular orientations. The moments JuRu. and 3
mRo.a. 

are the expectation values off and ~ in the third-order radiative 

molecular states. These are the time dependent states of the molecule 

in the presence of molecular perturbations (vibration, substitution, 

and chromophore-chromophore interaction) and in the presence of 

external field perturbations (static magnetic and" radiative electromagnetic). 

These third~order wave functions are related, via two perturbation 

expansions, to the wave functions of the first-order states, the 

molecular states existing in the presence of molecular perturbations 

but in the absence of e~ternal field perturbations. The first 

expansion is based on time dependent oerturbation theory in the 

radiative electromagnetic fields and y~~lds the third-order radiative 

wave functions in tenns of a set of second-order magnetic wave functions. 

In the second expansion, these second-order wave functions are expanded 

in the fi~st-order complex wave functions via time independent 
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perturbation theory in the static magnetic field. Using the first 

expansion, the expectation values off and m in the third-order 

states are expressed in terms of the expectation values and transition 
~ .....) 

probabilities of fA- and m in the second-order states. The second 

expansion is then used to eliminate the second-order wave functions and 

thus to relate directly the expectatio~ values of~ and rn in the 

third-order states to the expectation values and transition probabilities 

of )t and rr1 1n the first-order states. ReferP.nce to Table IV, where 
! 

we have defined the above three systems - radiative, magnetic, and 

complex - with their wave functions, expectation values, and transition 

probabilities, will clarify the preceedi~g discussion. In this chapter 

we do not attempt to evaluate the effect of the molecular perturbations. 

Thus the wave functions of the zero-order unperturbed system are not 

discussed or evaluated here. However, in the fo1lo~ing chapters some of 

the influence on optical activity of vibt~ation, substitution, and 

chromophore-chromophorc interaction are cmdlyLed. · There we eftectively 

expand the third-order radiative wave functions in terms of the 

zero-order wave functions. In anticipation of this procedure, we also 

define in T;:~hlP IV the zero-order wave functions, expectciliuu vdlues 

and transition probabilities. 

We first determine the form of the two wave function expansions 

used in the .general theory. Referring to Table IV, \'le see that the time 

dependent P~rturbation by th~ radiative electromagnetic field ( x:. + }(,: 

expands the third-order wave functions ~R~{~) in the second-order wave 

function basis set (fl;tt) Following the standard techniques of 

time dependent perturbation theory, we have: 

(2-63} 



Type of 
System 

Radiative 
System 

Nag netic 
System 

Complej( 
Syste•11 

Simple 
System 

Example of Order of Wave Function 'Perturbations Exnressions for Expressions for 
System * States Notation and Present Expectation Values Transition 

Hamiltonian Probabilities 

~ 7[1/o.(f) Jf.o3 + )f: ~ < 3 .... , 3) ~ < 3 ~ 3) 0 Radiative :PRil.a. = WRo.!? w 1?4. 7«RC4~ = WRa.lr I \fRo 
Third- ~·~ 

~·o- order X= )("+Je;+;to 
~ _.... < 3 _.. 3 

Jei +)C+N; 
3 m RCltO. = (WR! I m l"l]lio) 

3
mR11.'o = lf/R~::I ml WRb) 

lf~U:) 
:Mo.Q_ =<"'If; 01 ?jlo.~) ~o.bei.w~t= (1[/o.l if /lJ!t,~) 

OR 
--l. . 

Magnetic ~~ = (?.jl/: If. IV:) :. /J-o» = cw:.lf.IVI:) 
Second- -iwll.t ?.f/c.,. =e Q. ~ 

~ order ;et +J.e1 +J.r 2 mo.c.. =(1J!:ImlqrC:) zr;~lwbr..t = (lp":/ m l7[1b) 
~ OR Je"= ){' + ~~ 

I v s ~ 

= (W~ I ~d 1Jit) :. 
2
ma.b = C1.1/a.11 rYi I v:) 

0~ LJI~ %~ = (?tfct lfl1JI~) ;4~b = (?f~IJ111Y~) Complex Jei +X!+)(~ OR First- )(' = J{o 1mo.b= C-wJI)A-IW') order 1 _.. _ ( 1 l ~I s} 
+Xi+X!+~ 

rn cu~. - l.JI o. m <J! a. · 

Simple w: .l1o.o. = (1jl; 011fl;) fob= (1J!:. yllf~n . 
Zero- None 

0 order J.eo m()A = C1JI: 1m 11J!C:) mc.b = C?j/C:: I rVl/ 1J!,o) 

TABLE IV 

Table of wave functions, expectation values, and transition probabilities 

for the various systems and perturbations encountered in the derivation. 

* The system examples are based on a simple system of benzene. Complexities .shown 
here are substitution and chromophore-chromophore interaction. ·Vibration is also 
possible but is not shown here. · · 
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From equation (2-16), we have: 

(2-64) 

(2-65) where )f_" _ ;.e_o )-f/ 1 1 - + r ~ Ns + ){~ . xz. 
~ ,.., 

(2-66) thus ).e ~: (-l) - ii; ;) Wr<~ {-t) 
-

dt: 

( 2-67) Jf_'' 7p/ ·t d ?Pa.'Z.(i:) 
aJ~) = l ;;t 

substituting equations (2~63) and (2-64) into equation (2-66) 

[~II + J.e:. + ~: ][ lp'; {t) + ~ Ct>-b(t) 1Jib1.(i)] 

= i ti ~~ [ l.Jf:(-eJ + f Co.bl-t> lpi/(·tJ J 
expanding both left and riqht hand sides 

(2-68) ')(_ 
11

?:Jfo..' (-t) + ( Xo 3 
+- X,+ }"lJ! 0: {-t) 

+ Je" 2 C @(t) "lpbJ.lt) + {")(
0

3 + }C)L Co.~.lt) ?J!,l.lt) 
b . b . 

: i~ ;)7/fa_z.(t) + i"t L Ca.l,(-t) J?JfbHJ +iii L riCaJ,{t) lJ!bl.{:t) 
dt b dt b ;Jt 

Using equation (2-67) and drooping the fourth term on the 

left hand side of (2-68) (as it is the oroduct of two small quant1t1~s), 

we have: 

CJfo3 
+ Jf.:) l[f:.(t) + ~ C"-b(.~) Je." 1jft (f.) 

= i1? L CQ.~(-4::) ?!Jibz.li) ,,_ i"A L d(o.~,:.(-t) 1Tl1.(-t) 
b Jt b 'dt ':J:'b 

from equation (2-67),, we see that the second term on the 

left hand side equals the first term on the right hand side. Thus we 
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have: 

{2-69) 

multiplying both sides ofequation {2-69) by 
. ~ ?J!c2 

(+.) and 

integrating over all space yields: 

b~c 

where ~be is the Dirac delta function 
b=c 

We therefore find: 

< 1J!; u) I ;e: + ~:Jqr: l +->) 

{2-70) 

00 

c.b(*> = i~i (lJ!b'(tJ/J-t:+ )<:llF:i•l) dt 
0 . 

Thus if we evaluate this integral giving the coefficients C~b(t) 

we have determined the expansion of the thir<i-order radiative· wave functions 

in terms of the second-..'.Q.rder.magneti.c·· wave functions. This is done in 

Appendix IV. However, before we use the results of this appendix, we 

examine the second of the expansions, that of the second-order wave 

functions in the basis set of the first-order wave functions. This is a 

time independent perturbation expansion in the static magnetic field. 

Referring to.equation {2-64), we specify the following Schroedinger 

equations for second-order and first~order systems. 



{ 2-71) 

{2-72) 

{2-67) 

1o 1 = '14° · ,..,1· lJI1 1~1 
dL <f't + ~r + o'1v + <f1s 

substituting in 

Thu c; : 
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{from equations {2-64) ) 

where at this ooint we have differnetiated thP. second~ordar encrgic5 f.uu~ 

from the first-order .energies ~uvl Throughout the derivations, we 

uttempt to avuiu hav1ng to make this differentiation as it could lead to 

confusion with the radian frequencies raised to powers. In the final 

results of this chapter only wei appears, and it .will be denotP.cf by u,JQ.• 

All other confusing notation will be used only in places where the omission 

of same would lead to even more confusion. Using the standard techniques 

of time independent perturbation theory (27), we have: 

{2-75) . 1 1 1 
Wo.d = Wo.d = Wo.- UJd 

II 
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We now must utilize the two wave function expansions to 
__,., ~ 

determine .the average moments#- and m . Using the first expansion 
. .~ _... 

we determine the moments j«.~CUI. and 3
mRQp. in terms o.f the second-order 

functions. From Table IV' for an operator 0 Cf or m) we have: 

~ 

(2-77} 
3

0Ro.o. = <~: (-t) I 0 I7J!R~(-t)) 

Substituting in equation (2-63} 

~ 

3
0Ro.o. = < w~ (t) I d I7Jio.2 (·0) 

Using the relations gi~en in Table IV 

(2-78} 

-.:::... ~ 

A complete evaluation of (2-78} for both )A and m would 

lead to both circular dichroism and ontical rotation. As previously 

discussed, we derive only the latter. The evaluation of the terms under 

the sunrnation sign and the necessary approximations which lead to neglect 

of circular dichroism are set forth in Appendix IV. From this Appendix, we 

have (the radian frequencies are the second-order frequencies with the 

~uperscripl Z suppressed}: 
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Substituting into equation (2-78) 

"OR.. - zQ~ + ~ :? [ w~ _",:,. f?. { ( ~·~ • fc.) 'iJ.,} 
- W~Jw: ~fcz~bo.. E~) zoo.b} 

wbt).-w I . 

_ 1 ~ [cz~~· H:.o) iOab} 
w.!,-uf · 

+ w~~~w' R. { (''W: •• · H'J 'C)..}] 
We. can simplify the second term under the sunination if we 

note that: 

The first term is easily seen to be zero. 
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-· but zco;.)/:l(l. is the diagonal element of a real observable and is thus 
_!..>. 

real. Since ELo is real, this term is zero. Thus:· 

Sub~tituting into equation (2-79), 

(2-80) 

_... 
·We now average '30Ro.o. over all states GL which are occupied. 

This yields: 

where N! is the number of molecules in state Q ( ?Jiio.. or 1j/C: as we 

assume th~t the incident radiation has no influence on the population), rvo 
is the total number of molecules, and jJ! is the fraction of molecules in 

state Q . 

(2-81) Q = {p: i().._ + t ~~f [w~~w' R. {(Ji,~·f .. )'o,.-} 

-wl-w~ ~{(lbo.• E~o) ZO~b} 
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The second wave function expansion now is utilized to expand 

the second-order energies and operators in terms of the first-o~der 

energies and operators. Upon substitution of these expanded second-order 
~ 

quantities in equation (2-81), we can obtain the moments () in terms of 

first-order energies and moments. Combining equati6ns (2-20) and {2-7~), 

we have: 

l,,z._,/(1 ?'im ·H'11r1 \f/a. - \f'O. - dQ. l.f d 
. 1'1 (A} a.d 

__,. 
H'- external magnetic fiehl 

__.. 

For the moment ~oab we have(noting that Wda. = -Wo.cl): 

(2-82) 

~ ~ ...... 
l.jj z 2.0 Similar expressions can be determined for ;--o..b 1 mo.,. , . oo.. 

Now all the second-order eneryy funct1ons in equati6n'(2-81) can he 

expanded using equations (2-20) and (2-76). 

{2-83) 

I --~o -( , 1z ·- r 1 , _ - im ....• H' 
A.a_~ ···-''L 11· _. 

/ J I Z. - W _/ ( 1....,....,. 1"'""" ) r.t 
V\.Jb~- bo..- 1:; r r 'bb- • • 144, • H 

The functions w! and wfr.. are second-order radian frequencies. 

The correction to Wbo. is the Zeeman shift. Assuming ·that the Zeeman shift 

(always true for sma)l fields and outside 
z. z. 

is small comp.ared "th Wb ... -w 
Wl 2W~oo.. 

the region of absorption), we can expand and UU\~ 
Wz. z. i!. z 1. 

bo.-c.o w~().- .w 
as 

follows: 
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(2- 84) ·~ z w.,~ 1_,. 1 __,. _.' 
wzZ. 2 w~-wz. + 1; ( a z )z_ ( m bb ~ mu) • H 

bo. -w Wbo.- W 

w~ ... Wt.~ +-' 
Wz. +Wz. --:.. ~ ~ 

(2-85) b~ 
Cmbb - 1mo"") • H' w-zz "- - w.:o..- u.l ~ (w;Cl.- w'-)z .ba.-W 

Finally the number of molecules in the pe1·tu1·bed state ljf; 

varies with the temperature 

1iuf 1 · 

N z. = N ,o.z _ No e- ""tkT 
. a. . of Cl- Z . 

. . . 

where Z is the partition function, k is Bo 1 tzman • s constant. 

where pi. is the fracUon of molecules in the first-order 

state ?.j.J/ and d~ is the degeneracy in the first order state 11/a.1 (lifted 

by magnetfc field). 

Using equation (2-83), we have: 

(2-86) 

We must now substitute (2-82), (2-84), (2-85), and (2-86) into 

equation (2~81), keeping only terms linear in small corrections. The 

result is: 



0 = ~ ~{ io ... + Vr ('r;'; ••• H'l'0-

z ~ [ CA ... h.o. n {c1_. ......... ) 1_, } + 11 L w~ _ w'2... if'l.e i«oo.: E' Lo Oo.b 
b 

I . II [ 1 ~ .!.. 1~ 1 
- wb~- w 2 ~ ( JJ-bo.. • EL.o) 0.,~. . 
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w~.... n { ( 1___, ..........), ) ,~0 }. 
4- w 2. 1. U1.t mb .. · H ~" ,.., 

be~.-W 

- h rnbQ. • Hto Oo.~o I {ci ... ..t.J... ·)1 • 1] 
2. r- [ w b [ 1- ~ ~ _.... . ·' } 

+{;k'T'L_ w1-·~1.../&. ( ma.o.•H')(~ba.·EL.) 10"'b 
b bo. -

I II f. 1_.,. _.. _.. ~ __,. } 
- wb~- w 2 ~t C rna.o.• H')(~bp." EL .. ) 10Q."' 

+ ~b,._ rRa{( 1 ~~Q...· H')(1mbo.· ~o) 1o~~1 

I 1\{ ~ ~ ~ i.....!:o }17 
...... ·· '2-~ (lrt-?or..• H')(l'l"'r1bo• ~Lo) Oo.b u 

z. Wbo. + w __,. ~ ~I -"' 1......:. 
[ 

2. 1 . 

+ i;z.~ (w.;;.-w'l ~{([tmb.,-tmu.} H )(ijlbo.' tLo) Oa.~o} 

LWho. (\ (([1~ 1 ........... ] ...... H'X1 _. ~ ) 1....:.. } 
- (w.!-w1)t ~ll mbb- mo.o. • J-4 .... ELo OCLb 

w.,~;.,.,.. wz. tO r;( 1 _.. 1·~ J ......... ,v1..........), --"· )10 } + (rJJ:a.- wZ-)z. vu 1,1[ mb.,- milA • H A m~~o.· H~.o o.b 

z w •o. " ~([1.......... 1 - " ..... ')(1 __.. ~ __,.. }ll 
- (UJ~-w2.'f ~ ll mbb- Y"flcao.J• H rn.,.,_·l-!Lo) 10o.b rJ 

+ ~z L w~~ [ L'Jdb ~ [C1
mbd • H' )('iA~· Eu,) 1QCLb} 

b d 

+ L'~da. ~{C1mdo" H')(j1bd · GoYotlb} J 
d 

h! 
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. 2 ~ Wbo.. [ ~1_j_ .,o [ 1........ ~ -" _. ~ } 
+ ~l. 4;-(-<Jba.,..-w~- -s-wdo.. ~ (_;.ut1!>.· Elo)(1m~t~ ·H'r·oab 

~~ I ,() f 1 __. _. ~ ~ ~ 1] + LJ-wclb ~ C;,ubG.· EJ.o)(imclb" H')iOild 

. 2 ~ I [ ">' I n ~ ~ .. ~ ...Jo. ~ --"' } 

-'PizL wt!-w1 Lwc~b ~r(1mbe~·H'X~J"'" ELo) 10t\~ 
b d . 

I 1 ~ ~ 1~ ~ 1_. Ll . ] 

+ d Wcio. ~{( md~· H')(.J-<bd·Elo) Oo. .. } 

2 " I [~~ A ( 1~ ~ ~ -" -" } 
- i; &. L wb~-w1 L Wdo.. ~ t ( 1--"bo... Et.o )(1 mild • HI) i odb 

b d 

~~I (\ (;1..:. ..!... .- _.. ·~ 1] 
+ 7Wdb~l(/'(Uo.." Eto)(1mdb" H')10a.d J 

2 [L' [ z Wb.,. _I_ 1 ~ -, 1 ~ ...:. ~ 
+liz. wt!.-wz. Wc~b ~ ( I"Ylbcl. H)( md~~.·Hlo) 10a.~,} 

b d . 

~ 1 I tO [(1 ......~> ~ ')( -" ~ 1-'"' Jtl + ~Wdo.. IN. V'Y\tc..· H 1
mbd. Hto) Oo.b U 

Z "';" Wbel.. [~ 1 
1 n{(t ~ ~H )(i ~ ~ __,.1 +liz.~ w~-w2. 7 <-4!o. !Jl.t m~x~.· Lo ma.c:~. H')!Odb 

~I I· /J f(t~ ~ )(1~ -, 1~ 11 
+ L~b (/"(Q.l h'lbo. • Hto rnc~b • H ) OaJ Jj 

d 

.2.. ~ I [~ 1 
I n ( ...:. ~ _,. ~ _,. } 

- -t,z L w"! -w' Lwdb ~ l (lmbd • H')(1 md~~.· HLJ 
10o.b 

b .d 

~1 I 1\{ 1~ rl _,. • _,. ll 
+ LwdtA ~ ( mc~ct.· H')(1 rYibcl•l=ito) 1 0o.~oJj 

,d 

2 "" I [ ""> 1 
I fl [(1 _,. . ~ )(1........ -" ') 1 _,. } ~-t;,zLwb:-w' Lwdo. ~ m~Hto. m~~.d·H Od., 

b d 

+ r~ .. ~[em ••. H~Jc1m,_. H·J10w.JJ} 
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~ ._:. ~ ~ 

Here we have freely transfered the terms 1 ~aa·H' and 1rnbb H' from 

outside the ~{ 1 and ~{ ] to inside them. These transfers are 

va 1 i d as the above terms are rea 1 . The sum over a. is the sum over a 11 

non-degenerate states and/or members of degenerate states. 

Dropping all terms in which the product of the magnetic moment 
.-' 

VYl with 
~ 

itself appears y~elds a more simple expression for 0 

( 2-87) 
0 = ~ '1._ f 1 0,.~ + ,;,. C'n1 ... · H'l •it 



.. 

-tz 4- w.~ ~ w• [ ~~ ... .h [c~ .. · E.,,)(' n1 .. · H ·) '0." 1 

+ ~~ •• .k {(j7 •• · t. wm, •. H'l ·o .. ~} 
We now must average over all molecular orientations. Upon 

inspection of equation (2-87), we see that this reduces to the determination 

of three types of averages. These averages are characterized by the 

averages of three types of vector products. They are: 

~ ....... ~ ... ~ 

where Q. , b , C are molecule fixed vectors; U, V are space fixed vectors. 

The upper bars indicate the averages over all molecular orientations. It 

can be shown (Appendix V) that these three types of averages are given by: 

(2-88) 

~. 

a = o 

(a· u) b = ~ ca.· 'b> u 
(a·D)(b·V)c = i;(a·bxc)(uxv) 
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The first average has no spatial reference and is therefore 
_.. 

zero. The second average has as a reference the spatial vector LJ and 

therefore has a non-zero component only along the spatial direction 
..... 

defined by U . The third average has as references, the spatial vectors 
~ ...... 
U and V These two vectors define a plane, whose orientation in· 

...... ...... 
space is defined by the cross product Ux V . As the third average 

~ ...... 
is referred to this p 1 ane, it therefore is referred to U x V and has 

a non-zero component only in the direction perpendicular to this plane 
~ ...... 

(along the axial vec.tor U x V ). Upon performing the above aver~ges. 

we will find the results to be the following. From the second type of 
..... .!... 

average, there will be a component of~ along HLo , thus peroendicular 
_.. ~ _.) 

to Elo , and a component of m a 1 ong ELo , thus perpend i cu 1 ar to HLo • 
. ...... 

From the third type of average there will be a component of~ along 

("to x H') thus perpendicular to E;.., , and a component of ~ a 1 ong 
~ ~ ~ 

( HLo x H' )· thus perpendicular. to HLo . As emphasized in part A of 

this chapter and as shown here in detail the second type of average leads 

to natural optical rotation, and the third type of average to 

magnetically-induced optical rotation. Thus the tumbling of the molecule, 

which is the physical mechanism for the averaging. plays i.l.n extremely 

important role in the production of optical activity. 
~ 

Taking the average of () over all molecular orientations and 

substituting equations (2-88) yields: 

(2-89) 
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~ £1{(1~ 1_,., ) ...... 1 + wb~- wt. ru . mt>o..• Oa.b Hlo · 

- .; ~ ~(1m .. 1..... ~ 1l . 
. w ... _- u.j- l i . bo.. Oa.t.) HLo ~ 

+ VVba., 1 -···"' 'i.....:. 1-"' r:JJi' __.. z ~[ ,,, 
61\kT ~ w.! _ w' a?.[! m •• • O.b x jU b•) ( t:,. x H')] 

I n ((1~ 1-'"' :1.._.::.,) ~ --"11.7 
~ CJ4!-(..L);t ~ ll mo.A.. Oa .. ><JJ..bo. ( ELo >< H')-a 

. 2 w .. ,., + w 1__::.. 1. ~ 1_. 1~ _. -, L[ z. l. {i 
+ 6 -to• b ( w.!- w'l' tf?. ([ m.,.,- m •• ] • o., x l'"" )( E..,x 1-1 l} 

2UJbo. (\ lf[l:i ~ 1 _,. l. 1 ~ 1 _. ) ~ -"', 1l - . - .. ; ~ l \] rn bb- mOAJ • oo..b X jU bll ( Ew X H ) Jj 

Z. '> W11o. [~' I ,o {.(1 ~ 1~ 1 ...... )(-' __. ):) 
+ 6-t,Z. -4- w~-UJ~ ~Wclb VU.ll mbc~· ~b)( jUcl4. ELo X H' 'J 

+ f~ ... 11<o.[ em •• ·'0:, x)T ... )(E ... x H·> B 

. L ,.1 [I' 2. VJba.. I 1 ~ t"""' ~ -"' _.. 
+ Gfli w.:,-u:J Gll.!a. Rt. { ( mt1d • OJ& x ~bo.)(ELo x H')} 

b d . 

~1 I ,(') ((1........,. 1~ 1-' ) --' -'ill + ~ Wdb vtR t mdb. oo.d X. )Abo. ( EI.D X ,_, ')-!.] 

2 ~ r [~ ~ ~ /;(1 .....lo. :1 ~ l...a. ~ _. 1 -61;iLw~-wa LWdb 'l.' mbd• OabX._jl{do.)(ELaxH') 
. b d 

+ 2~. J.,., [(' m,. · •o:, x ;a ... ) c ,r ..• H· > 1] 
d 

Z ~ 1 [~~ n fi(.:t-"' 1..... 1.-" )(~ ..... )} 
- 611z. Lw:O.-u:J- LW.:~o. ~1\ Yl1o.d• odbl(7bo.. E'u~x H' 

b d . 

. + ~~',Jb .g.,.. { ('m ... ·a... X 14.JCE:. X H.) m 
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We now use (2-89) to determine vn and ii . The expression = != 

for ffi is particularly simple as we ignore terms where the magnetic 

~ 1 (1 -'> 1 _..... ) ~ I moment m is multiplied by i.tse f. We also ignore the term m~ ... • mo.o. H 

as this is a magnetic susceptibility term and adds nothing to the optical 

activity. 

(2-90) 

The sums over o. and b are over both all non-degenerate 

states, and a 11 members of these degenerate states: If 1/f~ and (/!~,1 

are non-deg~nerate, then )Ubo.. is. real, 1ma.b is imaginary and 
~ ~ 

(~bcl.·1ma.~e) is imaginary. As ELoand ELoare real, the first term in 

(2-90) is zero, the only contribution being from the second term. If 

states ?J!tf and/or (Jft are degenerat~, then the members of each set occur 

as complex conjugate states (if the degeneracy is odd then there are d~- 1 
. ~ 

complex conjugate pairs, where d~ is the order of degeneracy, and one . . 

r&al ~tate. If this is Lh~ c.;ase, arguments hold that are similar to 

those that follow~ As all members of the degenerate states ha~e the 

same energy, we can separate the sums so that equation (2-90) becomes; 

m ~ 3~ ~(I[w~,£{~c~~· 1ma.b)E:a3 
(2-91) Cl. b I 

- w.'_;;y. J,,. [~ (~ ..... •tn •• >E"' }l ~ Q.,b ~ 
where now 2::" , ) represents the sums over a 11 degenerate 

me.., a. ~ 
sets and L represent th~ sums over all members of each degenerate set. 

o.,b 
He can expand the member sunvnations: 

'I 
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l"'''erY~ 

L (~b~· im~b) = (1J!.; ~~1Jf~). (1Jf;J m/1v~) 
u,b 

+ (?.J!~·J)ii?J!~*") • (1J!;_ *I m IW~ •) 

+ cw: '*1}111J!~). C¥: rm /?JI~ *) 

+ (?JJ~ If hlfi •). C?!J1*! m rwt) 

now "?- is purely rea 1 , m is purely imaginary. 

Thus: 

(2-92) 

((fl~/j1/1Ji;) = [(lJ!t•t;111J!~"»* 

(71f~,.lj11(11~_) = [(1Jt~ If. ll/f! .,)]* 
C?J!: 1 wd w~) = -~q~r··l m I(Jf~·~ • 
(4/~ ,., w, I "41~) = - [Cwt I ffi 1¥~ ·~ • 

It'! 8"1 

:. L Cflb~· 1 mctb) = [(1/fb11)111J!;). (l.J!ct/mi?.J/:J 
o.,b 

+ (?J!b1 1f.J 1Jf,;'i)(l/f~*J m I1JJ~ il 
- [camp 1 ex conj uga t~ 

me.., ~ __::.. 
This clearly shows that ~ (fl~ca. • 1 rna.b) is purely imaginary 

Q.,b 

and that the first term of equation (2-90) is zero. 

Also: 

rneM 1'11ewt 

(2-93) L (jUbQ,. ima.b) = -L C1mbo.. ;1o.b) 
Q 1b a,b 

. __::., 

The express1on for nn now becomes: 

l"'''el'Y\ 

__,.. 2. '-;'A ~ I ~ 0{1....... 1~ } ..!.... 
(2-94) m = - 31; L do.. L wbLa._wz L ~ fJ-bo. • mo.b E~.o 

(), C1. b a.,b 
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Here for simplicity of notation we drop the superscript on the population 
.!..lo. 

coefficient, setting p~ = Po.. . Also we have taken ELo outside 

the~{ } as ELo is a real quantity and so. can be treated.· The 

. expression for ,M is more co~plex. Substituting f fo.r 0 in 

equation (2-89), dropping the.first term as it adds nothing to the 

optical activity, and separating the sum over all states and members 

into separate sums over states and members, we obtainJ again setting 

'• 
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+ 2_(':f:~·P·d xjt •• )(E,.K H·)~ 
d""b. . . 

. Z ~ I ~[1\f"" (1m · 1~. 1~ )(A. _..,) 
- G~'{W~-w,.~ ~ ~ -£i!·~@W.jJ.do. ELox H 

. + L e~~:. ~ x;ubd)(E:ox H') 
d~Q . . 

+ 2 C~~·?td~xjU-)(tLox H'l 

+ Ic~~·.•IA..·~)(E..x H·)Yl d~b db / - ~-
-~-

TD simol ify this expression forM. we need equations (2-92), and 

(2-93) plus several additional relations. l4e can show via reasoning parallel to 

that used for nn ' that of the first two terms of~ ' only 'the one involving 

the~{ }contributes. Of the second two terms, only the one involving the 

J.m.f } contributes and can be recast according to equation (2-93). To 

determine which of the next four terms should be kept, we note that: 

1- 1_.. mQA, m~,.. are real (diagonal elements of real observables) 

:. . epo:o X. jl(~~~v..) is purely imaginary. 

1~ _,.. - 1-- 1- -
·Therefore tr'lo.o. • (~ x ~ba.) and mb~,· (:,Ua.b x. i«-ba.) are 

purely imaginary and of the fifth to the eighth terms of (2-95), only the 

ones with ~ [ 1 , the sixth and eighth, contribute .. 

Finally, for the last eight terms of equation (2-95), terms 

nine through sixteen, we can show that the ~{ 1, terms nine through 

twe 1 ve, cance 1 in pairs, whi 1 e the ~{ } , terms thirteen through sixteen, 
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sum in pairs. For Example: 

These obviously cancel, while if we took the imaginary part, 

th~y would sum. Applying all the above simolific~tion~ ~nd setting 
~ ~ 

H' ~ -H' (this is the same as reversing the convention we have chosen 

for the magnetic field and will only change the sign of the magnetically

induced optical activity .. This will maintain consistency with the 

equations 

(2-%) 

He may write equations (2-94) and (2-96) in a more concise form: 

( 2-97) 

__,. 
m = 
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where , 

(2-98) 
0( = ~~ ., Lp~L Wbo- £0

(W,Wb4) L):.6 
0... b 

.. ' ~ 

P. ·~- - _z ~f "'> ro( ). R . 
t·-' . - 3~w'Z. L o.. L 1z .w> Wbo.. c'l.b 

Cl. b . 

Yl = -3:w'Z.L .Oo.. 2 [ t,o(w>wbo.) Aa.b 
0.. ( . b 

+f2°(w,wb~) B~'o + k~ t;(w,u..1bo.) Cu.] 
·where 

(2-99) f,\w,w"o..) 2().J.,()...Wz 

-11 ( w~- w7.) 2 

"fzo Cw 'Wbo.) -
wa. 

w:-0.- wz. 
and 

""~ 

Do.b = t L ~ [ tbo. ·P~~} 
Q. ct,b / 

(2~.100) ... Ro..~o 
~ 

~ i zb ~{)?bo.• ~} 
ll.) 

·~·-' I ~\'>'! _..:.. __.::.. n r·~ · ~ 1 Ao.'o = Zdo.. L ( mbb- me.."") • ~ j-1-~~o xf'bo..) 
o.,b . 

Ba.b 
. ~ 

. ..,c.., . r~· md ... ·flo.b x.;;.&d 1 
I <;" J,.,., L.. -!;; w •• ~ _.;. , M_ 

-d L d "'>' ~ • J.-<oJ. / do "- Q,b . + L i'iWdb I 
d 

rne->1 

Co.b z ~0. 2 m~o.. • ~ {/kb xf bQ.} 
o..,b 

.' : ~; ... ,. " .. ·., t~ 1. ~~ 



Here we have dropped the left superscript on the various 

matrix elements. They will only be of importance in Chapters 4 and 5 

where they can easily be reestablished~ For now, we ignore them and 

just remember that. the matrix elements are ·those of the complex system 

and therefore that the equations for optical acyivity are for the 

complex system. 

The frequency functions f. 0
(w,wbo.)and f;(w,Wba.) have 
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zero bandwidths and have singularities at w = Wba., • To avoid these 

non-physical conditions, we follow the lead of other authQr~ (6). (2JL. and (29) 

and assume a band shape. Here we choose a damped oscillator form){l) and 

(23), and we write the new frequency functions as +, , replacing f,o , 
and -fz , rep 1 acing fz0

• 

(2-101) 

(2-102) 

f, (w,wbo.) 
ZWbo.. W 2 

[( W b~-W
2i- wz.l~] 

f1 [Cwt!.- UJ7.)~ + wan,:·] 

w'~-(w~-wz.) 

and our coelffi ci ents ot. > (3 , Y(_ become 

· 0( = 3!wt ?"f~ Wbo. f 2 (W>Wba.) D~b 

f3 =- 31;
2
w• ~>~ ~ .f2 (w,w•~) R.., 

.1. [f; Cw)w.,o_) A6.~ 
+ t,_(w,wba.) 6<1b +- k'rrt:z.(w,w.,a.)Cc;U,J 

Finally, in the determination of m from equation (2-89), we 

ignored terms where the magnetic moment was multiplied by it~elf. If we 
_.....3, 

had included those terms , we would have obtained a form for vn which -
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would give the expressions for and a more symmetrical ap~earance. 

(2-103) 

As the evaluation of X and f is not necessary for the 

evaluation of optical activity (they do not appear in equation (2-62) ), we 

do not calculate them in this thesis. Those interested in their calculation 

should refer to Stephens (22). 

The final results for optic•l rotation, natural and magnetically

induced, are embodied in equations (2-103) or (2-97), equation (2-101), 

equation (2-102), equation (2-100), and equation (2-62). Curcular 

dichroism is obtained via the Kronig Kramers transform as described in part 

A of this chapter. 



FOOTNOTES 

1. It shall be assumed that unless otherwise specified the phrase 

11 optical activity .. shall include both natural and magnetically

induced optical activity. 
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2. The mathematical transform known by the name Kronig-Kramers is a.· 

specialized form of the Hilbert transform. If one has a physical 

quantity represented by a complex function. the llilbert tr'l1n"fnnT! 

states that if one knows the real part, the imaginary part is uniquely 

determined and visa-versa. In the formulation for complex optical 

activity ORO (MORD) is the real part and CD (MCD) the imaginary part. 

See Appendix VI for more details. 

3. Thus we distinguish magnetically-induced optical activity from such 

phenomena as the Cotton-Mouton effect which results from components 

or the external magnetic field which are perpendicular to the 

direction of propagation. 

4. The restriction that the helical molecular orbital be fixed in space 

is not imperative.to demonstrate the production of the small corrections 
~ _3. 

on DLo and HLo • However, to consider it not fixed and to be 

required to average over all positions would result in complexities 

which add nothing to the physica.l picture presented by this model. 

5. In general, both solut~ and solvent moletules can contribute 

electronic and magnetic oscillators. Since we normally either choose 

optically inactive solvents ·or measure in such a way so as to 

eltminate solvent optical activity, we ignore the solvent contribution 
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contribution in our derivation. We also assume that the absorption 

bands of the solvent are in regions of the spectrum removed from those 

of the solute, thus effectively eliminating any effects due to 

optical activity induced in the solvent by an asymmetric solute. All 

discussion therefore, is understood to refer to solute optical 

activity~ For a further discussion of solvent-solute interactions, 

see Appendix VIII. 

6. The relation of the local to the macroscopic fields is complex. The 

assumption that they are equal can be adequate for a gas but the 

difference can be significant in the condensed phase, especially for 

the electric field. A common procedure is to equate the local 

electric field to the Lorentz effective field 

~. ~ ..lfrTr -> 

ELo = Elo + - PLo J. 

However, the assumptions leading to this are rather crude {36), and 

there is no reason to believe that this is much better than the simple 

equality relation, especially since the more complex relation gives 

poor agreement with experiment in many cases {See references {37), 

{38), and {39). ). Furthermore, it greatly complicates the solution of 

Maxwell's equations. Further discussion and the aoplication of the 

Lore~tz correction can be found in references {23) and {40). 

7. The molecular.system.:, in the absence of an perturbations, external 

field and molecular, is termed the zero-order simple system. 

Treatment of both the zero-order system and the molecular perturbations 

is reserved for Chapters 3. 4, and 5. · 

8. See Footno.te 8, Chapter 1. 



Chapter 3 

OPTICAL ACTIVITY OF COMPLEX SYSTEMS 

. In Chapter 2, 'we derived equations for the natural and 

magnetically-induced optical activity of a molecular system. At that 

time, there was no specification of this system as to number of 

chromophores, excitation of modes of vibration, or existence of 

patterns of substitution. The assumption was that~ rega;dless Qf the 

nature of the molecular system, one could determine the appropriate 

wave functions and enP.rgies, and thus the pertinent t'Cit.tttional 

strengths •. Unfortunately, this assumption is, for many·molecular 

systems, a poor one, in that the direct determination of the 

eigenfunctions is not feasible. In these situations one must use 

the principles of perturbation theory~- or its more general parent,. 

diagonalization of the matrix representation of the Hamiltonian --

to develop solutions of the complex molecular system in terms of 

known solutions of a similar but simpler molecular system. 

In the remaining chapters·of this dissertation, we shall 

examine the complications that .arise in the equations for optical 

ac.t'ivi Ly when any or all of three ty11es of molecular complexity are 

present. These complexities are {i) chromophore-chromophore interaction, 

leading to the equations for the optical activity of polymers, 

{ii) vibrational pe~t~rbations, leading to the equations for vibronic 

structuring of optical activity and {iii) substitutional perturbations, 

leading to the equations describing substitutional influences on 

optical activity. 

In this chapter we lay down the theoretical foundations 
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required for the analysis of these three complexities. First, given 

the complex molecular system and its Hamiltonian,, one must choose the. 

most appropriate simple molecular system with which to approximate the 

complex system. The determination of what constitutes the most 

appropriate approximate system, given a particular complex system, is 

one of the goals of this chapter. Having specified both complex and 

simple $ystems, one then determines the matrix representation of the 

Hamiltonian of the complex molecular system in the eigenfunctions of the 

simple molecular system. This matrix representation, when diagonalized, 

yields the eigenfunctions and eigenvalues of the complex system in 

terms of those of the simple system. Under appropriate conditions, 

this procedure of diagonalization reduces to a simpler and more useful 

perturbation expansion of the eigenfun·ctions of the complex systein 

in those eigenfunctions of the simple system. These complex eigenfunctions, 

\llhether·evaluated by matrix diagonalization or perturbation theory, can 

be directly utilized in the equations for optical activity derived in 

Chapter 2. 

A. Formalism to Relate Complex System to Simple System 

In Chapter 2, we expressed the equations for optical activity 

in terms of the electric and magnetic dipole matrix elements iri the 

representation defined by the wave functions of the molecular system 

of interest, which we termed the complex molecular system. These 

wave functions are eigenfunctions of the total molecular Hamiltonian and 

are designated as first-order states. They are, in actuality, the 

stationary states of the complex molecular system (Footnote 1). If 
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this complex system is in reality quite simple, say an isolated, 

unsubstituted, non-vibrating chromophore, then generally it is practicable 

to determine these stationary states. Here we have a single, simple, 

non-moving (nuclear) framework in which the electrons move. The 

stationary states of this system are identical to the eigenstates of 

the electronic Hamiltonian and, upon making the many assumptions 

common to molecular orbital theory (for example, se~ Salem (41) ), 

these eigenstates can be determined and used in the basic equations for 

optical activity {Footnote 2). If, however, we now add the com~lexities 

normally found in a molecular system-- i.e. the molecular perturbations 

of vibration, substitution and chromophore-chromoohore interactio~ --

the stationary states of the system become more numerous, more complex, 

more difficult to attach physical meaning to, and their direct 

calculation rapidly becomes impracticable. Because of this, the 

general approach to the solution of these more complex cases is to 

obtain the stationary states of the comp.lex system as expansions of the 

stationary states of a simple, more determined systeni --in general, the 

complex system minus certain of the complexities (F6otnote 3). 

As preparation for the determination nf th~c;e P.xnMsions, 

we briefly outline the notation we shall use in the remainder of this 

chapter. Fol·lowing Table IV of Chapter 2, we write the first-order, 

stationary states of the total (complex) molecular sy!i\tP.m il'5 1jf~ 

and the zero-order, stationary states of the aooroximate {simple) 

molecular system {non-stationary states of the total molecular system) 

as 7.ji;. (Footnote 4). Referring to equation {2-72) we may \'trite the 

total, first-order Hamiltonian as: 

(2-72) 

\'/here ){
0 

is the zero-order, approximate Hamiltonian and ).(~ , X! , ;e; 
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have been defined respectively as any chromophore-chromoohore jnteractioo, 

any vibrational perturbation, and any substitutional perturbation,not 

included in the zero-order Hamiltonian. The first-order wave functions 

are related to the first-order Hamiltonian via the Schroedinger 

equation (using bra-ket notation, see appendix I): 

(3al) )e'/1f!1)- E! I(JJ~) 

Similarly for the zero-order quantities · 

(3-2) 

In most cases it is possible to detennine the proper 

exoansions of the 1/fc1 in the (Jf: via standard time independent perturbation 

theory. However, as there are situations in which the perturbation 

expansion is invalid, in this chapter we will discuss a more general 

approach, one which not only reduces to the perturbation expansion 

under the conditions where perturbation theory. is applicable but, in the 

general fonn, will still be valid where perturbation theory is not. 

The general method is that of the diagonalization of the matrix 

representation of the Hami 1 toni an Je' in the basis set 1jf:. , and the 

nature of the perturbation theory validity criteria will be brought out 

during the development of the general method • 

. The first step in the development of the. general method is 

to write the representation of the first-order wave functions (J/~ , 

in the zero-order basis set 7.jJ; . From Appendix I , we can write 

(using bra-ket notation): 
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Here of course, we have assumed that the ?j.f,/ are the N" members of a 

complete orthonormal basis set. We now substitute equation (3-3) into 

equation (3-1). This gives: 

N N 

(3-4) L cw:t1J!;) Jf.' 17J!:) = E~L C1J!; 11J!~) t(JJ;) 
b . . b . 

Multiplying both sides of equation (3-4) by (1J!c0 f and 

noting that the 1j/b are an orthonormal set, i.e. (l./fbo/7.J!c.0 ) =~be , 

we have: 
N ~N 

(3-5) 
I ((Jf,o /~' f"lJfb0

)(7J!b0 /1/f~) == E!l (?Jico /?.j/b
0 

)(?jfbo /1Jf:) 
b b 

N 

= E! 2. (~o /lfJ~) bbc 
b 

or 

N 

( 3-6) L (1/fco / ~~- £! ~b< J7jfb0 )(2Jfb0 
/ ~) = 0 

6 

As there are N of the (/fc:.0 
, there il.rP. N of these equati on5. · 

We now use a more compact notation and equation (3-6) becomes: 
N 

(J-7) _L ( lltb .. E~ bcb) CbG. = 0 
b 

where 

Using equation (3-9), equation (3-3) can be written: 
N 

(3-lo) IW~) = L_ cbtA.I(/fb) 
b 
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The N equations given by equations (3-7) can be written 

in matrix notation 

1 Et . H,i - d. H,i - - - - - H~N C1o.. 

H:, H;- E! -- - H{w Cza. 
( 3-11} 

' 0 
' ' 

' ' 
' ' 

H~, H~r. -- - - - H~N- E~ (NO.. 

We note two facts. First of all, if the above ma~rix 

representation of the Hamiltonian is diagonal, i.e. all off-diagonal 

elements Htj, i:%:j are zero, then the chosen first-order wavefunctions · 

?j11_ are identical with the zero-order basis set (jf;. This can 

readily be shown. Setting the off-diagonal elements ·in equation 

( 3-11} equa 1 to zero, we have: 

H~,- E! 0 ------- 0 c,o. 
0 H:~- E! ------ 0 c~Q. 

0 

0 0 H~-E~ ... c~a-. 

This is equjvalent to the N equations 

dnd leads to the N equations 



or · 

This will be true only if /l./ft)= /"ljJ~). Thus using 

equation (3-9), we have for the Ci~ 

(3-12) 

Thus the ?.J!i are eigenfunctions of J.t' and there is a 

one-to-one correspondence between the (/f"~ and the 7./ft. 
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The second thing we can show is that if we represent·the 

matrix equation {3-11) .in the shorthand 

(3-13} HC = o 

then if the matrix H , the representation of the Hamiltonian, is not 

diagonal, then there is a unitary matrix S (satisfying ss-• =I 
where I is the unit matrix) which will diaqonalize H by a similarity 

transformation. Thus we write: 

{3-14) SHC = SHS-' SC = o 

where SHS-' is diagonal. According to what we initially showed, the 

elements of the column matrix SC will be unity if SHs-• is diagonal. 

Thus we have: 

s., s,~ --- s,.., C,o.. Su C,a. + S,z. Cza. + - -- + s,.., c..,~~.. 

Szr Su --- SaN Czo,, Sl., c,G, + $2~ Cz.(l .. + --- + Sz"' Ct.~r... 
SC= I ' . I ' 

I ' 
' 

s~. SNl. SNN C..,o.. S..,, c,G, + SNt Cta + -- - + SN~ C..,o. 

1 

1 

1 
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. 

This means that for all· Z 

i = I>N 

Substituting from equation (3-9), we have: 

(3-15) 

But for equation (3-15) to hold, we must have: 

(3-16) i = I,N 

Thus the N first-order wave functions (t{i are given by 

the N equations specified by equation (3-16). We therefore note that 

if we determine the elements Sy of the matrix S , the matrix that diagona1izes 

the matrix representation of the Hamiltonian, then we can determine the 

N linear combinations of the zero order basis functions that form the 

correct first~order eigenfunctions of ~· . 

l~e note that d i agona 1 i za t ion of H , · the rna tri x representation· 

of the Hamiltonian Je' in the zero-order basis set (JI: , is the most 

general method of determining the correct eigenfunctions of Je' . 
However, this is usually a difficult task, so one looks for easier 

methods. Under certain special conditions, namely 

diagonalization of H reduces to standard time independent perturbation 

theory. This is shown in Appendix I. When this condition does not hold, 
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such as for ·degenerate or near degenerate states, oerturbation theory 

breaks down and one is forced to use the more general diagonalization 

procedure. 

B. Choice of the Approximate Zero-order system and 

Specification of Zero-order basis functions 

The choice of the most appropriate aoproximate zero-order 

system wi 11 depend on the ·nature of the total first-order system. We 

postulate two limiting forms for the approximate system. The first 

would. identify the complex molecular system itself with the approximate 

system. The second limiting case assumes for the approximate system 

an isolated, unsubstituted, non-vibrating chromophore, denoted here 

as the electronic system. In the first instance, 11e have a triVial 

identification and the adjective 11 approximate 11 is not even applicable. 

The second case is the simplest we can present and in most situations 

makes the discrepancy between the total and approximate systems so 

great that any advantage inherent in this approach to the problem is 

lost. Although in special instances,.this second limiting case can 

be useful, usually the approximate system of chnir.P lies somewhere 

between the two limiting cases. 

In a quantum mechanical sense, specification of the wave 

functions of a system completely determines the rhysical properties 

of that system. Thus we shall specify the approximate systems by 

specifying their wave functiqns. There are many types of aporoximations 

that have been us~d, but most can be considered to be derived from two 

main classes; the electronic approximation (the second limiting case 

discussed above) and the vibronic (vibrational - electronic) approximation. 

1'1 
! 

'II 



Each of these can be further subdivided according to whether or not 

the ~lectronic portion of the wave function depends on the nuclear 

coordinate. If it does not, we term the approximation harmonic; 

if it does, we term it adiabatic (Footnote 5). Thus we have four 
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basic approximations: harmonic electronic, adiabatic electronic, 

harmonic vibronic, and adiabat-ic v·ibrorrlc. These are tabulated, along 

with the form of their wave functions, in Table V. In this Table 

X and ~ are the electronic and nuclear coordinates respectively, 

qyo is the equilibrium nuclear position, ({J;rx>%0
) and cp;rx)Cfr) 

are the electronic wave functions, -x_;n (%) are the nuclear wave 

functions. The subscripts e and .., denote electr()nic and nuclear 

quantu·m·.numbers. A full description of these wave functions is found 

in Appendix VII. 

Note that the form of the \'tave function of the e 1 ectroni c 

approximation includes no nuclear wave function .. Thus if nuclear terms 

are included in the Hami 1 toni an Je.' , the consequence is the occurrance 

of off-diagonal matrix elements in the representation of the Hamiltonian. 

These matrix elements may or may not be appreciable. In contrast, the 

form of the i:-Jave function of the vibronic approximation includes a 

nuclear wave function, and any off-diagonal mat'rix elements resulting 

from nuclear terms in }(_' , are more likely to be small corrections. 

The harmonic vibronic approximation and the adiabatic vibronic approximation 

are commonly known as the two principle approximations of Born and 

Oppenheimer. Because of their imoortance, a rather detailed derivation 

and description is given iri Appendix VII. 

In Table VI, we list the various aporoximations most often 

used for zero-order basis functions. We include the basic electronic 
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TABLE V 

Basic Have Function Anp.~~ximations .· 

1'---......._ Subtype 

TyD~~"-. Harmonic Vibronic 

~· - -

Electroni-c cp;cx)f> lpeo(x, ~) 

-

Vibronic cp/c-x,r> x;., ('6-) ~eu(X)1) "Xeu.,(~) 

·-· ·~-- "'"·-·-· 

I' 

I 



Type of Refere-nces Zero-order First-order 
Approximation Hannoni c Adiabatic Easis Functions Hamiltonian 

cp; = (A."(r ,t;,o) cp; = <P: (X,~l 
many cp; Te.Cx) + Ve<x) Tv~N ("i,}) Electronic -----workers 

"' 45,46,47 N · ,. • N z:~Ei.(:ti) + Ve-,(XJ+VE~;CXi,\iij Excitonic 48,49,50 ----- ...L L eib.Jt.{ cpo(i)7T ~oCj) 
TN. e• • e I tN 51 t j:~'l. + ? VE"iEj ('tt,Xj) 

)l 

52,53 CfJco o Te (X) + Ve (X) + VE.,(x,1) 
Product 52,56 eXen 54,55 +Tto~l\) + VN<\-) 

52,57,58 I !. Cf),oCi) X 0 (\) Tel'lC\ + VEl'X) + 'VE.,tr,,) Sum of ~. e e"' 
Products ----- 59,60,61 1 

62,63,64 + T..,(,) + VN<..i) 

::[[r., CX•l +VaCt,) + V,,.,U\t•l 
l~eak 65,66,67 N 'k .a f.,/ 

71,72 .L L. -l ·JI:.ca!i)x::'i) 7T ~o(i)xOCj) t + T..{ ('\) + VNi <<&•) 
Counling 68,69,70 TN . e I .,. • e er~ 

l j*l 
N N 

+ 2L[V~:,e:l1;i,xj) + VN>wj<l•l)j~ 
i i 

71,75,76 J_ [Ie~f< . .ii; ~;,cufr ~~~v>J t LrEi(X;) + Vc;(X;)+VeiN;(X'i.,\i) 
1N . .., e 

Strong 68,69,70 77,78,79 ~ 1\j A J ~ 

+ 1,.,, (\;) + v..,, (~i)J Coupling 73,74 80,81,82 X {) [e-it•t;. Xocl) 1r Xo(j) 
L.. e'n• . e""' 

45 i. J•l 
+ II[ve,e}x~~xi)+VN•N/~··~i~ + x;,<il i eil•Jtj x:CJlff" xo1 

"'~i w k4:i.,J e., ' J 

Strong 1e,e1----eN)\ P•P«. --- p,.,) Modification 
Coupling, 71 '77 '79 where ei. , v>• represent the of. Rashba 's 
Second ----- 81,82 occupation numbers of the 

Quantization t.,. exciton'· i.TH phonon modes Hamiltonian (82) 

TABLE VI 

t~ost Common Zero-order Sys terns 

Systems 
Anorooriate 

For 

I Non-vibrating 
' r~onomer 

Non-vibrating 
Ordered 
Polymer 

Non-degenerate 
Vibrating 
Monomers 

r1onomers and 
Dimers with 
Degenerate 

States 

Polymers with 
Degenerate 

States 
and Heak 

Interactions 

Polymers with 
Degenerate 

States 
and Strong 

Interactions 

N exciton 
and/or phonon 
transitions 
where N 2. 2 

~Jeakness 

of 
Aoproximation 

Breaks Down 
for vibrating 

molecules · 
Breaks Down 

for Vibrating 
:·1o 1 ecu 1 es 

Breaks Down 
for Deqeneracy, 
Near Degeneracy . 

Unwieldy 
for N-mers 

higher than 
Dimers 

Breaks Do\'ln 
for Strong 

Intermolecular 
Coupling 

Breaks Down 
for Vibronic 

Coupling 
Comparable to 

Intennolecular 
Coupling 

Same as for 
Standard 

Strong Coupling 
Approximation 

...... 

...... 
w 
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and vibronic approximations plus other more complex approximations 

stemming from extensions of the more basic ones. Each of these 

aporoximations can be subdivided, as mentioned previously, into harmonic 

and adiabatic approximations. These subdivisions can be identified by 

the argum~nts of the elctronic parts of the zero-order wave functions 

as is indicated in Table V. Along with the form of the zero~order wave 

functions, we list in Table VI th~ references to workers who have used 

the harmonic and/or adiabatic subtynes of each approximation, the 

complex molecular system each approximation is most aopropriate for, 

the first-order Hamiltonian 'J{' of that system, and lastly the weakness 

·and point of breakdm'in for each aoproximati on. 

·Although Table VI is in general self-explanator.v and can 

be an aid to proper selection of an appropriate zero-order approximating 

molecular system, a few comments are in order. First of all, in the 

formulae for the basis functions the unprimed subscripts e and n 
indicate the qround electronic anrl nuclear states while the primed 

subscripts e· and n' indicate the excited electronic state and the 

nuclear state of the excited electronic state. Secondly, a particularly 

good description of weak coupling, strong coupling; and the occupation 

number representation is given in Young•s thesis (77}. Finally, the 

development of the various first-order Hamiltonians.are given in part 

C of this chapter. 

C. Specification of first-order Hamiltonians 

The first-order Hamiltonians given in Table VI can be 

considered as various simplifications of the complete solute Hamiltonian . . . 

derived in·Apnendix VIII (Footnote 6}. There the formalism for treating 
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solute-solventinteractions as well as the more familiar inter- and 

intra- solute effects are developed. As we are not concerned with solvent 

effects in this thesis, we may use equation (VIII-18) from Appendix VIII 

for the first-order Hamiltonian. Thus: 

. froups 

J.e'::: ~ [ Tei + VE, + VEtNi + Tui + VN,] 
l. 

(3-18) 

+! rrvEiEj + VNi"jJ 
l. JH . 

Here the electrons and nuclei are assigned to particular 

groups and exchange among groups (such as charge transfer phenomena) is 

not considered. In general, we may substitute the tenn 11 Chromophore .. 

for the term 11 group 11 The'·yarious tenns in X' are defined as follows: 

- electronic kinetic energy of chromophore i 

. 
- nuclear kinetic energy of chromophore 2. 

- . electron-electron potential of chromoohore i 

. 
nuclear-nuclear potential pf chromophore l 

VE,,.,,=Veiu,(Xi/ti) - interactions between electrons and nuclei 
of chromophore i 

interactions between the electrons of chromophore i 
and those of chromophorej 

- interaction between the nuclei of chromophore i 
and those of chromophorej 

- interaction between the electrons of chromophore i 
and the nuclei of chromophore~ 

Here Xi and %i are the sets of electronic and nuclear 



coordinates for the chromophore i . 
It is worthwhile to discuss briefly the significance of 

the various terms in equation {3-18). The terms TEi) ~i , Vci ~ VNi 

are self-explanatory. The term VctNi leads to electron-nuclear 

coupling in each monomer {chromophore) and is responsible for the 

br.eakdown of the Born-Oppenheimer approximation in monomers. The 
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. term VEiEj is the interaction responsible for polymer excitons and 

the term VNt Nj for polymer phonons. The re 1 a ti ve magnitudes of VE.iEj 

and VEiNi determine whether one is dealing.with weak, intermediate, or 

strong coupling in the Simpson-Peterson definition { {70), see also 

Young's thesi·s {77) for an excellent description of the various types 

of coup 1 i ng). The interaction term VEiNj a 1 so can cause breakdown of 

the Born-Oppenheimer approximation in polymers, but its effect is· 

usually negligible compared to the combination of VEi.EJ > VNitJj and 

V ci Nt • Therefore, it is not inc 1 uded in any of the f1 rs t-order 

Hamiltonians listed in Table VI. 

D. Evaluation of Matrix Elements of Hamiltonian Representation 

Having specified the zero-order·basis functions of th~ 

approximate systems and the first-order Hamiltonians of the total systems, 

we now proceed with the evaluation of t~e matrix elements of the 

representations for the Hamiltonians of all cases, excepting those for 

weak and strong coupling. These latter two approximations are not 

evaluated, as such evaluation is quite complex and not of interest to us 

fn this dissertation. 

The matrix elements, diagonal and off-diagonal, for the 

various representations are evaluated in Appendix IX and tabulated in 
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Table VII~ From inspection of the matrix elements listed in this table, 

we may draw several condlusions. First, in comparing the harmonic and 

adiabatic subtypes of each approximation, we see that 1>1hile the wave 

functions of the harmonic approximations are more easily calculated than 

those of the adiahatic approximations, in general, the wave functions of 
. . 

the adiabatic aporoximations lead to representation matrices with . ' - . 

fewer and simpler off-diagonal elements. Secondly, inspection of the 

various harmonic approximations indicate that the off~diagonal matrix 

elements are minimized when the quantities 

v ,, = az v EN ( x, i-) I . 
EN d'frz . lf=<( 

are minimized. The first parameter is important when discussing 

phenomena such as the Jahn-Teller effect, but in other cases is small. 

The second parameter, commonly known as the force constant, is more 

imporant. The smaller it is, the more shallow the molecular potential 

we.ll ,: , and the more valid is the harmonic approximation. Comoarison 

of these harmonic aporoximations with the parallel adiabatic approximations 

indicate that only for the vibronic approximations dd the matrices of 

the harmonic subtypes appear as complicated as those of the adiabatic 

subtypes. This is i 11 usory however, as the only requirement that the 

off-diagonal elements be negligible in the adiabatic approximations, is 

that the electronic states be non-degenerate, while for the off-diagonal 

elements to be negligible in the harmonic aooroximation, we have the 

additional requirement on the size of the force constant. These factors 
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are discussed in more detail in Appendix VII. 

Having obtained the matrix elements of the chosen represen

tation of the Hamiltonian, one can proceed to diagonalize the matrix. 

This is, in almost all instances, a very difficult task. Therefore, 

it is important to determine when the more simnle procedure of 

perturbation theory is valid. The main factor in this determination 

is the mag~itude of the off-diagonal matrix elements compared with the 

magnitude of the diagonal elements. This was discussed in Appendix I 

and part A of thischapter. In the extensions of optical activity, 

it is convenient to choose our representation so that perturbation 

theory is valid. \~e will base our choice of representation on the 

size and number of off-diagonal matrix elements as listed in 

Table VII. 

E. Perturbation Theory and Extensions of the Theory of 

Optical Activity. 

In Chapter 4, we use a perturbation expansion to extend 

the theory of optical activity to the investigation of some of the 

effects of vibrational and substitutional perturbations on the 

phenomena of absorption, natural optical activity, and magnetically

induced optical activity, determining the symmetry patterns that 

alter, enhance and allow the various electronic transitions for 

molecules in the point group C4 v. Here we find that previous 

authors investigating these systems had chosen their approximate systems 

without a critical examination of the magnitude of the various off-diagonal 

matrix elements. This led to the implicit ignoring of certain 

'. 
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off-diagonal matrix elements of the representation of the Hamiltonians, 

and these matrix elements were never proven negligible. It is 

entirely possible, and in some cases even more likely, that this 

neglect of the. off-diagonal elements lt~as justified. However, it is 

important to confirm such approximations, and it is for this reason 

that the tabulation of the matrix elements, such as is done in 

Table VII, is imoortant. 

In conclusion, this chapter provides a basic formalism 

upon which to base tuture extensions of the theory of optical activity. 

It offers a guide to choosing the most appropriate approximate system 

and a method to determine whether perturbation theory is a valid 

technique for the problem under investi~ation. Finally, if perturbation 

theory is valid, the information needed to generate the perturbation 

expansions is supplied in Tables VI and VII. 
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FOOTNOTES - Chapter 3 

1. The adjective 11Stationary11 derives from the fact that these states, 

in the absence of an external perturbation, are invarient with time. 

2. It is \'IOrth noting here that for an unsubstituted, isolated, 

chromophore, only the magnetically-induced optical actiVity will be 

non-zero, unless the chromophore is inherently asymmetric. 

3. It is, of course, evident that the stationary states of the simple 

system are not stationary states of the more complex system.. The 

complex molecular system, placed in one of these non-stationary 

states (through radiative or other means) can undergo non-radiative 

transitions to other non-stationary states under the influence of 

those molecular perturbations that mix these states. This is the 

basis of the radiation less transition orocess. 

4. In the remainder of Chapter 3 we sha 11 use the terms ~-· como 1 ex, 

total, and first-order -- interch~ably, as also the terms -- simple, 

approximate, and zero-order. 

5. The meaning of the terms, ·.hannoni c ·:a tid. adi aba tic, as app 1 i ed to the 

vibroni~ approximation ate explained fully in Appendix VII. Their 

meaning,when applied to the electronic approximat~on, is of similar 

nature.' 

6. The first-order 2nd quantization Hamiltonian for one exciton-one 

phonon transitions can be derived from-the complete solute Hamiltonian 
'II 
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developed in Appe~dix VIII. However, the derivatiori is not as simple 
. . 

as that nf the other first-order Hamiltonians listed in Table VI;. these 

latter being obtained simply by keeping or disgardin9 terms of 

equation (VIII-18) or Appendix VIII. For a clear derivation of the 

occ~pation number representation and the 2nd quantization 

Hamiltonian, see Young (77). The 2nd quantization procedure has 

the advantages that one can most easily treat multf-ph6non and 

multi-~xciton problems. 

\I 
~ I. 

'.J 



Chapter 4 

THE SYt·1METRY PATTERNS OF VIBRATIONAL 
· AriD SUBSTITUTioNAL PERTURBATIONS ON ABSORPTION, 

NATURAL OPTICAL ACTIVITY AND MAGNETICALLY-INDUCED 
. OPTICAL ACTIVITY 

A. Introduction and Definition of the rroblem 

125 

In the orevious chapters, we have develoned the general 

theory of ootical activity and the formalism necessary to extend this 

theory to various complex systems. In this chapter, \'te consider one 

such extension, namely the analysis of vibrational and substitutional 

structuring in natural and magnetically-induced optical activity. For 

comparison we also consider such structuring in absorption. 

A complete accounting of vibrational and substitutional 

structuring \vould include a detailed analysis of not only the type, but 

also the magnitude, of the various perturbations. However, such a 

quantitative treatment would be very complex,and sufficient groundwork 

has not been done in the qualitative asoects to justify such an under

taking. He therfore restrict ourselves to the classification of type 

of perturbation, and in particular, to the symmetry patterns that are 

important to the character of absorption and ootical activity. 

Although this approach may appear to limit us, there is 

a great deal of information about molecular systems to be obta·ined 

through the basic application of the symmetry rules of group theory. 

In general, symmetry rules yield two classes of information. First, 

the number and kinds of energy levels (states) which an atom or molecule 

may have are riqorously and precisely detennined by the symmetry of the 
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molecule or of the environment of the atom. Secondly, syrranetry tells. 
. . 

us whether or not transitions between these states are allowed.· These 

two types of infonnation,and their various apolications,fonn powerful 

tools for the determination of the nature of molecular systems 

(Footnote 1). In this chapter, we shall deal primarily with the second 

type of information and attempt to determine the soecific vibrational 

and substitutional symmetry patterns that alter, enhance, and allow 

the various electronic transitions in the three types of molecular 

soectra of .interest -- i.e. absorption, natural ootical activity, and 

magnetically-induced optical activity. 

·The analysis proceeds in the following manner. First, there 

is a selection of the most appropriate approximate system and its 

associated zero-order wave functions. This choice depends on the 

nature of the complex system to be approximated -- in this case, a 

vibrating substituted chromophore and gives due consideration to the 

diagonalization oroblem discussP.n in Chapter 3. Next, the first&order 

wave functions (of the complex .system) are expanded, via perturbation 

theory, in the zero-order wave functions. These wave function expansions 

are then substituted into the various m.:~trix elements of the oscillator 

strength DCl.b• the natural rotational strength Ro.b• and the magnetic 

rotational strengths A~, B<l.P , Ca1. \~hereas the oscillator and 

rotational strengths were previously P.xpressed in te·nns of matrix elem!nts 

of the first-order wave functions, they are now expressed in terms of 

matrix elements of the zero-order wave functions. This resultant 

expansion is maintained to third-order in the perturbations for absorotion 

and natural optical activity and to second-order for magnetically-induced 

optical :attivi.ty. The resultant terms of these perturbation exoansio·ns 
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are then symmetry analyzed, initially on a nreliminary basis which 

eliminates many terms from consideration, and finally, by a computer 

analysis)which applies the rules of group theory and tabulates the 

important symmetry patterns. The need for a computer program for such 

calculations b~comes most evident when considering molecular systems 

belonging to point groups having degenerate representations, i.e. those 

molecular systems with a three-fold or higher axis of symmetry .. The 

degeneracy introduces complexities which make the task of ~valuating 

symmetry patterns next to impossible without a computer. These 

complexities are discussed in the latter part of this chapter. 

In part B of this chapter, we attempt to clarify what the 

problems are in determining the important symmetry patterns. This is 

best done by reference to simplified examoles, in this casei first-order 

oerturbation expansion~ in vibration and substitution, for the oscillator 

strength a~d the natural rotational strengt~of a molecul~ belonging 

to a point group with no degenerate representations. In addition to 

point out the difficulties and the need for a computer program, we 

obtain several 11 symmetry conclusions .. which are general statements about 

the symmetry properties of the vibrational and electronic wave functions 

of the various molecular states involved in vibronic transitions. In the 

final part of this chapter, part C, we investigate the symmetry patterns 

of vibrational and substitutional perturbations of the three optical 

phenomena for. a particular point group C4v that contains degenerate 

representations. 

B. Illustrative Examples of Symmetry Analysis 

The basic examples we use in order to illustrate the general 

Ill , I 

. I 
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orocedure of symmetry analysis are first-order oerturbation exoansions 

in vibration and substitutio~of the oscillator strength and the natural 

rotational strength. As examples, we use only molecules belonging to 

point groups with no.degenerate representations, thereby avoiding all 

the problems associated with degeneracy; the treatment of these beinq 

reserved for part C of this chapter. Before we begin, it is we 11 to 

note that many of the symmetry conclusions developed in this part of 

the chapter were first pointed out either by Albrecht (53) in his work 

on vibronic structuring in absorption, by l~eigang (33) in his 

investigation into vibronic structuring in circular dichroism, or by 

Schellman (31) in his ~yrrunetry treatment of substitutional influences 

in natural optical activity. 

\{e first develop the first-order oerturbation equations for 

the. oscillator strength and for the natural rotational strength. From 

equation (2~100) of Chapter 2, we have: 

meM ~e~ 

D~b = ~~. ~ ~ {fb .. ~} = ~a.~~ { (?Jf~ If llJI~) • (Vf yt I <vO} 

where Cl is our first-order initial state and b our first-order final 

state. As will be shown in part C of this chaoter, we can choose as our 

first-order wave functions, the Born-Oppenheimer adiabatic vibronic 

approximations, and as our zero-order wave functions, the Born-

Oppenheimer harmonic. vibronic approximations. ~le shall henceforth label 

our ground state by the index ~ , our excited state by the index ~ , 

and any other states of interest by the indices j_, m > n . Furthennore, 
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we condense our notation so that the first-order adiabatic states apnear 

as: 

(4-1) 

( <p; I 9 C?J!/1 == Upt I (X~A.I == ( J I C-j.l = ( JJ J 

(CVbj/ =* (1/ftl = Cq>ii(X.._sl = (kl(~l = (KJ..I 

and the zero-order harmoAic states appear as: 

(4-2) 
cw:t ~ cw1°' = ccp;tcx~l = CJOIC-}1 = c_r;' 
(W;J =9 (1J!;\ = (C(J;I CX.~tsl = (l<oiC.AI = (KA/ 

where (.JI and (K/ are the adiabatic ground and excited electronic wave 

functions, (Jo/ and (Ko/ are the harmonic ground and excited electronic 

wave functions, and Cil and (~/ represent the oroduct wave function 

description of vibration in the ground state and in the excited state. 

The states Ctl and (.Jd are written as: 

(4-3) 

(11= (-f,)(tzl -----(jAI--·--

(~ I = (.k.l (Jcz I --- -- - (_iA I -- - - -

where (~I and (.A,. I are the ~ TH and ..h.TH quantum of the JL."~'H norma 1 mode 

in the ground and excited state respectively (Footnote 2). 

Now substituting equations (4-1) into the equation for 

\'le have for the specific transition j-...k : 

(4-4) 

IMt...., 

.RiA = i L ~ [ (K-ttlf I Jot)• (~~~I K.k)} 
. 1 ~·h 

Expanding the dot products and considering th~ X comnonents 
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(Footnote 3) : 1 

I 

. ~~ ; 

D1l< (X)=* b.IR._ { (k.a,_!,.ax\ Jj )(31 !ftxl 1<....)} 

(4-5) 
Mit"" . 

R~~ (X) ::: + L ~ [CK ... \,P:r \~ )(:J~ I~)£ I K~)} 
i d'.k . 

~·Je now apply first-order pertur.hation theory to the wave 

functions (~\and (.J-11 . These wave functions appear only in the matrix 

elements in equation (4-5) and therefore, we consider only these ma~rix 

elements in our analysis. We now present without proof the first-order 

perturbation expansions of the matrix element products of equation 

(4-5). See (Footnote 4). 

+ 2 L F~~ (Ko\fA,dMo)(Jo·~:riKo)(Jr.lrY~)(11~) + [c.c.] 
1'1>'1 MO~JO . . . . 

(4-6) 

·+ ;[2_ F.!:r (Ko~~dM 0)(JolmxlK0 )(Jllrn)(-}IJt) + [c.c.] 
~ Mo~::Jo . 

/ 

II 
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where [c. c.] indicates the complex conjugate of the oreceeding expression, 

and we have used the notation of equation (4-2) for the zero-order harmonic 

wave functi.ons. States (L ol and (Mo/ are 11mixi ng 11 states whose character 

is borrowed by the ground and the excited states. 

As we need only one of the four first-order terms in each of 

equ~tion (4-6a) and {4-6b) to 111ustrate the various ~teps of the 

analysis, \'le choose the second term of each equation, and we define 

the coefficient ~tK , again without nroof, as: 

!-Jere the first term in the brackets is the substitutional 

contribution, and the remaining R terms are the vibrational contributions, 

where R is the number of modes of the vibrating system. Vo.. is the 

potential energy of the substitutional perturbation, ~A is the normal 

mode coordinate, leA.= ( ~ L (Footnote 5), )fA QA. is the Hamiltonian 
R 

of the Jl:~ vibrational perturbation, the ~ is over all normal modes, 
A , 

and uu~>uu~ are the zero-order frequencies corresnonding to the 

energies of the zero-order states E~==1=iwK, E~=='hw~. 

F. 1 . 
Substituting the above expression for LK 1nto the · 

second term of equations (4-6a) and into.the second term of equation 

(4-6b) and isolating these terms, we have: 

(4-8} 
= L2: 1i(wl-we)[(Ko/J.t,c IJ'o)(J"tu~) Lo)(L0 1Vo..IK0)(J..I~)(~I~)(.Q.I~) 

.J. L"t.<o . / / 

+ ~ (K" Y..,. 1.1")(:!"'\f"'l L~)( L" I :If,\ K")(.l.\ ~) (11.tX.tl .Y,f.l.)} 
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(4-9) = L 2 'Ft(uJ~-wt) J( ko ~,I J"")(3oii'Yh·l Lo)(e I Vca.l Ko) (Jti1)(-!I~)(JI.h) 
.C. Lot>.,e t I . 

+ ~ (Koj)41 J"")(J0 1 m 11 1 L0)(Lof~l ko)(Jc.l~)(11!)(1/ QA lA)} 

We must now describe the basic ~rincinl~s underlvinq the 

symmetry arguments to follow. First, in or~er for any term of any 

component to have a non-zero vibrational or substitutional contribution, 

all matrix elements in that contribution must be non-zero. In each 

of equations (4-H) and {4-9) we have· R+l contributions: one 

substitutional contribution and R vibrational contributions. With 

each contribution are associated six matrix elements, three of which 

involve the electronic wave functions and three of which involve the 

vibrational wave functions. For any one of these R+l contributions to · 

be non-zero, all of its associnten. six matrix element5 must be non-zero. 

Or, in other words, if anv one of these matrix elements is zero, then 

the vibrational or substitutional contribution to which it belonqs is 

zero. With this in mind,. in· the following discussion we specify a 

condition on each matrix element which, if not satisfied, is sufficient 

to set that matrix element equal to zero, and thus to eliminate from 

further consideration the associated contribution. 

All of the symmetry ooerations -- rotations, inversions, 

translations -- which take the molecular system into itself, make uo the 

elements of the point group of the molecular system (Footnote 6). Each 

·of these symmetry elements operating on a matrix element multinlies 

that matrix element by some factor (Footnote 7). As a matrix element 

represents a property of the molecular system, it must be invariant under 
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each of these symmetry e 1 em.ents. Therefore, either a 11 of the 

multiplying factors are + 1 or the matrix element is zero, As the 

matrix element must belong to the totally symmetric representation 

for all the factors to be + 1 , if it is not totally symmetric, it 

must be zero.· Thus; if not all of the matrix elements of a oarticular 

vibrational or substitutional contribution are totally symmetric, 

then that contribution is zero. This is the basic fonnula we shall 

continually follow as we proceed through the simple illustrative 

symmetry examoles in this part of Chapter 3 and through the more 

complex analjsis in part C. However, it must be noted that the condition 

that all matrix elements be totally symmetric is necessary but not 

sufficient to ensure that the vibrational or substitutional 

contribution containing these matrix elements is non-zero. This is 

because a totally symmetric matrix element can still be zero if the 

integral to which it is equivalent calculates to be zero. 

~~e now apply the symmetry pri nci pl es described above to the 

substitutional contributions to equations (4-8) and {4-9). ''Je immediately 

conclude (from either equation) that for the three vibrational matrix 

elements to be non-zero, the relation r;= fl= 1}. must hold, \'/here ft 
is the symmetry representation of the vibrational wave function It) , 

I} that of fi.) , and fl that of IJt) . The basis of this conclusion 

is that all three matrix elements must be totally symmetric and therefore. 

t.he following direct product relations must hold (Footnote 8): 

rt ® 11. - f'o . q :: fit .. 
{4-10) ~®fA 

,., . r;:;fl 0 .. 

r~ ® f1 = r' . fl=G 0 .. 
where I~ is the totally symmetric representation. He may, however, make 

an even stronger statement. Using equation {4-3) to expand (-lit) , \'le 
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have: 

( 4-11) 

Following the same reasoning as above and extending the 

results to the matrix elements (--}IJt) and (.R.IA) ~~e have: 

f1~ = r;~ 
(4-12) '~= ~ 

G,. = r.Jt/L 
Therefore, we have reached our first conclusion, which will 

hold for all orders of perturbation. 

Conclusion 1. Substitutional perturbations induce mixing and allow 

transitions only between vibronic states whose vibrational 

wave functions have the same symmetry. Furthermore, for 

individual normal mode vibrations, syrrunetry must be 

conserved in the transitions or mixin~. Therefore, the 

sP.lP.r:tinn r•Jll:' is that the change ofquantum number for 

each normal mode must be even. 

The symmetry requirements specified in this conclusion 

are a necessary but not sufficient condition that.the vibrational matrix 

elements of the substitutional contributions be non-zero. The natures 

of the potential energy surfaces in the ground and the excited states 

are also a factor. \~e consider two cases (also discussed by ~·Jeiganq (33) ): 

(i) the case of vertical potential surfaces, where the potential ener~v 

surfaces of the ground and excited states differ only by a constant and 

are otherwise i denti ca 1; · ( i i) and the case of nonverti ca 1 ootenti a 1 

surfaces, where the potential energy surfaces of the qround and excited 

state can also differ in equilibrium oosition, force constant, degree 

of anharmonicity, etc. For the· first case, vertical potential surfaces, 

'I 
I 



135 

we can replace all (AA.I in equation (4-11) with (~I, as the vi,brational 

wave functions of the ground state also serve as those of the excited 

state. Thus:·. 

Only if all 1~==+11. , the case of no vibrational excitation, is the 

matri'x element (AI-f) non-zero. This is a result of the orthogonality of 

the wave functions. For non-vertical potential surfaces, we may not make 

the substitution(~\=(~~~ in equation (4-11), and the value.of (Jdf) 
is determined by the various French~Condon factors (~Ali~) . The above 

discussion of the two cases for potential energy surfaces aoplies to 

other matrix elements than (.9eiJ). It also applies to Ctl1) and (1.\Jk) 

and we may therefore write a corollary of Conclusion 1. 

Conclusion la. For vertical potential surfaces, there must be, in 

addition to the symmetry requirement, no vibrational change 

from ground to excited state. The same \equtrement holds for 

both the ground and for the excited states with respect to 

the mixing states. For non-vertical potential surfaces, the 

strengths of the transitions and of the mixing is determined 

by the value of Franck-Condon factors. 

It should be noted that conclusions drawn from study of the 

vibrational elements of either the substitutional or vibrational 

contributions .hold for absorption, natural optical activity, and 

magnetically-induced optical activity, regardless of which of the three 

phenomena the conclusions were developed from. In contrast, conclusions 

drawn from the electronic matrix elements are specific for that 

particular optical phenomenon investigated, and one must consider 
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separately the electronic matrix elements of absorntion, natural optical 

activity,_ and magnetically-induced ontical activity. 

Wi.th this in mind, we turn to consideration of the electronic 

matrix elements of the substitutional· contributions to the absorption. From 

equation (4-8), we see that the symmetry representation of the substitutional 

perturbation is given by rvo.=rz~r)(, as obtained from the requirement 

that the electronic matrix element (L0 1Vo..IK0 )be totally symmetric. From 

the remaining two electronic matrix elements, we have: 

(4-14) 

\<Je have: 

(4-15) 

r:_ = rp,. ® G 
~: 1-;. ~ ri< 

Combining these two equations and notin!l that rJ'® r;:r = ro 

rl = rl< 
Substituting tliis into the nrevious equation rvll = rt. ® rK. 

we find that: 

(4-16) 

This can be shown to be tru~ for the substitutional 

contributions of other terms and of other comnonents of the absorntion. 

He therefore. have our second conclusion. 

CQJICJ_usion 2. For ~-h~orrtion, only totillly symmetdc su1Jstitut1ons act 

as first-order perturbations. 

As an example, hexamethyl benzene is benzene that has a 

tota"l'ly symmetric substitution pattern. He can also show for our third 

conclusion that: 

Conclusion 3. For abs6rption, substitutional first-order perturbations 

stimulate borrowinCJ only from states whose symmetry is 

i~entical to that of either th~ ground or excited states. 

The electronic matrix elements of the sub~titutional contributions 

"I 
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to the natural o!)tical activity, given in. equation (4-9), follovt different 

symmetry rules than do those of the substitutional contributions to absorntion. 

Here the restriction that each matrix element must be totally symmetric yields: 

( 4-17) 

(4-18) 

f?, = ~~ ® r:r 
r 1"\1, = r;_ s r.r 

Combining the first two of these three equations, we have: 

~ ~ rK = ~" ® r Mx 

Substituting into the third equation of {4-17), we have: 

~~Q. = f/)' @ n.,," 
Thus, a part of Vo.. must transform as ;txm-x for there to be a noss i b 1 e 

first-order substitutional contribution to natural ootical activity. It 

is well known that the scalar oroduct of a oolar and an axial vector, 
. ~ ..:. 

such as t-·~, is a pseudoscalar, i.e. it behaves like a scalar under all 

transformations exceot those of reflection and inversion, where it changes 

sign. In any point group other than the nure rotation groups, there is 

always a representation for oseudoscalar functions. This reoresentation 

has been termed the pseudoscalar representation by Sche'llman (Jl) and is 

denoted by rs in this dissertation. ~,te see that VA. must belonq to, or 

contain a part which belongs to, the oseudoscalar representation. This 

conclusion has been shown to apply to point groups with degenerate 

representations as well {31). Therefore, we have our fourth conclusion. 

Conclusion 4. For natural optical activity, only substitutional symmetry 

.patterns trnasforming as the pseudoscalar representation, 

act as first-order perturbations. 

13enzene with an as:vmmetric carbon substituted at one oosition is an examole 

of such a pseudoscalar substitutional symmetry oattern .. 



138 

·we may also make somestatements about the symmetry of the 

mixing states. From the relation rvQ,.=G and the third equation of 

(4-17), we have: 

(4-19) 

The third first-order term of equation (4-6b) yields a· similar equati-on. 

(4-20) 

. 
Thus for our fifth conclusion, we have: 

Conclusion 5. For natural optical activity, substitutional oerturbations 

stim~late borrowing in first-order only from states whos~ 

symmetry representation is given by direct multiplying of 

the ground or excited state symmetry renresentation by the 

pseudoscalar representation. 

We now evaluate the vibrational ~nntributions of equations 

(4-8) and (4-9). For the ~u vibration~l perturbation, we can determine 

from the vibrational matrix elements that 

(4-21) 
r;= l'.t 

... r~::: G 

This in association with IQ"'=G.® ~";. yields 

and we h~ve our sixth conclusion. 

Conclusion 6. Only totally symmetric vibrations act as first-order 

vibrational perturbations. 

In analogy to the reasoning followinq Conclusion l, we note 

that the symmetry requirement of Conclusion 6 is a necessary but not a 

sufficient condition that the vibrational matrix elements of the 
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vibrational contributions of equations (4-8) and (4-9) be non-zero. As 

before, we consider the cases of vertical and non-vertical notential 

surfaces. 

With vertical potential surfaces, if there is a vib~ational 

change from ground to excited state, the matrix element (.!.It) is zero, · 

and therefore, the vibrational contributions are zero. The reasoning is 

identical to that used for the analysis of the substitutional contributions. 

In this case, however, we may also show that there is no vibrational 

contribution under the conditions of no vibrational change. Makinq use 

of the sum rule and equation (4-3), we have for the remaining vibrational 

matrix elements 

(4-21) L ( 1' t)(.t I Qn.l-') = ( 1 \ ~AI .h) = (-f.I-Dt.)Ci'LI-it.) ---- - (~n. \ Qn.LkA) ---
Jl. 

As we are considering vertical ootential surfaces and no 

vibrational change, we may replace alljiJby l-3-n) . Then using (1,1-J ... ) ~ 1 

\<Je have: 

(4-22) 

the expectation value of QA in the state 11 ..... ). If the potential 

wells are harmonic, this is identically zero as we have chosen the 

equilibrium value of Ql\. to be zero (Footnote 9). Although for deviations 

from harmonic wells, the value of equation (4-22) will he non-zero, for 

a normal degree of anharmonicity and commonly encountered temneratures and 

force constants, the value can be considered negligible. Thus, from 

the above discussion of vertical potential surfaces, we may consider the 

vibrational contribution of equations (4-8) and (4-9) to be zero, 

regardless of whether or not there is vibrational change beb1een the 
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ground and the excited state. Again, for non-vertical surfaces, we must 

determine Franck-Condon integra 1 s. He therefore, have the coro 11 a ry to 

Conclusion 6. 

Conclusion 6a. For vertical potential surfaces, we may assume that 

even totally syrmnetric vibrational perturbations do not 

contribute in first-order. FBr non-vertical potential 

surf~ces, the contribution is evaluated via the Franck

Condon integrals. 

·we may now cons1der the electronic matrix elements of the 

vibrational contributions of equations (4-8) and (4-9). For all cases, 

Jf.ft.Qlt.. is totally symmetric (Footnote 9), and thus the symmetry of 

Jtl'l. is the same as that of Q~. In the case of first-order perturbations, 

Q.. is totally syrmnetri c; ,and therefore, ~ .is a 1 so .. 

(4-22) 

Applied to equation (4-8) for absorption, this indicates that 

for a non-zero vibrational contribution, the mixing state must be the 

same symmetry as the excited state 

r, . .., ..., ;; 
L. = lo®lk =II< 

. Other fi rst·order tenns of the absorption yi e 1 d 1-:_ = rJ 
Therefore. we have our seventh conclusion. 

Conclusion 7. In absorption, only states having the same symmetry as the 

ground or excited states can be borrowed from by first-order 

vibrational perturbations. 

Applied to equation (4-9) for natural optical activity, 

equation (4-22) combines with an equation analogous to equation (4-18) 
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. I 
to yield a contradiction for point groups other than the pure rotation 

grours. Thus 

r~ll :::: r}.t)C ® rm, - r; 

r ~ = rQA-= ro 
This can only be satisfied for the pure rotation grouos where· 

rs -:: ro He therfore have our eighth conclusion. 

Conclusion 8. For molecular systems belonging to point grouns other than 

the pure rotation grouos, there can be no first-order 

vibrational contribution to natural ootical activi~y. 

Finally, we can show that if the transition is forbidden, i.e. 

the zero-order absorption is zero, then there is no vibrational or 

substitutional contribution in first-order. This is readily seen, as 

reference to equation {4-6a) indicates only t\'IO conditions under \'Jhich 

the zero-order term will be zero. 

(Jo lj<x I Ko) = 0 

(-fl~):: 0 

Since satisfaction of either of these conditions also sets 

all first-order terms equal to zero, \'Je can state our ninth conclusion: 

Conclusion 9. If there is no zero-order absorption -- a forbidden 

transition -- then there is no first-order vibrational or 

substitutional contribution. to absor9tion. 

The nine conclusions nresented above are examples of the 

type of information available from a straiqhtforward symmetry analysis. 

At this ·point, we have iqnored noint groups l•tith degenerate representations 

and only investigated two simple cases, first-order absorption and first-

order natural optical activity. In oart C of this chapter, we will 

.. , 
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consider grou~s with degenerate representations and develop the more 

complex expansions of third-order absorption, third-order natural ontical 

activity, and second-order magnetically-induced optical activity. In 

the process of analyzing these exoansions, we attempt to expand our list 

of symmetry conclusions. Various factors make this extension a non-trivial 

nrocess. First, as one goes to hiqher orders of perturbation, the 

number of terms to be considered increases greatly. Secondly, consideration 

of magnetically-induced optical activity involves a vector trinle product 

and does not readily separate into 11 COmponent5" dS does absorotion and 

natural optical activity. Finally, as lonq as the analysis is rpc;trir.ted 

to point groups with no degenerate representations, things remain 

comparatively simple. However, the introduction of degeneracy qreatlv 

complicates matters from two standpoints (to be discussed in part C),· and 

the symmetry analysis of any one of the three optical phenomP-na is next 

to imoossible without a computer analysis. 

C. .?_Y~1t_4_EIRY PATTERNS OF VTRRATIONAL AND SUBSTITUTIONAL 

PERTURBATIONS ON ABSORPTION, NATURAL OPTICAL ACTIVITY, AND MAGNETICALLY

INDUCED OPTICAL ACTIVITY FOR THE POINT GROUP C4v • 

In this last part of Chapter 4, we attempt to deal with the 

formidable problems of symmetry analysis arising from highet' or·der 

perturbations, magnetically-induced optical activity and degeneracy. Part C 

is divided into four sections. The first develops .the perturbation 

expansions, to third-order in absorption and natural ootical activity, to 

second-order in magnetically-induced optical activity. The second section 

reduces these extremely complex ex~ansions to more tractable expressions, 

using symmetry arguments similar to those of nart B to accomplish· this. 

The third section presents a computer program which can perform the 
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symmetry analysis for point groups containinq deqenerate renresentations. 

Finally, in the fourth section, the results of this analysis are 

presented for the point grouo C4v. These results, when combined with 

the nine symmetry conclusions developed in part B, qive the most 

comprehensive set of symmetry rules yet presented for this type of 

problem. 

1. Perturbation Expansions for Absorption, Natural Optical 
Activity, and Magnetically-Induced Optical Activity. 

We will need perturbation exoansions t6 third-order in 

absorption, to third-order in natural optical activity, and to second 

order in magnetically-induced ootical activity. As will become clear as 

the derivation orogresses, this enables us to investigate the influence 

of vibratio.n and substitution on absorption, and on both types of 

opti ca 1 activity. As we are particularly· concerned \'lith the effects of 

degeneracy, we must use degenerate perturbation theory for these 

expansions. Fortunately, the formulae for such exoansions are available 

in Table 5.1 of the book by Carson (88). In Appendix X, \>te cteveloo in 

a geneNl perturbation 'P , the third-order degenerate perturbation 

expansions for the ground and excited states, starting with the formulae 

of Carson. In this appendix, we simplify the formulae by suppressing the 

notation indicating members of a degenerate set. This will not result 

in any erroneous conclusions as long as one remembers that if an 

electronic state is degenerate, one must sum over all members of that 

degenerate set. This will become important when performing the symmetry 

analysis. We thus have from Appendix X for the expanded ground and 

excited states (v1e use here, and in the remainder of Chapter 4, the 

bra-ket notation): 
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(4-23) _ z. (£; _ E~ + E~ ) (No/.P/Mo)(;r/P/No)( Joi.PIJ0
) 

2. · ( Ej- E~tC E;- E~'f 

IK) 

(4-24) _ z ( E~ _ EL + ~) (L
0

I.PjMo)(l1o/1'/ ko)(l<ol.?l Ko). 
Z.. (Ek'- E~ ) 2 ( E~- E~)Z 
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It should be noted that we have also suppressed the vibrational 

wave functions.· Thus, we should replace lk) byiK)IJt), (.rl by (J"I(-}1, 

(Ko) by IKo)Lit), I L0
) by IL")I.t) etc. That we do not do so is for the 

sake of convenience in notation. However, it is imoortant to note that 

it is not the first-order electronic ~'lave functions. that are expanded 

in the zero-order electronic wave functions, but the first-order vibronic 

wave functions that are expanded in the zero-order vibronic wave functions. 

This is important in that if the former expansion is used, as is done 

by l~ei gimg ( 33) and A 1 brecht (53), then the expansion is rea 11 y not in 

the complete set of electronic zero-order functions, but in the over-comolete 

set of mixed vibronic functions. Examples of such mixed vibronit 

functions are IM") l.k) , ( L"l C-tl , etc. This could lead to incorrect 

symmetry conclusions. Therefore, in the analysis of this chapter, \'le 

use the vibronic harmonic approximations for the zero-order wave functions 

and the ~ibronic adiabatic approximation for the first-order wave functions. 

There is an additional reason for using the harmonic approximation. The 

analysis is a symmetry analysis and, as the harmonic electronic \•lave 

functions are the electronic wave functions at the equilibrium oosition 

of the molecule, they can be unambiquously assigned a symmetry representation. 

The same cannot be said for the adiabatic electronic wave functions. 

·l~e may now write the general matrix element (JIOIK) for the 

" operator 0 . Using equations (4-23) and (4-24), (s~ill sunpressinq the 

vibrational wave functions) and dropping all tenns in order hiqher than 

·third) we have: 

(JIOIK) ( jo I 0' K") + I. t=LK ( Jo., 61 L~) 
L"• !(" ('1-25) 

+ L F":rM (H"/OIK") 
H"t:J" 

··' 
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where 

Fl.K - Fl~ + Fl~ + Fcl( -

(4-26) F.:rH = F}..., + F~ + ~;M 

. F.J'K 
MI. = FJ'I<Z + 

MI.. 
F;r~e] 

ML 

.· and 

( 4-?7) 

-2(Eo- EL:+E~) (L 0 1J'IMo)(M0 1Pif<O)(ko{J>fl<
0

) 

K . . 2. (E.(- Et)t ( EK'- E~)2 

ill 
., 

I 



-2.(£:- E:,z.+Et) (:roi.PfJa)(JOI.PI1..0 )(LQIJ>IMo) 
/ (E;- E,:)Z·(Ej'- Ei:)a 

+ (Joi.PIJo)t(JoiJ'fMo) 

(E:l- E~)3 

F.
it<z. _ (L0 /1'/K 0 )(J0 I.P/M 0

) 

HL - · CE:- E~)Ct::r-E.1) 

He now exolicitly define our' perturbdtion P . 

( 4-28) p = Vo.. + L 1-f./L QA. 
J\. 

147 
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where the quantities VIA. and ~QA. have been oreviou.sly definP,d as the 

substitutional oerturbation and the vibrational ryerturbation of ~he 

JL"f~ nonnal mode. \~e shall make the assumption that vibrational and 

substitutional nerturbations are of the same order of magnitude (see 

Anpendix II), and therefore, a simultaneous perturbation approach must 

be employed. Substitut.inq equation (4-28) into equations (4-27) and making 

use .of the sum rule 

L lm)(ml = 1 
m 

we have: 

(4-29 

+ L(L0 /VtLI Mo)(Hollf'-t.l Ko}(.Q.jQJJ~) 
Jl. 

+ L (LDj;)fAIM 0 )(Hol VbiK0 )(il~lJt). 
A 

-[ al o ((KoJVo.IKo)(LoiVbiKo)(.i/.A) 
E'~e- E~. L 

-+ L(I(Oj Vo.\Ko)(Loj~I\\Ko)(_tiQJLlA.) 
Jl. 

+ Z (K"I~Aik0)(La I Vol ko)(_k_jQ~~.I~)(J.I~) 
. Ja. 

+ L (K"I"·IK•)(t: 1'41 K•)(.I.IQ.I.i)(k.IQ,I-1.~ 1 
12., s 
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FL~ = E: ~ £C f [k,., ~E.:{~;.:~ c.; [( L" IV.IM")( M"l Vb I t-1" )( N'l V< II<") ( ii.Ao.) 

+ I(l'"j Vo.\Mo)(HojV.,jN")(N~IU~I ko)(.R./ Q,..jJt) 
A 

+ L (L" I Vo,.l Mo)(Hop~ INO}(~'tl v(.ll<o)(I_(Q" I~) 
1'1. 

+ L (L0 1J< .. I M<>)(Mol vb IN")( No/1/c I K0 )(!I Cv~~.l.k) 
I'L 

+ L_(LoiVa./ Ho)(Ho{')t,jf\/o)(f\fl~s I ko)(JJQIIQSjj_) 
l'I.,S 

+ L (L /lfh/ Mo)(Hoj V.,j N°)(N.,f~s lf«l)(.R,IQI\Qs IJt) 
J\.IS 

· + L (Loi~Ait1°XMa1Jfs'INo)(~,riVdko)(.Q/Q"Qs 1-k) 
. .ll,S 

+ L ( l"l :If. I H")( w 1;)(. I tJ')( N"l H t I ~)(.!_I Q. Q, 0.1.1. )] 
~s~ . . . 

[
z (e:~- t:L + e;.) 

- (E~-Ei:)(EK:E~) {(tofVo.(Mo)(Mol V.,ji<")(K"IVd l<o)(tiA:) 

+ L (L"IVo.IM")(Mol V~o\K0)(K0 1 ~I j<O)(ilk)(iiQA.Ik) 
.lt. 

+ L (L"/V ... IMo)(H01~1 ~)(k0 )1Jc I K0 )(i/QI\/J..) 
A. . 

+ L (L0 (~,.._\M0)(M 0 \V.,jt<")(K<~!Vdi(O){)/QAj,i) 
~ 

+ 2 (Lo IVa. I M0 )(1-Jf 0 l ~IKo)( K"l~ \K")(.QJ Q.lll-k)(.hf Qsl~) 
Jt,S 

. ' 
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+ L Cei~~LIM")(M"I v~. IK")(I(OI~slk'")(R.IQ ... Ue.'(.k/Q,IJt) 
JI.,.S 

+ L (L"I~IM0)(M"I;)(Isl K""XI<"I Y(.I~<")C-f.l Gi"G1sl..k) 
A,~ 

+ ~ (L"IJt.l M"\( M" I l4 hd( 1<"1~1 K")i.U Q. Q, l.k)(J./Qt/Jic)] 

~
~(Eio EL+lS) r . 

-- ( ., "~( /= o) l'(eiVali~)(IC'I Vblt-1 11 )(t1oiVt.li<")(QI.k) 
E~e-E" E~e- E,.., . 

+ L (LoiV~I K")(KoiVb I Ho)(M"I~hiK")(J.I.h)OtiQI\.1..1!) 
A 

+ 2_ (Lo IVa. I K"'X'c llei\./M")(M"IV, IK")(.tlit)(AIQ~~./Je) 
.A 

+ l (L"I~,JK")(K"\V.,IMo)(Mol Vt \ I(O)(.Q.IQ,JPe) 
JL 

+ L (el V.-.1\e)(l<>l ~I tvto)(M"I~sl K")(.tl~ )(!. IQ,..Q,LQ..) 
~~ 

+ L (l."I~IK")(K"IV~IMa)(M"I~'~c.)(.RIQ"IJc.)(.DtiQslk) 
.JI.,~ 

+ 2_ (L"\~ \ K"){K"IJes \MoXM~I Vc\I(O)(tl Q,j.Dc)(~IQs I Jc) 
A,~ 

. + 6 ( l"l ~q. I I<")( K"l Jt I M•)( M"/ ~I K")(.tl Q./..1.. )( .... IQ,~ It)}] 

- [( ., I "\,_{(~I\4.IK")(\<~IV"IK")(L."IVciK")(R.I.k) . 
E'ct\. 
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+ L (!("'I VC4\ K")(K"I Vbji('>)(Lol ~Jt<>)C£1Q~Ik) 
.II.. 

+ZL (~1~1 K")(KuiVC41 K")(Lo I Vc: I K")(JtlQ,.\.Ir.)(ifk) 
A . 

+ ll (KoiJ(,.I~)(KoiV~~.IK")(L"li(,II(O)~IQ"lilt)((IQsl~) 
1\.s'i. 

+ L(Ko\]iAIK"XK~IIf~l K")(Lol v~ II«')(JdQ..Ut)(iiGsl~) (.tl~) 
.A,S 

+"~(I<" I ~II<')(K•ix ,I K")(L"IX.I K")(.I..IQ,IA.l(f./Q, lk)(t I Q.l.l.. )]} J1 

+I (;riVe..! M 0 )(L0 /~IK0)(~1~)(tiQ"\Je.) 
A 

+ .L (Jol ~IMQ)(Lo I v"l ~<"Xi I Q"I~)(.QI.Dt.) 
.fl. 

+ L (rl~~tl Mo)(Lol Xsl K0)(~ \Qn.l~)(il Qslk)} 
.hl::. 

FM';:'3 • •1 • .rr L Ef-
1
E.: { (J'I v.l N')( WI v., H")( L•/ v, I 1<")(11 "'Kllll..) 

. (El(- EL.)(E;-E,...)Ll ~*~ . . 

+ L(TIVo.l No)(N"IV~oiMoXLu 1~"1 k")(il ~ )(QI QAI~) 
A 

+I. (TIVCA.fl\r)(N°/ ~IM")(L"/Vc j K")(~\Q,.l~)~l~) 
A . . 

+ L (:;a I)("' N")(No I Vol M 0 )(L" I v,l K")(11 Q/1 h:., )(~ k) 
.1\. 
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+ L (J"j Vo.l No)(N° ~~Aj M0)(l0f~l Ko)(.~IQI\ \V"' )(.Q.(Qs\~) 
A,~ 

+ L(J01~1N")(N°P./~t\H0)(Loi:Hd K0)~ I Ql\ 1~)(11Qs lk) 
A,\ 

+ L (Joi~"INo)(~I'XsiHo)(L")Vei~)(11Q,Q.si~)~(Jt) 
. .ll,r. . 

+ L (J"IJG.IN")(.rl :w, !W)(l-" I '41 K•)l11 Q,Q..\ "') (JJa.W}l 
. /l15,i: u 

+[I EK' ~ E~ {t:r"l Va.lt1 6 KL"I v.,·, N°)(~1·\l~~ I<")(~ II'\') )(.tl.k) 
~~ . 

+I (:J0 J Vo..J '1°)( L"IVID IN•)(N"I ~A I K<>)(11"'"' )(~ IQ-\\4) 
~ . 

+ L (T'I v~IM")(L• IJf.-.INo) (N•I v~ I k"')C-al n--)(.Q I Q.~~~) 
.II.. 

+ L (J"I ~IM•)(Lo IV"' I N")(N"I Vel K0)(~1Q,\V)'))(!I.h) 
.A. 

+ L (:rl Vo.\M•)(L•f ~I No)( No/ Jesl K") (1\~)(.ll QIIQsi..Ae) 
.JI.,~ 

4-2. (J"I~JH")(Lu!Vbl N°)(1\1ui~IK")(~I Q~IW1)01~1Jc) 
A,~ 

+ L( .T'l~ lf1•)(L"I)(~ItJo)(N"I Vd K•)(~ ~~~\....., )(t I Qsf.Dc) 
.A)~ 

i ( J"IJI.IM")( L' \;I(.IN"XN'I ?I,J K')(il o, 1~ )(R. I Q,CJt.IJ.) ~ 

- [ o 
1 

., {CJ"IVo.l J")(:JIVbiMo)(L.,IVc.l k 0
) (~I""' )(.0.1~). 

EE~-E.., · 

+ L (Jo\ Vo.l J")(J"JV., I ~")(Lo( Jt..\ 1<0)(~\ V"l )(.Q.I Q.I\I.A.) 
.ll. 

n' I• ill 
"• 
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+ L(ri\Jo.l J")(J"I~JMO)(t: /Vc 11<0)(~ I GAin" )(il~) 
./\. 

+ L (T\~T)(T'IV\oiH0)(LoiVdKo)(~ I·Q ... 1-!)(~ I~ )CJJk) 
A 

+ L (JoiVAIJ"XJoi'Jf,..jMo)( L0 1.Xs \ k 0
)( 11Q.._I.-, )(£ IO.sl~) 

A,S 

+ L (.TI~IJo)(J'I VbiMo)(Lt)(s ji(O)(~ IQ"I~)(a I""")(~IQs ll.) 
A,!i 

+ L (l"l~l T)(JOI XsiM0
)( L"~Vt I k")(11Q,J~)(~ IQ~\n- )(D.l-") 

;,,~ 

:~ (J"'X.IJ")(J"IX,tw)(l"lle,lk")(~IQkl.! )~I GI.I~)(LI Q,l.a.)} J 

-[ 0

1
£

0 
{CJ"IV~~.IMo}(K"IIJI.II(O)(LoiV.IK")(c11~"'~)(,H4c) 

£1<- L 

+ L ( :r' I Vo.l M 0
)( K0 l V'o I K0

)( l 0 ~~~ k"} {~I~ )(11 QA \k) 
.I\. 

+ L (J"'IV~~.I~a)(tei~\Ko)(lo IVc \ k0)(11~""~)(JeJQ.._jA:)(ii.OC.) 
A 

+ L.(J'I~\Ho)(Kol V., I K')(LuiVc \!<O)(:a IQ .. I"' )(.{I~) 
.A. 

+ [(.rl Vo.IMO)(t«')~II(O'X_Loll<sl k">~I""''(.Dc.IQ"j.k)UIG~Ik) 
.A,S 

+ L (.T'I?(.a.IH0)(K0 1V~I Ko)(Lol~ll!<")(~ IQ .... I...., )(tiQ~ I.Dt) 
.h,S 

+ L (T\It.IMa)(K"I~IK0)(L01Ve I\<")(~ I Q ... I...,)(.Dtl ~~_i )(.Q.IJe) 
A,s 

:~(J"IX.IW )(I<" I :X, II<")( L"l:ll,l I<")(~ I~. 1~ ){.ldQ, lA )(~I Q, 1J. )1 n 



Similar equations can be written for the coefficients 

!=";M , and FJ"! by s~bstituting (.r•l for (K•I , IMo) for I L•) 

and using the following relations (good for all orders 1, 2,. 3) . 

!=LK 
• 

(4-30) {:'KL 

·FJM FM~ *denotes comnlex conjuqates -
F.JI( 

ML -
F. I(~. 

L.t"' 

l'lhere the permutations LK to KL '·JM to MJ" apply to the wave functions 

but not to the energy denominators. Fo 11 owing the 1 ead of part !3 of this 

chapter, w~ need consider for the perturbation expansions, only the 

pertinent matrix element products of the oscillator strength, natural 

rotational strength, and magnetic rotational strengths. Extractinq 

these products from equations (2-100) o.f Chaoter 2 and designating them·. 

P0 , PR , PA , Ps , and Pc (the;r oriqin being OJ\c, Rjk , Ajk, Bjk . 

and Cjk res!')ectively), we have: 

a) Po ( KA l}::t I J"~). ( Ji 'f I KJt) . 

(4-31) . b) PR = ( ~ I f. I J~) • ( :ri I M I K.e.) 

c) PA = [(~I ffil'<l)- (~tmi~)J ·CJ"11fl ~) x <Khytl ~) 

d) Ps = . (Nvtln; \Jt). (:Ttl)~ IKJt) X (K.~~t!flN~) 

.e) Pc = c "J11 m 1 J"t) • c :r10 1 ~) x ( Kl yt 1 :r1) 

There are two factors that should be noted. First, if we 

detenni ne the symmetry ru 1 es for ~ in the prooer manner, we \'li 11 at the 

same time determine those for ~ . This can be used to advantage in the 

\<triting of our comnutor proqram. Secondly, in the exoression for Ps 
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• we have not listed the second matrix product found in equation (2-100) 

for the "B" magnetic rotational strength. This presents no problem as 

·the symmetry analysis for this second matrix product can be determined 

from the ana.lys is of P6 by interchanging the symmetries of ( J"1 1 
and O<..o..\. The symmetry pattern for the "B" magnetic rotational 

strength wi 11 then be the union of these b1o SYJ:llmetry patterns. 

Before we develop the expansions for the five matrix element 

products of equation (4-31), we digress to discuss the "component" 

concept (See part B of this chapter; also Footnote 3.). We use the 

word ,component, in the sense that each "component" wi 11 have its own 

individual symmetry patterns. The classification will be different for 

groups with degenerate representations than for groups without degenerate 

representations. 

Consider first,molecules belonging to point groups containing 

no degene~ate representations. For absorption and natural optical 

activity, the 'X- 1 Y and r: components are readily identified. For 

megnetically~induced optical activity, this component specification is 

more complex as we have, rather than a simple scalar product, the dot

cross product commonly known as the triple product. Thus, there are 

expre!\sion!\ sur:h as (FootnotE> 10): 

m)r (}1'~JA-e -P~A) 
(4-32) 

+ m!1 (}Azflx -,.Px}-tid 

+ m~ Y-<"'f<ll ~jJ-"'1)1-") 

Here there are six distinguishable "components", corresponding 

to the six terms of equation (4-32), and we designate them as xyr, 
x:ey , y:e):, ?jXr, 1!-xy and -cyx. 

We may now consider molecules having a three-fold or higher 



axis of symmetry. For these molecules, X and 1j form the members 

of a degenerate rep·resentation and ~ transforms as a non-degenerate 

representation. For absorption and natural optical activity, the 

components are given by: 

(4-33) 
yu 'l j-1-:r + .P'1 )-l-'d ) + ft'Y'- ~ 

~)r m)! + /'Y m~) +)4 m~ 
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and are designated as the xy and ? components. To determine the 

components for magnetically-induced optical activi~y, we must rearrange 

equation (4-32). Thus: 

(mxpy ~ YYlyJA~)f'-~ 

+ mi! Cftlr,My-)i~;Ux) 

+ rn1;1 1J.~ ?',/( - m')(p.~JAy 

Since "X and 7:J are the member5 of a degenerate representation, 

we have three components from this triple product: 

(4-34) 

( YYlxfAy - YYI~)J.x) )J-a 

vn~ Cj<x )Jy - )J-'d j1'll) 

m'ljf~JA-x .... Yl1xf4_f(~ 

which we designate as the xy-e , 2JC.Y and y~-x components. The 

results of the computer symmetry analysis that are presented in section 4 

of this part of the chapter clearly demonstrate that these are components, 

in the sense that they have their own unique symmetry patterns. 

We now deve 1 op the expansions for P~ , P8 , Pc. from the 

basic expansions of the matrix elements. These latter expansions are 

• 
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either given by,or can be developed from, equation (4-25). ~~e do not show 

here the expansion for PA or Po as they are readily obtained from those 

of Pc and PR respectively. Substituting the matrix element expansions 

into equations (4-3lb), we find for PR, again suppressing vibrational 

wave functions: 

(4-35) 

~ - (K~IJ)(Jl miK) 

(Ko l)J-) Jo)(Jo I m I Ko) 

+ L [FI.K(Ko'?-1Jo)(J0 jh'"IIL0
) 

lo~Ko 

+ FL;(Lo IJAI :r)(Jol VYl\Ko~ 

-t-Hf:J J="..,, (K• Y'- I M•)(J•I m \ K") 

+ !=:,. (K•!f-1 T')(M"I m I k·~ 

+ L [ F:~ (K0 !f-l J")(M•Jml L •) 
L"-.!4K0 

~*r ] 
+ _!="~~ "" (La~ I M0

)( J"o I rY\ I Ko~ 

+ L [FLK FM:r (K 0 Y,..l M0 )(J<> I rYl I L0
) 

L ·~I<" 
..,. ~ J"' 

+ FL.! FM: (Lo ~~ J 0 )(M 0 11"n I K0~ 

+2: r=:r!="L.:r (Kolj-AI Lo)(Mol YYliKo) 
Lo-;t ;r" - . . 

M"*:r' 



+ L [FLK F,..,::r (Mo \)A.\ N°)(J"0 I ~.1 L0
) 

Lo:$Ko . / 
Mo*1" 
t-~•. ICo 

+ L r~MJ" Fl~l( ( Koi)A I M 0 )(.L 0 I~ I N°) 
lo$3"' 

"'o*r 
No~ko 
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l4e have not des i g·nated \'lhi ch of the PR components we are de a 1 i ng 

with, but this is easily done by a~ding the proper subscripts to/-"

and ~ in the above equation. 

We note here that to obtain P0 , we simply rep.lace all the 

m by j.J. . For Ps , to second-order, we have: 

(4-36) 
: (No\ VYl I J")(:J0 ~ \K 0 )(K0 ~IN °) 

+ z [F,K (N•i ""'I J")(J''ft I L• )(K• y-.1 1-1•) 
Lo~ !<'> 

i·· FL~ .(No I,..,~ I :r")( JO !fll K")( L0 ~I PV0
)] 

+ 2 [FM:r (No j..:V,I Ma)( :yo!ft1. Ko)( Ko~ I t-Jo) 
M~~ . . 

+ FH;(Nolm\ T")(M 0 Y-'-IK0 )(K0 }#IN°)J 

+ L [Ft.N (N"Im I T)(J0 ~1 K0 )(1<0 !JAI L0
) 

1.~*~0 . 

+ F;_: ( l 0 I wd J'0)(Ju !P f K 0
)( k0 }P-1 N°)] 



+ L FM~ ( N° IVY~/ Jo)( M 0~J L0
)( Ko~ /No) 

~i~ . 
. ~'*J'o 

+ L F:: (Mo lr1'1 I Lo)(.Jo I)A-11<0
)( K0 y I N°) 

LO;t .JO 
Mo~N· 

+ L F :: (N"I V'-" I To)(r !?"I Ko)(Ho!,.u I L:') 
~·~ . 
t1°tl<0 

+,~ lF.:. F.,7 (wl vY> JM•)(ry 1 L•)(K'Y-'-1 N') 
..,"* 3"' . 
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+ 11_: J="M: (N°I m I J"<>)(Mo~ I Ko)( L" ~I No) 

+ Fe: F.,:r (N'I rn IM•)(J"),UI K0)(L'Y'-I N·~ 

+ L. [FiJ"FMN(N"IWljLo)(:J~I ';<'>)(Ko~IMo) 
L"-tl" 
MO:tNO 

+FL.; F; (M 0 Iml:r')(L"~IK0)(K"~IN°) 

+ Fe; FHN ( N'l m I :r• )( L' Y' II<')( K' );'I M' ~ 

+I [Fu.. FHK(N'imi.J')(J"Y,..IM;)(K'Y-'1 L•) 
lo~No . 
Mo~ t«' 

F.* ~ . + LN FMK (Lo I V~,j J"o)(J<'!?I k 0 }(M 0 !ft I N°) 

+ FL.~FMI<(L0IW~IJO)(T!,M-/M 0)(Ko~INo)] 

+ L riK F! (No\ M\ :ro)(Joljtl Lo)(Mo,!J-t I No) 
Lo;l"o 
M0 tl<" 

+ L ~~ FH~ (NoiV¥~1 Lo)(M 0 Y...I ko)(ka}M-IN~) 
LO*JO 
Mll:t:J<'. 

+ :z 1-LN F="M: (MD I VY\ I JO)( r ~ I K0 
)( K 0 }# , L0

) 

L"tN° . 
M0 \:N° 



( 4-37} 
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Fi na i ly, for Pc , to second-order, we have: 

+ ~ [r:.:K (PI "11 J')(J•y.<l L ')(K"jP I J') 

+ ~= (.rl n·dJ')(J"Ipi ~)(L'JI'-l J")J 

+ L [ F;..,. ( J'lno I J")(J"Y'-1 K" )(K"01 J") 
MO-t;Jo 

+ L I FM:r (J'I....., I M")(J"y.d K")(K' Y'-' J') 
M~~ . 

. + F..,*;. (H•I...., I 'J")( J"jJ-<1 K<)(K·y-. I J")] 

'jl 

+I. f-.,:' (M"Ino I L")C.:r_y,<l K•)(K').«IJ•) 
L0 t JO 
N°:f:J0 



+ L [ Fi.. F..,,. (J"I YV1 I 1")( J" y I L ~ )( K" !-·"" w) 
l"~ 1<0 
M0 t:r:' 

+ ~L~ F:~ (:r-1 r>'IIJ")(M"0'-IK')(L'Y-' I J )] 

+ L_ [Fi.< F.,,. ( J'l m!Mo)(ry..IL')(.K"!I'-1 J) · 
L";t:Kco 
Motl"o 

+ F,! F:~ (M'I ""'' :r·)c :r·y.1 K·>c L. r 1 :r-)J 

+ 2 [Fi..F:, (M'I m I J")( ry..1 L")(k",!f<i :r·) 
lo:iKo 
M"-t J"" 

+ ~: F,..,:r(Jol m I~ II)(Joy' Ko)( lo It I J"~ 

+ L [F.:,. Fm- (:f'lr>ol L")(T'Y-1 K•)(K'YI H 0
) 

Lo*~ . 
M":tjO 
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+ F~ F.,~ (L" '""'' J' )(M'\r I K')( K' j,ul J"~ 

+L~Jf.:,.FM~(J"J..., JL''X:WY..J K')(k'(;<l J") 

f10* J"1> 

+ 11_~ FMJ" ( Lo IvY\ I :r')(r~ I K0)0('!f-1 Mo)j 

+ I F,,. F M~ ( J"lml 3"") ( M "Y,.. I K0 
)( k' Jr I L') 

lo:tl"o . 
W't~ 

+ [ 1-u .. !='.,~ (r I""'' J")( ry-1 L')( M' 0-1 J') 
L~~*l<" . 

H"1o}(O 
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These three expansions --equations (4-35), (4-36), and (4-37) 

along with corresponding expressions for ~0 and ~ , reveal the 

complexity inherent in considering these higher-order perturbations. 

This complexity becomes most evident when the coeffiCients ~LK • 

F. r:r'< . 
Mr , rML , etc. are substituted from equations (4-29). Ho~ttever, 

actual substitution will only produce a morass of terms which do little 

else but confuse the situation. Fortunately, there are some preliminary 

simplificatidns which eliminate the majority of these terms. These 

simplifications fall into two categor·ies. f·itst, as we deal vlith no 

higher than third-order expansions in absorption and natural optical 

activity and with no higher than second-order in magneti ca lly-.i nduced 

optical activity, we may simplify many of the coefficient products 

appearing in the equations for PR., P6 , and Pc . For example, the 

product FLK FHJ" from equation (4-35) can be re\'Jritten, using equations (4-26), 

as: 

~K F~:r = C FL~ + FL~ + FL~ ) ( FM
1
:r + FM~ +- rHi ) 

- FL~ FH1
4 + ( F~,.~ FM~ +- FL~ F;j) 

+ ( F~ F~3:r + FL; FH~ + FL; FM~) 

but, as we take natural optical activity only to third-order, we may· 

approximate 

Similar restrictions can be made for absorption and magnetically

induced optical activity, and for their coefficient products. The 

second type of preliminary simplification involves the application of 

basic symmetry arguments to the vibrational matrix elements. These 
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symmetry arguments are similar to those presented in part B of this chapter. 

In the next section, we discuss the simplifications of the expansion 

for PR , P13 and Pc. . 

2. Preliminary Symmetrh Analysis and the Resultin~ 
Simplification of t e Equations for Po , PI'( , A , Pa 
and A:. 

The first type of simplification described at the conclusion 

of the previous section is readily understood and implemented~ The 

second type, the preliminary analysis, is not as strai·ghtforward and 

entails a great deal of algebra. For two reasons, it is impractical to 

elaborate each step of.the simplification. First~ the number of pages 

needed to completely describe the analysis is prohibitive. Second, the 

multitude of algebraic manipulations would only detract from the 

continuity of the presentation. Therefore, the reader will have to be 

content with a description of the general rules of simplification, with 

the simplified expansions and with the knowledge that the final results 

confirm previously derived symmetry rules and advance new ones. 

The basis of the symmetry analysis is the examination, in 

sequence, of the zero-order, first-order, second-order and thira~order 

terms. Each order must be examined in the light of whether it provides 

any new symmetry patterns. If it adds a pattern different from patterns 

. of lower order terms by only a totally symmetric representation, then it 

is considered to provide no new information and can be ignored. 

He may best illustrate the above by reference to an example. 

\~e choose from the expansion for PR ; the zero-order term, a first

order term and a second-order term. By examining these not only do we 

illustrate the symmetry analysis, but in the process, generate a new 

symmetry conclus1on. Taking from equation (4-35), the zero-order term 
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and the first part of the next~tenn, and substituting from equation (4-26), 

we have: 

(4-38) 
( PR ]9~~t - (Ko I_?- I J"o)(-rl m I Ko) 

Te.,-,..~ 

+ L FL~ ( Koi,JA\ :J")( Jo I YYI I L0
) 

L•.ttc::o 

+ Z FC1< (K0 ~l Jo)(Ja \.von I Lo) 
L"*l(" .. 

As we are not concerned with third-order terms in this 

example, we drop the fourth terms in equation (4-38). We now substitute 

the expressions for F;_~ and FL~ from equation (4-29), including 

the (previously suppressed) vibrational \'lave functions·. 

(4-39) 

[ PR ]t=i~st = (koljAI :r)(Jol n-11 Ko)(klt)(-}1-k) 
1\.-.ID 

T"~ .. ·\ 

+ L LE:~EL' (Ko~ I J")(r IV\'\ I Lo)(LoiVc-..1 l<o)(AJ~)(~I.!!.)(1(~) 
L".tk'" ..l . 

+I Le:.:~f.:' (ko ~j.J)(Jo\ ~I Lo)(Lo/.Je,..JK")(~I~ )(iJi)(LI QAI.De.) 
lo'tl(Q .( . 

+ I.<t«»f-1 J"'){J0 1r')') I l..0)(L0 1V"-I t-1")(H01~/Ko)(IJi )(~lt)(.QJQ~IJc.) 
. J\. 

+ L (K" ~ \.J0}(l"l ~I L•)(L•J~~It1•)(W\d(slk0)<9t1;1)(~1.t)(~IQ .. Qs(At)} 
.1\.,s 
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- [ E< ~£~ {(I<")!' I J") (J"I.., I L')( L • I v~t K")( K• I V, I K•)(.ltl~ \(~\ t )(lli) 

+ L(Ko~l J'"0)(J0 1n-"~l L0)(L0 \\k.lk0)(K~'I~"IK0)(_A._~~~.R.)(LI~)(OtiQ.._\.0 
4 - . . . 

+ L (K"~I ~)(T'I Yl'll Lc>)(LoiJfl\1 1<'>)(\<0 IV\.\ Ko)(kJ;!)(c41Q.)(QI Ql\IJc.) 
J,_ . . 

~ (K"j}< I J")(J"Iml L • )(L" IJf. \K" Xk"IX.I \("Xi l~)t~ 1~)(11 Q...l l)(AIQ,Il~} 
The zero-order term of equation ( 4-39) wi 11 be zero for 

groups other than the pure rotation groups. Only for these grouns 

can one have non-zero, zero-order natural optical activity. The first 

order substitutional contribution adds a new·s.vmmetry nattern (for groups 

other than the pure rotation groups) as, according to Conclusion 4, 

part of the substitutional perturbation must transform as the pseudoscalar 

representation. From Conclusion 8, we see that (~or other than the 

oure rotation groups), the first-order vibrational contribution is 

zero. 

He now tur.n to the second-order terms, of which eight are 

given in equation (4-39). Examining the first of these, a ~urely 

substitutional contribution, \'te see that from the third and fourth 

electronic matrix elements result the direct product relations 

I~ == n_ ® l'vQ. 

rM := rl< ® r\11, 
. Combining these, we have: 

rv ... ® r'Jb = r~..® rK 
Combining this equation with equation (4-19), we have: 
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Thus, there can be a second-order term only if there are 

bm existing substitutiona 1 symmetry patterns whose direct oroduct is 

the pseudoscalar representation. This is a new symmetry conclusion. 

Conclusion 10. There is second-order substitutional contribution to 

natural optical activity only if the direct product of two 

existi.ng substitutional synmetry patterns transforms as the 

oseudoscalar. As this does not necessarily· mean that there 

must be a single existing s.vrrnnetry pattern transforming as 

the nseudoscalar, therefore there can be a second-order 

substitutional contribution to natural optical activity 

when both the zero-order and first-order contributions are 

zero. 

The fifth second-order term also is a purely substitutional 

contribution. However, Conclusion 10 holds only nartically, as a part 

of the substitutional symmetry pattern must transform as the pseudoscalar 

representation, in order that this term be non-zero. 

Application of the sum rule, equation {4-21) to the second 

of the eight second-order terms -- a mixed substitutional-vibrational 

contribution -- enables us ·to show that the two equations 

fi=f1 
r} ::: r.Jt. ® r~.;__ 

must hold. ·These two equations, in turn, demonstrate that I~"" is 

the totally. symmetric representation. An examination of the electronic 

matrix elements, in the light of Conclusion 10, ·reveals that this 

second-order term wi 11 make a non-zero contribution only if the substitutiona 1 

II ,. 

-, 
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symmetry oat tern contains a part transfonni ng as the pseudosca 1 ar. Ho11ever, 

more germaine to the present discussion is that, upon setting f1~= ~ 

we see that this second-order tenn is simply a correction on the first

order tenn,in that it yields no new symmetry pattern. Therefore, we 

eliminate this tenn from consideration. These arguments can be shown to 

apply also to the third, sixth, and seventh-order terms; and they 

also can be disregarded. 

The fourth and eighth second-order tenns are purely vibrational 

contributions. Examining the vibrational matrix elements of the fourth 

term, \'/e see that though Q"- and Q5 need not be totally symmetric, 

they must be of the same symmetry. This means that r~A. = r~~ and the 

consequence is that ~=~. Thus, \'Je see that this ourel.v vibrational 

contribution can be non-zero only when the zero-order term is non-zero, 

i.e. for pure rotation groups. The fourth tenn, and also the eighth 

term, are simole corrections and introduce no new symmetry patterns 

to natural optical activity. However, this is not the case for 

absorption where second-order, purely vibrational tenns are the orimary 

contribution to vibronic structuring. He thus ha~e our eleventh conclusion. 

Conclusion 11. Other than for the pure rotation groups, there is no 

second-order pur.ely vibrational contribution to natural 

optical activity. 

Before we leave this discussion, it is well to ooint out that 

purely vibrational or mixed vibrational-substitutional contributions 

introduce no new symmetry patterns in natural optical activity. This is 

the reason that we expand the natural rotational strength to third-order. 

At this level, we find that there is a vi.brational contribution of 

impo~tance and in third order, we can beqin to discuss the vibronic 

structuring of natural optical .activity for other than pure rotation 
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groups. The nature of such third-order contributions will be discussed 

in part C of this Chapter. 

Having nerformed the long and tedious, but necessary, 

nreliminary symmetry simplifications, we list in Table VIII the 

non-trivial contributions to the oscillator strength and to the natural 

and magnetically-induced rotational strengths. Although not important 

to evaluation of symmetry patterns, we also list the pertinent energy 

difference denomina.tors in tl1e table. However, we do .~UflflrP.~c; thP 

vibrational wave functions. The f.'lattern of tabling these terms is 

important to the operation of the comnuter proqram and is discussed 

in section 3. 

One \'lill note that there has been an enormous simolification 

of the various exoansions. However, as we shall see in the next section, 
' ' 

the s_vmmetry calculations for even these sets of terms are intractable 

without a comnuter program. 

3. 

Non-olanar heme and various transition metal complexes belong 

to the ooi nt group c." . As this point g·r'oUu COULd i m. Ull~. lleqenerate 

representation, a computer nrogram is necessary for the higher order 

symmetry analysis of the various optical phenomena. This need results 

from two complications: (i) the existence of symmetry undersoecification 

and (ii) an increase of the number of possible symmetry natterns due 

to the presence of a degenerate representation. 

The first comolexity~ symmetry undersnecification, is 

observed upon inspection of the second- and third- order terms of the 

oscillator and rotational strengths listed in Table VIII. ~1any of 

these higher order terms are underspecified in that not enough symmetry 





*ABSORPTION. AND NATURAL OPTICAL 1\CTIVITY (cont.) 
Number of 

Tenn Synunetry 
Number Energy Denominators Fonn of Tenn Terms 

( L~ I o,j.:JJ( J"o I o2.1 Mo)( 1-1° I C·31 k~ )CKo I o41 Nci)( No I Osl L·) 

[ V~ p. ' . vn Vc 1 olb 

13 ( EJ- £~ )( E" ~ - € ~ )( E;- e:: ) ~ p: ~s m v~ 
.N 

v~ )A ~A W) J..es 

{ v. vb ;V- V'r1 Vo} 
14 -(E;- e~ x~:;.-e-~ )(£;- ~) 

J{Jl. ;tes jJ- m v~ N 

v,_ J£.1\. . ' m ;f{s 
/.~ . 

r~ 
p.- 'lo.. vb Vc} 

15 (EK-E~ xE~-E:.. xe:~- E:) )-A ~}I. df!s Vo. N 

p. )t_,_ Vo.. ;x., 

f~ 
Vo.. U- Vb v, 1 / 

16 (E.:: - E ~ X :E;- ~ X E" K- E~ ) ~Jl. p.. ~s Vo. N 

~A r V,._ Xs 

f v, r ..;.,. Vc. Y'f'\ 1 17 . (e;-E~ )(E~-E:.XEK- ::·) 
v,. 1-"- )£)1_ :Xs M 

·- N fu ,}A.· )fs y,._ h'l· j 
){;,. )A ?{s ~t ~ 

( v~ vb ..u.. Vc.. n-"1 

~ 
,1" 

~I\. /U- ;)!s V'r) 
N 18 ( Ei- E~ xE;- ~ xe:~- E.J) ('~ dCa. ?-es I'« Vo.. m 

')tJ\ ~s )-A ~t W\ 

...... 
---' "-J 

""1For Absorption, rer;lace· all rn by )A.. For Na-:ural 0 

Optical Activity there are additional components 
\'!here )J... and m are interchanged. 

TABLE VIII (cont.) 



MAGNETICALLY-INDUCED OPTICAL ACTIVITY "B" TERi~ 

Tenn 
Number 

2 
3 

4 
5 

6 
7 

8 

·-.. 9. 

10 

11 

12 
13 
14 

Energy Denominators 

( E~- £~ ) 

( E.T- E~) 

( Es- E~) 
(E.:- E~) 

( E;- E~ ) 
( e:;- E~) 

(E.;- E~ )( E:.:i- E~ ) 

( £~- e: )( e;- £~) 

( £:-E~ )( Ei- E~) 

(f.:l"- EL-0 
)( EJ0

- e,; ) 
(£~- E'L')(E~-EM') 
( S'- E L )( E~- e:,.; ) 

Fonn of Tenn 

TABLE VIII (cont.) 

. Number of 
Symmetry 
Tenns 

1 

1 
1 

1 
1 

1 
1 

1 

1 

1 

1 

N 
N 
N 



!·1AGNETICALLY-INOUCED OPTICAL ACTIVITY "B" TERM (cont.) 

Tenn 
Number 

15 
16 
17 • 

18 
19 
20. 

21 

22 

23 

24 

25 

26 

27 

28 

Energy Denominators 

( E; - E~ )( £.7 "'" E~ ) 
( E;.- EL )( E:-~ r 
( E~ - E~ )( E~ - E~ ) 

(E~-E~ )(e-;-E~n 
( EJ- E~ )( 'C,l- £;) 
( Ek' - e~.o )( E~ - E~ ) 

(E~-€L )(e;~e;) 

. ( CtJ0 
- ~ )( E:- EM ) 

{ E~- Er )( E;- E~) 

(E~- ~ }( E7°- E~) 

( e-; - ft )( E;- E; ) 

(r:,o - £~)(E.:;-: e;.) 

(E~- Et )( E;.-~) 

Fonn of Tenn 

TABLE VIII (cont:) 

Number of 
Symmetry 
Terms 



**i-1.1\GNETICALLY-liWUCED OPTICAL I\CTIVITY "A" MID ;'C" TERt·'IS 

Term 
r~umber 

. 1 

2 

3 
4 

5 
6 

7 
8 
9 

~0 

11 

]2 

13 
14 

Energy Denominators 

( E;- E~) 

c E:- e.n 
( Ei-~ )( Ej- E~ ) 
( Ef- En( E}- £~) . 

( f.1 - ~ X E];. E~ ) 

( E; - E: X El - E,:; ) 

Fonn of Term 

** To obtain the excited state permanent magnetic moment terms of the 
"A" term, we replace the second sets of in each term by the 
sets anc, in terms 2,5 and 6, replace the by , in terms 
13 and 14, replace the first by 

TABLE VIII (cont.) 

i·lumber of 
Symmetry 
Terms 

1 

1 

1 
1 

N 
N 
N 

1 

1 

1 

1 
1 
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infonnation is given to detennine the representations of all the 

unknown wave functions and operators. As a orime example of under-

specification,consider tenn 9 of the natural optical activity. 

He know the symmetry of IJo), \Ko) , I'Vl and )A . They are 

generally denoted as Gl rK I I~ and I~ resf)ectively. Usin9 the 

standard methods, \•le may immediately eva 1 uate the symmetry of / L"') : 

However, this is as far as we may go without providing any 

supplementary information. He therefore, supply the symmetry of one of 

the remining unknown operators or wave functions. If there are N 

representations in the point group of the molecule, then there are N 

possible supplementary symmetries, and therefore, r~ possible varfatiuns 

on the original term, henceforth denoted as the parent term. Each of 

these var:iations will be referred to as a orimary symmetry term. 

Let us supply the symmetry of the unknown substitutional 

perturbation Va... If the representation is denoted as rvo.. ' we may 

then \'lrite for the symmetry representation of I Mo): 

However, we are again stymied and must supply a symmetry. 

Again, there are N possible supplementary symmetries,-;and therefore, N 

possible variations on each of the N primary symmetry terms. This 

results in a total of N2 secondary symmetry tenns, none of which are 

underspecif.ied. 

In the rest of this chapter, \'ie will find it unnecessary to 

..... · 
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distinguish between primary and secondary symmetry terms. He therefore, 

label them all as symmetry terms and a particular parent term is said to 

give rise to one, N , or N l symmetry terms, depending on the 

existence and degree of underspecification. However, we do make a 

distinction between undetermined and determined symmetry term~ as we 

shall make clear in the following paragraphs. 

We now assume that for each of the underspecified parent 

terms, we have supplied the N or Nl supplementary synmetry representations. 

The degree of underspecification 1, N. or N z. can be obtained 

for any term of the three optical phenomena by reference to Table VIII . 

. l~e then have a large array (for absorption, S+9N +4N1 ) of 

undetermined symmetry terms. The adjective .. undetermined .. is used to 

emphasize that for each syrrmetry term, there are still wave functions 

and/or operators with unknown symmetry representations. However, unlike· 

the parent terms, these undetermined symnietry terms are completely 

specified, jn the sense that direct multiplication ~ill completely 

determine these unknown symmeti res. For no·n-degenerate representations 

direct multiplication yields one determined symmetry term from each 

undetermined synmetry term, i.e. the case descrihed above. From now 

on, we shall refer to the undetermined symmetry terms simply as 

symmetry terms, and to the determined symmetry terms as group product 

terms. 

We now come to the second complication. While for point 

groups containing only non-degenerate representations, there is one 

group product term for each symmetry term (as shown above), for groups 

containing degenerate representations, there can be many qroup product 

terms.for each symmetry term, particularly for those symmetry terms 

resulting from the higher-order parent terms. 

I ~ 
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The source of this many-to-one correspondence is readily understood. 

As described above, if one has a matrix element in which the re~resentations 

of two of its three parts are known, the third ~art can be determined by 

direct multiplication. If one or both of the known representations are non

degenerate, then for the third part, there results one unique re~resentation, 

and thus, only· one possible way for that matrix elem~nt to be totally 

symmetric (Footnote 11). If all matrix elements of a symmetry term are of 

such a nature, then there ~-1ill be only one group product tenn for the 

symmetry tenn. Hm1ever, if the two knovm oarts of the matrix element belong 

to doubly-degenerate representations {Footnote 12), then there are three 

possible results, depending upon the tynes of doubly-degenerate rerresentations 

involved: (i) there are four ways for the matrix element to be totally 

symmetric, corresponding to four non-degenerate reoresentations that result 

fnom the direct product multiplication of the two doubly-degenerate 

representations, (ii).there are three ways for the matrix element to be 

totally symmetric, corresponding to two non,-degenerate representations, and 

one doubly-degenerate representation that result from direct ororluct 

multiplication, and (iii) there are two ways for the matrix element to be 

totally symmetric, corresnonding to two doubly-degenerate renresentations 

that result from direct product multiplication. For ~ny one of these three 

cases, there is more than one ~ay for the matrix element to be totally 

symmetric and. therefore, more than one group product term associated with 

the symmetry term containing this matrix element. 

We saw previously that although ·absorntion has only eighteen 

parent terms, it has ( 5 + 9N + 4N ) symmetry terms, v1here N is the 

order of the point group involved. We now see that there are even more 

terms to consider due to the many-to-one correspondence of the·group 

product terms to the symmetry terms. Fortunately, many of these grouo 

product terms are zero, reducing to a more reasonab 1 e 1 eve 1 the number of 
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symmetry pattern,s that must be considered. ~Je must now show ho•IJ the 

number of group product terms can be reduced to only those that 

contribute. 

The key to the groun product term reduction is that for each 

doubly-degenerate representation, there are two members that cannot be 

physically distinguished, except by the lowering of the symmetry of the 

systP.m. Considaration of all pos:;·ii.Jl~ member combinati.ons can be 

shown to lead to decomposition of each group product term into a sum 

of what shall be denoted as member product terms. For certain group 

product terms, these member product terms will sum to zero, and for 

these cases, the group product terms are zero. 

The evaluation of the member product terms begins with the 

determination of a family of member elements for each matrix element 

of a group product term. If the matrix element has one non-degenerate 

representation and two doubly-degenerate representations, the family 

consists of four (2 x 2) member elements. If it has three doubly

degenerate representations, the family consists of eiqht (2 x 2 x 2) 

member elements (Footnote 13). The value of any one member element of 

a family is given by the product of t\-10 quantities: an integral 

common to ull member elt!rnents of the family, and a constant, the 

coupling coeffi~ient, wh1th is uhique to the member element under 

consideration. Now there are as many member product terms as there are 

legitimate permutations over all the families of member elements; a 

legitimate permutation being one \'/here the ket member of the member 

element of the Nth family matches tlie bra member of the member element 

of the N + 1 family; and the bra member of the member element of the 

Nth family matches the ket member·. of the member element of the N - 1 fami 1 y 

(Footnote 14). Each of these member products has a value which is given by 
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the product of two products. The first of these is the total rroduct of 

the integrals associated with the various families and is the same 

regardless of the member product considered. The second oroduct is the 

total product of all the coupling coefficients associated with the 

various families and can vary from one member product to another, due to 

the variation of counling coefficients within the individual families 

(Footnote 15). If ajl the values of· the member oroducts from a 

particular group product term are zer~ or alternately, 1f they dll 

sum to zero, then that group product term is zero. If, hov1ever, the 

sum is not equal to zero, then that group ~roduct term makes a contribution 

and yields a symmetry pattern of vibration and/or substitution. 

This method of group product redu~tion can be further 

clarified by reference to an example. \·!e choose C4v as our poi.nt group, 

as .this is the group for which we shall do thi more complete analysis. 

Table IX presents the group multiplication table for Cfv while Table X 

presents the coupling coefficients p~rtinent to our e~ample. The former 

are available from most books on group theory while the latter can be 

obtained from Koster et al (90). We specifically examine the first 

rarent term for the X1;1 component of naturdl optical activity. From 

Table VIII .and equation (4-33), this term is qiven by: 

(L 0 I mx I .J")(Jolj--tx I Ko)(ko l Va.l Lo) 
(4-40) 

+ (L"I~'11j")(J"o\f111Ko)(K"lVa.IL") 

If we examine the trans1t1on from the totally symmetric 

ground state (representation A ) to the doubly-degenerate excited state 

(representation E), then we have: 
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TABLE IX 

Group Multiplication Table for C4v 

l L :3 4 5 

At Az. 81 Bz. E 

f1 ~ ~ !.; r; 

1 2 3 4 5 ~- At 1 

1 4 3 5 ra Az. 2 

1 2 5 ~ Bt 3 

1 5 ~ Bz 4 

1+2 r; E 5 +3+4 



Vrl:<s~ 
Lsx 1 

Lsy 0 

I j 

I 

TABLE X 

Important Coupling Coefficients 
for Illustrative Example 

() 

m"" Lslj 

- 'lrz 

Vzk~;r V3l<s" \h. ksx ~-·Ks_~_ ~~-l<s"4 
0 1 0 0 1 

-1 0 1 1 0 

)J-s]t J, JA.s'IJ J', ------
1 0 

0 1 

180 

0 

''!!.~~~ V.,.kslJ 

0 1 

-1 0 

.) 
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(4-41) 

where, in accordance with the notation in Table IX, we use numbered 

subscripts to designate the irreducible representations to which the 

the operators and wave functions belong. 

We also know that the X and y components of the electric 

and magnetic moments belong to the doubly-degenerate representation ·E. 

and specifically they transform as the members of that representation. 

Thus, equation (4-40) indicates the only acceptable member nermutations 

for the electric and magnetic moments, the limit of acceptability being 

set by the rules of scalar multiplication of vecta.rs. He write the 

symmetries of the X. and 1j members as: 

(4-42) 

Gu'1 = E = )-J-sx 

r,P~ =- E = .,Ms~ 
rm" = E = ms,., 
r~ = E = ms~ 

vJe 1 et r:.. and rv4. be the unknO\'In symmetry representations 

of the wave function ILo) and the substitutional perturbation Vo. •. 

We then substitute equations (4-41) and (4-42) into expression (4-40) 

and obtain the symmetry expression for the parent term. 

(4-43) 
( r~.l msx I Jl )( Ji lpsx I K5')(Ks-l rvo. \ rL) 

+ ( rL I mslj I J1)(jt ~Slj I Ks)(l<sl rvo.l r ... ) 

Using the group multiplication rules of Table IX, we have 

four group product terms resulting from the parent term symmetry 
. . . 

expre!=i~P on . 

''• 
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(LsI ms~ I .T, )( J, IJA.sx I ks )(K.s-1 V, I Ls). 

+(LsI msy \ J", )(J, lp.sy 11-<s-)(ks IV, I Ls) 
(4-44) 

.(Lsi Ms)fl J,)(J", ~s:rl ks)(k~l V2.l Ls) 

+ (LsI vY)~ I J",)( J", l ~ry I Ks )(Ks IV ,I Ls) 

·(Lsi Y'Ylsx \ J",)(JI yus11 Ks)(Ks I v3 \ Ls) 

+ (Lsi ms~ I J,)(:r, )f's'.11 Ks)(Ks \ V3 1 Ls) 

(lsI h'l.s'X \ :r, )( J, lfs,cl.ks )( Ks I v.~,. \ Ls} . 

+(Ls-I ms~IJ",)(J", Ips':)\ Ks)Cksl V+ I Ls) 

We must now examine each of these grouo product terms to see 

which ones are non-zero. l~e first form all possible .member product 

terms. The first step irt this task has alreudy been taken in (4-44r wherP. 

the acceptable member permutations for the magnetic and electric moments 

are listed. By now .. forming all legitimate permutations of the 

members .of the degenerate wave functions ls and Ks , we obtain the 

final listing of member product terms.· These are presented in Table XI, 

along with the important coupl·ing coefficients· for each member element, 

the latter having been extracted from Table X. In the interests of 

economy, we have made Table XI serve several purposes {Footnote 16). 

Thus to the right of each member product term, we list eight member 

products. Four of these member products result from the four group 
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Natural 
Optical Absorption 

· Activity 

.( Ls"l rns~l J, X J, I.,.Ps~IKsxX Ksxl y I Lsx) . v, 0 . 'lrz 
0 ( Y(2") 1 0 Vz.. 0 0 

1 v3 0 Yrz 
. 0 v .. 0 0 

( Ls~ I rns)(j J, X J, lfls" IKsxX l<sx I ~ I Lsy) 
v. 0 0 

Wi ( o) 1 
1 Vz. -l;'rz. u 
0 V3 0 0 
1 

( Lsx I ms~ I J, )( J, ~~slel Ksy)(Ksy I V I Lsx) 
'4 Yrz 0 

0 v. 0 0 
0 (Yrz) 0 1 vl. 0 0 

0 v3 0 0 
. 1 v .. 0 0 

( Ls~ I Yhsx I J, )( J, l?s~l ~Y)( k's1J I V I Ls~) 
1 v, 0 0 

yri: ( 0) 0 0 Vz 0 0 
-1 v1 0 0 

0 

( Lsxl ms'dl J, )( J, lfts,l Ksx)(ksx I v I Lsx) 
v.,. 0 0 

1 . v. 0 0 

-Y'If. ( 0) 0 0 Vz 0 0 
1 vl 0 0 

( LslJ I Yns-1j I J, )( J, l;ts~ I Ks): )( '<s" I· V
0 I L s'1) 

v. 0 0 

0 v, 0 0 

0 ( Yrz) 0 
-1 Vz. 0 0 

0 v3 0 0 
1 v. 0 0 

( Ls" I ms1J I J, )( J, I fs~ l~<sy)( Ks~ j V j Ls)l) 
v, 0 0 . 0 

- YYz. ( o) 1 
1 v'l. - Y'fi: 0 
0 vl 0 0 
1 v4 -'k£ 0 

(Ls~ I ms~ I J, )( J, lfls~l ksJ( l<s~ I V I Ls~) 
'lrz 1 v, 0 

0 ('Iii) 1 0 Vz 0 0 
-1 V! 0 - '!([ 

0 v .. 0 0 

TABLE XI 

Couplin9 Coefficients and Member Products f?r 
Various Perturbat1ons on Absoretton 

and Natural Optical Activity 

''· 'I 

! --·· ,:.~J_~ 
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product terms of natura 1 opti ca 1 activity,' corresoondi ng to the four 

possible symmetries for the substitutional perturbation. The other 

four result from the corresponding group product terms of absorption. 

From these results, \oJe may determine which of the group oroduct · 

terms of natural optical activity are non-zero and which of the group 

product terms of absorption are non-zero. 

Inspection of the results in Table XI demcmstrate that for 

natural optical activity, only the member products corresponding to·the 

Vt. and V+ perturbations·,pf··the·· secotirl anrl S~VP.nth mP.mher product terms 

ure non-zero, and can therefore contribute. Furthermore, uoon addition, 

the two non-zero V.,._ member products cancel ~nd one is left ~·Jith only 

Vz. = rz = A2 -- the pseudoscalar reoresentation -- as a contributing 

substitutional symmetry pattern. Similar reasoning reveals that only 

the totally syrrvnetric representation, V1 =~=A;_ contributes. to 

absorption. Both of these results are consistent \oJi·th previous, more 

general arguments. 

From the above illustration of the evaluation of one of 

the least complex parent terms, we see that the complications arising 

from higher order terms make the calcu·tation of symmetry patterns 

nrohibitive other than by computer. Therefore, a computer program to 

determine the symmetry patterns has been \'Jritten. The structure of 

this program, which is rather complex, can be best understood by study 

of the flow chart of figure 8, with reference to the prior discussion of 

this section. In Fig~re 8. the functions of the main program and of 

the subroutines, and their interrelationshin, are depicted. The solid 

paths indicate progression through the program while the dashed oaths 

indicate flow of information. Subr.outines are designated by the 

preface SUB- , e.g. the subroutine TERPER is designated in Figure 8 

I ~l 
I' 
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by the bJock labeled SUB-TERPER. 

Three of these subroutines need description at this ooint, 

as their functions have not been adequately described in the previous 

discussion. First, the subroutine TERPER has the primary function of term 

generation. Inspection of Table VIII shows that each term can be obtained 

from the one preceeding it by simole interchange of wave functions and/or 

operators. This interchange or permutation is performed by TERPER. 

Secondly, the subroutines SYMANA and TRANS are used in conjunction 

with section 8000 of the main program to reorder the output data. It 

is tabula ted according to: ( i) whether the borrOI'Ii ng is by the 

ground state (a case not previously treated by other authors) or by 

the excited state, and (ii) what tyoe of perturbation -- vibration or 

substitution -- initiates the borrowing. 

The blocks labeled 1000 to 9000 represents sections of the 

main program. The listing for the orogram, which goes under the name of 

SYMDET, is given in Appendix XI. 

Having developed the theoretical background for the problem 

and a computer program to perfonn the symmetry analysis, we proceed in 

section 4 ot th1s part to present the symmetry p~ttPrns for the point 

group c4v. 

4. Vibrational and Substitutional Symmetry Patterns for Absorption 
Natural O*tical Activi(v·-~ and Ma~inetically-Induced Optical 
Activity or the Point Group c4v. 

In Tables XII and XIII, we present some of the results that 

are obtained by the computer solution of the possible syrrmetry oatterns 

for the optical ohenomena of absorption, natural ootical activity, and 

magnetically-induced optical activity (Footnote 17)'. Table XII 

presents the zero-order contributions to the optical phenomena. These 



TABLE XII 

Absorption and 
Magnetically-induced Optical Activity 

Zero-order Contributions 

-""-,_ TYPE OF OPT! CAL 
PHENOMENA 

11 B11 TERf·1 .. A .. AND ~~c~~ 

TERMS 
NON-ZERO COMPONENTS 

TYPE OF AND THE NON-ZERO 
STATES MIXING WAVE FUNCTIONS COMPONENTS 

BOTH GROUND G=rK yzx 5 ------
AND 

EXCITED 
STATES 

NON-DEGENERATE Others ---------- ------

Borrowing by xyz r,.,,._DEIP 
Degenerate zxy 5 

EITHER GROUND State 
OR EXCITED STATE 

Borrowi ng by 
xyz 

DEGENERATE X.YZ 5 
Non-degenerate ZX.Y 

State ~er-
BOTH GROUND AND 

EXCITED STATES yzx 1,2,3,4 ------
DEGENERATE 

187 

ABSORPTION 

NON-ZERO 
CQrt1PONENTS 

z 

------

x.v 

z 



co 
co 
r-1 

MAGNET! CALLY- I NDi~·CED I MAG NETI CALLY- INDUCED -
ABSORPTION OPTICAL ACTIVITY OPTICAL ACTIVITY 

"A" AND "C" TERMS "B" TERMS 
NATURAL 

OPTICAL ACTIVITY 
F=====~============~==~============p~·========-~==~=F==~~========~F=~~==========~ x.v 55 xyz 55 xv 55 
~~ 

Vl 
i c:: 

0 .,_ 
~ 
m 

BOTH GROUND s... 
..c 

AND 
.,.... 
> 

EXCITED 
STATES 

NON-DEGENERATE Vl 
c:: 
0 
•.-
~ 
:::::1 

I 
~ .,.... 
~ 

I Vl 
..c 

:::::1 
Vi 

· AND 

~lone uo to z_vx 55 _, (r,.z~~z.) {r,.en&z.) = 22 
( ) Second-order z ( ) r z (1}®"1) r~r~r: = 11 yzx 11,22,33,44,55 rt®l'k ,r_,®r-:) = 11 

----H---==--------·---1---·---------+---:::-;:--------t---,::=-------l xy 55 xyz 55 xy 55 
-

Others None up to zxy 55 (G..or~~z.) (G®r~z.) 
z (~n(.)(rfor...-) Second-order yzx (rJ®rK)(!J®r.,..) z (G®r .... )(r:;.-®roe) 

xy 55 xyz 55 xy 552 
zxy 55 zxy 55 

z 1,11,22,33,44,55 yzx 1,11,22,33~44,55 z 2,21,43 
--~-------------+1-----------·----~---------~--------~ 

xy 55 I xyz 55 xy 552. 

Others 

! 

Z (~r.,.J (G®f'K) = 221 
None up to 

Second-order 
zxy 55 
yzx (~rl< ){r,.er,<:) =22 

xy 55 --r-------------~r-~~---------~ 

None un to 
Second-order 

xyz 55 

xy 11,22,33,44 xyz 11 ,22 ,33 ,44 

z 55 
xy 1,11,22,33,44,55 xyz 1,11,22,33,44,55 

z 55 

xy 11,22,33,44 
yzx 55 

xyz 55 
zxy 55 

ZX.Y 55 
yzx (r;r®rK) (f}®r!<) 

xyz 11,22,33,44,55 
zxy 11,22,33,44,55 
yzx 55 
xyz 1,11,22,33,44,55 
zxy 1,11,22,33,44,55 
yzx 55 

xyz 55 
zx_y 55 

I 

z 2,21,43 I 
xy 552 ! 

z 43 

xy 11,22,33,44 

z 55 
xy 2,21,43 

z 552 

xy 55 

yzx 11,22,33,44,55 z 11,22,33,44 
x.vz 55 xy 552 I EXCITED 

z 55 
xy i,11,22,33,44,55 xyz 55 

zxy 55 
yzx 1,11,22,33,44,55 z 2,21,43 

STATES S b t't t• DEGENERATE u s 1 u lons zxy 55 
z 55 I 

~--------------~------------~-----------·---~-~---------~-----------~ 

TABLE XII1 

Higher-order Contributions to Absorption, 
Magnetically-induced Optical Activity and Natural Ootical Activity 



189 

are obtained by substituting the harmonic wave function approximations 

for the adiabatic wave functions in equation (4-31}, (t~is is identical 

to assuming zero perturbations in equations (4-35), (4-36), and (4-37) ), 

and then perfonning a symmetry analysis. It is to be noted that, since 

a molecule belonginq to the point qroup C..,v is not inherently asymmetric, 

there is no zero-order natural optical activity. Table XIII ~resents 

the perturbation symmetry patterns which result in first-order and/or 

second-order contributions to all three of the optical phenomena. If 

\.oJe make the natural comparison of symmetry natterns for the ~Y~ and 

2Z~ components of magnetically-induced ootical activi~y with those for 

the l~ components of absorption and natural optical activi~y, and the 

comparison of the patterns of the -y-2x comnonents \'/i th the r- comoonents, 

we note from these tables that there is a much closer co~relation 

between magnetically-induced ontical activity and absorption ihan there 

is between magnetically-induced ortical activity and natural optical 

activity (Footnote 18). This is consistent with our previous discussions 

in Chapters l and 2, which indicated that magnetically-induced optical 

activity arises from a static magnetic field perturbation of absorntion, 

gives information rcgardinq the elecLr·urJi~:; properties of the molecule, 

and like absorption, is independent of the vari~tions of the electro

magnetic fi~lds over the dimensions nf the molecule. On the other ha~d, 

natural optical activity results from a small electromagnetic fieid 

nerturbation Hhich ·is independent of absorption, gives information 

regarding the stereochemistry of the molecule, and unlike absorption, is 

dependent on the variations of the electromagnetic fields over the 

dimensions of the molecule. We thus emphasize the conclusions that 

magnetically-induced optical activity is more comoarable to absorption 

than to natural optical activity and that exneriments using magnetically-
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induced optical activity should not be expected to yield information of 

the same nature as do those using natural ontical activity. 

Now turning to specific results, we see that inspection of 

Table XII leads to conclusion 12. 

Conclusion 12. For the existence of a zero-order 11 B11 term of magnetically-· 

induced optical activity, the state borrowing and the state 

borrowed from must be connected by a magnetic dipole operator, 

. i .c. the direct p1·oduct ur Llle symmetry representations of 
..,..). 

these states must·CO(lldill a com!')onent Of rr;. 

This confirms the conclusion of ncCaffery and Schatz (6a). 

However, when degenerate states are involved, Conclusi~n 12 is a 

necessary but not sufficient condition, as can be seen from. inspection 

of the symmetries of the mixing 1·1ave functions. For ex amp 1 e, where 

Llu~f'e is une degenerate state, say the excited state, and that 

degenerate state borrows from some other state, Conclusion 12 says 

that the mixing state may have any non-degenerate representation. 

However, Table XII shows that only states with the same non-degenerate 

representation ~s the g~ound st~tP (ftn be mixing state~. To obtain this 

information, detailed calculation was necessary. 

Table XIII is obtained from the data presented in the C.4v 

data sheets included in Appendix XTT. These sheets in turn were 

developed from the raw data resulting from the computer orogram output. 

Besides the previously described similarity between magnetical.ly-induced 

optical activity and absorption, Table XIII confirms Conclusion 10 

for 4v , a point ·group contai ni nq a degenerate representation. Thus 

for all point groups, with or without degenerate r~presentations, it 

appears that even if no part of the substitutional synmetry pattern 
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transfonns as the pseudoscalar representation, all that is needed 

is to have two parts of .the symmetry pattern, whose representations 

have a direct product that transforms as the pseudoscalar, thus 

resulting in a second-order contribution to natural ootical activity. 

In fact, for the point group C+v , it should be noted that, for 

transitions where both ground and excited states are non-degenerate, 

certain combinations of ground and excited symmetries have no first

order substitutional contribution, regardless of the existing 

substitutional symmetry pattern. These combinations are given by the 

direct product rules 

rJ" ® rK = '3 

r:r ® rK = 4-
where, as previously explained, 3 is the representation E31 and 

4 is the representation E3~ . For these cases, the substitutional 

symmetry pattern needed to produce a second-order contribution to 

natural optical activity is 43, i.e. there must be a .part of the pattern 

that transforms as Bz and part that transfonns as. Bt . 

We also note from Table XIII that for vibrationally 

allowed transitions between non-degenerate states, for both absorption 

and natura 1 opti ca 1 activity. we have for the xy component, the 

symmetry pattern 55, i.e. two vibrations of symmetry E , and for the 

2! component' the pattern ( r,T® 1'1() ( r;r ® rl<) ) i .e. two vibrations of 

symmetry given by the direct product of the ground and excited state 

representations. However, there is for natural optical activity an 

additional vibration which contributes. This is given by the symmetry 

pattern ( rJ"s rK Ci> rs) ( rJ"® rl( ® q) Where rs iS the pseUdOSCa 1 ar 

representation. lhe possibility that this may be a general rule for all 

point groups warrants further investigation. 

Another interesting fact is that, for both ground and 
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excited states non-degenerate, there is no second-order vibrational 

contribution to the "A" term of magnetically-induced optical activity. 

It would be necessary to extend the oerturbation exoansion to higher 

orders to observe a vibrationally allowed "A" term between non-degenerate 

states, and it is to be expected that degenerate vibrations would 

be· needed .. 

We close this chapter with two observations. First, other 

symmetry conclusions for C+vcould likely be generated by further 

study of Table XIII and the C4v dilti;l sheets of An!•Pndilc. XU. In 

particular, attention should be drawn to the wave function patterns 

in the data sheets. Should general rules be found to apoly to them, 

this could be most helpful in determining which wave functions are most 

effective in the higher order contributions to the optical ohenomena. 

Secondly, we would like to establish general rules, not onlj for the 

point group C.w , but for all groups. There are two possible methods 

of imp1emerytinq this~ either by runnin~ a computer analysis for all 

groups and comparing the output patterns, or b~doing a more ~eneral 

theoretical analysis. Now that the former is possible, and now that ~t/e 

have a ~eneral idea of what th~ techniques and results would be for 

other groups, we may be able to build on this foundation and obtain 

the 1 atte.r, a more genera 1 theoreti ca 1 treatment of symmetry rerturba ti ons. 
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FOOTNOTES 

l. An excellent introduction to the application to chemical systems 

of the symmetry rules of group theory is the book by Cotton (83). 

For a mor~ advanced approach, the reader is referred to Tinkham (84) 

and to other more genera 1 treatments of group theory ( 85) , ( 86) , and 

(87). 

2. It must be noted that while each C-t.}\.1 is a function of the .Jl..Tu 

normal. coordinate Q~~.. in the ground state, each (.k..\.1 is a function 

of that normal coordinate in the excited state. Only in the case 

where the excited state geometry is identical to the ground state 

geometry and where the respective potential surfaces are identical, 

is it justifiable to consider the ground state Q.~~. identical with 

the excited state QJt.. In this chapter, we shall always use the 

ground state Q~ for simplicity. However, recognizing the above, we 

must be cautious in interpreting .such matrix elements as (~IQA\i.) 

when the ground state geometry differs from the excited state 

geometry. 

3. The term; 11 COmponent 11
, is really a misnomer as it has no relation to 

the common usage as a vector component. However, here and later in 

the derivation, it is convenient to denote the X part of the dot 

product as the X component. 

4. I~ the detailed calculations to follow, the perturbation equations for 

the oscillator and rotational strengths are taken to second and third

order as was previously stated. However, for :the sake of simp·licity in 



194 

our illustration, \'le limit ourselves to first-order perturbation theory. 

All quantities rresented without proof in the illustration are derived 

in detail in the calculations of oart C of this chapter. 

5. The Hamiltonian J{' can be exnanded in a Taylor series of the 

normal coordinates. Considering only the first two terms of that 

expansion: 

\'lhere we .have arbitrarily set the equilibrium- value of Q.J\. at Zero. 

This does not detract from the generality of the arguments presented 

here. As Jt is totally symmetric, so must be each term i.n the 

sumrnati on. Therefore, the symmetry of )liL is the same as tha·t of 

Q.Jl. 

6. Readers not familiar with the bitC\ir: r1.1le-:: and terminology of qroup 

theory should refer to the work of Cotton (83) and/or Tinkham (84).. 

7. This is not strictly true for molecules belonging to point grouns 

that contain degenerate representations, i.e. mol~cules with a three-

fold or_ higher axis of sjlmmetry. The necessary modifications to 

the analysis will be developed in part C of this chanter. However, 

for the present, we will ignore'this problem. 

8. See Footnote 6. 

9. See ~ootnote 5. 
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10. In equation (4-32), (4-33), and (4-34) the vectors m and~ 
and their components are in reality matrix elements, their form 

depending on ~tJhether we are dea 1 i ng with PA , P3 , or Pc. . However, 

indication that they are matrix elements is not necessary to the 

understanding of the component concent~ and we suppress all such 

notation. 

11. It is true that one can have a matrix element uniquely determined 

even when it contains degenerate renresentations. However, it is 

also .true that for point groups containing degenerate representations, 

it is unlikely that all matrix elements of a given symmetry Nill be 

uniquely determined, as it is probable that the evaluation of at least 

one of these matrix elements will involve the direct product of two 

degenerate representations. 

12. In this dissertation, we do not consider triply-degenerate 

representations. The treatment of these representations would be 

similar to the doubly-degenerate tyoe but a larger array of group 

product terms would result. 

· 13. If the members of the n-rlf doubly-degenerate representation are 

designated as (X"' ,y.,) and the m,..,. non-degenerate representation 

as em , then the member e 1 ements Stemming from rna tri X e 1 ements \'Ji th 

two doubly-degenerate representations go as .x,X2l3 , X11j1. :c3 1 ":f, Xz. =l 1 , 

'~j.''j 1 ~3 and the member elements stennning from matrix elements 1t1ith 

three doubly-degenerate representations go as X, J::1. 'X 3 > X,1.j~. x~ > 

1j1'X1~3 >"\jr'Y'1.~3 > Xr'Xt\j3) Xr'\jt~3) 1.j,Xl.lj1 J 1jr"lj"l."Y3 • 
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14. For the typical matrix element (J0 t,.U,IK 0
) , the wave function 

is the ket wave function and the \'lave function (Jo I is 

the bra wave fucntion (see Dirac (89) ). Similarly, ket members. 

and the bra members can be defined for member elements. 

15. These coupling coefficients, defined and tabled for the various 

point groups by Koster et al (90) are analoqous to the Clebsch-Gordon 

coefficients and are the coefficients of the linear combinations 

of member pt'Oducls which transform as specified irreducible representa-

tions. This is the more common internretation,and although the member 

products could be discussed from this viewnoint, we have used in 

this dissertation a somewhat different aooroach for the sake of 

clarity. 

16. First of all, the eight member product terms can apoly to any of the 

four group oroduct tenns of expression (4~44), simply hy replacing V 

by V, • V~., VJ or V.+ • and choosing as couo 1 i ng coefficient for the 

last memqer element in each member product term, the appropriate 

one of the four 1 i stcd. Here the order· gues from top to bottom. the 

top coupling coefficient corresponding to v, ' the bottom to v4 
Secondly,. the set of member nroduct terms in Table XI can be made 

to apply to absorption instead of natural ootical activity, simnlv 

by rep 1 acing m)' by f')t , rv~.., by fi!1 and by choosing for the first 

member element of each member. product term the coupling coefficient 

in parenthesis. 

17. It should be noted that in these two tables as well as in Apnendices XI 

and XII, \·Je designate irreducible representations by number. For 4v , 
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the designation is as in Table IX, i.e. 1-= ~ ~ A 1 , 2 = f";_ =Az > 

3-= r:s = Bt '4-= ~ = Bz, and 5 = f1 = E . !•/hen a symmetry 

pattern is given by the number 12 or 21, this means that oart of the 

symmetry pattern must transform as A,, tfle totally symmetric 

representation, and oart must transform as ~ 2 • the rseudoscalar 

representation. Similarly, SS would mean that both parts must 

·transfer~ as the doubly-degenerate representation E . 

18. The exception to this aopears for the case where both ground and excited 

states are degenerate. Here, esoecially for vibrational nerturbations, 

there is a closer relation between magnetically-induced ontical 

activity and natural ootical activity. 
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Chdoter 5 

CONCLUSIONS AND RECOMMENDATIONS 

In this dissertation we have developed the general theory 

of natural and magnetically-induced optical activity, orovided the 

theoretical foundation for extending this theory to complex systems, 

and finally, analyzed one such system-- a vibrdlilll~, substituted 

chromophore. 'Hopefully, we have orovided a more ohysical feelinq 

for both tyoes of optical activity and have clarified some of the 

more confusing aspects of previous derivations. 

The most important lesson to be gained from the study of 

the preceeding analysis, is that natural and magnetically-induced 

optical activity are more different than alike. Natural ootical 

activity arises from an asynmetric oerturbation which bears a fixed 

geometrical relationship to the chromoohore, no matter how vlildly 

the molecule tumbles. On the other hand, magnetically-induced optical 

activity results from an asymmetric oerturbation, the static magnetic 

field, which is external to the whole molecule and bears a changing 

geometrical relationship to the tumbling chromophore. Thus, the two 

types of optical activity give comolementary rather than comparable 

information. Natllral optical ~ctivity reveals subtleties ·regardi·ng 

the molecular stereochemistry while magnetically-induced ootical 

activity measures quantities pertinent to the electronic structure 

of the molecule. 

This dicotomy of natural and magnetically-induced optical 

activity is enmhas i zed throughout this di sser~ati on. In Chapter 2, 

we oointed out that magnetically-induced ootical activity was more 

closely related to absorption than to natural optical activity, and 



199 

' in Chapter 4, we demonstrated that this relationship e~tends to the 

vibrational and substitutional structuring of these. optical phenom~na. 

We also reached some specific conclusions regarding 

vibrational and substitutional structuring in both types of opti_cal 

activity, anddeveloped for one particular point qroup -- C4v -- the 

detailed symmetry patterns needed for higher order vibrational and 

substituti ona 1 contributions. One particularly i ntere.sti ng conclusion 

was that there can be a second-order substitutional ~ontribution to 

natural optical activity under conditions v1here there can be no 

first-order contributions. 

Finally, we turn to Table III of Chapter 1 to note where 

the 1'/ork we have done fits into the avera 11 theoret i ca 1 framework of 

optical activity. As can be seen, the work of this dissertation 

supplements the previous investigations into optical activity and 

for the first time, the vibrational and substitutional structuring 

of magnetically-induced optical activity is treated in deoth. There 

is, of course, much more to be done. In particular, the areas 

involving vibrational and substitutional structuring on the optical 

act1v1ty of polymers have hardly been touched. Also, much more 

remains 'to be done on magnetically-induced optical activity than on 

natural optical activity. 

In conclusion, we have attempted to prepare a theoretical 

textbook of optical activity, a :manuscript that an individual ne1t1 to 
. . . . 

the field, could not only read and understand, but ·to which he could 

refer for all the mathematjcs with-out continually encountering 11 it 
. '':, 

can be shown ... In addition, we have provided the springboard for 

workers in the field to attempt extensions of the theory, and as an 

example, we have treated one such extension. It is honed that this 
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dissertation will thus prove valuable to neophyte ~nd expert alike, 

and will be helpful in stimulating investigation into new aorlications 

of both natural and magnetically-induced optical activity. 
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~.poendi x I 

Review of Pertinent Quantum-r·1echanical Principles 

A molecular system is completely described, in the quantum 

mechanical sense, by specification of the \-.rave functions. Thus, the 

statics and dynamics of the electrons and nuclei are determinable from 

the electronic and nuclear wave functions. These wave functions are 

solutions of the Schroedinger equation . For examrle, for the electrons, 

the wave functions ?j..fei form a complete orthonormal set and satisfy 

the equation 

(I-1) 

where )(£is the electronic Hamiltonian and is ~iv~?n by the sum of the 

kinetic energy operator Te == ifi ~.Xz. and the notenti a 1 enerqy operator Ve: . 

Ei is the electronic energ,y of the state 7f/£i. . 

The orthonormality of the wave functions is soecified by: 

(I -2} 

the integration being over all electronic s~ace. This relation is more 

concisedly exoressed in the Dirac bra-ket notation. Thus: 

(I -3} 

Similarly, if t-Ie multinl.v equation (I-1} bv 4JE; and inteqrate over 

all electronic space, we have the resulting 

I· 



202 

(I -4-) E i = ( i I ~E { i ) 

The integral (i.J).feJi) is terl!led.the expectation value 

of the operator leE, i.e. the expectation value of the Hamiltonian is 

identical \'lith the energy of the state 7.J!Ei . 

We may also define the exnectation value of an arbitrary 
"" . 

operator 0 on the state (/.!£;. as (i/o/ i) If this or:Jerator 

has a definite value in this state, then this value will be identical 

with the expectation value. Also, as the ooerator reoresents a 

measurement, the expectation value represents the value of this 
A 

measurement. Transition va 1 ues of t!le ooerator 0 r.an itl ~o he rl~fi ned. 

Thus 'lie have Oii = ( i /ali.) fnr thP. pxpP.ctati on va 1 ue 

Oij = (i /0/j) for the transition value 

Consider now an arbitrary state 1/fo... As the 7..tfi (we have 

dropped the E notation in the subscript) form a complete orthonormal 

set, the set 1/fo. can be exoanded in the ?J.Ii 

That equation (I-5) is valid is easily seen by multiplying by lj/j and 

integrating over all electronic space. 

:. ( "l/lj I 7Jio.) == z_ (?Jfj 171/i )(Z/fd"l/4) = '[ (l/fi llj!4.) ~ij = (lf/J I WQ.) 
t l 

,; 
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i·lith these r>relir.linaries, consiJer the n.roblem of determinin9 
I 

the N eigenstates of a r>articular system snecified by the equation 

We assume that we know the N eigenstates of a simnler, 

solvable problem 

~·Je may exnand the first-order ei gens tates in terms of the N 

zero-order eigenstates according to equation (I-5) 

Substituting equation (I-8) into (I-6) 

N N 

te'"lJ!l =;;. Jf.' ?J1~,0 (7JI,;/(JJ;_) = E~ 7p; = E! ~ O.v,:/1JJ,f) (j/; 

r·1ultiply by 1/fc.a and integrate over all space, we have: 

N 

L (?JI//~' I7JJ:)(1J!:/1J!t!) 
b 

rememberi nq (?.J/c.o / ?jJ ho) = £~(,. , 1<1e have: 

N 

(I-9) L (lj.l;/;.f_'jl_JI,.a}(11fb0 /7J/~) = E~ (l.JJc0 f1JI~) 
b 

There ar~ N of these equations, one for each of the 

These N linearly indeoendent equatioris can be written in 

matrix fonn 
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( lJI,"I;t'- E~\ 1Jft) ( 7.P,O I ~~ I 'lJI:) - - - - ( 1JI,O I~~ /1Jf,.,o) (<JJ~IlVJ) 

(I-10) (1Jl; I x' np,o) (1J)~I~'- E~ llll~) --- · (?/li:/XIII.¥~) (4f:I1Vr!) 
I 
I 

.. , 
, 

. (1J)NOJ )(I IZJ!,O) ('ZJI~ I~· h.r.;) ·- - -- (1Jf,; IJt~- E!I1V~) (1V:I¥~) 

This N x N matrix is termed the renresentation of the 

Hamiltonian in the ?..lfo.0 basis. He ma.v write equation (I-10) in the 

more concise form 

H~, 

where 

H' Nl 

' . 
' 

Only for the condition 

(I-12) 

H:z - -- · H:N 

H~\.-E~ - - - · H~~~ 

H:,- E~ 
H~, 

H~ 

H:'~- -- - Ht'w 

H~?.- €~ ... H~4 
...: 

~~'l. ••. H~-£~ 

=0 

=0 

will the set of equat1ons specified by (I-ll) have non-trivial solutions 

for the coefffci ents CJca. . (i.e. so 1 uti ons other than Cjo.. = o ) . This 

is a well known nrooerty of sets of linearly indenendent equations. 

The equation (I-12) is termed the secular equation, and 

it is t~ue that if the representation matrix of the Hamiltonian is 

diagonal, then the initially assumed functions ?.J./,0 J 7.)1t 
1 
----

are also the correct first-order wave functions. This is easily seen. 



The matrix equations (I-ll) become 

H' t 0 II - Ea. ------
{I-13) 

0 H' 1 Z2.- Ea.. -----·· 

.... 

0 0 ... - .. --

This yields N equations of the type 

( H ~k - E ~) C '<o.. = o 

:. H~k- E! = o 

0 

0 

I . 1 HNN- Eel. 

(1/f;/){' IW:) = E! 

C,a.. 

Ct~ 
0 

c..,o.. 

This \'ti 11 be true if J.f..' ?.jfi.o = E~ 7./.4o and thus the 
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1J11co are also the eigenfunctions of X', that is, the desired first

order functions. 

Assume we may find a matrix S 

s 
I "' 

\'thich is unitary and diagonalizes the representation of the Hamiltonian 

which we shall term H. 

Thus 

s s-' = r 
where C= 

SHs-• SC - o 

and SHs·• is a di agona 1 matrix of the form of (VI II -5). Then SC 

is of the form 



Jll S,z. ·- - s,N c.(l. 

Sz, Sz.z. --- 5z.N C1a. 
'(I-14) 

SC= t ... 
I 

I 

s..,, Sf.Jz. SNN CNo.. 

from equation (I-8), it is easily seen that the Cka. are the 

representatives of the ?../fo.1 in the zero-order basis functions, 

i.e. 
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As the matrix SHs-• is diagonal, the elements of the column matrix. SC 

are the representatives of the correct first-order functions <tf; 
in the correct first-order functions ?J/tf. 

(7.jf//7f!i.) = s .. c,o.. + s,z. Cz.o.. + ----- + s,N C"'o.. 

.. 

• •• 7Jf
1
J. _ JJ(O JJfO Jlf '+" 1 S, ._,.,, + S,z. "Pl. + -- - - + SIN 't',: 

and in genera 1 

Thus if we can determine the elements of th.e matrix S that diagonalizes, 

via a similarity transform, the matrix H, then we have determined the 

linear combinations of the zero-order basis functions which form the 

correct first-order eigenfunctions . 

... 
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With these preliminaries, we now exami~e the conditions 

·under which diagonalization of H leads to the standard perturbation 

expansions 6f the first-order wave functions in the zero-order basis 

set. For simplicity and clarity, we shall illustr.ate the conditions 

vii th 2 x 2 matrices. Use of higher orders wou 1 d or ly confuse matters. 

Let the matrix S be qiv·en by 

(I-16) 

(I-17) 

(I-18) 

s-• = [o... c J 
b d 

We thus have three equations 

O.z. + bz = I 

ac + bd 0 

as a.d- be= 1 

as S is unitary 

For ease in calculation, let the matrix H be represented by: 

.H =[~ :] 
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We can easily show 

io..c. +meld +nbc+ pbd 

.. . . 

i.o..c + m be + h~d + pbd 

X 0 

mbc + V1o.d ·= mad + n be 

m ( b c .:.. ad ) -== n (be. - o.. d ) · 

• . . m=n 

we now have a fourth equation 

( I-1 9) . .}. O.C + YYl ( b C. + a. d ) + y.:> b d = 0 

combining equations (I-16}, (I-17}, (~-18}, (I-19} and. solving for 

a, b, c, d, we find: 

. b ~ - ..L. fl + v I 1 Y:t 
C - Z I+ kz. 5 

(I-20a} 

. _ _ ..J_ _. I . t . 1'' a_- d - l fl ~ . 



or 

(I-20b) 
b - C = .L f I - y 1 } '/,_ 

- 2 I 4- Kt. · 

. 1'k 
a.== d = t{ 1 + 1, +1~"~- I 

i. f K 1 s small , i . e. 2 ~,.., < < Jl- p 

then 

[ 
_ 1 r=J::*}Vz. ~ {~1'/z .. = JS_ 1 Vr~ - z. Vz 
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ZVYl K= ...e-r 

we use the second set (I-20b), (we could just as easily have used the 

first set) 

b==c~ 2 }f 
,., - d ~ i[f -= -'
~..'. - - z. Vi' 

5== 
I 

V2. 

K 
l.'{i 

_, 
vz 

[

I 
- I 
- Yz ~ 

Thus we find, according to equation (I-15) 
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1 ' o m o . . ] 
7jl, = Fz [ (jf, + .i. -p ?.Jfz . 

J J (1 - _l_ ['' ,:o + _!!L 7 1 rol 
lflz . ·rz Y-Jz ..R.-f '+'' J 

but m = H:~. ~ H~. = ('11,0/~'/?fl) 

.R.- p == 1-1(, - E~ -· Hf1 -r £1- = H,', - H:,_ - E, - E1• 

' 

II r1 = .J_ [7//0 + (7./f,O /Je' I?.JJZ.) 7/ro 
.. 'f/ I .r::;- c..y I ~ E '-f' ' ," fZ. c:.,- z. 

· l.Jl 1 == -L[11r 0 + (1/fio/;Jf.'}"lJI,O)/Jro] .,z rz: "-fJZ E '-¥1 . . . ,- Ez. . 

thus for the condition 

. H,; == (?.p,o/':J.t.'/?Jft) < < E, -E2. 

perturbation· theory is equivalent to matrix diagonallzation. 



Appendix II 

Relative Magnitude of Perturbations 

There are six important perturbations: 

'ld1' 
~s-

Je~ .. -

first-order substitutional perturbation~ 

first-order vibrational perturbation· 
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111 -
d\.I 

. '"\4Z. 
d"\M -

first-order chromophore-chromophore interaction perturbation 

second-order static magnetic field oerturbation 

third-order electromagnetic field perturbation 

fourtil-order electromagnetic field perturbation 

It is the intention of this appendix to evaluate the 

relative mag~itudes of five of these six perturbations. We do not 
1 . 

evaluate the magnitude of J!r, as this is better left to an analysis 

of weak and strong coupling. However, among the other five perturbations, 

"'e will demonstrate that the orders assigned -- i.e. first-order through 

fourth-order -- are realistic. Here a first-order perturbation is 

stronger than a second-order, a second-order stronger than a third-order, 

etc. 

We initially show that 
10 Z. . "\D 3 lJ}4 
G'"\.1-1 > ~6 > "'0 

Then we deomonstrate that 

(II-2) 

and therefore arrive at the hei1rarcn.Y 

(II -3) 

There are several ways to calculate the electric and magnetic 
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field intensities. They all rely on detennininq the energy flux. For 

a monochromatic wave, the time-averaqe ~ower per unit area is given 

by the value of the Poynting vector 

v1here 

where Eo and 1--lo are the 

reak amolitudes 

S c ,. E'l.. :: = 2 l:;g 0 

8 
meters· 

Sis in watts/meterz ~ C =3>< fO sec. 

henrvs 
meter 

E:a in volts/meter 

-

€ 0 = 8-85-4 x. 1 o-·rz. farads/meter 

Ha in nmpf'>rt:'s/meter 

,~ctually. S is a function of w r~nd wP. muc;t int~0rate over 

a 11 of the frequencies to obtain the measured quantity · 5. 

He are interested in the average value of Eo(w), ave.raged 

over all frequency 

J PCw) Eo(W) dw 

f p(w)·dw 

) Pew) Ho<w} dw 

) P(w) dw 

i: 
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P(w) is the di stri buti on of intensity over the frequency 

range of interest. For narr0\1/ bands, \•Je can consider that Pew) is 

constant over the band. Thus, we. have: 

then 

Eo<VJ) "' - 1 fE,<w) dw 
llw 

If we assume that 

f Eo £w) dw = [6w f H~CUJ) dw] Vz. 

S Ho (w) dw -:: [bw J E:cw) d~]'/z. 

J E!lw) dw = 6w ( Eo<w) )2" 

S H; Cw) dw -=- 6w( H()<w)Y 

This, of course, is not true. However, there are so many 

other uncertainties that we will make this approximation. It will qive 

a 1 arger va 1 ue for E0Cw) and Ho(w) than is actually the case. 

E0 (w) 

=- f£] 'lz.. [ZlTS J 'lt. 
C~o bow 



Thus, if \lie know ~w , S we can detenni ne Eo(w) l H()<w> 

f. zrr S 1 'lz. ~o (w) =. o.o'7Z9 L l)w . 
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The prnh 1 Pm i c; to determine ..S/6w . Thi 3 can be done 111 

several ways: 

!·Je have: 

\1here 

Thus 

1. Use of measured values by P.~. tube 

2. Calculated values fr6m blackbody curves 

3. Calculated values from other data (# of nhotons) 

N~(A) 
S(w) = 0... 

N .is # nhntonc;/sec. 

OL is the area of illumination 

. Wo+~ 

N~ J . l.. = -- t.udw o..6w 
(<.).- 6ct' 

Wo is the center frequency, 6w. is the bandwidth 

(A),+~ 
Ni; 1.1 z.. - -W 

- zo..6w w _ ~ 
0 z. 

= N 1i r a. A /j wl. '1. . A 
Za.Ow LWo + WouW + 4- W 0 + Wo uW-

= Nf;, (2 Wo 6w) 
2o.6w 

''• 
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. \·le measure 1. S x 1 o 10 photons/sec. @. 3000 A. In the visible 

v1e vlill have a .hiqher intensity so this forms a .lower limit. The area 

illuminated is. lcm 2 
• 

\,le can now calculate HolW) 

= 9.15 x \0- 10 ~avs.s 

Thus we see that the magnetic field strengths of the electromagnetic 

fields contribute perturbations much smaller than those of the static magnetic 

field, which is about 5000 gauss. The electric field strength of the 

electromagnetic field is 

The perturbations are of the order 

as H' ' ~ Sx 10 thus 
Ho(W) 

since 
-> __.. 

E0 tw) ~ 3 77 HoCW) 

and 



. .. 

.. '){,3 ~ 

~ 
. )01 

<rU1 3 df:! ~ 3.5 X 10 
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Consider now, greater intensities. From Rikmenspoel (12), we see that 

v1e can qo uo (in the visiblP.) tn t'!h()rJt 10-" watt!; or 10-z. '.lc1tt!/meter 
s= 

for ZlT 5 
1\U.I 

This increases Ho<w) and EJwl nn l.Y by a factor of 10. 

If the power increased to lo-4 watts (a very liberal estimate} or 

1 ~>Jatt/meter 2 
, this would increase H0 (w) and Ea<w> by another 

factor of 10. This would result in 

Thus, even in this case. the hierarr.hy l]iven by equation (II~3} 

is valid. 

To verify equation (II-·2), we need consider three per.turbr~tinnc;;, 

1. Magnetic field (static} 

2. Electric potential field (static) 

3. Vibrational perturbation. 

We must detenni ne the energi·es of these perturbations. From 

page 16 o{ Stephen Is thesis ( 23}' we haVE~ as the oerturbi nq Hamil toni an 

due to the magnetic field 

·,~2. ~- e· r..... _. ..... 1 ~ 
d"\.t1 = L- z~ l(A; )( LOi) +Z s, • H' 
. . 1111C I 

. L 

ill 
l 
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H' is the ruti .. magnetic field 

ei is the iT"' electron 

Jt )( fi is the i TH orbi ta 1 anqular momentum 
~ 

iT~ spin angular momentum s~ is the 

·ml is the iT" electron mass 

The static electric field pertu~bation is simply a Coulombs' 

law perturbation 

e· l 

is the charge of the jT~ nerturbation 

is the z.T"' elect~on 

Aij is the distance between the i_T~ electron and the jn.. 
pe.rturbi ng group 

The vibrational perturbation is basically a Coulomb's law 

perturbation. From Albrecht's paper (53), we find: 

~·e· is the charge of the disnlaced atom .J J 

ei iS the l,TM electrOn 

Jlij is the distance bet\·'leen the i~.,. electron and the jnt 
displaced atom 

Q~ is the amp 1 i tude of the o._TH nonna 1 mode 

. From Albrecht's paper, Table IV, we see th~t the vibrational 

oerturbation energies in benzene and benzene rlPrivatives ranoe from 

.3 to .03 eV A more realistic fiqure would be about .1 eV. 

Now let us look at the static field perturbation. The 

strongest situation would be an ionized qroup directl~ attached to the 
0 

chromophore. Here we have ll'l.··l 'V '?>A =.A ) 'J 
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The enerqy is of the ord~r of 

t.'r., x ro-•1. er~r. = I e V 

· the energy is "" "f. s eV 

This, of course, is quitP. unrealistic. In general i! is not 

even for an ion,due to shielding by other electrons. A more realistic 

value miqht be ~"'.1' or less. This would bring the perturbation· 

energy down ·to the same range as that due to vibrations. Thus \lie conclude 

that vibrational and ~tatic field perturbations can be of the same 

order of magnitude. For our derivations, \'le shall assume that they are 

the same. 

Nbw to consider the magnetic perturbation ~n~rqv. This is 

~ 

where J_ 1 s the angu 1 a r momentum. 

For an electron, we measure angular momentum in units of -i\ . 

He can therefore get an idea of the magnitude of the energy by replacing 

the above· by ei; H' 
2.1-'VlC: 

e "= 4.8 X (0-
10 e.s.t.c.. 

HI , 
~ 5000 ~a~ ss. 

~ :.:. z.~ (Co. Co 2S x lo-~7 ) ~....,-sec. 



'II 

;· 

. e!, H' 
•· 2~c 

( 4.~ )(10-' 0 )(~. CD2S') (to-n)(s)( to!.} 

(2.)(2.)('3. t4)(ct.• t)(ro-U)(3)( 10'0 ) 

_ (1.'2.)(~."'2.6')(5) (to-'0 )(ro·1.,)(ro1) 

('3,14) ('t, 11) ('3) (ro-n)( t0'0
) 

This i~ a reasonable value since the Zeeman splittinq 

(a direct measure of the perturbation energy) is of ·the order 
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)AsH' 
o. 92.7 x 10 -z.o ergs/gauss 

. - e-li 
8--
· 2WYC · 

thus this is 2.(; )( 10-s- eV 

Thus, the ratio of the perturbations is 

Bohr magneto"' 

and we, therefore, have shown the validity of eauation (II-2). 
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Appendix II I 

Expansion of Vector Potential about Origin Fixed in Molecule 

The vector potential due to the electromagnetic wave is 

given by equation ( ·Z: -2). 

(III-1) 
-~ ·.= J..[~ -i~(k·Xi) + T• . i~..,(k·Ai.) .] 
ALi z A ,I) e . i\ L.:. e 

..:0. 

where Iti aYe the vectors from the origin fixed in the molecule to the 

A_,. _,_ ( ~ ~~) 
various parts of the molecule. .Lo = z. AL.o + ALo is the 

vector potential at this origin. 

For most molecules (even giant macromolecules can be 

broken down irito smaller chromophoric groups), we find that: 

(III-2) 

(II I -4) 

1o1e have: · 

,.. ~ ,... . k J _," _," ~ .· • l.i ........... · wn 
A. 

z:rr 

Thus we can approximate the exponentials by e"~ I + X 

This ~an also be written: 

Au = i [~w +A~] 
iwn [~ ~A•]cr ~) . - 4c. A LD -- Lc. K • Jli 

ic:.tJI"l [r A~"']K'k ~) -
4

C. ?.Lo- .Lo\IC•Jli 

Using the common method of expanding a triole cross-product, 
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(III-5) 

~ 

substituting into the exnress1on for A~.~ 

(I II -6) 

the last of the three terms can be shown(23} to lead to the interaction 

of the electric quadrapole with the electric field gradient and make 

a negligible contribution to 

vie know that: 

(III..:7} 

~ 

Substituting this equation for (V' x A~i)o and the equation 
~ -

for A1.o . into the equation for ALi , we have: · 

(III-8) 



(2-70) 

{2-20) 
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1\poendix IV 

Derivation of 

We want to evaluate the exnress1on 

We must first evaluate Co.blt) from equations (2-70) and (2-20). 

Substituting (2-20). into (2-70) 

substituting ~ • 
· 1 ('"~ll~ - 10) Jl.t = i"" ~Ai - Jli cf\. 

It 

and recognizing that ~ pp;lt)) = 1;wa./qfo..2 li)) 

<1Jfb2 c.el I;).{ = (7./ft lt) Iii w. 
W~:~a.. :- t:..Vb- u.J~ 



we have: 

Substituting in 

<q:;b2 ltJ I (1/.hz I e iwb-t 

l<p~ li>) = e-iw,._t /?J!i") 

interchanging the integrals over soace and time 

C., W = - i ~ { (~ph• I i ~·~;J- · fA ... e iwo.,.t dt ll/1: ) 

+(/If:/ #! · fn7 x A, d. e iw~ ~ dt/ 1j!1)} 

we thus have t\IJo integrals to evaluate 
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~~~1-t . + At.o e-l(W-uh .... )t:dt 
2 . . 

0 
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similarly: 

multiplying Ca.b t+.) by and substituting in the above exoressions 

for the integrals, we have: 

- L{~+W~t i ( uJ- W D<>)t 
If we retain the exponential terms e and e · 

these will lead to CD and MCD. Stephens (23) does this in his thesis. 

However, it makes subsequent exnansions unwieldy and difficult to follow. 

It also necessitates the use of a complex tensor notation. Therefore, in 

·the interest~ of clarity, we shall drop these exponentials and will 

instead obtain the equations for CD and MCD from those for ORD and MORD 

via the Kronig-Kramers transforms. The terms remaining after dropoing 

the exponentials are those terms that lead to ORO and ~10RD. Thus we 

approximate: 
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' . ~ , t'V . 

- z~, (_ I ) A 1711'/ .... IJI(Z.) Z..C.Ui.Q, (_ I )A~"" (Ju"'I .... /Jif'l.) 
. - 2tic. \W+Wt.o... Lo •ll¥b}M "Po.. - Z.11c.. Lw:-uJb<L t.o. '+'h Y ~.po.. 

Reducing to the common denominator u.l-- wk 

We have the following relations: 
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subs~ituti ng in 

A_.. __ ' .J.. rA~o e ic..v+ A'!t.loo '* -i wt-] I [~ r Jf] 
Lo Z l' L() + Lo e - Z t\ Lo + t\ Lo 

\'I.e have; 

- zi. H~ w . 

Substituting these expressions into the expression for e-iwbA.t Ca.b(t) 

we have: 

~I 



2?7 

-iW~.o..~C I { (--" r ) . W~ (...:.... z.~ ) e 0J,(i)=1i(w'l.-w&!_) -W~o~ ELo•_Jtt.A. -t wl. E~..o•JA-t~a. 

. - i (ito~ 2y;,b4.)- w.,~ ( H&.o · ~mbo-)1 
This is the 

same as 

'.i 
,I 
! 
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1\poendix.V 

Spatial Averages Over All Molecular 0rientations 

He haye three. types of vector quantities to average over all 

molecular orientation. There are three fonns: 

__,. . 

O.j co.. orb 
~ ..> _... 

where a.. > b 1 c 
....... _... 

are molecule fixed vectors, U > V are space fixed 

vectors. 
~ 

The first average ~ is the snatial average of a molecule 

fixed vector over all molecular orientations. The result i~ zero and we 

can shm'l this by demonstrating that the projection of a on any snace 

fixed axis is zero on the average. This is an obvious proof. 

The second .average (9-·lJ)b is a more complex spatial 

average. The arguments we use for this average are patterned after 
~ 

Condon {28). ~·Je must average for all orienta~ionsof lt and b keepinq fixed 

the magnitudes of a and b and the .anql e between them. Nm'/ . (ct· uYb 
.... ~ 

is a vector in the direction of b . As b takes on ~11 possible directions 

consistant with a fixed direction of a ' the average value of (U.· u )"b 
~ 

•.<Jill be the component of this along 0., or 

~ . . ~ 

\·IJhere <lo 1 s a un1 t vector in the direction of a.. ~Je must n01·1 averaC)e 

over all directions of 0... ~ 

Consider first those directions of OL making 
~ 

a fixed ang 1 e e with U , the space fixed vector. 
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Here (a· u) = tall Dl CQ-\1 e 

_ .. 
If \1/e nov1 average over all positions of Oo while maintainina 

~ ~ ~ 

the angle e . beb1een a. and U \<Je substitute for O.o the projection on 
~ ' ~ 

Ur. , the unit vector in the U direction. 

~Je now do the final averaginq by averaginq over all values of e 
I•Jeighting them per unit solid angle. This is a common procedure and 

... c.ct. u)b - t ca.. t)u 

The third average (Q.. U)(b. V) c can be. obtained 

from the second average with the aid of some vector identities. We first 

have: 

..::. 

(ax b)· ( 0 x v) - co.· u > Cb • v)- co.· v )("b • u) 

_.. 
multiplying both sides b,v c and averagina 



.l\. mom ent • s though 'IIi 11 convi nee one that 

To show thi~ w~ note that if we put 

then 

...... 
· If we consider rotating the molecule so that Co is now 

~ - ~ 

lying along the Hne where ct lay before, then Co appears related to V 

in the same manner as (t, did previously. Simila.rly, (ic, is nm-1 

related t~ U in a manner like bo was.previously. And finally bo fills 

the former role of eo . Since the average cannot change, we have: 

.-= ol. {J '( ( Co • V ) ( Uo • U) bo 

= tX(J r (bo• v)(co· u) ct 

I 

The last e~uality results from another molecular rotation which alighs ~ 
with the former direction of. Q.. Thus (io,b., ,Co behave as the trirle 

..... ~ ~ 
product O-o· oo x Co behaves. Accepting this we have ( rememberi nq that 
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(ii·V)(G.u)c = o(,B~CO:·Y)(bo·u)co =-o<~d'(bo·V)Ccto.u)co 

= -ca.- u)(b· vrc 

let -t - ~ 
(j ~o.xb 

..-.:. ~ ~ 

W = UxV 

but from calculation of the second average 

li 
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Appendix VI 

Kronig-Kramers Transfonns As Applied to ~-1olecu1ar Optical Activ~ty 

. Optical activity is specified by a complex function of frequency, 

namely: 

7_ 9-(2, w) 

or in tenns of oartial molecular optical activity 

for natural optical activity and 

for magnetically-induced optical activity. The integral transfonnations 

that relate the real and imaginary parts of such functions are known as 

the Kronig-Kramers transformation. In this appendix, we obtain the 

equations fri'~ the partial molecular ooti cal ellipticity (partial molecular 

circular dichroism) from the equations for the partial molecular optical 

rotation by applying the Kronig-Kramers transformations. Tfle transfonnations 

are developed for natural optical acdvity by Moscowitz (29). 

[ t+."'L (w)J = 2w.,_[ [eo.J. (w•)] dtd 
't' " lT. 

6 
w' ( w;'t._ w'Z.) · . (a) 

(VI-1) 
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There are comparable relations for the magnetically-induced ontical 

activity. 

From nart A of Chapter 2, we have equations (2-106) for the 

partial molecular rotations, both natural and magnetjcally-induced. 

(2-106) 

[~ ] Z4NH' [ 
· ~o.b(w) M =- ~c f,(w,wb~) Ao.b 

+ ~t(w,w.,~) I3o.b + ~"ffl(w,wbll)Co.'o] 

The onl.Y frequency dependent parts. of either of equations 

(2-106) are the functions {(w,wbc..)and t2.(w>Wt.o.). These functions 

are given by equations (2-101). Therefore, upon substituting (2-106) into 

equation (VI-lb) and its counterpart for ma9netically-induced ortical 

activity, we have: 

I~ 
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Here we have only two integrals to detennine: 

·{.,... -L (w',wb ... ) dw' 
o W'2.(w•.2.- wz.) 

Joa .fz .. (w', ~ ... ) dw• 
o. w• .... (c..u''1.-w"") 

The evaluation of these i n teg ra 1 s i s com plex and tedious 

and is not done here. For readers interested, Macdonald and Brachman {35) 

discuss the.e~aluatidn ~f such integrals. We merely rresent the results 

for the partial molecular ellipticities. 

{VI-2) 

where 

{VI-3) 

- tw~w3 (~-w'1..) r~~ 
11 [( w~- w1.)z -t· w'L r-7,:] ~ . 
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Appendix VII 

Born-Oppenheimer Approximations 

In. this appendix, we describe the t\t.Jo most .common of the !3orn

Oppenheimer approximations, the harmonic and the adiabatic, and the 

modification~ of.the Born-Oppenheimer approach to treat degenerate and 

near-degenerate states where the above approximations lose validity. The 

description here borrows heavily from the work of Longuet-Higqi.ns (42) who 

presents a s.impler, if less elegant treatment of these approximations than 

do the original authors (43). 

He \'li 11 shO\tJ that under the harmonic approximation, the 

suitable zero~order molecular wave function is given by: 

(VII-1) 

under the adiabatic approximation by: 

(VII-2) 

and for degenerate and near-degenerate states the above approximations 

break down and the zero-order molecular wave functions are given by a 

linear combination of the adiabatic states, 1.e. 

(VII-3) (JJ;cx,'l;) =. L cp;(x,cp X:"'(~) 
e,n 

Here the Cf'e0
(X,%) and cp;cx,cr) are the zero-order electronic wave 

functions and have as arguments X , the electronic coordinate, and~ 

or r ' the nuclear coordinate and the equilibrium nuclear coordinate 

'I 
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respectively. These electronic wave functions form complete orthonormal 

sets as defined by the equations: 

(VII-4) 

Themean1ng of the l';"'(t) ·can be most.clearl.v seen by 

examination of equation(\fil-3). As the cp;cx,'6-) form a complete ortho

normal set, they can be used for the construction of proper molecular 

eigenstates.' This assumption, though never proved (44) is the basis for 

all studie~ of molecular dynamics. This is basically what equation 

(VII•3) is; an expansion of the proper zero-order molecular eigenstate 

?.Jlo(~\) in the zero-order electronic wave functions· cpe0
(1!,lfr) , \'lith the 

X;~(l) fillinq the role of ~ dependent expansion coefficients. In 

the more simple harmonic approximation, the electronic wave functions 

cpe'(x,r> are independent of a and the function ~~(~) wi.n be seen 

to be identical with the nuclear wave functions that describe the position 

and movement of the nuclei in the average field of the electrons. However, 

in general, this identity is not valid and no such simple interpretation 

can be given to the )(;~(~). 

By applying the variational procedure to the most general zero

order molecular wave function (equation VII-3), we may arrive at the 

equations which determine the xe:(~) . At that Doint, we will be able 

to see what assumptions must be made to ~ake valid the adiabatic and the 

harmonic approximations. 

Before we proceed, however, we make one simplification in the 

zero-order molecular wave functions given by equation (VII-3). We assume 

that the coefficients x;.,(~) are so chosen that they form an orthonormal 



set, i.e. 
237 

(VII-5) 

This is standard procedure and insures that any particular zero-order 

molecular \'lave function will contain only one member of theset x;,c~)) 

x;.,. (\) ) Xe", .. ('&), • • • • • We thus may drop the summation over n 

in equation (VII-3). Therefore we have: 

(VII-6) 

Here we have, of course, assumed only one nonnal mode 9r . For other 

than diatomics, there are more than one normal mode and one must sum 

(VII-6) over all ~i normal modes. However, this adds little to the 

derivation and the increased complexity of the mathematics make it an 

undesirable complication. We shall hereafter use equation (VII-6) as our 

defining equation for the most general zero-order molecular wave function. 

The ~~tr,~) are solutions of the wave equation 

{VII-7) 

where £:. is the energy of the state 7jf:(;J(, ~) . )eo(x, \) is the zero

order molecular Hamiltonian and is given by: 

(VII-8) 

where 
.let-

0

(1'1 ~) = TE (X) + VECx> + VEN (X,~) 

)fN'(~) =~(~)I· Vr.~(~) 



here ~(X) -electronic kinetic energy operator 

VECx) - electronic potential energy operator 

l[~(~) - nuclear kinetic energy o~erator 

Vt-~<%) - nuclear potential energy ooerator 

VENC'~~a> - electron-nuclear ootential energy operator 
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By the variational principle, the choice of x_;,(~) is 

determined by the condition that for small variations in this·function, 

the resulting change.in the expression 

must be E;_ times the change fn the integra 1 

In symbols we have: 

& J[ ?.{fo.0 

(Y, ~) J.e 0

(X, ~) ?fJ: (X 1 t) dxdfl. 

= E: ~ [[1f!;•(x,~) w:cx, 0) d:r d~ 

Substituting in equations (VII-6) and (VII-8) and taking the variation of 

.X:(%) we have (suppressing the arguments X and '6- in the wave 

functions) 

(VII -9) 
I r { cp; * 6 Xe~. [ Je; (X}~) + ~: (6>] f. cpe~ ~~· d)' d~ 

= Eoff L_ (p; .. ~ x;:% x;l1, dxdo-
e~e· 



(VII-10} 
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We ·now rewrite ;.e;cx,~) + ·Je~ (~) in a more useful form: 

where 

now TN(%) = 2 ;_, ~2 (~) where PN C•p is the nuclear 

momentum opera tor PN ( ~) -= i 1; d /a~ . Thus we have: 

(VII-11} 

- Ho (X, 1) +- rl:; PNZ.(l) 

- 1-t(x q) - p,z. d7- 1. 

I 0 ZM d% 

Substituting equation (VII-11} into (VII-9}, we have: 

(VII-12} {; [[&Xe:• cp;• [Ho("l(,%) + ~ PN1l~>] C{Je~ Xe~. d;rdl 
I 

== E•?e, f r I :t.•: rp;'• cp;. X:.., h "a 
) 

We may simplify this equation. First note that the ooerator 

H°C>!>t> , as it does not contain P"'Ctp commutes \'lith Xe~' (0) in the 

sense that 

(VII-13} 

Second ~(%) affects both <Pe.~ and Y.e~,. so that 
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(VII-14} 
.· P:(~) [ (p; Xe~,.} ~- ( pN~(rt) cp;.) X:.h' 

+ z ( PNC~) ctJe~X rN(\) Xe~.) + cp;. ( r~(%> Ye:~.) 

Third, we choose the qo;cx,%) so that they are ei~enfunctions 

of Hocx,\) . Thus: 

(VII-15} 

Here the eigenvalue WeC%) is what the total enerqy would 

be if the nuclei, placed in the configuration 9r , merely provided an 

electrostatic field for the electrons (and repelled one another} but 

did ·not themselves move. Thus VV,C~) is the adiabatic energy in that 

it is the total energy in a system ~vith stationary nuclei, and it is in 

the same 'sense that the C()eo(X',!) are termed the adiabatic electronic 1t1ave 

functions. Thus referTinq back to equation (VII-2) we see that the 

adiabatic approximation sets the zero-order molecular wave function equal 

to the product of an adiabatic electronic wave function and the, to be 

determined~ function of ~ , X;(~) . Also we see that the expansion 

equation (VII-6) represents a situation where the adiabatic aoproximation 

has broken down and no one adiabatic electronic wave function can represent 

the total molecular wave function, thus necessitating a linear combination 

of two or more of the adiabatic wave functions. 

Using equations (VII-13), (VII~l4), (VII-15) in equation 

(VII-12}, we have: 

(VII-16) 
f-f• x;.: ~ {[! cp;• w .. ( ~) t.p.~ d x] x:... + [f qt"T,,!3) cp.~ Jx] x.: •. 

+~ [Jq;;•~(~)C({~ dx]PNC~>x;,, + [fcp;"cpe~dx]7Z(~) X'e~n.}d~ 

= EozJ~x;.wz {[Jcp:•cpe~ c1;(] x;.~. dq_ 
e e' (J 



nm:, from equation (VII-4) J C{J;''' CfJe~ d ')( - ~ee' 
s i nee We• ('&) is independent of X 

(VII-17) 
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. Also 

Using equations (VII-4) and (VII~l7) in (VII-16), we find: 

\-'!here ( cf>e" I~ ( t) I <Pe~) 

S c.(J;* ~('\) cpeo, d X 

sides, we have: 

is Dirac's Bra~Ket notation for the integral 

. Equating the coefficients of. rx;..,tr on both 

+ L [<'CfJ~ l"t.l'})l<(}eu•) + *(q>;l ft.~(\)~~~) PN(tts)J x;n' = Eo x;.., 
4e . 

noting that we may choose the cp;cx,~) real' we have: 

Thus \'le have: 
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(VII-18) 

The coefficients Xe:C~) are detennined from this series of coupled 

equations (there is one equation for each value of the quantum ~umber 

e, i.e~ for each electronic state). 

It is readily seen that if the coupling coefficients are 

zero, equation ,VII-18) reduce~ to the eigen-equation 

With this condition satisfied, it is seen that 

(VII -2) 

is an eigenfunction of the Hamiltonian J('0(X18) with eigenvalu~ Eo. This 

will be the adiabatic approximatri-on only if the function C(J,t(x., '5-) is 

the adiabatic electronic wave function. This will be the case only if 

the correction tenn (cp~o/T..,C~)/<(Jeo) is negligible. If not, this means 

that the expectation value of the kinetic energy in the electronic state 

c.pe0 (X)'!) is non .. zero. This of course means that tp;(x1 ~) cannot be 

an amiabatic state as,by definition, an adiabatic electronic state is one 

in which the nuclei are assumed stationary, and therefore, the nuclear 

kinetic energy~(~) to be negligible. Thus under the adiabatic aoproxfmation, 

the zero-order molecular wave function is given by equation (VII-2), where 

the electronic wave functions satisfy equation (VII-15). 
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(Vp-15) 

and the coefficients ~"(~) satisfy the equation 

(VII-19) 

Befo~e we discuss the simplest of the Born~Oppenheimer 

approximations, the harmonic approximation, it is worth while to discuss 

under what conditions the adiabatic anproximation will break down. There 

are two possible sources of breakdown; first a non-zero correction term, 

and second non-zero coupling coefficients. The existence of the former 

occurs when nuclear ·frequencies are comparable to electronic frequencies. 

Thus, comparatively close-lying electronic states may result in break down 

of the adiabatic approximation. The existence of non-zero coupling 

coefficients also results in the adiabatic breakdown. To understand the 

underlying reason one must reexpress these terms. Referring to 

equation {VII-18), we see there are two coupling terms, namely 

( r_pe~ ~~ Ct> I Cf)e~) = -£ ( cpe0 

/ ;>/r;f·/ qJ;,) 

( cp; I PN(tj) I <.()e~) -= Z.-ti < cp; J o/ai / ctJe~) . 

The first can be expressed in terms of the second via the exnression 

(VII-20) 
(C{J/ I a;af I 4le~) - ~ <CfJeo/ o/J~ I l.fJe~·) (Cf>e~· I %0/ ~e~) 

+ ;'!- < C{>; I o/;)'ts I cp;.) 

Using equations (VII-10) and (VII-15), we have: 

II 
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Taking the derivative of both sides with respect to 'fr , multiplying by 

cp;.ct,~) and integrating over all electron snace, v1e obtain: 

(VII-21) 

substituting into equation (VII-20) 

(VII-22) 

The matr~x elements given by equations (VII-21) and (VII-22) 

and therefore the coupling terms are negligible only under the condition 

VJhere the energy difference between the vibronic states is large relative 

to the nuclear matrix elements connecting these states. These conditions 

along with those for the correction term show that breakdown of the 

adiabatic approximation occurs for degererate or near-degernerate vibronic 

states. Three cases where this -occurs are: for a degenerate electronic 

state (the Jahn-Tcller.effect and exciton coupling), for a nearly 

degenerate electronic state (the pseudo Jahn-Teller effect), and for the 

case of widely separated electronic states giving rise to vibrationally

induced transitions (the Hertzberg-Teller effect). 

Finally we consider the harmonic aporoximation. The condition 

that must be fulfilled for the harmonic approximation to hold is that there 

be no electron-nuclear coupling, i.e. there be no part of V(X1\) that is 
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not separable as V(x) + V(%) • If there is no such non-separable potential, 

both the coupling and correction tennsare identically zero, and the 

Hamiltonian )e°Cl;~) is separable and admits of a separable solution for 

the molecular wave function. In general, the electronic Hamiltonian, 

although independent of % in this aoproximation, is assumed dependent 

on the equilibrium nuclear position t . Thus we have, modifying 

equation (VII-8) 

(VII-23) 

and using equation (VII-1) 

(VII-1) Cfo.0 
(X,~) = cp; (x, f) X;..,(%) 

.Substituting equations (VII-23) and (VII-1) into (VII-7) 

Analogous to equations (VII-10) and (VII-11), we can rewrite 

(VII-25) 

·and we choose ({J;cx,%) to be the solution of 

(VII-26) 

il' 
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Substituting equations (VII-25) into (VII-~4), using equation 

(VII-26), we have: 

Multiplying by %0

,..(1Jf)and integrating over all electronic space, we have: 

or 

[f~(~) + VN(cr,)] X:"'(~) = (£:- wf!.o) x;..,(CiJ) 

Here the x;,c'l) are, for VNcg) a quadratic function of 'is- ' 

the solutions for a harmonic oscillator. Hence we have the name, harmonic 

approximation. The ~:(%) are seen to be, as predicted earlier, the solutions 

for the statics and dynamics of the nuclei in the average field of the 

electrons. · 
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Aonendix·VIII 

Specification of Hamiltonian for General Chemical Systems 

A general chemical system can be thought of as a concentration 

of solute (guest) molecules present in a solvent (host). The system can 

be in a gaseous, a liquid, or a ~olid state. A system is comoletely 

described, in the quantum mechanical sense, by snecifying the total wave 

functions Sffr . These wave functions are determined by the wave 

equation: 

(VIII-1) 

Mhere the total system Hamiltonian is qiven by: 

~~ '10 1/J s '"d (VIII-2) . ffl..;.:::: ~G- + -;;).eH t- ~CrH + ~GI-l 

where 

Hamiltonian of guest molecules. 

llamiltonian of host molecules 

static interaction Hamiltonian between quest and 
host molecules · 

dynamic interaction Hamiltonian between guest and 
host molecules 

We consider that adjacent guest-quest, host-host, and guest

host interactions are mediated through free soace, while non-adjacent 

interactions are mediated through a medium whose dielectric constant is 

determined by the intervening guest and host molecules. Here it is 

understood.that the interactions are only in pairs, that is we only 

··' lil 
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treat two.;.body rroblems and ignore three-body and higher. 

Only if the terms )f;H and J.€:1-4 are neqligible, is the 

\'lave function ?..JfT senarable into quest and host vtave functions. Thus 

we can then write: 

(VIII-3) 

and the Hamiltonian is: 

(VIII-4} 

Substittiting equations (VIII-4) and (VIII-3) into (VIII-1), we have: 

(VIII-5) 

Now J.e"' does nut operate on the coordinates of 7p" H , :#H does nnt 

u~erate on the coordinates of ~& • Thus equation (VIII-5) becomes: 

(VIII ·6) 

As 7J!c, and 1p'H are eigenfunctions of ).eG and ~.., respectively, we 

have: 

(VIII-8) 

Substituting into equation (VIII-6), we have: 

·' 



249 

(VIII-9) 

Thus under the conditions of separability, ~1e can deal with the guest and 

host molecules separately. As we are, in qeneral, only interested in the 

chemistry of. the solute (guest), this is a desirable situation. He 
s . d 

therefore, 1 ook for a method whereby the terms ').tr;H ·and ).fc;,u can be 

ignored or accounted ·for in such a way that senarability is maintained. 

We first of all make the assumption that the concentration of 

guest molecules is small compared to the surroundinq host. If this is 

the case, th.e terms JeC::. and Je~ are negligible corrections to the 

Hamiltonian J{H. However, they are important comoared to Jfw . If we 

define a new guest-modified-by-host Hamil toni an and wave functions, we 

have: 

(VIII-10) 

and 

{VIII-11) Er = EGrH + EH 

where 

(VIII-12) 

This approximation has similarities to the more familiar Born-

Orpenheimer approximations for separation of electronic and nuclear 

motion. 

If we can now account for ;;.e;H and "Jft14 in such a way that the 

Hamiltonian )e&H is independent of the host coordinates, then we can 

replace equation (VIII-12) with equation (VIII-7), where now ~~ ·is a 

modified Hoamiltonian. First consider ).(;,... This is a static potential 

energy term and can be lumped in with the ootential energy portion of 
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J...€6- . .The wave functions one detenriines will thus be the wavefunctions 

in the'static f~e1d of the host.molecules. As for th~:dynamic guest-host 

interaction J.eiH , we can show this to be neqliqible under two normally 

valid conditi~ns: first, that the-atoms of the host molecules are 

removed from those of the guest molecules by distances severa-l times 

·greater that Vander Waal's distances; and second, that the electronic 

absorption bands of the host molecules occur in different spectral 
5 

regions than those of the guest mo 1 ecu 1 es. Thus if \1/e inc 1 ude ~ r:rH 

')J ~d ·, ( } in~ and ignore ~ we may consider equation VIII-7 as valid. 

(VIII-7} 

or dropping the G subscript,as it will be understood that we are 

discussing only the quest molecules. 

(VIII-13) 

t~e may now break down J( , basing the breakdown on the assumption 

that the particles~{elect~ons and nuclei} in a molecule or s~t of 

molecules can be!·assigned to particular groups. Each particle.belongs 
. . 

only to one g'roup,and no transitions (electronic transitions or chemical 

reactions) remov.e·_:·it from this group. In quantum mechanical language, 

the groun particle~wave functions do not-overlap each other, there is no 

particle exchange between groups, and there are no charge transfer 

transitions. Therefore, we have: 

(VIII-14} the sums over all ~roups. 



where 

(VIII-15). 

(VIII-16) 

here 

lEt~ lEi (Xi) e 1 ectroni c kinetic energy of group i 

r;,i :::T,.,;(~;l - nuclear kinetic energy of groun i 

VEt= Ve:Jx-1) - electron-electron potential of group i · 

Vr.~•= VAt1 (~l) - nuclear..:.nuclear potential of group i 
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VE 1~;=VE,wi(:ti)~i) - interaction bebteen electrons and nuclei of groupi · 

VELEJ=Vt<Ej()";,:r,j) - interaction between the electrons in grouni 
and those in groupj 

VN,Nj =VNiHJ(~,>~j) - interaction bebteen the nuclei in group t 

and those in group j 

interaction between the electrons in groun z 
and the nuclei in group j 

interaction between the electrons in grounj 
and the nuclei in group i. 

Here Xi and ~i are the sets of electronic and nuclear coordinates for the 

group~ As i andj arejust dummy variables, we note: 

thus 

Substituting (VIII-15), (VIII-16), (VIII-17) into (VIII-14), 

we have·: 



(VIII-18) Je::: L [ lEL + Vr::-.. + VEi~i + TNi + VNiJ 
i 
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We have thus derived the Hamiltonian for the solute molecules 

of a genera 1· phys i ca 1 · chemica 1 sys tern. As the eigenfunctions of this 

Hamiltonian will be the wave function~ describing the solute molecules 

in the static field of the surroundin~ solvent, it is well to discuss the 

practicality of using such wave functions before we terminate the 

appendix. The stronqest argument for using such wave functions is an 

experimental one, i.e. that the qualities of the solute that we measure 

are usually qualities of the solute in some solvent. Thus wave functions 

of the above type are usually more aprono than free molecule l'lave functions. 

The argument against these more complex wave functions is the 0reater 

dirri~ulty of calculation; i.e. it is difficult to determine the exact 

effect of the static field of the solvent. However, as one must eventually 

take the solvent effects into account when comparing with exoerimental 

measurements, the choice becomes one oi when to consider the influence 

of the solvent. Thus practicality is not sacrificed and the Hamiltonian 

defined by (VIII-18) has a simpler interpretation. 
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Detennination of ~·1atrix Elements for Various 

Hamiltonian Representations 
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In this appendix, we detennine the matrix elements of the 

representations of the first-order Hamiltonians in the zero-order basis 

functions fo~ several of the cases listed in Tahle VI of Chanter 3. We 

include the hannonic and adiabatic subtypes of the electronic, excitonic, 

product vibronic, and sum of rroduct vibronic representations. The 

representations for weak coupling, strong coupling, and the second 

quantization are not calculated for several reasons. First of all, 

calculation of these matrix elements is long and comnlicated. Secondly, 

diagQnalization of the matrix representation of the Hamiltonian in these 

three cases present such great difficulties that only under the condition 

that perturbation theory is apnlicable is the nroblem tractable. Finally, 

calculation of these three cases is of no interest to us in our nresent 

investigations .. 

The format of each representatfon calculation is as follows: 

First, the zero-order basis functions· and the first-order Hamiltonians 

are listed. Then the pertinent Schroedinger equations are set down. 

Finally, using the basis functions, Hamiltonian, and Schroedinger equations, 

the matrix elements of the Hamiltonian representation are evaluated. 

A. Electronic - Harmonic 

Zero-order basis functions 

First-order Hamiltonian 
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We approximate VEN(x,~) by the first three terms of the 

expansion about the nuclear equilibrium nosition ~0-

(IXA-1) 

where 

(I XA-2) 

(IXA-3) 

VEN ex,~)~ Ve~(:l()r> + (~- cr> Vg'~ (x,r> + ('6--'tt)' v£~(~) r) 
v£~ (x, 'f) = v£N (x, ~)I%= r 

. · V,' (x "): JVEN(X,f) J o 

. EN '% a~ '6·% 

·~, (Xq_")=J. J
1

V&~(:x,<t)l .. 
~ )t'i z ;.'ita. 1~-==t 

Thus the first-order Hamiltonian can be approximated by: 

_.J.e '-;;: -rc ex) + ve (X> + v£:, (x, (r> 
+ c~-% .. > v~N (~)~") + c%-%">1. v£~ cx,f) 

Schroedinger Equation 

. [recx) + vfc'J(> + v~~ o!,r)J cp;c:r,r) = E:£,0 > cp;cx~r> 

We may now evaluate the matrix elements of the Hamiltonian. 

r~pr~s~ntat1on. W~ SUppress the arguments nf wave functions and 

Hamiltonians in this and succeeding derivations where such suopression 

is not confusing . 

. Using equation (IXA-3) and the orthonormality of the cpeo > 

we have: 

( Cfle0 /~' /C(J;.) = £~, (c(/) tfee• 

(IXA-4) 
+ ( ~- ~o) (~"I VE~ J <fJe"•) + (~- rJZ. (cpe" ~~~I Cfe~) 
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Equation (IXA-4) yJelds the following matrix elements. 

Diagonal elements 

Off-diagonal elements 

Where in c~lculating the diagonal elements, we have used the 

fact that (C{Je" /V~N(x,cr>I<..Peo) = o. The following reasoning 

justifies this equality. For the above matrix element to be non-zero, 

v:N(~,r) must be totally symmetric. As the total .Hamiltonian must 

be totally symmetric, this means that if v;,_,(l!',f) is totally symmetric, 

then we are dealing with a symmetric nuclear coordinate%. Hm-Jever, it 

is a fact that a totally symmetric vibration will not cause instability, 

thus necessitating that Vc-'N(¥,~0 ) is zero for a totally symmetric 

coordinate. Thus, (Cfle0
/ V~111 (-x,r;t)/lpe0 ) = o for all• cases. \·le shall 

use this result in the three following harmonic representations. It 

vii 11 be referenced there as the stabi 1 ity requirement. 

B. Electronic - Adiabatic 

(IXf3-J) Zero-order basis functions C{Jeo(~,%) 
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(IX 13-2) 

Schroedinger Equation 

[TECx) + VE(x) + VEN(Y,t)] cp;cx,~) == E;Cfr) cp; (':t', ~) 

We may -now evaluate the matrix elements uf the Hamiltonian 

representation. 

(IX B-3) 

This yields the following matrix elements: 

Diagonal elements 

Off-diagonal elements 

C. Excitonic - Harmonic 

(IX C-1) 

Zero-order basis functions 
"' ·" _. • N 

rl\ ,._ _L ~ -l k•A\ (JoU) 7T ') 
~ ( k ~e·) = YN "- e (re• (:t•~1r>. . c.p;<J ( :lj , ~.;) 

. L • J*' 
First-order Hamiltonian 

N N M 

~·= [ [TEc<Xal+ VE;Cli) + Ve,,.,~('X'·t•il + ~ [VE',Ej(x;,::rj) 
t . L J>t 

Using an expansion of Veuv,(:r;,1I) about ~i , as is done in 

equation (I~ A-1), we ~ave: 
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(IX C-2) 

t.J 

· ~· = Z [Tf,Cx;) +- VEi.(:r;,) + Ve7w, (X&.,~;o)J 
. l . . 

(IX C-3) · Thus 

where 
N 

X,'=?- [ /Ei(::Yi) + ~JX;) ,+ vE;~. (A:'i ·~1°)] 
(IX C-4) 

;;.e; = zr(~; -~·0 ) VE~~ .. (Xi ~~i~) + (~, -~n v;:Ni (~i) ~t>] 
l 

N N 

;;e_; = L 2 VEtEO (Yi,Xj) 
0 0 • .I 
l J ')>\ 

Schroedinger Equation 

(IX C-5) 

(IX C-6) 

(IX C-7) 

but as all monomers are identical, so are all ~i 

Thu~: 

for all t 

.. [T~,cxn t Vei(Xil + Ve;"'i. (xLti>l cpfm(Y:,~t) 

= Ee0 (<ts~) cp;<i)(X;
1
\i0

}. 

· We now evaluate the matrix elements, sunpressing arguments of 

wave functions and Hamiltonians where such suppression is not confusing. 
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(IX C-8) 

+ (~(C.,e•) I ~31 ~ Ck.•,e'')) 

We now proceed to evaluate the first term in equation (IX C-S). 

Using the expression for 1e: from equation {IX C-4) and equation (IX C-1) 

for the wave functions, we have: 

(IX C-9) 
(~(k. 1e' J / Jt' / ~ (k')e")) 

= -/it f. e-i(k.t;-k'·.h.i) (cp;.mif. cpeoc ... ,/ £ [Tep +Ver+ VC,:Np]l (/Je~j> 1t C(J;(">) 
\. j ...... , p ..... j 

Usin9 P.qu~t.inn (TX C:-7), we have:· 

{I X C-1 0) 

N . 

L [ TE~ + v~r' + vt:';N,. J I C(J~~·j'*· ~e.'"') 
to . n#J 

= {E:·•C'r) -T (N-0 EeCcr>]IC();.~j)ff.~;~"') 
"'*J 

Substituting this into equation {IX C-9) yqelds: 

- L f~e-t!k·Aj-i•.Aj)f£o 0 I' )£.( o)JfrnoCi)*f/)o{ ... ,,(()0 V'.:'r(n•( .. 1) 
- N LL L1 e"(<i.) .._,,,.,_, -e q· 'Jl.T'e· 11:-re 'Ye" "· re J . . n l> . ""'" ... J 

l J . 

#J • (&. ""•) _,. 
+ ~I e-l -J. •.11; [ E; .. Cf> +(Al-l} E;(~o>] ~e'e" 

i 

t- ~ -ict.t;-k'·AJ) [ " · . o 1 + -/v ~ ~- e ~ .. ( t") +(~-I) Ee (<ft) ~e'e $e"e 
\. J'"l 

If we ignore terms in the Hamiltonian representation where 

either e' or e" are the ground state e , then we can drop the thitot*: 

term. We also set: 

II 
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(I X C-11 ) 

..... 
where b is any sum of primitive translation vectors in the reciprocal 

lattice. Th~s we have: 

~~e now turn to the second tenn in equation (IX C-8). 

Re~.,rriting the expression for)(~ from equation (IX c:..4), we have: 

N 

(IX C-13) . ;;e; = I x:, 
to 

where 

(I X C-14) 

Substituting equation (IX C-13) and the expression for the 

\'lave functions, equation (IX C-1), into the second·tenn in equation (IX C-8}, 

\-ie have: 

. 'I 

tit 
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In the first term, we substitute 
1<1 tJ 

L:Je~~ = ~~i + 2: "Jf;p 
p p•i 

while in the second term, we substitute 

N 

' I I I N. 
L )(2p == dfz i. +- )f zJ· +- ~ J< {p 
r · · ..,,.i 

I "t j 

Thus we have from equation (IX C-15): 

(IX C-16) 

Again we ignore terms when either e' or e'' must be the ground 

. state e . Thus we drop the last three terms in (IX C-16). Now substitutina: 
N ~ . 

L. ~~ = [ -x;VJ - ;)e;i 
. . p~i r I 

into the s.econd term of equation (IX C-16), we have: 

(f(k ,e•)/;}.f; I ~(k)e'')) 

(IX C-17) 
= ~ [ e-i(k-k')•Ai [(cp;m /;)f,_'i/c.p;.~;>) _ rq;;ci)I'Jf;iJ{/);m)] 

t . 

N , ..., ""•) _.. N 

+- ~ Z e .,.l(Jc.- k •Jl i L ( c.p;(,.) ~~1~/ f.(Jt"1) de•e'' 
l. f 

I I 
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Using equation (IX C-11), substitutinq in equation (IX C-14), and using 

the. stability requirement discussed in part A of this apoendix, we have: 

(IX C-18) 

N 

+ z. ( ~i- ~nl. ( crt•> I vE:~i I lPe0 £l)) . 
1. 

. We now turn to the third term in equation (IX C-8}. Using 

the expressjon for ~~ from equation (IX C-4), we have: 

(~(k,e') I ~J· / ~(k' ,e")) 

(IX C-19) (~(kle'l/ Je; / ~tt!~e")) 

= ~ t e -i(k-k')·A; (cpeo,«i>fT: C(Jt .... , I f. f Vf:t.E_a 14>:.~wff. (/>eo(~)) 
l mt1 '(>J.)f · ntl 

In the first tenn of equation (IX C-19), \-:e use the relation 

{IX C-20) 

and in the .second tenn of equation (IX C-19), we use 

(IX C-21) 
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Thus we have: 

(IX C-22) (~ (k,e' )/'J(?j I f(k.',e'•)) 

. N A ,. ..;. N N N N 
1 ~ -i.(k-k')•Ai (JTrn"c"""J/ "\'" /rrrn"<"'>) r +;i L e --re L L ve,.~ II "'f"e de'e" 

. ...... ptl .b.. 1"1 
t .~ 

N IJ , ( ... -t ,.. _. N 

+· ..L ~ ~ e-t. lc·~•-.k-'··4i) )('r/)IJ(j>rnocr>fv, trtJ~(j)rn"(p)). r 
N 4- '-· L. '"fe. -..yc e.;~r' '-ft!" 't'e oee' 

1. .)'h pt~ . 
•J 

+ ~ ~~ e-u~.J\i-k'•pj} (itcp;< ... \ I r 5- Verqlff cp;("') ~ee• See'' 

i ~*' ... ~~}~~ . h 

·•J 
Again dropping all tenns for which e = e'. or e = e" we have 

(upon substituting equation (IX C-20) into the second term of eouation (IX C-22) ): 

(~(~,e') J ~f I ~(k'Je•·>) ; _N, le-i. (k-k')·:Ai f_ [( 4'e~''tp;'i' I Ve~.E·I ((Je~'(LJr_p;<f)) 
• ••• ;J 
l J~' . 

(IX C-23) /tfJ"W.-no(,j>/t 1 / rnotilriJocjl) r J 
- l 'r'e 'f't. I V E i E'j 'f'e 't'e d e'e" 

': 
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From equations (IX C-12), (IX C-18), and (IX C-25), we have the 

following matrix elements (using the stability requirement for diaqonal 

elements). · 

Diagonal Elements 

. N. 

+ ~ 'Z ('({t-~io)[(cpe~(i)IV/:fJ; Jtp;.cil) - ccp;ci> I vE:~i I (/Jeoli))] 
~ 

t.J 

+ ~ (<ti-~i)~ ccp;m I vE:Ndcp;cil) 
~ 

~ N . 

+ ~ ~ Z [ ( cpe~ tt) cp;(j > f V~:i E"j { cp;f''cp;<i>) - (~wcf-ti> I Ve;e) cp;(i>~CJl) 
l j"*' . . .· 

~ N 

+ J ~ _( cpt'>({Jeo<j)( VEi Ej J C{J~lil cp;<j)) 
l JH 

~ tJ ,.,.(~ .... ) . 
+...!...)"S e-1.k )l;-)\j ·c(/)ot\l(()o~i)~v lti'J"Cjl(OOI~)) 

N L L 'f'e' 'fe t'i.li: · '-n'' ;·11 
. ' ' J l Jtl 

Off d · 1 1 ""k "'k' e' ..... e" • 1 agona c ements -= ) -

(J (k I e ')I ~'I~ (k' ,e')) 

N 

- I ~( ") ( <J(ilJ 11
1 

1 1noti\) - ,.., 4 ~i-ii Cfe• YEjJJt "t'e" 
1 

~ N 
+ j_ ~) (rn"{l. 1tll" Cj)/'' )rn°" 1 tf) 0 <J~) 

N L L '"fe' '+'« VEiEj '1'e" 'f'e 
i j.ti 
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"k 4- L'k' Off-di agona 1 E1 ements ..,. , e' = e'' 

"' ,. 
Off-di agona 1 E1 ements k ~ k.' e' =\: e." 

"' . "" ~ . = _1 ~ 0 -1. (k- k') • A i (ct. . .n)(rnoti\ 1 \I' I til o(i)) 
N ~ c-. . l)t ~ t• 'f'e' VEii'Ji "t'e" 

~ . 

,., .., <' .. .. .,) ) 

+ 1 ~} -i(k•Ai-lc.'·..lt.i ('()ati> 111 o(,j)J \I jt()oCjl//Joci)) 
N L L e 't"e' 'f'~ YEie'j 'f'e" 'f'e 

i j=H 

D. Excitonic - Adiabatic 

Zero-order basis functions 

{IX D-1) 



2fi5 

First-order Hamiltonian 
N . . 

(IX D-2) Je.' = ~ [TE1 (X'i) + VEl('X;) + VciNi(X.;)~i}] 
N N 

+ Z I. VEiEj (xl ,Xj) 
L J)l (IX D-3) Let: 

(IX D-4) where: 
N 

;)<,' = r [-r;i (Xi) -+- Vei ()'\) + VEi tJ;(J!';) 1' )] 
~ 

whereas all monomers are identical 

\~e may now evaluate the matrix elements, sunoressing arguments 

wherever we can, as before. Using e()ua ti on (I X D-3) for ){' \'Je have: 

(IX D-6) 

Evaluating the first term of equation (IX D-6), we get the 

parallel of equation (IX C-12). 

(~(k,e')/~: I ~(k',e")) ·· 
(IX D-7) 

_ ..1.. ~. -iek-k').:J\\ [E .. c ) ~Eo( l (' 
- N 4- e e" ~; + .L:- e ~j) J oe'e" 

~ 0 J*l 

Evaluating the second tenn of equation (IX D-6), we obtain 

(I ) f'n O{'i) rnoti) ( equation X C-23 , only here the 're are ~e x,,~t) . From 
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equation {IX D-7) and {IX C-23), we may write the matrix elements. 

Diagonal elements 

N N 

+ -1.; l. ?. [ (qJ;:;'q;;<n I VEiE~ I((J;.Cit:p:'.i))- (~;'\(J:'j\ I VE;E) tpt;~(p;tj\)] 
1. J * 1 

· N N 

+ L L (({);l;'~;<j\ I VE\ ~j I cpt''~eocJ)) 
i j)i 

A /'. 

Off-diagonal elements k :::: k' , e' ::%= e" 

N /J 
- j_~~(rnoc»,noCj)ll'. jrnoci)rfl"Ci)) 
- N £.,.. .I 't"'e.' ~e VE,!;j· 't'<e" '+',. 

l .J*' 
1 ~ ~ _(k(~:,-Aj )C·,nocilrn(Jci>J V I rnotj' inocil) 

+-;::i L L e 't"e' '-t'e. E.;E; 'f'e" 't'~ 
I jh . 

"" "" OffHdiagonal element!i k :!IJ k' ) c• = e" 

N N • (" -' ;. _. ) + .1. "') "") - t k •.JI;- k'·Aj (rn oti)rnocjl/ 1 1 I (flo Cj)rnoli)) 
N L L e ~e· 'f"e VE.iEj ..,...e· --re 

i. j~i 

,, 
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Off-diagonal elements 
"" ,.. 
k ~ k' . , e' * e" 

Nt-.1 ~ ,.~ . 
+J_ ~ ~ e_i(t . .JI;-Lc',)lj)((/}oCi)l'l)olj)l v. ftn"lj\~oci)) 

N L L "fe' 't'e e;e.· "f't'" e . . . . ~ 

. l jtl . . 

E. Vibronic Product - Harmonic 

Zero-order basis functions 

(IX E-1} 

First-order Hamiltonian 

).e' = TeCxl + VE{'X) 4- VE,..,(-x,~) + VN<~) +T~(t;,) 

Again we expand VE,..,(~,l) as in equation (IX 11.-1). Thus 

the first-order Hamiltonian can be aoproximated as: 

(IX E-2) 

Schroedinger Equations 

(IX E-3) 

(IX E-4) 

[Te-cx' + vf"('l() + v;,.., cx,r>] ~<)',\0)-== w;cr)qJ;cY,%0
) 

[T,..,C~) + V...,(~) + We0 (cf)) X~C~) = E;~ x;:,clfs) 

We may now evaluate the matrix elements of the Hamiltonian 

representation. 
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Using the Schroedinger equation (IX E-3), we have: 

(~e.,/ ;;.e' / ~e'n') 

Using the Schroedinger equation (IX E-4), we have: 

remembering the stability requirement and recognizing that (Xe:,/11~~)=<&" 

we have for the matrix elements 

Diagonal elements 

- EQ - e.-, 



Off-di agona 1 e 1 ements e = e• > r'l ~ V'l' 

Off-:diagonal elements e~ e1 
) dll n>n' 

(~e~ I~· I me·~·) = (~;I v~N (X) ~r> I(();.)( x:., I (a- <f)f Xe~.,.) 

+ ( cp: I Vc'~ (-x) ~") \ ~;. )( Xe~ I c,- %")1 I 'Xe~~.) 

F. V1bronic Product - Adiabatic 

Zero-order basis functions 

(IX F-1) 

First-order Hamiltonian 

{IX F-2) 

Schroedinger equations 

(IX F-3} 

{IX F-4) 

. [TN(%) + VN(\) + We0 ('b)] X~~~~(~) = Ee0

.., ):';.,(tt) 

. 26~ 

\!Je·may now evaluate the matrix elements of.the Hamiltonian 

representation. 

( ~e~ ! ;)(I' I ~e·..,,) = (q>eoXe~ I Te + VE + VeN I ~;. 'Xe~"') 

+ u~: _x; ... I~ ... VJJ I cpe~ y;.".) 
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Using the Schrodinger equation (IX F-3). we have: 

(IX F-5) 

now 

Thus 

(IX F-6) TN('(r) I c.()~ X~·.,,) - r~~~~·)}f"Xe~~.) + 2~ {PNitQ;.)1{PN\~?.,~1 

+ fl.Pe~ )TN I X.e~".) 

Thus we have: 

+ fM ( l:' ;., I ( ({)~ I R, I~(!~) P~J I Xe~.,.) 

Substituting equation (IX F-7) into equation (IX F-5), we have: 

(IX F-8) 

noting that the cp;(.~,.~l can be chosen so that (q>;/P~I<{>e~)= 1- dee' , 

we have the. following, using the Schrodinger equation (IX F-4): 

(IX F-9) 

· We thus have for the various elements: 



Diagonal 

(~e..,/df?.'/~e'"')- E;.., 

+ (Xe:/{(~;JTNI(/)e")11 ~ .. ) 

Off d · 1 ·e -- e' , "'"'t: Vl' - 1agona ·' 

Off-diagonal e~e· ) all n>n' 

G. Vibronic Sum of Products - Harmonic 

Zero-order basis functions 

(IXG-1) . K 
. "' I( - ....!.. ~ rnoci) 0 v o(i) 
!±'e.,- f"K4-"re (Xi,~;) A~ (~i) 

1 

First order Hamiltonian 

(IX G-2) 

){
1 =TEC~) + VE('X) + Ve~(x)'A-) +TN('!)+ v..,<<t) 

again we approximate 

· . Je.' = Te (x) + V~Cx) 

,-..:}ti'a. 

+ r;, ( t) + v,., ( ~ )} 

Schroedinger Equations 
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(IX G-3) [Te(X) + VE(X) + Ve~ ('X1(,0>] cp;(i>(:)(1 f)= WeociJ('&0
) <p~ti1(X1 f) 

I· 
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(IX G-4) 

We may now evaluate the matrix elements of the Hamiltonian 

representation. 

(IX G-5) 
(Cl~ f ~·1 ~;~.) 

i K' 

- (_j_)''"" '\ (rnQti) yoti) { "T'" II IJ" I rn"ljlx· oCj)) - Kt<' L 'f'l! 1'\-e" 1 E + ve + VEN 't'e' e't-~• 
t j 

. k 1(1 . 

+ (-~.r~zz. c qJ;lil Xeo~i) I c%- ~·)Z. v~~ I ((Je~!J' x;~~') 
L J 

k ~ . 

+ (-.fk,)'la. I L ( C{):(i) Xeu .. (~) I~ + V N I C{>;. (j) Xe"•~)) 
i j 

Using the Schroedinger equation (IX G-3) and the orthogonality 

of the electronic wave functions. 

(IX G-6) ( g?e~ I ~'I ~e~~.) 

_ f....L)YL ~f(voci)jT. V "Cj)l olj)) r 
~kl<' L L .A.e,., ~ + ~<~ +We• 'Xe•,• ~ee· 

i j 
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Using the Schroedinger equation (IX G-4), we have: 

· K tr 1 

+f-' \'h.'\'\(rl\o<ill 1'' lm"CJ>Xvom/( )/Xo(j)) 
· \kk') 4- '-:- 'f'e VEN 't'e' M"' . ~ -~" e'rt' 

. I J 

+ (~.)'la.Z [. Cq>:mtv~~ 1 c.p;.CJ,) c~''l c1-rl~l x:.~1') 
I J . 

ltJe can. now write the matrix elements: 

Diagonal 

(~e~ { Je' / ~e~ ... ) = ~ t E;~il 
i . 

K 1C 

+ ~ '[Z (c.p;(i>t VfN/cp;'.i>)(Xe"~i>l (0- q;") I Xe~(j>) 
l J 0 

+ 1< t [ (cp;mt Ve~ ll.l'e"(j> )(t;~i) I ( 0 -0")•J ~e:v>) 
l J 

Off-diagonal e:: e' (:. K=-1<'), n~\"\' 

K K : * ~~ ( qJ;Ii) I Ve~ I ~eo(j} )(X e0 .. Ci) I(~- ~o>f x;t1"!)) 
1 J . 
K I< 

+ ~ L~ Ccp;'"lv~~ l<p;lj))(Xe .. :n/(1-1")1/X;~') 
t J 

Off-diagonal e~e· )all K,t<',n,n' 

(~:01 1~'1 ~:~.) 

I< IC I 

= (~)''z. I z ( cpeo(\) I vf,., I ~;.tj)}( X'e~(i) j( 1-1") I Xe:~1)) 
1 J 

k k' 

+ ( K'K·)''l.Z ~ ( ~:wf v~~ I ((J;.tj>)(x;~i) I C 1- fY'·I Xe~~~,) 
1. J 
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Normally the vibrational wave functions are. chosen via a 

variational ·procedure such that the matrix elements between ~;rjlx;ril 

d rnom XO·(i) an '-fe e .. • are zero. This fact, alo~g with the conditions 

( ~; Ci)/ Ve~ I qJe"Cil) = 0 ) ( x:~i) I ( '&- ~0 ) lx: .. <il)::. 0 yield the fo 11 owing 

matrix elements. 

Diagonal 

(~e~ j~· I ~:01) -= .~X E:!i\. 
I 

+ ~ tc<:p:'"lve::,I<Pe"ci>)(Xe':! 11 /('b-cb") 4 IX;~il). 
Off-diagonal e-= e' (:.&<=1<1

)) ..,~...,. • • 

(~e~ I~··'~~.) = ~ t ( qJ:ml V£~ I ~;ci>)(X:~')I (~-r>~f x~i') 
\ 

Off-di agona 1 e ::\: e' 1 ;;)11 K, K', ..,, ,.,, 

·lc K' 

= (*.)'~ z. L (Cfl;(i) I Vt:~ I cp;.(j))(x: .. (i) IC~-· ~~)/ xe·.:p) 
' j 
I< I< I 

+(~.)'h. LL (C{J;(i\1 v~ I q>;.rjl)Cx::o 1({)-~"tl Xe~!l) 
i j 

H. Vibronic Sum of Products - Adiabatic. 

Zero-order basis functions 

(IXH-1) 

First-order Hamiltonian 

(IX H-2) 

'• 
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Schroedinger Equation 

W~ ~ay evaluate the matrii elements of the ~amiltonian 

representation.· 

(IX H-5) 
\C. "' - (_L )'h.)~ ern o{i) voc;, I T. + " + \J I rn•(j) v olil) 

- I<IC' L L "ft" Ae" E ve. YEN ~e' Ae'"'' 
i j 

K K' . 

G~\~'\\(ro•ci)voli> IT. IJ l'no<j)-yotJ)) + ICIC' J L L 1e At.., "' + VJOJ --re• ""e'n' 
i. j 

Using the Schroedinger equation (I X H-3) and the orthogona 1 it.v 

properties of the electronic wave functions, we have: 

(IX H-6) (~12~ ( ;)e' fi~J:~.) 

K I<' 
_ f....L)'It.)~(tnoli)y•li)/-r 1(/)olj)y<>Cj)). 
- \.)(K' L.L '1""e fie~ • N 'f"e' l't',• 

i j 
K . 

+ 1 "")( .. ci>/ •• 1o(i\1Xoti)) C' r K L Xe..., v~ + vve• e·,.,. d~· aKK' 
i . 

We have the parallel to equation (IX F-7) 

(IX H-7) 
( y"'W I 1. otn) r r 

+ 11-ettt T..i Xe .. • dee' ~ij 
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Substituting equation (IX H-7) into equation (IX H-6), we have: 

(IX H-8) 

K . . . 
I ~ cv•cill . o(\11 "\fO(\)) r r = K 4- A~ T..., + Vt-~ + We• ..<.e·~· dee' dtcK' 

~ 

K K' 

+t~.Y ... l_4_ (Xe~i'/(~t'';-T-N I cp;.li>) I x;.~~') 
\. J 

I< K' 

+ (~.)'h.li. ~ (X;~~,((Cf'e"''\1 PNI({J;.~j>) f"N ()~~~:)) 
i j •. 

Substituting the Schroedinger equation (IX H-4) into equation (IX H-8), 

we have: 

. (IX H-9) 

K ~· 
+ (~ )~ lZ cx:~ilJ[(<P:Ci)ITH tcp;.<j)) + 2.~ (~eO(i\/p~ I q);.<J')P,} I~;~~') 

l j . . . 

Using the reI ati on (({';ti' J PN I c.p;."Ji) = ( 1- ~ij ~~· )( ~;r'' I P,., 1 ~;.<n) 

we find for the matrix elements. 

Diagonal 

,! I 

K 
_ .J_ ~ Eoc\) 
- K L e"" 

i 

I< K 

+ * L l cx;,/"/[(cp;<i>t~ I ctJ:cj>)"H x:~jl) 
i j 

K I< 

+ * LL('>!;~i) lz~(C(>;'''IPNI~;0 1)PN/l{;~j)) 
'i j 

" 
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Off-diagonal e = e'. (:. k = k') > n·~n 

(~!I ;te' I~~~·) 

= ~ ft (X~~>I[C((JeO(i)ITN/ef)el~))11 x;"cp) 
i j 

. + -k f f. CXe~·uliA ccp;Ci}IP,.,I cp,o<jl)PN \:¥;~~)) 
i Jh 

9ff-diagonal e*e' , all K,K',"',...,, 

(~~~~'I ~e~.) 
IC k 1 

= (&.) 'I1.L L (X eo~il I { ( Cf>eo<i> ~~ ll(J;.tj))} f X:.~:) 
i j 

~ ~· . 

+(k~.)"'-L L (X:~'> I #t ( Cf;m I P,., I Cf>e~<j)) P,., I x;c.J.>) 
l j 

Again the vibrational wave functions are normally chosen 

via a variational procedure such that the matrix elements between 

({)o(i.\ X oCi) and 
'1'e e"' 

/'lloCi) yoCj) 
"i" e IL e ,, are zero. The above elements become: 

Diagonal 

K 

(f~/ )-{''/ ~~~.) = ~ z (X.:~(i)/{CC{bo(i)IT.JI r-(lt:O(i))J/ Xco,!~') 
1. 

Off-diagonal e*e' l call K, K')..-.,...,• 
K K1 

· 

(Pe~ I~' I~;~.) = (~·Y1.,l (_ (X:~i'f{(~;'i'/T,., I C{J;.<J>)} /Xe7h<l') 
l J 

K. K 1 

+[f;..)'h L L Cxe:(l'/i'M ccp;'"IPN /(j);.(jl) p,., ll';.~!)) 
1. J 



Annendix X 

Third-order Degenerate Perturbation Expansions· 

for Ground and Excited States 

Let the perturbation be P . 
We use Tabl~ 5.1, Chapter Von page 84 of Perturbation Methods in 

Quantum Mechanics of n-Electron Systems by Corson (88). 

{ X-1) . I K.II.S> = L < Hjlc I I(A~) \ Hjk> 
j,k 

+ L (Hl"j ~s. 3) I Hjk) 
j~ . ) . 

278 

th · The H terms are the zero order stllt~:>s, the K terms are 

the perturbed states. Of the superscripts, the first indicates the 

particular electronic state ~nd the second, the particular deoen~r~tP 

member of that state (if degenerate). For our convenience, we change 

the notation~ The capital arabtc letter signifies the particular 

electronic st~te, the small arabic subscript signifies the degenerate 

member. Zeroth order states are signified by a o superscri·pt. Thus 

Lm is the true m degenerate member of the L electronic state. ~Lm0 

is the zeroth order m degenerate member of this state. \~e, therefore 

rewr.jte the above equation {switching to the f) notation as we shall 

reserve I ) for time dependent states). 
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(x-2) 

+ L L ( L~ I ks ) 3 ) I L:..} 

t~e now must define the tenns used in this equation. 

(X-3). 

( K~ I K5 ·) I) =Z~ 
( K:. I PI M;)( M.eo IP I K.s0 ) 

(E~- E~)(Et<s- E~c..-,) H'".ll 

. ( k:~ I k 5 ) I ) - 0 

. ( L.:.l K~ ·, Z. ) =2~ 
( L~ I PI Mt }( Mll Ks ; ·1) 

r=.:- ~~ t-10 Jl 

6;s) Et<; ( L..: ll<s ·> I) 

E"- E 0 
. I< 1.. 

( k~ I Ks > z.) = L2. 
(KO: I PI M:)(t":f-4° I K~; z) 

{;I<:S - El<....., ""0 ..l 

6~) EK ( k~ I Ks ~ 1) 
~I<S - ~ .... 

( Ksol K~) 2) . - -t z 2: I (Hll ~<s ) I ) I z. 
MO .Jl 

(L~ IKs) 3) LL (L::..IJ>I H;)(M.l/ ks ·,z) 
= Eo o 

MO ..l I< - EL 

... 6~5, E~< ( L~ I ks.; z.) 

E~- E~ 

A(:) E K ( L!. I K$ i I ) 
Eo Eo I<- 1.. 

(K~I ks; 3) - .Ll: (K~ IPIM3)(1'1liKs~3) -
?ki - €!( .... M" ..0.. 

6~Sl E~e (k..:' I Ks) Z.) 
EK~ -~I<~ 



where 

(X-4) 

. . . 

_ ~~I E.< ( K.:, I ks ) I ) 

E~es- Ett...., 

6~s1 EI< = L r (K; I pI MQ)(M; I Ks>l.) M0 ~ k 0 

Mo ..R.. 

= L L L l _(Ks·l PfM])~M;I~I N.h)(NA I Ks) I) 
t1"tlr0 N" Jl A f k- E..,. 

(K; IPIM .. 0)(Ml/PIN~)(N; IPI Kn 
(E.<- E~ )( E~t;0 - E~) 
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-L L Ll L (Kso IT'/ H;)(M4°1'PI\G')(k'.:lf1Nt)(N; I PI K.s0
) 

1'1"tk0~w- -t .J. us (Ek'- E..;)( Ek'- E,.,O )( tks.- E1<11..) 

Now we are.only considering oerturbations of order 3 or less. By 

·examining the equation for fl.~r.' EK and the next to last of equation (X-3), 
. (~IP/No) 

v1e see that ·if we can consider tenns such as t. <.. 1 then we 
Ett.s - E1<t. 

can treat these also as lowering the order,and thus omit many tenns. 
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Thus we can ignore any contribution in 3rd order of 6.~$) Et< 

·Similarly, we can ignore any contribution of~~~) EK to (K.!:/K~·, 3). 

Let us now write out the oth , 1st, 2nd, and 3rd order terms of the 

perturbation expansion of IK.s). 

on .. 
(x~s) 

( K.t"f ?fl! )(L.!,I PI ks0 )(K~"I1'1 Ks
0

) I K o) 
(Eks.- E~ct }(E.:- Et)z.. t 

(L,;.IJ'/H.;)U1;/PIKso)tl<s0 IPf Ks0
) I L.:.) 

. (E;- EL")(Etc'"-E,1)z. 



(ks
0 1PI ksof(L-:,1 PI Ks

0
) / ~) 

(E.t- EL0
)
3 · 
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In tabulating these terms, we have ignored terms of nerturbation 

of order higher than 3. 

\~e can mc;lke further redt.Jctions of these tenns by noting that 

the (ks0 fk5 ·,3) and (KtiK:,2) sets are small corrections on the oth order 

wave function I kso) and give no ne\11 symmetry sets. Furthermore, as 

can be shown, for certain conditions which are almost always fulfilled, 

we can ignore· any tenns which include (Eks.- E~e~) in the denominator. 

Therefore, if. we combine the various terms of (X-5) under these 

conditions, :.and drop the subscripts denoti nq members of the degenerate 

set, we may write the equations for Cr! and II<) as are given in 

Chapter 4, equations (4-23) and (4-24). Although we drop the notation 

indicating the members of degenerate sets, we do not forget that it 



. ,,~ 

exists, and i.n the case of a degenerate representation, \'ie must sum 

over all members in doing the symmetry evaluation . 

.. , 1.•· 



Appendix XI 

Listing for Computer Program SYMDET 

.and Associ a ted Subrnuti nes 

284 
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"PROGRAM SYMOETIINPUT,OUTPUT,TAPE 2=1NPUT,TAPE ~=OUTPUll 

11~ COMPLEX COCOME,COUPCF,CCPROO,OOPKOO,CURSCC,CCTSTS,CDIMhG,CTSTS, 
1 OCPR Oil ,C PRI"Jf), f. X PRD(l, CYPRUO, C ZPROD, CPKD . 

115 INTEGER AOPF1,00P[2,COPE3,AOPM1,HUPMZ,COPM3,nOPV,AWFJ,H~FK,CWFL, 

lDWfM, EWFN, 'l.OPE I 21, ROPMI 21 
12~ DIMENSION CURSCCI51,CPRODI41 
122 DIMENSION LVIB131,LCPROI41 
125 .CUMMflN/G!'olQTER/INDZJJI61 ,INUZJKI&I, INDZKJihl 
126 COMMON/GNOPRO/NRIPI12,1~1,1GP112,12,4l 
128 COMMON/TERPRO/KOP(5),KWF15l,IOPQI51,1WFQI51 
13r COMMON/SUBGNQ/~OELECI21,MOMAGNI21 
1 ·32 C Oi'IMON/ SUB TER /LA HOP I 5 l , LABW F I 5 I , I NZ I 2 8 I , NNSQ I "J, lOP ADE, I TPA JE, 

liOPAD"' 
134 COMMON/SUBPRU/IOPQAI51,!WFQAI5l,JDSLWFI41,JDSOPI4l,JOSTWF141, 

1MATELQI5J,NRIPS,IREPSB19l 
1 3 5 C U '4 M LlN I S t H"\ S E R /I D F. G R R I l 2 ) , I PART M I l 2 I , I R DE G 1"1 2 I , M t MR E P I L :· , ll , 4 I , 

1COCUMEI5,4,4I,COUPCF11~,10,41,NNDREP,MATCHI41 

136 COMMON/SUBSYM/ITECMI281,K.AROP128I,KAR~FI28) oNIXIhi,NIYib,5: 1, 
1NADDI41,JVIBI28,90) . 

137 COMMON/t.'·:G/IVIStH6,5"1,351, IEXGDI6,5~ ,351 
138 COMMON/2JCC/IN~NQPI28,90,31,INONWF128,90,31,LPRUI23,9nl 
139 COMMON/3Jt••:/NDOPI6,5CI,NDWFI6,5C,351 
140 DIMENSION ICCSSA15l,ICCSSUI51,IOOCCOI51,IOPDEGI51, 

l lOP MP I I 51 , I 0 POB I 5 I , IS TACK I 51 , I Wf-UE G I 5 l , I WF MP I I 5 l , I WF QB I 5 l , 
2NCOR I PI 5 I , NOEGM PI 5 I , NUMUME I 1 (' I, I L WF BS I 5, 41 , 
31 DP BS I 5, 41 , I TWF B S I 5, 4 I , JOPGPO I 5, 12 8 I , J WF GPO I 5, 12 81 

145 DIMENSION MODEL170l,JSTO~FI7~J,KSTOWF(70l 
147 DIMENSION NSUnWFI351,NBOTWFI351,NVIB'>'IFI351,NSI7l,NBI71,NVI71 
l5C READ 151i NUMBMn 
151 FORMAT IZ0X,I21 
156 READ 157, IPOS 
157 FURMAT 12CX,I21 

"158 READ 159, IMATCHIII, 1=1,41 
159 FORMAT 13X, 4111X,I7.11 
162 REAU 163, !SKIP 
163 FORMAT (2~X,I21 

165 READ 17f', IJSTUWFIII 1 KSTOWFIII, MIJDfLIII,.-l=l,NUMBMOl 
17': FORMAT (2X,312·..,.X,(311 
180 READ 19G, NU~IRR, NN~REP 

191.' FORMAT (49X, 13/49X, 131 
2UC READ 210, MOEL~C, MOMAGN 
21r FORMAT I45X, 2114X,I21/45X, 2114X,I211 
220 READ 23'.·, IRDEG 
230 FORMAT I43X, 2111X, 121/6111X, 121/4(11(, 1211 
24Q READ 250, IDEGRR 
250 FORMAT (48X, 2112X, 121/ 5112X, 121/5(12X, 1211 
26C READ 27(;, IREPSB 
270 FORMAT 17t.X, 121 'd12X, 121/ 11(12X, 1'211 
280 READ 29C, IPAKfM 
2 90 F 0 R MAT I I 1 7 X , 4 I 1 2 X , l 2 I /13 X , I 2 , 3 ( l 2 X , I 2 1/1 3 X , I 2 , 3 I 12 X , I 2 I I 
300 REA~ 310, NRIP 
.310 FORMAT 116X,l211X,IZII 
32'.' READ ~::IC, IGP 
33G FORMAT 117X,l211X.I211 
34G READ 350, MEMKFP 
350 FORM~T 121X,L::( 1X,I411 
36~ RlAO 37r., COUPCF 
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370 FORMAT 12X,AI2X,F3,1X,F311 
40~ READ 418, AOPEl,AO~E2,COPE3,AUPMI,BOPM2,COPM3,DOPV,AWFJ,BWFK, 

lCWFL,OWFM,EWFN 
41G FOHMATI4X,7CA2,1XI,SiAl,lXII 
420 REh~ 430,AQ,OAU,EAQ,OBQ,EBQ,OCQ,ECU,OOQ,EOQ,OEQ,EEQ 
43C FORMATC4X,A3,4X,A1"rA8,Al~,A8,Al~,AB/4X,Al:,AS,Al~rAAI 

NAOOCll l 
NAOOC21 l') 

NADDI31 lC·:: 
NADDC41 lj~·O 

431 DO 991b MOONUM lrNUMBMO 
DO 432 I = l,b 
I NO l J K I I I '.! 
I NO ZK J C.( ) .~~ 

INOZJ.,IC II ') 
432 CONTINUE 

NUMCOM = 2 
C 0 I MAG = I ·J • , 1 • I 

433 MODE = MODELIMOONUMI 
434 MODEPI = MODE + 1 

IWFJ = JSTOWFCMODNUMI 
IWFK = KSTOWFCMOONUMI 

4.3b IF CISKIPI.438,438,lv•:4 
438 GO ·To (442r45C,458,4&6,4741, MODEPI· 
44~ FORMATC//,9X,l5HSYMMETRY GROUP ,A3,5X,32HINITIAL WAVE FUNCTION 5YM 

iMETRY = ,I2,4X,31HFINAL WAVE FUNCTION SYMt-IETRY = ,(2,4X,7HM00t = , 
2A10,A8,//I 

442 PRINT 440, AQ,lWFJriWFK,OAQ,EAQ 
44b GO TO 1004 
450 PRINT 44Cr AQ,IWFJ,IwFK,OBQ,[~Q 

454 GO TO 10C4 
458 PRINT 440, AQ,IWFJ,IWFK,OCQ,ECQ 
4b2 GO TO 10(,4 
~oo& PRiNT ""'J' Ao, IWFJtiWFK;OOQ;EDQ 
470 GO TO 1C~;4 

474 PRINT 440, AQ,IWFJoiWFK,OEQ,EEQ 
lfl04 f.ONTINllF 
1008 GO TO (10t9,1013r1Cl5,1U15rl~l71, MODEPI 
1009 NUtCOM = NUMCO~ 
1!)10 GO TO 102C 
1013 NUTCOM = NUMCOM + NUMCOM 
1014 GO TO 1020 
1015 NUTCOM = 3 
lOlo GU TO 102{; 
l017 NUTCOM = b 
1020 tALL GONOGOCNUTCOM,MOOEPI,IWFJ, IWFKI 
2004 ~OPECll AOPEl 
2005 ~OPEC21 BOPE2 
200b ROPMCll AOPMl 
2007 ROPMC21 BOPM2 
2020 rio 8372 NCOM = 1, NUTCOM 

IF I lSKIPI 2C21,2)21,2C2b 
2021 PRINT 2C22, NCOM 
202Z FORMATC25H' CUMPONENT,I2/I 
2023 PRINT 2025 
2025 FORMATC24Xr4HTERM,6X,3HWF1,4X,3HOPl,bX,3HWF2,4X,3HOP2,6X,3HWF3,4X, 

l3H0~3,6X,3HWF4,4X,3HUP4,6X,3HWF5,4X,3HOP51 

2026 IF CMODE - 11 2~27,2027,2140 
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2027 IF IN(OM - NUMCOM) 2828,2028,2~52 c . 
C THIS PORTION STORES THE DESIGNATED SYMMETRIES OF THE ELECTRIC lAND 
C MAGNETIC IF CIRCULAR UICHROISM IS B~ING CALCULATED! DIPOLE MUM~NTS 
C I~ THE OPEPATOR STORAGE SLOTS KOPI2), KOPI31. 
c 

c 
c 
c 
c 
c 
c 

c 
c 
c 
c 
c 
c 

2028 KOPI2l = MUELECINCOMI 
2v29 LABOPI2l = ROPEINCOMl 
2•)32 IF !MODEl 2?34,2::.36,2:}44 
2034 CALL ERROR( 4) 
2036 KOPI3l = MOELECINCOMl 
2037 LABOPI3l ~ ROPEINCOMl 
204C. GO TO 2:l6') 
2044 KOPI31 = MOMAGNINCOMI 
2045 LA~OPIJI = ROPMINCOMI 
21)48 GO TO 2060 
2052 KOP12l = MOMAGNiNCUM - NUMCOMl 
2G56 KOPI3l = MOELECINCOM- NUMCOMI 
2J57 LABOPI21 = ROPMINCOM - NUMCOMl 
2058 LABOPI31 = ROPEINCOM - NUMCOMI 

206C 
2064 
2065 
2066 
2G68 
2072 
2076 
2077 
2078 
2·')79 
20 80 
2084 
2C 88 
2089 
2(J9C· 
2~191 

2092 
2\..94 
2096 
2098 
210C 
2102 
2104 
21G6 
21:')8 
211C 

THE NEXT TWO STATEMENTS STORE THE SYMMETRIES OF THE INITIAL STAT~ J 
AND FINAL STATE K IN THE WAVE FUNCTION STORAGE SLOTS K~FI2l, K~FI31. 

THESE ASSIGNMENTS ALONG WITH THE OPERATOR ASSIGNMENTS ARE INITIAL 
ASSIGNMENTS AND ARE LATER PERMUTED IN THE TERM 00 LOOP. 

KWFI21 = ·IWFJ 
KWF 131 = IWFK 
LABWFI21 AloiFJ 
LABWFI3l BWF.K 
KOPI11 = c· 
KOPI4l = ,. 
KOP15l = ;j 

LABOPill OOPV 
LAB11PI4l DOPV 
LABOPI51 DOPV 
KWF 11 l = (: 

KWFI41 = ·~; 

KWFI51 = (; 

LABWFI11 CWFL 
LABWFI4l OWFM 
LABWFI5l EWFN 

THESE LAST SIX STATF.MENTS INITIALIZE THE OPERATOR ANfJ WAVE t'UNCTitlN 
STORAGE SLOTS THAT ARE NOT INITIALLY ASSIGNED ELECTRONIC SfATt ANU 
TRANSITION MOMENT SYMMtTRIES. 

IOPQill 0 
ii1PQI21 1 
IOPQI3l 1 
IOPQI4l G 
IOPQI51 (: 

IWFQ( ll 0 
IWFQI21 1 
IWFQ(3) 1 
IWFQI4l (\ 

IWFQI"I 

\" 



288 

c 
c 
c 
c 
c 
c 

THESE LAST TEN STATEMENTS INDICATE THE KNOWLEDGE OF THE FIVE WAVE 
FUNCTIONS AND THE FIVE OPERATORS. A l INDICATES A KNOWLEOGE, A~ 
INDICATES A LACK OF KNOWLEDGE. AGAIN THESE ARE INITIAL ASSIGNMENTS 
AND CHANGE DURING rHE TERM PERMUTATIONS. 

2111 NFITER = 18 
2112 00 2126 NUMMAT 1,5 
2114' IOQ = IOP(JINUMMATI 
2116 IWO = lWFQINUMMATI 

c 
c 
c 
c 
c 
c 
c 
c 
c: 
c 
c 
c 
c 
c 
c 
c. 
c 

IOQ AND IWQ ARE DUMMY VARIABLES FOR STORING INFORMATION REGARDING 
KNOWLEDGE OF THE UNIT SYMMETRIES OF WAVE FUNCTIONS AND OPERATORS. 
THEY ARE USED AS INTERMEDIARIES IN THIS DO LOOP TO TRANSFER DATA 
FRflM THE ARRAYS l \'IFQI NUMM/\T I, l OPQI NUMMAT I TO THE ARRAYS 

lWFQINUMMAT), IOPQAINUMMATI AND lWFQtiCNUi1MATI. IOPQI:li~UMMAIJ. 
THE ARRAYS IWFQBINUMMAT), IOPQBINUMMATI HOLD FOR tACH TERM THE 
SPECIFICATION OF THE INITIAL KNOWLEDGE OF WAVE FUNCTION AND UPERATO~ 
SYMMETRIES WITHOUT THE SUPPLEMENTARY SYMMETRIES SUPPLIED FOR N AND 
N**2 TERMS /\NO tiEFORE ANY MATRIX ELEMENTS ARE EVALUATfO. THE ARRAYS 
IWFQAINUMMATI,IOPQAINUMMATI HOLD FOR EACH TERM SPECIFICATION OF fHE 
[NlTIAL KNOWLED~E OF wAVE FUNCTION AND OPERATOR SYMMETRIES WlTH 
MODIFICATION DUE TO SUPPLEMENTARY SYMMETRY KNOWLEDGE BUT WITHOU( 
THE MODIFICATION DUE TO MATRIX ELEMENT EV/\LUATIO~. THE ARRAYS 
IWFQINUMMATI, IOPQINUMMATI HOLO FUR EACH TERM ALL CURRENT KNOWLEDGE 
OF WAVE FUNCTION /\NO OPERATOR SYMMETRIES. 

2118 IOPQA(NUMMATI 
2120 IWFQAINUMMATI 
2122 lOPQB(NUMMATI 
2124 IWFQBINUMMATI 
2126 CONTINUE 
21JC GO TO 234C 

100 
IWC 
IOQ 
IWC 

l14C I~ INtOM - 31 214A,Z146+2156 
2148 NOCOM = NCOM 
2152 GO TO 2160 
215& NDCOM ~ NCOM - ~ 

C THIS IS THF. PORTION OF THE 20~0 
C SETUP FOR THE TERM PE~~UTATIONS 

2160 ~U TO 12164,216(,21961+ NOCOM 
2164 KOPI11 = MOELECI21 
2168 KOP121 =· MOELECI ll 
2172 KOPI3l = MOMAGNill 
2173 LABOPill BOPEZ 
2174 LABOPI21 = AOPEl 
Zl75 LABOPI3) = AUPMl 
2176 GO TO 22~8 
2180 KOPill = MOELECI11 
2184 KOPI21 = MOELECill 
2188 KOPIJI = MOMAGNI21 
2189 LABOPI11 AOPE1 
2190 LABOPI21 = AOPE1 
2191 !.fiBOPI31 = BOPM? 
2192 GO TO 22C8 
2196 KOPI 11 = MOELEC I l I 
22C0 KOPI21 = MOELECI21 
2204 KOPI31 = MOMAGNI11 
2205 LABOPill = AOPEl 

SECTION THAT DOES THE PRFLIM!N4RV 
~UR MAGNETIC CIRCULAR DICHROISM. 



·' 

BOPE2. 
AOPMl 

22·)6 LAfiOPI21 
22rJ 1 LABOP I 31 
22i:8 KOPI41 = (. 
2212 KOPI 51 = C 
2213 LABOPI41 
2214 LABOPI51 
2216 IOPQ( 11 
222t: IOPQI21 
2224 IOPCI 31 
ZZ?8 l OPQI 41 
2232 IOPQ( 51 
2236 KwFI21 = 
224C KWF131 = 
2241 LAfiWFI21 
22'•2 LAfiWFI31 
2244 KWFI41 = r: 

DOPV 
DOPV 

1 
1 
1 

.~. 
\} 

IWFK 
IWFJ 

BWFK 
AWFJ 

2248 KWFI51 = r: 
2249 LARWFI41 
2250 LABWFI51 
2252 !WFlH21 
2256 IWFQI 31 = 
226C !WFQI 4 I = 
2264 I WFQI 51 = 0 

CWFL 
DWF!ol 

1 
1 

2268 IF (MODE - 21 2272,2276,l292 
2272 CALL ERRORI861 
2276 KWF(ll = r. 
2280 !WFQI'l I = C: 
2281 LABWF I 11 = EWFN 
2284 NFITER = 28 
2288 GO TO 2112 
2292 NFITER = 14. 
2296 IF INCOM - 31 23)(',23(JC,l312 
23C'G KWFI 11 = IWFJ 
23(:4 IWFQ111 = 1 
2305 LABWF111 = AWFJ 
23L.8 GO TO 2112 
2312 KWFill = IWFK 
2316 KWF(21 = IWFJ 
232C KWF131 = IWFK 
2324 IWFQI11 = 1 
2325 LABWFI11. = BWFK 
2326 LAB~FI21 = AWFJ 
2327 LABWFI31 = BWFK 
2328 GO TO 2112 
234() IOP6nF 4 
2344 ITPAOE = 1 
2345 ICAC = G 
?.:~46 ICBC = C 
?:~47 ICA6C = 8 
2352 DO 8364 NTER = i,NFITER 
2353 ITECOM = 0 
2354 GO TO 12355,2355,2~66,2366,23661, MODEPl 
2355 NTRE = NTER - 12 
2356 IF INTREI 2366,2366,2357 
2357 GO TO 12l58,2358,236C,2360,2363,23631, NTRE 
2358 ICBC = 1 
23'\q r.o TO 2)66 
236:1 ICRC = 0 
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2361 ICAC = 1 
2362 GO TO 2366 
2363 ICAC = r, 
2364 ICBC .:: 1 
2365 ICABC = 1 
2366 INZINTERI = 1 
2167 CALL TERPERINCOM,NTER,NMATEL,MOOEPII 
2370 IF IISKIPI 2372,2372,?.4C2 
2372 GO TO 12l76,237h,2384,l392,24L01, NMATEL 
2376 CALL ERRORI87l 
238(. FORMAT I/25X,I2,1X,517X,A1,6X,A?.II 
2384 PRINT 23~0, NTER, ILABWFINI,LABOPINI, N 1,11 
2388 GO TO 24.'2 
2392 PRINT 23B(-, NTER, ILABWFINI,LABOPINI, N 1,41 
2396 GO TO 24")2 
24f~ PRINT 238f, NTfR, ILABWFINI,LAROPINI, N lt51 
24~2 IF IINZINTERII 24~·3,24B4,24·)4 

24L3 CALL ERRORI861 
24~~ 00 2~3~ ~UHMAT • ltN~ATEL 

24'.8 IOQ = IUP(JINUMMATI 
2412 IWQ = IWFQ(NUM~ATI 
2416 IOPQAINUMMATI 100 
2420 IWFQA(NUMMATI IWQ 
2424 IUPQBINU~MATI IOQ 
242B IWFQ8(NU~MATI IWQ 
2432 CONTINUE 
2436 IF IMOOE - 11 244::J,2440,2461l 
244C IOPONE = IOPAOE 
2444 IOPTWO = IOPAOM 
2448 IF IIOPAOE -IOPADMI 2478,2452,246J 
2452 CALL ERRORI881 
2456 GO TO 248C 

:2460 CALL SWAP IIOPONE,IOPTWOI 
2462 I TAC = 1 
2464 GO TO 248C 
2468 IOPONE ITPAOE 
2472 IOPTWU = lUPAU~ 
J47h IOPTRF ~ TnP~D~ 

2478 I fAC = () 
24flG GO TO 27:JO 
2484 DO 2512 NA = 1,NMATEL 
2400 IOQ = IOPQINAI 
2492 TWQ = IWFQINAI 
2496 IOPQBINAI = IOQ 
~'f(;Q 1\.lfQOINAI - IWQ 
250~ IOPQAINAI • IOQ 
25GB IWFQAINAI = IWQ 
2512 CONTINUE 
2516 GO TO 836C 
2700 IF IMOOE - 11 2704,27~4,2724 
2704 IF INMATEL - 31 27?8,2708,2716 
27C8 ICHVIB = () 
2712 GO TO 276'+ 
2716 ICHVIB = 1 
27?0 GO TO 2728 
2724 IF INMATEL - 41 27C8,27G8,2716 
2728 NE = C· 
2732 00 2760 IMED = 1,NMATEL 

:·· 
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c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 
c 
c 
c 

274C 
2744 
2748 
2752 
2756 
2758 
276·~ 

2764 

IF liMED- l!lPtJNEI 2744,276';,2744 
fF I IMED - 101-'TWOI 2748,276''• 2748 
IF IMOOE- 11 2756,2756,77?2 
IF I iMF.O - InPTREI 2756,276C•r27So 
NF. = NE + t 
L V ItH N E I = P-1 FD 
CUNTJ~UF. 

NTOT = NE 
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IN .THIS SECTION THE TERM PERMUThTJONS WERE U6TAINEO BY INTERCHANGING 
UNIT SYMMETRIES. A SWAP OF UNIT SYMMETRIES NECESSITATES ALSO A SWAP 
OF THE STATE OF KNOWLEDGE OF THI:SE SYMMETRIES. SINCE ACTUAL 
INTERCHANGE ONLY TAKES PLACE IN THE ARRAYS JOPQI~UMMATI AND 
IWFQINUMMATI, THE PRECEEDING DU LOOP TRhNSFERS THE JNTRACHANGE 
INFORMATION TU THE ARRAYS IOPQACNUMMATI, IWFQAINUMMATI ANu 
JOPQIHNUMMAT), IWFQt\(NlJMMATI. 
THE PROGRAM N~W ENTERS THt MATRIX ELEMENT PRODUCT SYMMETRY 
CALCULATIONS SECTION, SECTION :Y'c''• 

3004 NALL = 1 
3012 NSQALL = 1 

3() 16 
3·)18 
3C24 
307.8 
3032 
306 
3038 

3C40. 
3')44 
3C4H 
3(; 52 

THESE TWO STATEMENTS INJ TlALilE THE CLOCKS llSEil FOR KEEPING TRACK 
OF THE N AND N**2 TERMS WHEN THESE NEEO BE CO~PUTED. THE N 
ADDITIONAL SYMMETRIES MUST BE COMPUTED FOR TERMS .NTER=3-S,l)-1q. 
THE N**2 ADDITIONAL SYMMETRIES ARE COMPUTED FUM NTER=Q-12. THE 
CHOOSING OF THE SYMMETRIES IS DONE IN THE s::.• SECTION, THE 
SYMMETRY WRITE AND N,N**2 SELECTION SECTION. THE SURSTITUTIJN iJF 
THESE SYMMETRIES IS DONE IN THE SUBROUTINE PR~D. THE VALUES OF 
LUNONQ AND NDRNSQ (WHICH ARE INITIALIZED IN THE STATEMENTS 3'~lo, 

30181 DETERMINE WHETHER OR NOT THE N COR N**21 SYMMETRY TEMMS N~tD 

BE COMPUTED. 

LUNONQ [; 

NURNS(J ·:; 
l NOHC S = (' 

INDVGS 0 
IOEGPM :; 
IPRCLK " '" 
I SERCH = r 

THE LAST 7 STATEM!:NTS ARE INITIALIZATION STATEMENTS. LIJNONQ AND 
NORNSQ ARE DESCRIBED ABOVE. INOHCS AND INDVGS ~RE INDICES FOR 
STORAGE OF SYMMETRIES FOR WAVE FllNCTinNS AND OPERATORS. lDt:GPM AND 
IPRCLK ARE DEC IS IbN VAKIABLES USED IN SECTIONS 4~00 AND 3~:-. 
ISERCH IS USED TO SEARCH FOR THE CORRECT STARTING POINT IN 
CALCULATING MATRIX !:LtM!:NI~ 

00 3('52 ri!UMMAT 
NOEGMP I NUMMA T I 
MAI!:LI..I(i'llJMMATI 
CONTINUE 

1 .NMATEL 
1 

THIS 304( DO LOOP INITIALIZES ND!:GMPINUMMATI,MATELQCNUMMATI. 
THE FOLLOWING 00 LOOP IS THE MAIN DO LOOP OF THE MAHJX ELEMENT 
PRIJOUCT SYMMETRY CALCULATION SECTION. IT DOES fHE GROUP 
MULTIPLICATION FOR THe NMATEL=3,4,0R S MATRIX ~LEMENT PROOUCTS.CTHE 
VALUE OF NMATEL DEPENDS ON THE TERM wE ARE DEALING WITHI THIS 



c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
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SECTION STARTS WITH KNOWN WAVE FUNCTIONS AND OPERATORS AND SOLVES 
FOR THE UNKNOWN ONES USING THE GROUP MULTIPLICATION TABLES. IF ONE 
UNIT (UNKNOWN WAVE FUNCTION OR OPFRATORl HAS MORE THAN ONE POSSiaLE 
SYMMETRY SPECIES SOLUTION (DUE TO DIRECT PRODUCTS OF Of.GF.NE~ATE 

SPECIES! ONE OF THESE POSSIALE SPECIES IS CHOSEN AND THE REMAINDER 
PLACED IN A BUFFER STORAGE (THE VAIAB~ES IL~FBSI INDHCS,NRSl, 
ITWFBSIINDHCS,NRSI,IOPASIINDHCS,NRSl ARE BUFFER STORAGE ARRAYS FUR 
THE LEADING WAVE FUNCTION, TRAILING WAVE FUNCTION, AND OPERATOR. 
A MATRIX ELEMENT IS REPKESENTED AS ILWF/OP/TWFl. INOHC:S INOtXES 
THE HORIZONTAL DIMENSION OF THE ARRAY AND THE UNITS ARE IN CALCULATE 
ORDER. NRS INDEXES THE VERTICAL UIMENSION OF THE ARRAY AND LABELS 
THE VARIOUS POSSIBLE SYMMtTRY SPECIES FOR THE UNITS!. THE SPECIES 
CHOSEN IS USEil FOR CALCULATING THE REMAINING UNITS OF THE MATRIX 
ELEMENTS. IF OTHF.R MULTIPLE SPECIES OCCUR THE SAME PROCEDURE IS 
FOLLOWED AND MORE UNITS ARE STORED IN AllFFFR. WHEN THE L.AST MATRIX 
ELEMENT liN CALCULATF ORDER! IS REAU1Ef>t IF THERE ARE MULTIPLE 
SPECIES NONE ARE STOKED IN BUFFER - THAT IS ALL ARE CHOSEN. THESE 
UNITS ALONG WITH THE PREVIOUSLY CHOSEN UNITS IBY UNITS WE MEAN THE 
SYMMETRY SPECIES OF THE UNITS) ARE SENT TO BE ORDERED AND STOREn 
IN THE GROUI1 &TOREn SEGTIO~h TI1EN U51P.JO THE PROGRAM :SET I'URTFI IN 
THE DEGENERATE PERMUTATION EXECUTION SECTION, STORED UNIT SYMMtTRIES 
ARE EXTRACTED FRO~ THE BUFFER AREA AND USEU FOK FURTHER 
CALCULATIONS IN THIS SECTION, THE ~ATRIX ELEMENT PRODUCT SYMMErRY 
CALCULATIONS SECTIUN. 

3056 DO 3152 NUMMAT = 1rNMATEL 
c 
c 
c 
c 

NMATEL IS THE NUMBER OF MATRIX ELEMENTS. FOR TERMS 1,?. IT IS 3, 
FOR TERMS 3-8 IT IS 4, FOR TERMS q-1B IT IS 5. 

3060 IF IISERCHI 3G72,,3(!72,3C.64 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 
c 
c 

3064 
3068 
3072 
3074 

AFTER EXTRACTING SYMMETRIES FROM THE BUFFER ARF.A WE RETURN Til THIS 
SECTION AND START TO RECALCULATE THE UNIT SYMMf.TRIF.S. f-UR MUSr OF 
THE KECALCULATIONS SOME OF THE PREVIOUS SYMMETRY CALCULATIONS WILL 
STILL 6E VALlO. IF WE FINO THE CORRECT STARTING POINT WE CAN AVOID 
OIJPI lf.t.TINr. C:61 rlli.Hinl'-!5, IF ISEP.CH"-1 WE MUST CONTINUE TO !:iEARCII 
FOR THIS POINT, IF ISERCH=G WE HAVE FOUND THIS POfNT, THE VALUE IJF 
MELNOO, fH~ KeY MATRIX ELEMENT NUMBER, DICTIONARY ORDERt TELLS US 
WHti<t lHAi f'UINI I~. UILIIUNARV UKUER IS THE ORIGINAL ORDER OF THE 
MATRIX ELEMENTS. 

IF INUMMAT - MELNOOl 3152,31:68,3152 
ISERCH = C 
IF IMATELQ('fiVMMAT)) )(/74t3C7f.1,315? 
CALL ERROR I 6 l 

·WHEN MATELQINUMMATl=1, THEN THE NUMMAT MATRIX ELEMENT (DICTIONARY 
ORDER) HAS ALREADY BFEN C~LCULATED AND THUS THE SUBROUTINE PROD 
IS BYPASSED. 

3076 CALL PRODILUNONQ,NORNSQ,NALL,NSQALL,NUMMAT,NMATELI 
c 
c 
c 
c 
c 
c 

SUBROUTINE PROD COMPUTES THE MISSING SYMMETRIES OF THE THREE PART 
MATRIX ELEMENT ILWF/OP/TWFI. IF All 3 SYMMETRIES ARE GIVEN IT 
DETERMINES WHETHER OR NOT THE ELEMENT IS ZERO. IF 2 OF 3 SYMMfTKIES 
ARE GIVEN !T COMPUTES THE UNKNOWN ONE. IF ONE OR NONE OF THE 3 
SYMMETRIES ARE GIVEN THERE ARE TWO POSSIBILITIES. IF CALCULATION 
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C ON THE OTHER NMAfEl.-1 MATRIX ELEMENTS DO NlH EVEIIITUALLY LEAD Tfl 
C KNOWLEDGE OF AT LEAST 2 OF THE 3 SYMMETRIES THEN THE N OK N~*2 
C SECTION IS USED TO PROVIDE THE UNKNOWN SYMMETRIES. IF THESE 
C CALCULATIONS DO LEAD TO THE KNOWLEDGE OF AT LEASt 2 OF THE 3 
C SYMMElRIES, THEN THE N OR N**2 SECTION IS NUT NEEDED. 1111 THESE 
C CALCULATIONS, THE WAVE FUNCTIONS AND OPERATOR SYMMETRIES ARE STORED 
C BY THE SUBROUTINE IN THE ARRAYS JOSLWFINRSJ, JDSTWFINRSJ, AND 
C JDSOPINRSI t~HERE Ntl.S IS THE INDEX llST!NG THE SYMMETRY 
C POSSIBILITIES RESULTING FROM DIRECT PRODUCTS OF DEGENERATE SPtCIES •. 
c 

c 
c 
c 
c 
c 
c 

c 
c 
c 
c 
c 

c 
c 
c 
c 
c 
c 

·C 
c 

c 
c 
c 
c 
c 

c 
c 
c 
c 
c 
c 
c 
c 

3C'•8G IF IMATELQINUMMATJJ 3082,3152,3•>~4 

3062 CALL ERROR( 71 
3(83 GO TO 1152 

HERE IT IS CHECKEO WHETHER THE SUBROUTINE HAS ~VALUATED THF 
UNKNOWN SYMMETRIES OF THE UNITS (WAVE FUNCTIONS AND OPERATOR! OF 
THF MATRIX ELEMENTS. IF MATELQINUMMATI=l, THE SYMMETRIES HAVE 
[VALUATED. 

REt'N 

3•~84 INDHC S = INDHCS • 1 
3~8~ IUOCCOIINDHCSJ = NUMMAT 

INDHCS IS THE HORIZONTAL IROWI INDtX FOR THE MATRIX tLEMENT UNIT 
SYMMETRIES IN CALCULATE ORDER. THE DICTIONARY ORDER INUMMATI 
CORRESPONDING TO CALCULATE ORDER IINDHCSJ IS STORED IN IDUCCOIINDHCSI. 

309C IF (NRIPSJ 3ft91,3C92,3r96 
3[91 CALL ERRORI18J 

NRIPS IS GREATER THAN ZERU EXCEPT FOR THE CASE WHERE THE SUBROUTINE 
PROD, HAVING BEEN CALLED ON TO DfAL WITH A MATRIX ELEMENT WHERE All 
3 UNIT SYMMETRIES ARE KNOWN, DETERMINES THAT IN THIS CASE THE UNIT 
SYMMETRIES ARE INCOMPATIBLE AND THE MATRIX ELE~ENT IS ZERO. IF THIS 
IS SO NRIPS IS SET EQUAL TO ZERO, THFRE IS NO STORAGE IN THE BUFFER 
STORAGE OF WAVE FUNCTION AND OPERATOR SY~METR(ES. 

3092 NCORIPIINDHCSI = C 
3094 GO TO 3152 
30~6 DO 3112 NRS = 1,NRIPS 

31:-C· 
3104 
31G 8 
3112 
3116 

THIS DO LOOP STORES THE SYMMETRY SPECIES GENERATED BY SU"tl.OUTINE 
PROD AND INDEXED BY NRS IN THE BUFFER STORAGE ARRAYS 
ILWFBSIINDHCS,NRSJ, ITWF13SIINDHCS,NRSJ, IOP!:ISI.INDHCS,NRSJ. 

ILWFBSIINOHCS,NRSI = JDSLWFINRSJ 
IOPBSIINDHCS,NRSJ = JDSOPINRSJ 
ITWF~SIINDitCS,NI\SJ., JDSTWFINRSJ 
CONTINUE 
NCOR I PI [NOHCSl = NR IPS 

. NRIPS IS THE TOTAL NUMBER OF SY~~EJRY POSSIBILITIES RESULTING FROM 
THE GROUP PRUDUCT OF DEGENERATE*DEGENFRATE INRIPS=2r3r OR 4), 
DEGENERATE*NON-DEGENERATE INRIPS=1lr NON-OEGE~ERATE*NON-DEGENERATt 
INRIPS=ll· IT IS STORED IN CALCULATE ORDER IN NCORIPIINDHCSl TO BE 
LATER USED IN SECTION 5COC:t THE DEGENERATE PERMUTATION EXECUT!ON 
·SECT ION 

312~ IF I INDHCS - NMATELJ 3124,3152,3122 
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3122 (ALL ERROR( 91 
3123 GO TO 3152 

THIS SRANCH DETERMINES WHETHEM OR NOT ~E HAVE CALCULATED AND STORED 
THE SYMMETRY SPECIES FOR All THE MATRIX ELEMENTS. IF SO WE HAVE 
SYMMETRY SPECIES VALUES ASSIGNED TO All KWFCNU~MATI,KO~CNUM~ATI, 
NUMMAT .=1,NMATEL. IF NUT WE CHOOSE FROM THE NRTPS SETS OF UNIT 
SYMMETRIES, THE SET DESIGNATED 6Y NDEGMPINU~MATI. All THE 
NDEGMPCNUMMATI, NUMMAT =l,~MATF.L, ARE INITIALLY SET EQUAL TO 1, 
THEREBY SPECIFYING THE CHOOSING OF THE FIRST SETS. FOR THE CURRENT 
NUMMAT THE FIRST SET OF UNIT SYMMETRIES ARE "SET IN KWFCNUMMAT + ll, 
KOPCNUMMAT), KWFINUMMATI. THESE ARE THEN USED IN THE SUBROUTINE 
PROD TO CALCULATE THE UNIT SYMMETRIES FOR REMAINING UNCALCULATF.O 
MATRIX ELEMENTS. IN THE CASE OF ANY MATRIX ELEMENT HAVING MORE THAN 
ONE SET OF UNIT SYMMETRIES, THAT IS NRIPS=2,1, OR 4, THE VALUE OF 
NDEGMPCNUMMATI WILL BE REASSIGNED IN TURN BY THE DEGENERATE 
PERMUTATION EXECUTION SECTION ALL INTEGER VALUES UP TO NRIPS, THUS 
CAUSING THE CHOOSING OF ANO CALCULATION WITH THE APPROPRIATE SETS. 
SiNCE ALL CURRENTLY UNUSED SETS ARE STORED IN THE ~UFF~R AM~A, THEY 
CAN BE DRAWN UPON WHEN NEEDED. 

3124 NOEGPS = NDEGMPINUMMATI 
3128 KOPCNUMMATI = JOSOPCNIJEGPSI 
3132. KWFCNUMMATI = JOSTWFINOEGPSI 
3136 IF CNUMMAT - NMATHI 3141',3148,3138 
3138 CALL ERRORI101 
3139 GO TO 3148 
314·) KWFCNUMMAT + 11 = JDSLWFCNDEGPSI 
3144 GO TO 3152 
3148 KWFI11 = JDSLWFCNDEGPSI 
3152 CONTINUE 

3156 
3161} 
Jlt•'• 
3168 
3172 
3174 
3175 

WF NOW f.Al f.lll ATF '.IHFTHFR THIS SFT OF PASSFS THROlf(;H THF '\:"')h NliMMA T 
00 LOOP HAS FINISHF.D THE CALCULATION OF UNIT SYMMETRIES FOM ALL 
NMATEL MATRIX ELEMENTS. 

MALLEC = 0 
DO 3168 IM ~ 1;NMATEL 
MALLEC a MALLEC + MATELQIIMI 
CONTINUE 
IF CMALLEC - NMATELI 3176,4002,3174 
CALL ERRORI111 
GO TQ 41~2 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c. 

IF ALL MATRIX ELEMENTS HAVE BEEN CALCULATED THEN MALLEC~N~ATEL. IF 
MALLEC IS LESS THAN NMATEL THEN NOT All MATRIX ELEMENTS HAV~ BEEN 
CALCULATED AND WE MUST GO BACK FOR ANOTHER SET OF PASSES THROUGH 
THE 3056 NUMMAT DO LOOP. IF, HOWEVER, SUCCFSSIVE SETS OF PASSES 
THROUGH THE LOOP DO NOT INCREASE THE NUMBEM OF CALCULATED MATRIX 
ELEMENTS, WE ARE TH~N DEALING WITH EITHER AN N OR N**2 CASE. THE 
FOLLOWING STATEMENTS PRECEEOING THE RETURN TO THE 3056 LOOP DECIDE 
WHETHER THE LAST SET OF PASSES THROUGH THE DO LOOP CALCULATED ANY 
NEw MATRI~ ELEMENTS. 

3176 
318C 
3184 
318f> 

IPRCLK = IPRCLK + 1 
NUMUMEIIPRCLKI =MALLEt 
IF CIPRCLK- 11 1186,3056,3188 
CALL ERRORI121 
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3187 GO TO 3c"l56 

THE NUMBER OF MATRIX ELEMENTS CALC~LATEO BY THE TIME WE DO THE SET 
OF PASSES OF THE 3~56 DO LOOP IPRCLK TIMES IS STUREO IN THE SLOTS 
NUMUME I I PRCLK I. UIIICE wE HAVE GONE THROUGH THF. LO'OP T.WI.l UR MURE 
TIMES WE CHECK BY STATEMENTS 31R8 AND 3192 WHETHER THERE HAS BEEN 
AN INCREASE IN THE NUMBER OF MATRIX ELEMENTS CALCULATED. IF NOT WE 
REINITIALIZE IPRCLK AND SET NEW VALUES OF LUNONQ ANO NORNSQ SO AS 
fO ACTIVATE THEN OR N**2 PROCEOURE. WE THFN RETURN TO THE JC56 
DO LOOP. THIS CHECK IS TERMED A FURTHER PROGRESS CHECK. 

31 R8 
·31qz 
3194 
3196 
32:':\. 
32~4 

32C:B 

NAGAIN = NUMUMEIIPRCLKI- NUMUMEIIPRCLK 
IF INAGAINI 3194,3l96;3C56 
CALL ERRORI131 
IPRCLK = 0 
l.IJNONQ = LUNONI,l • l 
NIIRNSt) = NORNSO • 1. 
GO TO 3156 

33C0 NIRP = :~. 
33J4 DO 332. N = l,N~ATEL 
3308 IF INCORIPINII 3312,332(,3316 
3312 CALL ERRORI981 
3316 NIRP = NIRP • 1 
3320 CONTINUE 
3324 IF INIRP - N~ATELI 4:5f,40C8,4~~6 

- 11 

.c 
c 
c 
r. 
c 
c 
C. 

THE· 40~0 SECTION, THE GROUP STORER A~D LOOP DETERMINATION ~ECTIUN, 

IS NOW BEGUN. THE UNIT SYMMETRIES OF THE NMATEL MATRIX ELEMENTS 
ARE.STOREO I~ THE ARRAYS J~FGPOI IHOOMF,INUVGSI I FOR WAVE FUNCTIU~SI 
AND JOPGPOI lHDOME.tNOVGSI I FOR OPERATORS I. TrlE wAVE FUNCTION Sl'URED 
IS THE TRAILING WAVE FUNCTION. SINCE THF. SY'1METRY OF THE NUMMAT 
LEADING wAVE FUNCTIUN IS IDENTICAL TO THAT OF TIIF. NU'1MAhl TRAILING 
WAVE FUNCTION, All INFOR~ATION REGARDING LEADING WAVE FUNCTION 
SYMMETRIES IS INCLUDED IN THE TRAILING WAVE FUNCTION SYMMETRIES. 
IHDOMF. INDEXES THE HORIZONTAL DIMENSION OF THF. ARRAY, THE MATRIX 
ELEMEr:Hs IN DICTIONARY ORDER. THUS THE \,ROUP ST[]f<E'R SfCTILlN ACTS AS 
A MATRIX ELEMENT ORDER CONVERTER, FROM CALCULATE ORDER TO 
DICTIONARY ORDER. INDVGS INDEXES THt VERTICAL lliME~SION OF THE 
ARRAY, THE GROUP PRODUCT TERMS IN GROUP ORDER. THUS A GROUP PROUUCT 
TERM CONSISTS Of THE UNIT SYMMETRY SPECIES UF NMATF.l ~ATRIX 

ELEMENTS IN DICTIONARY ORDER IHORilONTAL t>IMF.NSIONI. GROUP PI{00UCT 
TFRMS ARF. STORED VERTICALLY IN BLOCKS OF NRIPS. NRIPS VARYS AND IT 
IS THE NUMBER OF POSSIBLE UNIT SYM"'ETRY COMtHNATIONS FllR THE LAST 
(CALCULATE ORDER! MATRIX ELEMENT. FOR THE OTHER ~ATRIX ELEMENTS 
THE UNIT SYMMETRY SPECIES AI{E IUENTICAL FOR ALL THE NP.IPS GROUP 
PRODUCT TEKMS. WHICH Qf Tt'!E VARtOVS CALCl)l,.ATi;O UN{T SY~1METRY 
SPECIES ARE ·cHOSEN TO BE STIJRFD BY THE GROUP STORE~ Sf:CTIUN IS 
UETERMINED RY THIS SECTION ALONG WITH SECTIONS ·3·:cc ANO '5<.:·.' ..• 

c 
c 
c 
c 
c 

4(•(2 IPRCLK = 0 
4;0(.3 LUNONQ = c; 
4C( 4 NORNSQ = ,, 
4:)(:5 GO TO 33•:;r 

IPRCLK, NORNSQ ARE REINITIALilED. IN THE DEGENERATE PERMUTATION EXtCUTluN 
SECTION SYMMETRY PERMUTATIONS A!?E I'ERFORMED AND THE MATRIX ELE1•1ENT 
PRODUCTS PREPARED FOR FURTHER CALCULATION. FOR THESE CALCULATIONS 
ONE RETURNS TO THE MATRIX ELEMENT PRODUCT ~YMMETRY CALCULATIONS 
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C SfCIION. IN SUCH CALCULATIONS A FURTHER PROGRESS CHECK MAY BE 
C REQUIRED. THUS NORNSQ IS REINITIALIZF.D HERE. 
c 

c 

4006 CALL ERRORI141 
4C07 GO TO 4C56 

C IF NRIPS IS EQUAL TO ZERO, THEN ONE OF THE NMATEL MATRIX 
C ELEMENTS FOR THIS GROUP PRODUCT TERM IS ZERO AND WE SKIP THE 
C REORDERING AND S~ORAGE OF THIS GROUP PRODUCTS UNIT SYMMETRI~S lAS 
C THE GROUP PRODUCT TERM IS ZEROI. 
c 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 
c 
c 
c 

c 
c 
c 
c 
c 
c 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

4008 DO ~052 NRS = l,NRIPS 

. THIS 00 LOOP ORDERS THE VERTICAL DIMENSION OF THE ARRAY, THE GROUP 
PRODUCT TERMS.IT IS A REORDERING LOOP, WITH AN OLD IND~X NRS. 
A SET OF UNIT SYMMETRIES HAVING. BEEN DETERMINED FnR Al.t RUT fHF 
LAST MATRIX ELEMENT, NRS INDEXES THE NRIPS POS~IBLE UNIT SYMMETRIES 
FOR THE LAST MATRIX ELEMENT GIVEN THESE UNIT SYMMETRIES FOR THE 
OTHER NMATEL-1 MAT~l~ ELEMENTS. THF NFW INnF~ IS INOV~S. THIS 
.INDEXES GROUP PRODUCT TERMS, EACH OF WHICH CONSISTS OF UNIT 
SYMMETRIES FOR NMATEL MATRIX ELEMENTS. IT STACKS VERTICALLY ALL THE 
NRIPS BLOCKS OF NMATEL MAtRIX ELEMENTS. 

4Cill INOVGS = INDVGS + 1 
4016 DO 4052 NUMMAC = 1,NMATEL 

THIS DO LOOP ORDERS THE HORIZONTAL DIMENSION OF THE ARRAY, THE 
MATRIX,ELEMENTS. IT IS A REORDERING LOOP, GOING FROM"CALCULATE 
ORDER, INDEXED BY NUMMAC, TO DICTIONARY ORDER, INDEXED BY IHDU)4E 1 

WHERE IHDOME IS RELATED TO NUMMAC BY IHDOME=IDOCCOINUMMACI. 

4C2J. IHDOME = IDOCCOINUMMACI 
4024 "IF INUMMAC - N~ATELI 4028,4044,4026 
4026 ,CALL ERRORI151 
40 27 GO TO 4f;44 

FOP. EACH MATRIX ELEMENT BUT THE LAST, Til[ UIHT 5YMI·1CTR1[5 STOil[O 
ARE IIIIDEPENOEII!T OF NRS. FnR THF 1.1<;T MAfRTX ,FI FMFNT IC:AI.ClJLATE 
ORDER), THE UNIT SYMMETRIES STORF.D ARE DIFFERENT FOR EACH VALUE 
OF NRS. 

4028 NDEGPS = NDEGMPIIHDOMEI 

FOR EACH OF THE MATRIX ELEMENTS THERE MAY ~E MORE THAN ONE POSSitlLE 
SET OF UNIT SYMMETRIES. IN SECTION 3~0~ AND 51CC WE CALCULATE QUR 
GROUP PRODUCT TEP~S FROM A PYRIMIOAt POINT nF VIEW. THAT IS WE 
CALCULATE THE FIRST MATRIX ELEMENT, CHOOSE ONE OF THE SETS OF UNIT 

·SYMMETRIES, USE THIS SET TO CALCULATE THE SECilND MATRIX ELEMENT, 
CHOOSE ONE OF ITS SETS AND SO ON UNTIL ALL MATRIX ELEMENTS HAVE 

4032 
4036 
4040 
4044 

BEEN CALCULATED. WE THEN STORE THESE UNIT SYMMETRIES IN THIS SECTION 
KEEPING TRACK OF WHICH SETS WE HAVE CHOSEN BY STORAGE IN THE A~RAY 
NDEGMPIIHDOMEI. THEN OF COURSE WE MUST RETURN TO CONSIDER THE 
UNCHOSeN SETS AND MAKE FU~TH~R PVRIMIOAL CALCULATtnN~ AND ~TORAGr. 

JOP~POIIHDOME,INDVGSI 
JWFGPOI IHDOME ,I NDVGS I 
GO TO 4052 
JOPGPOIIHOOME,INDVGSI 

IOPBS(NUMMAC,NDEGPSI 
ITWFBSINUMMAC,NDEGPSI 

IOPBSINUMMAC,NRSI 
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4")48 
4.:52 
4(!56 
4J5R 

JWFSPCII IHDOME,INIJVGSI = ITWF8SINU"1~AC:,NRSI 

CONTINUE 
IF I IDEGPMI 4~58,4(60,4~68 

CALL ERROR I lh I 

4'16(; 
4~o4 
4)68 
4()7r, 

4r.. 72 
4074 
4(;7h 
4(: 78 
4·:,8c 

5 ( (.It 

5 ::t~ 

5 12 
5 16 

IF IOEGPM=C THIS IS THE FIRST TIME THROUGH THE GROUP SHIRER SECTIJN 
ANO WE HAVE NOT OONE ANY DEGFNERATE PERMUTATIONS. IF IDEGPM=l, WE 
HAVE ALREADY oEGUN THE PERMUTATIONS 

IDEGPM = 1 
GO TO 5~~,: ~ 
IF IILPYESI 4C7C,4c.72,51':'4 
CALL ERRORI171 

IF ILPYES=C. WECHECK JLPYES. IF ILPYES=l, WE TRANSFER l"lTO THE 
I-LOOP PbRTION OF THE UEGENERATE PER~UTATIUN EXECUTION SECTION. 
THIS IS WHERE WE CHOOSE llj£:W UNIT SYMMETRY SETS FOR THE FIRST 
!CALCULATE ORDERI MATRIX ELEMENT. CORRESPONDINGLY JLPYES CAN 
TRANSFER US TO J-LOOP wHICH CONSIDERS PERMUTATIONS FOR THE SECOND 
MATRIX EU:MENT. FIN ALLY KLPYES CAN TRANSfER TO 1: ITHF.R K-LOOP FOR 
THE THIRD MATRIX ELEMENT OR L-LOOP FOR THF. FOURTH MATRIX ELEMENT. 
THE L-LOOP IS USED ONLY FOR NMATEL=S,· THE K-LQOP ONLY FOR 
NMATEL=4,5. 

IF IJLPYESI 4'.'74,4(.76,5184 
CALL ERRORI181 
I"F. IKLPYF.SI 4C'78,534·:·,52c4 
CALL F.RRf1Ril91 
GO TO 534C 

THE DEGENERATE PEI01UTATION EXECUTION SECTION, SECT:[ON 5C"~.r, IS NUw 
HEGUN. THIS SECfiON wORKS IN CONJUNCTION wiTH THE MATRIC ELEMENT 
PRODUCT SYMMETRY CALCULATIONS SECTION TO CALCULATE THF. UNIT 
SYMMETRIES FOR ALL THE MATRIX ELEMENTS OF ALL THE PERMUTATIONS 
DUE TO MULTIPLE PRODUCTS OF DEGENERA~E REPRESENTATIONS. THERE ARE 
FOUR LOOPS ,I ,J,K,L, IN SECTION 50·:•:. THESE LOOPS 00 TilE 
PERMUTATIONS FOR FIRST, SECOND, THIRD, ANO FOURTH MATRIX ELI:MI:NT 
UNIT SY~METRIES, RESPECTIVELY. OEPENOING UPON WHICH LOOP IS 
OPERATING THE VALUES ICLKRP, JCLKRP, KCLKRP, LCLKRP ARE US~D TO 
RESET THE UNIT SYMMETRIES. wiTH THE I-LOOP OPERATING, NEw UNIT 
SYMMETRY SETS ARE SUPPLIED FUR THE IF.LNDO MATRIX ELEMENT, THAT IS 
KWF(JELNDO+ll, KOPIIELNDOI, KWFIIELNOOI. IELNOO IS THE ELEMENT 
NUMBER, OICTIUNARY uRDER, THAT IS BEING HANDLED BY THF. I-LOOP. 
ICLKRP VARIES FROM 1 ro ICORIP, WHERE ICORIP=~CURIPill, THE TOTAL 
NUMBER OF POSSIBLE SETS FOR THE FIRST MATRIX EleMENT. THE PARTICULAR 
SET OF UNIT SYMMETRIES TO BE CHOSEN FOR THE FIRST ~ATRIX ELEMENT 
IS SPECIFIED BY NUEGMP( IELNDOI WHICH IS SET EQUAL TO THE CURMENT 
VALUE OF ICLKRP. THIS VALUE ~ONTAINS THE RUFFER STORAGE INDEX FOK 
THE CORRECT SET. THE J,K,L-LUOPS OPERATE IN AN IDENTICAL MANNEM 
WITH THE VARIABLES IELNDO, ICURIP REPLACED BY JELNDO, JCOIUP FUR 
THE J-LOOP, KELNDO, KCURIP FOR THE ·K-LOOP, AND lELNOO,LCJRIP FOR 
THE L-LOOP 

ILPYF.S t; 
JLPYES (.o 

KLPYES (. 

INMERO NMA Tfl -
5 20 JNMERO NMA TFL ~ 2 
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5024 KNMERO = NMATEL - 3 
5028 LNMERO = NMATEL - 4 

INMERO,·JNMERO, KNMERO, LNMERD GIVE THE TOTAL NUMBER OF MATRIX 
ELEMENTS THAT MUST BE DETERMINED BY 'THE I,J,K,L-LOOPS. 

5C32 IELNOO = IDOCCOC 11 

5036 
5('37 
508 
5( 39 

IELNDO IS THE DICTIONARY O~DER NUM~ER OF THE FIRST (CALCULATE 
ORDERI MATRIX ELEMENT. 

ICORIP = NCORIP(11 
IF CICDRIPI 5038,5364,5C40 
CALL ERROR 12': I 
GO TO 5364 

IF NCORIPC11=~ THIS INDICATES THAT THE FIRST CALCULATE ORDER MATRIX 
ELEMENT IS ZERO AND WE 00 NUT 00 PERMUTATIONS ON THIS OR ANY OF THE 
SUCCEEDING MATRIX ELEMENTS. IN THE J,K,L LOOPS SIMILAR 8RANCHINGS 
I:Xl::.l t-UR IHI: ::.l:t.UNU, IHIRO, t-UURIH I:LI:MI:NTS. IF ICORIP IS NOT ZE~O, 

ICORIP IS THE PRESENT NUMBER OF POSSIBLE UNIT SYMMETRY SETS FOR THE 
FIRST !CALCULATE ORDERI MATRIX ELEMENT. 

5040 DO 5360 ICLKRP = l, I COR IP 

5'J44 
5046 
5(;47 
5048 

THIS I-LOOP CONSIDERS IN TURN ALL OF THE POSSIBLE SETS OF UNIT 
SYMMETRIES FOR THE FIRST MATRIX ELEMENT (CALCULATE ORDER!. AS THE 
FIRST SET I ICLKRP=ll HAS ALREADY BEEN USED TO CALCULATE SYMMETRIES 
OF SUBSEQUENT MATRIX ELEMENTS, IT IS BYPASSED. FOR ALL OTHER VALUES 
OF ICLKRP ALL UNIT SYMMETRIES OF SUBSEQUENT MATRIX ELEMENTS ARE 
RECALCULATED. THIS IS DONE BY A RETURN TO SECTION 30C2 AND STORAGE 
IN SECTION 400'.'• H; ,f-if 1-~~:·~o THERE IS A FIRANCH POINT TO THE 
J-LOOP FOR EACH ~ALUE OF ICLKRP:i,ICORIP. THUS FOR EACH VALUE OF 
ICLKRP, THE J-LOOP CONSIDERS IN TURN All POSSIBLE SETS OF UNIT 
SYMMETRIES FOR THE SECOND MATRIX ELEMENT !CALCULATE OROERI. AN 
lOENflCAL UESCRlPllUN PRUCEEOS FOR T4E K-LOOP TREATING THE THIRO 
MATRIX ELEMENT FOR NMATEL=4,5, ANO rUR THE L-LOOP TREATING THE 
FOURTH MATRI~ ELEMENT FOR NM~TEL=5. IN THIS MANNER All UNIT 
S'\'MI'IETR '( i'H<I'IUTA f!ONS ' .I: CoN::. I UtKtU. 

IF IICiKRP- 11 5n46,51C4,5~48 
CALL ERRORC2ll 
GO TO 5104 
NDEGMPIIELNDOI ~ ICLKRP 

IHI~ VALUI: ::.PI:li~II:S IHI: ~1:1 UF UNIT SYMMETRIES OF THE IELNOO 
MAT~!X tL~MtNT THAT IS fU ~E URAWN ~~OM BU~FER TO BE USED IN THE 

·.CALCULATIONS OF SECTION 3tCG. 

5052 DO 5064 IERCLK 
c 

= 1 r1 NMERD 

c 
c 
(. 

c 
c 
c 
c 

THIS DO LOOP RESETS T~E SECOND THROUGH INMFRD=NMATEL-1 MATRIX 
ELEMENTS !CALCULATE ORDERI SO THAT THEY CAN BE RECALCULATED. MEINO 
IS UUMMY SfUK~Gt FUR rHE UlCllUNARV URUER MATRIX ELEMENT INDEX FOR 
EACH OF THESE MATRIX ELEMENTS IN TURN. All MATELQIMEINOI ANO 
NDEGMPIMEINDI ARE REINITIALIZED AT G ANO l RESPECTIVELY. THIS 
INDICATES THAT PRIOR TO RETURN TO SECTION J000 THE MEIND MATRIX 
ELEMENT (DICTIONARY ORDER) HAS NOT RfEN RECALCULATED !DESIGNATED ~y 



c 
c 
c 

50.'54 
5,.)56 
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MATELOIMEINOI=GI AND THAT WHEN RECALCU~ATEO, THF INITIAL CHOIC~ 
OF UNIT SYMMETRY SETS Will BE THE FIRST ONF INDEGMPIMEINOI=ll~ 

+ 1 I 

· 5G5A 
5.Go':l 
50&2 

c 

MEIND = IDUCCOINMATEL - IERCLK 
MATELQIMEINDI = ~ 
NOEGMPIMEINDI ~ 1 
IWFQIMEINDI = IWFQAIMEINDI 
IOPQIMEINDI = IOPQAIMfiNOI 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 

c 
c 
c 

IWFQ(MEINDI AND IOPQ(MFINOI, WHICH HOLO THE PRESENT STATE OF 
KNOWLEDGE OF THE WhVE FUNCTION AND OPERATOR UNIT SYMMfTRIES OF THE 
MEIND MATRIX ELEMENT ARE SET TU THE ORIGINAL STATE OF KNUwlEDGt 
OF THESE UNIT SYM~ETRIES !INCLUDING THE SUPPLEMENTARY SYMMETRIES! 
FOR All THE Mt!NO MATRIX FLEMENTS THAT MUST BE RECALCULATED. THIS 
LOOP CAN LOSE INFORMATION WITH REGARD TO THE STATE OF KNOWLEDGE OF 
THE WAVEFUNCTION-UNIT SYMMETRIES. IN ORDER TO AVOID THIS l~FQINEINDI 

·AND IWFQINEINO + 11 ARE SEr EQUAL TO ONE FOR All N[IND MATRIX 
ELEMENTS THAT ARE NOT RECALCULATED. THIS IS DONE IN THE FOLLOWING 

·STATE:MENTS 5C66, 51:68, 5G7'J. IN THE J,K,L-LflOPS IT IS OONE BY 
DO LOOPS 

5064 CONTINUE 
5065 NFINO = IDOCCOIII 
5066 IWFQINEINDI = 1 
5067 IF tNMATEL - NEINDI 
5n68 CALL ERRORI74) 
5':•69·IWFQill = 1 
507~ GO TO 5072 
5."71 IWFQINf:'IND + 11 
5!..•72 I NDHC S 1 
5;)76 I SERCH = 1 
5VBG MELNDU = IELNOO 

INITIALIZATION hR SECTION 3·:0v IN STATEMENTS 5i:.72, 5·~76, 5(8c .• 

5(184 ILPYES = 1 

5085 
5G86 
5087 
'5l) 88 

REINITIALIZING FOR SECTIO!. 4GCC IN STATE~ENT 

;,: INMATEL - IELNDOI 5C86,5G87,5l9,: 
CALL ERKORI7·:'1 
KWFill = ILWF!\Sil,ICLKRPI 
GO TO 5c.9Z 

5CR4. 

:. 5G9:; 
5•)92 
5!';96 

c 

KWFIIELNOO ·> 11 = ILWFRSil,ICLKMPI 
KOPIIELNOOI = IOPBSI1,ICLKRPI 
KWFIIELNDOI. = IlWFHSil,l(Li\RPI 

c 
c 
c 
c 

UNIT SYMMF.TR!tS DRAWN FROM BUFFER STORAGE AND PLACED IN KwFI IELNDl.ll, 
KWFIIELNDO+li,KOPIIELNOOI TO BE USED FOR CALCULATIONS IN SECTION 

51;_,_; GO TO 1~56 

c 
C. HERE WE RETURN ro MATRIX ELEMENT PROIHJC T SY"''4HK Y C~LCULAT IONS 
C SECTION, SECTION J·".:)C .• RENTRIES TO THE I-LOOP 1\RE AT STATEMENT 51:4. 
c 
51~'• IF IJNMEROI 51C6,5L"J~,51 1:8 
51C6 CALL ERRU~I~21 



c 
c 
c 
c 
c 
c 
c 

c 
c 
c 
c 
c 
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THIS IS OUR BRANCH POINT TO THE J-LOOP. IN ALL CASES THAT.WE 
CONSIDER JNMERO IS GREATER THAN ZERO. THEREFORE. IT IS NOT REALLY 
A BRANCH POINT, BUT A DISGUISED GO TO. IT IS DONE THIS WAY TO 
MAINTAIN UNIFORMITY IN FLOW CHART FORM WITH KNMERO AND LNMERO. THUS 
THIS STATEMENT COULD ~E WRITTEN GO TO 51~8 A~D WE GO TO THE J-LOUP. 

5108 llPYES = C 
5112 JELNOO = IDUCCOI21 
5116 JCORIP = NCORIPI?.I 
5117 IF IJCORIPI 5116,5356,5120 
5118 CALL ERROR(2j) 
5119 GO TO 5'356 
5120 00 5352 JCLKRP = 1,JCURIP 
512'3 IF, (JCLKRP - 11 '5124,5184,5126 
5124 C~LL ERRORI241 
5125.GO TO 51t34 
5126 NDEGMPIJELNDOI = JCLKRP 
5128 DO 5140 JERCLK = t,JNMERO 
5130 MEINO = IDOCCOINMATEL - JERCLK + 11 
5132 MATELQ(M[INOI • 1 
5134 NDEGMPIMEINOI = 1 
5136 IWFQIMFINOI = IWFQAI~EINDI 
5138 IDPQIMEINOI = IOPQAIMEINDI 
5140 CONTINUE 
5142 DO 5150 NINO = 1,2 
5143 NEINO.= IOOCCOININOl 
5144 IWFQINEINOI = 1 
5145 IF INMATEL - NEINDI 5146,5147,5149 
5146 CALL ERRORI751 
5147 IWFQI 1 I = 1 
5148 GO TO 515C 
~1~9 IwrQ!NEIND + 11 
5150 CONTINUE 
5152 INDHC$ 2 
515o ISERCH = 1 
5160 MELNDO = JELNDO 
~lb4 JLPVES = l 
5165 Ir!NMATEL - JELNOOr ~166,5167,,17~ 
5166 CALL F.RRORI7ll 
5167 KWFill = lLW~8$(2,JCLKRPI 

5168 GO TO 5172 
5170 KWFIJELNOO + 11 = ILWFBS!2,JCLKRPI 
5172 KOPIJELNOOI = IOPBSI2,JCLKRPI 
5176 KW~(jElNDDi : ITWFBS!2,JCLKRPI 
518C GO TO 3056 
5184. IF IKNMERDI 5186,5352,51B6 
5186 CALL ERRORI251 
5187 GO TO 5352 

5188 
5192 
5196 
5197 

BRANCH POINT TO K-LOOP. WE ENTER K-LOOP ONLY FOR NMATEL=4,5. 
OTHERWISE WE IMMEO~ATELV FINISH THE J-LOUP,AND RETURN TU TH~ 

I-LOOP 

JLPYES = C 
KELNDO = IDOCCOI31 
KCORIP = NCORIP131 
IF (KCORIPI 5196,5'348,52LC 



c 

5198 CALL EMRORI2~1 

5199 GO TO 5348 
5200 DO 5344 KCLKRP = l,KCORIP 
52C3 IF (KCLKRP- ll 52[;4,'5264,52::·6 
5204 CALL ERRORI271 
52G 5 GO TO 5264 
5206 NOEGMPIKELNOOI = KCLKRP 
52CA DO 522~ KERCLK = l,KNMERD 
521C MEINO = IIJ(JCCOI N~ATEL - KERCLK + ll 
5~12 MATELQIMEINOI = 0 
5214 NOEGMPIMETNOI = 1 
5216 IWFQIMEINDI = IWFQAIMfiNOI 
521~ IOPOIMEINDI = IOPOAIMEINOI 
522(' CONTI"'UE 
5222 DO 523( NINO ~ 1,3 
5223 NEIND = IUOCCUININOI 
5224 IWFOI NEI NO I = 1 
5225 IF INMATEL - NEINDI 5226,5227,5229 
5226 CALL ERROR(761 
5227 I~FOill = 1 
5228 GO TO 523C 
5229 IWFQINEINO + 11 
5230 CONTINUE 
5232 INOHCS 3 
5236 ISERCH = 1 
524r MELNOU = KFLNOO 
5244 KLPYES = 1 
5245 IF INMATEL - KELNOOI 5246,5247,525~ 

5246 CALl ER~ORI721 

5247 KWFill = ILWFBS(3,KCLKRPI 
524A GU TO 5252 
5250 KWFIKELNOO + 11 = ILWF8SI3,KCLKRPI 
5252 KOPIKELNDOI = IOPASI3,KCLKMPI 
5256 KWFIKELNDOI = ITWFAS13rKCLKRPl 
526G GO TO 3056 
5264 IF ILNMF.ROI 5266,5344,5268 
5266 CALL ERRORI281 
5267 GO TO 5344 
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c 
c 
c 
c 

BRANCH POINT TO L-LOOP. WE ENTER THE L-LOOP ONLY FOR NMATEL=5. 
OTHERWISE WE IMMEDIATELY FINISH THE K-LOOP AND RETURN TO rHE 
J-LOOP 

5268 
5272 
5276 
5277 
5278 
5279 

. 52 8L' 

5283 
5284 
5205 
52 fl6 
5288 
5290: 
5292 
52':14 

KLPYES = ') 
LELNDU = IDOCCOI41 
LCORIP = NCUKIP(4. 
IF ILCORIPI 527A,5344,52dC 
CAI_I_ FRRORI791 
GO TO 5344 
DO 534( LCLKRP = 1rLCORIP 
IF ILCLKRP - 11 5284,534(,528~ 

CALL ERROR(3:')1 
GO TO 534(; 
NUEGMPILELNDOI = LCLKMP 
DO 53G~ LERCLK = 1rLNMERO 
MEIND = IDOCCOINMATEL - LERCLK 
MATF.LQIMEINDI 0 
NUEGMPIMEINOI = 1 

+ ll 



c 
c 
c 
c 

c 
c 
c 
c 

c 
(. 

c 
c 
c 
c 

5296 
5298 
53(:( 
5302 
53( 3 
53'.4 
53l:5 
53(\6 
53!:7 
53(.8 
53C9 
5310 
5312 
5316 
532C 

5321 
5322 
5323 
5~24 
5326 
5328 
5332 
5336 

5340 
5344 
5348 
5352 
5356 
536!.1 

5J64 
53o8 
54(0 
54('4 
54CR 
541"2 
54.lo 
5420 
5424 
5l.2R 
543.2 
5436 
5440 
5444 
5448 

IWFQIMtiNDI = IWFQAIMEINDI 
IOPQIMEINOI = IOPQAIMEINDI 
CONTINUE 
DO 531( NINO= 1,4 
NEIND = IOOCCOININOI 
IWFCJINEINDI = 1 
IF INMATE'L- NEINDI 53Cb,53Q7,53'"9 
CALL ERRORI771 
IWFQ111 = 1 
GU TO 5310 
IWFQINEIND + 11 
CONTINUE 
INDHCS 
ISERCH = 
MELNDO = 

4 
1 
LELNOO 

302 

UNLIKE THE I,J,K-LOOPS WHICH SET ILPYES, JLPYES, KLPYES=lr THCRE IS 
NO LLPYES 

IF IN~6TEL - LELNDDI 5327,537~,537~ 

CALL ERRORI731 
KWFill = ILWFBSI4,LCLKRPI 
GO TO 5328 
KWFIU:LNUU + 11 = ILW~BS14,LCLKKI-'J 
KOPILELNDOI = IOPBSI4,LCLKRPI 
KWFILELNOOI = ITWFBSI4,LCLKRPI 
GO TO 305b 

HERE ~E GO TO SECTION 1C~C. WHEN WE RETURN wE UO NOT RRANCH BUT 
CONTINUE ON WITH THE L DO LOOP UNTIL UONE. 

CONTINUE 
CONTIIIIUE 
KLPYE S = (· 
CONTINUE 
,JI.PVES = 0 
CUNT INUE 
ILPVC!i • 0 
GO HI 6t1(2 
IF IIPOSI 54:::4,54C4,5412 
LPOS = ') 
GO TO 6Cl:8 
GO TO 15416,5424,5444,5444,54441, ~OOEPI 

LPOS = 0 
GO TO 60GB 
IF IIT6CI ~4?8,542~,543~ 
I,POS = JOPTWO 
GO TO 6C'(18 
LPOS = IOPONE 
GO TO 6Gf·8 
LPOS = IOPTRE 
GO TO 60(;8 

SFCTJON none, THF CnllPl JNf. COFFFICIFNT SFT AND INllii'IL PRL101JCT 
DETERMINATION SECTION INCLUDES A CALL FOR THE SUBROUTINE SEARCH. 
THIS SUBROUTINE HAS AS INPUT THE UNIT SYMMETRIES OF THE PARTICULAR 
MATRIX ELEMENT OF THE PARTICULAR GROUP PRODUCT TE~M BEING 
INVESTIGATED. THE OUTPUT IS AN ORDERED SET OF COUPLING COEFFICIENTS. 



c 
c 
c 
c 
c 
c 
c 
c. 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

6X2 
6':C 3 
60C5 
6('')6 

303 

IF All UNITS (TWO WAVE FUNCTIONS AND ONE OPERATOR! ARE Of A 
NON-DEGENERATE NATURE, THEN THE COUPLI'IIG COEFFICIENT SET IS TRIVIAL 
ANI) CONSISTS OF UNF. RFAL VALUE OF UNITY. WHEN ONE, TWO, 0~ THREE 
OF THE UNITS ARE DOUBLY-DEGENERATE, THEN THERE ARE 2**1, 2**2r OR 
2**3 COUPLING COEFFICIENTS, SOME UF WHICH ARE ZERO. THESE SETS 
ARISE SINCE EACH DOUBLY-DEGtNERATE ~EPRESENTATION HAS TWO ~[MoERS 
AND EACH PERMUTATION OF THE MEMBERS OF THESE DOUBLY-DEGENERATE 
REPRESENTATIONS IS ASSIGNED A UNIQUE CUUPLIN~ COEFFICIENT. IN THIS 
PROGRAM DEGENFRACIES HIGHER THAN TWO ARE NOT CONSIDERED. FOR EACH 
GROUP PRODUCT TER~, THERE IS A COUPLING COEFFICIENT SET CALCULATEU 
FOR EACH MATRIX ELEMENT. IT SOMETIMES HAPPf::NS THAT IN GOING FRU~ 

ONE GROUP P~OOUCT TERM TO THE NEXT THE~E IS NU CHAN~E IN THE UNIT 
SYMMETRIES OF ONE PARTICULAR MATRIX tlEMENT. IF THIS IS THE CASE 
IT WOULD BE REDUNDANT TU RECALCULATE THE SET OF COUPLING 
COEFFICIENTS FOR THIS MATRIX ELEMENT. A LARGE PORTION OF THIS 
SECTION 6~00 IS USED TO AVOID THIS TYPE OF DOUBLE CALCULATION. THE 
LAST PART OF THE SECTIUN IS USED TO CALCULATE !HE INITIAL COUPLIN~ 
COEFFICIENT PRODUCT FOR EACH GROUP PRODUCT TERM. THIS IS THE 
PRODUCT UF THE FIRST COUPLING COEFFICIENTS IN EACH MATRIX ELF.MfNT 
SET OF COEFFICIENTS. THERE IS ALSO SOME INITIALIZATION DONE HERE 
FOR SECTION 7CC~, THE SECTION WHICH GENERATFS All OTHER COUPLING 
COEFFICIENT PRODUCTS RESULTING FROM PEIHHITATIUNS IN THE COUPLING 
COEFFICIENT SETS. 

IF IINDVGSI nU3,8244,6CC6 
CALL ERRORI96l 
GO TO 8244 
ILGOS = INDVGS 

6\.·.'7 GO TO 54( C 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

THE FINAL VAlliE OF INDVGS, WHICH IS THE TOTAL NUMBEK OF GROUP 
P~ODUCT TERMS, IS STORED IN ILGOS. THE FOLLOWING DO LOOP GOES 
THROUGH EACH G~OUP PRODUCT TERM ONE BY ONE, CALCULATING All OF THEIR 
COUPLING PRODUCT PEWMOTATIONS ANQ DETFRMININ~ ~HETHER EACH G~OUP 
PROLJUCT TERM IS ZERO OR NUNZE~O. THIS IS UONE IN SECTIONS 6~"-·· liND 
7~L1. IN SECTIO~ ~~~0 THE UNIT SYMMETRIES OF THE MATRIX ELEMENTS 
OF A NONZERO GROUP PRODUCT TERM ARE STORED. THERE IS THEN A RETURN 
TO STATEMENT or~a FOR CONSIDERATION OF ANOTHER OF THE ILGOS GRnUP 
PRODUCT TERMS. 

6008 DO 8240 INDVGS = l,ILGOS 
6~12 ~0 6132 IMECCD = l,NMATEL 

THIS MATRIX ELEMENT 00 LOOP IS RUN FOR EACH GROUP PRODUCT TERM AND 
DETFRMINES THE SET OF COUPLING COEFFICIENTS FUK EACH M~TRIX ELEMENT. 
FOR A PARTICULAR MATRIX ELEMENT OF A PARTICULAR GROUP PRODUCT TERM 
THE UNIT SYMMETRIES OF THAT MATRIX ELE~ENT ARE COMPARED WITH THOSE 
FOR TH~ SAME MATRIX ELEMENT RUT OF THF PREVIOUS GROUP PR!JDUCT TER~. 

IF ALL OF THESE UNIT SYMMETRIES ARE THE SAME, T~ERE IS NO NEED TO 
RECALCULATE THE SET OF COUPLING COEFFICIENTS FOR THIS ~ATRIX 
ELEMENT AS THEY ARE THE SAME AS HEFORE. IF HO~EVER SOME OF THE UNIT 
SYMMETRIES ARE DIFFERENT, THEN THE SET OF COUPLING COEFFICIENTS 
WILL ALSO BE OIFFEPENT AND MUST BE RECALCULATED. 

6Jl6 JOPN = JOP~PUIIMECCD,INDVGSI 
c 
c 
c 

JOPN IS STORAGE FOR THE SYMMETRY OF THE OPERATOR OF THF. IMECCD 
MATRIX ELEMENT ~F THE CURRE~T GROUP PRODUCT TERM. 



c 

c 
c 
c 
c 

c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 
c 
c 
c 

304 

6~2u JWFN = JWFGPOIIMECCU,INOVGSI 

SAME AS JOPN RUT FOR TRAILING WAVE FUNCTION 0~ IMECCD MATKIX 
ELEME'NT. . 

6~24 IF ( INDVGS - 11 oC26,6C28,6C6( 
6~26 CALL ERRORI3ll 

IF IT IS THE FIRSr TI~E THROUGH THE 6(~8 INOVGS LOOP, THE VALUES 
OF JOPP, JWFP, KWFP ARE SET EQUAL TO ZERO AS THIS INSURES WE 
CALCULATF All SETS OF COUPLING COEFFICIENTS. All SUBSEQUENT TIMES 
THROUGH THE INDVGS LOOP THESE ARE SET EQUAL TO THE APPROPRIATE UNIT 
SYMMETRY OF THE PARTICULAR MATRIX ELEMENT OF THE PREVIOU~ GROUP 
PRODUCT TFR"4. 

o·.no 
6•137. 
6''36 
6:j40 
6~42 

o·::43· 

6;~44 

6048 
6C'52 
6•::,56 
6\'60 
Ol.'b't 
6068 
60 70 

JOt'i' "' IJ 
JWFP = r 
KWFP = (j 
IF IIMF.CCD- NMAT[LI 
CALL ERROR(681 
GO TO 6•: 52 

6( 44, 605.2' 6 1.42 

THIS SETS THE VALUE OF KWFN FOR THE FIRST GKIJUP PROOUCT TERM. SINCE 
THIS IS THE LEADING WAVE FUNCTION SYMMETRY, IT IS RELATED TO THE 
TRAILING WAVE FUNCTION SY~METRY OF ANOTHER MATRIX ELE~F.NT, THE 
RELATION GIVEN IN STATEMENTS· 6044 AND 6052. 

KWFN = JWFGPOIIMF.CCD + loll 
GO TO 6<:92 
KWFN = JWFGPO(l,ll 
GO TO 6\':192 
JOPP = JOPGPO (I MECCD 1 I NDVGS - l I 

JW~~ • JW~~PilllMFCCD,rNDVC$- li 
IF IIMECCO- NMATELI 6C72,M184,6::7~ 

CALL ERRORI321 
~,:,71 GO TO 6~tl't 

c 
C SAME AS 6C4•i BRANCH BUT FOR All GROUP PRODV(; 1 Tf'RMS OIJT THI' F !flS f., 
C AL~U II SEIS BOTH KW~P AND KwrN. 
c 

6072 KWFP = JWFGPOIIMEC:CD + l,INDVGS- 11 
6076 KWFN = JWFGPOIIMECCD + l,INDVGSI 
6!}80 GO TO 6092 
6~84 KwFP = ,IWFGPOII,INOVt;S ft 11 
6'l88 K WFN = JWFGPOI l, T NDVG<; I 
6J92 IOPOEGIIMECCDI = IRDEGIJOPNI 
6:;96 IWFOEGIIMECCDI = IROEGIJWFNI 
61CC IF IJOPN - JOPPI 6l20 1 6lC4,612~ 
6lr4 IF IJWFN - JWFPI 6120,61~8,612~ 
61':.8 IF IKWFN - KWFPI 6120,6112,612•' 
6112 IWOCC = G 
'?116 GO TO 6121 
6120 IWOCC = l 
6121 IF IIWOCCI 6122,6132,6124 
6122 CALL ERRORI331 
6123 GO TO 6132 
6124 KPOS = l. 



c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

6125 
6126 
6127 
6121:! 
6129 
6132 

IF ILPOSI 61ZCJ,6l29,6126 
IF ILPDS - ·IMECCDI 6l29,6127,61?CJ 
IF IIRDEGIJDPNI - 11 6129,6129,6128 
KPOS = 1 
CALL SEARCHIIMECCO,JQPN,JWFN,KWFN,KPOSI 
CONTINUE 
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STATEMENTS 6092,6~Q6 STORF THE DEGENERACI~S OF THE UNIT SYMMET~IES 

(TRAILING WAVE FUNCTION AND OPERATOR! OF THE 1MECC~ MATRIX ELEMENTS 
FOR IMECCD=l,NMATEL. THESE ARE USED IN SECTION 70(0. STATEMENTS 
61CG,6104,61CA CHECK TO SEE IF FOR THE IMECCD MATRIX ELEMENT THEKE 
HAS BEEN ANY C~ANGE IN ANY OF THE THREE UNIT. SYMMETRIES FROM THOSE 
OF THE PREVIOUS GROUP PRODUCT TER~. IF THERE HAS THE SUBROUTINE 
SEARCH IS CALLED. THE SUBROUTINE SEARCH MAKES AVAILABLE AS 
COCOMEIIMECCD,NEWUA,NfWOBI A SET IDEFINFD BY THE INDEXES NEwiA, 
NEWIBJ. UF COUPLING COEFFICIENTS FOR THE IMECCU MATRIX ELEMENT. IN 
THE LAST PART OF SECTION 6GCJ WE FORM THE INITIAL COUPLING 
COEFFICIENT PRODUCT IWITH COC~MEIIMECCU,l,!J, IMECC0=1,NMATELI AND 
WE INITIALIZE SOME ARRAYS NEEDED IN SECTION r"'''!. THE Ci:JUPLING 
COE~FICIENTS CAN BE COMPLEX. 

6136 IF I ICHVIKI 614;..,614(,6149 
614C IVI~CH = :·· 
6144 Gil Hl 62f1:: 
6148 LFL = LVIBI11 
6152 MEL = LVIBI21 
6156 JOPA = JOPGPlliLEL,INDVGSJ 
616C JUPB = JOPGPOIMEL,INDVGSI 
6164 IF INTOT - 21 61&8,616A,6212 
6168 NEL = :; 
6172 JOPC = r; 
6176 IF (JfJPA- JOPBI 618•~t61tl8,n1fl' 

611:!·:: 1VIf1CH = ( 
6184 GO HI 628(; 
6188.MATVIB = 1 
6192 IF IIRDEGIJOPAI- 11 6196,6196,62(.4 
6196 IV I BC H = 1 
62C'0 GO TO 628C: 
62C4 IVIBCH = 2 
62C8 GO TO 628·J 
6212 NEL = LVIBI31 
6216 JOPC = JOPGPOINELoiNDVGSI 
6220 IF IJOPA - JOPAI 6244,h2?4,6244 
6224 IF IJOPA - JOPCI 6236,6225,6236 
6225 IF IICACI 62?6,6226,6232 
62.26 IF I ICRCI f>2'.16,6236,6227 
6 2 7.7 IF I I C ABC I 6 2 2 8 , 6 2 2 8, 6?. 30 
6~28 MATVIB = 4 
62?9 GO TO 6192 
1>23') MATVIH = 6 
6231 GO TO 61'>2 
6232 MAIV!tj = 5 
6233 GO TO 6192 
6236 MATVIB = 1 
624C• GO HI o192 
6244 IF IJOPi- JOPCI 6256,6245,6256 
6245 IF IICACI 618C,61S(-,6248 
6248 MAIVII'I = 2 

'I 



6252 GO TO 6192 
6256 IF IJOPB - JOPCI 618C,6257,618( 
6257 IF I ICBCI 618C·,618•:;,626G 
6260 MATVIB = 3 
6264 IF I IRDEGIJOPBI - 11 6268,6268,6276 
6268 IVIRCH = 1 
6272 GO TO 628C 
6276 IV IBCH = 2 
6280 IF CIVIBCH- 11 6284,6284,6292 
6284 I NVI B "' 1 
6288 GO TO 632R 
6292 GO TO C6296,63G8,632l,6328,6328,63291, 
6296 KELO = LEL 
63('0 KELT = MEL 
6304 GO TO 6328 
63C•8 KELO -= LEL 
()31Z Kti.T = NEL 
6316 GO TO 6328 
632G KELO -= MEL 
6324 KCL T " ~lF.L 
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MATVIB 

.6328 I'F IMUIH: - 11 6332,6'332,634( 
6332 CCPROD = 11.,~.1 

c 
c 
c 
c 
c 
c 

6336 GO Tn 6344 
634C CCPRnD = t~.,~.l 
6144 DO 637£ IMECCD 
6348 CURSCCII~ECCOI 
6352 .ICCSSAII~ECCDl 
6356 ICCSSBCIMECCDI 
636C ISTACKIIMECCOI 
6364 IOPMPIIIMECCDl 
6368 IWFMPIIIMECCDl 
6372 CONTINUE 

1,NMATEL 
COCQMtCIMECCU,1,11 
1 
1 
-2 
1 
1 

6376 IF (MODE - 11 638~,6380,6392 

6380 DO 6388 IMECCD = 1,NMATEL 
6384 CCPHOD = CCPROD * CURSCCClMECCOI 
6388 CONTINUE 
6392 IF CIVIBCH- 11 6396,6396,6412 
b39b t•PROD = 10.,~.1 
A400 ~YPRnn = IO.,G.I 
64C4 C£P~OO = CC·.,O.I 
6408 GO TO 6436 
6412. IF IMATVIB - 31 
6416 CXPROD = CCPROO 
6418 INVIB = 7. 
6420 GO TO 64JO 
64~4 !NV(() ., J 
6426 CXPROD - CCPROD 
64~8 CYPROO = CCPROD 
6432 ClPROD = CCPROD 
6436 INDUV 1 
6440 JNDUV = 1 
6444 KNDUV = 1 

6416,6416,6424 

SECTION 7COC, TH£' COUPLING COEFf.!CtF.NT.PRnnur.T I>ETERMINAT.ION FO~ 
MEMBER PERMUTATIONS AND GROUP PRODUCT TERM GO-NOGO CALCULATION 
SECTION, TAKES THE NMATEL SETS OF COUP' lNG COEFFICIENTS FOR A GROUP 
PRODUCT TERM AND USING ONE FROM· EACH SET, FORMS ALL LEGITIMATE 
PERMUTATIONS INTO PRODUCTS. THESE PERMUTATIONS ARE ARRIVED AT IN 



c 
c 
c 

.c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 
c 

c 
c 
c 
c 

c 
c 
c 
c 
c 
c 

nr 1 
7'lr2 
7·)04 
1'J•) 5 
7Vz:·6 
7CC 7 
7')08 
1'1 1C 
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THE FOLLOWING WAY. CONSIDER A PARTICULAR MATRIX ELEMENT. IF SUME OF 
THE UNIT SYMMETRIES ARE DOUBLY DEGENERATE, THEN WH~N WE CHANGE THE 
MEMHER OF ONf. OF THESF SYMMETRIES (THERE TWO MEMRERS FOR A DOUBLY 
DE(,ENERATE REPRESENTATION) WE HAVE A NEW CIJUPLING COEFFICIE~T TO 
CO~SIDER. INSTEAD OF CONSIDERING THE PERMUTATIONS BY MATRIX ~LEMENT 
IT MAKES MORE SENSE TO 00 IT .BY OPERATOR INMATEL OF THEMI AND i3Y 
WAVEFUNCTION INMATEL OF THEMI. IF ALL OPFRATORS AND WAVE FUNCTIONS 
WERE DOUBLY DEGENERATE THEN ONE WOULD HAVE 2**12*N~ATELI NUMBER OF 
PERMUTATIONS. ~OR NMATEL=5 THIS WOULD BE 1•'24 PERMUTATIONS AND IS 
THE WORST POSSIBLE CASE. IT ALSO IS AN UNLIKELY SJTUATION. SECTION 
70~0 IS DIVIDED INTO TWO SECTIONS, ONE TO PERMUTE OPERATORS AND THE 
OTHER TO PERMUTE WAVE FUNCTIONS. THE PROGRAM IS SUCH THAT WE DO AN 
OPERATOR PERMUTATION, CALCULATE THE COUPLING COEFFICIENT PRODUCT, 
THEN DO ALL WAVE FUNCTION PERMUTATIONS CALCULATING COUPLING 
COEFFICIENT PRODUCTS FOR EACH OF THESE PERMUTATIONS. WE THEN DO A 
SECOND OPERATOR PERMUTATION, CALCULATE THE COUPLING COEFFICIENT 
PRODUCT, AGAIN DO ALL WAVE FUNCTION PERMUTATIONS CALCULATING 
COUPLING COEFFICIENT PRODUtTs, DO A THIRD OPERATOR PERMUTATION AND 
SO ON UNTIL ALL THE OPERATOR PERMUT~TIONS ARE DONE. AN OP~RATOR 
PERMUTATION CONSISTS OF SWITCHING MEMBERS llF ONE OF THE DOUBLY 
DEGENERATE OPERATOR SYMMETRIES SUCH THAT ONE GETS A NEW COMBINATION 
OF THE NMATEL OPERATOR MEMBERS. A WAVE FUNCTION PERMUTATION IS 
SIMILARLY DEFINED. THERE IS UNE DIFFERENCE HOWEVER. FOR THE WAVE 
FUNCTION .'1EMBERS ONE MUST INTRASET SWITCH TwO WAVE FUNCTION, MEMf3lR 
SETS, SAY THE TRAILING WAVE FUNCTION SET FUR THE THIRD MATRI~ 
ELEMENT AND T~E LEADING WAVE FUNCTION SET FOR THE SECOND MATRIX 
ELEMENT. THE WAY IT IS DETERMINED WHETHER A GROUP PKODUCT TtRM IS 
ZF.RO OR NONZERO IS STRAIGHTFORWARD. IF ALL JF THE NONZERO COUPLING 
COEFFICIENT PRODUCTS ARE NOT IL>ENTIChl, THE GROUP PRODUCT TERM IS 
ZERO. THE NONZERO GROUP PRODUCT TERMS ARE OUTPUTED IN SECTION B~c:. 

IF !MODE- 11 7C05,7005 1 7CG2 
NEGLFK = 1 
GO TO 1C".1 
NEGLEK 0 
DCPROD 11.,r:.1 
IOPPCO 0 
I WFPCO C 
ISWCWF r: 

IOPPCO AND IWFPCO ARE DECISION VAR,AGLES TO nETERMINE ~HETHER ALL 
OPERATOR AND WAVE FUNCTION MEMBFR PERMUTATIONS ARE COMPLETE. 

7C12 NUMMAT = 0 

7016 
7L·2·J 
7021 
7022 

HERE NUMMAT IS A CLOCK TO KEEP TRACK OF TH~ MATRIX ELEMENTS DURING 
THE PERMUTATIONS 

NUMMAT ~ NUMMAT + 1 
IF (NUMMAT- NMATELI 7<:'24,7r'24 1 7v21 
IF IISWCWFI 7022,7G22,72lo 
IF INEGLEKI 7176,7176,7216 

IF A PE~MUTATION HAS BEEN DONE AND THE NEW COUPLING COEFFICIENTISI 
DETERMINED, THEN WE GO TO THE COUPLIN(, COEFFICIENT PRODUCT PORTION 
OF THIS SECTION. IF NOT (NUMMAT NOT GREATER THAN NMATELI WE CUNTINUE 
IN THE PERMUHTION GENERATION PORTION UNTIL WE OBTAIN A PERMUTAT I!lN. 



c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 
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7C24 IF IIWFDEGINUMMATI - 11 7026,7;28,7)36 
702~ CALL ERRORC341 

IF IWFOEGINUMMAT1=2, THEN THE TRAILING WAVE FUNCTION !JF THE NUMMAT 
MATRIX fLEMENT IS DOUBLY DEGENERATE AND WE HAVE TO CONSIDE~ THE 

-POSSI!liLITY OF '1F.M13ER INTERCHANGE. IF IT IS l, THEN THIS WAVE 

7C29 
7!~29 

7(•3C 

FUN(T ION IS NON-DEGENERATE, IT CAN BE IGNORED AS FAR AS 
PERMUTATIJNS ARE CllNCERNEO AND WE CLl ON TO CUNSIDER THE "'EXT MAT~IX 
ELEMENT TRAILING WAVE FUNCTION 

IWf-~CO = IWFPCO + 1 
IF IIWFPCO- t\lMATELI 7tl6,7J3r,7:BC 
ISWCWF = 1 

WHEN THE LAST. WAVE FUNCTION PERMUTATION IS COMPLETED THE PROGRAM, 
AFTER INITIALIZING IwFPCO=C, ilOf..S THIS STATEMENT NMATEL TIMES, 
GiVING IWFPCO=NMATEL. AFTER GOING THROUGH THE COUPLING COEFFICIENT 
PRODUCT PORTION IAN UNNECESSARY TIMEI THIS VALUE IS USED IN 
STATEMENT 7216 TO INDICATE ALL WAVE FUNCTION MEMBER PERMUTATIONS 
ARE DONE. THERE IS THEN A CHECK TO SEE IF ALL OPERATOR PERMUTATIONS 
ARE UUNE:. IF SO ONE GOES TO SF.CTfl'lN A·:r-r;. IF NIH THERE IS A NEW 
OPERATOR PERMUTATION AND ALL WAVE FUNCTION PERMUTATIONS ARE RERUN. 
THIS CONTINUES UNTIL THE OPERATOR PERMUTATIONS ARE COMPLETE 

7032 GO TO 7C·l6 
7U36 IF (IWFMPI(NUMMATII 7')38,7"'4",7048 
7038 CALL ERRORC351 

C THE VALUE OF IWFMPIINUMMATI DETERMINES WHETHER OR NOT Wf PE~MUTE 
C THE NUMMAT MATRIX ELEMENT T~AILING WAVE FUNCTION MEMBERS. IF IT IS 
C EQUAL TO ONE THE PERMUTATION IS DUNE, IF ZERO IT IS NOT DONt. 
c . 

c 
c 
c 
c 
c 

c 
c 
c 
c 
c 
c 
c 

c 
(. 

c 
c 
c 

7040 IWFMPIINUMMATI = 1 
7i"t44 GO TO 7('28 

THIS TIME THE NUMMAT MATRIX ELEMENT TRAILING ~AVE FUNCTION MEMBERS 
WERE NUl PERMUTED. THE LOOP PERMUTES THE FIRSJ WAVEFUNCTION WHOSE 
VALUE OF IWFMPIINUM~Afl=l· 

7048 IWFMPIINUMMAI) ~ V 

IU~l 

7054 
705'> 
7056 
"/C:6C 
7064 

THIS TIME THE NUMMAT MATRIX ELEMENT TRAILING WAVE FUNCTION MEMBERS 
ARE TO t:SE I'ERMUI E:D. THE VALUE OF IWFMPI I NUMMA f I IS SET EQUAL TO 
ZERO SO THAT THE NEXT PERMUTATION WILL NOT BE OF THE SAME MATRIX 
ELE:MENT TRAILING WAVE FUNCTION, SINCE THIS WOULD NOT ~E A NEW 
PERMUTATION. 

I 1- I NUMMA I - 11 "/054, 7064,70.56 
CALL ERROR 1361 
GO TO 7C'64 
NMINUS = NUMMAT - 1 
GO TO 7C,68 
NM I NUS = NMA TEL 

~HtN Wt l'tRMUIE IHE MEMBERS OF THE NUM~AT MATRiX ELE~ENT TRAILING 
WAVE FUNCTION, WE MUST ALSO PERMUTE THE MEMBERS OF THE LEADING WAVE 
FUNCTION OF THE PRIOR ITO NU~MATI MATRIX ELEMENT. FOR NU~MAT=l, 
tHIS IS THE NMATEL MATRIX ELEMENT. FOR ALL OTHER NUMMAT THIS IS THE 
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C NUMMftT-1 MATRIX ELEMENT. WE STURE THE APPROPRIATE NUM~EM OF THE 
C LEADING WAVE FUNCTION MATRIX ELEMENT IN NMINUS. 
c 
7~.68 INDWFP 
1:.:12 NDAB = 

c 

- '' - " 
ICCSS.AI NUMMAT I 

c 
c 
c 
r: 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 
c 
c 
c 
c 

c 
c 
c 
c 

THE COUPLING COEFFICIENTS ARE STOP.EU IN COCOMEINUMMAT,NEwDA,NE~OBI. 
NEWDA AND NEWOB ARE SUFFICIENT TO SPECIFY THE COUPLING COEFFICIENT. 
NUMMAT SPECIFIES THE MATRIX ELEMENT. THE CURRE~T VALUES FUR NEWDft 
AN[) NE..JOA FOR THE NUMMAT MATRIX [LEMEN!' ARE STORED IN ICCSSAINUMMATI 
fiNO ICCSSOINUMMATI. IN ORDER TO P[KMUTE THE NUM"1AT MATRIX FLU.,ENT 
TRAILING WftVE FUNCl IUN MEMBERS ONE MUST CHANGE THE VALUE UF 
!CCSSAINUM~11\TI. TO PERMUTIO THE Ni.,INUS MATRIX t:Lf'MENT LEAfllt~G wAVE 
~UNCTION MEMBERS 0NE "1UST CHANGE THE VALUE OF ICCSSAIN~INUSI. THE 

. INFORMATION NEF.OF.D TO CHANGE THESE VALUES IS CONTAINED IN THE 

7\.76 
7(:80 
7<.HI4 
7(88 
7r:92 
7C:96 
711:; 
71:.·4 
71C·B 
7ll2 
7116 
712·) 
7124 
7128 
7132 
7136 
714·:. 
7144 
7148 

7152 
7156 
7160 
7164 

VALUES THEMSELVES. IN TURN THESE VALUES ARE ~LACED IN THE DUMMY 
VARIABLE NDAB. NOAB IS THEN CHANGED BY THE FOLLOWING SCHEOULE. IF 
NDAO IS ORIGINALLY 1, !TIS CHANGED TO 2, IF 2 TO 1, IF 3 TO 4, IF 
4 TO 3. THE NEW VALUE OF NDAB IS THEN REINSERTED INTO THE SAME 
FUNCTION FROM WHICH IT CAME, EITHEM ICCSSAINUMMATI OR ICCSSBINMINUSI. 
THE INFORMATION NEEDED TO SPECIFY THE LOCATION OF THE NEW COUPLING 
COEFFICIENTS FOR THE PERMUTED (WAVE FUNCTifiN Mt.'IBEMSI NU,'IMAI AND 
NMINUS MATRIX ELE"1ENTS IS CONTAINED IN THESE TWO STORAGE SPACES. 

IF INDAB - 21 7C8~,7~8C,71Cr 

IF INOAB- 11 7'84,7:"•84,7G9?. 
NDAB =·2 
GO TO 7116 
NOAH = 1 
GO TO 7116 
IF INOAB - 31 71)4,71~4,7112 

NDAB = 4 
Go T'n 7116 
NDAB = 3 
IF •I I NO WF PI 712 ~:, 7 12C, 713 6 
ICCSSAINUMMATI = NDAB 
I NOWF P = 1 
NOAB = ICCSSI:IINMINUSI 
GO TO 7076 
ICCSSRINMINUSI = NDA8 
NEWDA = ICCSSAINUMMATI 
NEwOB ~ ICCSSBINUMMATI 
CURSCCINUMMATI = COCOMEINlJMMAT,NFWI1A,NEWDfll 

CURSCCINUMMATI IS SrORAGE FOR THE CURRE~T C~UPLING COEFFICIENT OF 
THE NUMMAT MATRIX ELEMENT. THEY WERE INITIALLY SET EQUAL TO 
COCO~EINUHMAT,1,11 BY STATEMENT 6142 AND ARE PROGRESSIVELY CHANGED 
DURING UNIT SYMMETRY MEMBER PEMMUTATIONS. FOR THE wAVE FUNCTION 
PERMUTATIONS WE CHANGE 80TH CURSCCINUMMATI A~O CURSCCINMINUSI. 

NEWDA = ICCSSAINMINUS) 
NEWDB = ICCSSBINMINUSI 
CURSCCINMINUSI = COCOMEINMINUS,NEWDA,NEwDBI 
I WFPCO = ~~ 

WE MUST RESET IWFPCO TO ZERO Sn AS TO BE ABLE TO DETE~~INE WHEN THE 
WAVE FUNCTION PERMUTATIONS ARt COMPLFTE. 



c 
c 
c 
c 
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c 
c 
c 
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c 
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c 

c 
c 
r. 
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c 
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7168 NUMMAT = NMATEL + 1 

WE HAVE DONE A PERMUTATION AND THEREFORE MUST S~T NUMMAT SO THAT 
STATEMENT 702r WILL DIRECT US INTO THE COUPLING COEFFICIENT PRODUCT 
PORTION OF SECTION 7C0C. 

7172 GO TO. 7020 

WE NOW ENTER THE COUPLING COEFFICIENT PRODUCT UPON THE CONDITIONS 
SPECIFIED BY STATEMENT 7C2~ . 
ODPROD ANALOGOUS TO COPROD ANU AFTER COMPUTATION OF THE COUPLING 
COEFFICIENT PROUUCT OF'THE CURKENT PERMUTATION Ill IS STOKED IN 
DOPRODI, NONZERO VALUFS OF ODPRUD ARE CO~PARED WITH THE VALUE IN 

. CCPROD IIF CCPKOO IS ZERO THE VALUE OF DDPROO IS PUT INTO CCPROOI. 
IF CCPROD IS"THE SAME AS DDPRUD THEN THE PERMUTATIONS ARE CONTINUED. 
IF NONZERO VALUES ARE Ulfr(R[NT TII[N THE GROUP PRODUCT TERM IS ZEPO 
ANO WE GO ON TO CONSIDER THE NEXT GRUU~ ~ROUUCJ" IERM. 

7176 ODPKOD = DCPROD 
7180 DO 719b IMECCD ~ 1oNMATEL 
7184 CCTSTS = CURSCCIIMECCDI 

STATEMENT 7186 CHECKS THE REAL PART 0~ CCTSTS, 7190 THE IMAGINARY PART. 

7186 IF ICCTSTSI 7192,7188,7192 
71R8 CTSTS = COIMAG •CCTSTS 
7190 IF ICTSTSI 7192,7216,7192 

7192 
7196 
7198 
TZCC 
72G7 
72~5 

7~~6 
7209 
7210 
7213 
7216 
7216 

IF ANY UF THE NMATEL COUPLING COEFFICIENTS A~E ZERO, THEN THE 
COUPLING COEFFICIENT PRODUCT WILL BE ZERO. THEREFORE THERE IS NU 
SENSE IN GOING THROUGH All THE MULTIPLICATION STEPS FOR THIS CASE. 
THUS WE HAVE A BRANCH OUT OF THE MULTIPLICATION LOOP FOR ANY OF 
THE COUPLING COEFFICIENTS EQUAL TO ZERO. 

OOPROD = DOPRUD • CCTSTS 
CONTINUE 
CCPROD = CCPROD + DDPROD 
GO TO 17216,721~,72r21, INVIB 
IF IKNOUVI 77Gh,720b,72~5 

CZPROO = CZPROD + ODPROD 
IF IJNDUVI 721C,721C,7209 
CYPROD = CYPROD + DDPROD 
IF IINDUVI 7216,7216~7213 
CKPROD = CXPROO + DDPROD 
IF IIWFPCQ- NMATELI 7008,722r,7218 
CALL ERROR(371 

A CHECK TO SEE IF ALL WAVE FUNCTION PERMUTATIONS ARE COMPLETE IFOR 
A PARTICULAR OPERATOR PERMUTATION) 

7220 IF IIOPPCO- NMATELI 
7222 CALL ERRORI381 

7224,8004,7222 

7223 GO TO 8004 
c 
c 
c. 
c 
c 

A CHECK TO SEE If All OPERATOR· PERMUTATIONS ARE COMPLETE. IN aOTH 
STATEMENTS 7216 AND 7220 COMPLETION IS INDICATED BY A ZERO VALUE 
OF THE ARGUEMENT. 
WE NOW ENTER THE OPERATOR PERMUTATION PORTION. FUR THE MOST PART 



c 
c 
c 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

7224 
7225 
7226 
727./i 
72 32 
7236 
7237 
7?.4[1 
7242 
7244 
7245 
7246 
7248 
7252 
7254 
7256 
7261') 
7264 
7268 
121C 

7272 
7276 
7280 
7284 
7288 
7292 
7296 
nr.r:. 
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IT IS DIRECTLY ANALOGOUS TO THE WAVE FUNCTION PERMUTATION PORTION 
OF SECTION 7~;0. 

TOPPCO C 
NEGLEK '· 
I SWCOP ~ 

NU"'MAT = r 
NUMMA T NlJMI1A I t l 
IF I NUM"'AT - NMATEL I 724C•r 724(', 7237 
If IISWCOPI 7~16,73ln,80C4 
IF IIOPDEGINUMMATI - 11 7242,7244,7252 
CALL ERROR('3QI 
IOPPCO = IOPPCO + 1 
IF IIOPPCO- NMATELI 7232,7246,7246 
ISWCOP = 1 
r.n rn 7?~7 

TF I IOPMPIINUMMATII 7254,7256,7264 
CALL ERROR 140 I 
IOPMPIINUMMATI = 1 
GO TO 7244 
TOPMPIINUMMATI = 0 
I F I I STACK I NU MM AT II 7 2 72 , 12 1<... , 7 2 8 0 
CALL EflRURI411 

EACH MATRIX ELEMENT HAS THREE UNIT SYMMETRIES, TWO WAVE FUNCTIONS 
AND AN OPERATOR. THUS THE EASIEST WAY TO SPECIFY COUPLING 
COEFFICIENTS IS BY THREE SUBSCRIPTS FOR THE THREE UNIT SYMMETRIES. 
HOWEVER SINCE NO MORE THAN THREE SU~SCRIPTS ARE ALLOWED IN FORTRAN 
IV AND SINCE ONE OF THESE IS ALREADY ACCOUNTED FOR BY THE MATRIX 
ELEMENT NUMBER NUMMAT, THUS ONE MUST INCLUDE IN TWO SUBSCRIPTS THE 
INFORMATION THAT WOULD BE CONTAINED IN THREE. IN ORDER TO UO THIS 
ONE STACKS SETS OF TWO SUBSCRIPTS. SINCE THE THIRD SU~SCRIPT 
CORRESPONDING TO THE OPERATOR HAS ONLY TwO VALUES !LIKE THE TWO 
OTHERS CORRESPONDING TO LEADING AND TRAILING WAVE FUNCTIONSI ONE 
NE~DS ONLY TWO SETS OF TWO SUBSCRIPTS, O~E SET CORRESPONDING TO 
ONE VALUE OF THE HIDDEN THIRD SUBSCRIPT AND THF OTHER SET TO THE 
OTHER VALUE OF THE HIDDEN THIRD SUBSCRIPT. EACH OF THE TWO VISIBLE 
SUBSCRIPTS CAN HAVE THE VALUES 1,2 FOR THE FIRST ILOWERI SET AND 
THE VALUES 3,4 FOR THE SECOND IUPPERI SET. SINCE THIS HIDDEN THIRD 
SUBSCRIPT IDENTIFIES THE OPERATOR SYMMETRY ME~BERS, ALL THAT IS 
NEEDED TO PERMUTE THE OPERATOR ME"'R~RS IS TO AOD 2 TO THE LOWER SET 
OR SUBTRACT 2 FROM THE UPPER SET. THIS PROCEDURE IS FOLLOWE:O WITH 
THE AID OF ISTACKINUMMATI. IF THE PREVIOUS PERMUTATION OF THE 
NUMMAT OPERATOR ENTAILED ADDITION OF 2r THIS PERMUTATION INVOLVES 
THE SlJIHRAC:TION OF 7 ITn OR FRIJM EACH OF THE TWO VISIBLE 
SUBSCRIPTS!. TO DO THIS ISTACKINUM"'ATI IS ADDED TO EACH OF THE TWO 
VISIBLE SUBSCRIPTS ICCSSAINUM"'ATI ANO ICCSSBINUMMATI. IF ON THE 
PREVIOUS PERMUTATION ISTACKINUMMATI WAS -2, IT IS SET EQUAL TQ +2 
FOR THE PRESENT PERMUTATION, ANO VISA VERSA. 

ISTACKINUM"'ATI 2 
GO TO 7284 
ISTACKINUMMATI -2 
ICCSShiNU~~ATI ICCSSAINUMMATI + ISTACKINUMMATI 
ICCSS~INUMMATI ICCSSBINUMMATI + ISTACKINUMMATI 
NEWDA = ICCSSAINUMMATI 
NEWD6 = ICCSSIHNIJMMATI 
CURSCCINU~MATI = COCOMEINUMMAT,NE~DA,NEWOBI 



73(;4 IOPPCO = 0 
7308 NUMMAT = NMATEL + 1 
7312 GO TO 7236 
1316 IF IMOOE- 11 7320,7320,7332 
7320 IF I ISTACKI IOPONEI - !STACK( IOPTWOI I 7324~7364,7324 
7324 NEGLEK = 1 
7328 GO TO 7008 
7332 IF INCOM - 31 7336,7336,7344 
7336 NOCOM = NCOM 
734CJ GO TO 7348_ 
7344 NDCOM = NCOM - 3 
73~8 GO TO (7352,7356,736~1, NOCOM 
7352 IF IISTACKITOPTREI- ISTACKITOPTWOII 7364,7324,7366 
7356 IF IISTACKIIOPTWOI- ISTACKIIOPONFII 7364,7324,7366 
7360 IF IISTACKIIOPONEI- ISTACKIIOPTREII 7364,7324,7366 
7364 OCPROO = IL.,O.I 
73q5 GO TO 7367 
7366 OCPROO = 1-1.,~.1 
7367 IF IIVIBCH- 11 7580,7'58(,7372 
7372 'IF IMAI'Vl B - 31 7376, 737t:.74">6 
7376 ISTK = ISTACKIKELOI 
73AO IF IISTK- 'ISTACKIKELTII 738't,740(,738'o 
1384 INDUV = I) 

1386 I,NVIB = 1 
7388 GO TO 7580 
740C I NOUV = 1 
7404 I NVIB = 2 
7424 GO TO 75AG 
7436 ISTK = ISTACKILELI 
7440 IF IISTK- ISTACKIMELII 7444,7460,7444 
7444 I NDUV = ~~ 
7448 GO TO 7476 
7460 INDUV = 1 
7't76 IF IMJ\TVII:I- 51 7't77;7't79,7 1o79 
7477 JNDUV = t) 

7478 GU TU 7512 
7479 IF IISTK- ISTACKINELII 748(:,7496,748(• 
7480 JNOUV = 0 
748't GiJ Tu 7~12 
1 1o!Jb JNOUV = 1 
7512 IF IMATVIO - 51 7515,7513,7515 
751.3 KNOUV = 0 
7.514 GO TO 7564 
7515 ISTK = ISTACKIMELI 
7516 IF IISTK- ISTACKINELII 7520,7536,752C 
7520 KNOUV = 0 
1~24 !;U IU /564 

. 7536 KNOUV = 1 
7564 IF IINOUV + JNOUV + KNOUVI 7568,7568,7576 
7568 INV IB = 1 
7572'GO TO 7580 

.7576 INVIB = 3 
7580 OOPROO = OCPROO 
151:14 UU 1601:1 lMtttU = l,NMAitl 
7588 CCTSTS = CURSCCIIMECCDI 

_7592 IF ICCTSTSI 76rl4,7596,7604 
7596 CTSTS = CDIMAG * CCTSTS 

_76.00 IF ICTSTSI 7f>04,71'JC8,7604 
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7604 DDPROD = DDPROD * CCTSTS 
7608 CONTINUE 
7612 CCPROD = CCPROD + DDPROD 
7616 GO TO (7J08,7652,76201, INVIB 
7620 IF IKNDUVI 7636,7636,7632 
7632 CZPROD = CZPROD + DDPROD 
7636 IF IJNDUVI 7652,7652,7648 
7648 CYPROD = CVPROD + QDPROD 
7652 .IF I IIIIDUVI ECB,7':i08,7664 
7664 CXPROD = CXPROD + ODPROD 
7668 GO .TO 7l.-08 
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~E NOW ENTER SECTION 80C0, THE SYMMETRY WRITE AND NrN**2 SELECTION 
SECTION. THE SECTION IS ENTERED FOR EACH NONZERO GROUP PRODUCT TERM 
AND FOR EACH OF THESE TERMS THE 2*NMATEL UNIT SYMMETRIES, NMATEL 
WAVE FUNCTION SYMMETRIES AND NMATEL OPERATOR SYMMETRIES, ARE 
WRITTEN. THE FIRST STATEMENT IN THIS SECTION IS A BRANCH. IT IS 
PRECAUTIONARY TO AVOID WRITING OUT UNIT SYMMETRIES IF ALL COUPLING 
COEFFICIENT PRODUCTS ARE ZERO. WE WILL NEVER EIIITER THIS FIRST 
PORTION OF THE 8C?0 SECTION UNLESS ALL NONZERO COUPLING COEFFICIENT
PRODUCTS ARE IDENTICAL. IF THERE IS AT LEAST ONE NONZERO COUPLING 
COEFFICIENT PRODUCT IT WILL BE AT THIS POINT, STORED IN CCPROD. 
THUS IF CCPROO=C AFTER ENTRY TO SECTION 80(0, THEN ALL COUPLIN~ 

COEFFICIENT PRODUCTS ARE ZERO AND THERE IS ~0 SYMMETRY WRITING TO 
BE DONE FOR THAT GROUP PRODUCT TERM. 

8~C4 CPRODI11 CCPROD 
8~n8 CPRODI21 CXPROO 
8~12 CPRODI31 CYPROD 
8016 CPRUDI41 CZPROD 
8Q2~ 00 8C52 NCP = 1,4 
8024 CPRD = CPRODINCPI 
8028 IF ICPRDI 8148,80:~2,8048 

8032 CCTSTS = CDIMAG * CPRD 
8036 IF ICCTSTSI sn48,8040,8048 
8040 LCPROINCPI 0 
8044 GO TO 8052 
8~48 LCPROINCPI = 1 
8052 CONTINUE 
8(!·56 LPRSUM = 1;j(11)*LCPROI11 + 1CC*LCPROI21 + 1:':*LCPROI31 + LCPROI41 
8Q60 IF ILPRSUMI 9240,8240,8064 
8~64 ITFC.OM = TTFf.OM + 1 
d068 LPROINTER,ITECUMI 
8C72 KNWF = 0 
8076 KNOP = 0 

LPRSUM 

A!HR .IVIRINTFR,ITFUIMI = IVIRC.H 
8080 DO 814C N = l,NMATEL 
8084 IF I IWFQBINII 8088,8.1192,8112 
8~88 CALL ERRQR(q6) 
8092 KNWF = KNWF + 1 
81r8 INONWFINTER,ITECOM,KNWFI = JWFGPOIN,INDVGSI 
8112 IF I IOPQBINII 8116,812·:·,814C 
8116 CALL ERRORI971 
8120 KNOP = KNOP + 1 
8136 INONOPINTER,ITECOM,KNOPI = JOPGPOIN,INDVGSI 
814G.CONTINUE 
8144 KARWFINTERI KNWF 
6146 KAROPINTERI = KNOP 
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8152.1F IISKIPI 6156,8156,8240 
8156 GO TO 1816C,8160,8188,8216,821~1, MODEPT 
816•1 IF CNMATEL- 41 8164,8172,818---
8164 PRINT 8166, IINUNWFINTER,ITECOM,NI, N = 1,KNWFI, 

111NONOPINTER,ITECOM,NI, N = 1,KNOPI, 
21JWFGPOIIPR.INDVGSI, JOPGPOIIPR,INOVGSI, !PR = l,NMATELI, 
3LPRSUM 

81 h6 FORM AT I 9 X ,I 2, 9 X ,I 2 ,12 X, 3 II 2 , 5 X ,I 2, 7 X I , 4~- X ,I 4 I 
8168 G•J TO 8240 
8172 PRINT 8174, IINONWFINTER,ITECOM,NI, N = 1,KNWFI, 

11 INONOPINTER,ITECOM,NI, N = l,KNOPI, 
21JWFGPOIIPR,INDVGSI, JOPGPOIIPR,INOVGSI, IP~ = l,NMATELI, 
3LPRSUM 

8174 FORMAT 17X,212,7X,212,12X,4112,5X,I2,7X1,24X,I41 
8176 GO TO 8240 
8180 PRINT 8182, IINONWFINTER 1 1TECOM,NI,N=1,KNWFI, 

ll INONOPINTEP.,ITEC0)4,NJ ,N=1,KNOPI, 
21JWFGPOIIPR,JNOVGSI, JOPGPOIIPR,[NOVGSI, IPR = l,NMATELI, 
JLPK5UM 

8182 FORMAT 15X,312,5X,312,12X,51 12,5X,I2,7XI,8X,I41 
81!'!4 GO TO 824:) 
8188 IF INMATEL - 41 8i92,82CC,82,j8 . 
8192 PRINT 8194, I INONWFINTER,ITECOM,NI, N = l,KNWFI, 

_l(JioiFGPOIIPR,!NOVGSI, JOPGPOIIPR,INOVGSI, IPR ~ l,NMATELI, 
2L PRSUM 

8194 FORMAT I9X,I2,23X,3CI2,5X,I2,7XI,40X;I41 
8196 GO TO 8240 
82(~ PRINT 8202, IINONWFINTER,ITECOM,NI, N = 1,KNWFI, 

liiNONOPINTER,ITECOM,NI, N = l,KNOPI, 
21JWFGPOIIPR,INOVGSI, JOPGPO(~PR,INOVGSI' IPR = 1,NMATELI, 
3LPRSU"' 

82C2 FORMAT 17X,212,9X,12,12X,4112,5X,I2,7XI,2~X,(41 
82C4 GO TO 824C 
8208 PRINT 8210, I INDNWFINTER,ITECUM,NI, N = 1,KNWFI, 

1{1NONOPINTER,ITECOM,NI, N = l,KNOPI, 
21JWFGPOI IPRtiNDVG51t JOPGPOI IPRtiNOVG51t IPR ~ ltNMAHLit 
3LPRSUM 

9210 FORMAT 15X,312,7X,212,12X,5112,5X,I2,7XJ,8X,I41 
f\717 r.n T0·87411 
8216 IF INMATEL - 41 8221':,8228,8236 
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13220 PRINT 8222, IJWFGPO(IPR,H-lDVGSi, JOPGPOitPR,iNOVG$i, iPR=l,NMATtLI 
1, LPR SUM 

8222 FORMAT 134X,3112,5X,I2,7XI,4:"·X,[41 
8224 GO TO 8240 
8228 PRINT ~230, IINONWFINTER,ITECOM,NI, N = l,KNW~I, 

111NONUPINTER,ITECOM,NI, N = l,KNOPI, 
21JWFGPOIIPR,INDVGSI, JOPGPOIIPR,INDVGSI, IPR = 1 9 NM4TELI, 
3LPRSUM 

8230 FORMAT 19X,12,9X 1 IZ,12X,4112,?X, 12,1XI t24X, 14i 
823?. GO TO 8240 
8236 PRINT 8238, IINONWFCNTER,ITECOM,NI, N = 1oKNWF), 

liiNONOPCNTER,ITECOM,NI, N = l,KNOPI, 
21JWFGPOIIPR,INDVGSI, JOPGPOIIPR,INDVGSI, IPR = 1 1 NMATELI, 
3LPRSUM 

8238 FORMAT 17X,212,7X,212,12X 1 5112,5X,I2,7X1,8X,I41 
8240 CONTINUE 

C THIS IS THE END OF THE INDVGS GROUP PRODUCT TERM EVALUATION DO LOOP 
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c. 
c 
c 
c 
c 
c 
c 

WHfCH STARTS AT SUTEMENT 6(.~8. THE FOLLOWING LOOP RESETS THE 
IWFQINUMMIHI, IOPQUIUMMATI AND IWFQAINUMMATI, IOPQAINlJMMATI TO THE 
ORIGINAL STATES OF KNOWLEDGE STORED I~ THE SLOTS IWFQBINUMMATI, 
IOPQBINUMMATI. THUS FOR NEW TERMS OR FOR NEW SUPPL[MENTARY SYMMETKY 
INSERTIONS, All STATES OF KNOWLEDGE OF THE UNIT SYMMETRIES ARE 
RESET TO THE VALUES IN IWFQBINUM .. ATI, IOPQBP.IUMMATI. 

c 
c 
c 
c 

c 
c 
c 
c 
c 
c 

c 
c 
c 
c 

c 
c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 
c 
c 
c 

8244 00 8272 NUMMAT = 1,NMATEL 
8248 I OQ, = I OPQB I NUMMA T I 
8252 IWQ = IWFQBINU~MATI 
R256 IOPQINUMMATI = IOQ 
R260 IWFQINUMMATI = IWQ 
R264 IOPQAINUMMATI IOQ 
R7.68 IWFQAINUMMATI = IWQ 
827'Z CONTINUE 

WE NOW ENTER THE PORTION OF SECTION 8COC CONCERNED WITH SELECTING, 
IF. NECESSARY• THE ADDI.TIUNAL N OR N**2 SYM~ETRIES 

8276 IF INNSQINI 828(,8360,8288 
8280 CALL ERRORI421 
82 84 GO TO 8 36•) 

IF NNSQIN=O WE ARE UEALING ~ITH TERMS FOR WHICH NO ADDITIONAL 
SYMMETRIES NEED BE SUPPLIED. IF THIS IS THE CASE WE CONTINUE WITH 
THE COMPONENT AND TER~ DO LOOP. IF NNSQIN IS GREATER THAN ZERO 
THEN WE WILL HAVE.TO DEAl WITH NOR N**2 TERMS. 

R288 IF INNSQIN - 11 8292,8296,8316 
8292 CAll ERRURI431 

8296 
831')0 
83 1)4 

8308 

IF NNSQIN=1 WE ARE DEALING WITH N ADDITIUNAL SYMMETRIES. IF 
NNSQIN=2 WE ARE DEALING WITH N**2 ADDITIONAL SYMMETRIES. 

IF INALL - NUMIRRI 
CALL ERRORI441 
GO TO 836( 
NALL = NALL + 1 

83(.8,8360,830C 

WE ARE INVESTIGATING. NALL IS THE NUMBER OF THE REPRESENTATION WE 
ARE USING AS THE ADDITIONAL SYMMETRY FOR THIS RUN. IF NALL IS LESS 
THAN NUMIRR WE ADVANCE NALL BY 1 AND RETURN TO SECTION 3C·:0 FOR 
CALCULATION OF GROUP PRODUCT TERMS CORRESPONDING TO THE INTRODUCED 
SYMMETRY IREPSBINALL+11. IF NALL=NUMIRP WF HAVE FINISHFD All THE 
ADDITIONAL N=NUMIRR SYMMETRIES AND WE CONTINUE WITH THE COMPONENT 
AND TERM DO LOOPS. 

8312 GO TO 3016 
8316 IF INSQALL - NUMIRRI 
832C CALL ERRORI451 
832'• GO TO 8336 

WE ARE NOW DEALING WITH THE CASE OF N**2 ADDITIONAL SYMMETRIES. THE 
TWO BRANCHES DEALING WITH THE VALUES OF NSQALL AND NALL (STATEMENTS 
8108 AND 812fl AND THE ASSOCIATED STATEMENTS REVALUING NSQALL ANU 
NAll DO All COMBINATI8NS OF THESE INDEXES 

8328 NSQALL = NSQALL + 1 



8332 GO TO 3016 
8336 IF INALL - NUMIRRI S348,8360,834b 
834~ CALL ERRORI461 
8 344 GO TO fl36•:, 
8348 NALL = NALL + 1 
8352 NSQALL = 1 
8356 GO TO 3016 
8360 ITECMINTERI = ITECOM 
8364 CONTINUE 
8368 CALL SYMANAIMOOEPI,NCOMI 
8372 CONTINUE 
8376 GO TO 18384,8392,84~0,84(8,84161, MOOEPI 
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838G FORMATI//,9X,I5HSYM~ET~Y GROUP rA3,5X,32HINITIAL WAVE ~UNCTION SYM 
PolETRY = ,[2,4X,31HFINI\L WAVE FUNCTION SY'1MF:TRY = ,12r4X,7HMUOE = , 
?A10 ,A!J,/11 

8304 PRINT 83fl0, AOriWFJ,IWFK,OI\Q,fAQ 
H jpj!i l.O TO MH 
93q2 PRINT 838C, AQ,lWFJ,IwFK,OBQ,I:BQ 
6J<H> GO TO 842t: 
84''C PRINT 838•.:., 1\Q, IWFJ.IWFK,OCQ,EC<J 
84(.4 GO TO 842(: 
84~8 PRINT 63A(, AQ~IWFJtiWFKrODQ,[DQ 

8412 GO TO 042<..: 
8416 PRINT 838J, AQ,IWFJ,IWFK,OEQ,F.EQ 
842(. NEXGD " 1 
8424 00 qB64 NCUM = 1,NUTCOM 
8428 PRINT 8432, NCOM 
8432 FORMATI/,5X,l0HCOMPONENT ,12, BX,13HSUBSTITUTIONS,10X,28HVIBRATION 

. 1S AND SUBSTITUTIONSr12X,10HVIBRATIONSI 
8436 NFX = NIXINCOMI 
844r'l IF INFXI '1864,9864,8444 
8444 DO q864 NF = 1,NFX 
8448 NFY = NIY(NCOM,NFI 
64SZ IF INFYI 045C.,90&4r0464 
8456 CALL ERROR 18 I 
846() GO TO 9864 
8464 K, SIJ8 ; :' 
8468 KBOTH = ') 
84 72 K VI B = G 
847b DO 6796 N = 1rNFY 
84KC NVS = IVISBINCOM,NF,NI 
6484-~EGO = IEXGOINCOM,NF,NI + 1 
8488 GO TO 18492,85C4,8520,85401, NEXGD 
g4q2 GO TO 18796,8496,H796,8496,8796,H496,8796 1 8496 1 8796,8496,8796, 

l649Qr8796,8496,8746,84961, NEGD 
8496 LGEO = NVS/1~00 
8500 GO TO 8756 
85\.4 GO TO 18796,R796,850R,85C8,8796,S796,85;8,85~8,8796,A796,85(A, 

18508,~796,A796,8508,85f81, NEGD 
85C8 LGEO = NVS/1~00 
8512 LGFO = INVS- 1~0(*LGEOI/1C0 

8516 GO TO 8756 
8520 GO TO 18796,8796,8796,8796,8796,8796,8796,8796,8524,A524,8~24, 

18524,8524,8524,8524,85241, NEGD 
8524 LGEO NVS - 1:00*1NVS/1~001 
8528 LGEO = LGEO - 1C~*ILGE0/1001 

8532 LGEO = LGEO - 10*1LGEO/l01 
8536 GO TO 8756 



317 

8540 GO TO 16796,6544 1 8544,8544 1 8544 1 8544,8544,8544,8544,8544,8544, 
18544,8544,8544,8544,85441 1 NEGD . 

6544 KAT r . 
654A KBT • 
6552 ·KCT = C 
85S6 KOT = ~ 
8S6C LGEO = NVS/l~CO 
8564 LEO = LGEO + 1 
8568 GO TO 18572,8580,8588,8~961, LEO 
8572 KAT = 1 
8576 GO TO 86C:J 
8581) KfH = 2 
8584 ·GO TO 861:\' 
85A8 KCT = 3 
8592 GO TO 860(' 
8596 KOT = 4 
660G NVGS = NVS - 1CGC*LGEO 
8604 LGFO = NVGS/10~ 
6608 LEO = LGEO + 1 
8612 GO TO 18616,8624,8632 1 864(1 1 LEO 
86lb KAT = 1 
8620 GO TO 8644 
8624 KElT = 2 
8628 GO TO 0644 
8632 KCT = 3 
6o36 GO TO 8b44 
8f>4()·KDT = 4 
8644 NVGS = NVGS - l00*LGEO 
8648 LGEO = NVGS/1r. 
8652 LEO = LGEO + 1 
8656 GO TO 1866~ 1 8666,8676 1 86841, LEO 
8b60 KAT = 1 
86b4 GO TO 8688 
8bb8 KfH = 2 
8672 GO TO 8688 
8676 KCT = 3 
8680 GO TO 8688 
8684 KOT = 4. 
6o88 NVGS = NVGS - lO*LGEO 
8f>92 LEO = NVGS + 1 
8696 GO TO 18700,8708 1 8716,87241 1 LEO 
8700 KAT = 1 
8704 GO TO 8728 
8708 K8T = 2 
8712 GO TO 8728 
8716 KCT = 3 
8720 GO TO 8728 
8.72'• KDT ., 11 

8728 KTT = KAT + KBT + KCT + KDT 
8732 GO TO 18796,8736,9736 1 8744,8744 1 8744 1 8744,9752 1 8752,8744,8744 1 

18744,8744,8744,87441, KTT 
8136 LGEO = 1 
8740 GO TO 8756 
8744 LGEO = 2 
8748 GO TO 6756 
8752 LGEO = 3 
8756 IF ILGEOI 8796,8796,816') 
8760 GO TQ 18764,8776,8788), LGEO 
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8764 KSUB = KSUB + 1 
8768 NSUOWFIKSUBI = NDWfiNCOM,NF,NI 
8772 GO TO 8796 
8776 KBOTH = KBOTH + l. 
8780 NBOTWFIKBOTHI = NDWFINCOM,NF,NI 
6784 GO TO 8796 
87~8 KVIB = KVIB + 1 
8792 NVIBWFIKVIBI ~ NDWFINCOM,NF,NI 
8796 CONTINUE 
9082 NP = NOOPINCOM,NFI 
9C1 r.·4 NVBS = 1 
91)f.~ NSUB = KSUB 
9~12 NBOTH = KBOTH 
9016 NVIB =· KIIIB 
9~20 IF INSUB - 71 9C24,9024,9032 
9024 ISUB .,. NSUfi 
91)28 GO TO 9(1l6 
90:32 !SUB = 1 
9036 IF INBOTH - 71 9C40,9J4(,9r48 
0040 IBOTH • NBOTH 
<l044 GO TO 9C52 
9048 !BOTH= 1 
9052 IF INVIR - 71 9~'56,9056,9('64 

9056 IVIB = NVIB 
9060 GO TO 9r·r,a 
9')64 IVIB = 1 
9068 LSUB = ISUB + 
9072 LBOTH = !BOTH + 
9076 NFSB NVB~ - 1 + !SUB 
9)8C NFBH NVBS - 1 + !BOTH 
9~94 NFVB NVRS - 1 + IVIB 
9(188 KO = C 
9092 DO 91~4 KS = NVBS,NFSB 
9~J9(1 KO = KQ + 1 
9100 NSIKOI = NSUBWFIKSI 
9104 CONTINUE 
91C8 KO = ') 
~lll UU ~ll4 K~ = NV~~,N~UH 
9116 KO- KO + 1 
912~ NBIKOI = NBOTWFIKSI 
9124 CONTINUE 
9128 KO = ') 
9132 00 9144 KS = NVBStNFVO 
9136 KO = KO + 1 
9140 NVIKOI = NVIBWFIKSI 
?141.. CmH INUC 
9146 IF IIVIBI 9152,?152,9236 
9i52 IF ILBOTH- 11 9156,9156,9168 
9156 IF ILSUB - 11 9864,9B64,916n 
9160 PRINT 9161,NP,INSIKI,K=1,ISUBI 
9161. FORMATI11X,I3,5X,71 13,1XII 
9162 GO TO 9784 
9168 GO TO 19172,9180,91Sg,9196,92J4,9212,922C,92281, LSUB 
?172 f'fliNT ?173,NP,(NBIKI,K•l,IBOT1tl 
9173 FORMAT110X,I3,36X,7113,1XII 
9174 GO TO 9784 
9180 PRINT 9181,NP,INSIKI,K=1,ISUBI,INBIKI,K=1,IROTHI 
9181 FORMATI10X,I3,5X,lii3,1XI,27X,7113,1XII 
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9182 GO TO 9784 
9188 PRINT 9189,NP,INSIKI,K=1,1SUBioiNAIKioK=1olBOTHI 
9189 FORMATI1QX 0 13,5X,2113,1XI,23X,_7113,1XII 
919C GO TO 9784 
9196 PRINT 9197,NP,INSIKI,K=1oiSUBI,INBIKI,K=L,IBOTHI 
<H97 HlRMATIL0X,(3,5X 0 31 13,1XI,L9X 0 7113,LXI I 
9198 GO TO 9784 . 
92·J4 PRINT 9205 0 NP 0 INSIKI 0 K=1oiSUBioiNBIKioK=1olBOTHI 
9 2C 5 . FORMAT 11 ~j X, I 3, 5 X, 41 I 3 , 1 X I , 1 5 X , Tl I 3, 1 X I I 
'l206 GO TO 9784 
9212 PRINT 9213oNP,INSIKI 0 K=1oiSUBI,INAIKI,K=1,1BOTHI 
9 2 1 3 F 0 R M AT I 1·) X , I 3 , 5 X , 5 I I 3 , 1 X I , 1 L X , 7 I I 3 , 1 X I I 
9214 GO TO 9784 
9220 PRINT 922L,NP 0 INSIKI,K=L,ISUBI,INBIKI,K=1o IAOTHI 
9221 FO~MATI10X,I3,5X,6113,1XIi 7X,7113,1XII 
9222 GO TO 9784 
9228 PRINT 9229,NP,INSIKI,K=loiSUBI,(NBIKI,K=1oiAOTHI 
9229 I'ORMATIL('X,13,5X,71 13,1XI, 3X 0 71 13,1XI I 
9230 GO TO 9784 
9236 GO TO '1924~"·,~3·.i8 0 9376 0 9444,9512o9'58r,9648 0 97161, LSUR 
9240 \.0 TO l9244,9252,926''o9268,9276,9284.,9292,93r:'·,l, LAOTH 
9244 PRINT 9245,NP,INVIKI,K=l,IVIBI . 
9245 FORMATILGXoi3 0 67X,7113olXII 
9246 GO TO 9784 
9252 PRINT 9253,NP,(NBIKI,K=l,IBOTHI,INVIKI,K=l.IVIBI 
9 2 53 F 0 RM A Tl L C X , 13 , 3 6 X , 11 I 3 , 1 X I , 2 7 X, 71 I 3, LX I I 
9254 GO TO 9784 
9 2 6 0 P R I NT 9 2 6 1 , N P , I N B I K I , K = L ,.1 A 0 T H I , I NV I K I , K = l , I V I B I 
9261 FOR~ATil~X,I3,3nX,2113,lX1,23X,7(13,tXII . 
9262 GO TO 9784 
9268 PRINT 9269,NP,INBIKI,K=l 0 1BOTHioiNVIKI ,K=L,IVIBI 
9269 FORMATI1C-X,(3,36X,3( 13,1XI o19X,7( 13,1XI I 
9270 GO TO 9784 
9276 PRINT 9277,NP,INBIKI,K=1,1BOTHioiNVIKI 0 K=loiVIAI 
9277 FORMATILUX,I3,36X 0 4( 13 0 1XI 0 15X,71I3,LXII 
9278 GO TO 9.784 
9284 PRINT 9285,NPoiNBIKI 0 K=1.1BOTHI,INVIKI,K=l,IVIBI 
9285 FORMATILOXoi3,36X 0 51I3 0 1XI,l1X,7113,1XII 
9286 GO TO 9784 
9292 PRINT 9293oNP,INBIKI 0 K=lo !BOTH I, INVIKI ,K=l, IVIBI 
9293 FORMATILOXo13,36X,6(13,1XI 0 7X 0 7113,LXII 
9294 GO TO 9784 
9300 PRINT 9301,NP,INBIKI,K=LoiBOTHI,INVIKI,K=1, IVIBI 
93.'J1 FORMATI11)X,(3 0 36X,7113,1XI, 3X,7113,1XII . 
9302 GO TO 9784 
9308 GO TO (9312,9320,9328,9336 0 9344,9352,936C,93681, LBOTH 
9 ) 1 2 I' f\ I NT I) 3 L 3 ' N!l ' I N s I 1". I I 1". = 1 I I s IJ B I ' I N vI K I • K = 1 • T v T A I 
9 3 13 F 0 RM AT( 1 0 X , I 3, 5 X, 1 ( 13 , 1 X I , 58 X , 7 ( I 3 , 1 X I I 
9314 GO TO 9784 

319 

9320 PRINT 9321,NP,(NS(KI,K=1 0 1SUBI,INtHKI,K=1,1ROTHioiNVIKI,K::1,1VIBI 
9321 FORM6T(10X,T'\,<;X,1113,1XI,27X,l(I3 0 1XI 0 27X,7113,1XIl 
9322 GO TO 9784 
93~8 PRINT 9329,NP,INSIKI 0 K=1,1SU81,CNBIKI,K=1oi80TH),INVIKioK~l,IVldl, 
9329 FORMATilOX,I3,5X,lii3,1XI,27X,2113,1XI,23Xo7113,1XII 
9330 GO TO 9784 
9336 PRINT 9337,NP,INSIKioK=1olSUBioiNBIKioK=1olBUTHI,(NVIKI,K=1oiViBI 

:9337 FORMATI10X,I3 0 5X,1113,1X),27X,3(13o1XI,19Xo7(13 0 1XII 
9338 GO TO 9784 
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9344 PRINT 9345,NP,INSIKI,K=l,ISUBI,INBIKI,K=l,IBOTHI,INVIKI,K=lo !VIol 
9345 FORMA Til 0 X ,I 3, 5 X ol I I 3 ,1 X I , 2 7 X, 't I n ,l X I ,15 X, 71I 3, 1 X I I 
9346 GO TO 9784 

·9352 PRINT 9353,NP,INSIKI,K=I,ISUBI,INBIKI,K=l,IBOTHI,INVIKI,K=l,IVIal 
.9353 FORMATI1CX,I3,5Xolii3,1XI,27X,5113,1XIollX,7113,1XII 
9354 GO TO 9784 
9360 PRINT 9361,NP,INSIKI 1 K=1oiSUBI,INBIKI,K=l,IAOTHI,INVIKI,K=l,IVIBI 
9361 FORMATI10X 1 13 0 5Xtlii3 1 1XI,27X,6("I3,1XI,_7X,7113,1XII 
9362 GO TO 9784 
9368 PRitH 9369;NP,INSIKI,K=1 1 ISUBI,I~BIKI,K=1,180THI,INVIKI,K=l,IVIBI 
9 3 69 FORMAT I 11) X, I 3, 5 X , 1 I I 3 , 1 X I , 2 7 X, 7 I I 3, 1 X I , 3 X, 7 I I 3 , 1 X I I 
9370 GO TO 9784 
9376 GO TO 19380,9388,9396 0 9404,9412,942~,9428,94361, LBOTH 
9380 Pfl.INT 9381 ,NP, I NSI Kl 1 K=l, !SUA I, INVIK I ,K=1, IV IBI 
9 3 81 F 0 R MAT I 10 X , I 3 , 5 X , 2 I I 3 , 1 X I , 54 X, 7 I I 3 , 1 X I I 
9382 GO TO 9784 
9388 PRINT 938<J,NP,INSIKI,K=loiSUBI,INBIKI,K,1,IBOTHI,INVIKI,K=l,IVIol 
9389 FOR"''ATI1':.X,I3,5X,2113,1XI,23X,lCI3,1XI,27X,7CI3,1XII 
9390 GO TO 9784 
9396 PRINT 9397,NP 1 1NSIKI,K=1,ISUBI,INBIKI,K=l,IBOTHI,INVIKI,K=l,IVI~I 
93 97 FORM AT I 1 G X, I 3, 5 X , 2 I 13, 1 X I , 2 3 X, 2 I I 3, 1 X I , 2 3 X, 7 I I 3, 1 X I I 
9398 GO TO 9784 
9~04 PRINT 9405,NP,INSIKI 1 K=l,ISUBI,INRIKI,K=l,IBOTHI,INVIKI,K=lolVIOI 
94fl5 FORMATI10X,I3,5Xt2113t1XIo23X,3113o1XIol<JX,71I3,1XII 
9406 GO TO 9784 
9412 PRINT 9413oNP 1 1NSIKI 1 K=loiSUBI,INBIKI,K=1,1BOTHioiNVIKioK=l,IVI~I 
9413 FORMATI1JX,(3,5X,2113,1XI,23X,4113o1XI,l5X,7113,1XII 
9414 GO TO 9784 
942(1 PRINT 942l,NP,INSIKI 0K=1oiSUfii,INBIKI,K=l,IBOTHI,INVIKI,K=l,IVIBI 
9421 FORMAT I 1 :'!X, I 3, 5 X, 2 I I 3, 1 X I, 2 3 X, 5 I I 3, l X I , 11 X, 7 I 13, 1 X I I 
9422 GO TO 9784 
9428 PRINT 9429,NP,INSIKI,K=1,ISUBI,INBIKI,K=loiBOTHI,INVIKI,K=1,IVIBI 
9429 FORMATI1UX,I3,5X,2((3,1XI,23X,6113,1XI, 7X,7113.1XII 
9430 GO TO 9784 
~436 PRJNr Q417,NP,{NSt~l,~~l,ISUBI,IN61KI,~=l, IBOTHI,INVIKI,K=l,IVI~I 
9437 FORMATC10X,I3,5X,2113,1XIo23X,7(13,1XI, 3X,7(13,1XII 
9438 GO TO 971:34 
9444 GO TO (9448,<J456,9464 1 9472,948C,94A8 1 9496,95041, !BOTH 
9448 PRINT 9449,NP,INSIKI,K=1riSUBI,INVIKI ,K=1,IVIBI" 
9449 FORMATC1GX,I3r5Xr3113,1XI,50Xo7113,1XII 
94~n t;n ro Q784 
9456 PRINT 9457 1 NP,INSIKI 1 K=1,1SUBI,INBIKI,K=1,180THI,INVIKI,K=loiVIBI 
9457 FORMATI10X,I3,5X,31D 1 1XI,l'~X,1113r1XIo27X,7(13,1XII 
94)8 GO TO 9704 
9464 PRINT 9465,NP,INSIKI,K=1oiSUBJ,INBIKI,K=1oiBOTHI,INVIKI oK=loiVIBI 
9465 FORMATil!'lX,f3,5X,3113 1 lXI,l9X,21 13,1XI ,23X,71l3,1XII 
9466 GO TO 9784 
9472 PRINT 9473,NP,INSIKI,K=lolSUBioiNRIKI,K=1 1 lBOTHI,iNVIKi,K=1,IVIBI 
9473 FORMATI1CX,I3,5X,3113,1XI,"l9X,3113,1XI,19X,7113,1XII 
9474 GO TO 9784 
94RO PRINT 948l,NP,INSIKI,K=l,lSUBI,INBIKI,K=1,IBOTHI,INVIKI,K=1ofVIBI 
94 81 FORM A Til::: X, l 3, 5 X o3. I I 3, 1 X I , 19 X, 4 I I 3, 1 X I , 15 X, 7 I 13, 1 X I I 
9482 GO TrJ 9784 
9488 PRINT 948Q,NP,(NSIKJ,K=1oiSURI,INBIKI,K=l,IBOTHI,INVIKI,K=l,IVIBI 
94 8 9 F 0 RM A Tl 10 X , 13 , 5 X , 3 I 13 ,1 X I , 1 9 X , 5 I 13 , 1 X I ,11 X , 7 I I 3 , 1 X I I ' 
9490 GO TO 9784 
9496 PRINT 9497,NP,INSIKI 1 K=l 1 1SUBI,INBIKI,K=l 1 IBOTHI,(NVIKJ,K=l,IVISI 
9497 FORMATI1CX,l3,5Xo31 13,1XI ,19X,61 13.1XI, 7X,71 13,1XII 
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9498 GO TO 9784 
9 5 ·~ 4 P R I N T 9 5 C 5 , N P , I N S I K I , K = 1 , I SUB I , I N B I K I , K = 1 , I B fJ T H I , I N V I K I , K = 1 , I V I t3 I 
9 5 G 5 F 0 R M A T1 1 :; X , 13 , 5 X ,3 I I 3 ,1 X I ,1 9 X, 7 I I 3 ,1 X I , 3 X, 7 I I 3 ,[ X I I 
9506 GO TO 9784 
9512 GO TO 19516,9524,9532,954~,9546,9556,9564,95721, LBOTH 
9516 PRINT 9517,NP,INSIKI,K=1,ISUBI,INVIKI,K=1,1VIBI 
9 5l 7 F 0 R MAT I 1 C X , I 3 , 5 X , 4 I I 3 , 1 X I , 46 X, 7 I I 1 , 1 X I I 
9516 GO TO 9794 
9524 PRINT 9525,NP,INSIKI,K=1,ISUBI,INBIKI,K=1,HiOTHI,INVIKI,K=l,IVlBI 
9 52 5 F 0 RMA T I 1l' X, I 3, 5 X, 4 I I 3 , 1 X I , 15 X, 1 I I 3 , 1 X I , 2 7 X, 1 I I 3 , 1 X I I 
<)526 GO TO 9764 
9532 PRINT 9533,NP,INSIKI,K=1,ISUBI,INBIKI,K=l,lf!OTHI,INVIKI,K=1,IVI!31 
q 53 3 F 0 RM AT I 1 G X, I 1 , 5 X, 4 I I 3 , 1 X I , 1 5 X , 2 I I 3 , 1 X I , 2 3 X, 1 I I 3 , I X I I 
9534 GO TO '1784 
9540 PRINT 954l,NP,INSIKI,K=1,1SUBI,INBIKI,K=I,IBOTHI,INVIKI,K=1,IVIBI 
9 5 41 F 0 RM AT I 1::, X , I 3 , 5 X , 4 I I 3 , 1 X I , 1 5 X , 3 I I 3 , 1 X I , 1 q X , 7 ( I 3 , 1 X I I 
9542 GO TO 9784 
9548 PRINT 9549,NP,(NSIKI,K-"1tiSUBI,IN£HKI,K"'1,1BOTHI,INVIKI,K=1,1VIi31 
9549 FIJRMATilrX,I3,5X,4113,1XI,15X,4113,1XI,l5X,7113,1XII 
9550 GO TO 9784 
9556 PRINT 9557,NP,INSIKI,K=l,ISUBI,(NBIKI,K=1,1BOTHI,INVIKI,K=1,1VIBI 
9557 FORMATI1JX,I3,5X,4((3,1XI,15X,5113,1XI,l1X,ll I3,1XII 
9558 GO TO 9784 
951:>4 PRINT 9565,NP,INSIKI,K=1,1SUBI,(NtHKI,K=1,1RUTHI,INVIKI,K=1,IVIBI 
9565 FORMATI1CX,I3,5X,4113,.1XI,1~X,6113,1XI, 7X,7113,1XII 
9566 GO TO 9784 
9572 PRINT 9573,NP,INSIKI,K=l,ISUBI,INBIKI,K=l,II3UTHI,INVI.KI,K=1,1VIBI 
9573 FORMATil"X,!l,5X,4( 13,1XI,l5X,7113,1XI, 3X,71 13,1)() I 
9574 GO TO 9764 
9580 GO TO 19584,9592,96C·J,96('6,9616,9624,9632,96it"·l, LBOTH 
<)564 PRINT 9565,NP,INSIKI,K=l,ISUBI,INVIKI,K=l,IVI~I 
<)565 FORMAT11:JX,I3,5X,5113,1XI,42X,7113,1XII 
9586 GO TO 9734 
9592· PRINT 9593,NP,INSIKI,K=1,ISUBI,INBIKI,K=1,1BOTHI,INVIKI,K=L,IVIBI 
9593 FORMATI1CX,!3,5X,5113,1XI,11Xo1113,1XI,27X,7113,1XII 
9594 GO TO 9764 
96:>0 PRINT 96C1,NP,INSIKI,K=1,1SUBI,INBIKI,K=1,1BOTHI,INVIKI,K=l,IVIBI 
9601 FOR"lATil':;X,!3,5X,5113,1XIr11X,2113,1XIr23X,7113,1XII 
96')2 GO TO 9784 
96·:'8 PRINT 96li<),NP,INSIKI,K=lriSUBI,INBIKI,K=l,IBOTHI,INVIKI,K=1,1VIBI 
960 9 FORM AT I 1: X, I 3, 5 X, 5 I I 3, 1 X I, 11 X, 3 I I 3, 1 X I , 19 X, 7 I I 3, l·X I I 
961C GO TO 9784 
9616 PRINT 9617,NP,INSIKI,K=1,ISUBI,INBIKI,K=1,1BOTHI",INVIKI,K=1,1VIBI 
961 7 FORM A Til;) X, 13 , 5 X, 5 I 13, 1 X I , 11 X, 4 I I 3, 1 X I , 15 X, 71 13 , 1 X I I 
9618 GO TO 9784 
9 6 2 4 P R I NT 9 6 2 5 , N P , I N S I K I , K = 1 , I SUB I , I N B I K i , K = 1 , I B 0 T H I , I NV I K I , K = 1 , I V 113 I 
9625 FORMATil~X*I3t5Xt511J,lKI,llX,Sil3,1XI,11X,71IJ,lXII 
9626 GO TO 9784 
9632 PRINT 9633,NP,INSIKI,K=1 9 1SUBI,INBIKirK=l,IBOTHI,INVIKI,K=1,1VIBI 
91133 FORMI\TI10X.I3,5X,51 I3,1XI,llX,tdn,UO, 7X.7113r1XII 
9614 GO TO 978tt 
9&40 PRINT 9641,NP,INSIKI,K=l,ISUBI,IN61K),K=l,IBOTHI,INVIKI,K=l,IVIBI 
9 6 41 F 0 RM AT I 1•) X , I 3 , 5 X , '> I I 3 , 1 X I , 11 X , 7 I I 3 , 1 X I , 3 X, 1 I I 3., 1 X I I 
964l GO TO 9764. 
<)648 GO TO 19652,966G,9666,9676,q684,9b92,97~0,97081, LROTH 
9652 PRINT <)653,NP,INSIKI,K=1,1SUBiriNVIKI,K=1,1VIRI 
9653 FORMATI10X,(3,5X,61 13,1XI,36X,7113,1XII 
9&54 GO TO 97.84 



~?? 

9660 PRI"lT 96n1,NP.,INSIKI,K=1,ISU81,1NBIKI,K=1,IBOTHI,INVIKI,K=l,IVIBI 
9661 FDRMATI1CX,I3,5X,6( I3,1XI, 7X,lll3,1XI ,;nx,71 [3,1XII 
9662 GO TO 9784 
9668 PRINT 9669,NP,(NSIKI,K=1,ISUBI,IN81KI,K=l,I~OTHI,INVIKI,K=1,1VIBI 
9669 FOR~ATCl•)X,I3,5X,6( I3,1XI, 7X,21 I3,1XI,23X,71 l3.1XII 
9670 GO TO 9784 
9676 PRINT 9677 1 NP,INSIKI,K=l,ISUBI,INAIKI,K=1,IBOTHI,INVIKI,K=l,1VIBI 
9677 FORMATI10X,I3,5X,6( I3,IXI, 7X,31l3,1XI ,19X,71 I3,1Xl I 
9678 GO TO 9764 
9684 PRINT 9685,NP 1 INSIKI,K=1,ISUBI,INAIKI,K=1,IBOTHI,INVIKI,K=l,IVIAI 
9685 FORMATil)X 1 13,5>< 1 6( I3,1XI, 7X,4113,1><1 ,15><,7( 13,1XI I 
9686 GO TO 9784 
9692 PRINT 9693 1 NP,(NSIKI,K=l,ISUBI,INBIKI,K=1,IBOTHI,INVIKI,K=l,IVIAI 
9693 FORMATC10X,I3,5>< 1 6113,1XI, 7X,5(13tl><l tllXt71I3,1.XIl 
9694 GO TO 9764 
9700 PRINT 97Gl,NP 1 INSIKI,K=l,ISUBitiNBIKI,K=l,lBOTHiriNVIKI,K=l 1 IVI~I 
97!11 FORMATI10Xti3,5X,61I3,1XI, 7X,61[3,ll(), 7X,7113,1XII 
9'702 GO Td 9784 
9708 PRINT 9709;NP,INSIKI,K=l,!SUBI,INB(KI,K=1,1BOTHI,INVIKI,K=l,lVI6l 
97·39 FORMATUGX,[3,5X,61l3.1XI, 7X,711"1,1XI, -H,71I3tlXII 
'HI') GO TO 'HO.S. 
9716 GO TO 19720 1 9728,9736,9744,97~2,9760,9768,97761, LBOTH 
9720 PRINT 9721,NP,INSIKJ,K=l,ISUBI,INVIKI 1 K=l,IVIBI 
9721 FORMATI1CX,I3 1 5X,71I3,1Xl,34X,71I3,1XII 
9722 GO TO 9784 
9728 PRINT 9729 1 NP,INSIKI,K=1,ISUBI,INBIKI,K=l,lBOTHI,INVIKI,K=l 1 lVI~I 
9729 FORMATI1CtX 1 13 1 5X 1 7(13,1Xl 1 3X,lll3,lXI ,27X,7( 13,1XI I 
973C. GO. TO 9784 
9736 PRINT 9737,NP,INSIK),K=l,lSUBI,INBIKI,K=1,1BOTHJ,INVIKI,K=l,IVIBI 
9737 FORMAT11~•X,I3,5X,7( l3,1XI, 3X,21 I3tlXI ,23X,71 13,1XII 
973A GO TO 9784 
9744 PKINT 9745,NP,INSIKI,K=1,ISUBI,INBIKI,K=1,IBOTHI,INVIKI,K=l,IVIBI 
9745 FORMATI1~X,l3,5X,7113,1XI, 3X,3((3,1XI,19X,71I3,IXII 
9746 GO TO 9784 
9752 PRINT 9753 1 NP,INSIKI,K=1,ISUBI,I~BIKI,K=l,IBOTHI,INVIKI,K=1,IVIBI 
9753 FORMATI10X.I3,5X,7( I3,1XI, 3X,4II3,1XI ,I5X,7( I3,1XII 
9754 GO TO 9784 
9760 PIUNT 9761, NP, ( NSI K I, K"1t I SUB I, INBI K I ,K .. 1, l DOTH l.t I NVI K I,K~ \,IV IAI 
9 761 FOR!o1A T 11 Q X, 13,5 X, 7 ( 13, 1 X I, 3 X, 51 13, 1 X I .11 X ,7 II 3 ,1, X I I 
9762 GO TO 9784 
9168 PRINT Y769,NP,INSIKI,K=l,l5U~I,(NB(KI,K=1,IAOTHI,INVIKI,K=l,IVIBI 
9769 FORMATI10X,I3,5X 1 7( 13,1XI, 3X,6( 13,1XI, 7X,71 J3,1XII 
977i; GO TO 9784 
9776 PRINT 9777,NP 1 1NSIKI,K=1,1SUBI,·(NBIKI 1 K=l,TBOTHI,INVIKI,K=l,IVIBI 
9777 FORMATI1CX,I3,5X 1 7113,1XI, 3X,7((3,1XI 1 3X,7113t1XII 
977e GO TO 9764 
9784 NV~S = NVBS + 7 
9788 NSUB = NSUB - 1 
9792 NBOTH = NBOTH - 1 
9796 NVIB = NVIR - 7 
9800 IF INSUBI 98:J4,9832,9fl12 
9Bc4 NSUB = 0 
98C8 GO TO 9832 
9A12 IF INROTHI 9816,98~0,982( 

9816 NBUTH = 0 . 
982C IF INVIBI 9824,q020,902C 
9624 NVIB = C 
9828 GO TO 9!l2G 



9832 IF (NROTHJ 9836,9856,9844 
9836 NBOTH = 0 
9A40 GO TO 9856 
9844 IF (NVIB) 9848,9020,9020 
9848 NVIB = 0. 
9852 GO TO 90 20 
9856 IF CNVIB) 986n,9864,9C20 
986') NVIB = 0 
9864 CONTINUE 
9868 GO TO (9872,988C,99CC,99C8), NEXGO 
9872 NEXGD = 2 
9876 GO TO 9912 
9880. lF (MODEPI - 3) 9884,9892,9884 
9884 NEXGD = 4 
9888 GO TO 9912 
9892 NEXGO = 3 
9896 GO TO 9912 
99fJC NEXGO = 4 
9904 GO TO 9912 
9908 NEXGO = 5 
9912 IF (NEXGD - 4) 8424,8424,9916 
9916 CONTINUE 
9921') END 
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SUijROUTINE TRANSINTER,ITECOM,IOWTYP,JCHUSE,NUM,LINDI,LROPI 
18C COMMON/2(:.< /INUNOPI 7.8 ,90, 31, I NONWF I 2R ,9,~, 31 ,LPROC 2>l ,q··1 
19S DIMFNSION NSU~I31 
195 LIND! = 1 
21... r K = NUM 
2C4 00 224 N = l,NU~ 
208 IF IICHOSE - 11 212,212,22C· 
212 NSUBINI = INONOPINTER,IT~CUM,NI 
216 Gll TO 224 
220 NSUBINI = INONWFINTEA,ITECOM,NI 
224 CONTINUE 
228 IF INUM- 11 3~G,3:..r',232 

232 DO 2~4 N = 1 0 NUM 
236 IF IN- NUMI 24C,252.25l·· 
24'} IF (N:)Utlillll - N~UHIIII+lll t64,t'41,246 
7.41 IF IIC.HflSF- 11 747o? 1•7,?f.,!. 
242 L INDI = <J 
244, GO TO 2b4 
246 CALL 5WAPINSlJBINirNSllniN•111 
248 GO TO 2h4 
250 CALL ERRORI11 
2S2 IF.(NSUBINI- NSUBilll 254,258,264 
254 CALL SWAPINSUBINI,NSlJBI111 
256.GO TO 7.64 

. 258 IF I !CHOSE .,.. 11 2bC,26~ o2b4 
2b(• LINDI = -) 
2~4 CONTINUE 
268 IF IK - 21 2BC,28G,272 
212 K = 1 
276 GO TO 232 
28C IF INUM- 21 284,284,292 
7.84 IOWTYP = NSU~I11 + 1~*NSU8121 
2A8 GO Tn 3(4 
292 llJWTYP = NSUBill + H'*NSUBI21 + 1• C*NSUAI31 
296 GO TO 304 
3~0 IOWTYP = NSU8111 
3C4 LROP = LPROINTER,ITECO~I 
306 RCTURN 
"'\.'!A FNn 

SUBROUTINE SWAPC IOPWF,JOPWFI 
10 !DUM = IOPWF 
?G JnPWF ;;; IOP.Io!F 
3fl JOPWF = IOliM 
4iJ RETURN 
50 t:ND 

SUBRUUT[NE ERRQP.CNI 
PRINT U:G,N 

lCO FORMATI10X,9HERROR N0.,!51 
RETURN 
END 
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SUBROUTINE GONOGOINUTCOM,MUDEPI ,IWFJ,tWFKI 
15~ COMMON/SUBGNO/MOELECI21 0 MOMAGNI21 . 
16C COMMON/GNOTER/INDZJJI~I,INDZJKI61,1NDZKJI61 
180 COMMON/GNOPRn/NR I PI 12,121, IGPI 12, 12,41 
2~'( N TYPE = r: 
2~4 00 484 N = 1,NUTCOM 
2:8 IF IN-31 212,212i22C 
212 KOIG = N 
216 GO TO 224 
22n KDIG = N - 3 
7.24 GO TO 1228,228,372,268,2681, MOO~PI 
228 IF IN-21 232,232,24~ 

232 I = MOELECIKniGI 
236 GO TO 248 
240 KOIG = N - 2 
244 I = MO~AGNIKOIGI 
248 IWFONE IWFJ 
252 Iwi=TWO = IWFK 
256 MOMONE = f. 
26C NDEC = 1 
264 GO TO 404 
2611 IF IN TYPE I 272,276,3211 
272 CALL ERRORI9~1 
276 IWFONE = IWFJ 

· ?.80 IWFfWO = IWFK 
284 GO TO 1288 0 30(,3121, KOIG 
288 MOMONE = MOFLECI11 
292 I = MOELECI21 
296 GO TO 37.(· 
3CO MOMONE = MOELECCll 
3~4 I = MOELECI11 
3\,8 GO TO 32C1 

312 MOMONE = MOELECI21 
316 I= MOELECill 
320 NOEC = 0 
324 GO TO 4C4 
328 IF IN - 31 332,332,344 
132 IWFONE = IWFJ 
336 IWFTWO = IWFJ 
34C GO TO 352 
344 IWFONE = !WFK 
348 IWFTWO = IWFK 
352 GO TO 1356,364,3561, KOIG 
356 I = MOMAG~Ill 
3b'i GO .TO 404 
364 I = MOMAGNI21 
360 GO TO t,.Ct,. 
372 GO TO 1376,376 0 3841, N 
~76 I= MOELECill 
180 GU I U 38F! 
384 I = MOELECI21 
388 IWFONE IWFJ 
392 IWFTWO = IWFK 
396 NOF.C = 1 
400 MOMUNE = r;. 
404 NP = NRIPIIoiWFONEI 
408 00 4~0 l = 1,NP 
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412 KD = lWFTWO- lGP(I,IWFONE,L) 
416 IF (KQ)_ 420,428,42( 
42;) INQZ = 0 
424 GO TO 432 
428 INQZ -= 1 
432 IF (NTYPE) 436,436,456 
436 IF (NDEC) 44~,44~ 9 448 
1t 1t 0 I N 0 l K J ( N ) ... f NO l K J ( N ) + I N Q l 
444 GO TO 46C' 
448 INDZJK(N) = INDZJK(N) + INQZ-
452 GO TO 460 
456 INDZJJ(N) = INDZJJ(N) + INQZ 
'•6t) CONTINUF. 
464 IF (MOMONE) 484,484,4&~ 

468 I - MOMONE 
472 MOMONE = 0 
476 NDEC = 1 
480 GO TO 4C4 
484 CONTINUE 
488 IF CNTYPE) 492,492,504 
492 GO TO (504,5C4,5C4,496,496), MODEPI 
-496 NTYPE = 1 
5()() GO TO 204 
504 RETURN 
5C 8 END 
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SUBROUTINE TERPERINCOM,NTER,NMATEL,MODEPII 
19C COMMON/GNOTER/INDZJJ(61,1NDZJKI61,1NDZKJI61 
195 COMMON/TERPRO/KOPI~I,K~FI51,10PQI51,1WFQ(51 

327 

211 C· COMMON/ SUIH ER /l A BOP I 5 I , LABWF I 5 I, I NZ I 21:!1 , NNS Q IN, I OPA t:)E, I TP AD E:, 
1 I OPADM 

2G4 GO TO 12G8,2"8,516,1~J4,10041, MODEPI 
C THIS BRANCH DETERMINES WHETHER WE ARE DEALING WI~H AKSORPTION 0~ 

C CIRCULAR DICHROIS~ !MOOE=C,11 OR WITH THE MORE COMPLICATED TEKMS 
C OF MAGNETIC CIRCULAR DICHRI1ISM, MCDIBI !MOOE.:2), MCOICI P~ODE,.·n, 
C AND MCDIAl IMODE=4l. HERE: MODE:PI=MODE+1. 

208 lf.IPAOM = 2 
C IOPADM, IOPADE, ITPADE GIVE THE MATRIX ELEMFNT LOCAT!nNS fOR EACH 
C TERM Of THE MAGNETIC MOMENT, ELECTRIC MOMENT AND FOR ~CD THE SECOND 
C COMPONENT OF THE ELECTRIC MOMENT. THESE ARE USED LATER IN THE MAIN 
C PROGRAM WHEN DEGENERATE SYMMETRIES MAKF. IT NECESSARY TO ELI~INATE 
C M~MBF.R PERMUTATIONS NOT ALLOWED RV·THF. DOT PROnuCT !ABSORPTION AND 
C CIRCULAR DICHROISM) OR TRIPLE PRODUCT !MAGNETIC CIRCULhQ DICHKUIS:·11 

212 IF IINDZJKINCOMll 216,22L,232 
C IF INDZJK!NCOMl=l, THIS MEANS THAT FOR THE NCOM COMPONENT, THAT ALL 
C TERMS CONTAINING (J/U/Kl !OK IJ/M/KI FOR CIRCULAR OICHROISMI wiLL 
C BE ZERO. IF 1!'-WlJK!NCOMl='-: THESE TERMS ARE NONZERO. IF THE NTEK 
C TERM IS ZF.RU, THEN INZCNTE:Rl=:. IF NOT IT IS 1. THIS VALUF IS USED 
C IN THE 2~rr SFCTION OF THE MAIN PKUGRAM TO OETF~MINE WHFTHER TO 
C CALCULATE THESE TERMS OF NOT IChLCULATE IF 11 

216 CAlL ERRURI8Sl 
220 GO TO 1228,?.28,228,22o,?.28,232,2~2,232,228,229,228,2~R,232r232, 

1232,232,232,232),. NTER 
C HERE WE SET THE VALUE OF INZINTERI ONLY FOR THE TERMS CONTAINING 
C IJ/U/KI OR IJ/M/Kl. . 

228 INZINTERI = r.; 
232 GO TO 1236,236,244,244,280,3(l'r320r32~,364,372,28~,38~,40~,424, 

1424,424,424,4241, NTFR 
236 NNSQIN = C 
241i GO TO 248 
244 NNSQIN = 1 

C THE VALUE OF NNSQIN INDICATES WHETHER WE HAVE FOR THE TERM WE ARE 
C CONSIDERING, NO ADDITIONAL SYMMETRIES INNSQIN=~l, N ADDITIONAL 
C SYMMETRIES IN~SQIN=ll, OR N**2 ADDITIONAL SYMMETRIES INNSQIN=2l. 

248 CALL SWAP IKOPili,KOPI31l 
252 CALL SWAP IIOPCI1lri0PQC311 
256 CALL SWAP ILABOP!li,LAHOPI3l I 

C THE SWAP SUBROUTINE SWAPS THE CONTENTS OF THE TWO ARGUEMENTS, E.G. 
C THE CONTENTS OF KOP!ll AND KOP!3) AS IN STATEMENT 248. 

260 IF IIOPADE - 21 264,264,277. 
2b4 TOPAOE = 3 
268 GO fO 488 
272 I OPADE = 1 
276 GO TO 4Bfl 
2RO IOPADE = 4 
?.H4 CALL SWAP (~0P()),KOPC4ll 

7.88 CALL SWAP IIOPQI31,IOPQI4ll 
292 CALL SWAP CLAB0Pt3l,LABOPI4ll 
296 GO TO 488 
30•:: NNSQ IN = 0 
.3C4 CALL SWAP IKWFI3l ,KWFI411 
308 CALL SWAP IIWFQI3l,IWFQI4ll 
312 CALL SWAP CLABWF!3l,LABWFC4ll 



316 GU TO 4H8 
32:1 CALL SWI\P IK•]P121 ,KOPI111 
37.4 CALL SWAP IIOPQI21,IOPQI311 
328 CALL SWAP ILA80PI2),LABOPI311 
332 IF INTER - 71 336,336,344 
336 tnPADM = 3 
34::1 GO TO 41!8 
344 I:All SWAP IKOPI1l,KOPI411 
~48 CALL SWAP IIOPQili.IC1PQI411 
352 CALL SWAP ILABOPI11,LABUPI411 
356 l.OPAOE = 1 
36C. GO TO 4BH 
3()4 NNSQIN = 2 
~6tl GO TO 304 
372 IOPAOE = 1 
'\7t. r.11 rn 74H 
39n IOPADE = 5 
384 CALL SWAP IKOPI41,KOPI511 
3R'3 CALL SWAP IIOPQI4I;IOPQ.I!ill 
392 CALL SWAP ILABOPI4l,LABOPI511 
396 GO TO 488 
400 NNSQIN = 1 
404 IOPAOE = 4· 
408 CALL SWAP IKWFI31,KWFI411 
412 CAll SWAP I IWFQI 31 ,IWF01411 
416 CALL SWAP ILABWFI31,LABWFI411 
421) GO TO 384 
424 CALL SWAP IKOPI21,KOPI311 
428 CALL SWAP I IOPQI21,IOPQI311 
432 CALL SWAP ILABOPI21,LABOPI311 
436 NOMTER = NTER - l3 
440 GO TO 1444,452,444,472,4441, ND~TER 
444 IOPAOM = 3 . 
448 GO TO 488 
452 CALL SWAP IKOPI11tKOPI4II . 
456 'CI\LL SWAP IIOPQI11,IOPQI411 
46U LALL ~WAI' ILA~IJI'I1J,LA~UI'I411 

'•o'• IOPAOE "' 1 
4nA r.n m 4AA 
472 CALL SWAP IKOPI11,KOPI511 
476 CALL SWAP IIOPOili,IOPOI511 
480 CALL SWAP ILI\BOPI11,LABOPI511 
484 I OPADE = 5 
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488 GO TO 1492,492,51JC:,5(!( ,5C0,5"•~,5C·r,5,_'1 ,5C8,5~·8,5('H,5: 8,5<J8,5<:8, 
l500t~OOt500t56Dit NTER 

1;.92 rH.,AHL .. 3 
496 GO TO 1316 
5fJ0 NMA TEL = 4 
5C4 GO TO 1316 
5~8 NMATEL = 5 
512 .GO TO 1316 

C . THIS COMPLETES THE ABSORPTION, CIRCULAR DICHROISM PORTION OF THIS 
C SUOI{OUTINE• lilt: Ni:Xi' PORTION IS TilE MCDIOi SECTION. 

516 IF IIND7.JKINC0"'11 52C,524,532 
520 CALL ERRORI8ll 
524 GO TO 1528,528,528,532,532,528,528,528,528,523,528,528,528,528, 

1532,532,532,528,528,528,532,532,532,532,532,532,532,5~21, NTER 
528 INZINTERI = ~ 
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532 GO TO 1536,536,556,576,596,616,632,652,664,672,692,7'~•732,752, 
1772,596,Bn4,812,832,A4r,576,632rB6C,692,868,A96,9~4,5961, NTER 

536 NNSQI N . r 
541) IOPAOE = 2 
544 I TPADE = 1 
548 I OPADM = 3 
552 GO TO ·912 
556 I OPADM "' 4 
560 CALL SWAP IKOPI31,KOPC411 
564 CALL SWAP I IOPQI31,10PQI411 
568 CALL SWAP ILABOPI31,LAAOPI411 
572 GO TO 912. 
576 NNSQIN = 0 
580 CALL SWAP CKWFI31 ,KWFC411 
584 CALL SwAP IIWFQI31,1WFQI411 
500 CALL SWAP CLAAWFC31,LABWrl411 
592 GO TO 'H2 
596 IOPADE = 3 
b~O CALL SWAP IKOPI21,KOPI311 
604 CALL SWAP IIOPQI21,10PQI311 
6C8 CALL SWAP ILABOPI21,LABOPI311 
612 GO TO 912 
616 CALL SWAP IKWFI21,KWFI311 
620 CALL SWAP IIWFQI21;1WFQI311 
624 CALL SWAP ILABWFI2lrLABW~I311 

628 .GO TO 912 
632 I TPADE = 2 
636 CALL SWAP IKOP1li,KOPC211 
640 CALL SWAP IIOPQI11,JfJPQI211 
644 CALL SWAP ILABOPI11 ,LABOPI211 
648 GO TO 912 
652 I TPADE = 1 
656 NNSQIN = 1 
660 GO TO 636 
664 ITPAOE = 2 
668 GO TO 636 
672 IOPADM = 5 
676 CALL SWAP IKOPI41,KOPI511 
680 CALL SWAP IIOPQ(4),!0PQI511 
684 CALL SWAP ILABOPI41,LABOP1511 
oe~ GO TO 'llZ 
692 I IPADt: = 1 
696 GO TO 636 
7CfJ I OPADE = 2 
7C~ CALL 5WAP CKWri21,KWrCJII 
708 CALL SWAP IIWFQI2l,IWFQI311 

.112. CALL SWAP CLA13WF121 ,LABWFI311 
716 CALL SWAP IKWFI3),KWFI411 
720 CALL SWAP IIWFQ13l,IWFQI411 
724 CALL SWAP ILAAWFI~I,LARWFI411 

728 GO TO 6ClC 
732 IOPADM = 3 
7"36 CA·LL SWAP IKUPI3l,KOPI511 
74~ ~ALL SWAP (!nPQ(3),tnPQI~)) 

744 CALL SWAP ILABOPI31,LABOPI511 
748 GO TO 912 
752 .I OPADM • 4 
756 CALL SWAP IKOPI31 ,KOPI4ll 



760 CALL SWAP IIOPQ131 9 IOPQI4ll 
764 CAll SWAP ILABOPI31,LABOPI411 
768 GO TO 912 
772 IOPAOM : 5 
776 CAll SWAP IKWFI3),KWFI511 
780 CALL SWAP IIWFQI31,1WFQ151 I 
784·CALL SWAP ILABWFI31,LAI3WF1511 
798 CALL SWAP IKOPI4I,KOP1511 
792 CALL SWAP IIOPOI4I,IOPQ1511 
796 CALL SWAP ILABOPI41,LABOPI511 

.BUO Gr,l TU 912 
8C4 IOPAOE = 4 
8')8 GO TO 756 
812 (TPAOE = 2 

·816 CALL SWAP IKWFI21,KWFI411 
820 CALL SWAP. IIWFQ12lt1WFQI411 
824 CALL SWAP ILABWFI21,LABWFI4ll 
828 GO TO 636 
832 I TPAOE = 3 
836 GO TO &CO 
84( I TPAOE = 1 
844 CALL SWAP IKCJP(lltKOPI111 
848 CALL SWAP I IOPQI11 ,IfiPQ1311 
852 CALL SWAP "ILABOPI11·,LABOPI311 
856 GO TO 912 
86C IOPAOE = 3 
864 GO TO 756 
868 CALL SWfiP IKWFI2)~·KWFI311 
872 CAll SwAP I IWFQ12),1WFQI311 
87~ CAll SWAP ILABWF12),lfiBWFI311 
880 CAll SWAP IKWFI41,KwFI511 
884 CAll SWAP IIWFQI41 1 1WFQ15ll 
898 CALL SWAP ILABWFI41 1 LARWFI511 
092 GO TO 912 
896 I OPAOE = 2 
900 ·GO TO 6C;C 
904 IOPADM = 4 
908 GO TO· 676 
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912 GO TO (9!6,924,924,924,974,924,924,9J2,93t,93~.932.YJL.Y32.YJ2. 
1932,932*932t932t932t9l2t932t932t932o9J2,9J2o9J2,9J2,93~lt NTCR 

916 NMATEL = 3 
920 GU TO 1316 
92lt NMATEL "' 4 
928 GO TO 1316 
932 NMA TEL = 5 
936 GO TO 1316 

C · ·THIS CO~PLETES THE MCDIBI SECTION. THE FINAL SECfiUN D~ALS WJfH TH~ 
C MCOIAI AND MCOI~I TERMS 
10~4 IF IINOZJJINCOMII 1C'C.S,H 12,1(:16 

C INOEJJINCOMI IS LIKE lNOZJKINCOMI BUT OEfllS WITH TERMS THU CONTAIN 
C IJ/M/Jl OR IK/M/K). 

1008 CAll ERRORIB21 
1012 GO TO 11C14,l014 1 1Cl4,1Cl6,1016 1 1016rl014,l014,1014,1~14,li•l4, 
. 1ldl4,Ull6,10161, filTER 

1014 INZINTERI = C 
1016 IF IINDZKJINCOMII 102G,IC'22,1C24 
1020 CALL ERRORIB11 
1C22 GO TO 11C23,1U23,1021,1C23,1023rlC23rl023rl023,1023~1024,1L24r 



11024, lt:2 3, 1!:·231, NTER 
1023 INZINTERI = 0 
1024 IF (JNDZJKINCOMII 1025,1(26,1:32 
1025 CALL ERRO~I901 
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_1iJ26 GO TO (1:~28,1C32,1032,1G28.lv28,10?.8,1C32.1'.'32,V12,1''·32,1.32r 

11032 1 1L37.,1(•32lt NTER 
.1C28 INZINTfRI = !' 
1 ' 3 2 · G 0 T 0 I 1 ) 1 b , 1 (;56 , 1 C 7 6 , 1 ( i 4 2 , I. 1 1 2 , 1 1 3 ? , 1 1 52 , I ':: 9 2 , ll o 8 , 1 1 7 6 1 l l 9 2 , 

11212.t2r:,t268l, NTE.R 
1036 NNSQ!N C 
1040 !UPADE = ?. 
1t:44 !TPADE = 1 
1048 I OP.ADM = 3 
1052 GO TO 1292 
1056 IOPADM = 4 
1•)60 CALL SWAP IKOPI31 ,KOPI411 
1C64 CALL SWAP I IOPQ(3) 1 !0PQI4ll 
1068 CALL SWAP ILABOPI31,LABOPI41) 
1072 GO TO 1292 
1~76 CALL SWAP (KWFI31 ,KWFI4ll 
10:80 CALL SWAP IIWFQ131 1 !WFQI4ll 
1084 CALL SWAP. ILABWFI31 1 LABWFI4ll 
1r. 88 GO TO 1292 
1092 IOPAOE = 3 
1096 CALL SWAP (KOPI2l,KOPI311 
11'l() CALL SWAP IIOPQI2l,JOPQI311 
1104 CALL SWAP ILABOPI2),LABOPI311 
11·:)8 GO TO 1292 
1112 IOPADE = 2 
1116 CALL SWAP IKWF13l,KWF14ll 
1120 CALL SWAP (JWFQ(3),JWFQ(41l 
1124 CALL SWAP ILARWFI3l,LABWFI411 
1128 GO TO 1(.96 
1132 IOPAOM = 5 
11j6 CALL SWAP IKOPI4l,KOPI511 
1140 CALL SWAP IIOPQI4I,IOPQI511 
1144 CALL SWAP ILABOP14I,LABOPI511 
1148 GO TO 1292 
1152 CALL SWAP IKWFI31,KWFI511 
1156 CALL SWAP I IWFQI31 ,IWFQI511 
1160 CALL SWAP 1LABWFI31,LABWFI511 
1164 GO TO 1292 
1168 IOPADE = 4 
1172 GO TO 106(. 
1176 CALL SWAP IKWFI21,KWF1311 
1180 CALL SWAP IIWFQI2l,IWFQI311 
1184 CALL SWAP ILABWfi21,LABWFI311 
l i AA t.O TU 1292 
1192. ITPA()E = 7. 
1196 CALL SWAP IKOPili,KOPI211 
1200 CALL SWAP IIOPQili,IOPQI211 
1204 CALL SWAP ILABOPI11,LAROPI211 
1208 GO TO 1292 
1212 IOPAOE = 3 
1216 GO TO 106C 
1220 IOPAOE = ? 
12·2'• I TPI\OE = 1 
1228 CALL SWAP (KWFI21,KWFI311 



1232 CALL SWAP (JWFQ121,IWFQI311 
1236 CALL SWAP (LABWFI2l,LABWFI311 
1240 CALL SWAP IKWFI4l,KWFI511 
1244 CALL SWAP I JWFQI41,IwFQI511 
1248 CALL SWAP ILAAWF14I,LABWF1511 
1252 CALL SWAP IKUP1li,KOPI211 
1256 CALL SWAP IIUPQili,IOPQ(211 
126G CALL SWAP (LAAOPili,LABOPI211 
1264 GO Hl 1G96 
l-268 IOPAOE = 3 
1272 IOPAOM = 4 
1276 CALL SWAP IKOPI4l,KOPI51l 
ll!l') LALL SWAP ll0P0141,10POI511 
1284 CALL SWAP ILABOP14l,LABOP15ll 
12A8 GO TO 1096 
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J292 GO TO 11296,1304,13C4,13C4,1312,1312,1312,1312,1312,1312,1312 1 
11312,1312,13171, NIF~ 

1296 NMATEL = 3 
uhc GO TO 131 6 
1314 NMATEL = 4 
n·na GO TO 1316 
1.312 NMATEL = 5 
1316 RETURN 
13'20 END 



SUBROUTINE PRODILUNONQ,NORNSQ,NALL,NSQALL,NUMMAT,NMATELI 
166 COMMON/GNOPRO/NR!Pil2,l21,IGPill,12,41 
170 COMMON/Tf.RPRO/KOPI51,KWF151,IOPQI51,IwFQI51 

333 

174 COMMON/SUBPRO/IOPQA151,1WFQA151,JDSLWFI41,JDSOPI41,JUSTWFI41, 

c 

1MATHQI 51 ,NR IPS ,IREPSIH 91 
176 IF INUMMAT- NMATELI l8C,l92,178 
178 CALL ERRORI471 
179 GO TO 192 
l80 IWFQP = IWFQINUMMAT + 11 
184 KWFP = KWFINUMMAT + 11 
Ul8 GO llJ 2C." 
192 IWFQP = IWFQI 11 
196 KWFP = KWFI11 

C HERE THE SYMMfTRY VALUE AND STATE 0~ KNOWLEDGE OF THF LEAOING WAVt 
C . FUNCTION OF THE NUMMAT MATRIX ELEMENT ARE STORED IN THE DUM~Y 
C STORAGE SLOTS KWFP, IWFQP. IF NUM"1AT=NMATFt, THEN THE NU"1MA1+1 
C ELE~ENT IS THE FIRST ELEMENT. 
c 

2~0 ~SUM = IWFQP + IOPQINUMMATI + IWFQINUMMATI + 1 
c 
C THE VALUES OF I'wFQP, IOPQINlJMMATI, lwFQINU,..MATI DESIG"JATE 
C THE STATE OF KNOWLEDGE OF THE LEADING WAVE FUNCTION, THE OPERATOR, 
C AND THE TRAILING WAVE FUNCTION OF THE NUMMAT MATRI~ ELEMENT. VALUES 
C OF 1 INDICATE KNOWLEDGE OF UNIT SYMMFTRIES, OF r: INDICATI: LACK Of 
C KNOWLEDGE. THE VALUF OF NSUM-1 GIVES DIRECTLY THE.NUMBER OF UNIT 
C SYMMETRIES KNOWN. 
c 

204 GO TO (4C8,4C8,268,2~91, NSUM 
c 
C WE FOLLOW DIFFERENT PATHS FOR DIFFERENT ~UMRERS OF UNIT SYMMETRIES 
C KNOWN 
c 

c 

2C~ IDV = KOPINU~MATI 
212 JDV ~ KWFINUMMATI 

C THIS PORTION IS FOR ALL THREE UNIT SYMMETRI~S KNOWN. ITS FUNCTION 
C IS TO DETERMINE WHETHEK THESE THREE SYMMETRIES ARE COMPATIBLE, THAT 
C IS WHETHER THE SYMMETRY OF OF ANY ONE IS CONTAINED IN THE GROUP 
C MULTIPLICATION PRODUCT OF THE OTHER TWO. THE SYMMETRIES OF THE 
C OPERATOR AND TRAILING WAVE FUNCTION ARE PLACED IN IOV AND JOV. THE 
C NUMBER OF IRREDUCIBLE REPRESENTATIONS RESULTI~G FROM THE GRllUP 
C PROOUCT (I)V X JDV ARE STORED IN NRIPS. E.ACH OF THESE REPREStNTATIUNS 
C FDR COINCIDENCE. IF THERE ARE NO COINCIDENCES FOR ANY ~F THE 
C PROUUCT REPRESENTATIQ~S, THFN THE MATRIX FIFMFNT rc; lf;Rn, IF THIS 
C IS THE CASE THEN NRIPS IS SET EQUAL TO ZERO IN ORDER TO SIGNAL 
C SECTION 31·J~ THAT IT ~AKES NO SENSE TO COMPUTE ANY SUCCEEDING 
C MATRIX FLEMtNTS FOR THIS DEGENERATE PERMUTATION AND Ill SIGNAL 
C SECTION 40J~ NOT TO STORE THIS PARTICULAR SET OF GROUP PRODUCT 
C TERMS. 
c 

c 

216 NR!PS = NRIPI IDV,JDVI 
220 INOALL = f'. 

t fHE VALUE OF INDALL LATER USED TO DETERMINE WHETHFR TO SET NRIPS 
C F.QUAL TO ZERO IIF INDALL SET EQUAL TO 11. 
c 



c 

224 DO 252 NRS = 1rNKIPS 
228 KDV = IGPI IOV,JOV,NRSI 
232 IF IKDV- KWI=PI 252,236,252 
236 JDSOPI 11 = IDV 
240 JDSLWFI 11 = KDV 
244 JDSTWFC 11 = JDV 
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C WE HAVE FOUND THAT ONE UF THE lKREOUCIBLE KFPqESENTAfiO~S MATCHES 
C KWFP. THEREFORE THE UNIT SYMMETRIES ARE S111RED 1111 THE APPROPRIATE 
C STORAGE SLOTS. SINCE KWFP WILL ~E MATCHED SY O!IILY ONF. OF THE 
C IRREOUCIB(E REPRESENTATIONS, NKIPS=l WHEN A HATCii IS MAOE AND ltRn 
C WHF.N OlliE IS NOT. THIS DONE BY SF.TTING IIIRIPS=INOALL. 
c 

c 

248 I NDALL = 1 
252 CONTINUE 
7.56 !\~KIPS = INOALL 
260 MATELQINUMMATI = 1 

C HERE WE INDICATE THAT THE NUMMAT MATRIX ELEMENT HAS dE[N EVALUATED. 
r: 

c 

264 GO TO 51f> 
2 6 8 I F I N SUM - I W F Q P - 2 1. 2 7!. ,3 2 4 , 2 7 2 
270.CALL ERRORI481 
271 GO TO 324 

C IF THF. LEADING WAVE FUNCTION IS KNOWN, THF. ARGUE'1FNT IS ZERO, IF 
C UNKNOWN THE ARGUEMFNT .IS ONE. 
c 

c 

272 IOV = KOPINUMMATI 
276 JOV = KWFINUMMI\TI 
280·NRIPS = NRIPCIOV,JDVI 
284 00 3CO NRS = 1rNRIPS 
288 JDSLWFINRSI = IC.PIIOV,JDV,NRSI 
292 JDSuPCI'>JRS I = IOV 
296 JDSTWFINRSI = JDV 

C ·THE LAST THRF.E STATEMENTS STORE fHE TWO GIVEN AND ONE CO~PUTEO UNIT 
C SYMMETRIES IN THEIR DUMMY STORAGE SLOTS FOR FI\C~ VALUE OF NRS. 
c 

c 

. 30.C CONTINUE 
3C4 IF CNU"1MAT - NMATELI 3l6r3l'F.lr3''6 
3(6 CALL ERRORI491 
3-~:8 IWFQill =· 1 
Jl7. GO TO 320 
316 IWFQINUMMAT + 11 
.~£•) MA IHIJINU"'MAII = 
322 GO TO '316 

C HERE WE HAVE 1!\IDIC/\TED THAT THE LEADING ~AVE FUNCTION IS KNOWN AND 
C · THAT THE NUMMAT MATRIX ELE~ENT HAS BEF.N EVALUATED. 
c 

~24 IF IIWFQINUM"1ATII 326,328,368 
326 CALL ERRORI5"1 . 

c 
C STATEMENTS 272 TO 32C EVALUATE THE MATRIX ELEMENT IF ~PERATOR AND 
C TRAILING WAVE FUNCTION UNIT SYMMETRIES ARE KNOWN AND THE LEADING 
C .WAVE FUNCTION UNIT SYMMETRY UNKNOWN. IF IWFQINUMMATI=·', THEN THF 
C THE TRAILING WAVE FUNCTION IS UNKNOWN. SINCE TWO UNIT SYMMETRitS 



335 

C ARE KNOWN FOR THIS CASE, THIS MEANS THE OPERATOR AND LEADING WAVE 
C FUNCTION AKE KNOWN. IF IWFQI~UMMATI=l, THF T9AILING WAVE FUNCTIU~ 

C IS KNOWN. SINCE THE LEADING WAVE FUNCTION IS KNOWN AND SINCE T~O 

C UNIT SYMMETRIES ARE KNOWN THE OPERATOR IS UNKNOWN. 
c 

c 

328 IDV = KOPINUMMATI 
332 NRIPS = NRIPIIDV,KWFPI · 
336 DO 352 NRS = 1,NKIPS 
34') JOSTWFINR.SI = IG!'IIUV,KWFP,NRSI 
344 JOSOPINRSI = IDV 
348 JDSLWFINRSI :: KWFP 
352 CONTINUE 
350 IWFQINUMMATI = l 

C THIS fNOICATES THE TRAILING WAVE FUNCJION OF THE NUMMAT MATRIX 
C ELEMENT HAS REEN ~f.IEKMINED. 

c 

c 

360 MATELOINUMMATI = 1 
364 GO TO 516 
368 IDV = KWFINUMMATI 
372 NRIPS = NRIPIIDV,KWFPI 
376 DO 392 NRS = l,NRIPS 
38G JDSOPINRSI = IGPIIDV,KWFP,NRSI 
384 JOSLWFINRSI = KWFP 
3R8 JDSTWFINKSI = IOV 
392 CONTINUE 
396 IOPQINUMMATI = 1 
4Ln MATELQINU~MATI = l 
404 GO TO 516 
408 IF ILUNONQI 41~,412,42C 

410 CALL ERROR! 51 I 

C IF LUNONQ IS ZERO THE PROGKAM DOES NOT HAVE TO DEAL WITH THE N OR 
C N**2 ADDITIONAL SYMMETRIES FOR THIS TERM, AT LEAST NOT YET. IF 
C LUNONQ IS GREATER THAN ZERO THE PROGRAM DEALS WITH THESE SYMMETRIES. 
c 

c 

412 MATELOINUMMATI = n 
416 GO TO 516 
42C LUNONO = 0 

C LUNONQ IS RESET TO ZERO ONCE THE DECISIO~ HAS BEEN MADE TU DO THE 
C ADDITIONAL SYMMETRIES. THE DECISION IS MA0F ONCE FOR THE N CASE. 
C IT IS MADE TWICE FOR THE N**2 CASE. THE RESETTI~G IS NFCESSARY 
C EVERY TIME THE DECISION HAS BEFN MADE SO THAT IT CAN "E MADE AGAIN 
C WHEN NECESSARY. 
c 

c 

424 IF IIWFQPI 426,428,432 
426 CALL ERROR(~21 

C IN THE FOLLOWING BRANCHES WE ARE IN THE SITUATION WHERE WE KNUW 
C EITHER ONE OR t-jONE OF THE UNIT SYMMETRIES OF THE M.ATRIX ELEMENT. IF 
C NONE ARE KNOWN THE BRANCHES TAKE US OUT OF THE SUBROUTINE Sn THAT 
C . WE LAN GO ON TO A MATRIX ELEMENT THAT DOES HAVE AT LEAST ONE UNIT 

.C SYMMETRY KNOWN. If ONE SYMMETRY IS KNOWN THE RRANCHES DIRECT US SO 
C THAT IF THE KNOWN UNIT SYMMETRY IS A WAVE FUNCTION, THE OPERATOK 
C SYMMETRY IS SUPPLIED. IF THE KNOWN IS THE OPERATOR SYMMETRY, THE 
C TRAILING WAVE ~UNCTION SYMMETRY IS SUPPLIED. WE FIRST INVESTIGATE 
C THE CASES WHERE EITHER UF THE wAVE FUNCTION SYMMETRIES ARE KNOWN 



c 

c 

428 IF I I·WFQINU"'MATII 430,46A,432 
430 CALL ENRORI531 
4H GO TO 468 
432 IF INORNSQ - ll 434, 1t36,452 
434 C~LL ERRO~I541 
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C IF NURNSQ=1, WE MUST SUPPLY THE FIRST IN) SYMMETRY. IF NORNSQ=2, 
C WE .MUST SUPPLY THE SECOND IN-*21 SYMMETRY. THE PARTICULAR 
C REpRESENTATIONS SUPPLIED IS DETERMINED BY Sf.CTIUN 8)0'. WHEN ~ UNIT 
C SYMMETRY IS SUPPLIED IOPQINUMI'4AT) ICR IWFQINU"'MATl I IS SF.T F.QU~L TO 
C ONE INDICATING THE KNOWLEDGE OF THIS UNIT SY~METRY FOR THIS 
C PARTICULAR GROUP TERM. ALSO 10f.'QAINU'1!'1ATI lOR (WHIAI['IIJ111MI\TII IS SET 
C EQUAL TO ONE INDICATING THE KNOWLFDGF OF TtiiS UNIT SYM"''ETKY FOR 
C THIS SET OF GROUP TER"'S. 
c 

c 

4]6 KOf.'INU~MATI ~ IREPSBINALLI 
440 IOPUINUMMATI = 1 
444. IOPQAINUMMATI = 1 
'•48 GO TO 2C.•) 
452 KOPINUMMI\TI = IREPSBINSQALLI 
456 tOPQ(NUMMAl) = 1 
46~ IOPQAINUMM~T) = 1 
464 GO TO 2C '' 
468 IF IIOPQINUMMATII 470,472,48: 
470 CALL EPRORI551 
472 MATELQINUMMATI = 0 

C NONE OF THt UNIT SYMMETRIES ARE KNOWN FOR THE NUMMAT MATRIX ELEME~T. 

c 
't76 GO TO 516 
480 IF INORNSQ - 11 482,4A4,5C0 
462 CALL ERRORI561 
484 KWFINUM"'ATI = IREPSBINALLI 
4HH. IW~UINUMMAII ~ 1 
~~2 IWFQAINUMMI\TI - 1 
496 GO TO 2C:/ 
5~0 .KWFINUMMATI = IREPSRINSQALLI 
504 IWFQINUMMATI = 1 
s·:·B IWFQAINU!.IMAT) = 1 
512 GO TO 2C~ 

516 RETURN 
~~c crm 



SUBROUTINE SEARCHIIMECCD,JUPN,JWFN,KWFN,KPOSl 
192 COMPLFX COCOME,COUPCF,TEMCC 

337 

196 COMMON/ S IJBS E R I I DEGRR I 12 I, I PAR TM I 12 l , I R DEG I 12 l , M EMRF PI L, 1:, 4 l , 
lCUCO~EI5,4,4l,COUPCFilf,1f,4),NNUREP,~ATCHI4l 

2C0 DIMENSION INDROWI2l,LOCATEI21,MEMNUMI21,TE~CCI8l 

c 
C SUBROUTINE SEARCH SEARCHES OUT ALL THE COUPL(NG CUEFF!CIENTS 
C CORRESPONDING TO A (MATRIX ELEMENT) SET OF UNIT SYMMETRIES. TriER~ 
C ARE THREE UNIT SYMMETRIES PFR MATRIX ELE~ENT AND IF TWO OR THREE 
C OF THESE SYMMETRIES ARE DEGENERATE THEN, SINCE FOR EACH nnUSLY 
C DEGE~ERATE REPRESENTATION THERt ARE TWO MEMBERS, THERE ARE 2**2 
C OR 2**3 COM8[NATIONS OF THESE UNIT SYMMETRY MEMBERS. FUR A 
C NON-DEGENERATE REPRESENTATION THE MF~BER IS IOENT1CAL TO lHE 
C SYMMETRY ITSELF. FOR EACH OF THESE COM8lNAT!ONS THERE CORRESPONDS 
C A COUPLING COEFFICIENT. THUS FOR A SET OF UNIT SY.'4METRIES, TWO OF 
C WHICH ARE DC1UBLY DEGENERATE, THERE IS A SET OF 2**2=4 COUPL lNG 
C COEFFICIENTS, SOME UF WHICH CAN BE ZERO. SIMILARILY IF ALL THREE OF 
C THE UNIT SYMMETRIES ARE DOUBLY DEGENERATE, THERE IS A SET OF 2**3=8 
C COUPLING COEFFICIENTS. THESE ARE INITIALLY STORED IN THE ~AIN 

C PROGRAM IN A THREE SUBSCRIPT ARRAY, EACH SURSCRIPT COKRFSPUNDING 
C TO A UNIT SY~METRY AND Bf:ING ONE OR TWO OP-1ENSI11NAL DEPENDING !JN 
C WHETHER THF UNIT SYMMETRY IS NUN-DEGENERATE OR DOURLY OEG~NEKATE. 
C MAIN PROGRAM STORAGE FOR THE COUPLING COEF~ICIENTS IS IN THE ARRAY 
C COUPCFINSETCM,NCMSET,NUMROW), WHERE NSETCM IS THE INDEX UF THE SET 
C OF COLUMNS AND CORRESPO~OS TO THE OPERATOR UNIT SYMMETRY, NCMSET 
C IS THE INDEX OF THE COLUMN IN THE SET NSETC)-1 <\NO CORRESPONDS ro TYE 
C TRAILI~G WAVE FUNCTION UNIT SYMMET~Y, ANU NUMQnw IS THE INDEX OF 
C THE ROW ANO CORRFSPONOS TO THE L~AOING WAVE FU~CTION UNIT SYMMETRY. 
C ALTHOUGH THE RULE THAT A SUBSCRIPT IS TWO nr~t:NSIONAL FOR A DOUBLY 
C DEGENERATE REPRESENTATION HnLnS, THIS IS SOMETIMES UISGUISEO BY THE 
C FACT THAT THE ARRAYS ARE STACKED AND THUS A PARTICULAR SUtlSCRIPT 
C MAY TAKE ON VALUES 3,4 OR 5,6 ETC. RATHER THAN 1,2. SUBROUTINE 
C SEARCH, GIVEN ALL 3 UNIT SYMMETRIES, CHOSES THE FIRST ~EMRER OF 
C EACH AND EXTRhCTS FROM THE MAIN PROGRAM ARRAY NUT ONLY THE 
C CORRESPONDING COUPLING COEFFICIENT ITERMED THE FIRST COUPLING 
C COEFFICIENT) BUT ALL COUPLING C!IEFFICIFNTS CORRESPllNfliNG TO THIS 
C SET OF UNIT SYMMETRIES. SUBROUTINE SEARCH STO~ES THIS SET OF 
C COUPLING COEFFICIENTS IN THE TEMPORARY STORAGE ARRAY TEMCCI ITEMCCI 
C WHERE THE ORDER OF STORAGE OF COUPCFINSETCM,NCMSET,NU~ROW) HAS 
C NUMROW VARYING MOST RAPIDLY, NCMSET THE NEXT MOST RAPIDLY, AND 
C NSETCM THE MOST SLOWLY. WE MUST NOT LOSE THE INFORMATION CONTAINED 
C IN THE THREE SliBSCR IPTS HOWEVER, SINCE IF WE CHANGE THE MEMBER OF 
C A DOUBLY OEGENERATF WAVE FUNCTION IFOR THE COMPLEMENTARY MEMBER! 
C OF THE IMECCO MATRIX ELEMENT, THFN WE MUST ALSO CHANGE THE MEMBER 
C OF THE TRAILING WAVE FUNCTION JF THE IMECC0+1 MATRIX ELEMENT IFOR 
C LEADI~G WAVE FUNCTION OF t~ECC0 ELEMFNTI UR U~ lHE: LtAlJING WAVt 
C FUNCTION OF THE IMECCD-1 ELEMENT (FOR TRAILING FUNCTION OF iMECCO 
C ELE~ENTI. THUS WE MUST HAVF A CONTINUING RECORD OF THF MEMRERS 
C CURRtNTLY MAKING UP EACH MATRIX ELEMENT SO THAT WHEN WE DO MrMOER 
C PERMUTATIONS OF THE UNIT SYMMETRIES WF CAN EXTRACT THE CORRECr 
C COUPLING COEFFICIENTS. A PROBLEM ARISES IN THAT FORTR<\N IV THE~E 
C IS ONLY PROVISION FOR 3 SU~SCRIPTS. SINCE IN STORING ALL THE 
C COUPLING COEFFICIENTS WE NEED ONE SUBSCRIPT TU INDICATE WHICH 
C IIMECCDI MATRIX ELEMENT THEY ARE FOR, THIS ONLY LEAVES TWO 
C SUBSCRIPTS TO CARRY THE INFORMATION OF THE ORIGINAL 3, NSETCM, 
C NCMSET, NUMROW. THIS DONE BY STACKING THE COUPLING COEFFICIENTS 
C CORRESPONDING TO THE OPERATOR SECOND MEMRER ON THE COEFFICIENTS 



JJO 

C CORRESPONDING TO THF OPERATOR FIRST MEMBER IWH~R~ THE OPERATOR IS 
C DOUBLY DEGENERATE!. THE STACKING IS FURTHER DESCRI~EO IN SECTION 
C 7000 OF THE MAIN PROGRAM. THUS THE LAST PART OF SUBROUTINE SEARCH 
C STAC~S THE COEFFICIENTS IN TEMCCIITEMCCI IN THE THRF~ DIMENSIONAL 
C ARRAY COCOMEIIMECCD,NEWIA,NEWIBI. 
c 

2J4 ICLK = 1 
c 
C ICLK ClOCKS THE OPERATOR AND T~AILING WAVE FUNCTION INITIAL ME~gERS. 
c 

2·)8 INMROW = 4 
c 
C INMROW INDICATES THE NUMBER OF ROW~ INDEXED BY LEADING WAVE FUNCTION 
C MEMBERS WHICH COULD CORRESPOND TO THE OPERATOR AND TRAILING WAVE 
C FUNCTION SYMMETRIES GIVEN. STATEMENT 2:i8 IS AN !NITIALIZATIUN fiND 
C ~AY RE CHfiNGED DEPENDING ON THE DEGENERACY'S OF THE THREE UNIT 
r <;YMMFTRTFC\ 
c 

212 NUMREP = JUPN 
c 
C THE OPERATOR SYMMETRY IS PUT IN NUMREP FOR ICLK=1. FOR ICLK=2 THE 
C TRAILING WAVE FUNCTION SYMMETRY WILL AE PUT IN NUMREP. NUMREP IS 

.C USED AS AN INDEX TO DETERMINE THE POSITIONS OF THE COUPLING 
C COEFFICIENTS IN THE MAl~ PROGRfiM ARRAY. 
c 

c 

214 IRDGDV = IRDEGINUMREPI 
716 IF IIRDGDV- 11 218,228,22!' 
218 CALL ERRORI571 
219 GO TO 228 

C IRDEGINUMHEPI IS THE DEGENERACY OF THE SYMMETRY NUMREP. 
c 

220 LOCATE I ICLKI = NNDREP + IDEGRRINUMREPI 
r. 
C NNDREP IS THE NUMBER OF NON-DEGENERATE REPRESENTATIONS. 
C IDEGRRINUMREPI l S THE DEGENERATE RFPRESENTATltlN KANKING FUR THE 
C NUMREP SYMMETRY. STATEMENT 220 IS USED WHEN NO~REP IS 90UBLY 
C O~G~~~~ATE TO STORE IN lOCATEIICLKI EiTHER TH~ ~UM~~R nF fHE SET 
C OF COLlJMNS IFOR NUMREP~JOPN; ICLK-11 OR THF NUMRER OF THE COLUMN 
C IN THE &ET IFOR NIJ~REfbJWF~J, ICll'.~21. . 
c 

(. 

224 GO TO 248 
228 INM~Ow = INMROW - 2 
229 IF IKPOSI 232,232,230 
230 NUMREP 5 MATCHINUMREPI 

C IF NUMRFP IS NON=OfGENERATf THEN THE VALUE OF INMRO~ MUST BE 
C REDUCED. IF BOTH JOPN AND JWFN ARE NON-DEGENF.RATE THEN THIS 
C STATEMENT IS DONE TWICE AND THE FINAL VALUE OF INMROW IS ONE. 
c 

232 IF INUMREI' - NNDREPI 244 9 244,236 
c 
C FOR MOST GROUPS THE REPRESENTATIONS ARE ORDERED SO THAT THE 
C NON~DEGENERAT~ JNES COME PIRST FOLLOWED BY THE OOU8LY•DEGENERATE 
C ONES. HOWEVER FOR THE GROUPS C6, C3H THE REPRESENT4TIONS ARE 
C ORDERED IN THf FOLLOWING MANNER. ONE NON-DEGENERATE, ONE DOUBLY 
C DEGENERATE, ONE NON-DEGENERATE, AND THE REMAINDER DOUBLY DEGENERATE. 
C THIS BRANCH POINT HANDLES THIS PROBLEM. IF NUMRF.P IS GREATER THAN 
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C NNDREP, THE NUMBER OF NON-DEGENERATE PEP~ESENT~TIONS, THEN ~E ARE 
C DEALING WITH C6 OR C3H. FOR THESE GROUPS THE FIRST NON-DEGENEKATE 
C REPRESENTATION OTHER THAN THE TOTALLY SYMMETRIC ONE, IS THE THIRD 
C REPRESENTATION IN ORDER. AS THIS IS THE FIRST NON-DEGENERATE 
C REPRESENThTION WF SET LOCATEI ICLKI=l. FOR ALL OTHER GROUPS WE HAVE 
C NUMREP EQUAL TO OR LESS .THAN NNDRFP FOR THF NON-DEGENERATE 
C REPRESENT~TIONS. 

c 

c 

236 LOCATEIICLKI ·=? 
24J ·GO TO 248 
244 LOCATEI ICLKI = NUMREP 
248 IF I ICLK- 11 2~1'1,252 1 268 
250 CALL ERROR(581 

C IF ICLK=l WE HAVE CHECKED ONLY THE OPERATOR SYMMETRY. IF ICLK=2 
C WE HAVE CHECKED BOTH OPERATOR ANO TRAILING WAVE FUNCTION SYMMETRY 
C AND THFREFOPF GO ON TO INVESTtGATE THE LEADING WAVE FUNCTION 
C AND THE RUW INDEX. 
c 

252 IDGOP = IROGDV 
c 
C HERE WE STORE THE: OPEPATOR DEGENERACY IN IOGOP. wE THFN ADVANCE THE 
C CLOCK ICLK ANO CHECK THE TRAILING WAVE FUNCTION SYMMETRY 
c 

c 

256 ICLK = 2 
26n NUMREP = JWFN 
264 GO TO 214 
268 IDGTWF = IRDGDV 

C THE T~AILING wAVE FUNCTION DEGENERACY IS STORED IN IDGTWF. 
c 

c 

272 IF IINMROWI 274,276,284 
274 CALL ERRORI591 

C FOR INMROw=~, ALL THREE UNIT SYMMETRIES ARE NON-DEGENERATE AND 
C THERE IS ONLY ONE COUPLING COEFFICIENT FOR THE IMECCD MATRIX 
C ELEMENT AND IT IS EQUAL TO 1. FOR INMROW GREATER THAN ZERO THE 
C COUPLING COEFFICIENT SET MUST BE CALCULATED. 
c 

c 

276 COCOMEIIMECCO,l,11 
281) GO TO 564 
284 NSETCM = LOCATElli 
28~ NCMSET = LOCATEI21. 

ct.c·,,_:.ct 

C HERE THE OPERATOR AND TRAILING WAVE FUNCTION SVMMETRIF.S, TH~U THE 
C SPECIFICATION OF LOCATElli AND LOCATEI21; DETEf?'IIN[ Til[ ~UO~CKIPT:; 

C NSETCM AND NCMSET OF THE MAIN PROGRAM ARRAY STORING THF. COUPLING 
C COEFFtCJENTS (OUPCFINSETCM,NCMSET,NUMROWI. THE SUBSCRIPT NUMROW IS 
C VET TO RE DETER~INEO AND IS EVALUATED IN THE NEXT PORTION OF 
C HI[ SUilROUTIN[, 
c 

c 

292 IF. IIRDEGCKWFNI - 11 294,295,31;8 
294 CALL ERRORI601 

C THIS BRANCH DF.TERMINES IF THE LEADING WAVE FUNCTION SYMMETRY IS 
C DOUBLY DEGENERATE OR NOT. THIS PORTION OF THE SUBROUTINE THEN SETS 
C THE LEAOING WAVE FUNCTION IN MEMBER FORM. IF NON-DEGENERATE 
C IIROEGIKWI'NI-llt TII[R[ I~ ON[ I-1[1.1D[R AND IT 15 5T011EO IN HEMNUMill. 

'· 
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340 

C IF DOUBLY DEGENERATE IIRDEGIKWFNI=21, THE:RF. ARE.TWO '1EMBERS WHICH 
C ARE STORED IN MEMNUMI11 AND MEMNUMI21. 
c 

c 

2q5 IF IKPOSI 296,2q6,298 
296 KWFO = KWFN 
297 GO TO 299 
298 KWFO -= MATCHIKWFNI 
299 MEMNUMI 11 = LiOO * KWFO 

C THIS IS· THE FURMULA FOR CONVERTING NON-DEGENERATE REPRESENTATIONS 
C TO MEMRER FORM. 
c 

c 
r: 
c 

c 

3iJO I DGLWF = 1 

THF OF~FNFRACY OF T~E LEADI~G wAVE FUNCTION IS STORED IN IOGLWF. 

3<'4 GO TO 332 
3C.8 MEMNUMI 11 

C THIS IS THE FORMULA FOR CONVERTING OIHJOLY DEGF.Ni:RATE REPRESF:NTtlliUN!:> 
c TO ME.MBH FtlRM 
c 

312 'IDGLWF -= 2 
c 
C THE DEGENERACY OF THE LEADING WAVE FUNCTIOt\1 .IS STORED IN IOGLWF. 
c 

c 
c 
c 
C. 
c 
(. 

c 
c 
c 

c 
c 
c 
c 
c .,_c 

c 
c 
c 
c 
c 
c. 
c 
c 
c 

3 1 6 I F I I P A R T M I K WF N I I 3 1 8 , 32C , 3 2 8 
318 CALL ERRORI6ll 

UEGENERACYS OUE TO SPACIAL SYMMETRY ELEMENTS HAVE THEIR PARTNER 
.~F.MAERS DETERMINED RY AOO(NG 1 TO THE FIRST MEMBER. THOSE WHOSE 

DEGENERACYS ARE DUE TO TI~E REVERSAL HAV~ THEIR PARTNER MEMBERS 
DETERMINEO BY REFERENCE JO .THE ARRAY IPARTMIKWFNI. FOR All SPATIAL 
SYMMETRY DEGENERACY$ IPARTMIKWrNJ•C AND IS GREATER THAN Z~RO FOR 
All THOSE DUE TO TIME REVERSAL. THUS IPARTMIKWFNI FO~MS THE ~RANCH 
f\ASIS. 

320 MEMNUMI21 
324 GO TO 332 
328 MEMNUMt21 

MEMNUMI 1 I + 1 

11-'AIU!"'llti.Wt-Ni 

Tt;iE FOLLOWING TWO LOOPS' DECIDE WHICH ROWS !VALUES OF NllMRUWI OF THI:' 
ARRAY COUPFINSETCM,NCMSET;NUMR0Wl CORRESPOND TO THE ~EMSERISI 
MEMNUMCll IMEMNUMt211. THF. NUMBER OF ROWS TO CHOOSF. Ff{fJM IS INMKfJW, 
THE NVr-4A~R nF MEMBERS·~ 0 CHOOSE FRIJM IS IDGLwF. 

332 DO 348 INUMRO = l,INMROW 
336 DO 348 ME~CLK-= l,IDGLWF 
340.1f_CMEMREPCNSETCM,NCMSET,INUMROI - ~EMNUMIMEMCLKII 148,344,348 

SfATEMENT 340 LOOKS. FOR COINCIOFNCES ~ETWEE:N THE GIVEN MEMBERS 
MEMNUM(MEMCLKI AND·THE MEMBERS OF MEMREPCNSETCM,NCMSET,INUMROI 
tFOR All V6LUES OF INUMR0=1,INMROWI. WHEN A'COINCIDENCE IS FOUND 

:THE VALUE OF INUMRO IS STORED iN tNDROWIMEMCLKJ. SINCE THt VAlllt 
MEMCLK=l,IOGLWF THERE ARE IDGLWF VALUES OF l~UMRO STORED. THE 
ARRAY COUPCFCNSETCM,NCMSET, INUMROI COM~INES WITH THE ARRAY 
MEMREPINSETCM,NCMSET,INUMROI TO MAKE AVAILABLE FROM THE MAIN 
PROGRAM NOT ONLY THE COUPLING COEFFICIF.NTS FOR EACH MEMBER 



c 
c 
c 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

c 

344 
348 
352 
356 
360 
364 

341 
COMBiNATION BUT ALSO THE SPECIFICATION OF THE LEAbiNG w•vE FUNCTION 
MEMBER CORRESPONDING TU THIS COUPLING COEFFICIENT. 

INOROWIMF.MCLKI 
CONTINUE 
J RE.ORD 
KREORD 
LREORD 
I TEMCC 

l 
3 
(' 

= I NUMRO 

STATEMENTS 352 TO 364 ARE INITIALIZATION STATEMENTS. IN THE 
FOLLOWING PORTION OF THE SURROUTINE, HAVING OETERMlNED THE INITIAL 
VALUES OF NSETCM AND NCMSET, HAVING SPECIFIED THE PERTINENT ROWISI 
INORO~IMFMCLKJ, AND ~AVING DETERMINED UPFRATOR AND ~RAILING wAVE 
FUNCTION DEGENERACYS I IDGUP AND TDGTWFJ, lHf. CUMPLETE SET Of 
COUPLING COEFFICIENTS COUPCFINSETCM,NCMSET,NUMROWI CORRESPONDING T8 
THE UNIT SYMMETRY ASSIGNMENTS JOP~, JWFN, KWFN ARE EXTRACTED FROM 
THE MAIN PROGRAM ARRAY AND ASSIGNED TO THE TEMPORARY STORAGE ARRAY 
TEMCCIITEMCCI. DEPF.NDING ON THE UEGENERACYS OF THE UNIT SYMt~ETfUES 
THE RANGF ~F ITEMCC CAN BE AS SMALL AS 1 OR AS LITTLE AS 8. ITEMCC 
IS INITIALIZED IN STATEMENT 364. THE VARIABLF.S JREORO, KREORO, AND 
LREORD ARE USED AS DECISION VARIABLES IN THE FURTHER REORDERING OF 
TEMCCIITEMCCI TD THE FINAL MATRIX ELE"'ENT COUPLING COEFFICIENT 
ARRAY COCO"'EIIMECCO,NEWIArNEWIRI. 

368 00 384 IMLWF = 1rlDGLWF 

C WE HAVE 2**NDEGUS !WHERE NOEGUS IS Crlr2 DEPENDING ON HOW MANY OF 
C THE TWO UNIT SYMMETRIES, OPERATOR AND TRAILING WAVE FUNCTION, ARE 
C DEGENERATE, Orlr OR 21 MEMBER PERMUTATIONS OF THE PRODUCT OF THE 
C OPERATOR AND TRAILING WAVE FUNCTIO~ MFMBFRS. FOR EACH OF THESE 
C PERMUTATIONS WE GO THROUGH THIS DO LOOP ONCE. SINCE FOR EACH TIM!:: 
C THROUGH THE 00 LOOP WE EXTRACT IDGLWF COUPLING COEFFICIENTS, THUS. 
C THE NUMBER OF COUPLING COEFFICIENTS IN THE SET IS 1Dl.LWF*I2**NDEGUSI 
C NOTE THAT NOEGUS APPEARS IN NO EXECUTABLE STATEMENT OR SPECIFICATION 
C STATEMENT IN THE MAIN PROGRAM OR ANY SU9ROUTINF.. 
c 

372 NUMROW = INDROWIIMLWFI 
c 
C NUMROW IS DUMMY STORAGE FOR THE ROW INDEX. 
c 

c 

376 ITEMCC = ITE~CC + 1 
3SC TEMCCIITEMCCI = COUPCFINSETCM,NCMSET,NUMROWI 
384 CONTINUE 
388 IF IIDGT~F - 11 390,412,392 
39P. CALL ERRORI621 
391 GO TO 412 

C HERE WE CHECK IF THE TRAILING WAVE FUNCTION IS OEGENF.R4TE UR NOT." 
C IF IT IS NOT lOR IF IDGTWF=ll WF. GO rJN TO CHECK' THE OPERATOR. IF IT 
C IS lOR IF IOGTWF IS NOT EQUAL TO 11 THEN THE VALUE OF NCMSET IS 
C AOVANCEn BY ONE AND IDGTWF SET EQUAL TO ONE. 
c 

c 

392 JREORO = JREORO +:4 
396 KREORO = C 

C IHtSt IWU I<I:IJKUt:'R VALUES ARE SET TO NEW VALU~S. THESE TWO AS WELL 
C AS LREORD COULD BE RESET AGAIN TN A LATER STATEMENT. THE VALUES OF 
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~ THESE THREE REORDER VARIABLES ARE DETERMINED BY THf OFGFNERACYS 
C OF THE THREE UNIT SYMMETRIES. THERE ARE FIVE POSSIRLE CASES ANO 
C THEY ARE LISTED BELOW. THERE IS NO CASE POSSIBLE THAT HAS ONLY 
C ONE UNIT SYMMETRY DOUBLY DEGENERATE. 
C IDGOP IOGTWF IOO.lWF JREORD K~EOPO LREORD 
c 2 2 2 8 1 3,8 
C 2 2 1 4 1 1,A 
c ? 1 2 4 1 l,q 
c 1 2 2 4 1 3 
c 1 1 1 1 1 3 
C FOR All CASES WHERE THE O~F.RATDR IS DOUBLY DEGENERATE THERE ARF. TWO 
C VALUES FO~ LREORD. THE SMALLER VALUE CORRESPONDS TO THE FIRST 
C OPERATOR MEMBER I SMALLER VALUE OF NSETCMI 1\"10 THF. LARGER VALUE TO 
C THE SEC0ND MEMRER ~LARGER VALUl OF NSFTCMI. 
c 

(. 

400 NCMSET ~ NCMSET + 1· 
41~.4 I fJG TWF = l 
4:8 GO TO 36A 
412 IF IIDGOP- 11 414w452,4ln 
~l~ CALL ERRQRio~l-

415 GO TO 452 

C HERE WE CHECK IF THE OPERAHJR IS DEGENERATE IJ~ NOT. IF IT lS NUT 
C lOR IF IDGOP liAS BE.FN RFSE'T TO 11 THEN All COUPLING COEFFICIENTS 
C HAVE BEEN STORED IN TEMCCIITEMCCI. IF IT IS DFGENERATE AND IOGOP=2 
C THEN WE ~UST ADVANCE NSETCM BY ONE AND SET IDGOP=1. THE LATTER IS 
C DONE SO THAT THIS PATH IS GONE THROUGH ONLY ONCE FOR DEG~NERATE 
C OPERATORS. ~HEN THIS PATH IS GONE THROUGH WE MUST CHECK TO SEE IF 
C THE ·r~AILING WAVE FUNCTION IS DEGENERATE. IF THE TRAILING WAVE 
C FUNCTION IS DEGENERATE, THfN AT THIS POINT KREORD<:. IF IT IS 
C NON-DEGENERATE KRE!JRD=1. THUS KREORD ENABLES ONE TO TELL TI1F 
C DEGENERACY OF THE TRAILING WAVE FUNCTION. IF DF.O.ENERATE WE MUST 
C RESET IDGT~F=2 AND RETURN NCMSET TO ITS INITIAL VALUE. THE 
t NECESSITY FOR All OF THIS IS THAT ~~EN OPE~AfOR ANO TRAILING WAVE 
C FUNCTION ARF. DEGENERATE THEN FOR EACH llPF.RATflR MEMBER BOTH MEMBERS 
C OF THE TRAILING WAVE FUNCTION MUST BE CONSIDER~O W~EN EXTRACTING 
C COUPliNG CO~FFICI~NTS. 
c 

c 

416 NSETCM = NSETCM + 1 
42C IDGOP = 1 
424 IF IKREORDI 426,440,428 
426 CALL ERRORI641 
427 GO TO 44•) 
428 JREORD = 4 
432 LRFORO = 1 
4~(> GO TO 368 
440 NCMSET = NCMSET - l 
444 IDGTWF = 2 
448 GO TO 368 

C THE NEXT PORTION OF THE SURROUTINF SETS UP THE REMAINDER Of· THE 
C REORDER VARIABLE SCHEDULE. FO~ THE CASES WHERE LREORO H~S TWO 
C VALUES (fOR THE QPE~ATOR DEGENERATEI ONlY THF IOWF~T V6LUE HAS ~EE~ 
C OR WILL BE SET INITIALLY. THE HIGHER VALUE WILL BE USED LATER IN 
C THE REOROERING INTO THE ARRAY COCO~EitMECCO,NEWIA,NEWIBI. 
c 

452 IF IIDGLWF- 11 454,456,468 
454 CAll ERRORI65) 

I 

\ 



c 

456 JREOfW = 4 
41'.>0 LREORD = l 
464 GO TO 472 

343 

C THIS IS THE CASE FOR OPERATOR AND TRAILING WAVt FUNCTION OEGENtRATE 
C AND LEADING WAVE FUNCTION NON-UEG~NERATE 
c 

468·KREORD = 1 
c 
C THIS IS THE CASE. FOR ALL TIMES THE LEADING ~AVE FUNCTION IS 
C OEGEN.ERATE 
C THE LAST PART OF SUBROUTINE SEARCH IS USED TO REORDER THE COUPLING 
C COEFFICIENTS STORED IN TE~CCINUMCCl AND TO STORE THEM IN THE ARRAY 
C COCOMEIJMF((O,NEWIA,NEWIB), IMECCD DENOTES THE NUMKER OF THE MATRIX 
C ELEMENT AND NEWIA, NEWIB INDEX THE STACKE~ SET OF COUPLING 
C COEFFICIENTS FOR THE IMECCO ~ATRIX ELEMENT. THE NEXT FOUR 
C STATEMENTS ARE INITIALIZATION ONES FOR THE INOICES NEWIA, NEWIR 
C AND FOR THE DECISION VARIABLES NEWAR, KLREOR. 
c 

c 

472 NEWIA = l 
476 NEWIB = l 
48G NEWAI3 = l 
484 KLREOR = 0 
488 00 560 NUMCC = 1,JREORO 

C JREORO IS THE NUMBER OF COUPLING COEFFICIENTS IN THE SET. THUS BY 
C COMPLETING THIS DO LOOP WE REORDER ALL THE COEFFICIENTS FOR THE 
C IMECCO MATRIX ELEMENT AND STORE THEM IN THE THREE DII-IENSIONAL AR4.AY 
C COCOMEI IMECCO,NEWIA,NEWIBI 
c 

c 

492 COCOMEI IMECCD,NEWIA,NEWIBI = TEMCCINUMCCI 
496 IF ( IDGLWF - 11 498,516,5U; 
498 CALL ERRORI6bl 
499 GO·To 516 

C IF THE LEADING WAVE FUNCTION IS DEGENERATE THE COEFFICIENT NEWIR 
C IS VARIED BETWEEN 1 AND 2 FOR NON-OEGENFRATE OPERATORS AND FOR THE 
C FIRST MEMBER OF A DEGENERATE OPERATOR. IT IS VARIED BETWEEN 3 ANO 4 
C FOR THE SECOND MEMBER OF A DEGENERATE OPERATOR. IF THE LEADING WAVE 
C FUNCTION IS NON-DEGENERATE THE COEFFICIENT NEWIB IS KEPT CONSTANT 
C AT 1 OR 3 DEPENDING ON THE NATURE OF THE OPERATOR. 
c 

c 

'iliC, IF INEWIB - NEwABI 502,5(4,512 
502 CALL ERROR(691 
5G4 NEWIB = NEW!~ + 1 
5C8 GO TO' !JH.o 
512 NEWIB = NEWIB - 1 
516 KLREUR = KLREOR + 

C KLREOR IS A DECISION VARIABLE USED IN THE VARIATION OF NEWIA. THE 
C VARIATION OF NEWIA IS RELATED TO THE TRAILING WAVE FUNCTION ANO 
C OPERATOR IN THE SAME MANNER AS THE VARIATION OF NEWIB IS RELATED 
C TO THE LEADING WAVt fUNCiiON AND OPERATOR. 
c 

520 IF IKLRfOR - KREORDI 522,536,524 
522 CALL ERRORI671 
523 GO TO 53b 
524 NEWIA = NEWIA + 1 



c 

528 IF IKLKEOR- KREORD- 11 536,536,532 
532 NEWLA = NEWIA - l 
536 IF INUMCC - L~EORDI 560,560,54n 

344 

C THIS I. fiST BR-"NCH IS IISFO TO RF.SET THE VALVES OF KKEORD, LRI::L1RD, 
.C NEWIA, NEWIB, NEWAB AT THE PROPER POINT IN THE NU~CC DO LOOP. THIS 
C IS ONLY NEEDEO IF THE OPERATOR IS DEGENERhTE. FO~ A NON-DEGtNERATE 
C OPERATOR IT IS ONLY ON THE LAST PASS THROUGH THE.NUMCC DO LOOP 
C (N.liMCf.".IRFDROl THAT NUMCC IS GREATER THAN LKEORO.AND THE VALUES OF 
C THE ABOVE ARE RESET. HOWFVF.R FOR THIS CASE THESt NEW VALUES ARE 
C NEVER USED AND THE RESETTING IS MEANINGLESS. FOR DEGENERATE 
C OPERATORS THE RESET POINT IS ALWAYS HALFWAY THROUGH THE SET OF 
C COUPLING COEFFICIENTS AND THE RESULT IS SUCH THhT NEWIA, NE~!8 HAVE 
C iHE ~ALUES 3 OR 4 RATHER THAN 1 OR 2. 
c 

54C K'LREOR = C 
544 LREORO = 8 
548 NE.WIA = .3 
552 NEWIB = 3 
556. NEWAB = 3 
56!:' CONTINUE 
564 RETURN 
568 END 



345 
SUBROUTINE SYMANAIMOOEPI,NCOMI 

18::' COMMON I SUBS YM /I TE CM I 2 R I , KAR OP 12 81 , K ARWF I 2 AI , N l Xi o I , N l Y I 6, '5 ·. I , 
lNADDI41,JVIBI2fl,9GI 

165 COMMON/1G'):-/IVISBI6,5'-,35l,lfXG016,5"·,351 
19(; COM"10N/3(',~L/NDOPI6,5:'.:·1 ,NDWFI6,5·:,3'51 
194 QIMENSION NYI5CI,KIVSI41 
l 96 N I Nl T -= 2 
20C ~0 TO 12C4,2~4,212,22~,220), MUOEPI 
204 NFITfR = 1fl . 
?.C'6 NINIT = 1 
2( 8 Gll TO 222 
212 Nf'tTER = 28 
21':> GO Tn 222 
220 f\IFITEP = 14 
222 nn 23' N = 1.5~ 
2?4 NYINI -= 1 
:>25 NDWFINCfJ'1,N,ll = 0 

22o DO 237. K = 1,35 
22R IVISBINCQM,N,KI 
230 IEXGDINCOM,N,KI 
232 CONTINUE 
236 NTX = 1 
24C NX = :: 
7.44 NDOPINCOM,11 = 0 
246 NM = •'";. 
248 DO 572 NTER = NINIT , NFITFR 
252 KNOP KAROPINTF.RI 
256 K~WF = KARWFINTERI 
258 KTEC = ITECMINTE~I 
?59 IF IKTECI 572,572,26r 
260 bO 572 !TECUM = l,KTEC 
264 CALL TRANSINTER,ITECOM,NWFDMY,2,KNWF,LINOw,LRUPwl 
268 CALL TRANSINTER,ITECOM,NOPDMY,l,KNOP,LI~DU,LRUPOI 

7.69 LIND! = LINDO . 
270 LROPI = LROPO 
272 .Dll 2fl4 N = l,NTX 
276 NR = N 
28( IF INOPDMY- NOOPINCOM,NII 284,.31o,284 
284 COI\JTINUE 
288 NX = NX + 1 
292 NTX = NX 
296 NDOPINCOM,NXI NOPOMY 
3~ 0 NOWF I NCOM, NX, 11 = NWF I)MY 
3':\I:J NM = NX 
312 GO TO 344 
316 NTY = NYINRI 
)20 DO 120 IV • l,NTY 
324 IF INWFDMY - NIHiF(NCOM,NR, lVII 328,325,32g 
-~25 NO -= IV 
326 NM = NR 
327 GO TO 348 
328 CONTINUE 
332 NOWFINCOM,NR,NTY + 11 =NWFOMY 
336 NYINRI = NYINRI + 1 
340 NM -= tiR 
344 NO = NYINMI 
348 KON -= IVISB(NCOM,NM,NOI 



35~ IVS = KON + 1111 
352 lEG = IEXGDINCDM,NM,NUI + 1 
3S6 KIVSI41 = lVSt1r~c 
36( KISU = IVS - l~L~*KIVSI41 
1~4 KIVSI31 = KiSU/1:0 
168 KISU = KISU- lG0*KlVSI31 
372 i<IVSI?.I = KISlJ/lr· 
176 KIVSILI = KISU- li*KIVSI21 
378 GO TO 1380,3S~,440,~82,5r2), MOOEPI 

346 

380 GO TO 1396,384,396,384,4(8,4C8,384,396,396,3~4,4r8,4:~,4~8, 

1384,396,\~8,4~8,4081, NTER 
384 KAP = 4 
186 GO TO 1388,414,388,414,388,414,388,4141, lEG 
388 lF.XGlJINCOM,NM,NOl = lEG 
'IQ2 r.;n m 414 
3CI6 KAP = 3 
~98 GO JO 14•>:,4\8,414,4l4,4:·~,4·:-·:,414,41 1tl, IE\. 
4~0 IEKGOINCOM,NM,NI)I = lEG + 1 
4Ut GO TO 414 
4~8 KAP = 2 
410 GO TO. 1412,412,412 9 412,414,414,414,4141, ltG 
41.2 IEXGOINCOM,NM,NOI :: lEG+ 3 
414 NOAK • KIVSIK~Pl 

416 GO TO I42G,420,42~,420,420,427,427,427,42f,42.,427,4?7,427, 
1427,42?,477,427,4271, NTF.R 

420 GO TO 1422,572,572,4241, NDAX 
422 IVISBINCOM,NM,NOI KON + NADOIKAPI 
423 GO TO 572 
424 IVISBINCOM,N~,NDI KON- NADDIKAPI 
425 GO TO 572 
427 IF IL INOI I 428,428,42'J 
428 IF IJVIBINTER,ITECOMI - 11 42~,435,4?9 
429 IF ILR.CJPI- L:\.1.1 43(,42(1,435 
4Jt'' t,U Ill lltJl ,'ttl,,-,t,~Hli, NUA-' 
432 IVISBINCOM,NM,NOI = KON + 3*NADDIKAPl 
433 GO TO 572 
435 GO TO 1~37,42?.,572,424), NnAx 
437 IVISBINCO~,NM,NDI = KON + 2*NADOIKAPI 
438 GO TO 572 
441~ Gll IU 1444,4H4,44H,44!:!,4bU,46i ,484,46.:,4'llt 1 44!:l 1 4/1,44U,'•H4,44!:1, 

l448,472,46J,46r,484,46~ ,46~,46~,448~472,472,448,44A,46i), NTt~ 

444 CALL ER~ORI41 

448 KAP = 4 
450 GO tO (452,492,452,492,452,492,452,492,452,492,452,492,452, 

1492.452,4921, lfG 
~52 IEXGOINCOM,NM,NOI = lEG 
456 GO TO 492 
46<) KAP = 3 
462 GO TO l464,464,492,497.,464,464,492,492,464 1 464,492,492,4b4, 

1464 9 492,4921, lEG 
464 IEXGDINCOM,NM,NOI = lEG + 1 
468 GO TO 492 
4"f7. KAP = 2 
474 GO TO 1476,476,476,476,492,492,492,492,47t,476,476,476,492, 

14 9 2, 49 2, 4 92 I , lEG 
476 IEXGDINCOM,NM,NOI = IF.G + 3 
48(; GO TO 492 
484 K4P = 1 

II 
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486 GO TO (488,4R8,4H~,48H,488,4~q,4R8,488,49?.,4q2,492,4g~,492, 

1492,492,4921, lEG 
488 IEXGDINCOM 1 N!~ 1 NOI = lEG + 7 

·492 NDAX = KIVSIKAPI 
494 GO TO (496 1 42,.;,4?\::,42·:,42~,42•),42:),427,427,427,427,42::,42L,42,·:, 

1420,42'J,42r,42C,42':'t42( ,427~427,427,,4?7,477, 1t27,477,4271, NTEK 
496 CAll EPRORI21 . 
5l:n GO TO 42·-. 
5~2 GO TO 15C4,5~8,5J8,512,5C8,5~8,5r8,548,~12,512,543,5 q, 

15~"8,5481, NTER . 
5:~ Chll ERRORI51 
5C8 IF INCO"'- 31 516,516,532 
512 IF INCO"' - 31 532,532,516 
516 KAP = 4 
520 GO TO 1524,56C,524 9 56(,524,5c:',524,56.:1, lEG 
524 IEXGDINCOM,NM,NDI= lEG 
528 GO TO 56J 
532 KAP = 3 
5016 GO TO 154~·,540,56l.lr56f',54C,54C,56S,56<:·1,, lEG 
540 IEXGDINCOM,NM,~DI = lfG + 1 
544 GCJ TO 560 

"548 KAP = ? 
5~7 GO TO 1556,5~6,556,556,56~,56~,56:,56·.1, lEG 
556 IEXGOINCOM,NM,NOI = lEG + 3 
56D NOAX = KIVSIKAPI 
·562 GO TO l564,42r,4z~,42r,42~,42:,42~.42r,4zr,427,427,4?7, 

142(',42CI, NTER 
564 CALL ERRORI3) 
568 GO TO 42C 
572 CONriNUE 
574 NIXINCO"') = NX 
578 NK = NX 
582 DO 590 N = 1rNK 
586 N!YINCOM,NI = NYINI 
590 CONTINUE 
594 RETURN 
598 ENO 
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DATA SHEJ;L_f_~ 349 

[ 
GROVNI) STATE 'BOR.IC.OWING-

1 __,I EXCITE"!) STATE: SOI?.RoWIIvG-

c~:;~:".J~ t ~~;:~~o~ II · I II 2.Z I 33 4-t, ss 
2 
·0 
i= 
t.. 
cr. ,, 
VI 
(!I 
<( 

COMP 
1 

IP•Pt 

sus 
S'ffi. 

suafr.o 
S'<M 

COMP. SuB 
Z SY>i 

f'-~1'-~ svs/<J;~ 
~'(.., 

o (OMP sue 
'>l 1 .Y'."' 
o ~ JJ Sv&/•IIB 
, ; /-> m, SYM 
':';:I ~..t....:.~__::..:.:.:.. 

-. ---j--· -· .-~-----·-·--····· ··---
s-s 

12. I I 3 14- 15" 

II 

.-J -1-----1----+----------
SI~,SS"~ 

Yu"' (OMP Sui 
~<( ~ z. -~-"-'1. 1----- __ . ---- --·-········--------! 
':! .J 1 Sllii,IYr& 1 
::; ~ ~ f"/·V('•· S'(M ~ z. s I 555' i 
z::-~ sus 1 

: "o CaMP 5 ... 11 IS" IZ.S" 13S l'fS 

~ IP~.rn,. 5~Z":.t8 . 115, s1s ~z.~ --1-s3~ -5_;5--- ~~~,sz.5,5.-3s~-s4_S:_i 
.., 

;,~ I ~~t~ I I I 1 ~- v -- ... ~~~·0 ------ - -· s~ I ';'~~~ sue --. 

)":'•-· ~"( .... 
.. ~ .. ~!- sue/¥18·11 ---
~~., .!r ll'lz. SV01 

-----·1----·1··-----~ 

~~ ~ ~ COMP sue 
... ~ ,_ J $V"1 

z: ~ 2 11.1..1. 'S;;a/i.-,811 J.-"'"' {--v ZY\'11 SYI1 ---•---------·•---·----

0 
1111-21" 

o>Iw ~ 
fS~~ 

S'S' 

~t <( .. ~~1)!_~~~;;-lt--;r-- _ 

'<·' -" ---s~ ~ - ------~ --
·--l 1---------l 

'"'~ -;:~~~ . 
~~~~ 
~ ~~ 

~ 

"' 
::~~~~). ;;.:~=~ 

COMP SuB 

1 s~.., 

~ 011 
~U~jv•6 

I- 1 5Yt1 

:>· COM!' :;ue 
5'(.., 

J 1- z 
'iVB/Y'IS <.:t 

Ill m~ z. SY01 
:1 

SUB 
~J COMP S'f01 
z< 3 

~U8{V18 1.) 

1....,1 t- "'"(" 
~ SIJCJ 0 SVtt 

SuSJVIB 
'5'fM 

z lt. 3+ 112 zzz 332 -41-Z. ssz.. 

---·-· --~-~----~-------1------+ I I 
~2.5", sss 

t ~~~~'5,2.'1-1 ____ 1_ -·-------~------,-------,---- ·--
IZ I) IZ.Z. 

----l-----1----l----1-----
r;z. .;-, 555' 

zt 
122. 

" 



t~!~~rlf !n ~ ~~~~~0~ I 

lcoHP 
sus 

<: SVI'f 
0 1 siis7tiiJ -
1=- p,p., 1'- s..-,., 
C'. SUB 0 COMP z. VI SYI1 
!!' z 5UsJ..n& ---
c( .P•f'-• ~·(f1 

Co><P sua 
2 SYM 
!(> 1 5~/;;&--.... }l..j11m, 2- SVM H> 
. ~ 1 

(o11P $1.16 1-u<>t 
::l<l., z -~": ...... 
~ .... f- ll-~t}-lsm, 3~-::a ;: 5' 
.. - a) 
z~~. Co11P sua zs 1 3 -~~~-

l/'•1' "'\ Sue/••s I • 'SVI-I 
... COHP sua t 

~" 1 .. S.".'! 
. " ~~ lfA./J SuB/VIS .,,..I• 11m1 s't'1 ~ ~ :j-" 
~~~-~ 

C.oHP ~~~ 
~~~~ IAPI SV6/¥1B ~.J~:t 
~5 ... 1 Wlz. SV'1 

ti[o~ 
COMP :~~ ~0~~ 

~ ~~ 3 -··-lflii"-J SUa/~oS 
I!> \II t""1 'S'('1 

COI'\P sua 

" 1 SY"'' 
W)-l 
~~-o:l: SU6M& .. ;~'" ~IPs ()ll 5V'1 
Ao:·;! 

CaMP sua 

350 
DATA SHEET fOE Cw 

II 

___ ...,;_ ____ 

zz. 

'22S15Z.!i 

( GROV>IO STATE SbRR.OWI>IG
\_ EXC 1TEtl ~ATe SO~RoWII>J(;. 

zz. 33 4+ ss 

-- - ·- .. -·· --------. ·-··-·--------
SS" 

Zl z~ Z3 ZS" 
··- . -· ·- ---- --·-- -------·----- ----

1----------
S"ZS, S"S"S 

·-·····----······· ......... ~----- ·----- ---------
SIS ) sss 

2tS Z+S Z3S 
··-- ----- --------

·s,s S+S' 53S' SiS, 52.~ I S3S", ~S" 
... 

ss 
---··- --·---- ·---

-~--

--- --

55 
-· 

~<t:l:c 
::~_. .... z. ~ f---- . 

if<,&' s~ .. e S<~-
ffi':!~1 ~~ ~'f .. 
~§" ... co~P :.~~ 
~ ~~ 3 - ..... 

~ 
••r-• ·-. ~ .. ~jl. ~ ........ If .. 

• W\ S'tot 

;:,~~.,NT~' ~~~=~ z It 3+ Ill. z~z 33~ ~~z. ssz. 
COM I' ~"I) 

1 S"'ff1 - -·-- --·--· ·---·-·· •••• -w~ • .. -· __ ., ... ----- ··---·-· . -·- ··----···-·-·· 
>- m,Jl ~111)/~•6 

5'1S) 5SS t SYt1 

~ CuM!' -s.ua ··-

:IV"' I II 1 1Z 1'3,14 
J 1- z 

'>VB/IfiS ---·--· <.'it YYlt/1-/!. Zll 1"l.IZ. a! SY'1 
':l sus 
~.I COMP SV'1 
:z.~ 3 i'Ui!lv•a ---1- ---u IJ4Jni1 1- ~YPI SIS,SSS 
~ SUR 

.... 
0 C:OI'11" 

SVI1 It ..,. - -·-··-- H-•- -··-···· -----··-·-- ··-··-·---- -----·- -----·-
)kt'flt. suatw•s Zl I ~ ........ 

.. 
I 



·' 

II 

DATA SH.EJ.T .. sD$ .Gx 
( GROV>IO STAle -eoRc<CJWI>IG-
1 EXCITE\) $TA1E BOII.RoWIN& 

zz 33 4"1- ss 

31 3Z 35" 

351 

..2 __ -··--"--·-- ..... 34 ---- ------·-- -------- ·------
33 

t. lc~r isf:- -----l·----+------l-----11- ---+-----------
!'; 

1
}'"/"1m1 3 ,..., S35, 5'55" 

~~r "(aMP SUII 
~~ ~ ... ~m ~~7&-11---1-----1-----1-----1---- -----------
:;;~~rs1, 'sYH, .. 5"4-S',SSS 

ns Zt;= c.o~P SuB 35 3A""' ~0 ,-,, 5Y'1 ..,..;, 315 
I: p..~."\ ~~~8 ---'-+:-:3-3"-S'-,~s'-3-s+-s-.... -s--1- ·-s,s 525' 

-----+--------------
5"15', 'Sz.S,S3S, S+S' 

r COHP sua .. SS' 
"',. ~ ~ 1". ~~~a· ----1-----+--------- ---------·+------1------------
. ~;e:v ,u..~m. "".., 
S ~"' ~ C. oM P sue 

1 \JU.I1{ C:,"("M 

~ ~ ~ :'{ " ~I . SV&/VIB. I-;-- ------- ------1-------- -----------j 
~ SIll /"1rl Wiz. SY01 

~(o~ CoMP _sus 
\1)0% ~ 3 5'01 II ---t-·•:.....:_--,-+-----1--·-~ ~ ~ ,. .. s;;61;-;a •r --- ---

~'"'f"r'.,.,.,1 SV'1 

COMP Sul3 
fil,_ . 1 .,..s_ ... _..,_'-li----1-_.:.:.__--J ~~ ~ 1:: I" " , Su&f\118 -----+----1-----1--------------1 
o?f~ 11"'_¥'-1-_r"''l 5Y'1 ~~~r~~~~~~~--f--------t-------~~-------+-------~-------------------4 

55 

' "Iii, CaMP sus 
~< < 5'('"1 .......... z. .. .c:_:_~~---1-----+-·----lf------1-------'f----------l 
s-. (- ., " " , sutV.,s 
;: ~ h ~ 1"'11"1 .,.,.,, 5'<''1 

!i~ of coi-IP sus 
~ '!! ~ 3 __ ,._ ... ':! .. ---+,----,--1-------+----+-----11----------1 
1: . li,. , " 5118/v•B 

,:j ~}'•""\. SY'1 

It 34- liZ. Z2Z 3'3Z. 41-Z.. ssz. 
COMP sua 

1 5~"' 1-----1-------1------- -------t-------+----11------1 
~ ~Ul!II••B 

~ r:~~~VL~~:~~~~~~e~r----t~~-r----1-------~-------+------~~----~~:~~-+~s~,:s~s~;~ 
-sv01 4 "1-3,+1- ""11+z. 

.J ~ z :---'-'-11---1- ...,., 
< !1- _ 

1
,_ 'iV!I/'118 

li ..., ~'>~ert ~v" 
':I· 
t- .J ·CoMP 'SuS 
~ ~ • 3 SV01 .• 

~ 1,- $U8/vt8 

r1,.,1 ~""' 

________ , _____ --·· --- ------

--- _. --- ------+-----+--·-·- -----1-----+------l 
S+S"1 SSS' 

Ot sue 
C0'1P SV'1 . 43 
J~. s:-u._.:...e,.:...:,..:...,.,+--+-.:....::..-- --------- ------------- __ 3_+_+ ___ ------f----· 



'o. 

~D==A=I=A~S!d.o.H.f ~L .. LC:.JL£1x. 
4_..4 { GROV>II) STAT€ 'BORR.CJ'tii>IG-

EXCITEI) STATt BO~RoWI•J& 

r-;;;;c;:T·""jP<.r<~;;.,. 1 I 2 z. 3 3 "..._ S 5 
'Co,.,r.~tl(l/1'1 Y SYt1M['TA:;,;oC;,;S=-~=====I=,;~==J,======l==,;;;;==+=~"T,;T==F=====~====·l 

COMP 
1 

f..lt}.lt 

sua 
Sv>f 

susj.(;rj 
Sv-M 

SUG 
sv.., 

SvB/I!;e 
Svt-1 

-------- ---·----

43 tz. 41 45" 

4+ 
0 CoMP sua 

. h ,fl:....1·~~~m_!_,_~..:::..:l.:£:..a-l-l-·~~~~~:~~~~~~~~~~~-~~~~~----·--+---_-_-_-_-_-_-+-----·====~~-~---_s-_.,._--_s~~.~-s--~_-~:___-_--_-_, 
.. ;:.:r,. 
~·U ot .(OMP SIJll 

~ ~ ~ u..~m s-.%)v;'e·-H---I-----I--·-·-I---- ..... ----. - ---·------

:;; ~ Ul r '/ > 1 SYM 
. 5"35" > 555 

2~· 

! 

COMP 
+ 

)k.rY!t 

5VEJ 
S'f>f 

Si>B/VIB 
~,.., 

4:35 

f4i5,StS 535 

4-z.s· 

5Z.S 
--~-~------···--

515, 52S') 53S") S'45" 

---------- ~---- ___ s~----------1 
I 

---1---·---· ---· ------~~ 

·. ·~ . 34 liZ. zzz 3"3Z SSi!. 

---'- --·-: --r.-:-- ------·-· ··-·------ -~·--·-

--. -.- -. -· - . ----·- ----·---- ------- ------
.... ,5'", '>S!O 

~VIS 

SVI1 '3 4-
,-v.:.~/.:.V:.:IB-Jl---f__::_:_.+ .... -- ·-·-·--· .. ··· - .. ·---- ------1--- -+-----~ 

S"''M 433 



SUG 
SY>i 

s.Jiiiv•& 
'SYM 

DATA SHUT fOR C1.v 

--------

II 

GROV>Il) STAI€ 'BOR~OWo>IG

EXCoTEO STAT€ 60~ROWING-

353 

---1---- -·:--f-- -·--- -----··· --·--. - . --·. ---·------j 
s 1 s, s2~, ss:; 

---1------t------1-------f-- .. ·---- ---·---------·---
115",515' 

t COHP Sv3 

"' .. ~ 1 ...:.:!:!. ---!--':--'--+----····· -------1-·-----1-----------.. ,_t.-1 1 , 1., SOB/VI8 
~;::1,v!~"'\ sy.., 
~ ~"' ~ Cot1P sua 
~ ~ ~ :' z ... ~'(~ . 
:1_. ~.:'I" II 5116/VIB 

-----+-----1----·· ··---------1 
~~VI IJ"irl l'tlz. 5'f'1 
~v ~r-2-~~~~~--+-----'---~-------4---------+--------~------------------~ 
~ t ~ ~ COM P SIIB 

~ 0 ~ ~ 3 ~:-~'-::-llt----+-------f------1---------· --·-----1-----------l 
t: 8 ~ 1 , •, Sue./~t•IJ 

I> 10 1/"'rl Y>\1 'SY>t 

COMP SuG 
~ ... 2 1 ~..._ 
'5I- <: 1:;, " , Su&/1118 
~ ?~~ '/-'ljAiMs. .SYf'1 
>;<t;,:~l- sus 
~'( :C Coto1P S'f"' 
_. J we Z. --·~11-----1~----11- ----1------l-------JI--·----------J 
S«l( ~·, "' sollf.,e 5; I;~ 1"-11"1 Y>\l S'f'1 

~'aet C0>1P :~:! 
<( ':~ 3 -- ..... ---·----1----l· ----1-------l--- --------1 
r u .. II " Sll&/voe .:l ,....,..""\ $'('1 

IZ 3+ liZ zzz 3"3Z. ssz. 
C:OMP ~110 

1 S~>'! T " \Ue.jv,..-•B:-II·----t---1----1----
,... m,/'1 s~-. 

·- ----------------



DATA ~I:U;_L~T==tQ.K,.. C1.v 
I- Z. GROVNO STAlE 'BOR.ROWING-
Z. _,I EXCITED STATE 130'I.Ro"mJC,.. 

c~;;;_,h!-.~~:0~~·~~~ I I · II I 1.Z. I 33 I I 
-'U9 

# 

~ 
i= 
"
CI. <, 

"' !!) 
<t 

COMP Sv>f 

1 sus/~;CJ 
j.J.1j).t s..-M 

CoMP 
z 

}1-z_}-Jz. 

SUG 
SYJ1 

s.Js,.;;& 
S't'l"\ 

-~ -+----·· 

z.z. 

354-

55 

·-···-
55" 

e CaMP ;~~ 
>;>- 1 -r··· - -------------
~; )J.;,.m, 5~'<'~8 S'IS", 5Z 5", S5S 
t-;tt=I 
.,.~-"' Co"'P su& L ~ z s-~~~~: - · . ----------- --·- -·--------------
-~~~"".A"'· SYM . S"ZS,SIS,!>S!t 
z::-:: C P sue 
~ii I OM 5'<''1 z: 3 -

lt,U m. SUS/woS 
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--1-----1-----1-· ·--~=-- ·- -·---1---------·-- ·----
ZlS I 52.5 

·-·-·------··---·-1------· 

·---+-----1-----~ 

ljt~,v -· ~~rw~ ... ~ "' 
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~ .J ~ :c ----1--------
~s~ 

e~2 ::;~~~~~:=:==j=::==::=:j:=:=:=:=:t=:=:=:=:~=:=:=:=:~=::=:=:=:=:==:=:=: ~t-:Q 
">~Ill 
~sit\; 
>-< < j_,.., •. 

G<t~- -+--- I ;:'!~t -1- ----i't "'" Il--l ---~0~~ .. 
t: ij~ 

.:\ 

~~~.,!.~• ~;~=~ z ll 31- liZ zzz 3'3Z •HZ. ssz. 
C01'1P sua 

! S·f~1 

(. rn~,u, 
~U&IVIB 

"'-Y~ 

_,--1----1---·----1---------1------1----1 · I 
S'Z.S .• SSS' 

:> COHP 
!)UB 

~ ...... 
.J 1- z 
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':l 

'SV8 
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----·---·-·------- ---l-----~ ____J 
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"- sue 0 (UMP 
1- ~~ .. z IZI,2.Z.IZ.~,Z.4 

}krYlt lu:~v;,s IZ.I 1 121. 
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DATA S H E_£I___f_QJL.~ 

4.....,. 3 GROV~I) STAT€ BoR.!W'o'JING-

3~4 EXCI"T"E:ll 'STATE. 'BOI?,R.oWIN(r 

c~~;;:£-~-~ t ~:::~~~0~ II z. z.. 33 4-t 55 
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1 
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"' - <0 f-.:...._---,,.--
Z't.:: COHP sue 

lo p~,m,. 5~~~8 Ill 133S,S3S+· ------- --------

r CaMP SvG 
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~o5; 3 ~~'='.:11 I I u~ LLJJ. ·-m Sua/V18 --1-------- 1 -I "'~~'r?f l l SYM ---·-- ~----------~ 
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~D~A=T=A====Sl:!._E~·I ~-E.o:!.T'= F ~ 
3 --'t + GROVNO STAlE 130RROWING-

+~ 3 EXCITE\) STATIO BOI?.RoW>N& 

zz. 33 55 

--- ~------'-------. ---- . 
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c~:~;,,[~;T1 t ~~:,~~0~ 

COMP 
svs 

2 SYH 
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1--

}-lt,U.t r_ S'<f1 
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~UG 

" COMP •I() SY>1 
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·DATA SHEET FOR Cty 
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-+------·-------·---
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COMP SU8 
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a£ ""erz. sv01 12.11 12+ 
~ ~~~~~--~r-~t---~-----+------~~~4------+------~ 
~ J. COMP :.: 

z. 5 ' ,, 3 ~ivv·ri· 
i= 1r1~1 ~" a Co11P 'SUG 

't ',;V01 

I 11. ...,_ sustv•e ,,........ ..;,.11 

------ --·-·- 1- ----- ----·-· -·----1--·--+----l 

21 

12:4,12.2. 



.. 

COMP 
1 

.PsJJ.t 

.sua 
Sv>f 

sus!n·a· 
SY'M 

SUG 

Sy>f 

S;;S/11>& 
~YI"\ 

COI'\P Sul3 

358 
. DATA S..t!.EJ;I.:.£~ 
4~ 2. GROIJNO STAlE 'COR!?.O't/ING-

2.-t 4- EXC 1TE1) $TAT€ So~r-.owuvc;. 

2.Z. 33 

5S' 

2.Z. 

---J------------·--~----1-··------· ----------
Sf5,5Z5, 55"5 

S'3S, StS ~s~ 

~~+-----i------f--· ·------1--- -· :·----f----------·--·----
22.5, SZ.S' 

--1---..-------·- ·- ···------ -----·- -----~--

. 

.. --- ---------- -··------f-----·---· ·-------·· .. ·--------------l 

. e)-, 1 ~ ---1·----'---
~t ~ t: 1,, " , liUII/ioii 
~ ::!' ~:: 1/'<1}"1 r"'l SY'M 

';'t~; CoMP su& 
,.oe; < s ... .., 
j _,.... z. ___ .:__ll----1------+------1----+---- -+-----------1 
.S'<lr-& ~uQI,s 
E~ t:.~ ·--~.Y'fl· . .s..-., 
~'a<>~ C011P SuB 
'i ~~ 3 --~'{~ .. - ---------r u .. lu... SUS/vos -------+-----1 

.:\ 'f'-r•~ SV"f 

·-···· .. ·-·· -··-"··-·-·--1----+----I====F-~-----l 

c':.~~~~~· :!.:.=~ z 11. 34- liZ. zzz. 3'32. 4+2. ssz. 
COMP sue 

1, s~.., 

w~,;;e ------ ·-
~ m,;l ~'(f.ot 53S,s-ssr 

.::. CoHP :;ue rz 
Jl- z :~ ...... 

~---- -·---·-- -----· <.'t "'~P.t 
'SV9NIIS 

ZIZ,ZI3 a£ SY"' 
::. sua ~ J. COMP S'<H 
z< 3 S..etv•e ·------- --··--- -----· 

v 
,JJ.t1'11J , .. ..... ., 5'3~) ~5"5" .,_ 

SVIS 0 CO>IP I~ 
1- SV'1 

~--- -~·-·· -·-----····-- --·-· ·-- -·-·· -- ... 
fowtt SuBfV>B 

213, Z.ll ........ 



"Z 
0 
i= 
D. 
« 
C" 
\1"0 
~ 
<( 

COHP 
sua 
SYI'f 

1 sus/toll 
P•Pt S"<M 

SUB CoMP 
SYI1 z 

~9/v;& /lz/'z. SYM 

COMP sus 
J - s::r.., 

I'·" ""- Sua/v•B r•ra·-"1 sy,., 

COMP sue 

II 

DATA SHUT fO& Civ 

zz. 

GROUNO STATE EOR~OWI>/G

EXCITEl> STATE: 130~R.OWIN(i.-

33 

----'1--~·--l·--·-·-·- --·--···· 

------- --------··· 

359 

ss 

ss 

- --------·------f--·---1----------
. 5"15, S3SJ '555 

-·--1------1--------- --· ·-·----'---. 
335, S"3S" 

. -·---- ----1------·--

----+-----·1----

e .. 2 1 ~':'.--11---1------
~ r ~ 't 1" SU&/v•e 
o>I~ "'"'•A~"~l sv., 
~~~ .. r-~~~--~----+-------+--------~~-----~--------~--------------4 ' .(. ,;',, CaMP sua 
j.li.JJ~ z.. ~~ ---------1--
s" ~ "Ill " ' SUII/V18 
;: ':! t; ~ ir"1/"1 1'\'\l SY>i 

~~ "~ C011P sue 

1-----~---------~--------------~ 

" '"- S'f'M < ':~ 3 -· - . ···-- ------ ------1·--- -+------1----------·--1 
l: u" lu. 1, WI. Su8/voe 

.:l rr···-.. sv.., 

~~~~!n~+ ~=~=~ z IZ.· 3+ liZ. zzz. 3"3Z. ssz. 
COMP 

1 

~ ~'~\h 

::. CoHI' 
J )- i!. 
<'~ .,..,•Pz. Col 
:I 

~J COM I' 
z~ 3 u I f411"r11 t-

C!.. 
0 C:oMP 

1-
)k'fY!t. 

sus 

-------- -·-- -·-· ·- ··-·-·---·--·---1-~--1--·-··---
s~.., 

~U .. /V•Il 
SYM s:z.s-, sss-
:;ue 
~'("! 

<;v~/v•e 

4.3 
---··-1---

5Yt1 Ji-3,342. 
'SV8 
S'<H 

SUB/vl8 
-·----. --~---··- ---·-- --·---·1---- -------

5'( .. sz. 5", . .; 55 

i-3 
--~--+-----1~ 

SUG 
SY'1 

-·····-·-·-- ·- ----------· ------
SUS/¥18 

'5YH '342,3++ 



1. 

360 

DATA SHEET FO& C1Y 

H'-'CC t I P'ttrrl.ft~ATIOal 
C,."'!:~•'I'ITS Y 'iYt1Mi'T~1£S _. 

z-4 
4--+2. 

II zz. 

GROUNO STAlE 'BOR.~OWIIJG

EXCoT.E1) 'STAT€" SO~R.oWING-

33 4+ 55 

2 
0 

COMP 
1 

P•P.t 

.sua 
SYrl 

susl~·a 
----1 ·---·--··---

i= 
"
(( 

"' Vl 
C') 
<( 

COMP 
z 

P•J'z. 

SYM 

SUB 
SYI1 

sus/"' f) 

SVI"' 

ss 

4+ 

e 
='>
~t 

I 1---···-1----1-·---+-
sz.s, sts >sss 

H> ; f. t .-~---· 
i<: '" sue \5~.... - "i'f"P 
~ ~: jJ-.jJ1f'l'lt SUI\IVIB 

~r~ ~ 

I ··-·--·--------+--·--:--!------- -·--1--· -·- -·-1----- ·-;;; I ~ ~$' 1 S SS 

.§ <l ((J~P' SUB 
~ 3 _n,, 

sf'-• m, suii/v•S 
-··--·-----+------1-----l-- ------/--·- -····--·-+---- -· 

SYI'1 

"'I COHP SuG t S'(Of 

"' i ~ 1 sueiv•s 
~ I·v p m1 sv.., 
" ~' 

4'tS1 S'ofS 

·-·- .. ----f l ----

~ 'IJ ~ COMP SVG 

~ )!!~ Z _WM ... jj--J----1 1----· -l--------j 
~ ... ~~ 5116/1118 
~(VI A 11\'\Z. SYH 
.. v 

~[~ COMP ~~~ 
~0 ~ 3 -··----1 1------1-· 
z: ~ Sua/~•8 

\!1 f'l/l-t ""s sv~-1 
COMP suG 

j ~'!_jl I 1 
'SU6/V18 r-1----,-------r-----t-----i----------J 

f-~:..l'>l.....:.s_s;:_v;_l'1..:. 
sue 

·1------f 

1-l·==l- ·------! 

::.~:~~~ !!!:=~n z IZ 3+ liZ. Z2Z ·3'3Z ·HZ. ssz. 
(OHP 

1 

~ ., 
.J ~ 

<~ 
Cl£ 
":) 

~.J Z5 
C:o11P 

1-
)k'fYlt. 

II 

sue 
s~.., 

,.;r:,v.&ll----j--.. --
Svl-1 

----•·- I 1----
SI5 1 SSS 

:~ue 1'-LJ H 
Su~;s I I - ~~---,-. ----~43i>431 l---1 

1 

'SV8 
SYH 

il•il/voo· 11---1-•~-· _ ~., -

S<IG 
5Vtt 

SuSfV18 
"'01 

34 

S"IS>5SS 

·--·--····-··•·----·--1·-·----·------f ~ ..,3, ,"t33 



DATA SHE.ET fOR C.w 
4-1 
1.....,4 

II zz. 

GROVNO. STATE E>OR~O'tiiNG

EXC 1TEi) '$TAT€: SO~RoW,.IG-

33 

------ji----1·---·-- ·-·--

II 

361 

55 

n CaMP ;~~ 

I 
h )l~rn1 5"~~~e- ·---l-----1-----l-----4------ __ S"_f_5_1_5_1_5_,_5_5_~---
7; f sus 
~~~ Cat1P sn1 < 1- z ---. --~---+---- ----- ---·-- -----· ·- - -·--- ------1 
~ .J . H. lL yY) Slle,'YI& 
:;:,~·10 ry> l S'I'M 535,5z.S,555" ! 

~~: COMP ~~~ 
r: I.~ 5~; •. 8 

/JtrJJ"l')1. S'rM 

·------·- ------- -·-----·---- -·--. ----- ------------------·-
115,51~ 

~ (OHP ~~~ 

") ~ ~' , suaiv19 
~t ~:v A~ml S'ttwt 

I , ___ ·- ---------··---1 

i 3; ~-~ C.ot1P sve 

~~):!:' Z . ">'I'M __ -- ·---,----·--· -------~-------·------· ···-------------' 
:I..J ~ !- It 5li6/VtS 
~S" Arlm._ sv .. 
t- .!'J sva 
~~n COMP S'I'M 
" , ... 3 ------11---1--~--1------ ------- -----·--1-----------..j 
J:. _e~ Sli3/VI9 

~> .. Wl"fYI1 svt-t 

COMP suG 

:il,_2 ' 1 ~':!- --- ------- -----+-----t------1------------1 
~ 1- '<!:I" SU6/vo& 
i'~~~ ~z.)llr"1s. s,.,., 
'i'ti,::; Cot-tP su& 
>-~ < sv ... 
j ,.llU~ Z. ' ::-::::-·=-11---'-+--:..._---1------ 1-----· -1------+-----------l 
S <;: l( ~In II.' Sue{.,& 
;: ':! t; 'i V"if"ll'\'ll sv., 

i'~ <>t C0>1P' SUB 

:i ~ct 3 -"'~'o-f- :---· __ . _:_ ----- ·-----+-----1------------l 
:r: v .. l I• " SU&/vo!J . 

.:1 'fir•~ sv., 

;:~~~!n!oi ::r!~=·~ z IZ. 3+ zzz 3'32 ssz. 

11---1----1- ·--· --·- -·---- -·---1-----l-----1 
C0'1P sue 

1 s~..., 

>- m•h 
~u .. /v•e 

I- ·SVt-t S3S",SS~ 
:> COMP' :>uB 

J!- z ::i'(M 

<~· ma/h 
'i113/v.-& 

<£ SVt1 

•f COMP sua 
<:J S'fM 
z.<( 3 

'"~/VIB u 
lf'll"rli t- ""'" 

-··1-----···---- -----·--- ·------- --·-·-- ---------

S3S,555 

2.1 

IZI 1 IZ3 

---11---1---..J-2:1 

.,_ 
SIIG I o. COMP .,. S'ft1 

}Jl.rrv. 
Su8fV18 

""'M 



SUG 

2:"'-· 
SUB/oJI& 

~'<11 

o CoMP ;~~ 
~>- JJ\ I suii~;;,- · !i. r':r'!"f S"(H 
. I I . 

I II 

DATA SHE_ET Fog C1-'l 
GROVNO STAlE 130RRO'IIING

EXCIT€1) STATE; So~ROWI•JG-

zz. 33 

2Z. 

362 

55 

S3S') SZ.S) ssS 

Y""' Coto~P :Su!l 
~ <"' z .. 5.""'· -11----1----.-JI-------1------1-----~----- -----------
~.JS 1- 1.1..u.m 5"'~"111 --+s, s1s I sss 
t;j_.~ r'/ > 1 S"fM ~ 

i~· 

~ 
::. 

J .... 

<!/: 
Ill 
::. 
~.J 
z<C 

\:' 
.... 
"-
0 

COHP SUB 
- ~'1''1 

II ~ ..,.,_ SUII/11•8 
rtfAa·-· SYM 

COMP SliD 

1 S'f.., 

'"01 
.. ln'>,-;e 

~'t'"1 

CoMP 51113 

z :5'(M 

';VIlJIIIB-

"'•P.t. SYt1 

COMP 'SUB 
S'f"' 

3 
$UB/VI8 

.ftl~J !>-(pt 

'51113 ·caMP ..,. SVpt 

p..w,_ SUB/¥18 
S"fM 

Ill 

--+----+-----1---·---~-- ····----+---·------·----

- l--~--+---1----+----1---1~--·· 
S4S,S5S 

IZ -------i----11-·--- ------ ------1-----1--------1 
Zf4 1 Z.IZ 

---1---l--- -+-----+-·---·-+----+-----+--------
S4S,SS5 

··11. 
------ -·-·- ------ -------1-----1------1 

2.11, 'ZI4-



COMP 
1 

P•Pt 

COMP 
1 

rYll)ls 

CoHP 

z. 
YYit}J-1! 

II 
sus 

DATA SHEET FOR CiY 

zz. 

GROVNO STAlE EOR.~OWI>/C,. 

EXC I TEO STATE': SO~ ROWING-

33 

363 

ss 

SY>1 -:.----1·----- ----·-sus/,.,·IJ I-
SY/1 55 

33 

---~------------·-- ----------· ------·------ --------
5Z5 1 535, 55~ 

----1'---- .. ----I---------------
335,S"3S" 

---+----+---- ... -·------ -----1----------------

IZ 34- liZ. zzz 33Z ssz. 
sue 
s~.., 

~Ublv•6 
SY"1 515,555 
:;ue 
3'(>1 

'SVB/'118 

.lf-3 
--- ----1----·- --·--- ------·- ·-----1----

~Yo1 

----·----- ----~-----
5"15, 5SS 

43 

341)344 



364 
=D~A=T=A==:'::i~-.1-c.=-l !;:K[_ --~-[CJK...i1r 

\-4 GROUNO :)TAlC erJRQCJ'IiiNCr 

4- I EXCITE"') STA1 t:: Soll.Row:NG-

II z.z. 3 3 4-t 55 
-====~~======f============9 

-------

4+ 
I CaMP sua 

-~ 1 __!':!'"'- ·--'---+----+-----1-----+---·---· ----------------
:>)- ''- ''' s~N•a ~; rYlm, :s"f ... 
·;: r sus 
~''" Co>1P .. 
~ < w z -~·:t'"'·-11----1--::---------- --- ------- -- ------------
'! s.J 1-- .u. u.m SUJVV>II S'Z. S' I 53 S". 5 H' :;;_ ~ r•r> l SYH 

~~· COMP sua. 
t. 3 . .. ~ ... .., 

11.11 ""- SU8/••B rsra··"l svr-t 

..... ~ ~--f------11--== ~-- ....... --+-----·--------- ··---

--+----+------

COI'\P 5u(3 

~~-l 1 ~"!.-ll---1!-----
'jt;~l:l;,_,, .• Soll!fl•ll 
~?~~ V'""~""'s. .sy,., 
..... ~1-
~<r..~, CaMP sua 
j 'W~ Z. S'f'"'\ 
G~~~ln, r~.~~~~~o~-~----+-----+---~ 
;: ~ t:; 'i V'''i!"1 r>'la :SY>t 

' ~I;:<>~ C011P !:uB 

~5,545 

·•··· ·-·-··--·- -------·-·----

"~wt SYM 
< ~~ 3 ........ - ------j------+----+------1-----------1 
r ll" 1,, , ""'- SII6/IN3 

ou v-tr• · -. svot 

COM I' 

1 
mY" I 

'" 

It 34 Ill Z2Z 3"3Z 4+Z. ssz. 
SUB 

-~:!~- ~ --·· ··-· 
~Ut.fv•6 · 

5'("1 

3+ 
-'--1---·------- ·-----... ----------- -------

34 ----lt----+---1----· ...... --- ·-· ..... ------- --- ·---·-- ------1------l 
432.,433 



365 

DATA SHEET fOR Cw 
) __. 5 GROVNO STAlE SoRROWrNc;. 
5 ...... 1 ExcrTEO STAT€ SoQ.RowrNG-

r th'•t'E _ ~ _ t P'Eir'I'"UR6ATICUrl I II zz. 33 # ss c~~r_•,JUI"n S'C'J1t"'[T.'t•E'S • n """' ~~~ I 12. 13 14 15 

~ P~tt• svsi<•B 
·----------- ---- .. .. ···-··· ---------

_ 1, 1 S-<1'1 II 2.2. 33 4'"1 
-
' COMP SVG 

;:) z 2'01 --·----· ···--- -·--· .. ·-· -- ---·--···- ...... -· --·- ··- -·-- ·------
<( 

!'</'~ 
SuB/vo& 

S5 !.'<11 

CONI' Suo3 

"· 15 
12.1 1 IZ.5 131,135 1+1, 14-S 115" ~ S'(H 

'-:>- 1 :;.,.,,.,8 --- Ill ·lzijii"i- '/33, 333 ,.1-;~ --··· -·· ------------
"" )l.JJ.,m, 51515251 535 1 5'tS ~- ,.,..., .liS 5'15' 22. SZ.S' 33S" 51~ 't+S' 5+ 
·~~ :f Sui! ~Vet CoHP __ s..-.., ~~ I Z.5 132.,135' 1+2.1 I+S I Z.S ...... z 
~.Jr. r----·-·---- ·----·--- +3Z:,4'33- -3+2~3+F ---··- -· ··-··----·-

f"iftm, s~~~e I I 2. 1 I Z.Z. /2.2. ;:: s: II S" SIS 2.l.S" 525 335 5'35" 'f'B" S+S SI5,5Z'S1 53 51 545 
"'- 10 
~to:! COMP sue 
"0 3 

_ s_v.., ·-- --·--- --·--·--·-r ------ __ ..... __ ---· ---------
j.t.jJ., "\ SUS/••8 5151 5Z.S,S3S1 5+5 1 SYM 

"' (OHP sve 
t 

2"' 1 __ s~>f. 
" ~~ •A' s"B/vrs 

------·· ·------·-· 
wrr. p ~ ~'<>1 ~;~,v 
3~1N~ Cot1P ;~~ I ~~~:' z -· .. ----· 
~..~~!' . l}lJ 5V6/VIB II 44 §(~ A 1mz. s ...... zz. 33 
~v .!> 

C01"1P ~~~ . ~f~~ :;s .. .,oJ ... 

~ t~~ 3 -··-- ----· 
Su~/V18 

1>111 Wzrtl1 ~..-1-1 

COt1P sue 
0 1 ~':'!._ -111>-2 ----- -
-s~~!: ).l,A 

1 
5116/vos 

~~~~ l 1"11 s ... ., 
'i't;,;t CoMP SU& 

I ,..<. :c 5'<"1 
j_,u,.• z. - -
S« <- SU!VVIB 

5;h1 P-ifl1 m, :S'<' .. II 22. 33 +~ 

~~8~ C0>1P ;~::. St;; <r: rJ 3 -· .. -:t: -c. 
~ .. l.usfJ.: ""t SV&/vo9 l SY .. 

~~~oJ!n!>t :;~~=·~ z It 9+ liZ. ~zz 3'3Z. ~+Z. SS£ 

COMP SuB .. 
Z3,Z.+ 

1. s~.., z. 21 12.2 r:2L. --=-- ----·-· ·-------
>- 011}11 

~UII/V•B IZ.I 1 1Z.2. .... SY'1 IZ.Z 3+'!, 1 34-'t t3+,+n. 
::> Co11P SUB 

~ ... .., 
.J t- z. ---1--- -----·-
<~ YYit)h 

'iUBNrs -------
e£ .. SYt1 t;;Z.S, SSS' 
:1 

~.J COMP 
"SVII z. 21 ,z.z. Z3,Z.4 
S'f>t -'-~-z~ 3 i~a/vrs: --- -· ·---··-u 

}-t!l"rli ; :;yt\ 12·1 11Z.2 IZ.Z 3+3, 3+2. t3+1+3Z 
"- SuG (J COMP 

~v .. ..,. 
-- ·------ ·--··-·--- ------ --·· 

)J.."mt SU~/VIB sz.s, 55S 'S'(M 

,o. 



CO~IP 

2 

P•f"z. 

SUG 

~:!:'1 __ 
SVB/oJI& 

SVM 

COI'\P Sv(3 

DATA SHE.EI fOR CXL 
Z-+S 
S-+Z 

II zz. 

GROVNO STATE 130R~OWtNG
EXCtTI::1) STATE: ·BOI?.ROWIN(j. 

33 4~ 

24 23 

366 

55 

2~ ~-' ----+--Z._I __ 
II 

·--- ... . -· -·· -··--·--------
4+ 33 

ss 

l.,, ?.$ ZIZ. 1Z.I5 2.4-Z. I Z:+S 2~~.z3S 77<;' 

I 

zzz 
?..7,.5, c;z. ') 

211,111 
liS ~I~ 

z++, +14 
44~54-S 

23~ 333 
l3 $3~ SIS1SZS,S3S,S"fS-

lt,z.~ 2.tS 2.+t) 245 211 ) '2.3!: __ ZIS 

ZZ.I I 211 211 3'4-1 ,34+ 4-31,1-33. 
Z2.S' 5ZS' liS SIS +i-S S'fS 315 S3S SIS1 51.5, 535, :i4S 

--1----- -·----+------1---.. ----1----·-------·--
$"15 ,SZS, 53S,S"'-S 

...---------l·------ ·- ·-·--· --------------

z 
1-=---------· -----~------1-------- ---------~ 

22. II 4+ '33 

~~2 . 1 . ~,~,7.~~·~,·---t-----·t------+-------+-----~---------------J 
'!;~<:1::,", SUSIVIB 
~~~~ VU1.~()1L .51"'1 
.... ~..,I- s . 
'"'"'• CoMP u& 2 
j~w~ Z. . _s_v~~-l~-~·-~-----4------lr----~-------~---------~ :s C:: I( -I" II ' . SUil/VI<I 
;::;:t\~'/"1-r'1'1'itl S'f'1 II 

!t.~ "'"' COI-11" ~u& 
:l ~2 3 --~:':~ -j(---t-------,-1-----+-'-----t·------+-
ll: \.1"( 1 , 1 , SVB/v•CJ 

,:! V""rtl'l"t. :iYOt 

" 
,, 



367 

DATA SHEJ_T_,._f_OK Cj_'i 
3- S GROUNO STAlE 'BORROWING-
S_,. 3 EXCITE{) STAT€ SO~R.aWING-

COHP 
1 

)J.cJJ.t 

COMP 
z 

P•f'z. 

sua 
SY>'I 

sus/.f,"(i 
SVf1 

SUG 
SYI1 

svsi:;;& 
SYI1 

I II Z Z. 33 

3 3'1- '!I __::c-i-----t---=-....:...-··--·-. -:32. ... .. -----~------
33 4"t- II z.z. 

----··-· 

---+-----+------l----- --·· ----1--------------

t COHP ~~~ 
'\ .. i~[J, ~11 Sillijv,g·H---t-----t----- ·-
~; ~:v ~~1'1"11· s-..., 
£~"' ~ Cor1P sua 

515) 5Z5, 53!>,545'" 

, u., 't 'i>'(H 3 
,.,< ·-. z -- ... ---=:..___ ----·· ·----+----1-----~----------l 
~ _.~:t II SV6/VIB 
§<"' Arlm._ sy... 33 ,_v .!> 

44 II 2Z 
';!,to! COMP SUB 

~o 5 \:: 3 _:v':! __ lt---t-----+---- __ ---------- ----·-+----5-~------1 
£ z~, I I II Sua/~IB 

<> 111 'f"'V"'Z Y\'11 SYt-1 

CaMP sue 

~~, 1 ~~- - ------+----41----~--------~ 
-s~ q '1: 

1
, suatv•a 

~?; ~ I"•A t>ll SYP1 
... ~..,I-
I .( "'• CaMP su& 3 
; ... ~~ ~ ~$~'(7~-~·lt----t-----t--··---~----~-----·--+---------~ 
Sot~- , ,. , suc.~.,a 
;: ~ j; ~ r-if"i'fYil S'f>1 ) 3 44 I I 22. 

~~ <>~ co11P sua 
~ t~ 3 __ sy~ . - -,-------1-----1----+-----1----s:....s=------l 
l: · ~,. 11 ,. W\. SU6/voll 
. w rtr···-.. s'f"' 

IZ 34- liZ. zzz. 33Z. ssz. 

COI-1P SUB 
S'(H 

3 
_ .. 

Pl~'~'~i 
W6/VI8 
~., 

.....:...:~lh---+---1---- ----------- ------1----1----~ 
CaMP sue 

1- S'tt1 

p..t~l.,. ~"~/V'"' 
S'iH sz.S,555 



368 

DATA SHE£~ 
4-...,.5 GRQVNI) STAlE 'BORR.CJ'IIoNG-

S-'t4 EXCoTEO $TATE Bo~ROWIIvC,.. 

l'""'i1TrCT-·je.:<..,..,.;, • ., I II ~z. 33 4.... ""S 
Co.-;.~_,,.~,_,,~y\Yl"'!'-.~·"',;"="<_c.'~E'S.:.=-=111===p=====t=-='====~=====1==='===4====,;"~=====1 ==·==· ~us - -

co
1
MP ~-"!:1 4- ---- ___ 1~-· _____ 42. 4-1 .. . . ... _:t_~···----

sva/r~o 
P•Pt SYM 4+ 33 2.2. II 

COHP 
z. 

f'-•.f'-z. 

sva 
SY>1 

SuB/oJ;e> 
5'<1'1 

--+---+----1-----+--- ··----·---------

t (.OHP sua 

e.-i,~ 1.1,,, ~";.&»---+-----+----·- -- ·-----
~; l:l·v r'-r'-"\ '5'tt1 

~ ~" \l (.011P SvG 4 
~~~ :" z .. ?"~"' - - ----- -----+-----· -----· ----------1 
~ .J;! ;t II. SV6/YIB 
~S" Ar1m._ sv... 4'1-
~r"~ COMP sus ~o; o;:. 3 .::-:~-lf---t-----+-----1--·-·--···· --·--·-1-----s_s ____ -' 
~: .e ,r 1 , ., Su~t••a 

\!>II' 1/"'V"L YVI1 S't>i 

3.3 22.. II 

COI'\P Sv(3 

~ ... l 1 ~- ---'::tf~ ,, ,, 
1 

sustv•a ----~-----)-----·J------1---------1 
~ ?'~w f'.l.lJAi~l 5Yf1 

'j't;.;;~; (.01'1P ~U& A. 
,.< < 5"1.., "T" 
~.J... z. -··-"·=-i~--·p·~·~---1~-----1-----l---S<t<-

11
_" Sullfons --1--------------l 

5; li~ r-ir'lrr.l S'f>t ++ 33 Z.2. II 

~~~~ CC)>11" Sull 
<r 0:.~ 3 ··'"'<M··I-
X: U ,.IJJ. 11 SU6/vo9 

·oil lf'"'r•~ ~v"' 

'5U9 
S'<l'f 

~uetvoa 
'!>Yt1 

SIJG 
SVt1 

)US/VIS 
~ .... 11 

liZ. Z2Z 3~?. 

--+---1----1---- --·----·1----1-----1-·----1 

- ···-+--~":;-:-:-:+~-"-!--..__-+----i----~S=3S':..!...' ::SS::S'~ 
3 3t '33 "'31.,ll 
I~ _....!.1- --t-·----lf-----1-----t-----1------1 

"1-3+,433 z.rz, z.•"l 

1--·--· ---·· 

(~ 



DATA SHEET FOR Cw 
·s _, 1 
I~S 

II zz. 

GROUNO STATE 'aOR.ROWING
EXCITEI) 'STAT€ BO~RoWING-

33 
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ss 
sua 
5•>-1 

sue/t;G 
SYt1 

----1-------1----- ·-·-- ... ·-· 51 51., 53 , S+ 
.. -~------------

55 ss 
CaMP sue 

z .2:~. -I------·-·-
)~ )J SU9/•Jor~ 

·-·--·· ------------------------
L L SVI1 11 

----l--·--1----- -----------1 
55" ss 

COI'IP SU'3 

~~--2 1 ~'":'.- --- -----------'------1------l-----l-------------l 
'5~" ~ 1:

1

, suet .. e 
o ? l ~ V'-'1}11 r>IL SY'1 
~~-~~-r-~~~~-~---+-----~~-------4--------~--------~----~-----------~ 
~.(_t:\4: CoMP ~~~ S 
:::...... z. ----·- --- ------l------1-----l-------+-------------1 
S«l( "lu " SUII/¥111 
;::: ~ li ~ l"-1rl rr., s ... ., ss 
!f ~ o~ COI'IP SuB 
~ ~~ 3 _'5'fM .. ·---

t: ""Ill., SUG/v•ll 
.:1 rr• ""t sv., 

II 
-----1-----1------+-----------~-------l 

It Ill. Zl.l. ssz. 
COMP SUB 

5 1 SiM SS" ss 
-··-·-·- ·-·--- --····-·. ··---· ·-

m,)'-1 W"'Jv•B 
'SSS SY>i 

COMP 
sua 
S'f>l 

3 i~s/voa 
lf4t1'11i ~..,.., 

CoMP SVG 
6'f'1 1- ----

A~ 
SuSJVlll 

S'fH 

1!---1~----··· ... 

IZ.Z. 1 SIZ. 



c~~;;,., ~~~ ~ ~~~£~o~ 

COMP 
Su9 

"Z Sv>'l 
C> 1 sua/t·a· i= )i,pl "- s ..... 
':{ SUG 
)~ CaMP 

SY>1 
t!l z Sv8i;e c( P•f'-:. S'i'l1 -. 

·n \nHP sua 

"' 1 .!'h 
!.1:.- f'•AI SVS/"116 o,. ,_ 

• r>ll S'<M 
t;t~r Su!! ~ u <:t (Ot1 p 
<"~ z ~-~11. 
~ ~ J"i}JiM Sllflvl& 
w~~ 1 S';'M 

Z5• C011P 
sua 

!. . 3 -~-~~~-
lp.p, m,. 5VS/v•8 

' SYM-

·"' COHP sua 
t 

?" 1 --~~::! " ~ ~ •A' suaN1a uri, A ml sy.., 
§~~'~ 
..,_~«wa: C.ot1P SuB 

~~~~ 2 - w .... 
~.J~~ ,}J.J Su&(V18 
§svo A 1m~_ S'<M .. ~ 

COMP !~~ ~~~~ 
~ J .. 3 -····· o- 1-J.J Sua/v•e .. ~ ¢"-.t \'1'1 oSV>f I> \II 

CO!'\P sua 
0 1 SV'1 
w>-2r 
~t!"' ~•A' SUG/v•o 
~? \U 

• 1'1'1, s..-., 
... t;t\11- (oMp :lui> ~< < .., S"t'.., 
:l.Jw' 

J-4#,1 $;;~·.;& 5..:~. 
;:':!t;~ m, S'<'>1 

~t:~,: C0>1P sus 
"0 I t 

3 . S'i'M <{ •• 
I: -e. 

"'" lp,p, ~ ':Ju6/v•CJ .:1 I SY"' 

MoOC '1')"~ PfR.~IUI 
COI'1POfrO'OfT s-. ...... <~lfS _,. 

CClMI' SU8 

1 s~..., 

~-
11'\1}1 

SU!>/V•6 

!::: 
SY>i 

~ C:oHP :SuG 
S'i'M _.·1- 2 'SVB/'118 <.:t IYieJI.t. a£, SYt1 

::. 
~.J COMP 

sua 
5'fl"! 

z< 3 waN1a: u 
fl1 111i ... ,.y, 

.,_ 
SUB 0 CaMP 

't S'<'t1 

)ki'Yit. SuSfV19 
~"'C'H 

lr 

I 

S" 
·--

·-

5Z,$S 

St,SS 

-

I~ 

S' 

··~··---. 

z 
~ 
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DATA SHEJ;T FOR Cw 
S--+2 
2..-+S 

GROVNI) STAlE 130RROWING
EXCIT€0 $TATE: 60I?.ROWII>IG-

II z.z. 33 44 ss - -
5"/1 sz, 53,5+ -- ·------- ~-···-· 

... ·······--·-----··-
s~ ss 55 !:S" 

····----- ... ... •.. - ··----- ---·--------------
2.Z 

. .. .• ·-
51S", sz.r, s 3 S", s-+s-

SZ.'l. SZI sz+ ···sz3 Sll, S1.2.S ~33, 5-H 
sz.s sss .ns ss:> sz..s,ss.s sz.s sss ~ZI , Z.~ s'Z3 

SIS, SZ.S", S3S, StS" 
5'11 s··1z 5'13 $'1+ 

f---·-
Sll ,SIZ, 51:3, ~11 

SIS !iSS 5'15 ~H SIS sss SIS 555 5"43 

----- '----···--- ---------
5'ZI,SZZ 1SZ.l,SZ.f-

... ·------

----· 
SS" s~ 55' !)~ 

II 
------ ------

-·--

~~ ss ss SS" 

II 
-. -~-- ---··· ·····---· ·-·---- ·- -- ··---·---·· -----·- ... ··----··· -------

IZ. ~+ liZ. Z22 3'3?. 4-+Z. ssz. 

ss- 5~ 
.'- -------

55~ 55~ SS"S sss 

---·--·-
__ ,, .; ............... ",.,. •~;--..... 21Z., SZ.I 

--··· 
~ 5S ss --- --·- ----·- ------ ---· 

SS!: S'SS ss~ ~sf;' 

--·-··- -------··-- ----------
211, .S'ZI 



Hot'E- -f. 1 P'E'"UA:SATIOt4 
tof1r_:o,J£'fln t' S'P'ft"\£'TRIE'S ~ 

~ 
i= 
I>. 
Ct 
0 

"' (!) 
<( 

COMP 
1 

p,p., 
COI'1P 

z 
f'-z.f'z. 

svs 
hrl 

sva/(;a 
5YI-! 

SUB 

SY'1 

5u8j.,;p, 
S'ft1 
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DATA SHEET fOR C1v 
s .... '3 
3-'>5" 

II 2.Z. 

GROVNO STATE 'BOR~OWING

EXCoTEO STATE SO~!toWIN(;-

33 4"1- 55 

~-~ --!----·-·---· ... ' .. - -·. 
5"1, 'SZ, 53, S+ 

-- ---·-··-------
SS" ss- SS" I 55" 

··-···-- ··---!---·--·----
33 

S CoMP ;~~ 51,55" 515,SZ.5",.S3.5,5-tS" 
~l: .~ .. 5usiv;&·· 513 n.+· 511 53Z. ~II,$Z.2.,53J,5.of~ 
~;. ft>rtml sy., SlS" SSS 536 65!> S""JS SS"S 53S 555" 534 531 SH. 
';:! 
~~~ C~11P ;:~ S+,SS SIS, 525", 53S,S+S" 
~ .J 1- A.<.U.m su~;,;j, S"+• S+3 S'f-'2. S+l . <S4-i-;s:t2-,5iJ, 5+.,_ 
t;;~~ r't • ' sy,., S4~.sss 5+s,sss 64-s,sss S-4-s,sss 6tz. 
~t~ COMP sua 
ItO 5Y'1 

1: ,us_1. •• ,/~~8 11-- I I I - I -----1531, 532.,513, n;-
-····-- -

5"5 I ss <;5 

----t-----1-_I 33 I 
COM!' SUI3 

~>-l 1 ~ IS':~~ SUII/voeJI-f----t-----+----1----}--------_j 
~~~~ f")1l 5Yf1 

• <_ ,:!, sue 
j_,,.,:C ~11 5 
Sctq. A SU!l/V1B t---lf-----1 
>=;t;;* 11'\'11 SY'1 .... . 
~ 0 ~'t C0>1F' SUB II 

SS' ss I 55" ss 
.f s~ 3 _,,'(..., -H---1---1 1 33 .:I , U ""- SUS/v•s ·-------! 

'r, .... sv., 

C:::~~-!.~+ ~=~=~II Z I It I 3+ I liZ. I zzz 3"3Z. ·HZ. ssz. 
COI-IP 

1 

~ 
::.. 

-"~ 
~< 
"!I 

~J 
z.~ u 

(.O>IP 

t 
}Jl.rl'lt 

SU6 II 5 I 5.<; I ss -----1 I I ~~~- ~---- --1------1----- I 
SUI>/V•6 

$'('1 sss sss ~55 ~55"" 
;:iUG 
~'(11 

o;ueNu31t--:-t-- I I ·--1----·-1 I --l 
!iYI1 

SUB 
S'fl'f 

WB/viB ,.,.., 
S\I!J 
SYI1 

sus;v•s 
'>YH 

S_l_ 55 1._~~-+----t·---t-~- ~--
-- 5"55- 555 555 sss 

·-- ··-·· ·-·-·-!·-··-----!-···-. --1 

3+3,53+ 

3+4·> S3i-

II 
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DATA S.t:lt:_t~J __ _E_Q,~ 
5 __,4- GROUNO STAlE EOR.ROWING-

"f--5" EXCaT"EO STA1t: 130I?.ROWIN(;-

c~;~~~. ~-,~ t ~~~£.~0~ l · \ I 
F="~= -- -- - -. r sua -

~ I corP 2Y~ . __ _:__ ·-----
1 " , . SUB/fo(J 
r;_ .f'-(1}-'-t 5YI1 !!)!; 
u 
n 

"' CCI· ... 
C01'1P Sut> 

.z SYt1 

), su 1 " ------·"' ··Pz. e "'"' . --- ...... . 
~-... ., 

z.z. I 33 4"1- 55 

51 1~2~?-~· 54- ·---

5S' I 55 s~ 

++ 
~ OM S'<M S4,SS'· . 515,S'ZS,S'35,S"f> ~ 

I 
C p sua 

g~ i SCii~;a·· 5"4+ S"+3- S"_..2.. .5'1-1 SII,SZZ.,533,5~t-

Cor1r ::we 

~; }lz}J.m, S'<M !04-S' 55~ S+~ ~5 5+S",SS~ 54-S !>S5 543 S·H· S+l 
I-f I - . ~h Coi"'P ;~~ 53,55 515, H5,S3S', S-f!:" 
:s ... ~-, z S\JiVvae 53·3 5'3+ 5'31 SlZ. . sil, 532 533,53.-
5~~ ,.USJA,m, sv11 Sl!;,sss- s3s,sss ns-.sss- s1s,sss sz.i 
2~-

J SY'1 

p,u,m. suiii~·s 
----l -----------1--- .. ··-- ---

~h-
I: 

- 1" .-. 'SVM 54 I, S4Z ,S-f3 1 51-'1-

. -·1- 1--------l 

--
ss ss I 5S' ss 

"t-+ 
1---------1--

COMP Su(3 

e)-.2 1 .!~':'L 
'St o:: t: 1, i_, SU\1/vae 
~ ~! ~ ll'-'1rt ""s. $'(.., 

';'tf:l~ Co,..,p su& S" ~ 
;~,.l .Z. S'(M 

~<( lf -lu. 1,_ So(\/¥18 
5~ 55" 1 ~s ~5' ;: ~ l;~ 1/"ir:fl"'\l !>Y>i 

j~ ~~ C~011" ..:~~ J _ _J ____ I I I I 44- I 
li"I,,,U ""- SU8/V•II 
111 v----.r~·--.. sv,., 

::.~: .. !n~t ~=~="-t! z liZ :zzz 3'3Z ~+Z. ssz. --
C()"'\P SUD 

1 3~01 ~ 
-·----· ·- - -···----- ··-··--

~ m1 ~Ut.JV•Il 

t 1 SY'1 

'> COHP ~VB 

'SYM 
.J 1- . z 

';UB/..,16 <!/: ti Nit z. !>YM 

"' sus 
~.J COMP S'fl"f 

Z:'\ 3 SUB No~ 
i= 1 rYii ~'(., 

555 555 5"5~ 55~ 

---·- ---
431-,5+3 

--
!is~ I 5s~ 

"- '>IJ(J 0 COHP 
1- SVt1 

)ki'Yit )UD/VIB ....... 433 1 Sf3 



t~~;_:,J[~·~ ~ ~~~£~0~ 

2 
0 
i= 
(>. 

« 
C> 
Vl 

\!1 
<( 

Cot!P 
3-UIJ 
SYM 

1 SUsff•G 
P•J-I.t SYM 

sue 
COHP 

SY>1 z 
SUB/1/;f> 

fl·f'-~ SYM 

C011P ~~~ 
3 - ... 

II " m. SUS/r>S 
r'r~·-"'1 s..,.11 

t (OHP ~~~ 
:.~ 1 --- . e,_.tr- ll lor S•B/V18 

'S';_~,v r•~"\ ~ ... .., 
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DATA SHE . .ET FOR C1V 

s~s 

I II 7.Z. 33 4'1- ss 

·-·- ·------ -----. 
II ,22, "31,4'1-

~ SI,SZ,S3,5+ 
--- -··----·-·· ... .. 

ss 55 ss ss 

--+-----+---·--·- .. -------. 

s;"' ~ C.o11P SVG 
~~~~ 2 .. :"'<"M ·I------·-·-----1--·---------· --.,,.,--=-:---,.-...----=-c.-----1 
~-' ~:<I II II 5116/VIB II) 2. l. ' 3.l.l "1-4 
§ ~ .- lf"1r1~'~'~z. s ... .., 'z. , "?>""t 
~ ~ ~ sva 
~~~~ COf'IP S'<'l1 
" J t: 3 -·----1~--+----1------l------- -·-----1----------J 
1: .. ~~III_U Sus,/V•EI 

~"' lf'V7'l ~1 ~'( ... 
CaMP sue 

~>-2 1 ~~- --- ------- -------t----+----+-'-'..:.•_'2._ .. _,_3_3..:.'..:..,_4 __ -1 
'$':: { 't H" , sue/roe 
o ~s ~ tv-1rtrt1l s ... ,.., 
~~~~r-~~~~~H----+------~------~------+--------~---------------4 
~~~< CaMP ~~~ 
j -''"' z. - ·-·-- ---- -----1-·---------------1----:,-;--::-::---....,;;--:::-::-----l 
S« li- ~ , , s·~~~~a 11, 2 -z. , 3 3, "1-4-
;:':!t:;~ f""irJ.,.,., s.,..., 1-z., 34 
~~ "'~ (0>1f' SuB 
\!) W- S'fM < ':.~ 3 .. . ... --- ----+-----1-----+------1-~-----------l 

· t: ""' 11,_ 11 SU6/v•e 
~ rr•""t sv"' 

SIIB 
s~u-1 

'SUta#V•8 
5'("1 

SusfVIB 
'!i'<H 

z It 34- liZ. zzz 3'3Z. ssz. 

____ _, ____ -------- -------'-----+---1=---:c-...,.,.,~1 
tZI,Il 2..) .S43 

SS!i 555 sss sss 

3-44 Sl2 534 

IZI, 1Z.4 1 '34-3 . 
14+ s•~,S3+ 
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