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ABSTRACT 

OBSERVATION OF QUANTIZED CIRCULATION 

IN SUPERFLUID HELIUM 

Circulation of the superfluid component of liquid-helium 

II around a fine wire has been measured by means of the 

influence that the circulation exerts on the transverse vibra

tions of the wire. The work is a repetition and extension of an 

experiment performed earlier by Vinen. It gives new evidence 

in support of the Onsager-Feynman hypothesis that circulation of 

superfluid helium is quantized in units of h/m, where h is 

Planck's constant and m is the mass of the helium atom. 

A fine wire is stretched down the center of a cylindrical 

vessel containing liquid helium, and the circulation is prepared 

by rotating the vessel around the axis of the wire while cooling 

from above T . Then the rotation of the vessel is stopped, and 
A. 

the wire is set into vibration by passing a current pulse through 

it in the presence of a transverse magnetic field. The free, 

slowly damped vibrations which follow can then be observed by 

means of the oscillatory e.m.f. induced along the wire. If 

circulation exists around the wire its influence on a cylin-

drically symmetric wire is to cause the plane of vibration of 

the wire to precess at a rate proportional to the circulation, 

in the same direction as the circulation. As the plane of 
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vibration precesses the induced e.m.f. sweeps out a decaying 

beat pattern with beat frequency proportional to the circulation. 

More accurately, the beat frequency is proportional to a weighted 

average of the circulation around the wire taken along the wire's 

length, a quantity we call the apparent circulation. Measure

ments of the beat frequency can be repeated indefinitely by 

repeatedly setting the wire into vibration with a current pulse. 

Vinen's experiment has been extended in three ways. (1) 

The sensitivity of the electrical system which detects the 

vibrations' of the wire has been increased, so that it has been 

possible to make virtually continuous records of circulation as 

a function of time for periods of several hours, and to make 

measurements over a temperature range from 1.2 K to 1.9 K. 

(2) The measurements have been extended to wires of larger 

diameter than 25 ]i, the size which Vinen used. (3) The direc

tion of the apparent circulation around the wire has been 

measured as well as its magnitude. However, unlike Vinen's 

work circulation measurements have not been made while the 

vessel containing the helium was rotating. 

There are two principal results of this experiment. (1) 

Motion of the superfluid can persist around the wire for long 

periods of time even though the vessel containing the liquid 

helium is stationary. Moreover, this motion is not steady. 

Smooth changes in apparent circulation take place throughout a 
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run, changes which can include reversals in direction. (2)" The 

apparent circulation tends to show markedly greater stability 

at the anticipated quantum levels than at other values. Long 

periods of stability have been observed at the level of zero, 

one, two, and three quantum units. Another significant result 

of the experiment is that as the wire diameter has been increased, 

the maximum value of stable circulation observed has also 

increased. 

However, the details of the fluid dynamics in this experi

ment remain far from clear. The observations of circulation 

values intermediate to the quantum levels and of spontaneous 

changes in circulation are not understood. The observation of 

transitions between stable values of +3 and -3 quantum units, 

with no evidence of stability at the intervening quantum levels 

during the transition, is especially surprising. 

1. W. F. Vinen, Proc. Roy. Soc. (London) A260, 218 (1961). 
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I. INTRODUCTION 

A. The Two-Fluid Model 
4 o 
He liquifies under atmospheric pressure at 4.18 K and 

is thought to remain liquid down to 0 K so long as the pressure 

is kept below 25 atmospheres. At a temperature called T̂  , 

which under saturated vapor pressure is 2.17 K, the liquid 

undergoes an anomalous phase transition. At temperatures well 
above T the liquid behaves very much like a classical viscous A 
fluid. At T. it appears to have a logarithmic singularity in 

A 
its specific heat, and below T.. the liquid behaves as though it 

A 
were a mixture of two fluids, which are called the normal fluid 

and superfluid components. Above T the liquid is called 

helium I and below T it is called helium II. The normal fluid 
A 

component of helium II has a measurable viscosity not very dif

ferent from the viscosity of helium I, whereas at low velocities 

the superfluid component flows without resistance through very 

small channels, so small as to be essentially impervious to the 

normal fluid. 

According to the two-fluid model the normal and superfluid 

components of helium II are assumed to have densities p and p 

respectively, connected by the relation 
Pn + Ps - P CD 

where p is the actual density of the total fluid, p was 

measured by Andronikashvili in 1946, in a remarkable experiment 



supporting the two-fluid model, p /p is plotted as a function 

of temperature in Figure 1. The ratio is zero at T̂  , 997., at 
A 

1 K, and is thought to be identically unity at 0 K. 

Ps/P 

1.0 

0.8 _ 

0.6 _ 

0.4 _ 

0.2 

0 0.5 1.0 1.5 2.0 2.5 

Temperature - K 

Figure 1. p /p as a Function of Temperature 

Landau successfully interpreted the two-fluid model of 

liquid helium in terms of elementary excitations. At 0 K the 

liquid is in its ground state, has no entropy, and is presumed 

to be entirely superfluid. As the temperature is raised, col

lective excitations are created superimposed on the superfluid 

background. At temperatures not too close to T, the excitations 

c< 
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can be thought of as quasi-particles of an ideal Bose gas. It 

is these excitations which comprise the normal fluid and give 

the liquid its thermodynamic properties. Using certain plausible 

assumptions about the nature of the excitations Landau obtained 

a form for their dispersion curve, and showed that the curve 

accounts for the ability of the superfluid to flow without 

resistance and for the observed values of p and the specific 

heat of the liquid. He also predicted the existence of second 
g 

sound and with Khalatnikov calculated the viscosity of the 

normal fluid. 

Landau also proposed a set of hydrodynamic equations to des

cribe the flow of the two fluids at low velocities. The two 

components are assumed to have independent velocity fields, v 
and v , and independent mass current densities, p v and p v . n r s s n n 
Then mass conservation requires that 

S(Ps+Pn) 
— + div(p v + p v ) = 0 . (2) 
St VKs s Kn n' 

It is assumed that the normal fluid carries all the entropy of 

the liquid; then entropy conservation in the absence of dissi-

pative processes requires that 
3(ps) 
dt + div(psvn) = 0 (3) 

where s is the entropy per uni t mass of the whole l iquid. The 

equation of motion for the fluid as a whole, corresponding to 

the Navier-Stokes equation of c lass ica l fluid dynamics, is 
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P s c T T + P n - T T = " S « d * + Oln + V n ) grad div v n 
s n 

- Tl c u r l c u r l v (4) 
'n n 

D D 
Here — — and t—■ are time derivatives in coordinate systems 

D t D t J 
s n 

moving with the superfluid and normal fluid respectively, P is 

the pressure, and T] and 7)' are viscosity coefficients of the 

normal fluid. The set of hydrodynamic equations is completed by 

the addition of a fourth equation proposed by Landau, for the 

motion of the superfluid component. Using these equations 

Landau was able to calculate the speed of second sound. In 

addition an attempt to formulate a quantum theory of fluid 

dynamics led him to postulate that the superfluid flows with 

potential flow, so that 

curl v = 0 . (5) 

s
 v ' 

The twofluid model has provided understanding of a great 

many experiments performed with liquid helium and was relied 

upon throughout the work reported here. The terminology of the 

model will be used throughout the discussion of this work which 

follows. In order to avoid possible misunderstanding it is 
9 

helpful to bear in mind a comment from Landau's original paper. 
It must be stressed that when we look upon helium as a 

mixture of two liquids it is no more than a method of expres
sion, convenient for describing phenomena which take place in 
helium II. Like every description of quantum phenomena in 
classical terms it is not quite adequate. Actually one must 
say that in a quantum liquid two movements can exist simul
taneously, each of which is connected with its own "effective 



5 

mass" (so that the sum of both these masses equals the total 
real mass of the liquid). One of these movements is normal, 
i.e., possesses the same properties as the movements of usual 
liquids; the other is superfluid. Both of these motions take 
place without a transfer of momentum from one to the other. We 
particularly emphasize that there is no division of the real 
particles of the liquid into "superfluid" and "normal" ones 
here. In a certain sense one can speak of "superfluid" and 
"normal" masses of liquid as of masses connected with two simul
taneously possible movements, but this by no means signifies the 
possibility of a real division of the liquid into two parts. 

B. Superfluid Flow 

A second line of investigation which complements the two-

fluid model emphasizes that the remarkable properties of liquid 

helium are a manifestation of wave mechanics on a macroscopic 

scale. Fritz London first called attention to the similarity 

between the lambda transition in helium and condensation of an 

ideal Bose-Einstein gas into its ground state. It may be sup

posed that even in the real liquid a macroscopic fraction of the 

helium.atoms occupies the same quantum state; a recent calcula 

tion estimates that the fraction is 11% at T = 0 K. In uniform 

flow with velocity v the macroscopic occupation would be of the' 

momentum state p = mv , where m is the mass of a helium atom. 
s 

By analogy with the wave mechanics of a single particle 
13 14 

Onsager and Feynman independently made some surprising pre

dictions about superfluid flow. Suppose that the quantum state 

with flow v can be characterized by a wave function with phase 0 such that 

mv = h grad 0 (6) 
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where h is Planck's constant divided by 2rr, just as one has in 

the wave mechanics of a single particle. As a consequence we 

would have curl v = 0 identically, and the superfluid would 

perform potential flow. This means that the circulation of the 

superfluid, which is the line integral q v -di around a closed 

contour, would be zero around any contour which does not enclose 

an internal boundary. In addition, in order for the wave func

tion to be single-valued its phase would have to change by an 

integral multiple of 2rr around any closed path. Consequently 

we would have 

I V^* = ̂ , n = 0, + 1, + 2, ... . (7) 

The circulation around a contour which encloses either a solid 

cylinder or a line singularity in the velocity field would be 

quantized in units of h/m. 

We shall be concerned primarily with circulation around a 

solid cylinder; however, let us consider briefly the possibility 

of a line singularity. If such a, singularity should exist, and 

if for simplicity we assume that the singularity is a straight 

line in an unbounded fluid, so that the velocity field is cylin-

drically symmetric about the singularity, then according to the 

Onsager-Feynman picture we would have 

v (r) 2nr = ^ (8) 
s m 
v (r) = ̂  , (9) 
sv mr 
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where r is the perpendicular distance from the field point to 

the singularity, v would be curl-free everywhere except along 

the line r = 0. This is the velocity field which characterizes 

a free vortex line in classical fluid dynamics. According to the 

Onsager-Feynman picture the circulation of a vortex line in 

superfluid helium would be quantized. Such a vortex line could 

not terminate in the fluid. In a real vessel it would either 

attach itself at both ends to walls of the vessel, or it might 

close on itself in a vortex ring. It could exchange energy with 

quasi-particles of the normal fluid by changing its length, or 

in the case of a ring its radius, but it is unlikely that its 

circulation would be affected. Once formed it would in all 

likelihood persist indefinitely unless destroyed at the walls 

or by annihilation with a vortex of opposite circulation, or 

perhaps until it had shrunk to the size and energy of an elemen

tary excitation. 

Real quantized vortex rings answering this description 

have been observed in liquid helium at 0.3 K by Rayfield and 

Reif, and Gamota and Sanders, using energetic ions to create 

rings and then detect them. The radius of the rings was 

typically a few microns. The radius of the core, which is 

roughly the region from which superfluid is excluded, was about 

1.3A. All of the observations were of rings with one quantum 

unit of circulation. Richards and Anderson have provided 

additional convincing evidence for the existence of quantized 
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free vortices, although it was not clear at what level of 

circulation or of what configuration. In addition there exists 

a large body of more indirect evidence supporting the existence 

of quantized free vortices. 

C. The Vinen Experiment 

Another attempt to verify directly the proposal that the 

circulation of superfluid helium is quantized was made by 
21 W. F. Vinen in an ingenious experiment completed in 1960. 

Vinen stretched a fine wire down the center of a cylindrical 

vessel containing liquid helium, and measured circulation around 

the wire by means of the influence that circulation exerts on 

the transverse vibrations of the wire. In one method of pro

ceeding, with which we shall be concerned here, Vinen created 

circulation by rotating the vessel around the axis of the wire 

while cooling from above T. , then made measurements on the cir-
A 

culation which persisted after the rotation of the vessel had 

been stopped. 

The principle of the measurement can be understood by con

sidering the case of a cylindrically symmetric wire with no 

stiffness. In the absence of circulation such a wire can be 

regarded as having as its lowest modes of transverse vibration 

two degenerate circularly polarized modes. With circulation K 

around the wire the degeneracy of these modes is removed by the 
P K 

"lift" force, resulting in a splitting Au) = between the 
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angular frequencies of the two modes. Here p, is very nearly 

equal to the mass per unit length of the wire plus that of the 

fluid displaced. If the two modes are excited simultaneously 

with equal amplitude, the result is vibration of the wire in a 
Acu 

plane which precesses with angular frequency — — in the same 
sense as the fluid is circulating. 

The wire can be set into vibration by passing a current 

pulse through it in the presence of a steady transverse magnetic 

field. The free, slowlydamped vibrations which follow can then 

be observed by means of the oscillatory e.m.f. induced along the 

wire. The amplitude of the induced e.m.f. depends on the orien

tation of the plane of vibration in the magnetic field. As the 

plane of vibration precesses, the induced e.m.f. sweeps out a 

slowly decaying beat pattern, with beat period  — = —=■. Thus, 
J J ° .

 r A c u p H 
H
 r S 

for a cylindrically symmetric wire with no stiffness, the cir

culation around the wire can be determined simply by measuring 

the beat period once p, and p are known. If the circulation 

around the wire is a function H(Z) of position along the wire, 

then the circulation measured this way is the integral 
L/2 

H(Z) COS — dz (10) 
L/2

 L 

2 

where L is the length of the wire. The measured quantity K 

will be called the apparent circulation. 



o 

10 

In practice, however, the lowest vibrational normal modes 

of a wire in the absence of circulation are rarely degenerate, 

presumably because of some inherent asymmetry in the wire or 

its mounting. Vinen found that these modes always appear to be 

plane-polarized, with mutually perpendicular planes of polariza

tion. In such a case the effect of circulation is to produce 

elliptically polarized modes whose total angular frequency 

difference, Aco, is given by (Atu) = (Aco ) + (Aco ) , where Acu 

is the angular frequency difference in the absence of circula-
2TT tion. Since the measured beat period is now -—, it is necessary 
Acu J 

in practice to know All) as well as p, and p in order to determine 

H . It is helpful that at the beginning of an experimental run 

AID can be adjusted to a convenient value by twisting the wire. 

Vinen's technique is sensitive enough to measure a single 

quantum unit of circulation with an accuracy of a few percent. 

Nevertheless his results were not very conclusive. He did find 

that circulation persisted in the superfluid for several hours 

after the vessel stopped rotating, but the measured values were 

in general not quantized, and varied both from one experimental 

run to another and during the course of a single run. However, 

he also found that apparent circulation of one quantum unit was 

especially stable against repeated vibrations of the wire with 

very large amplitude. He was led by these observations to sug

gest that when a fraction of a quantum unit is measured it 

<t 
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indicates that one end of a free vortex line is attached to the 

wire at some point along its length. K ( Z ) would change at such 

a point by an amount equal to the circulation of the free vortex 

line, yielding a value for H intermediate to the quantum levels. 

If the wire should move violently, the end of the line might be 

expected to move along the wire, resulting in a change in the 

apparent circulation. Circulation which was uniform along the 

length of the wire would be stable under this kind of motion. 
22 In a more detailed analysis Griffiths was able to show that 

the configuration proposed by Vinen, of a vortex line attached at 

one end to the wire and at the other to a wall of the vessel, 

would be metastable under certain circumstances. 

In this manner Vinen's experiment can be interpreted as 

giving evidence for the quantization of circulation. His results 

would have been more convincing if they had included observa

tions of stable circulation at higher quantum levels, with 

n = 2,3,4, etc. Because the hypothesis of the quantization of 
4 circulation is central to the theory of liquid He, and bec«ause 

Vinen's technique provided the most direct way known of testing 

this hypothesis, it was felt that an attempt should be made to 

repeat his experiment, and if possible extend it to obtain more 

conclusive results. With this incentive the work presented in 

this thesis was undertaken. The work has been partially success

ful, in that it has provided more accurate and detailed informa

tion about the circulation around the wire than Vinen was able 
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to get. It has given additional evidence in support of the 

hypothesis of quantization of circulation. In particular, 

stable circulation was observed at the level of one, two, and 

three quantum units. It has also been possible to measure the 

direction of circulation around the wire, whether the liquid 

flows clockwise or counter-clockwise, as well as its magnitude. 

However, the results of this work have many features which are 

still not understood. 
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II. MOTION OF THE WIRE 

A. Forces Exerted by the Liquid on the Vibrating Wire 

In order to analyze the influence of liquid helium on a 

vibrating wire we shall rely on Landau's two-fluid equations for 

a description of the motion of the liquid. In order to simplify 

the equations we shall make the plausible assumption that p , 

p , and the entropy per unit mass, s, are constant in time and 

uniform throughout the liquid. These assumptions are satisfied 

if the liquid has constant, uniform temperature and density. 

Then Eq. (3) requires that 

div v = 0, (11) 

n 

and it follows from Eq. (2) that 

div v = 0. (12) 

s 

In short we assume that the two fluids are separately incom

pressible. Of course in practice this assumption is not obeyed 

exactly. For example, the vibrating wire creates fluctuations 

in both the temperature and density of the liquid. However, in 

practice these fluctuations were very weak, and we take (11) and 

(12) to be valid approximations to the real fluid. In that case 

the problem of finding the forces exerted by the liquid on the 

vibrating wire separates into two independent problems, each of 

which can be solved within the framework of classical fluid 

dynamics. 
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In order to show that this separation is possible we first 

put Eq. (4) into a different form. For simplicity we use Car

tesian coordinates. In these coordinates we have curl curl = 
2 

grad div  V , and because of Eq. (11), (4) reduces to 

D v D v „ 
p T, „ + p TTT = _ Srad P + 11 V v . (13) K
s D t yn D t 6 'n n 

s n 
The derivative D v /D t can be expanded in the form 

- ^ - 2 
D v ov v _̂  _̂  
FT = sT + grad ~!~ " ^s x c u r l V (14) 

s 

and since we postulate that curl v = 0, the derivative reduces 

to 
- . -♦ 2 

D v dv v 

5¥ = sT + *"d -T ' <15> 
s 

Furthermore, since v has zero curl it can be derived from a 
s 

velocity potential 0 , so that 
vg = grad 0 s . (16) 

Then the derivative (15) is 
> 2 

D v ,d0 v ^ 
_Y = grad (_£+_|̂ . (17, 
s 

With this simplification (13) becomes 
» 2 

D v , 90 v ^ . 
pn"lTt- - " ^ a d C p + PS aT + ps -f") + V \ • <18> 

n 
Now we expand the derivative D v /D t in the same form r n n n 

as (14) and take the curl of Eq. (18). The result can be 

expressed in Cartesian coordinates as 
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D ^ 2 
■=-— (curl v ) = (curl v -grad)v + v V curl v . (19) 
D t n' n e / n n n 

n 
Here v is the kinematic viscosi ty of the normal f lu id , given 

by 

v n = V p n . (20) 

Equation (19) is the vorticity equation for the normal fluid. 

Together with (11) it completely specifies the normal fluid 

velocity field for a given complete set of boundary conditions. 

Furthermore, Eqs. (11) and (19) are identical to the classical 

continuity and vorticity equations for flow of an incompressible 

viscous liquid. Therefore we may determine v uniquely by 

solving a problem in classical fluid dynamics. 

The superfluid velocity field is determined for a given 

complete set of boundary conditions by Eqs. (5) and (12), which 

are the usual requirements for irrotational flow of an incom

pressible liquid. Taken together they require that the velocity 

potential 0 satisfy Laplace's equation 

V
2
0s = 0 . (21) 

Then v is given by (16), so that v is also determined by 

solving a problem in classical fluid dynamics. „ 
_, 00 v 

With v known Eq. (18) determines the quantity P+p r— I p — — 

throughout the liquid, to within an additive function of time 

only. In fact (18) is identical to the NavierStokes equation 

provided that this quantity takes the place of the classical 



16 
2 

50 v 
pressure. We can think of P+p — 1- p — — as a fictitious 
pressure due to flow of the normal fluid component, which we 

call P . 
n 
With v known we may define a fictitious pressure Pg to 

within an additive function of time only by the relation 
2 

B0 v 
p

s
 = - ps w - p

s - r ■ <22> 
which is the classical formula for the pressure due to irrota-

tional flow of an incompressible fluid. For convenience we 

shall refer to P as the pressure due to flow of the superfluid 

component. 
With both P and P determined the real pressure P is 

n s 
given by 

P = P + P + P (t), (23) 
n s o * 

where P (t) is a function of time only. The total normal force 
o

 J 

exerted by the liquid on the vibrating wire can then be found 

by integrating each term in (23) separately over the surface of 

the wire and adding the results. Since P (t) is uniform in space 

its integral is zero. In addition, there is a tangential force 

per unit area on the wire due to the viscosity of the normal 

fluid which is assumed to have the classical form. Therefore the 

total force exerted by the liquid on the vibrating wire can be 

calculated as if it were the sum of forces exerted by the super-

fluid and normal fluid components acting independently, where 

these forces are calculated just as they are in the corresponding 

classical problems. 
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B. Forces Due to Motion of the Normal Fluid 

We consider first the forces on the wire due to motion of 

the normal fluid. We want to find solutions to Eqs. (11) and 

(19) which satisfy certain boundary conditions. We assume that 

the motion of the normal fluid is caused just by motion of the 

vibrating wire. The cylindrical vessel containing the liquid 

helium is at rest, and any motion of the normal fluid due to 

rotation of the vessel has vanished. Then the correct boundary 

conditions are that the fluid is at rest at the wall of the 

vessel, and that its velocity is equal to the velocity of the 

vibrating wire at the surface of the wire. Of course the 

velocity of the wire varies with distance along the length of 

the wire. 

The exact solution to this problem is not known, but cer

tain plausible approximations can be made which make it tractable. 

The first of these is that Eqs. (11) and (19) can be solved for 

each segment of the wire independently, treating each segment as 

an oscillating cylinder in two dimensions, where the velocity of 

the cylinder is equal to the velocity of the segment. This means 

that we assume that the force which the fluid exerts on each 

small segment of the wire depends on the motion of just that 

segment. In two dimensions the first term on the right hand side 

of Eq. (19) vanishes identically. The equation reduces to 
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° n / i - <v m 1 ^ ^ (24) —-— (curl v ) = v V curl v D t v n' n n n 
which can be written 

— (curl v ) = - (v -grad) curl v + v V curl v . (25) o t n n n n n 

The left hand side of this equation is the rate of change of 

vorticity in a differential volume element fixed in space. The 

first term on the right hand side is the negative of the rate at 

which vorticity enters or leaves the volume element by convection. 

The second term on the right hand side is the rate of change of 

vorticity in the element due to diffusion. 

We want to determine conditions under which the rate of 

change of vorticity due to diffusion is large compared to the 

rate of change due to convection. Since vorticity originates 

with motion of the wire the total rate of change of vorticity, 

which is the left hand member of (25), must be of order to curl v 
n 

or larger, where OJ is the angular frequency of vibration of the 

wire. Vorticity diffuses outwards from the surface of the wire 

with a characteristic decay length 6 called the penetration 
v _̂  

depth, so that the diffusion term in (25) is of order — curl v . 
u 6 

The convection term is of order —- curl v or smaller, where u 
6 n o 

is the velocity amplitude of the wire. Diffusion will predomin-
u 

ate over convection provided that —7 « 10. If this condition is 
v v ^ 

satisfied it must be true that —z "= co, so that 6 = (—) . Since 
. 2 v UJ 
0 u = cor , where r i s the displacement amplitude of the w i r e , 

0 0 0 r r the inequality is sa t i s f ied if 
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r « 6. We see therefore that the convection term in Eq. (25) 

can be neglected provided that the displacement amplitude of the 

wire is small compared with the penetration depth. 

In the present experiment r /6 was typically about 307„ at 

1.2 K, and 107» at 1.6 K. Although one could wish for stronger 

justification, nevertheless we make the assumption that r /6 is 

small enough so that the convection term in (25) can be discarded. 

The approximation is necessary in order to reduce (25) to a linear 

equation. It is interesting to note that measured values of the 

damping of the wire due to the normal fluid agreed with calcula

ted values in all cases to within a few percent. It will become 

apparent that the normal fluid had very little effect on the 

measured values of circulation. 

With the convection term discarded (25) becomes 

|- (curl v ) = v V 2 curl v (26) 
o t n n n 

which is the usual diffusion equation. For example, the same 

equation describes heat conduction; here it describes the dif

fusion of vorticity through the normal fluid. Vorticity is 

created at the surface of the wire by the shear force which 

exists by virtue of the fluid viscosity. Motion of the wire sets 

up velocity gradients in the fluid in directions perpendicular 

to the velocity. Vorticity diffuses outwards from the surface 

of the wire, passing through a decay length 6 in a time u) 
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We have seen that the decay length must be of order 6 = (—) . 

An exact solution to (26) given below shows that the correct 
2v h 

decay length is 6 = ( ) . 
CO 

Equations (11) and (26) in two dimensions have been solved 
23 by Segel for flow between two circular cylinders when the 

outer cylinder is fixed and the inner cylinder vibrates about a 

slightly eccentric axis. The same equations were solved by 
24 25 Stokes ' in 1851 for vibration of a circular cylinder in an 

unbounded fluid, assuming that the fluid is at rest at infinity. 

The solution in this case is much more accessible than for the 

bounded fluid and has been used in the analysis of this experi

ment. This is a valid approximation under the conditions of 

this experiment because corrections to Stokes1 solution due to 
2 the outer boundary are of order Qt or less, where a is the ratio 

of the radius of the inner cylinder to the radius of the outer 
2 -4 -3 

cylinder. For this experiment a ranged from 10 to 10 

Stokes' solution for the force per unit length on a cir

cular cylinder of radius a vibrating with small amplitude in 

an unbounded fluid can be expressed as 
- 7 = - H K - r - - | i O J K ' U (27) 

L ^n d t n 

where 

y i H ( 1 ) (ji p) 
K = 1 - J Im — (28) 

P H o
( 1 ) ( / I P ) 
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Jl H (1) (Jl p) 
K' = | Re T̂ r . (29) 

p H O
( 1 ) (/IP) 

Here u is the velocity of the cylinder, given by u = Re u e ; 

p, is the mass of normal fluid displaced by a unit length of the 
n % 2 U) cylinder, given by p, = na p ; and p is given by P = a(—) = 

n 
Jl —. H, and H are Hankel functions, or Bessel functions of the 6 1 o 
third kind. Jl H ^ ' (JZ p) and H ^ 0/i P ) are tabulated as 

27 functions of P in Jahnke and Emde, Tables of Functions. 

The functions K and K' are plotted against p in Figure 2 for 

a useful range of p. Numerical values of K and K1 were taken from 

a table furnished by Stokes. It is apparent that K and K' are both 

positive, and that K > 1 . As P -» 0, K -• ra and K' -» °°. As p -> «>, 

K -» 1 and K' -• 0. For P = 1, K and K' can be approximated to 

57o or better by the first two terms in their respective series 

expansions. 

K = l + r | = 1 + 2- (30) 
P a 

Equation (27) shows that the force per unit length on the 

cylinder is the sum of two forces, one of them proportional to 

the acceleration, the other to the velocity. The first force, 

proportional to the acceleration but opposite in direction, is 

the reaction to the force which the cylinder must exert in 

order to accelerate the fluid. Its effect is just to add to 

the inertia with which the cylinder responds to other forces 
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/3=a(A,wAj) 
1/2 

Figure 2 . K and K' as Funct ions of P 
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which may be acting on it. The inertial force can be incor

porated into the equation of motion for the cylinder just by 

adding p, K to the cylinder's mass per unit length, p, K is then 

called the hydrodynamic or virtual mass per unit length of the 

wire. For a nonviscous fluid P = °° and K = 1. For a viscous 

fluid the inertial force is enhanced because the wire accelerates 

fluid by viscous drag as well as by pressure forces. In fact it 

is easy to see by substituting (30) into (27) that in the first 

approximation the hydrodynamic mass per unit length is enhanced 

by an amount p 2rra6 , which if 6 is small is just the mass per 

unit length of fluid contained in a cylindrical shell of radius 

a and thickness 6. 

The second term on the right hand side of (27), which is 

proportional to the velocity but opposite in direction, is a 

dissipative force. It is the damping force per unit length on 

the cylinder. In a nonviscous liquid K' = 0 and there is no 

damping. It is easy to show by substituting the first term of 

the series expansion for K1 into (27) that in the first approxi

mation the damping force per unit length is  2rrap 6u) u = 

 2TTa(2pnTl(jo)2 u. 

When instead of allowing the fluid to extend to infinity it 

is assumed bounded by a fixed outer cylinder, the force per unit 

length on the inner cylinder is still given to first order in p 

by (27), when p = 1, but K and K' are different. If the new 
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functions are K and K1
, the first terms in their series expan-

28 
sions are 

K = (1 - a 2
) " ( l + a

2 + 2 ^ ) (32) 

K'~ (1 - a2
) tf\ . (33) 

P 
2 -4 -3 

It is apparent that since 0/ ranged from 10 to 10 the outer 

cylinder had no discernible effect on the force on the wire due 

to normal fluid. 

At a temperature of 1.2 K, where most of the measurements 

were made in this experiment, the kinematic viscosity v of the 
-3 2 

normal fluid component of liquid helium is 4.2x10 cm /sec. 
The angular frequency of vibration of the wire was typically 

10 rr radians/sec, so that at 1.2 K the penetration depth was 

typically 20 p,. The wires used varied in radius from 13 p, to 

50 p,, so the expansion parameter P ranged from 1 to 4. It is 

interesting to note that if the Reynolds number for flow around 
2 

a vibrating cylinder is R ■ u a/v = cur a/v , then R = P r /a. 
° J o n o n o 

In this experiment r /a ranged from 407o for the thinnest wires 

to 87o for the thickest, so that at 1.2 K the Reynolds number 

varied from 0.4 to 1.3. Measurements were also made at 1.6 K 

using the thicker wires.- At that temperature the kinematic 
-2 2 

viscosity v is 5.6x10 cm /sec, so that penetration depth was 

typically 60 p,, P was about 1, and R was about 0.1. Of course 

these considerations apply only to the normal fluid. 
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If r is the maximum displacement of the vibrating wire 
2 then its maximum velocity and acceleration are tor and to r 

o o 
respectively. Representative values of these three quantities 

3 2 were 5 p,, 1.5 cm/sec, and 5x10 cm/sec . Useful parameters are 

tabulated for several experimental runs in Tables la-d. 

The analysis given above for the forces exerted by the 

normal fluid assumes that the wire has a circular cross-section. 

In practice the wires used were slightly asymmetric. Solutions 

for the force on a cylinder of elliptical cross-section vibra

ting in an unbounded viscous fluid have been obtained by 
29 Kanwal, when the vibration is along either the major or minor 

axis of the ellipse. The solutions have the same form as (27), 

being the sum of an inertial force, proportional to acceleration, 

and a drag force, proportional to velocity. However the coef

ficients of each term now contain infinite series of Bessel 

functions. In the simplest case, when the fluid viscosity is 

zero, the drag force is also zero and the inertial force is 

- TT b p — , where b is half the length of the minor axis if the ndt 
30 motion is along the major axis. In practice, errors in the 

damping and virtual mass of the wire due to asymmetry were not 

significant to the experiment. Fortunately the lift force 

exerted by the superfluid, which is the critical effect for 

measuring circulation, is independent of the shape and size of 

the cross-section of the wire. 
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C. Forces Due to Motion of the Superfluid 

We consider next the forces on the vibrating wire due to 

motion of the superfluid. We want to find solutions to Eq. (21) 

satisfying the condition that at the boundary the normal gradient 

of 0 equals the normal velocity of the boundary. Then v will 

be determined by (16), and the forces can be found by integrating 

(22) over the surface of the wire. 

There are two features to Eq. (21) which make this problem 

much simpler than the problem of the normal fluid. They are 

that in contrast to (19) Eq. (21) is linear and makes no reference 

to time. The first feature means that solutions to (21) can be 

formed by superposition. The second means that the velocity 

field v responds instantaneously to an arbitrary motion of the 

boundaries: v assumes just that configuration which it would 

have if the boundaries were moving at a steady rate with their 

contemporary instantaneous velocity. 

Of course in real liquids a disturbance in the fluid 

velocity can not propagate faster than the speed of sound in 

the liquid. This means that Eq. (21) will apply to the present 

experiment only if the maximum velocity amplitude of the vibra

ting wire is small compared with the speed of sound in liquid 
-4 helium. In practice this ratio was of order 10 

We suppose for the superfluid that in addition to the flow 

produced by motion of the wire there is an independent 
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circulation around it. This is the flow expected of the 

superfluid component after liquid helium has been cooled in rota

tion from above T , provided that circulation of the superfluid 
A 

persists after the rotation of the apparatus has been stopped. 

Again we treat each segment of the wire independently, as an 

oscillating cylinder in two dimensions. We assume that the 

forces exerted by the fluid on each segment of the wire depend 

on the motion of just that segment. 

Equation (21) in two dimensions has been solved by Lamb 

for flow produced by a circular cylinder with circulation 
31 around it moving arbitrarily in an unbounded fluid. The 

result for the force per unit length on the cylinder is 

s du , -* -» .... 
I ^s dT + Ps K X U • (34) 

Here u is the velocity of the wire, which is arbitrary; p, is 

the mass of superfluid displaced by a unit length of the cylin-
2 -> 

der, given by p, = rra p ; and K is the circulation of the super-
fluid around the cylinder. The circulation strength is given 
by the line integral of the fluid velocity on any contour 
enclosing the cylinder. 

H =5 v -dj& (35) 
cyl 

The positive direction of the vector K is given by the same 

right hand rule which relates the magnetic induction around a 

wire to the electric current. 
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The first term in Eq. (34), proportional to the accelera

tion, is the same as the inertial force encountered in the 

discussion of the normal fluid in the zero-viscosity limit. 

The hydrodynamic mass of the cylinder in superfluid is just the 

mass of the fluid actually displaced by the cylinder, provided 

that the cylinder has a circular cross-section. The second 

term in (34), proportional to the velocity, is the Magnus force, 

frequently called the lift force. Its direction is transverse 

to the motion of the wire. It is the force which makes a base

ball curve and keeps airplanes aloft. In the case of the 

vibrating wire the lift force is a consequence of the pressure 

difference on opposite sides of the wire which results from the 

superposition of symmetric flow around the wire and uniform flow 

past it. The force is independent of the size of the wire, and 
32 as Lamb shows in a more general calculation, it is independent 

of the shape of the wire's cross-section. 

When instead of allowing the superfluid to extend to 

infinity it is assumed bounded by a fixed outer cylinder, the 

force per unit length on each segment of the wire when the wire 

coincides with the axis of the outer cylinder is 

jf- = (1 - a2) [- (1 + a2) ps -^ + ps H x u] (36) 

where again a is the ratio of the radius of the wire to the 
2 -4 

radius of the outer cylinder. Since & was of order 10 to 10 
the outer cylinder had no discernible effect on the wire. 
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D. Motion of the Wire 

We have found solutions to the classical problems corres

ponding to motion of the normal fluid and superfluid respectively. 

Then within the approximations used the force per unit length 

exerted on the vibrating wire by the fluid as a whole is given 

by the sum of Eqs. (27) and (34). 

f -- (p, + K p , ) 4 H - M . U)K'u+p H X u (37) L ^s ^n' dt ^n 's 

The first term on the right hand side of (37) is the inertial 

reaction to acceleration of the wire. The hydrodynamic or 

virtual mass of the wire is p, + K p, . The second term is a 
's 'n 

dissipative force, proportional to the velocity of the wire; and 

the third term is the Magnus force, perpendicular to the velocity 

of the wire. 

In addition to the forces exerted on the wire by the fluid 

there are forces due to stiffness and tension in the wire 33 itself. We proceed to examine the motion of the wire under 
the influence of these forces. There are two equations of motion, 

corresponding to the two degrees of freedom for the wire. In the 

absence of circulation the equations should reduce to two inde

pendent equations in one dimension, consistent with the observa

tion made during the experiment that in the absence of circulation 

the normal modes of the wire are nearly always plane-polarized, 

with mutually perpendicular planes of polarization. We choose 

the z axis to be parallel to the wire, and the x-z and y-z planes 
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to be the planes of polarization, which are determined by the 

physical characteristics of the wire. The equations of motion 

are 
i i /. 

- p
s * ¥t (38a) 

+ ps H |2 • (38b) 

Here p, is the mass per unit length of the wire plus (u. + Kp, ) • 

T is the tension in the wire. S is the stiffness constant given 

by 

S = YAR2, (39) 

where Y is Young's modulus, A is the cross-sectional area of 

the wire, and R is the radius of gyration of a cross-section 

about an axis through its centroid and in the plane of the cross-

section, perpendicular to the plane of polarization. For a 

circular cross-section R = a/2, where a is the radius of the 

wire. The damping is caused by the normal fluid, so that the 

damping constant A is a function of frequency. For a wire of 

circular cross-section A is given by 

•v "*' r/n\ 
X = u, T~ . (40) 

n 2p, 

In general the coefficients p,, S, and A are different for 

the two different sets of normal modes. For example, we might 

suppose that the wire has an elliptical cross-section, and that 

the planes of polarization are given by the major and minor axes 
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of the ellipse. Obviously the wire will have different radii 

of gyration about its major and minor axes and different virtual 

masses for motion along these axes. Of course for a cylindrically 

symmetric wire when there is no circulation Eqs. (38a) and (38b) 

are identical, and the two sets of normal modes are degenerate. 

We shall assume that p., T, S, and A for both sets of plane-

polarized modes are uniform along the length of the wire, but 

that the circulation around the wire may vary with z. K(Z) will 

change at points where a free vortex line terminates on the wire, 

by an amount equal to the circulation of the free vortex. We 

ignore the slight additional force exerted on the wire by an 

attached free vortex line which exists because of tension in 

the line. This force is smaller than the lift force on the 
-4 wire by a factor of about 10 . An attached free vortex line 

also distorts the velocity field v from the two-dimensional 
J s 

flow we have assumed. We also ignore this effect. 

E. Motion of the Wire with Zero Circulation 

When H = 0 for all z, Eqs. (38a) and (38b) have solutions 

of the form 
lift 

x (z,t) = Re f (z) e ° (41a) 

iT]yt 
yo(z,t) = Re gQ(z) e ° . (41b) 

The boundary conditions on the wire are that the displacement 

and slope of the wire must be zero at each end. Since the 
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boundary conditions are symmetric we choose the origin of the z 

axis at the midpoint of the wire. The normal modes (41) will 

then be either even or odd functions of z. In either case if 

the boundary conditions are satisfied at one end of the wire 

they will be satisfied at the other end. Then the boundary con

ditions can be written 

= 0; (42a) fo(z) = 0 , f '(z) 
L/2 ° L/2 

gn(z)| = 0 , g '(z)| = 0 ° IT/9 ° IT/9 
(42b) 

'L/2 " 'L/2 

L is the length of the wire 

We shall examine one set of plane-polarized normal modes 
34 x 

in detail, set (41a). The complex frequency T] has the form 

T1X = Jw* - X2 + i X . (43) 
'o O X X 

The even modes have 
m..TTZ m-TTZ 

f (z) = A cos — — + B cosh — — (44) 
o L L 

and the odd modes have 
m.Trz m_TTZ 

fQ(z) = C sin — — + D sinh — — . (45) 

Because of the linearity of Eq. (38a) the sinusoidal and hyper

bolic sinusoidal solutions must separately satisfy (38a). It 

follows that -. _— 

X X X 
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®
2 = 

-r 
x 

ou p. 
^ _ T _ ^ . o ^x . T 
V2S 

X X X 
-) + - P ^ i r <̂> 

x mlv / T /" " l " S x \ 
■J--r7K1 + -r r) • <48> 

X 

The boundary conditions (42a) require that for the even modes 
nun m TT 

m.. tan —r— + ITU tanh —— = 0 (49) 

and for the odd modes that 
1 mjTT , m„n 
— tan ±  — tanh f = 0. (50) 
m1 2 m 2 

Then by substitution from (47) it follows for the even modes 

that m 
tan 

1 X 1 X 2 

and for the odd modes that 

^ 1 X 1 X 

Equations (51) and (52) can be solved for the allowed values of 

m1 . Then the allowed values of m„ and to are determined by (47) 

and (48). 

In general (51) and (52) must be solved numerically. How

2 
ever, if S^/L T is small, so that the tension provides a much 

more important restoring force than the stiffness, nu can be 

found approximately by expanding both sides of (51) and (52) and 

retaining only the leading terms. For both (51) and (52) the 
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first three terms give 

r 9 / s
 2 2 , 2 S , 

where n = 1,3,5,...for the even modes, and n = 2,4,6,... for 

the odd modes. This approximation is valid only for low modes, 
2 2 2 

when n < L T/rr S . We shall see in Chapter IV that in fact only 

the low modes were important in this experiment. To the same 

approximation the allowed values of to are 
o 

^ f / H - t ^ < - ^ ( f )
2
^ ] <»> 

The expansion parameter for these series is Y/T~' *
fc ̂ s 

apparent that when this parameter is zero m is an integer and 

(54) reduces to the familiar expression for the allowed angular 

frequencies on a flexible string of length L, fixed at each end, 

when there is no damping. Then the normalized even modes are 

— cos — — , n = 1,3,5,... , and the normalized odd modes are 

■| s i n ^ , n = 2,4,6,... . 

It is interesting that in the next approximation, when terms 

L/ T of order 1 and ■?/ — are retained and higher order terms are 

discarded, the wire behaves in its low modes just like a flexible 
/s /s 

string of length L  2 /-=r . We set L* = L  2 /* . In this 
approximation the allowed values of u) are 

o 

x ~ nn /T 
o L* J p, v - T Z / - ■ (55) 
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The normalized even modes are 

f o ( 2 ) = / f * C O S I T ! ' n = 1.3,5,... (56) L* 

and the normalized odd modes are 

fo<z> = / h S ± n I S ^ > n = 2,4,6,... . (57) 

The stiffness in the wire and the boundary condition that the 

slope of the wire be zero at each end effectively shorten the 

wire, so that in its low modes it vibrates flexibly over a 

length L*. In practice the stiffer wires used in this experiment 

were effectively shortened by about 107». Corrections of higher 
2 f\ order in — I — were then about 17«. 

The actual angular frequency of the normal modes is given n. 2 by Re Tl = vtu - A ; it is a function of the decay constant J o o X 
A . Furthermore A depends on the frequency. If the effect of 

damping is small enough it is possible to determine Re T| by a 

perturbation approximation. We evaluate A at Re Tl = (D , then c rr x 'o o 
use this value of \ to determine a corrected value for Re Tl . 

x 'o 
In fact however the damping was so small in this experiment that 

even this first correction was of order 10 , whereas the frac

tional shift in frequency caused by circulation was typically of 

order 10 . Therefore in practice the effect of damping on the 

frequency could be ignored altogether. The important effect of 

the damping was to make the normal modes decay exponentially 

with time constant 1/A . 



t 
36 

We have seen that corresponding to each positive integer 

n there is a pair of normal modes x , y given by 

mx t 
x (z,t) = Re f (z) e n 0 (58a) 
no nov ' v ' 

iT|y t 
y (z,t) = Re g (z) e n° (58b) 
Jno °nov ' v ' 

where for example f (z) is given by (44) and (45) when m.. and 

m have their n — allowed values. These functions are just the 

n — pair of the whole set of functions represented in Eqs. (41). 
/ 2 2 The complex frequency Tl is equal to //to - X + i X , where ^ 'no n no nx nx 

x th 
tl) is given by (48) when m has its n — allowed value, and X is a function of to . The functions f (z) when normalized nx no no 
constitute a complete orthonormal set of functions. Any function 

which satisfies the boundary conditions (42a) and has continuous 

first and second and piecewise continuous third and fourth 

derivatives may be expanded in terms of these functions in an 35 absolutely and uniformly convergent series. It is apparent 

that in the case of a cylindrically symmetric wire f (z) = 
J J J no 

g (z) for all n. 

It should be pointed out that although we have assumed that 

the boundary conditions (42) are the same for motion in both 

the x-z and y-z planes, in practice they may be slightly dif

ferent. For example, it is conceivable that the supports which 

hold the wire at each end are slightly flexible for motion in 

one plane but rigid for motion in the other. We shall not 



37 

consider such an asymmetry formally. Its principal effect 

would be to contribute to a frequency difference to - to . 
o o 

F. Motion of the Wire with Non-Zero Circulation 

When circulation exists around the wire the equations of 

motion (38a) and (38b) are coupled by the Magnus force. In 

order to look for normal modes of the new system we assume that 

Eqs. (38a) and (38b) with circulation present have solutions of 

the form 
iT) t 

x (z,t) = Re f (z) e m (59a) 
m m 

iT| t 
ym(z,t) = Re gm(z) e m (59b) 

where f (z) and g (z) can be expanded in terms of the normal m m r 

modes of the system without circulation. 
00 

f (z) = Y a f (z) (60a) 
m Li mn nov ' v 

n=l 
CD 

g (z) = Y p g (z) . (60b) 
m Z-. mn no 

n=l 

The coefficients a , P are complex. When x and y are sub-mn mn m 'm 
stituted into Eqs. (38a) and (38b) respectively the following 

algebraic equations result. 
CO 

y \a u. [nx (Tl -T1X ) - (T|2-Tf )~]f + P iT) p n(z)g \ = 0 U I mnxL mx 'm 'no 'm 'no'J no mn ' m s no) 
n=l (61a) 
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y {p p, [liX (T| -Tiy ) i-i I mn yL my 'm no 
n=l 

(T]2-Tiy ) ] g -or iT) p n ( z ) f } = 0. N 'm 'mo /J°no mn 'nv s noJ 
(61b) 

We then mul t ip ly (61a) and (61b) by f (z) and g (z) r e spec 

t i v e l y and i n t e g r a t e both equat ions over z, us ing the f ac t t h a t 
L/2 

f (z) f (z) dz = 6 (62a) 
J mo no mn v / 

-L/2 
r L/2 

8mn<2> 8 n n ( z ) dz = 6 ^ . (62b) 
<J mo no mn 

-L/2 

The r e s u l t i s 
CO a LA |~2iX (Tl -T|X ) - (Tl2-TlX )1 + y p ill p [H(z)f g dz = 0 mmxL mx m mo 'm 'mo J /_. mn irfsJ mo no 
n=l (63a) 
CO 

2 
P LL f2iX (Tl -T1y ) - (Tl2-T|y )1 - y a iT| p [H(z)g f dz = 0. mnTyL my 'm mo m 'mo J Z_. mn 'm sJ °mo no 

n=l (63b) 

If the wire is symmetric and K(Z) is uniform over the length 
of the wire then all the integrals in the summations in Eqs. 
(63) vanish except those for which n=m. Then Eqs. (63) deter
mine CV /p , and it is possible to form the m — normal mode of 

mm mm 

the new system just by a superposition of the m — pair of plane-

polarized modes of the old system. The new normal modes are 

circularly polarized and have slightly different sets of fre

quencies than the old modes. We shall assume in the more general 

case, when the wire is not symmetric and circulation is not 

uniform along the wire, that the contribution of other pairs 
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than f , g to the n — normal mode of the new system is still no °no J 

negligible. That is we assume in the expansions (60) that 

1 mn' , ' mm nfm 

lPmn' , « |p I (64b) 
nfm 'mm1 

Then Eqs. (63) reduce to 

a LL [~2iX (Tl -T|X ) - (T|2-T1X )1 + P iT) p K = 0 (65a) mnf xL mx m mo 'm 'mo J mm 'm s m 

p Li f2iX (Tl -Tiy ) - (T|2-Tiy )~| - a iT| p H = 0 (65b) mnTyL my 'm 'mo 'm mo J mm 'mrs m 

where 

K = 
m 

L/2 

-L/2 
K ( Z ) f (z) g (z) dz. (66) 

mo mo 

In order for solutions a , p of Eqs. (65) to exist it 
mm mm 

is necessary that the determinant of the coefficients of & , 
' mm P be zero. This condition determines the allowed complex mm r 

frequencies T| of the normal modes of the system. There are two 

solutions for each positive integer m. We shall again assume 

that the influence of damping on the real angular frequencies of 

the system is negligible, so that for example in computing 

these frequencies the terms in Eqs. (65a) and (65b) which are 

proportional to X and X respectively may be discarded,. We 
r r mx my r J J 

also keep only the lowest order terms in H . With these approxi

mations the angular frequencies of the m — pair of normal modes 

are 
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±~- ±lfif... ,2 . ... >2 

/ 2 

ix 
mo 

+ 
2 

u>y 

mo 

u) = a) ± ■=• <y/(A(i) ) + (Ato ) (67) 
m mo 2 v mo mn 

where 

U) = -7 - ^ ^ - r — — (68) 
mo y 2 

Aco = UJX - ujy (69) 
mo mo mo 

P K 
Ati) « - S - S - . (70) 

mn / v ' 

J^y 
The frequency splitting between the m — pair of normal modes 

is 

AID =,/(Aou )
2 + (Ato ) 2 . (71) 

m ^ mo xm. v ' 
AUD will be called the intrinsic frequency splitting of the 

t h • * A m — pair of modes. 
x y 

In the case of a symmetric wire we let UJ = tl) = co , J mo mo mo 
and p, = u, = U. Then 

x y _ 
P
 K 

± ~ _1_
 S m /TON 

to = to ± — 5 — (72) 
m mo Zii, 

p K 

If in addition K ( Z ) is uniform over the length of the wire (66) 

reduces to H = K for all m; the apparent circulation is equal 

to the actual circulation of the superfluid. If the wire is 

asymmetric and K ( Z ) is uniform then 

rL/2 
K = K f (z) g (z) dz (74) 
m J mo

v &
mo

v ' v ' 
-Ul 
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The apparent circulation differs from the actual circulation 

to the degree that the integral in (60) differs from unity. 

However the discrepancy for low modes is of order (Aco /to ) = 
v J mo mo 

-3 
10 , too small to be observed experimentally. Also the difference between JL[L and p,, where p, is equal either to p, or 

p, , was at most about 0.67o, in practice, again too small a 

discrepancy to measure. 

In order to find the normal modes of the system we substi

tute the allowed frequencies (67) into either one of Eqs. (65). 

Consider the symmetric wire first. In this case we find that 
~ + + i0~ P = i iff when to *= co ± Auu /2. Let Or- = A—e , where mm mm m mo mn mm m 

A2- and 0 are real. The solutions (59a) and (59b) can then be 
m *m 
written 

x ^ R e i r f (z) e m m mm mo 
, -X t Au) . 

~ A- f (z) e COS[(UJ ±-^r^)t + 0:t] (75a) m m o v mo 2 *m 

+ ~ „ T . + , , , i V y — = Re + l Q— f (z) e J m mm mo 
-X t Ato 

= ± A* f (z) e msin[(tu ± — ^ ) t + 0*] . (75b) m mo mo 2 *m 

Here tu = tu = to . It is convenient to represent the normal mo mo mo 
modes of the system with the new complex quantities Y = x + 

J r n m m 
i y — . By substitution from (75) these functions are 

Ato , 

w i[(u> + — ? ) t + 0 +] -X t mo 2 *m 
Y = A f ( z ) e m e (76a) 

m m mo 
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-X t " l C (%o - - T ) t + * m ] 

V * Am" fmo<Z> 6 " * " <76b> 

These functions characterize the circularly polarized normal 

modes of the symmetric wire with circulation. There are two of 

them corresponding to each positive integer m, each pair dif

fering in angular frequency by At») . The frequency splitting 

has the same sign as the apparent circulation K . Suppose for 
m 

example t h a t the c i r c u l a t i o n i s uniform along the length of the 

wire and counter -c lockwise around the w i r e . Then K = K i s pos i -
m 

tive, and Y , which itself rotates counter-clockwise, has the m 
higher frequency. In general, for a given pair of normal modes 

the one with the higher frequency rotates in the same sense as 

the circulation. 

Suppose now that the two normal modes represented by (76) 

are excited with equal amplitude and phase. This would be true, 

for example, of a symmetric wire which was excited by the method 

used in this experiment to measure circulation. Then the sum 

of these modes is represented by the sum 
-X t iAti) t/2 

Y + Y " = 2A f (z) e m cos(co t + <b ) e m .(77) m m m mo mo m 

Suppose further that the circulation is uniform over the length 

of the wire. Then for low modes we have Auu =Atu independent 
mn K 

of m, and the sum of all the functions Y —, which within the 

approximations we have used represents the net displacement of 

the wire as a function of z and t, is 
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^ , r ^ -X t iAtu t / 2 
) (Y +Y ") = ) 2A f ( z ) e m cos(tu t+tf ) e H 
Z_J m m L/Li m mo v mo V J 

m=l m=l ( ? 8 ) 

The wire oscillates in a plane which precesses in the same 

sense as the circulation with angular frequency Aco /2. 

Now we look for the normal modes of an asymmetric wire. 

By substituting the frequencies (67) into either one of Eqs. (65) 

and discarding small terms we find that p = - iR a when mm m.mm ^ Ato ^ ^ Aco 
to = tu H — , and P = icv /R when tu "= to - — — . Here 
m mo 2. mm mm m m mo / 
R is given by 
m Aco + Atu 

= _jz_ mo 

+
 m A uW 

+ + ^~ + + Let a~ = A-e , where A- and <£ are real. Again we form the mm m m *m ± ~ quantities Y = x ± iy . We assume that f (z) = g (z). In M m m - ' m mov &mov 

fact these functions differ for low modes by amounts of order 
Atu ^ 

"= 10 . Although it is essential to retain frequency cor-to mo 
r e c t i o n s of t h i s o r d e r of m a g n i t u d e , s i n c e t h e y a r e what d e t e r 
mine K , i t i s n o t i m p o r t a n t t o make c o r r e c t i o n s of t h i s s i z e 

m 

i n t h e a m p l i t u d e f u n c t i o n s . 

-xV 
Y = A f ( z ) e m m mo cos(o) t+0 ) + i R sin(co t+0 ) m *m m m *m . 

-X+tr- „ . , „ „ , , -,% i 9 + 

m = A+f (z)e m rcos2(co+t+0+)+R2sin2(tu+t40+)l e m mo L m ^m m m *m J 
(80a) 

Y~ = A~f ( z ) e r n T c o s ( t o " t + 0 " ) - ^ s i n O u ' t - l ^ " ) ! m m mo L m vm R m nm J 
m 

- X ' t - 9 . 2 -.A; - i 9 ~ 
= A"f ( z ) e m cos ( t o " t + 0 " ) + ^ r ( c o " t 4 ^ " ) e m . m mov L m ^m 2V m *m J 

m (80b) 
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Here 
+ + + 

tan 9 = R tan(tu t+0 ) (81a) 
m m m *m 

t a n 9m = I " t a n<V^m> <81b) 

m + 
These functions Y represent elliptically polarized normal modes. 
There are two modes corresponding to each integer m, each pair 

differing in angular frequency by Aco . In a given mode each 

point on the wire traces out an ellipse. For each pair of modes 

there are two ellipses for each point on the wire, oriented at 

right angles to each other, traced out in opposite senses. R 
m 

is the ratio of the major to the minor axis of each ellipse of 

the pair, so that the two are geometrically similar. The ellipse 

which is traced with the higher frequency is traced in the same 

sense as the circulation. For example, if the apparent circula

tion is counter-clockwise around the wire, then Ato is positive. 
mH 

Then R is positive, and from (80a) and (81a) Y rotates 
m m 

counter-clockwise. 
+ ± 

The amplitudes A and phase angles 0 are determined by 

initial conditions. In the present experiment circulation 

measurements were made with the wire oriented so that its plane-

polarized modes were nearly at 45 to the direction of the 

magnetic field. The current pulse was chosen so that when the 

current was turned off the wire was nearly at rest with a dis

placement given by —*—'—^(x+y). r(z,0) can be expanded in the 
functions f1- (z). mo 
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•<2>°> * I rm fmo<Z> <82> 
m=l 

Then the initial conditions require that 

A+ = ^ (83a) 
m 

/ , — 2 2(1+R ) m 

R r 
A" = m m (83b) 

m 
V2(l+R 2) m 

+ A 

*tan 0 = R = - 7 - (84a) m m .+ A m 

1 A + 
tan K - - r= - 7- • (84b) 

m A m 

We see that with the wire oriented as it was during circulation 

measurements the two normal modes of a given pair are equally 

excited. The diagram in Figure 3 represents one such pair for a 

given point on the wire. The relative amplitudes with which dif

ferent pairs are excited are given by the coefficients r , which 
m 

depend on the detailed shape of the current pulse and magnetic 

field. They are calculated in chapter IV, section B. 

In order to understand what signal will be observed from the 

vibrating wire, let (Y +Y ) be the projection of Y +Y onto the 
m m _ . . . m m 

a x i s p e r p e n d i c u l a r t o t h e m a g n e t i c f i e l d . Then i f t h e m a g n e t i c 

f i e l d i s u n i f o r m over t h e l e n g t h of t h e w i r e t h e e . m . f . induced 
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Figure 3. Elliptical Normal Modes of Vibrating Wire. 
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by the m — pair of normal modes is 

m dt 
L / 2 + -

(Y +Y ) dz . (85) 
m m 

L/2 P 

Here B i s t h e m a g n e t i c f i e l d s t r e n g t h p e r p e n d i c u l a r t o t h e 

w i r e . Again we l e t f ( z ) = g ( z ) . We a l s o assume t h a t ° mo °mo 

X ^ X" = X . Then u s i n g E q s . ( 8 0 ) , ( 8 3 ) , and (84) we f i n d 

t h a t 

Br_ ,.L/2 J -X_t 

'm ~~2 
_ ~ m P . . . , d m . + , - . ,„s\ £ = — f ( z ) d z — e (cos co t + cos tu t ) (86) J mo d t v m m 

Br 
m 

- L / 2 

.L/2 -X t 
f ( z ) d z to e ( s i n tu t + s i n tu t ) (87) 

mov mo m m 
-L/2 

= Br m 

r.L/2 -X t Ato t 
f ( z ) d z co e s i n to t cos — — . (88) 

mo mo mo 2 
- L / 2 

In going from Eq. (86) to (87) we have discarded corrections in 

& of order X /to and Acu /co . When displayed on an oscilloscope m m mo m mo J 

6 is a decaying beat pattern. The angular frequency of the 

carrier wave is tu ; the angular beat frequency is Acu /2. The 
mo J m 

period between successive nodes of the beat pattern is 2rr/Ato . 
m 

G. Detecting the Sign of the Circulation 

If p,, p , and the intrinsic beat frequency Aco have already 

been measured, then a measurement of Aco determines the absolute 
m 

value of K . I t is possible in addition to determine the sign of m 

H by introducing an arbitrary constant of known sign into 

the phase difference between Y and Y . The beat r m m 
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pattern of (88) results from the constantly changing phase 
+ - + difference between Y and Y : the phase of Y advances relative m m m 

to the phase of Y at a rate Au) . Furthermore, we have seen m mn 
that Y always rotates in the direction of the circulation. 

m J 

Suppose now that the wire is initially displaced in a plane 

rotated slightly with respect to the plane which is perpendic

ular to the magnetic field. Then the phase of each normal mode 

is shifted from what it is in Figure 3. If the plane is rotated 

in the direction of the circulation, that is, in the direction 
in which Y is rotating, the phase of Y is advanced and the m ° m 
phase of Y is retarded. Therefore their phase difference is 

m 
increased. If the plane is rotated in the direction opposite 
to the circulation the phase of Y is retarded and the phase of 

m 
Y is advanced, so that their phase difference is decreased. A m 
shift in the phase difference of Y and Y is observed on the 

r m m 

osc i l l o scope as a s h i f t in the time i n t e r v a l between the i n i t i a l 

e x c i t a t i o n of the wire and the appearance of the f i r s t node. 

If the phase d i f f e rence is increased the time i n t e r v a l i s 

decreased , and v ice v e r s a . The i n t e r v a l between success ive 

nodes is not a f f e c t e d . 

A simple example of t h i s p r i n c i p l e i s the case of a symmetric 

wire with uniform c i r c u l a t i o n . We have seen in (78) t h a t in 

t h i s case the wire v i b r a t e s in a plane which precesses in the 

same sense as the c i r c u l a t i o n with angular frequency Ato / 2 . 
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If the wire is initially excited in a plane perpendicular to 

the magnetic field its plane of vibration will precess until it 

is parallel with the magnetic field in a time |TT/Atu | . At that 

time the beat pattern will have its first null. If instead the 

wire is initially excited in a plane rotated from the perpendic

ular to the magnetic field by an angle 6, then the plane of 

vibration will precess until it is parallel to the magnetic 

field in a time |n/Aco | - 26/Ato . If 6 has the same sign as 

the circulation the first null of the beat pattern is advanced 

in time. If 6 has the opposite sign from the circulation the 

first null of the beat pattern is retarded. 

In practice it was possible to rotate the initial plane of 

excitation of the wire by superimposing the field of a small 

electromagnet on the permanent magnetic field at right angles 

to the permanent field and the wire. The electromagnet was 

turned on for the duration of the current pulse in the wire, then 

turned off in order to observe the e.m.f. induced by the per

manent field alone. In addition to shifting the phase difference 

between the two members of a pair of normal modes, this method 

also changed their relative amplitude, so that the nodes of the 

beat pattern were no longer perfect nulls. However, it was 

still possible to tell whether the nodes were advanced or retarded 

in t ime. 



50 

H. Figure of Merit for the Wire 

If we ignore the effects of asymmetry in the wire the 

principal measurement in this experiment is of a time interval 

proportional to 1/Atu. The time available for this measurement 

is proportional to the decay time constant 1/X. An appropriate 

figure of merit for the wires used in the experiment is the 

ratio of these two times, equal to Acu /X. Combining (40), (31) 

and (73) we find that for the low modes of a symmetric wire with 

uniform circulation the figure of merit for the m — pair of 

modes is approximately 
P H 

F = S . (89) 
m TTav/211 p CO 

'nrn m 

For a given temperature and circulation the figure of merit is 

approximately proportional to l/ay/cju , where a is the radius of 

the wire. Therefore in principle the sensitivity of the experi

ment to a given level of circulation is enhanced by using thin 

wires at low frequencies. However, an opposing consideration 

is that in practice i t was found that larger and more stable 

circulations tended to appear around the thicker wires. It is 

interesting to observe that the figure of merit is independent 

of the mass density of the wire. Values for the figure of 

merit of several wires are given in Tables la-d. 
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I I I . MECHANICAL APPARATUS 

A. Basic Elements 

The basic elements of the apparatus are shown in perspec

tive in Figure 4 and in cross-section in Figure 5. The wire is 

5 cm long and from 10 p, to 100 p, in diameter. It is stretched 

vertically down the center of a Pyrex tube and is attached at 

each end to a steel post. The tube, within which the observed 

circulation takes place, has a 3 mm inner diameter. The lower 

post is fixed, while the upper post can be moved up and down to 

control the tension in the wire and rotated to twist the wire. 

A brass can encloses the tube and wire, and the whole assembly 

of can, tube, and wire can be put into steady rotation around a 

vertical axis at speeds up to 80 rad sec . A stationary per

manent magnet provides an average transverse field of 1.3 5 kG 

at the wire. The electromagnet, which is shown in Figure 7, con

sists of two coils placed just outside the can on opposite sides 

of the wire, oriented in such a way as to produce a field which 

is perpendicular to the field of the permanent magnet and to the 

wire. 

B. Wire Materials and Mounting 

During the early stages of this work attempts were made to 

use wires made of tungsten and platinum. It was found that the 

tungsten wires, when oscillating at frequencies low enough to kee 
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STEEL POST 
BRASS C A N v ^ N ^ 

PYREX TUBE 

STEEL POST 
I cm-* 

Figure 4. Basic Elements of Apparatus. Liquid helium 
surrounds these elements and fills the spaces between 
the can, tube, and wire. 
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Figure 5. Details of Rotating Assembly. 
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the damping small, produced beat patterns even in the absence 

of liquid helium which were not the result of two perpendicular 

plane-polarized modes. The platinum wires, although satis

factory in other respects, were easily kinked and broken. It 

was found that quartz fibers could be depended on to last through 

many experimental runs and to behave in the predicted way. When 

coated with a conducting layer of gold they made very satis

factory "wires". 

Fibers with diameter 25 p, and less were purchased commer

cially, while larger ones were drawn by hand from heated quartz 

rod. All the fibers were coated by exposing them to vaporized 

gold under high vacuum. The thickness of the gold layer 

deposited on a fiber could be computed two ways, either from 

the electrical resistance of the fiber or by estimating the 

fraction of the total amount of gold evaporated which is deposited 

on the fiber. According to the first computation, which assumes 

that the gold coating is perfectly uniform and continuous, the 

thickness of a layer was typically 400 A. According to the 

second, which assumes that all the gold which reaches the fiber 

adheres to it, the thickness of a layer was typically 4000 A. 

The reason for the discrepancy is not known. Presumably one or 

both of the assumptions above is unrealistic. 

The mass per unit length of a fiber was found by weighing it 

on a microbalance, then measuring its length with a steel ruler. 

The mass of fluid displaced by a unit length of the fiber was 
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found using the average of the diameters measured at each end 

of the fiber with a micrometer caliper, and the known density 

of liquid helium. All these measurements were made before the 

fiber was installed in the apparatus, in order to estimate the 

frequency splittings that circulation would produce, then 

repeated after the fiber had been removed from the apparatus on 

just that part of the fiber which had actually been exposed to 

liquid helium. 

The diameter and effective mass per unit length of the 

fibers with which interesting experimental runs were made are 

listed in Tables la-d. The effective mass per unit length is 

the mass per unit length of the fiber plus the fluid displaced. 

In addition to runs with these fibers some earlier runs were 

made with quartz fibers about 10 p in diameter and with platinum 

wires 25 p, in diameter. 

Figure 6 shows in detail how a fiber was joined at each end 

to a steel post. The fiber was inserted into a .014" diameter 

hole drilled down the center of the post. A stainless steel 

capillary served as a spacer between the fiber and hole wall. 

(The spacer was cut from a long capillary using a die cutter 

and a tungsten wire filler to keep the hole in the capillary 

from closing.) The end of the fiber extended into a larger hole 

drilled into the post from the side, where electrical contact 

between the fiber and post was made with silver paint. The paint 

was dried by baking it overnight at about 120 C. When it had 
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dried it was a strong enough cement that the fiber could be 

suspended vertically from the upper post under tension from the 

weight of the lower post. Then epoxy cement was applied to the 

end of each post, enveloping the fiber with a cylindrically 

symmetric fillet as shown in Figure 6. The epoxy was baked 

overnight at about 100 C to a very hard smooth finish. The end 

of each post had been shaped in such a way that when during 

cooling the epoxy shrank in size compared to the post it would 

grip the post more tightly and not break away from it. 

Care had to be taken while mounting the fiber to clean the 

cylindrical sides of the posts of paint and epoxy before baking 

them, so that the posts would fit freely into the Pyrex tube. 

The actual manipulations of the fiber and posts were all per

formed under a microscope, and it was found that the fiber could 

be handled without rubbing off any of the gold coating by using 

tweezers whose tips had been covered with latex tubing. 

The last fiber, fiber H, was mounted using a silver-impreg-
37 nated epoxy instead of silver paint. This epoxy seemed to be 

as good a conductor as the silver paint, and has the advantage 

that it cures without tending to pull away from the fiber and 

break electrical contact as the silver paint tends to do. Unsil 

vered epoxy, since it flows much better than the silver-impreg

nated epoxy, was still used to finish the end of each post. 
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C. Installing the Fiber 

The upper post which holds the fiber is fitted with a thin 

phosphor bronze disc, as shown in Figure 6, and is attached to 

the rest of the apparatus by clamping the disc at its perimeter 

to the lower end of a brass tube, labeled B in Figure 5. The 

actual clamp is a brass cap threaded to screw over the end of 

the tube. The post extends down through a brass fitting which 

holds the Pyrex tube, into the bore of the Pyrex tube itself. 

The lower end of the post is flared to fit the inner diameter 

of the tube, at the same time allowing the post to rotate and 

move vertically, free of any friction with the brass headpiece. 

The bottom post is a straight cylinder matched to the inner 

diameter of the Pyrex tube, and anchored with set screws to 

another brass fitting at the lower end of the tube. 

It takes careful machining to make the flared end of the 

upper post fit properly to the inner diameter of the Pyrex tube. 

The fit must be loose enough so that the post can turn freely in 

the tube. On the other hand it must not be so loose that it per

mits lateral motion of the post when the fiber is vibrating, 

because this motion very quickly damps the vibrations. 

Even after the fiber had been mounted in the steel posts it 

was a delicate operation to install it in the apparatus without 

breaking it. The two posts were held rigidly in a special jig 

with the fiber stretched between them, the same jig in which the 

fiber had been prepared. The brass cap was already in place on 
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the diaphragm, put there before the fiber and posts were joined 

together. Then the cap was screwed on over the end of tube B 

and tightened with a special wrench. The Pyrex tube with its 

fittings was suspended from the bottom of tube A, a larger 

coaxial tube surrounding tube B, by means of three slender rods 

four inches long which extended up through the headpiece holding 

the Pyrex tube into screw holes in the bottom end of tube A. 

With the rods screwed in place the two steel posts holding the 

fiber were released from the jig, first the lower post then the 

upper one. The Pyrex tube was slipped up around the posts and 

fiber, guided by the slender rods. The rods were removed and 

the headpiece fastened to the base of tube A with screws. Then 

the lower post could be secured with set screws. It was impor

tant that the Pyrex tube be thoroughly cleaned before installing 

it to ensure that the lower post slid through it freely. 

D. Tension Control 

With the bottom post anchored in place, the tension in the 

fiber is controlled by means of the elastic phosphor bronze 

diaphragm fitted to the upper post. The diaphragm is clamped 

around its edge to the base of tube B, so that the top end of 

the post extends up into the hollow bore of the tube. A brass 

rod labeled C in Figure 5 extends down from outside the helium 

dewar through the bore of the tube, to press against a coil 

spring which presses against the top end of the post. The rod 
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and tube are threaded so that the rod can be screwed up and down 

inside the tube, deflecting the diaphragm and changing the ten

sion in the fiber. 

It was important during an experimental run to be able to 

regulate the tension accurately, because it was found that small 

changes in wire frequency brought on measurable changes in the 

intrinsic beat frequency Ato . For example a measurable change 
o 

in the intrinsic beat frequency of the 25 p, diameter fiber 

resulted from a shift in the carrier frequency of about 1 part 

in 300. At 300 cps this frequency shift represented a change in 

tension of about 1 dyne. On the other hand, when at the begin

ning of an experimentalrun it was necessary to select a suitable 

value for Aco , it was very useful to be able to vary the carrier 

frequency over a range of several hundred cps, representing a 
3 tension change of perhaps 10 dynes. Both of these requirements 

on the tension control were well satisfied by the arrangement 

described above, when the diaphragm used was .005" thick and the 

coil spring was wound from .015" diameter steel piano wire. 

As long as the apparatus was immersed in liquid helium and 

left undisturbed except for circulation measurements, the wire 

frequency was very stable, usually requiring no adjustment for 

many hours. Sometimes, however, the frequency would shift during 

rotation of the apparatus and require correction after the rota

tion had been stopped. There was always some hysteresis in the 

tension control, probably caused by friction between the coil 



61 

spring and the walls containing it. Hysteresis could be 

reduced by rapping sharply on the metal frame which held the 

dewar each time after the tension control rod had been turned. 

Another problem in connection with tension control arose 

when the apparatus was cooled from room temperature. Those 

parts of the apparatus which support the fiber shrank more than 

the fiber itself, so that the fiber tended to go slack. As 

originally designed, the tube which encloses the fiber and holds 

the lower post was made of brass, with a Pyrex lining held in 

place with a coil spring to present a smooth surface to the 

liquid helium. This tube worked well with platinum wires, but 

a quartz fiber when cooled went slack beyond all power of the 

diaphragm to tighten it again. For this reason a new tube was 

made entirely of Pyrex, except for the brass fittings at either 

end. These fittings were joined to the Pyrex tube with an epoxy 

cement which was elastic enough so that the thermal contraction 
38 of the brass did not break the Pyrex. The tube was inserted 

into sleeves which had been machined to a thickness of only 

.005", also in order to prevent the thermal contraction of the 

brass from breaking the Pyrex. Even with the Pyrex tube care 

had to be taken in advance of cooling to set the maximum tension 

high enough so as to leave the fiber taut at low temperatures. 

For example, the frequency of the 25 p, diameter fiber, if set at 

2000 cps at room temperature, fell to 1000 cps at 1.2 , repre-
3 senting a tension change of 7x10 dynes. 
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E. Twist Control 

Vinen found that the intrinsic beat frequency Ato could 

be regulated by twisting the wire. Provision for doing this was 

made in the way shown in Figure 5. The brass tube B which holds 

the upper post is free to rotate inside the larger, co-axial 

tube A. Tube A is attached rigidly, through the Pyrex tube, to 

the post which holds the lower end of the wire, so that the 

wire is twisted by rotating tube B by hand from outside the dewar 

without rotating tube A. Rod C, which controls the tension in 

the wire, rotates along with tube B, so that the tension remains 

nearly constant as the wire is twisted. Vertical motion of tube 

B is prevented by an annular phosphor bronze leaf spring which 

rides against a shoulder machined in tube A and presses tube B 

firmly down against the brass fitting which holds the Pyrex tube. 

Brass surfaces which would otherwise rub together as tube B is 

turned are protected with teflon. Once the wire has been twisted 

by the right amount, unwanted changes in Acu can be prevented by 

locking tubes A and B together with set screws at the top of the 

apparatus, outside the dewar. 

F. Rotation 

When tubes A and B are locked together, the whole assembly 

shown in Figure 5 can be rotated as a unit by applying a torque 

to tube A. The vertical axis of rotation is defined by three 

bearings shown in Figure 7. There are two bearings near the top 
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Ĵ  

Figure 7. Overa l l View of Apparatus . 



64 

of the apparatus, outside the dewar. They are ball bearings, 

friction fitted to tube A, and held in place one 1%" above the 

other by two heavy horizontal brass plates. The plates are 

bolted together through four heavy brass posts, and the lower 

plate is bolted to the aluminum head block which supports the 

helium dewar. A driving gear encircles tube A between the two 

bearings and is connected through a timing belt to the drive 

shaft of a motor bolted to the upper plate. The two bearings 

keep the rotating assembly aligned to a vertical axis despite 

the tension in the timing belt. 

The third bearing is a needle-and-ball bearing at the very 

bottom of the apparatus, the needle supported by the brass can 

which encloses the Pyrex tube, the ball bearing held in place 

by a phosphor bronze leaf spring attached to the frame which 

supports the electromagnet. This frame is in turn attached to 

the lower end of a large tube, co-axial with the rotating assem

bly, which extends the length of the dewar and is bolted at its 

top end to the bottom of the lower brass plate. This stationary 

tube also supports the permanent magnet, several copper radiation 

baffles, and three phosphor bronze springs which press against 

the walls of the dewar and prevent the apparatus from going into 

transverse oscillation when it is rotating. 

A vacuum seal between the rotating assembly and the lower 

brass plate is provided by an oil seal, which generates less 
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friction than an O-ring and still keeps a seal which was good 
39 

enough for this experiment. A felt washer which encircles 
the rotating assembly just above the oil seal is soaked with oil 

40 to wet the rotating shaft and lubricate the seal. Two rubber 

0-rings, which are not shown in Figure 7, make vacuum seals 

between tubes A and B, and tubes B and C, near the top of the 

dewar. 

The rotating assembly was mounted in the stationary part 

of the apparatus by inserting it from below, then securing it 

to the driving gear with set screws. The gear rests on the 

rotating frame of the bearing held by the lower brass plate, so 

that this bearing takes the weight of the rotating assembly. 

The needle and ball bearing at the bottom of the apparatus were 

mated under tension from the phosphor bronze spring, enough 

tension to keep them mated when the apparatus was cooled with 

liquid helium. It was necessary when handling the rotating 

assembly to be careful not to bend it, since the long shafts of 

all three rotating tubes were made of thin-wall stainless steel. 

It was possible to align the assembly to a vertical axis well 

enough so that the excursion of the axis of the wire from the 

axis of rotation was probably less than ± 50 p,. A 1/50 hp direct 

current motor, with several gear ratios, provided steady rota-
-1 41 tional speeds from 3 to 80 rad sec . A synchronous motor was 

-1 42 also used for speeds close to 0.1 rad sec . The speed of the 
43 direct current motor was regulated by a motor control. 
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G. Electromagnet 

The electromagnet consists of two coils wound from Supercon 

757o Nb-257<> Zr superconducting wire. The wire has over-all dia

meter .014", including layers of copper and formvar each .001" 

thick. The reason for making the magnet superconducting was to 

keep the power dissipation low in the helium bath. The coil 

forms and supports were made of a magnesium alloy which is a 

normal metal at the temperatures used, so does not support per

sistent eddy currents which would distort the magnetic field. 

The presence of the permanent magnet tends to weaken the field 

of the electromagnet at the wire. Nevertheless, with 1A of 

current the coils produce a measured field of about 250 G at the 

wire with the permanent magnet present. 

H. Electrical Connections 

The e.m.f. induced in the oscillating wire is picked up 

at the bottom steel post by an electrical lead brought down 

through tube A from the top of the dewar. Where the lead wire 

passes through the field of the magnet it is taped down to the 

outside of the Pyrex tube, to prevent it from vibrating in the 

field and producing a spurious induced e.m.f. It is also wound 

around the Pyrex tube in a helix, in order to prevent the induc

tion of a large e.m.f. when the electromagnet is turned on and 

off. The top end of the oscillating wire is grounded to the main 

body of the apparatus through tube B. Electrical connections are 
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made from the rotating assembly at the top of the dewar to 

instruments in the room with sliding phosphor bronze contacts. 

I. Cryogenics 

The entire liquid helium dewar is insulated from the room 

by a liquid nitrogen bath contained in a larger dewar. The 

dewar pair is of conventional design, each dewar having a 
45 double glass wall with silvered surfaces. The long shafts 

of the four tubes in the apparatus which extend the length of 

the helium dewar are made of thin-wall stainless steel to 

reduce heat conduction into the helium bath from the room. The 

two inner tubes have wall thickness .006", the two outer tubes, 

.010". The outermost, stationary, tube is fitted with eight 

copper baffles to intercept radiation and for heat exchange. 

Electrical leads are 36 gauge copper wire, fine enough to keep 

their heat conduction small compared to other sources. 

The helium bath was cooled from 4.2 K by pumping down along 
46 its vapor pressure curve with a mechanical vacuum pump. The 

lowest temperature that could be reached with this system was 

1.1 K, although 1.2 K was the lowest temperature customarily 

used. The pressure in the pump manifold was monitored by an 

octoil-S manometer for the purpose of regulating the rate at 

which the helium bath was cooled. It was found, for example, 

that if the pressure in the pumping line was maintained at 0.9 

mm Hg the apparatus and helium bath would be cooled from 2.2 K, 

just above T. , to 1.2 K in about 90 minutes. 
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The liquid helium loss rate at 1.2 K was about 70 cm hr , 

which was small enough, with the large capacity of the dewar, to 

allow experimental runs to continue for more than 24 hours with

out a second transfer of liquid helium. Helium gas was recovered 

from the output of the mechanical pump and stored for another 

liquefaction. 

The pressure over the helium bath was read by eye on an 

octoil-S manometer, and the temperature of the bath determined 

from its vapor pressure curve. This method gives a resolution 

of about 5 millidegrees, which was ample for this experiment. 

The pressure readings could also be used to calibrate an Allen-

Bradley 0.1 watt, 68 ohm carbon resistor immersed in the helium 

bath, a more convenient thermometer to use when the temperature 
47 had to be changed several times during a run. 

The temperature was stabilized against small fluctuations 

with an electronic control system. The Allen-Bradley resistor 

is one arm of a Wheatstone bridge. An alternating signal at 

225 cps is applied to the bridge, and any imbalance in the 

bridge is detected by a phase-sensitive detector. The direct 

current output of the phase-sensitive detector is used to 

regulate the current in a small heating coil placed in the 

helium bath. With the bridge in balance the power dissipation 

in the Allen-Bradley resistor was about 25 pW for regulation at 

1.2°K. 



J. Shock Mounts 

The large aluminum frame which supports the helium and 

nitrogen dewars is shielded from vibrations in the laboratory 

floor by coil spring shock mounts. Heavy lead bricks were pil 

onto the aluminum frame near its base to reduce the resonant 

frequency of the suspension. Most of the noise in the liquid 

helium seemed to come from boiling in the nitrogen bath and 

from sound vibrations carried by the air in the room. 
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IV. ELECTRICAL APPARATUS 

A. General Layout 

The electrical apparatus is laid out in a block diagram 

in Figure 8. The chain of events which go into a single measure

ment of circulation starts with a signal from a waveform genera-
48 tor. At designated intervals this generator puts out 

simultaneously a short positive pulse and a negative-going 

sawtooth. The positive pulse triggers a pulse generator, which 

puts out a positive square pulse of variable amplitude and 
49 duration. This square pulse will turn on the power to the 

electromagnet provided that a manual switch inserted in the line 

has been closed. Most measurements were made with the switch 

open and the magnet off. The negative-going sawtooth, after a 

certain time delay, triggers a pulse generator which sends a 

current pulse of variable size and duration through the detecting 

wire immersed in liquid helium. The time delay is introduced 

in order to let the current in the magnet build up to its steady 

state value before the detecting wire is excited. 

The detecting wire is one arm of a Wheatstone bridge as 

shown in Figure 11, and the current pulse which excites it is 

supplied to two opposite terminals of the bridge. The other two 

terminals are connected by way of a transformer to a selective 

amplifier, and the bridge is balanced so that there is no poten

tial difference across the output terminals due to the current 
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pulse. However once the wire has been excited its oscillations 

induce a small current in the primary coil of the transformer 

which is detected and amplified by the selective amplifier. 

The output signal from the selective amplifier is applied 
52 to the vertical sweep of the oscilloscope through an amplifier 

53 plug-in unit. The horizontal time base of the oscilloscope is 

triggered by the onset of the current pulse which excites the 
54 wire. The beat period of the wire is measured by observing 

visually the location of the first node of the beat pattern on 

the screen of the oscilloscope. 

Once the beat period of the wire has been recorded the cir

culation measurement is finished. However, it was also necessary 

to measure the resonant frequency of the wire continually during 

a run, just to make sure that it had not changed. Figure 8 

includes the apparatus used for this- measurement. An electronic 

counter measures the period of the oscillating e.m.f. induced 

in the wire, averaged over ten cycles. The oscillating signal 

is taken from the output of the selective amplifier and amplified 

again to a high enough level to operate the counter. However, 

the vibration of the wire is distorted by the driving current 

pulse in the wire, so in order to get an accurate measurement 

the oscillating signal is gated off for a period of time some

what longer than the current pulse lasts. This is done with a 

• 
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negative square pulse supplied by a pulse generator triggered 

by the current pulse to the wire. 

B. Current Pulse 

The current pulse controls the amplitudes of the normal 

modes of the wire. It is important to keep the amplitudes small 

compared to the penetration depth of the normal fluid in order 

to satisfy the assumptions which were made in analyzing the 

effect of the normal fluid on the wire. In addition, it was 

thought desirable to keep the amplitudes small compared to the 

radius of the wire in order not to disturb the superfluid un

necessarily. In order to know what the amplitudes are it is 

necessary to analyze the response of the wire to a current 

pulse. 

For this purpose no generality is lost by assuming that 

the wire is symmetric and the circulation is zero. Then the 

equations of motion (38), with H = 0, are identical. With the 

current off the wire vibrates freely in a fixed plane with dis

placement r(z,t) given by Eq. (78). 

r(z,t) = ) 2A f (z) e ™ cos(to t + 0 ) (90) ' Z_i m mo v mo ^m/ v 

m=l 
When the current is turned on Eqs. (38) are modified by the 
addition of a driving term. We assume a steady current I and a 

uniform transverse magnetic field B. Then the magnetic force 

per unit length on the wire is BI. The equations of motion have 
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the form 

2 2 4 
p, , - T-j - S—^ - 2pA^ + BI . (91) 

dt oz 6z 

The boundary conditions are not changed. The initial con

ditions for x(z,t) are 

x(z,t)L=0 = 0, x(z,t)L=0 = 0 (92) 

There are an identical equation and set of initial conditions 

for y(z,t). Solutions to (91) have the form 

x (z,t) = f (z) 9 (t) . (93) 
mv m o m v ' 

We shall use the approximation that for low modes a stiff wire 

of length L is equivalent to a flexible wire of length L* = 
/"s 

L - 2/— . With the wires used in this experiment the error 

involved in this approximation is at most 1%. Then the solution 

for the sum of the m — pair of normal modes is 

— -X t 
/ ..\ ~ / i\ 2 4BI mnz . , m . . . . . 

r m (z , t ) = (-1) 2COS~L* ( C O S "n ^ ( ^ mrrp,tu m 
— -X t 

• / ^\ ~ / n 2 4BI fflfTz m . r (z , t ) = (-1) ———cos— e sin u> t , (95) m mnuou L * m 

m 

where m = 1,3,5,... . We note that only the even normal modes 

are excited when the magnetic field is uniform. 

Suppose now that the current is turned off at time t1. 

Thereafter the wire vibrates freely again, but with initial con

ditions given by evaluating (94) and (95) at t = t'. In these 



circumstances the solution for the sum of the m — pair of 

-X t - -X t 1 

e cos[co ( t - t ' ) ] - c o s 
m 

normal modes i s 
m-1 

_ / t \ ~ / T\ 2 4BI mrrz 'vm 
r m ( z , t ) = (-1) cos — e 

mnpitu 
(96) 

- x m t ' _ 
If t ' i s smal l , so t ha t e = 1 , then r has a l oca l maximum 

m 
in time when to t1 = vrr, where v is an odd integer. In order 

to obtain the largest possible excitation of r for a given 

current we set v = 1. This means that the current is turned 

off after one half-period of vibration of the m — pair of 
-X t' _ 

normal modes. Thereafter, setting e = 1, we have 
— -X t 

, . _ \ ~ / i \ 2 8BI mTTz m ,n-,\ 
rm(z,t) = (-1) 2COS_L* e COS "m (97^ mnuco m 

— -X t ' / \̂ ~ / IN 2 8BI- mnz m . /no. r (z,t) = (-1) cos-rr e sin tu t (98) mv ' ' v ' mnp,tu L * m v ' m 

where m = 1 , 3 , 5 , . . . . Of course r and r are not d i r e c t l y 
m m J 

observed in the experiment. The quantity measured is the' 

induced e.m.f. The e.m.f. corresponding to the m — pair of 

normal modes is 
L*/2 

£ m ( t ) = - B J r ( z , t ) d z (99) 
-L*/2 

^ 4 B \ 2 IL* "Xm t . ^ . . . . . I — ) e s in tu t (100) Vmrv p.tu m 
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Equation (100) shows that the maximum e.m.f. induced by 

the m — pair of normal modes is proportional to 1/m , since 
~ 3 tu = mu), . Since only the odd-numbered modes are excited 1/m = 1, m l - ' 

1/27, 1/125,...; the e.m.f. induced by the higher modes is very 

much smaller than G,. There are two reasons for this. One is 

that the higher modes are less strongly excited: at a given 
2 time f is proportional to 1/m . The other is that f changes 

m m ° 

sign m - 1 times on L*, so the e.m.f., which is proportional to 

the integral of f , is reduced by another factor of 1/m. Further

more, the higher modes are damped more rapidly than the lower 

modes. The overall reduction is so large that only the lowest 

pair of modes was actually observed during the experiment. 

This fact justifies the use of the low-mode approximation for 
f (z) and g (z). Furthermore, rn and fn can be properlv mo "mo 1 1 r 

thought of as the actual displacement and velocity of the 

symmetric wire with zero circulation, and &1 as the e.m.f. 

induced by the wire. With this understanding we shall consider 

only the lowest pair of normal modes from now on and omit the 

subscript m. r and f are plotted as functions of time for the 

first two cycles in Figure 9, along with the current pulse for 

reference. The duration of the current pulse is one half-

period of vibration of the wire. 

In order to compute r, r, and S the induction of the per

manent magnet has to be measured. This measurement was made 
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with a Hall-effect probe. The induction perpendicular to the 

wire measured along the axis of the wire had the profile sketched 

in Figure 10. The average of B over the length of the wire was 

1.35 kG. The profile shows that B was not quite uniform over 

the length of the wire. As a result the relative amplitudes of 

the normal modes must have been slightly different in reality 

from the relative amplitudes given by (97). 

B - kG 1.5 

1.0-

0.5 

z - cm 

Figure 10. Profile of Stationary Magnetic Field Strength. 
B is the field strength perpendicular to the wire measured along 
the axis of the wire. 

Values of the maximum displacement of the wire, which we 

call r , are tabulated for most of the experimental runs in 
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Tables la-d. Values of f , the maximum velocity of the wire, are 

given by cor ; values of IO/2TT are also listed in Tables la-d. 

In addition to the requirement that the maximum displace

ment be small, another requirement which might be placed on the 

excitation of the wire in order not to disturb the circulation 

is that the maximum velocity of the wire be small compared to 

the superfluid velocity at the surface of the wire when the 

circulation is one quantum unit. In that case cur « — - — = , o m 2rra 
10 

- . It proved to be impossible to satisfy this condition 

with the technique used in this experiment. That is, it was 

impossible to reduce the current pulse enough to satisfy this 

condition on the velocity, and still produce a large enough 

signal from the wire so that accurate measurements of the beat 

period could be made before the signal decayed below noise 

level. For example the smallest current pulse that could be 

used with fiber D, the 40 p. fiber, resulted in a maximum velo

city at 500 cps of about 1.6 mm sec , twice the fluid velocity 

at the surface of the wire for one quantum of circulation. 

However, an observation was made which tends to cast doubt 

on the importance of the velocity criterion. It was found that 

even if the current was increased ten times from its lowest 

practical value the behavior of the apparent circulation did 

not change. That is, stabilities occurred at the same quantum 

levels as before, and, qualitatively, circulation changed with 

time in the same way. With this observation in mind it was 
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customary to use a fairly large current pulse, such that the 

maximum wire velocity was about twenty times the fluid velocity 

at the wire with one quantum of circulation. It should be noted 

that Vinen customarily used current pulses of this same size, 

applying the velocity criterion to his apparatus. 

There is still a third criterion which might be applied to 

the amplitude of the current pulse, namely that the power dissi

pated in the wire due to Joule heating be small enough not to 
2 disturb the circulation. Values of the.power I R are also listed 

in Tables la-d; R is the resistance of the wire when immersed in 

liquid helium. It is not known a priori what a suitable power 

limit might be. However, it can be seen in Tables la-d that 

the power dissipated in runs with wire G far exceeded the power 

required for runs with other wires, and that circulation observed 

with wire G was less stable than with other wires, and much less 

stable than with other wires of about the same diameter. In 

view of this fact it would seem to be a good rule to keep the 

power below 1 mW. Of course it is possible to reduce the power 

dissipation by evaporating more gold onto the fiber, reducing its 

electrical resistance. 

Finally, it should be added that the time interval between 

successive current pulses used to excite the wire was 5.0 sec 

during those periods when circulation measurements were being 

made. This time interval was short enough to make possible a 
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detailed record of changes of circulation with time, yet long 

enough so that vibrations of the wire due to one current pulse 

had damped below noise well before the onset of the next pulse. 

C. Bridge 

A diagram of the Wheatstone bridge circuit appears in 

Figure 11a where the resistances in the arms of the bridge are 

those used with the 100 p, diameter fiber, fiber G, which had 

resistance 25 ohms at 1.2 K. The reason for using the bridge 

was to protect the selective amplifier from the current pulse 

which excites the wire. If the amplifier were just connected 

across the wire, for example, the current pulse would overload 

the amplifier so badly as to spoil its linear response to the 

oscillating e.m.f. from the wire. The transformer is introduced 

in order to isolate the output terminals of the bridge from 

ground, and to improve the impedance match to the amplifier. 

Under normal operation the current pulse which excites the 

wire enters the circuit either at terminal #1 or #2. These two 

channels differ in their input impedance and in the fraction of 

the power drawn from the generator which each delivers to the 

wire. Terminal #2, with the high impedance, was used for most 

wires. However it was useful to have a low resistance channel 

available to admit very energetic pulses to the wire. These 

pulses, at current levels perhaps ten times the level of the 

pulses used to measure circulation, were sometimes used with the 
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Figure l i b . Equivalent Circuit Diagram of Bridge. 
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deliberate intention of disturbing the apparent circulation 

with violent motion of the wire. 

There are two other input channels to the bridge. Ter

minal #4 is suitable for use with an oscillator, should one 

wish to excite the wire with a continuous wave instead of a 

pulse. Terminal #3 was used with the regular current pulse 

when the wire had been manually switched out of the circuit, 

leaving that arm of the bridge open. In that case a current 

pulse appears across the transformer primary and excites the 

selective amplifier. The amplifier rings at its tuned fre

quency with oscillations which decay rapidly in time. These 

oscillations appear on the oscilloscope screen and permit a 

direct measurement of the time-constant for their decay. They 

also drive the frequency counter and permit a direct measure

ment of the frequency to which the amplifier is tuned. Both of 

these measurements were very useful for the experiment, for 

reasons which will become apparent, and were made often during 

the course of a run. Input channel #3 was provided so that the 

same current pulse could be used for these measurements as for 

the circulation measurements without overloading the amplifier. 

The resistors which go into the arms of the bridge itself 

must be chosen so that the bridge can be balanced with the wire 

in place in the circuit. The resistance of the wire changes 

radically with temperature. For example, the resistance of 
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fiber G fell from 110 ohms at room temperature to 25 ohms at 

1.2 K. The resistors shown in Figure 11a are appropriate for 

balance with fiber G at 1.2 K. It was also necessary to balance 

stray capacitance in the leads to the wire, which could be quite 

large. The balance conditions for the bridge are independent 

of frequency, so should hold true for any pulse. Nevertheless, 

in practice it was impossible to eliminate small transient cur

rents from the transformer whenever the pulse was turned on or 

off. However, with good capacitive balance these currents 

could be reduced to a level comparable to the currents induced 

by the vibrating wire. 

Once excited by the current pulse the vibrating wire acts 

as an ac generator in the circuit shown schematically in Figure 

lib. Figure lib includes just those circuit elements needed to 

compute impedances. One requirement of this circuit is that 

enough power from the wire be delivered to the transformer to 

provide an output signal to the selective amplifier which is 

well above electrical noise. The turns ratio of the transformer 
58 was 1:17.7. Its input impedance reflected from the selective 

amplifier was about 1.5 K. The resistance in the two upper arms 

of the bridge must be about as large as 1.5 K in order to 

prevent them from shunting power away from the transformer. 

In addition to the bridge itself there are two other branches 

in the circuit, parallel to the bridge, which draw current from 
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the wire and should have high impedance. One of these branches 

is the pulse generator itself, which has an output impedance 

which can be as low as a few ohms. In order to prevent it from 

loading the wire a solid state diode was inserted between the 

generator and bridge. This diode presents a low resistance to 

positive pulses from the generator, when the pulse height is a 

few volts. However it presents a very high resistance in both 

directions to the e.m.f. generated by the wire, which is of the 

order of 100 ixV. 

With all these safeguards built into the circuit the power 

delivered to the selective amplifier by the vibrating wire was 

large enough so that electrical noise was not a serious limita

tion on the experiment. The noise which limited the sensitivity 

of the experiment was acoustic noise in the liquid helium. The 

electrical signal to the oscilloscope was much noisier when the 

wire was immersed in liquid helium than when it vibrated in air 

or in vacuum. 
i 

Since electrical noise was not a serious limitation it was 

important that electrical damping of the wire be kept small com

pared to the viscous damping. The damping time constant of the 

wire is equal to Q/tu, where co is the angular frequency of the 

wire and Q is the ratio between the energy stored in the wire an 

the energy it loses per radian of vibration. To evaluate the 

electrical damping we consider a symmetric wire with no circula

tion. Let the maximum velocity of the wire during any one cycle 
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of vibration be represented by r(z,t) "= 9(t) cos — . Then 
max max 

the energy stored in the wire, neglecting damping during the 

cycle, is 
~ 1 '2 

s 2 max 

L*/2 

-L*/2 
cos2 ̂ f dz (101) 

= ̂ 9 2 . (102) 
4 max 

The energy lost per radian due to electrical dissipation is, 

using equation (99) 
£ 2 2 L*/2 2 

E „ = ^ = l 5 - e 2 T f c o s ? f d z l (103) 
d 2Rcu 2Rto max L J L* J 

-L*/2 

- ^ - 6 2 • d 0 4 ) 
1- max 

n Ru) 

Here R is the total resistance which loads the wire. Then the 

Q of the wire, considering only electrical dissipation, is 
6 ° L*B 

The time constant for electrical damping is 

Q 2 „ ê ~ TT_ jiR_ 
» 8 L*B2 " 

(106) 

The resistive load on fiber G can be estimated from Figure 

lib to be about 1 K. Then Eq. (106) with the measured character-
Q ^ 

istics of the wire and magnet gives — = 30 sec. The damping 

time constant of fiber G as actually measured in liquid helium 

at 1.2 K was about 0.5 sec, very close to the time constant 
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calculated from viscous damping alone. It is clear that the 

electrical load on the wire was a negligible source of damping 

for this fiber, as indeed it was for all the others. This con

clusion was verified by the observation that the damping time 

constant for the wire oscillating in vacuum was very much larger 

than in liquid helium. 

D. Selective Amplifier 

The selective amplifier consists of three stages, a pre

amplifier, a frequency-selective amplifier, and a second linear 

amplifier. Only the first two stages were used in these 

measurements. The frequency selection of the second stage is 

accomplished using a linear amplifier with negative feedback 

through a null network. The network is tuned to transmit no 

signal at the chosen operating frequency of the amplifier. 

Since negative feedback occurs at all other frequencies the 

over-all response of the amplifier peaks at the frequency 

selected. The response of the amplifier for frequencies not 

too different from the resonant frequency is nearly equivalent 

to that of a forced, damped harmonic oscillator with a Q of 

about 20. This was too high a Q for some measurements, and in 

those cases the Q was reduced by inserting a variable resistance 

in the null network's connection to ground. 

It was nearly essential to use a selective amplifier in 

this experiment because of its noise rejection. However the 
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instrument did complicate the measurements in an important way, 

for the following reason. In principle the frequency splitting 

Acu is found by measuring the period 2rr/Ato between successive 

nodes of the beat pattern. However, in practice the damping of 

the wire is large enough to make it necessary instead to measure 

the time interval between the initial excitation of the wire, 

which corresponds to a beat maximum, and the appearance of the 

first node. For example, Table lc shows that the damping time 

constant for fiber E at 1.20 K and 500 cps was 350 msec. This 

means that if the signal from the wire decayed to noise level 

in three time constants, then in order to measure Acu using two 

nodes of the beat pattern Aco would have to be about as large 

as 3TT/(3X .350) = 3rr rad/sec. For fiber E the frequency split

ting Aco with one quantum unit of circulation at 1.20 K was 

1.24 rad/sec. Even with three quantum units of circulation the 
I 2 2 

total frequency splitting Atu = A/(ACO ) +(A(D ) would be only 

10 rad/sec, and the period between nodes would shift because of 

circulation by only TL. However, using just the first node Aco 

could be set at Trrad/sec. Then three quantum units of circula

tion would shift the measured time interval by 36%. 

In order to understand the influence of the selective 

amplifier on the beat pattern,let us treat the incident signal 

as the sum of two sinusoidal signals of slightly different 

frequency. Being a resonant system the amplifier changes the 
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phase of each signal by an amount which depends on its frequency. 

Consequently the amplifier shifts the phase difference between 

the two signals, and,since it is the steadily changing phase 

difference which generates the beat pattern,it shifts the phase 

of the beat pattern. That is, it shifts the measured time inter

val between the current pulse to the wire and the appearance of 

the first node on the screen of the oscilloscope. The shift 

is always such as to increase this interval, and since the 

increase can be as large as 10% it is important to know it 

accurately. The amplifier would not affect the interval between 

successive nodes if in fact more than one could be observed. 

Of course it was impossible to measure the time delay 

directly so long as liquid helium covered the wire. What was 

done was to assume that the amplifier behaves just like a damped 

harmonic oscillator, and then calculate the time delay in terms 

of something that could be measured, namely the Q of the ampli

fier and wire. As a check on its validity the same procedure 

was used when the wire was set vibrating in vacuum. In that 

case it was possible to measure the time delay directly, for 

example by comparing the time it took the first node to appear 

with the time interval between successive nodes. The calculated 

time delays were generally about 10% + 5% smaller than the 

measured values. It was then assumed that the same calculation 

could be applied when helium covered the wire. If this assumption 
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is correct the error introduced into the circulation measure

ments by the amplifier was 1% or less except in a few cases. 

In order to understand the criteria used in tuning the 

amplifier and selecting its Q,it is useful to go through the 

calculation of its time delay in some detail. Considered as a 

harmonic oscillator its response to a driving signal f(t) is 

proportional to the solution x(t) of the equation 

x(t) + 2y x(t) + tu 2 x(t) = f(t). (107) 

Here 1/y is the time constant for free decay of the amplifier 

and tu is the fictitious undamped frequency of the amplifier. 

The driving function f(t) is the e.m.f. induced by the two 

lowest normal modes of the vibrating wire. Once the current 

pulse to the wire has been turned off f(t) has the form, from 

Eq. (87), 

f(t) = & e~Xt(sin tu+t + sin cu"t). (108) 

With tnis driving signal the response of the amplifier is pro

portional to 
"'o f - v t , . 2 -H . 2 - . 

2 t u ( F x T l e ( s i n Q ? + S i n " ) sinB 
(109) 

s ina s in (to t + a ) + sine*- sin(tu t + a ) }• 

Here co = —~— an<i t n e approximation has been made in f ac to r i ng 

out the leading c o e f f i c i e n t t h a t to = co = co. or and P are 

funct ions of the f requencies and damping c o n s t a n t s . ar~ a re 

given by (110); 3 w i l l not be needed in the d i scuss ion which 

fo l lows . 

& r .. o . o sin(u> t + 3) 
— o f - v t , . 2_+ . . 2 - s o 

x 

- e 
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The response of the amplifier is the sum of two terms which 

decay with different time constants. Since in practice y » X 

the first term is the transient part of the response, and the 

second term corresponds to the steady state of a resonator 

driven by a steady signal. In this case the second term is the 

slowly decaying beat pattern which is used to measure circula

tion. In order that the first term not interfere with the measure

ment it is essential that it decay to noise level before the 

first node of the beat pattern appears. Otherwise this first 

term would itself beat with the signal from the wire and pro

duce a spurious effect. This is one condition on the Q of the 

amplifier, that the time constant for decay, which is 1/y = 

Q/tu , be small enough to prevent interference with the measure

ment. For nearly all runs 1/y - 10 msec even with the amplifier 

at its full Q of about 20, whereas the time interval to the first 

node was nearly always greater than 300 msec. 

It is apparent from the second term of (109) that the two 

components of the driving signal from the wire are shifted in 

phase, each by a different amount. The phase shifts are 

«± = - tan"1 , 2 ^ ) U ) ± • (HO) 
tu - tu* - 2X(Y-X) 

The relation between phase shift and frequency is plotted in 

Figure 12. The slope of this curve is positive or negative 

depending on the sign of Y"X- In practice Y"X is always positive 

and the curve has been drawn accordingly. 
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Figure 12. Phase Shift in Response of a Resonant System 
Relative to Driving Signal as a Function of Frequency 

It is apparent from the plot that for a given frequency split

ting Aco between the two lowest normal modes of the wire the 

difference between the two phase shifts is largest in the neigh-
TT 

borhood of a = - —, where the curve has its steepest slope. If 
the difference between the phase shifts is h& = a -a the first 

Ao/ node of the beat pattern is shifted in time by -—. From the Acu 
plot AO7ACO is negative, so the time shift is always positive; 

that is, the appearance of the node is delayed. The time delay 

is a maximum when Or = - — ± — . We recall that at resonance 

an oscillator shifts the phase of a single driving sine wave by 
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-—. The corresponding condition for resonance here is that the 
TT 

average phase shift equal -—, where the average phase shift is 
+ -

a = — - — . Then one test of whether or not the amplifier is at 
resonance with the wire is that the time delay should be a 

max imum. 

The long-lived response from the amplifier can be written 

in the form 

c 
v2 2U)(Y-

x „ = TT~7—rye s i n a + s i n a +2sin0? s ina cos (Atot+Aa) jsin(cut-to) . 

( I l l ) 

When 0t~ = - — ± — we have 
P 

~ o -Xt Aa1 rAco^.Aa,"] /1 1 0 \ 
x2 = " COIY^XT e c o s ~ C 0 8 L " T ( t + ^ ) J C 0 8 wtm ( U 2 ) 

At resonance the long-lived response of the amplifier is a 

fully modulated beat pattern of angular frequency — , provided 

that the two normal modes of the wire are equally excited. 

Therefore another test of whether or not the amplifier is tuned 

for resonance is that the node of the beat pattern should be a 

true null. For comparison with (112) we note that (108), the 

e.m.f. from the wire, can also be written 

f (t) = 2£ Q e " U cos-p sin tut. (113) 

The condition for resonance that or *= - — is sa t is f ied 
2 

when the amplifier is tuned so that 

tUQ
2 = cu+tu" + 2 X ( Y - X ) . (114) 
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Then 
+ - 1 2 

« = f a n — 
Aco 

3+ = t a n " l l & l l ( n 5 ) 

C' = . tan" 1 ^ h l ( 1 1 6 ) 
Atu 

Aa .. -1 Aco 
~ tan 2 2(Y-X) • (117) 

The f i r s t two terms in the Taylor expansion of tan give 

Acy ~ Atu 1 ( Atu ^ 3 , ft. 
2 2(Y-X) + 3Kl(y-X)J ' ( U 8 ) 

The time delay in the appearance of the first node, which we 

call A T , is then given by 

Another condition on the Q of the amplifier was thought to be 

that it should be small enough so that the time delay was 10% or 

less of the measured time interval, which is roughly TT/ACO. With 

this condition satisfied 

iten A c o - Ato < 1Q% ( 1 2 0 ) 
1 ACU ' TT TT ( Y - X ) 

ACQ < 1 
y-X 3 * (121) 

Then (119) shows that the time delay is equal to — - to 1% 

accuracy. 

Therefore in order to compute the time delay in the approxi

mation that the amplifier behaves like a harmonic oscillator it 

was necessary only to measure the time constants for decay of 
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the amplifier and wire. The time constant of the wire was 

measured from its decay pattern on the oscilloscope screen. To 

make an accurate measurement the wire had to be rotated so that 

only one of its lowest normal modes was excited by the current 

pulse. However for most wires the measurement had to be made 

only once at a given temperature and frequency. For most wires 

at the frequencies used the decay was so much slower than the 

amplifier that it had only a small effect on the computed time 

delay. It was safe to assume that the results of one measure

ment could be used for several experimental runs. 

On the other hand it was important to know the time con

stant of the amplifier accurately, to 10% at least. Furthermore, 

it had to be measured periodically throughout a single run since 

it was capable of drifting in time. This measurement could be 

made in either of two ways, which gave results in good agreement 

with each other. One way was to excite the amplifier with an 

impulse then watch its free decay on the oscilloscope. The 

other way was to drive it with a continuous wave from an auxil

iary oscillator at the frequency of the wire and measure the 

half-width of its response function near resonance. The half-

width of the voltage resonance, defined as the difference 

between the two frequencies at which the output voltage from 

the amplifier falls to one-half its maximum value, is related to 

the decay rate Y a s Atu, = Jl2 y. Of the two methods, the first 

was easier and used more often. 
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The computation of the time delay using these measured 

time constants is correct only if the amplifier is at resonance, 

so it is important to tune the amplifier carefully. When cor-
2 rections of order (Atu/co) are neglected, the amplifier is at 

resonance when its frequency in free decay is equal to the 

carrier frequency of the e.m.f. from the wire. The carrier 

frequency from the wire is continually monitored throughout a 

run by the electronic counter, and the frequency of the ampli

fier in free decay can easily be measured by exciting the ampli

fier with an impulse and timing its period of oscillation with 

the same counter. The most convenient way to tune the amplifier 

was just to make these two frequencies equal, and it was verified 

even with the wire vibrating in vacuum, when the beat pattern 

could be very accurately observed, that this method gave a true 

resonance. That is, the beat pattern which resulted was fully 

modulated, with true nulls at the nodal points; the measured 

time to the first node was a maximum; and the over-all amplitude 

of the pattern was a maximum. 

In principle it should have been possible to omit the use 

of the counter and determine whether or not the amplifier was 

tuned for resonance just by observing the beat pattern. However, 

this method proved to be difficult when the wire was immersed 

in liquid helium, because especially near the beginning of a run 

the beat pattern was continually changing because of changes in 

the circulation. 
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Another advantage of tuning with the frequency counter was 

that it made it easy to align the wire properly in the field of 

the stationary magnet. With the amplifier at resonance it was 

only necessary to rotate the wire until the amplitude of the 

beat pattern at the node went to zero, to be sure that the wire 

was aligned so that its two normal modes were excited with equal 

amplitude. If was easy to tell when the amplitude at a node 

went to zero, or at least fell below noise level, whatever the 

level of the circulation. However, it was not possible to use 

this observation in reverse, as a fool-proof determination that 

the amplifier was properly tuned. One could get a null even 

with the amplifier off resonance, if the normal modes of the 

wire were excited unequally. Of course such a null would not 

reflect the true time delay as computed above, and would lead to 

error in the measurement of circulation. 

E. Magnet Control 

The circuit which controls the current in the superconducting 

electromagnet is shown in Figure 13. The circuit is designed so 

that when a manual switch has been closed, a current pulse will 

gate on a large current in the magnet. The current stays on for 

the duration of the pulse, and the size of the current is deter

mined to some extent by the pulse height. Currents used were about 

1 A, for periods of a few milliseconds. The inductance of the 

magnet at 1.2 K was 12.7 mH. The rise time of the current was 
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about 2 msec. An auxiliary switch is provided for turning on 

the magnet at will. It is useful, for example, to be able to 

turn on the magnet before the vibrating wire is excited, and 

leave it on until after the appearance of the first node of the 

beat pattern. This is equivalent to rotating the stationary 

magnetic field through a small angle, raising the amplitude of 

the e.m.f. at the first node. Then if the polarity of the per

manent magnet is known it is possible to determine the polarity 

of the electromagnet just by rotating the wire slightly to see 

which direction of rotation restores the amplitude at the first 

node to zero. 
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V. PROCEDURE 

The procedure used to measure circulation during a typical 

experimental run was as follows. To begin, the apparatus and 

dewar were pre-cooled overnight with liquid nitrogen, then 

liquid helium was transferred into the dewar itself. The 

liquid flowed into the cylindrical vessel containing the wire 

and covered it to a depth of as much as 50 cm. The apparatus 

and helium bath were then cooled from 4.2 K to 1.2 K by pumping. 

In some cases the assembly carrying the vessel and wire 

was rotated during cooling. The rotation and cooling were timed 

so that rotation would continue for several minutes at tempera

tures above T̂  to allow the fluid around the wire to come into 

equilibrium with the wall of the vessel. Calculations show that 

the longest time constant to be associated with the fluid's 

coming into rotation was 45 sec. The rate of cooling was con

trolled by regulating the pressure in the pump manifold. At 

1.2 K the rotation was stopped and the temperature stabilized 

by balancing the regulating bridge. If the pumping rate was 

adjusted properly the bridge would keep itself in balance at 

the chosen temperature. Then it was possible to start pulsing 

the wire and observing its beat pattern on the oscilloscope. 

Measurements of the beat period were most accurately made 

when the beat pattern was 1007.. modulated, that is, when the 

amplitude of the induced e.m.f. fell below the acoustic noise 
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level at the observed node. In order to achieve this degree 

of modulation it was necessary for the axes of the elliptical 

normal modes of the wire to lie at an angle of 45 to the direc

tion of the magnetic field. In this orientation the normal 

modes were excited with equal amplitude by the current pulse. 

Ordinarily, on stopping rotation, the normal modes would lie 

at some other angle, and the wire assembly would have to be 

turned by hand to achieve full modulation. 

If the position of the first node of the beat pattern on 

the screen of the oscilloscope was to shift under the influence 

of circulation by an amount which was large enough to measure 

accurately,it was necessary for the intrinsic frequency splitting 

Ato to be about equal in size to the expected frequency splitting 

due to circulation, Acu , or smaller. Usually, after cooling, 

a first examination of the beat pattern showed a value of Atu 

which was too large, and the wire had to be twisted to reduce 

Aco to a proper size. The angle through which the wire was 

twisted was carefully recorded each time, to prevent it from 

being twisted far enough to break. Generally the orientation 

of the normal modes would shift each time the wire was twisted, 

so that it was necessary to turn the wire assembly by hand to 

restore full modulation to the beat pattern. 

In practice it was found that Acu also depended strongly on 

the average frequency of the wire, co, so that to some extent 

Acu could also be- controlled by changing the tension in the wire. 
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Usually Atu was reduced by increasing co, that is by tightening 

the wire. However, since the e.m.f. induced in the wire for a 

given driving pulse decreases as co , and its damping time con-

stant decreases roughly as tu z, it was advantageous when possible 

to fix tu at some small value, for example 500 cps, and rely on 

the twisting technique alone to reduce Atu . Unfortunately the 

frequency co usually shifted uncontrollably each time the wire 

was twisted and had to be restored to its initial value before 

the effect of the twist on Atu could be determined. 
o 

There were two other considerations which affected a choice 

of the wire frequency to. It was found that if co was made too 

small, even in the absence of circulation the wire no longer 

behaved in a way which could be described as the superposition 

of plane-polarized normal modes. For example the beat pattern 

might be only partially modulated but not depend on the orienta

tion of the wire in the magnetic field; or the damping of the 

wire might even depend on orientation. A pattern which depended 

on orientation in the proper way could generally be restored 

by raising the tension in the wire. A second consideration was 

that at some frequencies the acoustic noise picked up by the 

wire was much larger than at others. Presumably at those fre

quencies the wire was tuned to a mechanical resonance in the 

apparatus, and it was imperative that they be avoided. 
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In order to establish a certain intrinsic frequency 

splitting Atu on the wire, it was of course necessary to know 

when the circulation around the wire went to zero. This was by 

no means a trivial problem, since it was found that large amounts 

of circulation appeared spontaneously around the wire even when 

the apparatus was cooled to 1.2 K without rotation. It might 

be supposed that Acu could be measured above T, , where the fluid 
o X 

was entirely normal and at rest, or at 1.2 K in helium vapor. 

However, at T.. the damping of the wire was much too large to X 
permit measurement of a suitable Atu , and it was found that Acu r o • o 
was in general very different when the wire was immersed in 

liquid helium at 1.2 K than when the wire was surrounded by 

helium vapor at the same temperature. This last effect would 

be expected for a wire of elliptical cross-section, since the 

contribution of the liquid to the effective mass density of the 

wire would then be different in different directions. 

Vinen found it to be a general rule in his experiment that 

the observed total frequency splitting Acu always decreased to a 

well-defined minimum value "just before the helium drained out 
59 of the space surrounding the wire." He took this value of 

Aco to be equal to Acu . In the present experiment Atu was observed 

to take on an unusually steady value during almost every run when 

the surface of the helium bath had fallen to a level about 1 cm 

above the top of the wire. However, except in a few cases this 

steady value was not the minimum value for that run. These 
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unusual levels were regarded as probably spurious effects of 

the apparatus. It was impossible to regard them as defining 

Acu . • o 
There were two independent methods in this experiment of 

successfully determining the frequency splitting with zero cir

culation. One of them was just to excite the wire repeatedly 

and observe Aco over a period of time. It was found that near 

the beginning of a run, during the first few hours after the 

liquid helium transfer, Atu would decrease to a well-defined 

minimum value several times an hour. It was sometimes possible 

to drive Atu to a minimum by heating the wire briefly with a 

direct current. This value of Aco was taken, provisionally, to 

be equal to Aco . If later in the run Aco fell to a lower mini

mum, then Atu had to be revised to be equal to this new value. 

In practice such revisions as had to be made were very minor, 

amounting at most to 2% of the assumed value. What was striking 

was the reliability with which the assumed minimum would reappear 

throughout a run lasting as long as 22 hours. The small changes 

that did occur were usually brought on by warming and cooling 

the apparatus or by a fast rotation. 

Early in the experiment, as a means of determining that the 

behavior of the wire had not changed during a run, and by infer

ence that Atu had remained stable, it was customary to transfer 

liquid helium twice during a run and each time let the liquid 
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drain completely away from the wire. Measurements of the 

frequency splitting in helium vapor were made each time, and 

compared. The measurements usually agreed to within 2%. After 

several runs of this kind the apparatus was felt to be reliable 

enough that this practice could be abandoned. 

Another method of determining frequency splitting with 

zero circulation was provided by the superconducting electro

magnet. The purpose of the electromagnet was to shift the 

position of the first node of the beat pattern on the face of 

the oscilloscope either to the left or right depending on the 

direction of the circulation around the wire. When the circula

tion was zero the electromagnet produced no shift in the node 

position. The reason for this is that a shift in the node 

position is the result of a shift in the relative phase of the 

two lowest normal modes of the wire. Having the electromagnet 

turned on at the time the wire is excited by the current pulse 

shifts the relative phase of the two normal modes from what it 

would be with the electromagnet off, provided that the normal 

modes are circularly or elliptically polarized. If they are 

plane-polarized, as is the case with zero circulation, the norma 

modes are excited with a phase difference of either 0 or 180 

whatever the direction of the magnetic field. To be sure, they 

are excited with different amplitudes and the node of the beat 

pattern is smeared out. Nevertheless it does not shift in time, 

so its position on the screen of the oscilloscope is the same as 
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it is when the electromagnet is left off. This effect occurs 

only in the presence of zero circulation, so uniquely identifies 

Atu . o 
Once a suitable value of Aco had been established on the 

o 

wire at a suitable frequency tu, the twist control was locked 

with set screws and the frequency carefully measured with the 

electronic counter. The selective amplifier was carefully tuned 

to be in resonance with the wire, and the orientation of the 

wire in the magnetic field was adjusted for full modulation of 

the beat pattern. This orientation was then recorded, and sub

sequent measurements of the beat period were all made either 

with the wire assembly in this position or rotated through 

multiples of 90 . 

In preparation for the measurements the width of the current 

pulse was set to one-half the period of vibration of the wire, 

and the current amplitude was fixed at an appropriate level 

using the criteria discussed in chapter IV. The current was 

measured by measuring the resistance of the wire with an ohm-

meter and the pulse voltage to the wire with the oscilloscope. 

The maximum signal to the oscilloscope generated by the wire 

was also measured and recorded as a check on the amplitude of 

vibration of the wire. The gain of the bridge and amplifier had 

been measured previously. Of course knowing the current and the 

voltage in the pulse it was easy to compute the power dissipated 

in the wire. 
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The stage was now set for careful measurements of the posi

tion of the first node of the beat pattern on the screen of the 

oscilloscope. The wire was excited once every five seconds by 

the current pulse. The position of the node was read by eye, and 

recorded by hand as a point on a roll of chart paper. The direc

tion of the apparent circulation was measured by pulsing the wire 

several times with the electromagnet alternately on and off. 

Then the polarity of the magnet was reversed and the same pro

cedure repeated. Measurements could be continued essentially 

without interruption for as long as the observer's stamina 

would permit or until the helium bath level fell to the top of 

the wire. 

It was a good idea to check the beginning of the beat 

pattern periodically throughout a run to»make sure that it 

coincided with the zero position on the graticule of the oscil

loscope. It was quite possible for it to drift out of position 

during a long run. It was also a good idea to calibrate the 

sweep speed of the oscilloscope before and after a run using an 

audio oscillator and the frequency counter. 

With these precautions the measured node positions could be 

converted into time measurements. However, before these time 

measurements could be used to compute the frequency splitting 

Atu, it was necessary to subtract the time delay introduced into 

the beat pattern by the selective amplifier. To know the time 
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delay it was necessary to measure the damping time constants 

of both the wire and amplifier. Again, it was a good idea to 

measure the time constant of the amplifier periodically, because 

it could drift by 10% during the course of a long run. The time 

constant of the wire had to be measured only once for a given 

wire at a given frequency and temperature. 

Knowing the time delay it was then possible to use the 

measured node positions to compute the total frequency split

ting Atu. Knowing the frequency splitting for zero circulation, 

Atu , it was possible to compute Aco . Finally, knowing the 

effective mass density of the wire and the superfluid density 

p at the temperature used, it was possible to compute the 

apparent circulation at each point of the data record in units 

of h/m. Values for p were obtained from the tables of Reynolds 

et al. In practice what was done was to calculate the apparent 

circulation at a few points covering the range of node positions 

observed, then to draw a calibration curve for each temperature 

of that particular run directly relating time at the appearance 

of the first node to apparent circulation. One such curve, for 

run E-7 at 1.20 K, is shown in Figure 14. 

Although most measurements were made at 1.2 K some measure

ments were made at higher temperatures, up to 1.9 K. Measure

ments at higher temperatures were necessarily less accurate, 

because as the temperature increases Aco decreases in proportion 

> 
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Figure 14. Time at First Node as a Function of Apparent 
Circulation for Run E-7 at 1.20°K 

to p , and the damping gets larger as p increases. Also, the 

delay time of the amplifier increases with larger damping. At 

1.9 K p /p is equal to 42%; above that temperature the damping 

is so large that no measurements were possible, 



i 
110 

VI. RESULTS 

A. Results 

Two methods have been chosen to display the results of 

circulation measurements for a given experimental run. One is 

just to plot apparent circulation against time as the run pro

gressed. The other is to compile a histogram of the total time 

the apparent circulation remained stable at each value of the 

circulation. Examples of both kinds of display appear in the 

following pages. No attempt has been made here to present an 

exhaustive record of results. Many runs are not represented 

by graphs at all. Instead the attempt has been made to present 

interesting features of the results, and runs are reported which 

exemplify those features. 

Thirty-six runs were made in all. The first eight were 

made with a wide-band amplifier which had a much poorer signal-

to-noise ratio than the narrow-band amplifier used later. Also, 

the beat period was determined during these early runs by mea

suring the time interval between the first two nodes of the 

beat pattern instead of the interval between the initial excita

tion of the wire and the first node, so that the shift in the 

beat period induced by circulation was very small. It was impos

sible to measure these small shifts accurately by eye. Instead 

the beat pattern on the screen of the oscilloscope was photo

graphed with a Polaroid camera, and distance measurements were 
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made on the photographs with a travelling microscope after the 

run was finished. 

Because of the effort required by this method the beat 

period was recorded on the average once every several minutes 

instead of once every five seconds as was done later. Apparent 

circulation was observed at values between zero and one quantum 

units, but otherwise the results, being so fragmentary, were not 

very interesting. Of these first eight runs the first five were 

made with platinum wires with diameter 25 p,, and the other three 

with quartz fibers with diameter about 12 p.. It is interesting 

that Vinen, although he used a narrow-band amplifier and just 

one node of the beat pattern, was forced to rely on photographs 

for his measurements. 

All of the runs subsequent to these first eight are listed 

in Tables la-d, together with the important measured parameters 

for each run. The third row from the bottom of the table shows 

for each run the number of hours during which the apparent cir

culation was actually being measured, at the rate of one measure

ment every 5 seconds (every 10 seconds for runs C-l, C-2, and 

C-3). For runs which went to completion this time varied from 

1 to 10 hours. The next-to-last row of the table shows for 

each run the ratio of the total time during which the apparent 

circulation remained stable to the total time during which cir

culation was observed. The criterion according to which 



TABLE la. Experimental Parameters for Runs with Wire C 

Wire 

Wire Diameter - p, 25 
Eff. Mass/Length - p,g cm 23 
Aco (1.20°K, n= l ) - r ad sec" 6.1 

K 
Decay time 1/X(1.20°K, 

500 c p s ) - msec 110 

Figure of Meri t Acu /X .670 

Run Number 1 2 3 4 

Wire Frequency tu/2rr - cps 333 
Aco - rad sec 10.3 

o 
Amplif ier Time Delay (1.20°K> 

msec 95 
Power in Current Pulse - p,W 16 
Max. Wire Displacement - p, 8.4 
Rota t ion Speed above T -

rad s e c " l 41 
Total Observation Time - hrs 0.9 
Time in Stable Levels/ 
Time of Observation .33 

Quantum Levels Observed 0,1,2 

338 
4.6 

20 
16 

8.4 

0.2 

0 

333 
8.9 

17 
16 

8.4 

37 
2.0 

.13 

570 
9.8 

20 
16 
2.9 

36 
1.6 

.41 
0,1 

462 
8.7 

20 
16 

4.2 

0.8 

.61 

572 
8.7 

20 
16 
2.9 

77 
1.4 

.70 
0 

542 
8.4 

20 
16 

3.2 

95 
0.5 

.36 
0 



TABLE lb. Experimental Parameters for Runs with Wire D 

Wire 

Wire D i a m e t e r - p, 3 9 . 4 

E f f . M a s s / L e n g t h - pg cm 4 0 . 1 

Ato (1 .20°K, n = l ) - r a d s e c " 1 3 .52 

Decay t i m e 1/X (1.20°K, 
500 c p s ) - msec 190 

F i g u r e of M e r i t Aco /X .670 

Run Number 1 2 3 4 

Wire F r e q u e n c y CO/2TT - cps 
Atu - r a d sec o 
Amplifier Time Delay (1.20"$-
msec 

Power in Current Pulse -
Max. Wire Displacement -
Rotation Speed above T, 
rad sec'l 

Total Observation Time -
Time in Stable Levels/ 
Time of Observation 

Quantum Levels Observed 

> ° * -

p,W 
M-

hrs 

482 
8.58 

37 
45 
5.0 

21 
3.7 

.38 
0,2 

503 
7.27 

40 
66 
5.6 

19 
3.6 

.30 
0 

499 
7.58 

16 
66 
5.7 

19 
4.6 

.50 
0,2 

502 
9.03 

45 
114 
7.3 

25 
4.0 

.74 
0,1,2 

502 
5.07 

45 
114 
7.3 

6.3 
3.1 

.24 
0 

501 
4.98 

55 
114 
7.3 

32 
2.7 

.28 
0,2 

519 
4.95 

55 
1.1 
0.67 

32 
1.5 

.30 
0,2 



TABLE lc. Experimental Parameters for Runs with Wire E 

Wire 

Wire Diameter - p, 
Eff. Mass/Length - p,g cm 
Aco (1.20 K, n=l)-rad sec 
H Decay time 1/X (1.20°K, 
500 cps) - msec 

Figure of Merit Aco /X 

Run Number 

Wire Frequency U)/2TT - cps 
Atu - rad sec o 
Amplifier Time Delay (1.20°$-
msec 

Power in Current Pulse - p,W 
Max. Wire Displacement - p. 
Rotation Speed above T, -
rad sec"l 

Total Observation Time - hrs 
Time in Stable Levels/ 
Time of Observation 

Quantum Levels Observed 

1 

498 
2.41 
45 

8.7 
2.0 

25 
5.6 

.62 
0,3 

2 

595 
3.53 
40 

8.5 
1.3 

9.5 
0.8 

.56 
0 

3 

612 
3.38 
35 

22 
2.1 

5.4 

.53 
0,2 

E 

75.0 
113.2 
1.24 

350 
.435 

4 

580 
3.38 
40 

22 
2.2 

5.7 

.29 
0,3 

5 

503 
3.98 
45 

22 
2.6 

6.3 
8.7 

.43 
0,3 

6 

500 
4.05 
45 

22 
2.6 

6.3 
10.1 

.69 
0,1,2,3 

7 

504 
3.98 
43 

22 
2.6 

3.0 
10.1 

.67 
0,2,3 



TABLE Id. Experimental Parameters for Runs with Wires G and H 

Wire H 

Wire Diameter - p, 
Eff. Mass/Length -p,g cm 
Atu (1.20°K, n=l)-rad sec" 

K 
Decay time 1/X (L.20°K, 
500 cps) - msec 

100 
217 

.650 

480 

Wire Frequency co/2rr - cps 
1 Aco rad sec 

Amplifier Time Delay (1.20 K> 
msec 

Power in Current Pulse - p,W 
Max. Wire Displacement - p, 
Rotation Speed above T, -

rad sec"l 
Total Observation Time - hrs 
Time in Stable Levels/ 
Time of Observation 

Quantum Levels Observed 

810 
1.87 

20 
f2200 1 113 
1 1.8 

9.5 
4.5 

.26 
0,-2 

810 
1.80 

18 
2200 
7.7 

6.6 

.31 
0 

{ 
{ 
{ 

815 
1.76 

18 
2200 
400 7.7 3.3 
3.4 
10 
5.4 

.19 
0 

681 
1.81 

25 
1500 
6.0 

4.4 

.31 
0,3 

681 
1.94 

24 
1500 
6.0 

1 9.5 
6.1 

.23 
0 

95.7 
179 
.787 

500 
Figure of Merit Aco /X 

Run Number 1 2 3 

.310 

4 5 1 

.394 

2 

583 
3.43 

40 
150 
2.3 

7.8 
2.9 
5.2 

.61 
0 

625 
1.93 

29 
270 
3.1 

3.2 
8.0 

.59 
0,±3 
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circulation was said to be stable or unstable is described 

below. The last row of the table indicates which quantum levels 

if any, can be said to have been observed during each run. 

Apparent circulation is plotted against time for three 

runs, E-6, E-7, and H-2, in Figures 16, 17, and 18. Because 

of the compressed time scale required to fit each curve on a 

single page it was necessary to plot averages of circulation 

made over intervals of about 60 seconds, instead of the actual 

apparent circulation point by point. An idea can be gained of 

how much information is lost in this averaging process by 

examining Figure 15. This figure presents data covering about 

12 minutes of run E-7. The top panel is an actual point-by-

point record of the time interval between the initial excita

tion of the wire and the appearance of the first node of the 

beat pattern on the screen of the oscilloscope. The second 

panel is a point-by-point transcription of these time measure

ments into values of apparent circulation, using the calibration 

curve of Figure 14. The third panel shows the average apparent 

circulation for this segment of the run. When the time scale 

for this panel is compressed to fit the time scale for Figure 

17, which is the plot of the whole of run E-7, this segment 

occupies just the very small region between hours 1.3 and 1.5 

near the beginning of the plot. It is evident that Figure 17 

presents only the broad features of a very large quantity of 

information. 
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Figure 16. Apparent Circulation as a Function of Time 
during Run E6. The lettered horizontal bars denote 
periods during which the assembly carrying the tube and 
wire was rotated at 6 rad sec"l with the temperature 
constant at 1.20°K. 
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which the assembly ca r ry ing the tube and wire was r o t a t e d a t 
about 3.2 rad s e c " l . Except during period D the l i qu id helium 
was f i r s t warmed to a temperature above T \ , then cooled in ro ta 
t i o n to 1.20°K. Rota t ion was in the p o s i t i v e sense during 
per iods A,D,F, and G, and in the nega t ive sense during per iods 
B,C, and E. 
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Nevertheless, even the broad features of the data have 

some very interesting properties. One of them, which is the 

first principal result of this experiment, is that motion of the 

superfluid around the wire can persist for long periods of time 

even though the assembly carrying the wire and surrounding tube 

is stationary. A good example of this effect occurs in run E-7. 

Previous to the beginning of this plot the apparatus was filled 

with liquid helium and the assembly carrying the tube and wire 

set into steady rotation at an angular speed of 3.0 rad sec at a 

bath temperature above T̂  . While in rotation the apparatus was 
X 

slowly cooled through T.. to 1.19 K, where the rotation was 
A 

brought to a stop. No further rotation was carried out during 

the run, which lasted until the helium bath level fell to the 

top of the wire. Circulation measurements were made only during 

those periods for which the curve is shown in Figure 17. The 

technique for measuring the direction of the apparent circulation 

was not in use by the time this run was made, so only the magni

tude of the apparent circulation is plotted in this figure. 

It is also apparent from Figure 17 that the persistent motion 

of superfluid around the wire is in general not steady. Smooth 

changes in apparent circulation take place spontaneously through

out the run. It may seem from the top panel of the figure that 

the spontaneous changes which occur there are rapid, noisy fluctua

tions. If so, this is an illusion created by the compressed time 
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scale of the drawing. Reference to the segment of the original 

data plotted in Figure 15 shows that on a realistic time scale 

the changes in circulation are smooth and gradual. The curve of 

Figure 17 represents actual circulation drifting in time. The 

noise level of the experiment is far below any variations which 

are plotted there. 

Perhaps a still more striking example of the way in which 

the apparent circulation can spontaneously drift in time is pro

vided by run H-2, plotted in Figure 18. By the time this run was 

made the electromagnet was in use, so the direction of the 

apparent circulation was measured as well as its magnitude. The 

sign convention used is that circulation directed counter-clock

wise around the wire looking down along the wire is positive. 

Several times during run H-2 the apparatus and helium bath were 

warmed to a temperature above T ; the assembly carrying the tube 

and wire was set into steady rotation at about 3.2 rad sec ; 

then the apparatus and bath were cooled back through T. to 1.20 K 

where the rotation was brought to a stop. As in every other run 

performed in this experiment all measurements of the apparent 

circulation were made with the apparatus at rest. 

Three separate times during run H-2 the apparent circulation 

drifted spontaneously from a level of .three quantum units in one 

direction, through zero, to a level of three quantum units in the 

other direction. In each case the drift was smooth and monotonic, 
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and took about ten minutes. It is remarkable that although the 

apparent circulation was stable at both ends of each transition, 

at plus and minus three quantum units, there is no evidence of 

stability at the intervening quantum levels. In another case 

the apparent circulation drifted from a level of three quantum 

units to zero, then back to three units in the same direction. 

Again the circulation was stable at the end points of the transi

tion and at zero, but not in between. 

The second principal result of this experiment is that the 

circulation around the wire tends to show markedly greater sta

bility at the anticipated quantum levels than at other values. 

It can be seen in Figures 16 and 17 that during runs E-6 and E-7 

there were long periods of stability at the level of two and 

three quantum units, and during run E-6 stable circulation also 

occurred at the level of one quantum unit. During run H-2, 

which is plotted in Figure 18, there were long periods when there 

was no circulation around the wire, but there were other periods 

when the circulation was stable at the level of three quantum 

units in both the clockwise and counter-clockwise directions. 

This stability is shown in another way by the histograms 

which have been compiled for several runs. The histograms for 

runs E-6, E-7, and H-2 are shown in Figures 24, 25, and 26 res

pectively. These histograms represent for a given run the total 

time the apparent circulation remained stable at each value of 
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the circulation. The criterion for stability was that during a 

period of at least 100 seconds the position of the first node of 

the beat pattern on the screen of the oscilloscope should not 

drift by more than ±0.5 mm, which was the smallest displacement 

that could be estimated by eye. (The smallest division inscribed 

on the graticule of the oscilloscope was 2 mm.) 

The drift in apparent circulation which this much drift in 

the node position represented depends both on the frequency 

splitting being measured at the time, Aco, and the frequency 

splitting with zero circulation, Aco . The reader can get an 

idea of how large a drift in circulation this was for each run 

by looking at the histograms. For every run except C-l, C-4, 

and D-l the width of a vertical column corresponds to a change 

in the node position of 0.5 mm, the smallest displacement which 

it was possible to resolve on the screen of the oscilloscope. 

Therefore, in order to satisfy the stability criterion circulation 

was required not to drift further than the width of one column in 

either direction for a period of at least 100 seconds. For 

runs C-l, C-4, and D-l the column width corresponds to node 

shifts of 1.0 mm. Roughly speaking, for most runs at 1.2 K the 

criterion for stability required that the circulation not drift 

by more than ± 5% of one quantum unit. Exception must be made 

for small circulation. For circulation of one quantum unit or 

less the allowed drift was more like 10% of one unit. 
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Histograms of stable circulation for some earlier runs 

than E-6, E-7, and H-2 are shown in Figures 19 through 23. In 

order to demonstrate that no serious injustice has been done 

to the data by selecting only certain points for display in 

these histograms, another kind of histogram has been compiled 

for runs C-l, C-4, D-l, and D-6, which is shown in Figures 19 

and 20. These other histograms include all the data points for 

a given run, plotted as the number of points observed for each 

value of the apparent circulation. It is interesting to compare 

the two kinds of histogram for the same run, and it is evident 

that peaks at quantum levels, if they appear in the histogram 

of selected points, also appear in the histogram which includes 

all points. Only one histogram, which includes all the data 

points, has been compiled for run C-l, because the apparent 

circulation during this run was stable only at the zero level. 

Comparatively very few observations were made during this run, 

but it is interesting to see that even at this, in retrospect, 

primitive stage of the experiment the data suggested that 

quantized circulation exists. 

It can be seen on the histograms which include all observa

tions for a given run that some points fall to the left of zero 

circulation. These are all isolated points which do not qualify 

as stable circulation, and are thought to represent acoustic 

noise in the liquid helium. 



126 

to z g 

% 
£ 200 
to a> O 

bJ 
CD 

z 
3 

100 

— I — 
RUN C-l 

c 
0 I 2 

APPARENT CIRCULATION (h/m) 

co 

| 200 h 
UJ 

100 -

to 

in 
UJ 
> 

P 0.5 -
co 

RUN C-4 

-P^L 
APPARENT CIRCULATION (h/m) APPARENT CIRCULATION (h/m) 

Figure 19. Number of Observations vs Apparent Circulation 
for Runs C-l and C-4. Time in Stable Levels vs Apparent 
Circulation for Run C-4. The unshaded columns represent 
circulations observed during the last hour of each run. 



127 

co z g 
% 200 
IE 
UJ 
CO 
CD 
O 

u. o 
cr 
UJ 
CD 

2 
3 

RUN D-6 

-J 
100 - -

CJ 
UJ 
CO 

% 

tn 
u± I > 
UJ 

;0.5 
co 

RUN D-6 

I II 

APPARENT CIRCULATION (h/m) APPARENT CIRCULATION (h/m) 

Figure 20. Number of Observations vs Apparent Circulation 
for Runs D-l and D-6. Time in Stable Levels vs Apparent 
Circulation for Runs D-l and D-6. The unshaded columns 
represent circulations observed during the last hour of 
each run. 



128 

APPARENT CIRCULATION (h/m) 

Figure 21. Time in Stable Levels vs Apparent Circulation 
for Run D-4. The unshaded columns represent stable 
circulations observed during the last hour of the run. 
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Not every peak in the .histograms of stable circulation 

appears exactly at the quantum levels. However the experimen

tal error associated with each peak is in most cases about 0.1 

quantum units, so that within the accuracy of the experiment 

most of the peaks do coincide with integral multiples of h/m. 

There are exceptions. In run E-3 a distinct peak occurs at 

3.2 h/m. In runs E-l and E-5 peaks occur at 3.2 h/m and 2.8 

h/m respectively, although in these cases still higher peaks 

occur at 3.0 h/m. 

The reader will notice that there are columns in many of 

the histograms which are drawn only in outline instead of solid 

black. These columns represent circulations measured during 

the last hour of the run, when the surface of the helium bath 

was within 1 cm of the top of the wire. At some point during 

the last hour of nearly every run the apparent circulation was 

observed to shift rather suddenly to a very quiet, stable 

plateau, in general not a quantum level, and then slowly drift 

to smaller values. This kind of stability appears near the end 

of the circulation vs. time plots of runs E-6, E-7, and H-2. 

It seems not to be related to the stability at the quantum 

levels. As evidence, it was possible during these periods 

near the end of a run to shift the measured circulation to a 

different plateau, still not a quantum level, by heating the 

wire briefly with a direct current. It was not possible to 

manipulate circulation this way at the quantum levels. 
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In order to avoid bias in the observer, all periods of 

stable circulation which occurred during the last hour of a 

run have been plotted on the histograms as open columns, 

whether or not the circulation behaved in the peculiar manner 

described above. Because of this practice almost certainly 

some genuine quantum levels have been misrepresented as per

haps spurious. For example the negative circulation near the 

end of run H-2 which is stable at the level of minus three 

quantum units clearly deserves a solid column in Figure 26 

but gets an open column because it occurred during the last 

hour of the run. 

There are some other observations which support the con

clusion that these measurements reveal the effects of quantized 

circulation. Measurements of apparent circulation have been 

made at temperatures higher than 1.2 K, notably during runs 

D-4, E-6, and E-7. Run D-4 presents no evidence of stable 

circulation at quantum levels for the higher temperatures, but 

during runs E-6 and E-7 stable circulation appeared at the 

anticipated quantum values over a range of temperatures from 

1.19 K to 1.76 K. This is to say that Aco for the respective 

stable levels depends linearly on p as expected, as p /p. varies 

from 0.97 to 0.70. Here p.. is the liquid density at T. . The 
K A. 

evidence for this agreement appears in Figure 27, where Acu is 

plotted as a function of p /p for three different quantum 
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Figure 27. Aco vs p /p^ for Wire E. 
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levels observed with fiber E. The data points were taken from 

the histograms of runs E-6 and E-7. It can be seen in Figure 16 

that during run E-6 the circulation remained stable for the 

better part of two hours as the helium bath was warmed from 

1.60 K to 1.76 K then cooled to 1.45 K. Over this temperature 

range p /p changes from 0.90 to 0.70. It is interesting to s A. 
observe that during runs E-6 and E-7 stability at the level of 

two quantum units seems to have been favored at the higher 

temperatures, whereas stability at three quantum units predomin

ated at 1.2°K. 

During run E-l, at a time when the circulation was fairly 

stable at three quantum units, an attempt was made to measure 

the ellipticity of the normal modes of the wire. The assembly 

carrying the tube and wire was turned 45 from its usual posi

tion and photographs were taken of the decaying beat pattern. 

In such an orientation, where the axes of the normal modes 

lie at 90 and 180 to the direction of the magnetic field, 

the modulation of the beat pattern is a minimum. The envelope 

of the beat pattern, neglecting the transient response from 

the amplifier, has the form 

(1 + R 4 + 2R2 cos[Aco(t-At)])^ e"Xt (124) 
Atu+Aco 

where R = —- is the ratio of the maior axis of each 
Ayo J 

H 

e l l i p t i c a l mode to i t s minor ax is . At is the time delay of the 

amplifier. For run E- l , a t a time when the c i rcula t ion was 
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three quantum units at 1.2 K, R was equal to 1.83. The envelope 

function has been computed for these conditions, using values 

of Aco , At, and l/\ taken from Table lc, and is plotted against 

time in Figure 28. Amplitudes measured from a photograph of 

the beat pattern are also plotted on Figure 28, having been nor

malized to the scale of the calculated curve. The agreement is 

quite good. If no circulation had been present the curve would 

have followed the dashed line in Figure 28. 

Finally, as additional evidence that the apparatus really 

measured quantized circulation in the fluid it should be pointed 

out that stable circulation was observed at the quantum levels 

t using wires of different diameter and mass per unit length, and 

using different values of Aco with the same wire. For examples 

of the latter point compare Aco for runs D-l and D-6, and E-l 

and E-6. 

A third significant result of this experiment is that the 

maximum value at which the apparent circulation around the wire 

is observed to remain stable depends markedly on the diameter 

of the wire. It is evident from a comparison of histograms 

for runs with different wires that as the diameter of the wire 

has been increased the maximum value of stable circulation 

observed has also increased. With wire C, of diameter 25 |i, 

stable circulations larger than one quantum unit were rarely 

observed. With wire D, of diameter 39 LI , stable circulations 
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larger than two units were rarely observed. With wire E, of 

diameter 75 LI , and wire H, of diameter 96 LJL , stable circula

tions larger than about 3.2 units were rarely observed. Stable 

circulations at the level of four quantum units or more have 

not been observed at all. These results are consistent with 

the fact that Vinen, using a wire 25 LI in diameter, saw stable 

circulation only at the one-quantum level. 

The effect of steady rotation of the tube and wire on the 

apparent circulation is exemplified by run H-2, plotted in 

Figure 18. Previous to the beginning of this plot the apparatus 

was cooled through T. to 1.20 K with the assembly carrying the 

tube and wire stationary. At about the eighth hour the apparatus 

was warmed to a temperature above T. , where the wire and tube 
A. 

assembly was set into rotation counter-clockwise looking from 

above at 3.2 rad sec . Then the apparatus was cooled back 

through T to 1.20 K, where the rotation was brought to a stop. 
A. 

At about the tenth hour the apparatus was warmed to 4.2 K and 

more liquid helium was transferred into the dewar. Then the 

wire and tube assembly was set into rotation clockwise at 2.8 

rad sec and cooled through T.. to 1.20 K, where again the 
A. 

rotation was brought to a stop. Four more times during the run 

the apparatus was warmed to a temperature above T then cooled 
A. 

back to 1.20 K while rotating at about 3.2 rad sec . Twice; 

during the time intervals marked C and E, the rotation was 
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clockwise. During the intervals marked F and G the rotation 

was counter-clockwise. One time, during the interval marked D, 

the apparatus was rotated counter-clockwise at 2.7 rad sec 

while the temperature was held steady at 1.20 K. 

Figure 18 shows that immediately after the rotation of the 

wire and tube assembly was brought to a stop the apparent cir

culation was found each time at an abnormally high value, up to 

6.8 quantum units, and with the same sense as the rotation, 

clockwise or counter-clockwise around the wire. (Following 

rotation D measurements were delayed too long to see large 

circulation.) However, the circulation was not stable; in each 

case it decayed steadily to zero in about four minutes. There

after it either remained stable at zero or drifted to some 

other value in a direction seemingly unrelated to the direction 

in which the tube and wire had just been rotated. 

If measurements could be made with the tube and wire rota

ting there are considerations which suggest how the circulation 

around the wire should depend on the rotation speed. Hydro-

dynamic arguments given by Griffiths suggest that a higher 

rotation speed is necessary in order to establish a given cir

culation around the wire than would be expected on the basis of 

the thermodynamic arguments used by Vinen. It was not clear 

whether either of these two approaches applied to this experi

ment, since measurements were not made until after the rotation 
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of the tube and wire had been stopped. Nevertheless', the rota

tion speeds used in this experiment were generally chosen to 

satisfy Griffiths' proposed criterion for the establishment of 

two quantum units of circulation around the wire, which is that 
2 Q > n/6na . Here Q is the angular frequency of rotation of the 

vessel and a is the radius of the wire. In practice this 

criterion led to rotation speeds of the order of several radians 

per second, whereas Vinen used rotation speeds of the order of 

a few radians per minute. 

It should also be pointed out that it is quite possible 

for circulation to exist around the wire even though no steady 

rotation of the apparatus has taken place. For example, Figure 

18 shows that in run H-2 after the apparatus was cooled from 

4.2 to 1.20 the first time, with the assembly carrying the 

tube and wire stationary, circulation as large as two quantum 

units was observed in both the clockwise and counter-clockwise 

directions. Moreover, stable circulations at the level of three 

quantum units were observed in runs with fiber E even when no 

steady rotation of the apparatus had taken place. 

On some occasions, for example several times during run 

E-7, the wire was heated with a direct current in attempts to 

see whether or not heating would influence the circulation around 

the wire in some understandable way. It was found that currents 

dissipating 3 mW of power, if turned on for a minute or more, 
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did seem to affect the apparent circulation, but that the effect 

was not lasting. For example, during the time interval marked 

B in Figure 17 wire E was heated at the level of 3 mW, and when 

the direct current was turned off the circulation was found to 

have a value of four quantum units, the largest value observed 

during that run. However, the circulation quickly decayed back 

to the level of two quantum units, where it had been before the 

current was turned on. In general it was not possible to predict 

just what effect heating the wire would have on the circulation. 

However, it was sometimes a successful means of shifting the 

circulation to zero near the beginning of a run, so that a suit

able intrinsic frequency splitting could be measured and esta

blished for the wire. 

It was generally true of long runs, lasting about ten hours 

or more, that the apparent circulation drifted more rapidly near 

the beginning of the run than toward the end. Runs E-6 and E-7 

are good examples of this effect. In each case the circulation 

tended to be more stable after the eighth or ninth hour of the 

run than it had been before. During much shorter runs this 

relative stability did not appear at all until the last hour of 

the run, when the anomalous kind of stability described earlier 

would set in. 
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B. Error 

The error estimates to be assigned to the measured values 

of circulation recorded in Figures 16-26 in general represent 

limits of resolution for the instruments in the experiment. 

Random fluctuations in the data were too small to contribute 

significantly to the total error. For example, the smallest 

displacement of the first node of the beat pattern which was 

observable on the screen of the oscilloscope was 0.5 mm, whereas 

over a period of 100 sec or more during which the apparent cir

culation was stable the standard error in the measurements of 

the node position was almost always less than 0.5 mm. For 

another example the standard error in a set of readings for the 

mass of the wire was always less than the smallest estimated 

division on the scale of the microbalance, which was 1 u-g. 

There are three principal sources of instrumental error in 

this experiment: the measurement of the effective mass of the 

wire; the determination of the node position on the screen of 

the oscilloscope; and the determination of the shift in the node 

position introduced by the selective amplifier. Another impor

tant source of error is uncertainty in the assumed value of 

p , which is known only to within about 1% at 1.2 K. 

The apparent circulation K is equal to Aco x^y . For a 

wire of circular cross -section VM" LI = u,, where (j, is the sum of 
2 the mass per unit length of the wire itself plus ira (p +Kp ). 
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Here a is the radius of the wire and K is one of Stokes' func

tions plotted in Figure 2. For a wire of elliptical cross-

section A/LL u. is equal to the sum of the mass per unit length 

of the wire itself plus rrab(p +Kp ) where a and b are the semi-

major and semi-minor axes of the ellipse. In practice the con

tribution of the fluid to */u u, was 3% to 67o of the total. 
rx y 

Measurements of the mass of the wire itself were considered 

accurate to 2 Lig, which gives a fractional error of 17, for wire 

D down to 0.27, for wire H. Wire C must be excepted from this 

estimate because it was never weighed directly. Its mass den

sity was taken to be the average of the mass densities of the 

two end pieces left over when it was cut from the middle of a 

longer fiber. The error in the mass of wire C was taken to be 

4 u.g, or 47,. The error in the length of each wire was 0.27c 

The contribution of the fluid to the effective mass of the 

wire was computed in practice as if the wires were circular, even 

though under a microscope the major and minor axes of a cross-

section frequently differed from each other by as much as 107>. 

Percentage errors in K due to this possible 107, asymmetry are 

tabulated for the various wires in Table 2. In addition the 

contribution of the fluid to the effective mass of the wire 

was computed in practice as if K were equal to 1, neglecting the 

normal fluid which is accelerated by the vibrating wire because 

of viscous drag. Percentage errors in K from this source are 

also tabulated in Table 2. 
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Error in the measured beat period of the wire was thought 

to have just two important sources, which were error in the 

node position on the screen of the oscilloscope and error in 

the time delay of the amplifier. The error in the node posi

tion was in nearly every case just the limit of resolution of 

the graticule, ±0.2 mm. The fractional error in the beat 

period with zero circulation due to error in the node position 

ranged generally from 0.27, to 0.57,. With non-zero circulation 

the fractional error was larger, and depended on the circulation. 

The sweep speed of the oscilloscope could be accurately 

calibrated, and was very nearly linear in the region of the 

screen where measurements of the node position were commonly 

made. Error in timing the onset of the beat pattern was negli

gible. The time display of the oscilloscope was triggered by 

the same current pulse which excited the wire, and the onset 

of the display was adjusted to the zero position on the grati

cule with the sweep speed turned up to expand the time scale. 

Of course the sweep speed had to be reduced again in order to 

measure beat periods. 

The approximate time delay of the amplifier was computed 

from measurements of the decay times of the wire and amplifier 

as discussed in chapter IV. These measurements were performed 

by determining the distance along the screen of the oscillo

scope over which the amplitude of the decaying envelope from 

the wire or the ringing amplifier was judged to decrease by 



147 

one-half. The measurements were thought to be accurate to 

within about 1 mm, or 37.. In practice the delay time of the 

amplifier was nearly equal to its own time constant for decay; 

the wire had only a small effect. Consequently the error in 

the time constant of the wire had only a small effect on the 

error in the time delay. 

The approximate time delay computed from these measure

ments was subject to a correction of about 107, ± 57, which is 

also discussed in chapter IV. The total probable error in the 

time delay was therefore about 67,. What is more pertinent is 

an estimate of the error in the beat period of the wire intro

duced by error in the time delay. Generally it was 0.27, or 

0.37, of the beat period with zero circulation. 

Of course the calculation for the approximate time delay 

is correct only when the amplifier is at resonance with the 

wire. The amplifier was tuned for resonance by ringing it and 

measuring its frequency with the electronic counter. The method 

was tested with the wire vibrating in vacuum. In repeated 

trials it was not difficult to reproduce the node position to 

an accuracy better than the resolution of the oscilloscope 

screen. Consequently this adjustment was not thought to be a 

significant source of error. 

We consider now the extent to which error in the measured 

beat period of the wire produces error in Aco , the frequency 
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splitting due to circulation. Let T be the measured time 

interval between the onset of the beat pattern and the appearance 

of the first node on the screen of the oscilloscope. Let T 
o 

be the maximum time interval, when the apparent circulation is 

zero, and let AT be the time delay of the amplifier. Then the 

beat period of the wire is 2(T - AT) = 2n/Atu, or with zero 

circulation, 2(T - AT) = 2rr/Aco . The frequency splitt ing due 

to circulation is given by 

(AtuH)2 = (Atu)2 - (Atuo)2 

= [ T T / ( T - A T ) ] 2 - [TT/(T - A T ) ] 2 . (125) 
o 

Notice that two independent measurements of the time interval 

to the node, both T and T , enter into the calculation of Atu . 
o K 

Each measurement contributes independently to the error in AGO . 

The time delay AT also enters the calculation twice but intro

duces just a single error because i t was measured only once. 

In fact the error i t does introduce tends to cancel out of the 

calculation. 

The extent to which error in each measurement contributes 

error to Atu is given by differentiation. 

6 (Aco ) A 2 -v K' , „ . ,Aco N 6T / n£ \ — due to 6T = - (-—) — — (126) Ato vAco T - A T 
H K 

6 (Acu ) Atu 2 6 T 
. H due to 6T = (T-2) °- (111) 

AGO O VACO T - A T V ' 
K H O 
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6 (Atu ) Aco 2 . 3 . , . x 

-;-£- due to 6 (AT) = ( - ^ ) ( | M . | - 1) - ^ I I . (128) 
Ato Acu M Ato ' T - A T V 

H K o o 

Here 6T, 6T , and 6 (AT) are the errors in T, T , and AT res-o o 
pectively. The first of these terms, for example, is the 

fractional error in AGO which would be produced by a given 

error in T if 6T and 6(AT) were zero. Since the apparent 

circulation K is just proportional to Aco } it is also the frac

tional error in K provided that all other errors are zero. 

These terms have been evaluated at various quantum levels of 

circulation for the runs represented by histograms in Figures 

19-26, and are tabulated as percentage errors in Table 2. It is 

interesting to observe that as the circulation increases the 

terms which result from error in the node position get smaller, 

whereas the term which results from error in the time delay 

gets larger. 

The error assigned to p was estimated by comparing the 

values computed by Reynolds et al, with other values obtained 
64 from data of Dash and Taylor. Reynolds et al computed p 

using values of p obtained from measurements of the speed of 

second sound, whereas Dash and Taylor measured p by observing 

the period and damping of disks in torsional oscillation. The 

two sets of values for p differ by about 17. of p, the total 

fluid density, over the temperature range covered in this experi 

ment. The error in p due to uncertainty in the temperature as 

measured in this experiment was at most 0.17,. 



Wire 

C 

D 

E 

H 

Run 

1 

4 
1 

4(1.2°K) 

6 

1 

3 

5 

6(1.2°K) 

(1.6°K) 

7(1.2°K) 

(1.6°K) 
2 

H 
(h/m) 

1.0 
2.0 

1.0 
1.0 
2.0 

1.0 
2.0 

1.0 
2.0 
3.0 

2.0 
3.0 

3.0 

1.0 
2.0 
3.0 

2.0 
3.0 

3.0 

2.0 
1.0 
3.0 ] 

Percentage error in H 
due to error in: 

H 
A 

4 
4 

4 
1 
1 

1 
1 

1 
1 
0.5 

0.5 
0.5 

0.5 

0.5 
0.5 
0.5 

0.5 
0.5 • 

0.5 

0.5 
0.2 
0.2 

B 

0.3 
0.3 

0.3 
0.4 
0.4 

0.4 
0.4 

0.4 
0.4 
0.5 

0.5 
0.5 

0.5 

0.5 
0.5 
0.5 

0.5 
0.5 

0.5 

0.5 
0.6 
0.6 

C 

0.2 
0.2 

0.2 
0.2 
0.2 

0.2 
0.2 

0.2 
0.2 
0.2 

0.2 
0.2 

0.2 

0.2 
0.2 
0.2 

0.3 
0.3 

0.2 

0.3 
0.1 
0.1 

T O 

2 
1 

2 
5 
1 

4 
1 

0.5 
0.2 
0.2 

0.4 
0.2 

0.3 

2.6 
0.6 
0.2 

1.3 
0.6 

0.3 

0.9 
1.4 
0.3 

T 

3 
2 

3 
6 
3 

4 
2 

1.0 
0.8 
1.0 

0.7 
0.6 

0.7 

3.2 
1.1 
0.9 

1.3 
0.8 

1.0 

1.3 
2.0 
0.8 

AT 

2 
6 

1 
1 
1 

2 

0.8 
1.0 
0.5 

0.4 
0.4 

0.5 

0.4 
0.5 
0.7 

0.4 
0.5 

0.7 

0.6 
0.2 
0.2 

Ps 

1.0 
1.0 

1.0 
1.0 
1.0 

1.0 
1.0 

1.0 
1.0 
1.0 

1.0 
1.0 

1.0 

1.0 
1.0 
1.0 

1.2 
1.2 

1.0 

1.2 
1.0 
1.0 

Table 2. Errors for Runs Represented in Figures 19-26. 
The columns headed A, B, C contain percentage errors in K due 
to (A) error in weighing the wire itself, (B) neglecting 
possible asymmetry of the wire, and (C) neglecting the added 
virtual mass of the wire due to viscous drag of the normal 
fluid. 
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VII. CONCLUSION 

The results of this experiment show that it has been 

possible to repeat the Vinen experiment successfully and to 

extend it in three important ways. The first of these exten

sions was apparent improvement in the sensitivity of the elec

trical system which detects the vibrations of the wire. Because 

of this increased sensitivity it has been possible to make 

virtually continuous records of apparent circulation as a func

tion of time for periods of several hours, and to make measure

ments over a temperature range from 1.2 K to 1.9 K. The second 

important extension was to use wires of larger diameter in 

addition to a wire of diameter 25 p., the size that Vinen used. 

By far the most convincing evidence for quantization of cir

culation was obtained with the larger wires. The third extension 

was measurement of the direction of the circulation around the 

wire as well as its magnitude. 

There are two principal results of this experiment. The 

first is that motion of the superfluid can persist around the 

wire for long periods of time even though the assembly which 

carries the wire and surrounding tube is stationary. Moreover, 

this motion is in general not steady. Smooth changes in apparent 

circulation take place throughout a run, changes which can in

clude reversals in sign. The second principal result is that 
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the apparent circulation tends to show markedly greater sta

bility at the anticipated quantum levels than at other values. 

Long periods of stability have been observed at the level of 

zero, one, two, and three quantum units. These observations 

support the Onsager-Feynman hypothesis that circulation of 

superfluid helium is quantized in units of h/m. Another sig

nificant result of the experiment is that as the wire diameter 

has been increased, the maximum value of stable circulation 

observed has also increased. 

However, the details of the fluid dynamics in this 

experiment remain far from clear. The observations of circula

tion values intermediate to the quantum levels and of spon

taneous changes in circulation are not understood. Vinen 

proposed the explanation that a fraction of a quantum unit 

might be measured when one end of a free vortex line becomes 

attached to the wire at some point along its length. K(Z) 

would change at such a point by an amount equal to the circula

tion of the free vortex. The apparent circulation around the 

wire would change smoothly as this point of attachment drifted 

along the wire. Stable values of circulation would be measured 

when no free vortex was attached to the wire, so that circula

tion was uniform along the wire. (We have seen that in this 

case the apparent circulation would equal the actual circulation 

of the superfluid.) However, the observation of transitions 
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between stable levels of +3 and -3 quantum units with no 

evidence for stability at intermediate levels would seem 

according to Vinen's model to require the existence of free 

vortex lines with circulation as large as six quantum units. 

It is very difficult to imagine that such vortices do in fact 

exist, because of the large energy they would have. The vor

tex rings observed by Rayfield and Reif and others had one 

unit of circulation. 

It would be interesting to measure circulation around the 

wire with the assembly carrying the wire and surrounding tube 

still rotating, when the liquid might be in equilibrium in a 

rotating state. It was evident during this experiment from 

observations of the apparent circulation made immediately 

following rotation, that if the fluid is in equilibrium during 

rotation the equilibrium is destroyed when rotation is stopped. 

It may be that equilibrium in rotation is difficult to achieve. 

(In fact no reliable way was found in this experiment of cooling 

the liquid in equilibrium even without rotation.) Vinen was 

able to make measurements in rotation but saw no evidence of 

stable circulation. Measurements were not attempted during 

rotation in this experiment because of the noise level. 

If they should be possible such measurements would be 

interesting because it is possible to calculate the equili

brium value of circulation around the wire, assuming quantized 



circulation and the existence of quantized free vortex lines 

in the superfluid. Proposals have also been made concerning 

the influence of normal fluid on free vortex lines during 

rotation, and of consequent effects on the circulation around 

the wire. In addition, judging from Figure 18, it should be 

possible to observe stable circulation at higher quantum 

levels with the apparatus rotating than has been observed in 

the present experiment. 
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