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Managing large-scale dynamical systems (e.g., transportation systems, complex 

information systems, and power networks, etc.) in real-time is very challenging 

considering their complicated system dynamics, intricate network interactions, large 

scale, and especially the existence of various uncertainties. To address this issue, 

intelligent techniques which can quickly design decision-making strategies that are 

robust to uncertainties are needed. This dissertation aims to conquer these challenges by 

exploring a data-driven decision-making framework, which leverages big-data techniques 

and scalable uncertainty evaluation approaches to quickly solve optimal control 

problems. In particular, following techniques have been developed along this direction: 

1) system modeling approaches to simplify the system analysis and design procedures for 

multiple applications; 2) effective simulation and analytical based approaches to 

efficiently evaluate system performance and design control strategies under uncertainty; 

and 3) big-data techniques that allow some computations of control strategies to be 

completed offline. These techniques and tools for analysis, design and control contribute 

to a wide range of applications including air traffic flow management, complex 

information systems, and airborne networks. 



Copyright 2016

by

Junfei Xie

ii



ACKNOWLEDGMENTS

Four years of Master and PhD study was a big adventure for me, which well prepared

me to move on to others. Here I would like to thank all the people who have kindly offered

me with help.

I would like to express my deepest gratitude to my two advisors, Dr. Yan Huang and

Dr. Yan Wan. I am deeply grateful for Dr. Huang’s insightful comments and constructive

suggestions at different stages of my research. I am very fortunate to have Dr. Wan as my

research advisor, who worked closely with me and provided strong supports and uncondi-

tioned help throughout my PhD study. Dr. Wan taught me all skills that are needed to be

a good researcher. Through my PhD study, I learned that a good researcher drives deep

into a research problem, addresses the most challenging core, and develops a best solution

instead of some solutions of minor improvement. I also established a rigorous and honest

attitude towards developing research results. I appreciate all the insightful discussions about

research and the time that she spent to improve my research capabilities.

My great thanks also go to other committee members. I am grateful to Dr. Bill

Buckles and Dr. Fu Song for their continuous encouragement, guidance and help. I would

also like to especially thank Dr. Kevin Mills, a special member of my committee, for his

supervision and mentorship.

Besides of dissertation committee, I would like to thank my collaborators: Dr. Shengli

Fu, the department chair of Electrical Engineering, Dr. James J. Filliben from NIST, Dr.

Craig Wanke, Dr. Christine Taylor, and Dr. Shin-Lai Tien from the MITRE Corporation,

and Dr. Jae H. Kim from the Boeing Company, for numerous discussions and comments.

I would also like to thank the Toulouse Graduate School at UNT, and Dr. Wan’s

grants from NIST, the MITRE Corporation, and the National Science Foundation under

numbers of GF 1035386, GF 1453722, GF 1522458 and GF 154483 for the financial supports.

Finally, I would like to thank all my friends at Denton who have made my PhD life

to be more colorful. I would also like to especially thank my parents and beloved husband,

Yiting Li, for their love, care and support. Without them, I could not become who I am.

iii



TABLE OF CONTENTS

Page

ACKNOWLEDGMENTS iii

LIST OF TABLES xii

LIST OF FIGURES xiii

CHAPTER 1 INTRODUCTION 1

1.1. Theoretical Foundation of the Data-Driven Decision-Making Framework 2

1.1.1. Uncertainty Evaluation 3

1.1.2. Optimal Control based on Uncertainty Evaluation 4

1.1.3. Distance Measure for Spatiotemporal Scenarios 5

1.2. Application 1: Air Traffic Flow Management 6

1.3. Application 2: Complex Information Systems 7

1.4. Application 3: Airborne Networks 8

1.5. Dissertation Outline 9

CHAPTER 2 LITERATURE REVIEW OF UNCERTAINTY EVALUATION

METHODS IN LARGE-SCALE SYSTEMS 10

2.1. Nomenclature 10

2.2. Introduction 11

2.3. The Background of Simulation-based Uncertainty Evaluation 12

2.3.1. Problem Formulation 12

2.3.2. Monte Carlo Methods 14

2.3.3. Sampling-based Methods 14

2.4. Single-Variable PCM 15

2.4.1. Key Properties 15

2.4.2. Design Procedures 17

2.5. Multivariate PCM 20

iv



2.5.1. Independent M-PCM 20

2.5.2. Correlated M-PCM 25

2.6. Concluding Remarks and Future Works 28

CHAPTER 3 EFFECTIVE AND SCALABLE UNCERTAINTY EVALUATION 29

3.1. Motivation and Literature Review 29

3.2. Fundamentals of the Orthogonal Fractional Factorial Designs 36

3.3. Integrated M-PCM and OFFD Method 41

3.3.1. Algorithm Description 42

3.3.2. Performance of Algorithm on the Estimation of Mean Output 44

3.3.3. Performance of the Algorithm on the Robustness to Numerical

Errors 51

3.3.4. Performance of Algorithm on the Estimation of Parameters’ Effects 56

3.4. Illustrative Examples and Comparison Studies 57

3.4.1. A Small-Scale Example 57

3.4.2. A Large-Scale Example 61

3.4.3. Comparison Studies 61

3.5. Discussions 64

3.5.1. Exploring Higher-level OFFDs 65

3.6. Concluding Remarks and Future Work 66

3.7. Appendix 67

3.7.1. Proof of Lemma 3.12 67

3.7.2. Proof of Lemma 3.18 74

3.7.3. Proof of Theorem 3.19 78

CHAPTER 4 STOCHASTIC OPTIMAL CONTROL BASED ON SCALABLE

MULTI-DIMENSIONAL UNCERTAINTY EVALUATION 81

4.1. Introduction 81

4.2. Problem Formulation 83

v



4.3. Optimal Control under Uncertainties 86

4.3.1. Solution for Case 1 86

4.3.2. Solution for Case 2 89

4.3.3. Solution for Case 3 92

4.4. Illustrative Examples 94

4.4.1. Example 1 94

4.4.2. Example 2 97

4.5. Conclusion and Future Works 98

CHAPTER 5 A DISTANCE MEASURE TO CLUSTER SPATIOTEMPORAL

SCENARIOS 101

5.1. Nomenclature 101

5.2. Introduction 103

5.3. Literature Review 106

5.3.1. Review of Clustering Algorithms 106

5.3.2. The Moving Window Concept 109

5.4. Motivation and Key Features of the Multi-Resolution Spatiotemporal

Distance Measure 111

5.4.1. Clustering of Spatiotemporal Scenario Data 111

5.4.2. Problem for Separating the Spatial and Temporal Dimensions 113

5.4.3. Problem for Spatial Cell-to-Cell Comparison 114

5.4.4. Definition of Windows for Maps of Arbitrarily Shaped Spatial Cells116

5.4.5. Problem of Time Point-to-point Comparison 118

5.4.6. Illustration of Boundary Effects 120

5.4.7. Correction of Boundary Effects 121

5.5. Algorithm Description 122

5.5.1. Data Requirement 122

5.5.2. Pseudocode for the Multi-Resolution Spatiotemporal Distance

Generation Algorithm 123

vi



5.5.3. Analysis of Parameters and Selection Guidelines 123

5.6. Concluding Remarks and Future Work 126

5.7. Appendix 127

CHAPTER 6 A STOCHSTIC MODELING FRAMEWORK FOR STRATEGIC

AIR TRAFFIC FLOW MANAGEMENT UNDER WEATHER

UNCERTAINTY 130

6.1. Nomenclature 130

6.2. Introduction 131

6.3. Integrated Weather-Flow Modeling Framework 131

6.4. Conclusion 134

CHAPTER 7 APPLICATION OF THE DATA-DRIVEN DECISION-MAKING

FRAMEWORK TO STRATEGIC AIR TRAFFIC FLOW

MANAGEMENT 135

7.1. Introduction 135

7.2. Applying Multidimensional Uncertainty Evaluation approaches to

Strategic Air Traffic Flow Management 136

7.3. Using the Multi-Resolution Spatiotemporal Distance Measure to Cluster

Real Weather Impact Scenarios 138

7.3.1. Review of Related Work 139

7.3.2. A Small-scale Study 140

7.3.3. A Large-scale Study 149

7.4. Conclusion 152

CHAPTER 8 A JUMP-LINEAR ANALYTICAL APPROACH FOR STRATEGIC

AIR TRAFFIC FLOW MANAGEMENT UNDER WEATHER

UNCERTAINTY 154

8.1. Nomenclature 154

8.2. Introduction 156

vii



8.3. Problem Formulation 157

8.3.1. Optimal Management Design 158

8.3.2. Overview of Our Approach 160

8.4. The Jump-Linear Modeling Framework 160

8.4.1. Transient Analysis of Mean Backlog 163

8.4.2. An Illustrative Example 164

8.5. Jump-Linear Based Sensitivity Study for Optimal Management Design 166

8.5.1. Sensitivity to Mean Inflow Rate Changes 167

8.5.2. Sensitivity to Management Flow Restriction Changes 168

8.5.3. Sensitivity-based Optimal TMI Design 169

8.5.4. Illustrative Examples 170

8.6. Conclusion 172

CHAPTER 9 LITERATURE REVIEW ON MODELING AND CASCADING

FAILURE DETECTION FOR COMPLEX INFORMATION SYSTEMS173

9.1. Introduction 173

9.2. Network Models 173

9.3. Cascading Failure 175

9.3.1. Power network 176

CHAPTER 10 STOCHASTIC QUEUING-TYPE MODELS FOR COMPLEX

INFORMATION NETWORKS 178

10.1. Introduction 178

10.2. Using the Queuing-Type Model to Capture Cascading Failures 179

10.2.1. Network Structure 179

10.2.2. Flow Rerouting 181

10.2.3. Flow Processing at Routers 182

10.2.4. Simulator Implementation, Observation of Cascading Failures, and

Visualization 185

viii



10.3. Cross-correlation Analysis of Flow Dynamics 189

10.3.1. Introduction of cross-correlation analysis 189

10.3.2. Simulation Study 190

10.4. A Multi-Scale Queuing-Type Model to Improve Efficiency 193

10.4.1. Motivation and Key Features 194

10.4.2. Model Description 196

10.4.3. Simulator Implementation, and Efficiency Analysis 197

10.5. Conclusion 199

CHAPTER 11 REALISM STUDY OF THE QUEUING-TYPE MODEL FOR

NETWORK SIMULATIONS 200

11.1. Integrating FxNS Realism Factors into the Queuing-type Model 200

11.1.1. Description and Modeling of FxNS Realism Factors 201

11.1.2. Further Enhancement of the Queuing-type Model 205

11.2. Comparison Study 206

11.2.1. Impact of Router Buffers 209

11.3. Conclusion 212

CHAPTER 12 A SURVEY AND ANALYSIS OF MOBILITY MODELS FOR

AIRBORNE NETWORKS 214

12.1. Introduction 214

12.2. Overview of Mobility Modeling Research 217

12.2.1. Significance of Mobility Modeling Research 218

12.2.2. Focuses in Mobility Modeling Research 218

12.2.3. Classification of General MANET Mobility Models 219

12.3. MANET Mobility Models Adapted for ANs 220

12.3.1. MANET Random Mobility Models 221

12.3.2. Gauss-Markov Random Mobility Model 225

12.3.3. Summary 230

ix



12.4. Existing AN-Specific Mobility Models 231

12.4.1. Semi-Random Circular Movement Mobility Model 231

12.4.2. Three-Way Random and Pheromone Repel Mobility Models 233

12.4.3. Smooth Turn Mobility Model 236

12.4.4. Flight-Plan based Mobility Model 241

12.4.5. Multi-Tier Mobility Models 242

12.4.6. Summary 244

12.5. Comparison of the Mobility Models for ANs 244

12.5.1. Randomness 244

12.5.2. Application 247

12.5.3. Summary on the Comparison of Mobility Models for ANs 247

12.6. Discussions of Critical Research Needs 250

12.6.1. Model Validation and Parameterization 250

12.6.2. Selection of Model Granularity 250

12.6.3. Other Potential Models 251

12.6.4. Model Analysis and Mobility-aware Routing 252

12.7. Summary and Conclusion 252

CHAPTER 13 UAV-CARRIED LONG DISTANCE WI-FI COMMUNICATION

INFRASTRUCTURE 254

13.1. Introduction 254

13.2. Preliminary Results 256

13.2.1. Prototype Design 256

13.3. Directional Antenna Heading Control under Wind Disturbances 257

13.3.1. Antenna Control System Model 257

13.3.2. Wind Disturbance Model 259

13.3.3. Controller Design 262

13.4. Simulation Studies and Performance Analysis 267

13.4.1. Scenario One: One Fixed UAV and the Other Moving along a

x



Pre-defined Trajectory 267

13.4.2. Scenario Two: One Fixed UAV and the Other Moving Randomly 268

13.4.3. Scenario Three: Two Randomly Moving UAVs 269

13.4.4. Scenario Four: Two Randomly Moving UAVs with GPS Signals

Present Periodically 269

13.5. Discussions on Practical Design Issues 271

13.5.1. Performance Bound of Battery-powered UAV Flight Time 272

13.6. Conclusion 274

BIBLIOGRAPHY 275

xi



LIST OF TABLES

Page

Table 3.1. Comparison Results 64

Table 4.1. Comparison of the simulation results for different number of samples 95

Table 4.2. Comparison of efficiency for the four approaches. 99

Table 7.1. Clustering results using the three difference distance measure. 147

Table 11.1. Realism factors of FxNS [61,194] 201

Table 11.2. Speeds of routers 207

Table 11.3. Comparison results between FxNS and the queuing-type model 212

Table 12.1. Random variables, parameters, and model category of the MANET

mobility models 230

Table 12.2. Random variables, parameters, and model categories of the MANET

mobility models 245

Table 12.3. Comparison among mobility models for ANs. 248

Table 13.1. Algorithm to generate a time series of time torque 262

xii



LIST OF FIGURES

Page

Figure 1.1. Illustration of the data-driven decision-making framework for large-scale

dynamical systems. 2

Figure 2.1. Estimation of mean output for a complex system subject to multiple

uncertain input parameters. 13

Figure 2.2. An illustration of the Monte Carlo method. 14

Figure 2.3. a) A comparison of simulation time between the Monte Carlo and

single-variable PCM approaches. b) The upper figure shows a comparison

between the original system mapping and the low-order mapping

constructed by the single-variable PCM approach. The bottom figure

shows the probability density function fX(x) used to construct the

low-order mapping. 20

Figure 2.4. An illustration of the M-PCM approach using a two-parameter example.

a) The joint probability density function fX1X2(x1, x2) = 2
5
e−2x1 , x1 ≥ 0.

The red dots represent the four selected M-PCM simulation points. b)

The original mapping g(x1, x2). c) The reduced-order mapping g+(x1, x2). 24

Figure 2.5. The blue parallelogram region shows the joint uniform distribution of the

input parameters x1 and x2. Four simulation points selected using the

independent M-PCM approach are marked by red points. 25

Figure 2.6. a) The original mapping and four M-PCM points generated using the

correlated M-PCM approach. b) The four M-PCM points and low-order

mapping generated using the correlated M-PCM approach. c) Comparison

of the number of simulations between the correlated M-PCM and Monte

Carlo simulation methods. 27

Figure 3.1. Illustration of 3-factor a) 23 full factorial design and the explanation of

confounding and b) the design tables of two 23−1
III OFFDs. 37

Figure 3.2. 3-D cube representation of the a) 23−1
III OFFD, and b)-f) other possible

xiii



designs of size 4 from the 8 M-PCM simulation points. Each vertex of the

3-D cube represents an M-PCM simulation point. The selected subset is

marked in orange. 59

Figure 3.3. Comparison of the number of simulations needed to estimate the correct

mean output. 60

Figure 4.1. Accuracy of the Monte Carlo method in determining the optimal control

solution 97

Figure 4.2. The number of simulations the Monte Carlo method requires to predict

the correct total expected cost. 97

Figure 4.3. The optimal control sequences found by applying a) M-PCM, b)

M-PCM-OFFD, c) SG, and d) Monte Carlo approaches to sample the

uncertain space. 99

Figure 5.1. Illustration of the moving window concept for maps of regular spatial

cells. The number in each cell represents the category index. The bold

squares denote spatial windows. 110

Figure 5.2. Spatiotemporal intensity maps: a) scenario A, b) scenario B, and c)

scenario C. Separating the spatial and temporal dimensions does not lead

to the correct clusters {A,B} and {C}. 114

Figure 5.3. Spatial intensity maps: a) scenario A, b) scenario B, and c) scenario C.

The 2× 2 bold squares represent windows of size w = 2. The cell-to-cell

comparison does not result in the correct clusters {A,B} and {C}, which

can be found using the moving window algorithm. 115

Figure 5.4. The definition of spatial windows for maps of arbitrary shapes. Cells

centered around cell 6 within a window a) ϕ6,1 of w = 1, b) ϕ6,2 of w = 2,

and c) ϕ6,3 of w = 3 are marked in light orange. The indexes of center

cells are marked in red. 117

Figure 5.5. A sample scanning process for maps of arbitrary shapes. 117

Figure 5.6. Sequences along the temporal dimension for a spatial cell: a) scenario A,

xiv



b) scenario B, and c) scenario C. The point-to-point comparison cannot

find correct clusters {A,B} and {C}, which instead can be found using

the temporal moving window algorithm. 118

Figure 5.7. A sample scanning process for temporal sequences. The bold squares

represent temporal windows. 119

Figure 5.8. Explanation of boundary effects using a small example: a) the spatial

intensity map of each scenario with the number in each cell representing

the cell index; b) distances di,j,w among the four scenarios versus the

spatial resolution w; c) the contribution factor λk,w of each cell gk at

different spatial resolutions w; d) distance dA,D,w between scenarios A and

D for all spatial resolutions w before and after the correction. 121

Figure 6.1. Illustration of the modeling framework [363]. 132

Figure 6.2. An illustration of the saturation model. 133

Figure 7.1. Illustration of a traffic flow passing through 3 regions in an airspace. 136

Figure 7.2. Comparison of number of simulations between Monte Carlo and M-PCM

approaches. 138

Figure 7.3. Hourly precipitation forecasts for scenarios 11, 15, and 16. Scenarios 15

and 16 are similar, while both differ significantly from scenario 11. Darker

colors on the snapshots indicate higher intensity levels. 141

Figure 7.4. a) the contribution factors for each of the 151 sectors at all 13 spatial

resolutions before the boundary effect correction, and b) the contribution

factors for each of the 12 time points at all 12 temporal resolutions before

the boundary effect correction. Each line corresponds to a sector or time

point. Note that only six lines are observed in b), as symmetric time

points (e.g., the first and last ones) share the same contribution factors at

all temporal resolution levels. 142

Figure 7.5. a) The distances di,j,w,h with hmax = 1 at variable spatial resolutions

w among all scenario pairs. b) The distribution of the maximal hop

xv



distances for all sectors. c) The distances di,j,w,h with wmax = 1 under

variable temporal window sizes h among all scenario pairs. Each curve in

a) and c) shows the pairwise distance between two scenarios at different

resolutions. 144

Figure 7.6. Overall pairwise scenario distance Di,j versus a) the parameter r with

wmax = 6, and hmax = 1, b) the parameter c with wmax = 1, and hmax = 4,

between scenarios 11 and 16, and scenarios 15 and 16. 145

Figure 7.7. Clustering results using the a) multi-resolution spatiotemporal distance

measure, b) total capacity-based measure [345], and c) adjacency

weighted measure [285, 286]. The red dashed lines show the clustering

results if 7 clusters are desired. 146

Figure 7.8. Snapshots of representative scenarios for performance comparison. 148

Figure 7.9. a) Heatmap of distances for all pairwise combinations of 630 scenarios (21

SREFs per day, times 30 days). b) Heatmap of distances for all pairwise

combinations of 30 daily SREF averages. c) Heatmap of distances for all

pairwise combinations of approximately 90 days from May to July 2014.

Hotter colors indicate smaller distance and greater similarity. 150

Figure 7.10. Summary of an experiment to assess the spatiotemporal distance

measure’s robustness to spatial noise and temporal shifts. In the

final three columns, darker backgrounds indicate better classification

performance. As expected, the robustness tends to degrade as the spatial

noise and time shift effects increase, with an emphasis on the latter. 152

Figure 8.1. A bank of queues. 158

Figure 8.2. a) A jump-linear approximation of the saturation model in Figure 6.2

(Chapter 6). The parameters a1 and c1 are used when the mean inflow

rate u is much less than N [k]. The parameters a2 and c2 are used when

the mean inflow rate u is close to N [k]. b) An illustration of the values

of parameters a and c found by matching the steady-state statistics

xvi



all along and those found by matching the steady-state statistics when

u ≤ N [k]−∆ and matching the transient statistics when u > N [k]−∆. 162

Figure 8.3. A discrete-time 4-state Markov model [361] 165

Figure 10.1. Multiple network layers indexed by source-destination pairs. Routers are

indexed with numbers. Links between routers are marked by the dashed

lines. 180

Figure 10.2. Illustrative examples of router failures. 183

Figure 10.3. Format of demand file 186

Figure 10.4. Format of state-update file 186

Figure 10.5. A snapshot of the visualization tool. 187

Figure 10.6. A simple example network structure 188

Figure 10.7. Number of functioning routing nodes versus time, when a) an excess flow

is introduced, b) one router is failed manually. 188

Figure 10.8. The spatial-temporal map used to visualize the strength of flows from

observation points to each Tier-2 node. 192

Figure 10.9. Illustration of the change of the a) weight of node 15 and the 2) amount

of observed flows heading to this node over time. 193

Figure 10.10. An example Internet topology to illustrate the network structure (taken

from [353]). 194

Figure 10.11. Comparison of the original queuing-type model with the multi-scale

queuing-type model in measuring the a) inflow rates, b) outflow rates,

and c) backlogs at router 5 at each simulation time step. 198

Figure 11.1. Small-scale Network with 10 Routers. 207

Figure 11.2. Comparison results between FxNS(TCP disabled) and the queuing-type

model, in the aspects of a) total number of flows sent by sources, b) total

number of packets sent by sources and c) total number of packets dropped

by routers. 208

Figure 11.3. Illustration of the impacts of sources’ speeds on the a) total number of

xvii



flows sent by sources, b) total number of packets sent by sources and c)

total number of packets dropped by routers. 208

Figure 11.4. Small-Scale Network with 6 Routers. 210

Figure 11.5. Comparison of FxNS (TCP disabled) with the queuing-type model before

and after modification in the a) total number of packets sent by sources,

b) total number of packets dropped by routers and c) total number of

packets received by receivers. 210

Figure 11.6. Comparison of FxNS (TCP disabled) and the queuing-type model after

modification in the number of packets dropped by a) router 4 (N-class),

b) router 5 (F-class), and c) router 6 (D-class). 211

Figure 11.7. Comparison of FxNS (TCP enabled) and the queuing-type model after

modification in the number of packets dropped by a) router 4 (N-class),

b) router 5 (F-class), and c) router 6 (D-class). 211

Figure 11.8. Large-Scale Network with 16 Routers. 212

Figure 11.9. Comparison of FxNS with TCP disabled and the queuing-type model after

modification in the number of packets dropped by each access router. 213

Figure 12.1. Categories of mobility models in MANETs 219

Figure 12.2. Sample trajectories of a) RW, b) RWP, and c) RD models, using Matlab.

All three trajectories show sharp directional changes. RW and the

modified RD models show uniformly distributed node locations, whereas

node locations of the RWP model tend to accumulate toward the center

of the simulation area. The minor difference between the RW and RD

models is that the travel duration of the RW model is constant and that

of the RD model is random. 222

Figure 12.3. Sample trajectories of the Gauss-Markov model with two values of the

correlation parameter α. Distinct from those of the RW, RWP, and RD

mobility models, both trajectories are smooth, dominated by the average

heading direction. A higher α produces straighter trajectories with less

xviii



noise-induced variations. 229

Figure 12.4. Sample trajectories of a) SRCM, b) Three-Way Random mobility model,

c) Pheromone Repel mobility model. The red curve in c) is the trajectory

of one of 30 simulated aerial nodes. Intensities of pheromone smells are

indicated by grey-scale values. Darker curves represent more recently

visited areas. The trajectories of the SRCM model is circular around a

fixed center. The Three-Way Random mobility model is different in the

sense that the center is no longer fixed; however the turn radius is fixed

for all turns. The Pheromone Repel mobility model guides aerial nodes to

less recently visited areas. 232

Figure 12.5. Sample trajectory of the 2D ST model [299]. The green spots are the

randomly selected turn centers. The trajectory is smooth with typical

turns of constant turn rates. Both turn centers and turn radii are

random. 239

Figure 12.6. Trajectories of a) the 3D z-dependent ST mobility model, and b) the 3D

z-independent ST mobility model [326]. The difference between the two

models resides in the existence of correlation between the movement along

the z dimension and that in the x, y plane. 240

Figure 13.1. a) Prototype UAV system, b) communication topolgy [110]. 257

Figure 13.2. Three sampe throughput measurements with 1 (Km) distance separation

[110]. 258

Figure 13.3. The block diagram of the velocity loop [99]. 259

Figure 13.4. The block diagram of the position loop [99]. 260

Figure 13.5. An illustration of the a) frequency response of the Davenport filter, and

b) an example time series of wind torques with kt = 0.25. 260

Figure 13.6. Magnitudes of the transfer functions a) Try, and b) Twy. 263

Figure 13.7. Pulse velocity signal response of the feedback velocity control loop under

wind disturbances for a) k0 = 10, b) k0 = 15, and c) k0 = 20. 265

xix



Figure 13.8. Illustration of the a) step response characteristics for different values of

the proportional gain kp, with ki = 0; b) step response characteristics

for different values of the integral gain ki, with kp = 8.65; and c) the

pulse velocity signal response of the position loop system under wind

disturbances with kp = 8.65, and ki = 1.16. 266

Figure 13.9. Simulation results for Scenario One. a) A snapshot of the moving UAV

and the direction of the antenna carried by the fixed UAV. b) Performance

of the antenna direction control system under wind disturbances. 268

Figure 13.10. Simulation results for Scenario Two. a) A snapshot of the moving UAV

and the direction of the antenna carried by the fixed UAV. b) Performance

of the antenna direction control system under wind disturbances. 269

Figure 13.11. Simulation results for Scenario Three. a) A snapshot of the two moving

UAVs and the directions of their antennae. b) & c) Performance of the

antenna direction control system under wind disturbances. 270

Figure 13.12. a) Mean RMSR for different values of GPS sampling rate. An example

trajectory for an antenna’s direction carried by the a) red UAV and b)

blue UAV, compared with the accurate direction the antenna should point

towards. 272

Figure 13.13. Upper bound analysis of flight time for our UAV-carried Wi-Fi system. 273

xx



CHAPTER 1

INTRODUCTION

Large-scale dynamical systems, such as complex information systems, transportation

systems, and power networks, etc., are featured by a large number of system states, compli-

cated dynamics, and intricate network interactions. Managing such systems is not an easy

task, especially with the existence of multifarious uncertainties which further complicate

system dynamics and make system behaviors hard to predict. Significant research efforts

can be found in the literature that address these issues, particularly, in the aspects of system

modeling, system performance evaluation under uncertainty, and management strategy de-

signs. However, current tools and methods are still not efficient enough to achieve real-time

decision-making under uncertainty for modern large-scale dynamical systems.

In this dissertation, we explore decision-making techniques for large-scale dynamical

systems under uncertainty, with the aim of conquering three key challenges: large scale,

uncertainty, and real-time requirement. In particular, we aim to develop the following tech-

niques required to manage large-scale dynamical systems: 1) approaches to model realistic

systems which can track system performance and simplify the system analysis and design

procedures; 2) approaches to effectively and efficiently evaluate system performance and

design control strategies under uncertainty; and 3) big-data techniques that allow some

computations of control strategies to be completed offline. These techniques are mainly

illustrated using three applications: air traffic flow management, airborne networks, and

complex information systems. However, we emphasize that they are also applicable for

other large-scale dynamical systems such as power networks. The results are documented in

[309,327,329–338,362].

In the rest of this chapter, we briefly describe aforementioned techniques from two

aspects, theory and application. Specifically, in Chapter 1.1, we overview a data-driven

decision-making framework for large-scale dynamical systems and its theoretical foundation.

In the following three sections, we overview our development for three applications: the air
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Figure 1.1. Illustration of the data-driven decision-making framework for

large-scale dynamical systems.

traffic flow management (Chapter 1.2), the complex information systems (Chapter 1.3) and

the airborne networks (Chapter 1.4).

1.1. Theoretical Foundation of the Data-Driven Decision-Making Framework

Considering the complicated large-scale system dynamics and the existence of vari-

ous uncertainties, managing large-scale dynamical systems in real-time is very challenging.

To address this issue, we take the perspective that big-data techniques and scalable un-

certainty evaluation methods can be combined to quickly solve optimal control problems.

Specifically, under the assumption that similar system input scenarios lead to similar man-

agement solutions, we develop a data-driven decision-making framework (see Figure 1.1 for

an illustration), which contains the following three steps.

1. Selecting representative scenarios

To reduce the size of the decision space, and quickly develop (near) optimal man-

agement solutions under uncertainty, we select representative scenarios and design control

solutions only for these limited number of scenarios. The representative scenarios are se-

lected in such a way that management solutions optimal for these scenarios are also (near)

optimal for the original whole range of possible scenarios.

2. Query of historical data

The query system in the black-box aims to quickly find similar scenarios from his-

torical data. Assuming that management strategies designed for similar scenarios are also

similar, we can leverage the historical scenarios, which are tagged with high-level control so-

lutions, to help us save computational time on the on-line design of management strategies.
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In particular, with the representative scenarios, we use these scenarios to query the histor-

ical database and find similar scenarios. The high-level management solutions associated

with retrieved scenarios are then sent to stochastic optimal control module for management

strategy design.

3. Stochastic optimal control

The high-level management solutions retrieved from the historical database signifi-

cantly reduce the decision space. We then design the optimal control solutions at the reduced

decision space. The computational time can thus be significantly reduced.

To fully realize this framework, significant efforts are required. In this dissertation,

we mainly focus on the development of its three key components. In particular, first, to

quickly select a few representative input scenarios from a wide range of possible scenarios,

we developed an effective and scalable uncertainty evaluation approach. Second, to real-

ize the optimal control of systems under uncertainty, we investigated the capability of this

uncertainty evaluation approach to help optimal control strategy design, and proved that

control solutions optimal to representative scenarios selected by this approach are also op-

timal for the original whole range of scenarios. Third, to facilitate the quick retrieving of

similar historical scenarios, we developed a distance measure for spatiotemporal scenario

data, which quantifies their similarity with high accuracy. Next, let us briefly describe each

of these works.

1.1.1. Uncertainty Evaluation

The dynamics of large-scale dynamical systems are significantly modulated by various

uncertainties, which make real-time system evaluation and decision support to be difficult.

The management of these systems needs to take uncertainties into consideration, and be de-

signed in a way to achieve robust performance. In this data-driven decision-making frame-

work (see Figure 1.1), we formulate the uncertainty evaluation as a black-box estimation

problem. In particular, the whole system is viewed as a black box. The input to this system

is a set of variables {x1, x2, . . . , xm}, which capture the features of the uncertain space. The
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output y is the cost of a management strategy corresponding to a scenario. The problem is

thus to predict the mean cost of the control strategy for all possible scenarios. The optimal

control strategy is the one with the lowest mean cost.

Traditional uncertainty evaluation approaches such as Monte Carlo simulation ap-

proach usually select a large number of samples of input parameters, and then run sim-

ulations at these samples to obtain the statistics of system performance. However, for

large-scale systems, a single simulation run can be very costly. As such, these approaches

are not suitable for real-time management of large-scale dynamical systems. To reduce the

number of simulations, our group previously developed an efficient uncertainty evaluation

approach called multi-variant probabilistic collocation method (M-PCM), which smartly se-

lects a small set of samples based on the knowledge of uncertain parameters’ statistics, and

constructs a low-order system mapping that has the same mean output as the original sys-

tem mapping [329, 362]. However, this approach is still not scalable with the number of

uncertain parameters.

To break the curse of dimensionality, we developed an efficient and scalable uncer-

tainty evaluation approach called M-PCM-OFFD [329,335], which integrates M-PCM and

the orthogonal fractional factorial design (OFFD) from the statistical literature. The key

idea of this approach is to apply M-PCM first to select a set of samples, and then use OFFD

to further reduce the number of simulations. This integration is inspired by the fact that

high-order interactions among parameters are typically insignificant in real applications. We

prove that the M-PCM-OFFD retains the property of M-PCM in predicting the correct mean

output, and is robust to numerical errors.

1.1.2. Optimal Control based on Uncertainty Evaluation

Based on aforementioned uncertainty evaluation approaches (M-PCM and M-PCM-

OFFD), we then investigate the capability of these approaches to help optimal control strat-

egy design under uncertainty.

In order to design stochastic optimal control strategies, the typical approach is to

design the optimal control solution for all possible values of uncertain parameters and then
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determine the best solution. However, this approach requires a huge amount of computa-

tional time. To address this issue, we propose to reduce the computational time by sampling

the uncertainty space. In particular, we apply M-PCM or M-PCM-OFFD to select a small

set of samples for the uncertain parameters, and evaluate control solutions only for these

samples. In this way, we can reduce a large amount of simulations needed to obtain the

optimal solution. We prove that the control solution optimal to the selected samples is also

optimal to all possible values of the uncertain parameters under broad classes of assumptions.

1.1.3. Distance Measure for Spatiotemporal Scenarios

Once representative scenarios are selected by the uncertainty evaluation approach

introduced above, the data-driven decision-making framework uses these scenarios to query

the historical database and retrieve spatiotemporally similar scenarios. To realize this step,

a key challenge is the measurement of the similarity among spatiotemporal scenarios.

Spatiotemporal scenario data, which are drawn from large-scale physical processes of

spatiotemporal spread dynamics, have unique features different from other data types. They

are 1) correlated in the spatiotemporal dimension, 2) clumped and dynamic in shape, size,

location and intensity, and 3) have spread patterns that are hard to track. Although many

studies on quantifying the similarity among data objects can be found in the literature, no

works specifically address spatiotemporal scenario data, per the knowledge of the authors. In

this dissertation, we conduct a comprehensive analysis of this new data type, and introduce

a multiresolution spatiotemporal distance measure [336, 337] that fills the research gap.

This distance measure captures the unique features of spatiotemporal scenario data and

the similarity among them with high accuracy. In particular, inspired by the idea that

complex patterns cannot be well described by measuring at only one resolution, we adapt

the moving window concept, and scan the spatiotemporal scenario data along the spatial

and temporal dimensions simultaneously at different resolution levels. We show that such

scanning process is able to reveal similar patterns among spatiotemporal scenario data, and

also capture the correlation in the spatiotemporal dimension. Besides, this distance measure

allows the heterogeneous contributions of spatial and temporal cells, to meet the needs in
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realistic applications.

1.2. Application 1: Air Traffic Flow Management

Air traffic flow management aims to reduce traffic congestion and delays caused by

increasing traffic demands and uncertain off-nominal conditions such as intruding birds,

severe weather, and component failures, etc. In the second part of this dissertation, we

develop techniques to manage air traffic flows.

As system modeling is the foundation for system performance evaluation and the

design of control strategies, we first review an integrated air traffic model developed by our

group earlier to capture the dynamics of air traffic flows under uncertainty. This model

seamlessly integrates a demand model, a weather model and an air traffic flow model to

capture the traffic flow dynamics under demand and weather uncertainties [361]. In partic-

ular, traffic demands are modeled as stochastic processes, flow dynamics under the impact

of management actions are captured by a queuing model, and weather impact is captured by

the modulation of service rates in the queuing model. When aircraft enter a weather zone,

they are considered to enter an imaginary buffer. Due to management actions and convective

weather, only a small portion of aircraft can pass the region, with the others being delayed

in the buffer. The impacts of uncertain weather and management actions are translated to

service rate reductions (or capacity reductions).

Based on this model, we then apply the techniques developed in Chapter 1.1 to air

traffic flows management, with the aim to illustrate the practical usage as well as the good

performance of these techniques. In particular, we apply the M-PCM-OFFD as well as

the M-PCM methods introduced in Chapter 1.1.1 to evaluate the performance of air traffic

systems under weather uncertainty. We also combine the distance measure introduced in

Chapter 1.1.3 with the distance-based clustering algorithms to group real weather scenarios,

and conduct thorough comparison and sensitivity studies to illustrate the good performance

of this distance measure.

The M-PCM-OFFD is a simulation-based approach, which does not require the knowl-

edge of system models and is suitable for systems that are too complicated to be abstracted
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and analyzed. In cases when a tractable system model is available, the analytical approach

is usually more efficient than simulation-based approaches, as they can obtain the statistics

of system performance by only using simple mathematical equations. In this dissertation,

we also introduce an analytical approach for air traffic flow management. This analyti-

cal approach is based on a tractable jump-linear model that exploits weather uncertainty

[361,363]. In particular, a stochastic linear approximation is applied to the aforementioned

integrated air traffic model, to formulate a jump-linear representation with nice tractabil-

ity. The uncertain weather is captured using a Markovian model, which modulates the

parameters in the jump-linear model. Building on this jump-linear model, we develop a

sensitivity-based approach to design optimal control strategies for air traffic flow manage-

ment under weather uncertainty. Our previous study shows that sensitivity can assist the

design of traffic management strategies. Based on this prior effort, we further analyze the

sensitivity of the transient traffic performance to disturbances [338], and study the optimal

design for two traffic management initiatives (TMIs): rerouting, and miles or minute-in-trail

(MIT/MINIT). We show that the optimal TMIs preserve a sensitivity structure.

1.3. Application 2: Complex Information Systems

Complex information systems, such as the Internet, computing grids and information

clouds, are featured by complicated data flow interactions, large scale, and uncertain data

traffic demands. Due to these features, failures in these systems are difficult to predict. A

small disturbance in system dynamics may lead to catastrophic failures and thus produce

large revenue losses. To prevent system failures, we need to understand system behaviors

and their reactions to disturbances. In the third part of this dissertation, we investigate

the modeling of complex information systems, as a preliminary step to understand, predict,

and manage system failures. In particular, we introduce a discrete-time queuing-type model

for complex information systems to understand system behaviors under disturbances. This

model captures data flows, the processing of them at routers, flow interactions, and rerouting

in an aggregated fashion. To enable run-time failure prediction and control, this model is

made to be reduced order, so that less computational time is required. To allow detection
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and control strategies to be implemented and analyzed, this model is functioned to track the

sources and destinations of flows. Additionally, this model also allows the analysis of tran-

sient impacts of attacks and control strategies on network dynamics, and the understanding

of the impact of uncertain traffic demands. These features make this model suitable for run-

time failure detection and control. Furthermore, we also investigate the capability of this

model in detecting system failures. Simulation studies show the promising good performance

of this model. Based on this model, we further develop a more abstract queuing-type model,

which leverages the multi-tier structure of typical communication networks to reduce the

computational costs. The comparison study illustrates its efficiency over the original model.

To validate the realism of the queuing-type model in capturing flow dynamics in the real

Internet, we further compare it with a realistic packet-level network simulator. The studies

show the good performance of the queuing-type model.

1.4. Application 3: Airborne Networks

Airborne networks (ANs), which support the flight-to-flight communication among

aerial vehicles, are envisioned to be very valuable for the next-generation air transportation

system. In the last part of this dissertation, we discuss the techniques developed to enable

ANs.

In order to design effective network protocols for ANs, we need a realistic mobility

model [309], which captures the physical movement patterns of aircraft, to serve as the

foundation for the performance evaluation of the protocols under different network scenarios.

Traditional Mobile Ad Hoc Networks (MANETs) mobility models like random walk, random

direction, Gauss Markov, etc., are originally designed to model ground vehicles and are

currently used to evaluate ANs. However, unlike ground vehicles, aerial vehicles have much

higher speed, tend to make large smooth turns and are subject to various aerodynamic

constraints. These differences make the MANET mobility models unsuitable for ANs. Very

recently, there are some mobility models developed specific for ANs, but their capability and

feasibility for ANs are not analyzed.

In this dissertation, we investigate the AN-specific mobility models, including the
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realistic smooth-turn mobility models [303,327,332–334] we have developed to capture the

physical movement patterns of aerial vehicles. We also show a thorough comparison among

these mobility models, so as to provide users with the guidelines to select proper mobility

models.

Besides, we also introduce an application of the ANs in emergency response [330]. In

emergency scenarios, communication is critical for making rescue plans and sharing infor-

mation. However, in many cases, communication infrastructures are destroyed or even not

available. To address this issue, we develop a long-range Wi-Fi communication infrastruc-

ture carried by unmanned aerial vehicles (UAV), which provides on-demand Wi-Fi network.

To ensure good communication quality, we develop control strategies for robust directional

UAV-to-UAV communication over long distances even when the UAVs are in motion. This

UAV-carried communication infrastructure has many nice features, such as long-range wire-

less coverage, quickly deployable, high flexibility and low-cost. The simulation study is

conducted using the smooth-turn mobility model to illustrate the good performance of the

control strategy.

1.5. Dissertation Outline

The rest of this dissertation is organized as follows. In Part I (Chapter 2 – Chapter 5),

we describe the data-driven decision-making framework for large-scale dynamical systems,

and introduce the theoretical works we have done to realize this framework. In Part II

(Chapter 6 – Chapter 8), we illustrate the results developed in Part I using the application

of air traffic flow management, and introduce another approach to analyze and manage air

traffic flows under uncertainty. In Part III (Chapter 9 – Chapter 11) and Part IV (Chapter

12 – Chapter 13), we study another two large-scale dynamical systems (i.e., the complex

information system and the airborne network) and develop modeling and control methods.
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CHAPTER 2

LITERATURE REVIEW OF UNCERTAINTY EVALUATION METHODS IN

LARGE-SCALE SYSTEMS
1

2.1. Nomenclature

xi i-th uncertain input parameter

i eliminated if a single uncertain parameter is involved

m number of uncertain input parameters

y system output

g(x1, ..., xm) original system mapping

g+(x1, ..., xm) low-order system mapping constructed using the PCM approach

ni highest degree of xi in g+(x1, ..., xm)

Ψk1,...,km coefficient of the term xk11 ...x
km
m in g(x1, ..., xm)

Ωk1,...,km coefficient of the term xk11 ...x
km
m in g+(x1, ..., xm)

fXi(xi) probability density function of xi

i eliminated if a single uncertain parameter x is involved

fX1...Xm(x1...xm) joint probability distribution of input parameters x1, ..., xm

xi(j) j-th PCM point for xi

hkii ki-th normalized orthogonal polynomial for xi

i eliminated if a single uncertain parameter x is involved

hkii (xi(j)) hkii evaluated at point xi(j)

xkii (xi(j)) xkii evaluated at point xi(j)

L matrix constructed by the full set of M-PCM points

Γ matrix constructed by normalized orthogonal polynomials

1Parts of this chapter have been accepted for publication, either in part or in full, from J. Xie, Y. Wan,
Y. Zhou, “Effective Uncertainty Evaluation in Large-Scale Systems”, Principles of Cyber-Physical Systems,
2015. Reproduced with permission from Cambridge University Press.
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evaluated at selected M-PCM points

l number of coefficients in g+(x1, ..., xm)

2.2. Introduction

Modern large-scale complex systems (such as complex information systems, power

grids, and traffic systems) typically involve a large number of uncertain parameters, which

modulate system dynamics and in turn pose significant challenges for real-time performance

evaluation and decision-support tasks. For instance, the management of complex information

systems requires methodologies to achieve high throughput and low latency under uncertain

demands [292]. Similarly, strategic air traffic flow management is concerned with designing

management initiatives that are robust to a wide range of weather uncertainties at a long

look-ahead time [360,363]. As a step toward autonomous system management, it is critical

to develop a systematic procedure to evaluate statistical system performance in the pres-

ence of uncertain parameters. In this chapter, we review several systematic methods used

for uncertainty evaluation, with an emphasis on an effective simulation-based uncertainty

evaluation method, called the probabilistic collocation method (PCM).

We note that the study of uncertainty evaluation contributes significantly to failure

control and the design of countermeasures for security-threats to systems. As threats are

typically unknown to the system in the operation stage, they can be treated as uncertain

disturbances to the system. Uncertainty evaluation, which predicts system performance

subject to uncertain disturbances, becomes critical toward failure control and the design of

countermeasures.

Uncertainties are typically studied using either theoretical analysis or numerical sim-

ulation. Analytical approaches are developed based on models of dynamical systems inte-

grated with uncertain environmental impact. Simulation-based methods, on the other hand,

do not require prior knowledge of system models, but instead use input-output simulation

data to statistically analyze the impact of uncertainties.
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Whether to use analytical or simulation-based approaches is dependent on the com-

plexity of a specific application of study. Analytical approaches are more efficient if a

tractable model is available. For large-scale dynamical systems whose models are too com-

plicated to analyze, approximated simpler models may be sought to achieve a tractable

analysis. When such an approximated model is difficult to achieve, simulation-based meth-

ods are utilized to obtain the statistics of uncertainty impacts. The two methods may also be

integrated: simulations are first used to produce approximated system dynamics, which are

then used for tractable analysis. In this chapter, we focus on simulation-based uncertainty

evaluation approaches when a tractable analysis is infeasible. In Chapter 8, we will introduce

an analytical approach to efficiently analyze the dynamics of air traffic systems.

This chapter is organized as follows. In Chapter 2.3, the uncertainty evaluation

problem is formulated. Several simulation-based evaluation methods are reviewed. In Chap-

ter 2.4, the properties and procedures for the single-variable PCM approach are presented.

Chapter 2.5 discusses an extension of the single-variable PCM to the multi-variate case.

Finally, Chapter 2.6 includes a brief conclusion and discussion of future work.

2.3. The Background of Simulation-based Uncertainty Evaluation

This section provides a background study of simulation-based uncertainty evaluation.

The uncertainty evaluation problem is first mathematically formulated in Chapter 2.3.1. The

traditional Monte Carlo simulation method is then reviewed in Chapter 2.3.2. After that,

several sampling-based simulation methods are reviewed in Chapter 2.3.3.

2.3.1. Problem Formulation

Many large-scale systems have complicated dynamics that require considerable time

to simulate. In order to manage these systems in real-time under uncertainty, a practical

need is to quickly evaluate system performance subject to multiple uncertain parameters.

This problem can be formulated as a black-box estimation problem shown in Figure 2.1. In

particular, a system has m uncertain parameters (x1, x2, ..., xm) as inputs and an output

y that captures the system performance of interest. These input parameters modulate the
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dynamics of the system and shape the output y. The problem is to correctly estimate

the mean output, E(y), using simulations. Examples 2.1 and 2.2 illustrate the problem

formulation in two applications.

OutputUncertain Input Parameters

y

Complex System

Black Box: )

Figure 2.1. Estimation of mean output for a complex system subject to

multiple uncertain input parameters.

Example 2.1. Air Traffic Flow Management. Convective weather events reduce the capacity

of affected airspace and cause en-route delays of aircraft [280, 281]. Traffic management

initiatives are designed several hours ahead of possible weather events, based on predictions

of traffic system performance, evaluated by e.g., the total delay of aircraft over a time span.

The start times, durations, and intensities of convective weather events at geographically

distributed regions can be considered as uncertain input parameters, and the total delay can

be captured by an output [360,362].

Example 2.2. Energy Management of Smart Homes. Prediction of energy consumption is

a step toward the closed-loop energy management of smart homes. Despite the detailed

modeling of energy consumption for buildings using heat transfer principles, large variations

of predicted consumption values may occur due to uncertainties in an energy consumption

system [149,291]. To predict the mean energy consumption during a time span, key contrib-

utors to consumption dynamics may serve as uncertain input parameters, including outdoor

temperatures, set-points of air conditioners, and parameters related to random in-door hu-

man activities[340].
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2.3.2. Monte Carlo Methods

Monte Carlo methods are widely used for uncertainty evaluation. As shown in Figure

2.2, Monte Carlo methods typically involve three steps. First, a large number of simulations

(N) are randomly selected. Each simulation point is a combination of m input parameters.

Second, a simulation is conducted at each simulation point (x1i, x2i, ..., xmi), and the corre-

sponding output yi is obtained. Finally, the statistic of the output is derived based on all

sample outputs yi according to E(y) = 1
N

∑N→∞
j yj.
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Figure 2.2. An illustration of the Monte Carlo method.

Monte Carlo methods can predict output statistics correctly, provided that the num-

ber of simulations N → ∞. As each simulation for a large-scale system consumes consid-

erable time, the large number of simulations required by Monte Carlo methods easily lead

to heavy computational cost. As such, Monte Carlo methods are typically not suitable for

real-time evaluation and management of large-scale systems under uncertainties.

2.3.3. Sampling-based Methods

Sampling techniques have been developed to improve the convergence speed of Monte

Carlo methods. Some widely used techniques are listed here. The Chevyshev nonuniform

sampling method outperforms uniform sampling in overcoming Runge’s phenomenon [17].

The stratified sampling method increases coverage through a combination of uniform and

random sampling techniques [128,140,189]. The importance sampling method uses simple
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distributions to sample simulations and re-weight the significance of simulations [106,251].

Greedy and adaptive sampling techniques have also been developed [116,120]. These sam-

pling methods, however, may still not meet the stringent time-constraints for real-time man-

agement.

An alternative sparse sampling method, called the probabilistic collocation method

(PCM) [278,318], uses the statistical knowledge of input parameters to smartly choose a very

limited number of simulation points. These simulation points produce a low-order mapping

that retains the mean statistics of the original higher-order system mapping. The method is

based on the orthogonal polynomial expansions and their properties, and thus share common

merits with methods in the literature under different names, such as stochastic collocation

method (SCM), polynomial chaos expansion, and others [19,58,137,318,319,339].

2.4. Single-Variable PCM

For a system mapping with only one input parameter, the single-variable PCM

smartly selects a few simulations for uncertainty evaluation, using properties of Gaussian

Quadrature integration. The method’s key properties and design procedures are presented

in this section.

2.4.1. Key Properties

Consider a system mapping y = g(x) with a single input uncertain parameter x

following a probabilistic distribution fX(x). Assume that g(x) is a polynomial of degree at

most 2n− 1, i.e.,

(1) g(x) = Ψ0 + Ψ1x+ ...+ Ψix
i + ...+ Ψ2n−1x

2n−1,

where Ψi ∈ R are coefficients. A fundamental property of the single-variable PCM is that

g(x) can be approximated by a low-order polynomial of degree at most n− 1, i.e.,

(2) g+(x) = Ω0 + ...Ωix
i + ...+ Ωn−1x

n−1,Ωi ∈ R,

which predicts the same mean output. The low-order mapping can be found by n simulations

at the roots of the n-th normalized orthogonal polynomial hn(x), where hn(x) satisfies the
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orthogonality property∫
hi(x)hj(x)fX(x) = 0 for i 6= j,(3) ∫
hi(x)hj(x)fX(x) = 1 for i = j, i, j ∈ {0, 1, ..., n}

h0(x) = 0

This equality of g(x) and g+(x) in mean output prediction is shown in Theorem 2.3 [301].

Theorem 2.3. The original mapping g(x) of degree 2n−1 and the low-order mapping g+(x)

of degree n− 1 have the same mean output, i.e., E[g(x)] = E[g+(x)].

This thoerem suggests that the single-variable PCM can reduce the number of sim-

ulations from 2n to n with no error in the mean output prediction. The proof is omitted

here due to the space limit. We only provide a conceptual illustration and sketch the proof

mathematically. Interested readers please visit [301] for the detailed proof.

Conceptually, this reduction is made possible by utilizing the probability density

function fX(x) of the input uncertain parameter x to produce a low-order mapping which

approximates the original mapping well over the likely range of x. Mathematically, this

property can be proved through expressing g(x) as the expansion of orthogonal polynomials

[123,301]. In particular, g(x) of degree 2n− 1 can be represented as

(4) g(x) = a0h
0(x) + ...+ an−1h

n−1(x) + hn(x)(a0h
0(x) + ...+ an−1h

n−1(x)),

where ai ∈ R are coefficients. Similarly,

(5) g+(x) = a0h
0(x) + ...+ an−1h

n−1(x).

The orthogonality of hi(x) suggests that E[g(x)] = E[g+(x)] = a0.

Note that besides predicting the correct mean, the low-order mapping also has several

other important properties suggesting that it is a good approximation of the original mapping

[301]. These properties include the correct prediction of cross-statistics up to certain degree

(Theorem 2.4) and the minimum mean square estimation (MMSE) property of the low-order
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PCM mapping up to certain degree (Theorem 2.5). As shown elsewhere [301], these proofs

can be developed using approaches similar to that for Theorem 2.3.

Theorem 2.4. An original mapping g(x) of degree n + m,m ∈ {0, · · · , n − 1}, and its

corresponding low-order PCM mapping g+(x) of degree n− 1 have the same cross-statistics

for all i ∈ {0, · · · , n− 1}, i.e., E[xig(x)] = E[xig+(x)].

Theorem 2.5. The mean square error performance cannot be improved by adding polynomi-

als of degree up to n−1−m to the PCM mapping g+(x) of degree n−1, when approximating

an original mapping g(x) of degree n + m,m ∈ {0, · · · , n − 1}. Furthermore, the MMSE

mapping g+
r (x) for all polynomials of degree up to n−m− 1 is the low order PCM mapping,

(6) g+
r (x) = a0h

0(x) + · · ·+ an−1−mh
n−1−m(x).

2.4.2. Design Procedures

The design procedures for the single-variable PCM are summarized as follows [124].

Algorithm 1: Single-Variable PCM

Step 1: Selection of Simulation Points The selection of simulation points is based

on statistical information about the uncertain input parameter x. Four forms of statistical

information are typically expected: 1) a probability density function, 2) a large data set

collected for x, 3) a small data set collected for x, and 4) low-order moments of x. The

procedure for the first form is presented first, and then discussions follow for the other three

forms (see [301] for a detailed development).

If the probabilistic density function fX(x) is known, Algorithm 2 can be used to

find the normalized orthogonal polynomial hn(x) and its roots as the simulation points

[18]. Hj(x) represents the orthogonal polynomial of degree j for the uncertain parame-

ter x and hj(x) is its normalized form. < p(x), q(x) > denotes the integration operation∫
p(x)q(x)fX(x)dx.
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In the case that a large data set of x is available, we can calculate its sample moments

and replace the corresponding moment terms in the integrals in Steps 4 and 5 of Algorithm

2 to find normalized orthogonal polynomial hn(x). If only a small data set or low-order mo-

ments are available, a feasible approach is to fit them with canonical distributions, such as

the normal or beta distributions, and then use these distributions to select simulation points.

Step 2: Simulations Evaluate g(x(i)) at each of the n simulation points, where i ∈
{1, ..., n}.

Step 3: Low-order Mapping Construction and Mean Output Calculation Find coeffi-

cients a0, a1, ..., an−1 in the low-order mapping g+(x) = a0h
0(x) + ...+ an−1h

n−1(x) using

(7)


a0

a1

...

an−1


=


h0(x(1)) h1(x(1)) · · · hn−1(x(1))

h0(x(2)) h1(x(2)) · · · hn−1(x(2))

...
...

. . .
...

h0(x(n)) h1(x(n)) · · · hn−1(x(n))



−1 
g(x(1))

g(x(2))

...

g(x(n))


where hi(x(j)) is the normalized orthogonal polynomial hi evaluated at point x(j). Ω0, ...,Ωn−1

in the low-order mapping g+(x) = Ω0 + ...Ωix
i + ...+ Ωn−1x

n−1 can be obtained accordingly.

The mean output E[g(x)] = a0.

Algorithm 2: Find Normalized Orthogonal Polynomial hn(x)

Alternatively, we can directly calculate Ω0, ...,Ωn−1 in the original polynomial basis

instead of the orthonormal polynomial basis, as the following equation shows:

(8)


Ω0

Ω1

...

Ωn−1


=


x0(x(1)) x1(x(1)) · · · xn−1(x(1))

x0(x(2)) x1(x(2)) · · · xn−1(x(2))

...
...

. . .
...

x0(x(n)) x1(x(n)) · · · xn−1(x(n))



−1 
g(x(1))

g(x(2))

...

g(x(n))
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1: H−1(x)← 0; h−1(x)← 0

2: H0(x)← 1; h0(x)← 1

3: for i← 1, n do

4: H i(x)← xhi−1(x)− 〈xhi−1(x), hi−1(x)〉hi−1(x)− 〈H i−1(x), H i−1(x)〉
1
2 hi−2(x)

5: hi(x)← H i(x)/ 〈H i(x), H i(x)〉
1
2

6: Find the roots of hn(x) = 0 as the n PCM simulation points for x, denoted as x(1), x(2),

..., x(n)

where xi(x(j)) is the i-th power of x evaluated at point x(j). Example 2.6 illustrates the

design procedures and performance of the single-variable PCM.

Example 2.6. Consider a mapping of the form

g(x) = 1 + x1 + x2 + x3 + x4 + x5,

where x is normally distributed with mean of 10 and standard deviation of 1.8. Step 1 of

the design procedure leads to the simulation points 6.8823, 10, and 13.1177. Step 2 results

in the corresponding outputs 18066, 111112 and 420462. Step 3 then produces a0 = 147160,

a1 = 116160, a2 = 50980, and Ω0 = 578450, Ω1 = −158001.82, and Ω2 = 11126.79. The

low-order mapping is then

g+(x) = 578450− 158001.82x+ 11126.79x2

with mean 147160. Compared to using the original mapping g(x), the number of simulations

to calculate the correct output mean is halved with the low-order mapping g+(x). Figure

2.3(a) compares the single-variable PCM method with the Monte Carlo method in terms of

the number of simulations required to correctly calculate the output mean. Figure 2.3(b)

suggests that the low-order PCM mapping matches well with the original mapping over the

likely range of parameter x.
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Figure 2.3. a) A comparison of simulation time between the Monte Carlo

and single-variable PCM approaches. b) The upper figure shows a comparison

between the original system mapping and the low-order mapping constructed

by the single-variable PCM approach. The bottom figure shows the probability

density function fX(x) used to construct the low-order mapping.

2.5. Multivariate PCM

Large-scale system applications typically involve multiple uncertain input parameters,

and require an extension of the single-variable PCM to the multivariate case. The properties

and design procedures of the multivariate PCM (M-PCM) are presented in this section.

2.5.1. Independent M-PCM

When the multiple uncertain input parameters x1, ..., xm are independent from each

other, the properties and design procedures of M-PCM can be straightforwardly generalized

from the single-variable PCM. In particular, Theorems 2.7, 2.8 and 2.9 respectively illustrate

properties of the independent M-PCM in mean output prediction, cross-statistics prediction

and mean square error estimation [362].
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Theorem 2.7. The original mapping

(9) g(x1, ..., xm) =

2n1−1∑
k1=0

2n2−1∑
k2=0

...
2nm−1∑
km=0

Ψk1,...,km

m∏
i=1

xkii

of each parameter xi up to the degree 2ni − 1 and the low-order mapping

(10) g+(x1, ..., xm) =

n1−1∑
k1=0

n2−1∑
k2=0

...
nm−1∑
km=0

Ωk1,...,km

m∏
i=1

xkii

of each parameter xi up to the degree ni−1 have the same mean output, i.e., E[g(x1, ..., xm)] =

E[g+(x1, ..., xm)].

Theorem 2.7 suggests that the M-PCM approach is capable of reducing the number

of simulations from 2mΠm
i=1ni to Πm

i=1ni with the correct output mean prediction. The proof

of this theorem is generalized from the proof of Theorem 2.3. As the joint pdf of m input

parameters is a multiplication of individual pdfs for each parameter, the proof is constructed

through recursively analyzing each parameter using the approach developed for the single-

variable PCM. The proofs for Theorems 2.8 and 2.9 are constructed in a similar recursive

fashion. Please refer to [362] for the detailed proofs.

Theorem 2.8. The original mapping

(11) g(x1, x2, ..., xm) =

n1+p1∑
k1=0

n2+p2∑
k2=0

...

nm+pm∑
km=0

Ψk1,...,km

m∏
i=1

xi
ki

of each parameter xi up to the degree ni + pi, pi ∈ {0, ..., ni − 1}, and the low-order PCM

mapping g+(x1, ..., xm) of each parameter xi up to the degree ni − 1 have the same cross-

statistics for all qi ∈ {0, ..., ni − 1− pi}, i.e.,

E

[(
m∏
i=1

xi
qi

)
g+(x1, x2, ..., xm)

]
= E

[(
m∏
i=1

xi
qi

)
g(x1, x2, ..., xm)

]
Theorem 2.9. The mean square error performance cannot be improved by adding polyno-

mials of each parameter xi up to the degree ni − 1− p1 to the PCM mapping g+(x1, ..., xm)

of each parameter xi up to the degree ni − 1, when approximating the original mapping

(12) g(x1, x2, ..., xm) =

n1+p1∑
k1=0

n2+p2∑
k2=0

...

nm+pm∑
km=0

Ψk1,k2,...,km

m∏
i=1

xi
ki ,
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of each parameter xi up to the degree ni + pi, pi ∈ {0, ..., ni − 1}. Furthermore, the MMSE

mapping g+
r (x1, x2, ..., xm) for all polynomials of each parameter xi up to the degree ni−1−pi

is the low order PCM mapping,

(13) g+
r (x1, x2, ..., xm) =

n1−1−p1∑
k1=0

...

nm−1−pm∑
km=0

ak1,...,km

m∏
i=1

hkii (xi).

The design procedures for independent M-PCM are summarized as follows. They are

generalized from the procedures for single-variable PCM (Algorithm 1) described in Chapter

2.4.2.

Algorithm 3: M-PCM

Step 1: Selection of Simulation Points For each uncertain input parameter xi, apply

Step 1 of the single-variable PCM in Chapter 2.4.2 to find its PCM points xi(1), ...., xi(ni),

where ni is the total number of PCM points selected for the input parameter xi.

Step 2: Simulations For each simulation point (x1(j1), ..., xm(jm)), where ji ∈ {1, ..., ni},
run a simulation to obtain the corresponding output g(x1(j1), ..., xm(jm)).

Step 3: Low-order Mapping Construction and Mean Output Calculation Find coeffi-

cients ak1,...,km in the low-order system mapping g+(x1, ..., xm) =
∑n1−1

k1=0

∑n2−1
k2=0 ...∑nm−1

km=0 ak1,...,km
∏m

i=1 h
ki
i (xi) using



a0,...,0
...

a0,...,nm−1

...

an1−1,...,nm−1


= Γ−1



g(x1(1), ..., xm(1))

g(x1(1), ..., xm(2))

...

g(x1(n1), ..., xm(nm))


.
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Γ =



h01(x1(1))...h
0
m(xm(1)) · · · h01(x1(1))...h

nm−1
m (xm(1)) · · · hn1−1

1 (x1(1))...h
nm−1
m (xm(1))

h01(x1(1))...h
0
m(xm(2)) · · · h01(x1(1))...h

nm−1
m (xm(2)) · · · hn1−1

1 (x1(1))...h
nm−1
m (xm(2))

...
. . .

...
. . .

...

h01(x1(n1))...h
0
m(xm(nm)) · · · h01(x1(n1))...h

nm−1
m (xm(nm)) · · · hn1−1

1 (x1(n1))...h
nm−1
m (xm(nm))



where hkii (xi(j)) is the ki-th normalized orthogonal polynomial of xi, h
ki
i , evaluated at point

xi(j). The subscripts of coefficients a in the coefficient matrix increase from 0, 0, ..., 0 to

n1, n2, ..., nm, and the indexes of roots in the output matrix increase from 1, 1, ..., 1 to

n1, n2, ..., nm.

Then the coefficients Ωk1,...,km in the low-order mapping g+(x1, ..., xm) =∑n1−1
k1=0

∑n2−1
k2=0 ...

∑nm−1
km=0 Ωk1,...,km

∏m
i=1 x

ki
i can be obtained accordingly. The mean output

E[g(x1, ..., xm)] = a0, ..., 0︸ ︷︷ ︸
m

.

Example 2.10. We use a small example to illustrate Theorem 2.7 and the procedures of

M-PCM (Algorithm 3). Consider a system of m = 2 parameters, x1 and x2, which follow

independent distributions fX1(x1) and fX2(x2) respectively. Each parameter is assumed to

have a degree up to 3, i.e., n1 = 2 and n2 = 2. The original system mapping thus has a

general form of g(x1, x2) = Ψ0,0+Ψ1,0x1+Ψ2,0x
2
1+Ψ3,0x

3
1+Ψ0,1x2+Ψ0,2x

2
2+Ψ0,3x

3
2+Ψ1,1x1x2+

Ψ1,2x1x
2
2+Ψ1,3x1x

3
2+Ψ2,1x

2
1x2+Ψ2,2x

2
1x

2
2+Ψ2,3x

2
1x

3
2+Ψ3,1x

3
1x2+Ψ3,2x

3
1x

2
2+Ψ3,3x

3
1x

3
2. By using

M-PCM, the original system mapping, g(x1, x2), can be approximated by a reduced-order

mapping (model), g+(x1, x2) = Ω0,0 + Ω1,0x1 + Ω0,1x2 + Ω1,1x1x2, where Ω0,0, Ω1,0, Ω0,1, Ω1,1

are the coefficients calculated by following Algorithm 3. E[g(x1, x2)] = E[g+(x1, x2)]. Figure

2.4 illustrates a concrete example, where fX1(x1) = 2e−2x1 with x1 ≥ 0, fX2(x2) = 1
5

with

0 ≤ x2 ≤ 5, and g(x1, x2) = 1 + 2x1 + 2x2
1 + 2x3

1 + 2x2 + 3x2
2 + 3x3

2 + 4x1x2 + 6x1x
2
2 + 6x1x

3
2 +

4x2
1x2 + 6x2

1x
2
2 + 6x2

1x
3
2 + 4x3

1x2 + 6x3
1x

2
2 + 6x3

1x
3
2. The reduced-order M-PCM mapping is

found as g+(x1, x2) = 148− 962x1 − 159x2 + 1033.5x1x2. g+(x1, x2) predicts the same mean

(561.375) as that of the original mapping, with the number of simulations reduced from 16

to 4.
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Figure 2.4. An illustration of the M-PCM approach using a two-parameter

example. a) The joint probability density function fX1X2(x1, x2) =

2
5
e−2x1 , x1 ≥ 0. The red dots represent the four selected M-PCM simula-

tion points. b) The original mapping g(x1, x2). c) The reduced-order mapping

g+(x1, x2).

Alternatively, we can calculate Ωk1,...,km directly using the following equation

(14)



Ω0,...,0

...

Ω0,...,nm−1

...

Ωn1−1,...,nm−1


= L−1



g(x1(1), ..., xm(1))

g(x1(1), ..., xm(2))
...

g(x1(n1), ..., xm(nm))


.

L =



x0
1(x1(1))...x

0
m(xm(1)) · · · x0

1(x1(1))...x
nm−1
m (xm(1)) · · · xn1−1

1 (x1(1))...x
nm−1
m (xm(1))

x0
1(x1(1))...x

0
m(xm(2)) · · · x0

1(x1(1))...x
nm−1
m (xm(2)) · · · xn1−1

1 (x1(1))...x
nm−1
m (xm(2))

...
. . .

...
. . .

...

x0
1(x1(n1))...x

0
m(xm(nm)) · · · x0

1(x1(n1))...x
nm−1
m (xm(nm)) · · · xn1−1

1 (x1(n1))...x
nm−1
m (xm(nm))


where xkii (xi(j)) is the ki-th power of xi evaluated at point xi(j). With Ωk1,...,km , the

output mean can be calculated through either an integration or a simple transformation:

E[g(x1, ..., xm)] = (Γ−1L)1,:

[
Ω0,...,0 · · · Ω0,...,nm−1 · · · Ωn1−1,...,nm−1

]T
, where (Γ−1L)1,:

represents the first row of Γ−1L.
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Figure 2.5. The blue parallelogram region shows the joint uniform distribu-

tion of the input parameters x1 and x2. Four simulation points selected using

the independent M-PCM approach are marked by red points.

Note that the calculation of coefficients requires inverting the matrix Γ or L. This

inversion operation may fail or lead to inaccurate results if matrix Γ or L is ill-conditioned as

indicated by a very large condition number [87]. This often occurs when the dimension of the

matrix is large. It is typically better to use Γ than L to avoid this numerical difficulty, because

of the special structure of orthogonal polynomials used in Γ. For the detailed discussions,

please refer to [362].

2.5.2. Correlated M-PCM

In the case that uncertain input parameters are correlated, the correct output mean

prediction property shown in Theorem 2.7 does not generally hold. The procedures in

Chapter 2.5.1 may not even always lead to feasible solutions. As the example in Figure 2.5

shows, if two input parameters x1 and x2 follow a joint uniform distribution shown in the

blue region, the procedures for independent M-PCM in Chapter 2.5.1 lead to four simulation

points marked by red points, two of which are outside the feasible simulation region.

The following theorem shows a special case where the output mean of the original
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mapping can be correctly predicted using a low-order correlated M-PCM mapping. This

case assumes certain special properties of conditional moments. Please refer to [362] for the

proof.

Theorem 2.11. Consider an original mapping

(15) gc(x1, x2, ..., xm) =
2n−1∑
k1=0

2n−1−k1∑
k2=0

2n−1−(k1+k2)∑
k3=0

...

2n−1−(k1+k2+...+km−1)∑
km=0

Ψk1,...,km

m∏
i=1

xkii .

If input parameters x1,...,xm follow a joint distribution fX1,X2,...,Xm(x1, x2, ..., xm), and the

r-th order conditional moment of xi on xi+1, ..., xm is a polynomial of xi+1, ..., xm with the

total degree not greater than r, then the low-order mapping g+
c (x1, x2, ..., xm) of each param-

eter xi up to the degree n − 1 can predict the correct mean output, i.e., E[gc(x1, ..., xm)] =

E[g+
c (x1, ..., xm)].

To construct the low-order mapping g+
c (x1, ..., xm), similar procedures of Algorithm

3 can be used, except Steps 1 and 4. In Step 1, the simulation points are instead selected

using the following recursive procedures: 1) select PCM points for the parameter xm using the

marginal probability of xm, 2) select PCM points for the parameter xi using the conditional

probability f(xi|xi+1, ..., xm) for each selected point of the parameters xi+1, ..., xm, 3) repeat

2) for each i = m − 1,m − 2, · · · , 1. In Step 4, Equation 14 should be used to calculate

the coefficients in the low-order mapping. The following example illustrates the design

procedures for correlated M-PCM.

Example 2.12. Consider an original mapping of the form

gc(x1, x2) = 1 + x2 + x1x2 + x2
1 + x2

2 + x2
1x2 + x1x

2
2 + x3

1 + x3
2,

where x1 and x2 follow the joint uniform distribution shown in Figure 2.5. The four PCM

points in Figure 2.5 are selected as follows. First, two PCM points are selected based

on the marginal distribution of x2, x2(1) = 0.2113 and x2(2) = 0.7887. After that, based

on the conditional distribution f(x1|x2(1)) = 1 for x2(1), where 0.2113 ≤ x1 ≤ 1.2113,

the corresponding PCM points are (0.4226, 0.2113) and (1, 0.2113). Similarly, based on

the conditional distribution f(x1|x2(2)) = 1 for x2(2), where 0.7887 ≤ x1 ≤ 1.7887, the
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Figure 2.6. a) The original mapping and four M-PCM points generated

using the correlated M-PCM approach. b) The four M-PCM points and low-

order mapping generated using the correlated M-PCM approach. c) Compar-

ison of the number of simulations between the correlated M-PCM and Monte

Carlo simulation methods.
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corresponding PCM points are (1, 0.7887) and (1.5774, 0.7887). The low-order mapping

constructed from the four points is

g+
c (x1, x2) = −1.67 + 0.83x1 − 7.17x2 + 13x1x2.

The original mapping and the PCM mapping are shown in Figure 2.6(a) and 2.6(b) re-

spectively, with the same mean E[gc(x1, x2)] = 6.5. Figure 2.6(c) compares the number of

simulations between the correlated PCM and the Monte Carlo method. Clearly, the Monte

Carlo method requires a large number of simulations to converge, while the correlated M-

PCM approach needs only four simulations to obtain the correct output mean.

2.6. Concluding Remarks and Future Works

This chapter provides a detailed description on the use of a family of probabilistic

collocation methods to evaluate uncertainties for large-scale systems. The procedures and

properties for both single-variable PCM and multivariate PCM are discussed in detail. The

PCM methods construct low-order mappings which retain the correct means of higher-order

mappings through smartly choosing a few simulations. The family of PCM methods can

also be used for optimal decision-making under uncertainties. Please refer to [361,363] for

some preliminary studies.
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CHAPTER 3

EFFECTIVE AND SCALABLE UNCERTAINTY EVALUATION
1

Effective uncertainty evaluation is a critical step toward real-time and robust decision-

making for complex systems in uncertain environments. A Multivariate Probabilistic Collo-

cation Method (M-PCM) was introduced in Chapter 2 to effectively evaluate system uncer-

tainty. The method smartly chooses a limited number of simulations to produce a low-order

mapping, which precisely estimates the mean output of the original system mapping up to

a certain relative degree. While M-PCM significantly reduces the number of simulations, it

does not scale with the number of uncertain parameters, making it difficult to be practically

used in large-scale applications that typically involve a large number of uncertain parameters.

In this chapter, we develop a systematic method to break this curse of dimensionality. The

method integrates M-PCM and Orthogonal Fractional Factorial Design (OFFD) to maxi-

mally reduce the number of simulations from 22m to 2dlog2(m+1)e for a system mapping of m

parameters. The resulting reduced-size simulation set maintains the correct mean output

estimation under broad assumptions that hold for realistic systems, and is the most robust

to numerical errors among all subsets of the same size in the M-PCM simulation set. The

analysis also provides new insightful formal interpretations on the optimality of OFFDs.

3.1. Motivation and Literature Review

The Multivariate Probabilistic Collocation Method (M-PCM) introduced in Chapter

2 was developed to effectively evaluate the output statistics of a system subject to multiple

uncertain input parameters, which may or may not be correlated [362]. M-PCM, com-

pared to the Monte Carlo method, permits the use of a significantly reduced number of

simulations to estimate the correct mean output of the original system mapping (also called

1Parts of this chapter have been published, either in part or in full, from J. Xie, Y. Wan, Y. Zhou, K. Mills,
J.J.Filliben, “Effective and Scalable Uncertainty Evaluation for Large-scale Complex System Applications”,
in Proceedings of Winter Simulation Conference, Savannah, GA, Dec.2014. Reproduced with permission
from IEEE.

29



functional model or response surface [41, 148]), up to a certain relative degree. Specifi-

cally, the method provides a procedure to smartly select a few values for each uncertain

input parameter as simulation points. Simulations evaluated at these points can identify a

reduced-order mapping between input parameters and the output, from which the output

statistics are readily obtained. The selection procedure is based on statistical knowledge of

uncertain input parameters, such as joint probabilistic distribution functions (pdfs), histori-

cal data sets, or as simple as low-order moments, e.g., the mean and the variance. For input

parameters with or without correlations, procedures were developed (and proved) to obtain

the correct mean output of the original higher-order system mapping under assumptions

that hold generally. The resulting accurate estimations of mean output as well as several

other important statistics suggest that the reduced-order polynomial mapping approximates

the original mapping well over likely ranges of parameter values. The reduced-order map-

ping then facilitates further studies, including parameter sensitivity analysis and optimal

decision-support under uncertainties, as conducted in the application to strategic air traffic

management [185,186,360,362,363].

Although M-PCM significantly reduces the number of simulations required to esti-

mate the correct mean output, it is not scalable to large-scale system applications which

typically involve a large number of uncertain input parameters. In particular, the number

of simulations increases exponentially with increase of the number of uncertain input pa-

rameters, and thus leads to potential computational load issues for real-time applications.

Example 3.1 illustrates this computational issue.

Example 3.1. Consider the air traffic flow management problem described in Example 2.1.

We evaluate total delay in an airspace of 50 regions (e.g., sectors) subject to convective

weather events. The capacity of a region (e.g. number of aircraft allowed to pass a region)

is halved if convective weather is present. We can use 2 uncertain variables—start time

and duration—to describe uncertain weather at each region. A total number of m = 100

uncertain input parameters are thus included in this example. Assume that weather events

are sporadic without much correlation across regions, these parameters follow independent
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distributions. Assume each parameter in the original input-output mapping has a degree of

up to 3, i.e., ni = 2, i = 1, 2, · · · ,m, the M-PCM reduces the number of simulations from

4100 to 2100 to predict the correct output mean. If each simulation run takes 0.001 second,

all 2100 runs take 2100 × 0.001 seconds ≈ 3.5 × 1023 hours, which are still too expensive to

execute.

In this chapter, we study how to reduce the number of simulations from the M-PCM

simulation set to break the curse of dimensionality. Conceptually, this further reduction

is possible, as M-PCM assumes the existence of all cross-multiplication terms in original

system mappings. As many of these cross-terms (especially those that are products of a

large number of different parameters) are negligible in realistic applications, the number of

mapping coefficients can be significantly reduced and thus a lower number of simulations is

needed to estimate these coefficients. In this chapter, we investigate the selection of a subset

of the M-PCM simulation set to estimate the correct mean output. In addition, we note

an important practical numerical issue in this process. Many simulators have constraints

on the resolutions of input parameters, and numerically truncate selected simulation points

to the allowed resolution levels. Such truncation may unfortunately fail the mean output

estimation. Example 3.2 illustrates such a case study.

Example 3.2. Consider an original system of the input-output mapping

g(x1, x2, x3) =
3∑

k1=0

3∑
k2=0

3∑
k3=0

Ψk1,k2,k3x
k1
1 x

k2
2 x

k3
3 ,

where xi, i = 1, 2, 3 are independent input parameters. Ψk1,k2,k3 ∈ R are coefficients. Using

the procedures described in Chapter 2.5, M-PCM constructs a reduced-order mapping of the

form

g+(x1, x2, x3) =
1∑

k1=0

1∑
k2=0

1∑
k3=0

Ωk1,k2,k3x
k1
1 x

k2
2 x

k3
3 ,

where Ωk1,k2,k3 ∈ R are coefficients. Eight simulation points are selected by M-PCM, with

each input parameter xi evaluated at 2 levels (values), xi(1) and xi(2), i = 1, 2, 3. These eight

simulation points are denoted as p1(x1(1), x2(1), x3(1)), p2(x1(1), x2(1), x3(2)), p3(x1(1), x2(2), x3(1)),
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p4(x1(1), x2(2), x3(2)), p5(x1(2), x2(1), x3(1)), p6(x1(2), x2(1), x3(2)), p7(x1(2), x2(2), x3(1)), and

p8(x1(2), x2(2), x3(2)). With the assumption that all terms in the original system mapping

g(x1, x2, x3) contain no more than 1 parameter, the low-order PCM mapping becomes

g+(x1, x2, x3) = Ω0,0,0 + Ω1,0,0x1 + Ω0,1,0x2 + Ω0,0,1x3(16)

= a0,0,0 + a1,0,0h1(x1) + a0,1,0h2(x2) + a0,0,1h3(x3).

The number of coefficients required to estimate the output mean reduces from 8 to 4, and

thus only 4 simulations are needed to uniquely determine these coefficients. If we select

{p1, p2, p3, p4} to calculate the coefficients, running simulations at these points leads to the

following linear equations (similar to Step 3 of the M-PCM algorithm, i.e., Algorithm 3 in

Chapter 2)

Γ′



a0,0,0

a1,0,0

a0,1,0

a0,0,1


=



g(x1(1), x2(1), x3(1))

g(x1(1), x2(1), x3(2))

g(x1(1), x2(2), x3(1))

g(x1(1), x2(2), x3(2))


, Γ′ =



1 h1(x1(1)) h2(x2(1)) h3(x3(1))

1 h1(x1(1)) h2(x2(1)) h3(x3(2))

1 h1(x1(1)) h2(x2(2)) h3(x3(1))

1 h1(x1(1)) h2(x2(2)) h3(x3(2))


.(17)

or

L′



Ω0,0,0

Ω1,0,0

Ω0,1,0

Ω0,0,1


=



g(x1(1), x2(1), x3(1))

g(x1(1), x2(1), x3(2))

g(x1(1), x2(2), x3(1))

g(x1(1), x2(2), x3(2))


, L′ =



1 x1(1) x2(1) x3(1)

1 x1(1) x2(1) x3(2)

1 x1(1) x2(2) x3(1)

1 x1(1) x2(2) x3(2)


.(18)

Clearly both equations are unsolvable, as both Γ′ and L′ are singular matrixes (not full

rank). In cases that a matrix Γ′ or L′ constructed by a subset is full rank but close to rank

loss, potential numerical problems may still occur. In particular, a small perturbation may

push Γ′ or L′ to lose rank, or introduce large errors to the calculation of coefficients Ω0,0,0,

Ω1,0,0, Ω0,1,0 and Ω0,0,1.

The above example suggests the need to select a subset that is the most robust to

numerical errors. In this chapter, we adapt the procedure of an experimental design method,
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called the Orthogonal Fractional Factorial Design (OFFD) [69,84,231,238] to further reduce

the number of simulations from the M-PCM simulation set.

Let us briefly summarize the features of Orthogonal Fractional Factorial Designs

(OFFDs). More detailed descriptions can be found in Chapter 3.2. For an experiment that

involves multiple parameters with each parameter evaluated at several values, all combina-

tions of the parameter values result in a large design space. OFFD provides a standard

procedure to choose a subset of parameter combinations from the full design space. In

particular, this subset is selected to retain the significant effects of input parameters (i.e., ef-

fects of single parameters and low-order interactions of a few parameters) on the output; and

these significant effects are aliased only with insignificant high-order interactions. In another

words, this subset estimates parameters’ significant effects with minimal aliases. OFFD has

been widely used to design reduced-size experiments and conduct a wide range of parameter

and system studies such as influential parameter identification, sensitivity analysis, model

optimization and software testing [91,160,164,166,193,195,196,252,321].

OFFD is related to our study as the reduction of its design space is motivated by a

similar assumption—high-order interactions among parameters are to some degree insignifi-

cant and may be negligible in real applications without a significant loss of precision. How-

ever, significant studies are needed to integrate OFFD and M-PCM for our purpose. While

OFFD focuses on best estimating parameters’ effects on the output, we aim to construct a

reduced-order system mapping that best estimates the output statistics of an original system

mapping. In this chapter, we establish theoretical analysis on properties of the integrated

M-PCM and OFFD method (called M-PCM-OFFD) for uncertainty evaluation.

The main contribution of this chapter is the integrated design to enhance the scala-

bility and applicability of M-PCM for uncertainty evaluation. Per our knowledge, this is the

first work that leverages OFFD for systematic dimension reduction in uncertainty evalua-

tion. By integrating M-PCM with OFFD, the number of simulations is significantly further

reduced. We focus on the case that each parameter in the original system mapping has a

degree of up to 3. We show that for an m-parameter system, M-PCM-OFFD is able to
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reduce the number of simulations from 22m to the range of
[
2dlog2(m+1)e, 2m−1

]
, where dxe

denotes the nearest integer above the number x. The precise number of reductions is jointly

determined by the field knowledge of a particular system, the affordable computational load,

and the OFFD type that is selected. We prove that the set of simulations selected using the

integrated M-PCM-OFFD is the optimal set that 1) maintains the correct mean output esti-

mation under broad assumptions that hold for realistic systems, and 2) is the most robust to

numerical errors among all subsets of the same size in the M-PCM simulation set. This study

enhances M-PCM for practical uncertainty evaluation in large-scale system applications.

In addition, this study contributes new quantitative insights into the attributes of

OFFD, and broadens its application domains. We explore the performance of OFFD in

terms of its robustness of output statistics estimation to numerical errors, which is new to

the literature per knowledge of the authors. In particular, we adopt a quantitative robustness

metric in the matrix theory [62], and show that the subset of simulations selected by OFFD

is optimal under this metric.

Absent extant results addressing the curse of dimensionality for M-PCM, we review

relevant studies in the broad directions of uncertainty evaluation and multivariate dimension

reduction. Similar to M-PCM, polynomial chaos expansion (PCE) uses quadrature-based

generalized polynomials to approximate original system mapping and quantify uncertainty

of the output [105, 137, 221, 278, 279, 319, 341]. The differences are that M-PCM allows

the direct use of general probability distribution functions, and M-PCM’s specific polyno-

mial construction and truncation rules guarantee the precise estimation of mean and other

statistics under broadly held assumptions.

In PCE, as the number of Gaussian quadrature points (roots of the next higher-order

Hermite polynomials) is larger than the number of parameters in PCE mappings, several

methods were introduced to reduce the number of simulations required to estimate mapping

parameters. In papers [221, 278, 279], the collocation points are selected randomly from

these Gaussian quadrature points. To improve the robustness of estimation results, paper

[137] suggested a regression method, called stochastic response surface method (SRSM),
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that follows a heuristic procedure to select the set of simulation points of the size typically

twice the number of PCE mapping coefficients. The points are selected for each term in

a PCE mapping from the roots of Hermite polynomials and favor those in regions of high

probability. Also of relevance, by assuming that all cross-terms are negligible, the univariate

dimension reduction method (UDR) uses multiple univariate functions to approximate the

original system mapping, and requires at most mn + 1 simulations for an m-parameter

system, if n points are selected for each univariate function[163, 233, 342]. Its estimation

performance is not good when some low-order cross-terms (i.e., those with a small number

of parameters) cannot be neglected.

By observing the dimension problem caused by the tensor product of Gaussian Quad-

rature points, methods like monomial cubature rules (MCR) and sparse grids (SG) from the

numerical integration literature are recently applied to break the curse of dimensionality

and estimate PCE mapping coefficients [117, 118, 188, 319]. The MCR and SG use non-

product rules to generate a set of quadrature points much smaller than that obtained by

tensor-product rules [40,102,117,118,265]. In paper [319], the full set of points generated

by MCR of the degree 2n+ 1 formula is used to estimate the coefficients of PCE mapping of

order n through regression, as the size of MCR point set is lower bounded by the number of

PCE mapping coefficients. However, the method does not produce an accurate estimation

of output statistics for PCEs of orders 2 and 3, and its performance for PCEs of order higher

than 3 is unknown. In addition, the use of MCR and regression for mapping coefficient

estimation of PCEs is not justified. Very recently, paper [188] uses SG points to calculate,

one by one, the coefficients of the associated orthonormal polynomial in PCE. As each co-

efficient can be represented by an integral, the SG is naturally applied to approximate this

integration operation. The number of simulations required by this method depends on the

accuracy level of the applied SG, and may still be large.

In this chapter, we pursue a dimension reduction method of the following features:

1) a systematic uncertainty evaluation procedure that facilitates optimal control algorithms

under uncertainty, 2) general probabilistic distributions allowed, 3) precise mean output
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estimation using rigorous analysis, and 4) robustness to numerical approximation errors. In

Chapter 3.4.3, we will compare the performance of M-PCM-OFFD with several methods

reviewed above. The simulation studies in this chapter provides further support on the

benefit of OFFD, while the focus of this is on providing theoretical justifications on the

integrated M-PCM-OFFD algorithm.

The remainder of this chapter is organized as follows. In Chapter 3.2, the fundamental

of OFFD is introduced. In Chapter 3.3, the algorithm of the integrated M-PCM-OFFD is

presented, and the main results on its performance are presented from three aspects: mean

output estimation, robustness to numerical errors, and estimation of parameters’ effects.

Chapter 3.4 includes simulation studies on some illustrative examples, and comparison of

results between M-PCM-OFFD and existing approaches. In Chapter 3.5, we discuss further

improvement of M-PCM-OFFD by exploring higher-level OFFDs. Finally, a brief conclusion

and a discussion of future works are included in Chapter 3.6.

3.2. Fundamentals of the Orthogonal Fractional Factorial Designs

In this section, we review preliminaries of the OFFD, which pave the foundation for

main results to be developed in Chapter 3.3.

The full factorial design consists of all possible combinations of levels for all factors

(or parameters in our article). For a 2-level factorial design, each factor can take two values.

Orthogonal fractional factorial design (OFFD) provides an approach to select a subset from

the full factorial designs to best estimate the main effects of single factors (or parameters)

and low-order interaction effects of multiple factors on the output. As the 2-level OFFD

design is widely used [113, 231], we explore its use in this chapter. We will briefly discuss

the more general multi-level OFFDs in Chapter 3.5. We here illustrate the procedures and

basic properties of 2-level OFFDs from the estimation aspect. Please refer to [69, 84, 91,

193,231,238] for details.

Consider n parameters, x1, x2, ..., xm, coded as factors, each of which is evaluated

at two levels (or values), ’+1’ and ’-1’. We here use xc to denote the parameter x’s coded

factor. Consider a saturated model for a 2m factorial that describes the effects of these m
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factors on the output [238]:

(19)

y = β0 +
m∑
i=1

βixci +
m−1∑
i=1

m∑
j=i+1

βijxcixcj +
m−2∑
i=1

m−1∑
j=i+1

m∑
k=j+1

βijkxcixcjxck + βij...mxcixcj ...xcm + ε

where the parameters β reflect the effects of corresponding terms to the output, and ε is

a random noise with zero mean. Denoting ¯ as the average operator, the standard least

squares estimation gives β̂0 = ȳ, β̂i = 1
2
(ȳi=+ − ȳi=−), β̂ij = 1

2
(ȳij=+ − ȳij=−), and β̂ij... =

1
2
(ȳij...=+ − ȳij...=−). Here, ȳ is the mean of all outputs, ȳi=± denote the mean outputs when

xi = ±1, and ȳij...=± denote the mean outputs when xcixcj ... = ±1. Defining the main

effect χi of factor xci as χi = ȳi=+ − ȳi=−, and the interaction effect (interaction of

multiple factors) χij... of cross-term xcixcj ... as χij... = ȳij...=+ − ȳij...=−, we obtain the least

squares estimates of β̂i = 1
2
χi, and β̂ij... = 1

2
χij... [84,238].

Example 3.3. Figure 3.1(a) shows a full factorial design where m = 3. The main effect of

factor x1 and the interaction effect of cross-term x2x3 calculated by the full factorial design

are χ1 = y2+y4+y6+y8
4

− y1+y3+y5+y7
4

and χ23 = y1+y2+y7+y8
4

− y3+y4+y5+y6
4

, respectively.

xc1 xc2 xc3 xc1xc2 xc1xc3 xc2xc3 xc1xc2xc3 y

1 −1 −1 −1 +1 +1 +1 −1 y1

2 +1 −1 −1 −1 −1 +1 +1 y2

3 −1 +1 −1 −1 +1 −1 +1 y3

4 +1 +1 −1 +1 −1 −1 −1 y4

5 −1 −1 +1 +1 −1 −1 +1 y5

6 +1 −1 +1 −1 +1 −1 −1 y6

7 −1 +1 +1 −1 −1 +1 −1 y7

8 +1 +1 +1 +1 +1 +1 +1 y8

(a)

xc1 xc2 xc3 y

1 −1 −1 +1 y5

2 +1 −1 −1 y2

3 −1 +1 −1 y3

4 +1 +1 +1 y8

xc1 xc2 xc3 y

1 −1 −1 −1 y1

2 +1 +1 −1 y4

3 −1 +1 +1 y7

4 +1 −1 +1 y6

(b)

Figure 3.1. Illustration of 3-factor a) 23 full factorial design and the expla-

nation of confounding and b) the design tables of two 23−1
III OFFDs.

OFFDs are also characterized (and defined) by balance and orthogonality [231]. Fig-
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ure 3.1(b) shows two OFFD design tables with halved number of experiments. The balance

property means that for each (and every) factor, each of the 2 levels (or values) is evaluated

the same number of times (namely, N
2

, where N is the total number of simulation runs in the

design). The orthogonality property means that for each (and every) pair of factors, all

4 combinations of levels: (−1,−1), (−1,+1), (+1,−1) and (+1,+1) occur the same number

of times (namely N
4

). In a mathematically equivalent fashion, this means that the pairs of

factors are uncorrelated, or, the inner product of any two columns in the OFFD design table

equals to zero. These two properties are summarized in the following lemma for reference

in our development. Here we use D to capture the design table of an OFFD, and di to

represent the ith column of D. We also use ’·’ to denote the inner product of two vectors.

Lemma 3.4. The balance property of a 2-level OFFD requires that di · 1 = 0, where 1 ≤ i ≤
m. In addition, the orthogonality property of a 2-level OFFD requires that di ·dj = 0, where

1 ≤ i, j ≤ m and i 6= j.

An advantage of full factorial designs is that estimates for all main effects and all

interactions (of any order) are ”free-and-clear” (independent) of one another; the primary

disadvantage of full factorial designs is that they are ”expensive” (many simulation runs).

Equivalent to the orthogonality property of OFFDs, the full factional designs have a stronger

property that says for any set of factors, all combinations of levels occur the same number

of times.

An advantage of OFFDs is that they are inexpensive, but with the ”price-paid” that

every fractional design—orthogonal or otherwise—has confounding (aliasing) by which main

effect estimates reflect the factor of interest, but also have contributions from other sources

(namely, interaction(s)). For other advantages of OFFDs, please refer to [84, 238]. The

orthogonality and balance properties of OFFDs permit the confounding to be isolated, pre-

determinable (pre-data collection), and minimized in the sense that main effect estimates

are confounded with high-order interaction effects and not with other main effects [21,

231]. When these higher-order interaction effects are negligible, OFFDs provide very good

estimates of main and interaction effects.
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Example 3.5. Let us continue using Example 3.3 to show the performance of OFFDs in

terms of the main effect estimation. For instance, the main effect of factor x1 estimated by

the upper OFFD in Figure 3.1(b) is χ̃1 = y2+y8
2
− y3+y5

2
= χ1 + χ23, confounding with the

interaction χ23. As seen from the shaded rows of Figure 3.1(a), the xc1 column of signs is

identical to the xc2xc3 column of signs, suggesting the occurrence of confounding. Under

the assumption that 2-factor interactions are negligible, the estimated main effects are very

accurate.

Consider an m-factor experiment, with each factor evaluated at P ≥ 2 levels. The

full factorial design consists of Pm runs. Such a design is statistically effective, but is also

computationally expensive, especially when the number of parameters is large. A specific

OFFD is described by Pm−γ
R . This design examines m parameters, but does so in a sta-

tistically balanced/orthogonal fashion using only Pm−γ experiments. The fractionation

constant, γ, a positive integer, indicates that N = Pm−γ runs are selected from the full

set of Pm runs [113, 231]. γ is in the range of 1 ≤ γ ≤ m − dlogP (m + 1)e [84], with the

upper bound determined by the minimum number of runs (N = m+ 1) to estimate m main

effects and the mean. γ also decides the confounding structure, e.g., effects (main effects

or interactions) that are confounded together [113, 231]. The length of the shortest gen-

erator is defined as the resolution R, which is usually represented by a Roman numerical

subscript [231]. For example, the two OFFDs in Figure 3.1 are both 23−1
III designs produced

by setting xc3 = ±xc1xc2 . The corresponding generator is I = ±xc1xc2xc3 , which is obtained

by multiplying both sides of the above two equations with xc3 . Therefore, the resolution

R = III.

Multiple Pm−γ OFFDs may exist with different confounding structures. Generally

speaking, for fixed m and γ, it is desirable to choose the highest possible resolution R, because

this assures that the main effects are confounded with the highest-order interactions that

can be achieved2 [84]. For instance, if 2-factor interactions cannot be neglected, a design

2The motivation for this is the observation that in nature/reality higher-order interactions are more likely to
be (relatively) unimportant compared to lower-order interactions, and so if confounding exists (which must
be the case in any fractional design–orthogonal or otherwise), it is wise to choose those designs which have
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of resolution R = III may not be sufficient. At the extreme, consider the half-fraction

design (i.e., γ = 1). The generator for Pm−1
m has a form of I = ±xc1xc2 · · ·xcm . Under

this resolution, the main effect of factor xi is only confounded with the interaction of all

other m − 1 factors, and a k-factor interaction is only confounded with the interactions of

all other m− k factors (assuming k ≤ m− k). Therefore, if (m− k)-factor interactions can

be negligible, the k-factor interaction estimates are also very accurate. For designs of γ > 1,

the main effect of factor xi can be confounded with the interactions of at least R− 1 factors

among the other m − 1 factors (with R ≤ m). Moreover, the k-factor interaction can be

confounded with the interactions of at least R− k factors (when k ≤ R− k) [231].

Now let us briefly illustrate the procedures to generate 2m−γR OFFDs after m and γ

are determined. As we only leverage the design features of OFFDs to solve our problem, the

procedures illustrated below deviate to some extent from those in the standard experiment

design literature [91,252]. We note in practice, the design of OFFDs requires the selection

of m, R, and γ to balance among the computation time, number of factors, and confounding

structure.

Algorithm 4: OFFD

Step 1: Generate the 2m−γ full factorial design for any m − γ factors. List all 2m−γ

combinations for the m− γ factors.

Step 2: Specify γ generators. The selection of generators should maximize the reso-

lution R. We can also refer to standard designs [85] to select generators.

Step 3: Determine the levels of all other γ factors for each experiment. The genera-

tors selected in Step 2 are used to generate the levels for all other γ factors.

The following lemma holds for a 2m−γR OFFD. A brief proof is sketched here. Accord-

main effects confounded with as high an order interaction as possible, so that main effect estimate value will
in fact be dominated by contributions from the main effect itself.
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ing to Step 1 in Algorithm 4, any m−γ factors are determined according to the full factorial

design. The resolution R equals the shortest length of the generators. This indicates that

the values of the other γ factors are determined by the multiplication of at least R−1 factors

specified by the generators. Therefore, m− γ ≥ R− 1 holds to guarantee that the values of

the other γ factors can be calculated from the 2m−γ full factorial design.

Lemma 3.6. A 2m−γR OFFD satisfies m− γ ≥ R− 1.

In viewing all M-PCM simulation points selected from the M-PCM as a full factorial

design, Algorithm 4 provides a systematic procedure to select a subset of simulation points to

reduce the dimension of simulations. In the next section, we present the integrated algorithm,

and show that the resulting low-order mapping correctly predicts the mean output of the

original mapping, and is the most robust to numerical errors.

3.3. Integrated M-PCM and OFFD Method

In this section, we investigate the integrated M-PCM and OFFD methods (M-PCM-

OFFD) that together break the curse of dimensionality for effective mean output estima-

tion. We assume in this analysis that each input parameter in the original system mapping

g(x1, x2, ..., xm) is up to degree 3, i.e., 2ni − 1 ≤ 3, for all i ∈ {1, 2, ...,m}. This assumption

allows us to leverage the mature design procedures of 2-level OFFDs (and in particular the

formulation of generators in Step 2 of Algorithm 4) [69,84,91,193,231,238]. In addition,

we assume that uncertain input parameters are independent. We note that the correlation

among parameters, if known, can be exploited to further reduce the number of simulations

[166]. We leave these generalizations to our future work. We first present the integrated

algorithm, and then analyze its optimality using three metrics: 1) mean output estimation,

2) robustness to numerical errors, and 3) effect estimation. We note that the specific OFFD

to choose is dependent on the knowledge that cross-terms in the original mapping have up to

a certain number of parameters. Such knowledge can be obtained from experimental studies

of the underlying physical system.
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3.3.1. Algorithm Description

Consider an original system mapping of m input parameters, each with a degree up

to 3. Mathematically,

(20) g(x1, x2, ...xm) =
3∑

k1=0

3∑
k2=0

...
3∑

km=0

Ψk1,...,km

m∏
i=1

xkii ,

where the coefficients Ψk1,...,km ∈ R. Assume that the uncertain parameters x1, x2, ..., xm

follow independent distributions fX1(x1), fX2(x2), ... , and fXm(xm) respectively. In addition,

assume that cross-terms involve at most τ parameters, where τ , the cross-product power,

is an integer in the range of 1 ≤ τ ≤ m. In other words, Ψk1,...,km = 0 if more than τ of

k1, ..., km are non-zero.

The following integrated algorithm constructs a low-order mapping

g∗(x1, x2, ..., xm) =
1∑

k1=0

1∑
k2=0

...
1∑

km=0

Ωk1,...,km

m∏
i=1

xkii ,(21)

where the coefficients Ωk1,...,km ∈ R, and Ωk1,...,km = 0 if more than τ of k1, ..., km are non-zero.

Algorithm 5: M-PCM-OFFD

Step 1: Choose 2m M-PCM simulation points. Follow Step 1 of the Algorithm 3

(Table 2.5.1) to select 2m simulation points. Here ni = 2 for all i, i ∈ {1, 2, . . . ,m}. Check if

m > 2 and 1 ≤ τ ≤ dm
2
e−1. If yes, move to Step 2; otherwise go to Step 4 as no simulations

can be further reduced by OFFDs. In this case, the number of simulations loffd = 2m.

Step 2: Determine γ∗ to save 2m−2m−γ
∗

simulations. Find γ∗ = max{γ | 1 ≤ γ ≤ m−
dlog2(

∑τ
i=0

(
i
m

)
)e, and 2m−γR OFFD exists, with R ≥ 2τ + 1}. Here l =

∑τ
i=0

(
i
m

)
is the

number of coefficients to be estimated.

Step 3: Select a simulation subset using the 2m−γ
∗

R OFFD. Follow the three steps of

Algorithm 4 to select loffd = 2m−γ
∗

simulation points from the full set of 2m simulation

points obtained in Step 1. These points constitute the M-PCM-OFFD simulation set.
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Step 4: Run simulations. Run simulation at each selected simulation point. This is

the most time-consuming step for large-scale applications.

Step 5: Produce the low-order mapping. If the number of coefficients, l, equals the

number of simulation points , loffd, find the coefficients in Equation 21 similar to Step 3 of the

M-PCM algorithm, but with a reduced-size Γ or L matrix, denoted as the input matrix

Γ′offd ∈ Rloffd×l or L′offd ∈ Rloffd×l, which excludes those columns with more than τ of

k1, k2, ..., km being nonzero, and rows representing points not selected in the reduced M-PCM-

OFFD simulation set. If l < loffd, the input matrix Γ′offd or L′offd is not a square matrix. In

this case, the coefficients can be instead found by replacing Γ′−1
offd with (Γ′ToffdΓ

′
offd)

−1Γ′Toffd

or replacing L′−1
offd with (L′ToffdL

′
offd)

−1L′Toffd, according to least squares estimation [202].

The mean output is E[g(x1, ..., xm)] = a0, ..., 0︸ ︷︷ ︸
m

if using the Γ′offd matrix (similar to line

11 in Table 2.5.1). Otherwise, it can be calculated by integrating the low-order mapping, or

through a simple matrix manipulation. In particular, E[g(x1, ..., xm)] =
[
(Γ′−1

offdL
′
offd)1,:

]
B′

if loffd = l, or E[g(x1, ..., xm)] =
[
(Γ′ToffdΓ

′
offd)

−1L′offd)1,:

]
B′ if loffd > l, where B′ is a

reduced-size B vector, which excludes entries corresponding to cross-terms of more than τ

parameters.

In this sequel, we only discuss the case of using matrix L′offd for constructing the low-

order mapping. As matrices Γ′offd and L′offd share the same structure, similar conclusions

hold if using Γ′offd instead. Furthermore, we note that the ordering of entries in the L′offd or

Γ′offd matrix does not need to strictly follow the order described in Algorithm 3. They only

need to match with the orderings of simulation points and the simulated outputs. Without

loss of generality (WLOG), we assume in this sequel that the columns in the L′offd matrix

are arranged as follows for the ease of proofs. First, the number of parameters in these

columns increases from 0 to τ . Second, for columns of the same number of parameters,

they are arranged in the order of increasing indices. For instance, for a system with m = 3

parameters and the cross-product power τ = 3, the columns in L′offd are arranged in the

following order: {1, x1, x2, x3, x1x2, x1x3, x2x3, x1x2x3}.
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Example 3.7. We use an example to demonstrate Algorithm 5. Consider a 5-parameter

system mapping g(x1, x2, x3, x4, x5) with cross-terms having up to τ = 2 parameters. The

integrated algorithm leads to γ∗ = 5 − dlog2(
∑2

i=0

(
i
5

)
)e = 1. 25−1

V OFFD is applied to

select a subset of M-PCM simulation points [85]. The input matrix L′offd ∈ R16×16 is of the

following form

(22) L′offd =



1 x1(1) x2(1) x3(1) x4(1) x5(2) x1(1)x2(1) x1(1)x3(1) · · · x4(1)x5(2)

1 x1(2) x2(1) x3(1) x4(1) x5(1) x1(2)x2(1) x1(2)x3(1) · · · x4(1)x5(1)

1 x1(1) x2(2) x3(1) x4(1) x5(1) x1(1)x2(2) x1(1)x3(1) · · · x4(1)x5(1)

1 x1(2) x2(2) x3(1) x4(1) x5(2) x1(2)x2(2) x1(2)x3(1) · · · x4(1)x5(2)

1 x1(1) x2(1) x3(2) x4(1) x5(1) x1(1)x2(1) x1(1)x3(2) · · · x4(1)x5(1)

1 x1(2) x2(1) x3(2) x4(1) x5(2) x1(2)x2(1) x1(2)x3(2) · · · x4(1)x5(2)

1 x1(1) x2(2) x3(2) x4(1) x5(2) x1(1)x2(2) x1(1)x3(2) · · · x4(1)x5(2)

1 x1(2) x2(2) x3(2) x4(1) x5(1) x1(2)x2(2) x1(2)x3(2) · · · x4(1)x5(1)

1 x1(1) x2(1) x3(1) x4(2) x5(1) x1(1)x2(1) x1(1)x3(1) · · · x4(2)x5(1)

1 x1(2) x2(1) x3(1) x4(2) x5(2) x1(2)x2(1) x1(2)x3(1) · · · x4(2)x5(2)

1 x1(1) x2(2) x3(1) x4(2) x5(2) x1(1)x2(2) x1(1)x3(1) · · · x4(2)x5(2)

1 x1(2) x2(2) x3(1) x4(2) x5(1) x1(2)x2(2) x1(2)x3(1) · · · x4(2)x5(1)

1 x1(1) x2(1) x3(2) x4(2) x5(2) x1(1)x2(1) x1(1)x3(2) · · · x4(2)x5(2)

1 x1(2) x2(1) x3(2) x4(2) x5(1) x1(2)x2(1) x1(2)x3(2) · · · x4(2)x5(1)

1 x1(1) x2(2) x3(2) x4(2) x5(1) x1(1)x2(2) x1(1)x3(2) · · · x4(2)x5(1)

1 x1(2) x2(2) x3(2) x4(2) x5(2) x1(2)x2(2) x1(2)x3(2) · · · x4(2)x5(2)



.

3.3.2. Performance of Algorithm on the Estimation of Mean Output

In this section, we show that in cases where a further reduction of simulations is

possible (i.e., when 1 ≤ τ ≤ dm
2
e − 1, and m > 2), the reduced M-PCM-OFFD simulation

set obtained using Algorithm 5 can also estimate the correct mean output of the original
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system mapping with the degree of each parameter up to 3 (Theorem 3.14). We first present

several lemmas. In Lemma 3.8, we show that the reduced-order mapping does not introduce

additional cross-terms.

Lemma 3.8. Consider an original system mapping g(x1, x2, ..., xm) that contains cross-terms

of at most τ parameters (Equation 20). The low-order mapping g+(x1, x2, ..., xm) estimated

using the M-PCM also contains cross-terms of at most τ parameters.

Proof. According to the proofs for Theorems 1 and 2 in [362], the M-PCM recursively

reduces the degree of each input parameter to produce a low-order mapping of the same

mean output. As this procedure does not introduce new parameters to each cross-term, the

numbers of parameters in all cross-terms in the low-order mapping do not increase. �

Given the cross-product power τ in cross-terms of g(x1, x2, ..., xm), or equivalently

g+(x1, x2, ..., xm) according to Lemma 3.8, Lemma 3.9 partially justifies Steps 1 and 2 of

Algorithm 5.

Lemma 3.9. Consider the low-order mapping g+(x1, x2, ..., xm) (Equation 10) estimated us-

ing the M-PCM, which contains cross-terms of at most τ parameters. An OFFD design

can further reduce the number of simulations, if 1 ≤ τ ≤ dm
2
e − 1, and m > 2 (Step 1 of

Algorithm 5). The maximum fraction of simulations that can be reduced from M-PCM is

2−γmax using the 2m−γmax OFFD, where γmax = m− dlog2(
∑τ

i=0

(
i
m

)
)e.

Proof. The M-PCM produces 2m simulation points, and the number of parameters for a

mapping of at most τ parameters in cross-terms is
∑τ

i=0

(
i
m

)
. To ensure the correct estimation

of mapping parameters in g+(x1, x2, ..., xm) or g∗(x1, x2, ..., xm), we require the number of

simulations to be greater than or equal to the number of parameters.

Now let us first prove that an OFFD design can further reduce the number of simu-

lations if 1 ≤ τ ≤ dm
2
e− 1 and m > 2. As OFFDs reduce the number of simulations at least

by half, the number of non-zero coefficients
∑τ

i=0

(
i
m

)
in g∗(x1, x2, ..., xm) must be less than

or equal to 2m−1 to ensure correct estimation. Note that 2m−1 =
∑m−1

2
i=0

(
i
m

)
when m is odd
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and
∑m

2
−1

i=0

(
i
m

)
< 2m−1 <

∑m
2
i=0

(
i
m

)
when m is even. The maximum of τ thus satisfies

max(τ) =


m−1

2
if m mod 2 ≡ 1

m
2
− 1 if m mod 2 ≡ 0

= dm
2
e − 1.(23)

As the cross-product power τ is an integer greater than or equal to 1, it needs to be in the

range of 1 ≤ τ ≤ dm
2
e − 1.

We next prove that the maximal reduction of simulations can be achieved using the

2m−γmax OFFD, where γmax = m−dlog2(
∑τ

i=0

(
i
m

)
)e. This is straightforward, as the number

of simulations 2m−γ must be larger than or equal to the number of parameters
∑τ

i=0

(
i
m

)
,

(24) γmax = max{γ | 2m−γ ≥
τ∑
i=0

(
i
m

)
} = m− dlog2(

τ∑
i=0

(
i
m

)
)e.

�

The 2m−γmax OFFD in Lemma 3.9 may not lead to a valid M-PCM-OFFD design.

The input matrix L′offd needs to be full column rank according to Step 5 of Algorithm 5.

Lemmas 3.10-3.12 state that this requirement is satisfied when the resolution R ≥ 2τ+1. To

prove these lemmas, we introduce a matrix V =

[
v1 v2 v3 · · · vl

]
, V ∈ Rloffd×l, which

can be constructed from the input matrix L′offd. In matrix V , each column vi is the ith

column of L′offd with its entries xk(1) and xk(2) replaced by the coded factors ’−1’ and ’+1’

respectively, where k ∈ Si is the index of input parameters, and Si is a set that includes all

the indices of input parameters in column i. Lemma 3.10 establishes the connection between

the matrix V and 2m−γ
∗

R design table (captured by D). Here we denote ◦ and
∏̊

as the

hadamard products (element-wise vector multiplication).

Lemma 3.10. Consider a matrix V ∈ Rloffd×l constructed from the input matrix L′offd ∈
Rloffd×l (with 1 ≤ τ ≤ dm

2
e − 1 and m > 2) according to Algorithm 5 and the procedure

indicated above. v1 = 1. The column vi in matrix V , where 1 < i ≤ m + 1, equals the

(i− 1)th column of the OFFD design table D, i.e., vi = bi−1. Column vi, where i > m+ 1,

equals
∏̊

k∈Sivk.
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Proof. The first column of L′offd is 1, and hence v1 = 1. For 1 < i ≤ m+1, vi contains the

coded values of parameter xi−1, xci−1
. According to Step 5 of Algorithm 5, all rows in L′offd

that are not in the OFFD design table are eliminated. It is thus clear that vi = bi−1 for

1 < i ≤ m+ 1. The construction of L′offd also indicates that its ith column where i > m+ 1

is an element-wise vector multiplication of a subset of its first m+ 1 columns. vi =
∏̊

k∈Sivk

can thus be directly derived.

�

Lemma 3.10 states that V can be constructed from the OFFD design table directly.

Lemmas 3.6, 3.8 and 3.10 lead to the orthogonality of matrix V proved in Lemma 3.11.

Lemma 3.11. Consider a matrix V ∈ Rloffd×l constructed from the input matrix L′offd ∈
Rloffd×l (with 1 ≤ τ ≤ dm

2
e − 1 and m > 2) according to Algorithm 5 and the procedure

indicated above. R ≥ 2τ + 1 guarantees that any two columns in V are orthogonal, i.e.,

vi · vj = 0, for any i 6= j, and i, j = {1, 2, ..., l}.

Proof. According to Lemma 3.10 and the orthogonality and balance properties of OFFD

design table stated in Lemma 3.4, it is straightforward that vi·vj = 0, when i, j ∈ {1, 2, ..,m+

1}. For arbitrary i and j where i 6= j, vi ·vj = (vi ◦vj) ·v1 = (
∏̊

k∈Sivk+1 ◦
∏̊

k∈Sjvk+1) ·v1 =

(
∏̊

k∈Svk+1) ·v1, where S = Si∪Sj. According to Lemma 3.8, the sizes of Si and Sj produced

from V for the reduced-order mapping are both less than τ , and hence the size of S must

be smaller than or equal to 2τ . Note that in a 2m−γR OFFD, any m − γ factors form a full

factorial design (Step 1 of Algorithm 4). Hence, (
∏̊

k∈S′vk+1) · v1 = 0 for an arbitrary S ′

whose size is smaller than or equal to m− γ, according to the orthogonality property of full

factorial designs discussed in Chapter 3.2. Therefore, to prove this lemma, we only need

to show that 2τ ≤ m − γ. According to Lemma 3.6, m − γ ≥ R − 1. When R ≥ 2τ + 1

according to Step 2 of Algorithm 5, m− γ ≥ R− 1 ≥ 2τ holds.

�

Based on Lemma 3.11, we prove in Lemma 3.12 that the matrix L′offd constructed

by the M-PCM-OFFD is full column rank, i.e., rank(L′offd) = l. In this process, we show a
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general QR decomposition expression of L′offd. This lemma is central to the development of

main results in this chapter. The proof of this lemma is shown in the Appendix.

Lemma 3.12. When 1 ≤ τ ≤ dm
2
e − 1 and m > 2, the input matrix L′offd ∈ Rloffd×l,

loffd ≥ l, constructed using the integrated M-PCM and 2m−γ
∗

R OFFD method (Algorithm 5)

is full column rank, and can be represented using the QR decomposition [323],

(25) L′offd = QU,

where Q ∈ Rloffd×l is an orthogonal matrix (i.e. QTQ = I) of the form,

(26) Q =

[
q1 q2 q3 · · · ql

]
=

1√
loffd

V

and U ∈ Rl×l is an upper triangular matrix, with the ith diagonal entry Ui,i expressed as

(27) Ui,i =


√
loffd if i = 1
√
loffd

2ξi

∏
k∈Si ∆xk if i 6= 1

Here qi ∈ Rloffd×1 is the orthogonal basis with qi · qj = 0 if i 6= j and ‖qi‖2 = 1, where

i, j ∈ {1, 2, · · · , l}. Assume xk(2) > xk(1) WLOG; and denote ∆xk = xk(2) − xk(1). ξi is the

size of Si.

Example 3.13. We continue using Example 3.7 to illustrate Lemma 3.12. The input matrix

L′offd ∈ R16×16 shown in Equation 22 can be expressed as a multiplication of an orthogonal
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matrix Q ∈ R16×16 and an upper triangular matrix U ∈ R16×16 of the following forms.

(28) Q =
1

4



1 −1 −1 −1 −1 1 1 1 · · · −1

1 1 −1 −1 −1 −1 −1 −1 · · · 1

1 −1 1 −1 −1 −1 −1 1 · · · 1

1 1 1 −1 −1 1 1 −1 · · · −1

1 −1 −1 1 −1 −1 1 −1 · · · 1

1 1 −1 1 −1 1 −1 1 · · · −1

1 −1 1 1 −1 1 −1 −1 · · · −1

1 1 1 1 −1 −1 1 1 · · · 1

1 −1 −1 −1 1 −1 1 1 · · · −1

1 1 −1 −1 1 1 −1 −1 · · · 1

1 −1 1 −1 1 1 −1 1 · · · 1

1 1 1 −1 1 −1 1 −1 · · · −1

1 −1 −1 1 1 1 1 −1 · · · 1

1 1 −1 1 1 −1 −1 1 · · · −1

1 −1 1 1 1 −1 −1 −1 · · · −1

1 1 1 1 1 1 1 1 · · · 1



49



(29) U =



4 ∗ ∗ ∗ ∗ ∗ ∗ ∗ · · · ∗

0 2∆x1 ∗ ∗ ∗ ∗ ∗ ∗ · · · ∗

0 0 2∆x2 ∗ ∗ ∗ ∗ ∗ · · · ∗

0 0 0 2∆x3 ∗ ∗ ∗ ∗ · · · ∗

0 0 0 0 2∆x4 ∗ ∗ ∗ · · · ∗

0 0 0 0 0 2∆x5 ∗ ∗ · · · ∗

0 0 0 0 0 0 ∆x1∆x2 ∗ · · · ∗

0 0 0 0 0 0 0 ∆x1∆x3 · · · ∗
...

...
...

...
...

...
...

...
...

...

0 0 0 0 0 0 0 0 · · · ∆x4∆x5


where ∗ represents entries of no importance to our analysis.

Theorem 2.7 and Lemmas 3.8-3.12 lead to the following theorem, which states that

M-PCM-OFFD correctly predicts the mean output of the original mapping.

Theorem 3.14. When 1 ≤ τ ≤ dm
2
e−1 and m > 2, the low-order mapping g∗(x1, x2, ..., xm)

(Equation 21) estimated using the integrated M-PCM and 2m−γ
∗

OFFD methods predicts the

correct mean output of the original mapping, i.e.,

E[g(x1, x2, ..., xm)] = E[g∗(x1, x2, ..., xm)].(30)

The algorithm reduces the number of simulations from 2m to 2m−γ
∗

in the range of
[
2dlog2(m+1)e,

2m−1].

Proof. Theorem 2.7 states that the reduced-order mapping g+(x1, x2, ..., xm) produced by

the M-PCM predicts the correct mean output of g(x1, x2, ..., xm), with a reduction of simu-

lations from 22m to 2m. Lemma 3.9 states that an OFFD can further reduce the number of

simulations (Step 1 of Algorithm 5). Lemma 3.12 states that when R ≥ 2τ + 1, the 2m−r
∗

R
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OFFD results in a full-column-rank matrix L′offd, and hence the calculation in Step 5 of

Algorithm 5 is feasible. We note that when 1 ≤ τ ≤ dm
2
e − 1 and m > 2, such a 2m−r

∗

R

OFFD always exists, where γ∗ satisfies 1 ≤ γ∗ ≤ m − dlog2(
∑τ

i=0

(
i
m

)
)e, and R ≥ 2τ + 1.

In particular, the 2m−1
m OFFD produced using the generators I = ±xc1xc2 · · ·xcm always

exists, and meets the conditions, as γ = 1 and R = m ≥ 2dm
2
e − 1 ≥ 2τ + 1. In all,

the mapping g∗(x1, x2, ..., xm) produced by the reduced M-PCM-OFFD simulation set is the

same as g+(x1, x2, ..., xm). The correct mean output estimation naturally follows. Further-

more, according to Lemmas 3.9-3.12, the number of simulations is reduced to 2m−γ
∗
, where

γ∗ = max{γ | 1 ≤ γ ≤ m− dlog2(
∑τ

i=0

(
i
m

)
)e, and 2m−γR OFFD exists, with R ≥ 2τ + 1}.

The lower bound of 2m−γ
∗

is achieved when the cross-product power τ = 1, and the upper

bound holds as an OFFD at least halves the number of simulations.

�

3.3.3. Performance of the Algorithm on the Robustness to Numerical Errors

In this section, we study robustness of the integrated algorithm to numerical errors.

We first introduce the robustness metric and formulate the problem. We then show optimal-

ity of the integrated algorithm using this metric.

1. Metric and Problem Formulation

Recall that the integrated algorithm involves calculating L′−1
offd or (L′ToffdL

′
offd)

−1L′Toffd.

This inversion is only feasible when L′offd is full column rank. In Lemma 3.12, we have shown

that an OFFD with resolution R ≥ 2τ + 1 guarantees that L′offd is full column rank. In

this section, we further explore the computational feasibility, by noticing that parameter

resolutions of simulation software [362] and computational limitations of computing devices

[136,146] may unfortunately fail this calculation. In particular, when L′offd is close to losing

column rank, a small disturbance introduced by the aforementioned numerical errors may

easily push L′offd to lose rank. In addition, even if such a L′offd under a disturbance does not

directly lose rank, the correctness of L′−1
offd becomes sensitive to small perturbations [320].

In order to facilitate the inversion and minimize the impact of numerical errors, L′offd needs

to have a large margin to rank loss.
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We here show that L′offd has the largest margin to rank loss among all subsets of the

same size. To facilitate the analysis, we introduce L′ to represent a matrix constructed in

the similar way as L′offd, by using a subset of M-PCM simulation points of the size 2m−γ
∗
.

Multiple metrics exist in the literature to measure the margin to invertibility, including

the widely used condition number (the ratio between the largest eigenvalue to the smallest

eigenvalue) [36]. Here we use a metric based on the perturbation theory ([146], [136]).

Specially, the full-column-rank margin for the matrix L′ to rank loss, D(L′), is measured

by the norm of the smallest perturbation matrix to make L′ lose rank. Here we use the

Frobenius norm (“|| ||F”), calculated by summing the squares of all its elements, and then

taking a square root of the sum [153]:

(31) D(L′) = min{‖e‖F | rank(L′ + e) < l}

where e ∈ Rloffd×l is a perturbation matrix.

2. Optimal Robustness of the Integrated M-PCM-OFFD

In this section, we study robustness of the integrated M-PCM-OFFD to numerical

errors for system mappings of m uncertain input parameters. Lemma 3.15 calculates full-

column-rank margin of the integrated M-PCM-OFFD when the cross-product power τ = 1.

Lemma 3.16 transforms the L′ matrix to an upper triangular matrix, based on which Theorem

3.17 shows that in this case, the OFFD produces the largest margin among all subsets of

the same size. Lemma 3.18 and Theorem 3.19 extend the results to the general case where

1 ≤ τ ≤ dm
2
e−1. Two corollaries follow to show exemplary designs where L′ loses full column

rank and therefore cannot be used for mean output estimation. The proofs of Lemma 3.18

and Theorem 3.19 are in the Appendix.

Lemma 3.15. Consider an original system mapping g(x1, x2, ..., xm) (Equation 20) with m >

2 and τ = 1. From the 2m M-PCM simulation points, the simulation subset selected by the

M-PCM-OFFD (Algorithm 5) has the following full-column-rank margin:

(32) D(L′offd) =

√
loffd

2
min{∆x1,∆x2, · · · ,∆xm}
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Proof. According to Lemma 3.12, L′offd is full column rank and can be expressed as a

multiplication of an orthogonal matrix Q and an upper triangular matrix U . Now we find

the minimum ‖e‖F to make L′offd + e lose rank, according to the definition of full-column-

rank margin in Equation 31. We use exi(ri) to represent the perturbation to xi(ri) and x̂i(ri) =

xi(ri) + exi(ri) to represent the corrupted parameter value, where i = {1, 2, ...,m}, and ri =

{1, 2}. Similar to L′offd, L
′
offd + e can also perform a QR decomposition. In particular,

L′offd + e = QÛ , where Û is an upper triangular matrix with the determinant det(Û) =√
loffd

∏l
i=2(

√
loffd

2ξi

∏
k∈Si ∆x̂k), where ∆x̂k = x̂k(2) − x̂k(1). Clearly, the rank of L′offd is

solely determined by Û . Therefore, L′offd + e loses rank if and only if there exists an i ∈
{1, 2, · · · ,m} such that ∆x̂i = 0. In the case of ∆x̂1 = 0, we have ∆x̂1 = x̂1(2) − x̂1(1) =

(x1(2) + ex1(2))− (x1(1) + ex1(1)) = 0 and therefore ex1(1) = ex1(2) + x1(2) − x1(1) = ex1(2) + ∆x1.

As a consequence,

‖e‖F =

√
(
loffd

2
e2
x1(1)

+
loffd

2
e2
x1(2)

) + (
loffd

2
e2
x2(1)

+
loffd

2
e2
x2(2)

) + · · ·+ (
loffd

2
e2
xm(1)

+
loffd

2
e2
xm(2)

)

≥
√

(
loffd

2
e2
x1(1)

+
loffd

2
e2
x1(2)

) =

√
loffd

2
[(ex1(2) + ∆x1)2 + e2

x1(2)
] ≥

√
loffd

2
∆x1(33)

The equality holds when ex1(1) = 1
2
∆x1, ex1(2) = −1

2
∆x1, and exj(1) = exj(2) = 0 for all

j 6= 1. Similarly, we obtain ‖e‖F ≥
√
loffd

2
∆x2, · · · ,

√
loffd

2
∆xm. As such, D(L′offd) =√

loffd

2
min{∆x1,∆x2, · · · ,∆xm}, and the minimum

√
loffd

2
∆xi is achieved when ∆xi ≤ ∆xj

for all j 6= i, exi(1) = 1
2
∆xi, exi(2) = −1

2
∆xi, and exj(1) = exj(2) = 0 for all j 6= i. �

�

Lemma 3.16. Consider an original system mapping g(x1, x2, ..., xm) (Equation 20) with

m > 2 and τ = 1. The L′ matrix can be transformed to an upper triangular matrix of

the same column rank, where the first diagonal entry is 1, and the (k + 1)th diagonal entry

is λk+1,k+1∆xk, where λk,k ∈ Z and k ∈ {1, 2, · · · ,m}.

Proof. A sequence of elementary row operations, shown in Algorithm 6, transforms the L′

matrix to an upper triangular matrix, with diagonal entries λk+1,k+1∆xk. L
′
i,j in Algorithm

6 represents the entry of matrix L′ at the ith row and jth column. Note that the elementary

row operations do not change the column rank of the matrix L′ [271].
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Algorithm 6: Upper Triangular Transformation �

for i← 1,m− 1 do

for j ← i+ 1,m do

if L′j,i 6= 0 then

Do row operation by subtracting the jth row with a multiple of the ith row.

The multiplier is properly selected to make L′j,i = 0.

if L′i+1,i+1 = 0 then

Find a non-zero element L′k,i+1, k = i+ 2, · · · ,m and switch row i with row i+ 1.

If no such row is found, continue.

Theorem 3.17. Consider an original system mapping g(x1, x2, ..., xm) (Equation 20) with

m > 2 and τ = 1. From the 2m M-PCM simulation points, the simulation subset selected by

the M-PCM-OFFD (Algorithm 5) has the largest full-column-rank margin among all subsets

of 2m−γ
∗

simulation points. Mathematically,

(34) max(D(L′)) = D(L′offd).

Proof. Now let us find the minimum ||e||F to make L′ + e lose rank. The case that L′ is

not full column rank is trivial, as in this case the minimum ||e||F = 0 and D(L′) = 0, where

e is a null matrix. When L′ is full rank, we apply Algorithm 6 to transform L′ + e to an

upper triangular matrix, in which the first diagonal entry is 1, and the (k + 1)th diagonal

entry is λk+1,k+1∆x̂k. L
′ being full column rank implies that λk,k 6= 0, for k ∈ {1, 2, · · · ,m}.

As such, L′ + e loses column rank if and only if ∆x̂k = 0.

Procedures similar to those used to calculate D(L′offd) in the proof of Lemma 3.15

lead to

D(L′) = min{
√

[c1e2
x1(1)

+ (loffd − c1)e2
x1(2)

] + · · ·+ [cme2
xm(1)

+ (loffd − cm)e2
xm(2)

]}(35)

= min{
√
c1(loffd − c1)

loffd
∆x1, · · · ,

√
cm(loffd − cm)

loffd
∆xm}
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where ci is the number of xi(1) in the (i+1)th column of L′. The minimum at
√

ci(loffd−ci)
loffd

∆xi

is achieved, when exi(1) =
(loffd−ci)∆xi

loffd
, exi(2) = − ci∆xi

loffd
, and for all j 6= i, j ∈ {1, 2, · · · ,m}, we

have
√

ci(loffd−ci)
loffd

∆xi ≤
√

cj(loffd−cj)
loffd

∆xj, and exj(1) = exj(2) = 0.

Since
√

ci(loffd−ci)
loffd

=
√
− 1
loffd

(ci − loffd
2

)2 +
loffd

4
≤
√
loffd

2
, we have

√
ci(loffd−ci)

loffd
∆xi ≤√

loffd

2
∆xi. Equation 35 can then be further simplified to

(36) D(L′) ≤
√
loffd

2
min{∆x1,∆x2, · · · ,∆xm} = D(L′offd)

The equality is achieved by an OFFD.

�

Before we show Lemma 3.18 and Theorem 3.19, let us first introduce some notations.

Define A = {1, 2, ...,m}, and Ak = A− {k}, where k ∈ A. We construct a set Ak,i from Ak
to contain all sets consisting i number of elements in Ak. The size of Ak,i is

(
i

m−1

)
. The

jth set in Ak,i is denoted as Ak,i,j. For instance, when k = 1, i = 2, j = 2 and m = 4,

A = {1, 2, 3, 4}, A1 = {2, 3, 4}, A1,2 = {{2, 3}, {2, 4}, {3, 4}}, and A1,2,2 = {2, 4}. The proofs

of Lemma 3.18 and Theorem 3.19 can be found in the Appendix.

Lemma 3.18. Consider an original system mapping g(x1, x2, ..., xm) (Equation 20) with m >

2 and 1 ≤ τ ≤ dm
2
e−1. From the 2m M-PCM simulation points, the simulation subset selected

by the M-PCM-OFFD (Algorithm 5) has the following full-column-rank margin:

D(L′offd) =

√
loffd

2
min

∆xk

√√√√√1 +
τ−1∑
i=1

[ 1

2i

(
i

m−1

)∑
j=1

∏
a∈Ak,i,j

(x2
a(1) + x2

a(2))
] , k ∈ A(37)

Theorem 3.19. Consider an original system mapping g(x1, x2, ..., xm) (Equation 20) with

m > 2 and 1 ≤ τ ≤ dm
2
e − 1. From the 2m M-PCM simulation points, the simulation subset

selected by the M-PCM-OFFD (Algorithm 5) has the largest full-column-rank margin among

all subsets of 2m−γ
∗

simulations points. Mathematically,

(38) max(D(L′)) = D(L′offd).
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Corollaries 3.20 and 3.21 are two sufficient conditions for L′ to be singular, i.e.,

D(L′) = 0.

Corollary 3.20. Consider an original system mapping g(x1, x2, ..., xm) (Equation 20) with

m > 2 and the cross-product power τ = 1. Among the 2m simulation points generated by the

M-PCM, a design of 2m−γ
∗

simulation points leads to D(L′) = 0 if there exist two columns

in L′ that contain a pair of input parameters with no more than two out of four combinations

of levels.

Proof. Assume WLOG that the two input parameters x1, and x2 in the second and third

columns have k out of four combinations of levels, where k ∈ {1, 2}. The elementary row

operations shown in Algorithm 6 lead to non-zero diagonal entries in the first k rows. By

subtracting all the other 2m−γ
∗−k rows with one of these first k rows, the first three elements

in all these other rows become zeros, leading to λ3,3 = 0, thus D(L′) = 0.

�

Corollary 3.21. Consider an original system mapping g(x1, x2, ..., xm) (Equation 20) with

m > 2 and 1 < τ ≤ dm
2
e − 1. Among the 2m simulation points generated by the M-PCM, a

design of 2m−γ
∗

simulation points leads to D(L′) = 0 if there exist two columns in L′ which

contain a pair of input parameters with no more than three out of four combinations of levels.

Proof. Assume WLOG that x1, and x2 are the two input parameters which have k out of

four combinations of levels, where k ∈ {1, 2, 3}. Through switching the column of xixj to

the 4th column, the first k rows contain different combinations. By subtracting the other

2m−γ
∗−k rows with one of the first k rows, the first four elements in these other rows become

zeros, leading to λ4,4 = 0, and thus D(L′) = 0.

�

3.3.4. Performance of Algorithm on the Estimation of Parameters’ Effects

For the completeness of performance analysis, we summarize the performance of M-

PCM-OFFD (Theorem 3.22) in estimating the effects of input parameters on the output.
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Theorem 3.22. Consider an original m-parameter system mapping g(x1, x2, ..., xm) (Equa-

tion 20). The M-PCM-OFFD (Algorithm 5) correctly estimates the main effects and all

interactions.

Proof. In cases when m ≤ 2 or τ > dm
2
e−1, no further reduction is possible. Therefore, all

M-PCM simulation points are used and form a full factorial design, which correctly estimates

the effects of input parameters. Now let’s consider the cases when m > 2, 1 < τ ≤ dm
2
e − 1,

and OFFDs are applied to further reduce the number of simulations. According to the

property of OFFDs [84, 231], a k-factor interaction is only confounded with interactions

of at least (R − k)-factors. The conditions 1 ≤ k ≤ τ and R ≥ 2τ + 1 simply lead to

R− k ≥ R− τ ≥ τ + 1 > τ . As interactions with the number of factors larger than τ do not

exist, neither the main effects nor any interactions are confounded.

�

Example 3.23. Let us use an example to illustrate Theorem 3.22. Consider an 8-parameter

system with cross-terms having up to τ = 2 parameters. Algorithm 5 suggests the usage of

28−2
V OFFD. This OFFD’s 2-factor interactions are confounded with interactions of R−τ = 3

factors or more. As τ = 2, all k-factor interactions are negligible, where 3 ≤ k ≤ 5. Clearly,

28−2
V OFFD correctly estimates all main effects and 2-factor interactions.

3.4. Illustrative Examples and Comparison Studies

In this section, we first use a 3-parameter example to illustrate the procedures and

properties of the integrated M-PCM-OFFD algorithm, and then briefly discuss a large 50-

parameter example to show its effectiveness. To further demonstrate the performance of

M-PCM-OFFD, we compare it with existing approaches reviewed in Chapter 3.1.

3.4.1. A Small-Scale Example

In the first example, consider an original system mapping of the form g(x1, x2, x3) =

1 + x1 + x2
1 + x3

1 + x2 + x2
2 + x3

2 + x3 + x2
3 + x3

3, where x1 follows an exponential distribution

fX1(x1) = 2e−2x1 , x1 ≥ 0, x2 follows a uniform distribution of fX2(x2) = 1
15
, 5 ≤ x2 ≤ 20,
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and x3 also follows a uniform distribution of fX3(x3) = 1
5
, 5 ≤ x3 ≤ 10. The mean output is

E[g(x1, x2, x3)] =
∫∫∫

g(x1, x2, x3)fX1(x1)fX2(x2)fX3(x3)dx1dx2dx3 = 3381.1. Identifying all

coefficients requires 43 = 64 simulations.

Now let us choose only 4 simulations, using the integrated M-PCM-OFFD. We

first choose 8 M-PCM simulation points based upon the pdf of each parameter. The

8 simulation points are p1 = (0.2929, 8.1699, 6.0566), p2 = (1.7071, 8.1699, 6.0566), p3 =

(0.2929, 16.8301, 6.0566), p4 = (1.7071, 16.8301, 6.0566), p5 = (0.2929, 8.1699, 8.9434), p6 =

(1.7071, 8.1699, 8.9434), p7 = (0.2929, 16.8301, 8.9434), and p8 = (1.7071, 16.8301, 8.9434).

We then use the 23−1
III OFFD (as the design table shows in Figure 3.1(b)) to select 4 M-

PCM simulation points, which are {p2, p3, p5, p8} (as the 3-D cube shows in Figure 3.2(a)) or

{p1, p4, p6, p7}. The input matrix for the first design is L′offd =



1 x1(1) x2(1) x3(2)

1 x1(2) x2(1) x3(1)

1 x1(1) x2(2) x3(1)

1 x1(2) x2(2) x3(2)


. We

then run simulations to evaluate g(x1, x2, x3) at these 4 simulation points and estimate the

coefficients of the low-order mapping g∗(x1, x2, x3) = −4442.2 + 6.5x1 + 513.5x2 + 186.8x3.

For illustration purpose, U =



2 ∗ ∗ ∗

0 1.4142 ∗ ∗

0 0 8.6602 ∗

0 0 0 2.8868


and Q = 1

2



1 −1 −1 1

1 1 −1 −1

1 −1 1 −1

1 1 1 1


which can be directly obtained from the OFFD design table.

The mean output of g∗(x1, x2, x3) isE[g∗(x1, x2, x3)] =
∫∫∫

g∗(x1, x2, x3)fX1(x1)fX2(x2)

fX3(x3)dx1dx2dx3 = 3381.1, precisely the same as the original mean output. For comparison,

we also use the Monte Carlo simulation to find the mean output. The number of simulations

and associated mean output using the Monte Carlo, M-PCM, and M-PCM-OFFD methods

are compared (Figure 3.3).

58



 

!

"

#

$

%

&

'

( )

*

+

(a) (b) (c)

(d) (e)

 

!

"

#

$

%

&

'

(f)

Figure 3.2. 3-D cube representation of the a) 23−1
III OFFD, and b)-f) other

possible designs of size 4 from the 8 M-PCM simulation points. Each vertex

of the 3-D cube represents an M-PCM simulation point. The selected subset

is marked in orange.

To verify the robustness property of the integrated algorithm to numerical errors, we

calculate the full-column-rank margin of the input matrix L′ ∈ R4×4, and compare it with

other designs. According to Lemma 3.15, we find D(L′offd) = min{∆x1,∆x2,∆x3} = 1.4142,

where ∆x1 = 1.4142, ∆x2 = 8.6602 and ∆x3 = 2.8868. The minimal ‖e‖F is achieved when

the perturbation errors ex1(1) = 0.7071, ex1(2) = −0.7071, and exi(1) = exi(2) = 0 for all i 6= 1.

Other possible subsets of simulation points include 1) four points on one surface

(Figure 3.2(b)), 2) four points on the diagonal plane (Figure 3.2(c)), 3) three points on two

surfaces (Figure 3.2(d)), 4) three points on only one surface (Figure 3.2(e)), and 5) three

points on three surfaces (Figure 3.2(f)). The L′ matrices corresponding to the designs shown
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Figure 3.3. Comparison of the number of simulations needed to estimate

the correct mean output.

in Figures 3.2(b)-3.2(f) are listed in the following, respectively:

L′1 =



1 x1(1) x2(1) x3(1)

1 x1(1) x2(2) x3(1)

1 x1(2) x2(2) x3(1)

1 x1(2) x2(1) x3(1)


, L′2 =



1 x1(1) x2(2) x3(1)

1 x1(2) x2(2) x3(1)

1 x1(1) x2(1) x3(2)

1 x1(2) x2(1) x3(2)


, L′3 =



1 x1(2) x2(2) x3(1)

1 x1(1) x2(1) x3(2)

1 x1(1) x2(2) x3(2)

1 x1(2) x2(2) x3(2)


,

L′4 =



1 x1(1) x2(2) x3(1)

1 x1(2) x2(2) x3(1)

1 x1(1) x2(1) x3(2)

1 x1(2) x2(2) x3(2)


, L′5 =



1 x1(1) x2(1) x3(1)

1 x1(2) x2(1) x3(1)

1 x1(1) x2(2) x3(1)

1 x1(1) x2(1) x3(2)


.

For all simulation subsets of the same size, we calculate the margin D(L′) using Equation

35, which equals to one of the following four values {0, 0.8660, 1.2247, 1.4142}. The OFFD

is the most robust to numerical errors, as its full-column-rank margin 1.4142 is the largest

among simulation subsets of the same size.
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3.4.2. A Large-Scale Example

In the second example, we consider a system of 50 uncertain parameters. The orig-

inal system mapping g(x1, x2, ..., x50) =
∑50

i=1 xi +
∑50

i=1 x
2
i +

∑50
i=1 x

3
i , where each param-

eter xi follows a uniform distribution of fXi(xi) = 1, 0 ≤ xi ≤ 1. The mean output is

E[g(x1, ..., x50)] = 55.1667.

To obtain the accurate mean output, the M-PCM requires 250 simulations. Instead,

with the cross-product power τ = 1, we have γ∗ = m−dlog2(1+50)e = 44 and R = 3 ≥ 2τ+1,

and we can further use the 250−44
III OFFD to reduce the number of simulations from 250 to

64. The low-order mapping estimated by M-PCM-OFFD is g∗(x1, ..., x50) = −15.6667 +

2.8333
∑50

i=1 xi. The mean output E[g∗(x1, ..., x50)] = 55.1667, which is exactly the mean

output of the original system mapping. This example further shows the efficiency of M-

PCM-OFFD in evaluating system performance, especially for systems of a large number of

uncertain parameters.

3.4.3. Comparison Studies

In this section, we compare the performance of M-PCM-OFFD with some existing

approaches reviewed in Chapter 3.1, including M-PCM, SRSM [137], PCE-MCR[319], PCE-

SG [117,118,188], and UDR[163,233,342].

Consider a 6-parameter system of the mapping:

(39)

g(x1, x2, ..., x6) = 1.5+x5−0.5x2
1−2x3

6+5x3
1x2+4x2

2x
3
4+3x2

5x
2
6+2x3x

2
5+0.5x2

1x
2
2x

3
5−0.5x2x

2
3x4

where all uncertain parameters xi follow either the normal distribution N(1, 0.5) or the uni-

form distribution U(0, 1). We aim to accurately estimate the mean output E[g(x1, x2, ..., x6)]

by running only a small number of simulations. Note that the original system mapping

g(x1, x2, ..., x6) is treated as a black box, with only inputs and outputs accessible. Table

3.1 summarizes the estimation results obtained using each uncertainty evaluation approach.

The results are also compared to the true mean output E[g(x1, x2, ..., x6)] obtained through

integration based on the knowledge of g(x1, x2, ..., x6).
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The M-PCM accurately estimates the mean output with ni = 2 for i ∈ {1, 2, ..., 6},
as proved in Theorem 2.7. The number of simulations is 26 = 64.

The M-PCM-OFFD also approximates the mean output accurately by setting the

cross-product power τ = 3. In this case, the M-PCM-OFFD is equivalent to M-PCM as

τ = 3 >
⌈

6
2

⌉
− 1 (see Step 1 of Algorithm 5) and no further reduction can be achieved by

OFFDs. If we set τ = 2, a 26−1
V I OFFD can be applied to reduce the number of simulations

to 32. Furthermore, if we set τ = 1, a 26−3
V OFFD can be used to further reduce the

number of simulations to 8. In these two latter cases, despite that τ is smaller than what is

needed to guarantee estimation correctness, the simulations still show excellent mean-output

estimation performance. This further demonstrates the power of M-PCM-OFFD.

For PCE-based approaches including SRSM, PCE-MCR and PCE-SG, transforma-

tions are needed to first represent uncertain parameters as standard Gaussian random vari-

ables. In this study, we can convert the uncertain parameters to standard Gaussian random

variables αi of the distribution N(0, 1) using the following equations [137]:

(40) xi =


1 + 0.5αi if xi follows N(1, 0.5)

1
2

+ 1
2
erf

(
αi√

2

)
if xi follows U(0, 1)

where erf(x) is defined as erf(x) = 2√
π

∫ x
0
e−t

2
dt. Then PCEs of order 3 have cross-terms

containing up to 3 parameters to approximate the original mapping. We also try lower-order

PCEs for the comparison purpose. In our study of SRSM, a set of simulation points with

size twice the number of PCE coefficients is selected, if enough points are available. The

simulations show that the performance of SRSM decays significantly with the decrease of

PCE order. When the applied PCE has an order of 3, the SRSM often fails to calculate the

mean output, as it randomly selects simulation points when no more points can be further

eliminated after filtering.

For PCE-MCR, different formulas of MCR can be used, which lead to different num-

bers of simulations. We here follow the simulation studies conducted in [319], and evaluate

two formulas of MCR: 1) Formula I for PCE of order 2, and 2) Formula IV for PCE of order
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3. The simulations imply that the PCE-MCR has a relatively better performance compared

to SRSM, but cannot guarantee accuracy of the estimated mean output.

The PCE-SG provides a systematic procedure to generate a set of quadrature points

to estimate each individual mapping coefficient. As the mean output of a PCE mapping

equals the coefficient associated with the constant term, the accuracy level of the applied SG

determines the accuracy of the mean output estimation, rather than the order of the PCE.

Note that an SG of accuracy level n can correctly estimate the integral of a polynomial

with the total order 2n− 1. In this example, as the total order of the system mapping is 7,

the SG of accuracy level n = 4 is capable of correctly estimating the mean output. In the

simulation, we apply the SG with Gauss-Hermit quadrature rules [117, 118] and vary the

accuracy level of the applied SG when the order of PCE is set to 3. The simulation shows

that PCE-SG has good estimation performance, but requires many more simulation points

compared to M-PCM-OFFD. The estimation performance decays with the decrease of the

accuracy level n. Furthermore, we vary the order of PCE and verify the conclusion that the

order of PCE does not have an impact on the estimation accuracy.

For UDR, the idea to calculate system mean output is to obtain the mean output

of each univariate function constructed for each uncertain parameter. For fair comparison

with M-PCM-OFFD, we here follow the procedures in Chapter 2.5.1 (with m = 1) to select

simulation points, construct the univariate functions, and calculate the mean outputs. Note

that n simulation points can accurately approximate the mean output of a univariate function

of order up to 2n−1. Therefore, in this example, 2 simulation points are enough to accurately

approximate a univariate function with the highest order up to 3. For verification, we also

test the performance of UDR when more simulation points are used to construct higher

order univariate functions. The simulations show that this approach does not perform well

no matter how many points are used, as it ignores all cross-terms. In addition, the constant

mean output estimated for all three cases verifies our conclusion on the number of simulation

points that are sufficient for the mean output estimation.

Overall, among all these uncertainty evaluation approaches, the M-PCM-OFFD per-
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Table 3.1. Comparison Results

xi follows N(1, 0.5) xi follows U(0, 1)
N

Value Error Value Error

True Mean Output 23.8047 * 2.9306 * *

M-PCM 23.8047 0 2.9306 0 64

M-PCM-
Cross-product power τ = 3 23.8047 0 2.9306 0 64

Cross-product power τ = 2 23.8047 0 2.9306 0 32

OFFD Cross-product power τ = 1 23.8047 0 2.9306 0 8

SRSM

PCE of order 3 NaN NaN NaN NaN 168

PCE of order 2 24.2423 0.4376 3.0972 0.1666 56

PCE of order 1 15.3269 8.4778 2.5570 0.3736 13

PCE-MCR
Formular IV, PCE of order 3 23.5210 0.2867 2.8771 0.0535 137

Formula I, PCE of order 2 23.8047 0 3.1500 0.2194 44

PCE-SG

Level n = 4, PCE of order 3 23.8047 0 2.9170 0.0136 389

Level n = 3, PCE of order 3 23.7813 0.0234 2.9302 0.0004 85

Level n = 2, PCE of order 3 22.6250 1.1797 3.0206 0.0900 13

UDR

4 points for each parameter 22.6250 1.1797 2.8646 0.066 25

3 points for each parameter 22.6250 1.1797 2.8646 0.066 19

2 points for each parameter 22.6250 1.1797 2.8646 0.066 13

forms the best in estimating the system mean output in this example. It also requires fewer

simulation points than all other approaches. Compared to PCE-based approaches, The UDR

generally requires fewer simulations, but it does not perform well when interaction effects

are not negligible. We also compare estimation errors for methods of similar number of

simulations. In particular, we select M-PCM-OFFD of τ = 1, SRSM when the PCE is of

order 1, UDR with 2 points selected for each parameter, and PCE-SG with accuracy level

n = 2. As we can see from Table 3.1, the M-PCM-OFFD performs the best, while SRSM

produces the largest error.

3.5. Discussions

In this section, we discuss enhancement of the M-PCM-OFFD method by exploring

higher-level OFFDs.
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3.5.1. Exploring Higher-level OFFDs

Currently, the M-PCM-OFFD uses the 2-level OFFDs to further reduce the number

of simulations from M-PCM. The 2-level OFFD constraints the degrees of uncertain input

parameters in the original mapping to at most 3. To generalize the degree of input parameters

and broaden the applications of M-PCM-OFFD, we may apply higher-level OFFDs. We

leave the detailed development to the future work, but briefly discuss the potential along

this direction.

Studies on 3- and mixed-level OFFDs can be found in the literature [13,44,56,202,

257], which are used when parameters, such as the qualitative parameters (e.g., types of

machines), have three or more levels. 3- and mixed-level OFFDs are also suggested when

there is a curvilinear relation between the output and quantitative parameters (e.g., weather

intensity). The basic idea of 3-level OFFDs is similar to that of 2-level OFFDs. By using

0, 1, and 2 to represent the three levels of a parameter, we first generate the 3m−γ full

factorial design, by listing all combinations of m− γ parameters. Then, we use γ generators

to determine the levels for the other γ parameters. For mixed-level OFFDs, we can use

multiple low-level parameters to represent a high-level parameter. For instance, consider a

2- and 4-level mixed OFFD, with one 2-level and one 4-level parameters. Since two 2-level

parameters have four possible combinations, we can use each combination to represent one

level of the 4-level parameter. Therefore, this mix-level design is converted to a 2-level OFFD

with three 2-level parameters.

The 3- and mix-level OFFDs allow us to evaluate a system with higher degrees. In

particular, if the 3-level OFFDs are applied, the degree of each parameter in the original

mapping is allowed to be up to 5. We can also vary the upbounds for the degrees of param-

eters by using mix-level OFFDs. Specifically, if P levels are selected for a parameter, then

its highest degree in the original mapping can be 2P − 1. In our previous studies, we found

that the degree of 5 (P = 3) is typically enough to obtain good estimation performance

[360,362].

There are mainly two issues need to be solved in order to integrate higher-level OFFDs
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with M-PCM. The first issue is whether introducing higher-level OFFDs impairs the mean

output prediction. In order to address this problem, we need to find whether the matrix

L′offd constructed by selected M-PCM-OFFD points (see Step 5 in Algorithm 5) is full-

column-rank, as the coefficients of the system mapping can be computed only under this

condition. The second issue is whether the matrix L′offd constructed by higher-level OFFDs

is the most robust to numerical errors compared with other possible selections. Since many

system simulators have constraints on the resolution of input parameters, the values of input

parameters need to be truncated before simulation. These truncation errors may cause

the constructed matrix L′offd to lose rank, so as to fail the computation of coefficients.

Therefore, we require the matrix L′offd constructed by selected M-PCM points to be robust

to such errors. To solve this problem, we need to prove that simulation subset selected by

higher-level OFFD has the largest full-column-rank margin compared to all other possible

subsets.

3.6. Concluding Remarks and Future Work

We developed an effective uncertainty evaluation method for large-scale complex sys-

tems with a large number of uncertain input parameters. The integrated M-PCM and OFFD

methods significantly reduces the number of simulations, while maintaining the statistical

estimation performance of the M-PCM. Specially, for an original system mapping of m pa-

rameters with each parameter up to the degree of 3, the reduced-order mapping produced

using the integrated M-PCM-OFFD precisely predicts the mean output of the original sys-

tem mapping, and maximally reduces the number of simulations from 22m to 2dlog2(m+1)e. We

also showed that the integrated M-PCM-OFFD algorithm is the most robust to numerical

errors introduced by truncations due to parameter resolutions. This robustness optimality

further justifies the M-PCM-OFFD for practical use. Besides, we also discuss the enhance-

ment of M-PCM-OFFD by exploring higher-level OFFDs. This development allows us to

evaluate systems of higher degrees. The development in this chapter also provided new in-

terpretations for the optimality of OFFDs, and gave rise to broad new usages of OFFDs for

system mapping estimation and uncertainty evaluation applications. In our future work, we
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will generalize the degrees of uncertain input parameters by exploring multi-level OFFDs

and also exploit parameter dependency to further reduce the number of simulations.

3.7. Appendix

3.7.1. Proof of Lemma 3.12

Proof. The proof is constructed following the recursive Gram-Schmidt procedure for QR

decomposition [323], i.e., calculating qi in order for i from 1 to l. We first show the calcu-

lation of qi, for the first m+ 1 columns that contain at most one parameter in L′offd (Part

1), i.e., i ∈ {1, 2, ...,m + 1}. We then calculate qi for columns that contain two parameters

(Part 2), i.e., i ∈ {m+ 2,m+ 3, ...,m+ 1 +
(

2
m

)
} (if l > m+ 1), and finally compute qi for

columns that contain more than two parameters (Part 3), i.e., i ∈
{
m+ 2 +

(
2
m

)
, ..., l

}
(if

l > m+ 1 +
(

2
m

)
).

Part 1:

In this part, we calculate qi for columns that contain only one parameter, i.e., i ∈
{1, 2, ...,m}. Denote the ith column in L′offd as bi ∈ Rloffd×1, and the orthogonal vector

before the normalization of qi as ui ∈ Rloffd×1. We can directly calculate q1 by

u1 = b1 =

[
1 1 · · · 1

]T
= v1(41)

q1 =
u1

‖u1‖
=

1√
loffd

[
1 1 · · · 1

]T
=

1√
loffd

v1(42)

Then we have for i = 2

u2 = b2 − (b2 · q1)q1 = b2 −
[
loffd
21

1√
loffd

(x1(1) + x1(2))

]
1√
loffd

[
1 1 · · · 1

]T
(43)

=
1

2
∆x1v2

q2 =
u2

‖u2‖
=

1√
(1

2
∆x1)2loffd

1

2
∆x1v2 =

1√
loffd

v2(44)

b2 · q1 =
loffd

21
1√
loffd

(x1(1) + x1(2)) because b2 contains
loffd

21
number of x1(1) or x1(2) ac-

cording to the balance property in Lemma 3.4, where 21 is the total number of levels
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for a parameter. Denote the tth element of bi, vi, and ui as bi,t, vi,t and ui,t, respec-

tively, where t = 1, 2, ..., loffd. If b2,t = x1(1), indicating that v2,t = −1, the corresponding

u2,t = x1(1) − 1
2
(x1(1) + x1(2)) = −1

2
∆x1 = 1

2
∆x1v2,t. Similarly, if b2,t = x1(2), indicating

that v2,t = +1, we have u2,t = x1(2) − 1
2
(x1(1) + x1(2)) = +1

2
∆x1 = 1

2
∆x1v2,t. Therefore,

u2 = 1
2
∆x1v2.

Following similar procedures to compute ui and qi, for i ∈ {3, 4, ...,m+ 1}, we have

ui = bi − (bi · qi−1)qi−1 − · · · − (bi · q2)q2 − (bi · q1)q1(45)

= bi − (bi · qi−1)qi−1 − · · · − (bi · q2)q2 −
loffd
21

1√
loffd

(xi−1(1) + xi−1(2))

bi · q1 = b2 · q1 =
loffd

21
1√
loffd

(x1(1) + x1(2)). Now we calculate bi · qj for j ∈ {2, 3, ..., i− 1}.
As xi−1(1) = 1

2
(xi−1(1) + xi−1(2)) + (−1)1

2
(xi−1(2)− xi−1(1)), and xi−1(2) = 1

2
(xi−1(1) + xi−1(2)) +

(+1)1
2
(xi−1(2) − xi−1(1)), bi can be expressed as

(46) bi =
1

2
(xi−1(1) + xi−1(2))v1 +

1

2
(xi−1(2) − xi−1(1))vi

According to Lemma 3.11, vi · vj = 0 for any i 6= j, i, j = {1, 2, ..., l}. Hence,

bi · qj =

[
1

2
(xi−1(1) + xi−1(2))v1 +

1

2
(xi−1(2) − xi−1(1))vi

]
1√
loffd

vj(47)

=
1

2
√
loffd

(xi−1(1) + xi−1(2))v1 · vj +
1

2
√
loffd

(xi−1(2) − xi−1(1))vi · vj = 0.

Equations 45, 46, and 47 lead to

ui = bi − 0qi−1 − · · · − 0q2 −
loffd
21

1√
lffd

(xi−1(1) + xi−1(2))q1 =
1

2
∆xi−1vi(48)

qi =
ui
‖ui‖

=
1√

(1
2
∆xi−1)2loffd

1

2
∆xi−1vi =

1√
loffd

vi(49)

Part 2:

We now calculate ui and qi for columns that contain two parameters, i.e., i ∈ {m +

2,m+3, ...,m+1+
(

2
m

)
}. We first show the calculation of um+2 and qm+2 in detail, and then

show general results by following similar procedures. We note that the (m+ 2)th column of
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L′offd contains two parameters x1 and x2. To compute um+2, we have

(50) um+2 = bm+2− (bm+2 ·qm+1)qm+1−· · ·− (bm+2 ·q3)q3− (bm+2 ·q2)q2− (bm+2 ·q1)q1

We now calculate each term in the above equation. It’s easy to obtain

(bm+2 · q1)q1 =

[
1√
loffd

loffd
22

(x1(1) + x1(2))(x2(1) + x2(2))

]
q1(51)

=
1

22

∏
k∈Sm+2

(xk(1) + xk(2))v1

(bm+2 · q2)q2 =

[
loffd
22

(x1(1)x2(1) + x1(1)x2(2))(−
1√
loffd

)+

loffd
22

(x1(2)x2(1) + x1(2)x2(2))
1√
loffd

]
q2

=

√
loffd

22
∆x1(x2(1) + x2(2))

1√
loffd

v2 =
1

22
∆x1(x2(1) + x2(2))v2

(bm+2 · q3)q3 =

[
loffd
22

(x1(1)x2(1) + x1(2)x2(1))(−
1√
loffd

)+

loffd
22

(x1(1)x2(2) + x1(2)x2(2))
1√
loffd

]
q3

=

√
loffd

22
∆x2(x1(1) + x1(2))

1√
loffd

v3 =
1

22
∆x2(x1(1) + x1(2))v3

For other terms (bm+2 · qj)qj, where j = {4, 5, ...,m+ 1} in Equation 50, we have

bm+2 · qj = (b2 ◦ b3) · qj

=

[
1

2
(x1(1) + x1(2))v1 +

1

2
(x1(2) − x1(1))v2

]
◦[

1

2
(x2(1) + x2(2))v1 +

1

2
(x2(2) − x2(1))v3

]
vj√
loffd

=

[
1

4
(x1(1) + x1(2))(x2(1) + x2(2))v1 ◦ v1 +

1

4
(x1(2) − x1(1))(x2(1) + x2(2))v2 ◦ v1

+
1

4
(x1(1) + x1(2))(x2(2) − x2(1))v1 ◦ v3+

1

4
(x1(2) − x1(1))(x2(2) − x2(1))v2 ◦ v3

]
vj√
loffd
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=

[
1

4
(x1(1) + x1(2))(x2(1) + x2(2))v1 +

1

4
(x1(2) − x1(1))(x2(1) + x2(2))v2

+
1

4
(x1(1) + x1(2))(x2(2) − x2(1))v3+

1

4
(x1(2) − x1(1))(x2(2) − x2(1))vm+2

]
vj√
loffd

=
1

4
√
loffd

(x1(1) + x1(2))(x2(1) + x2(2))v1 · vj +

1

4
√
loffd

(x1(2) − x1(1))(x2(1) + x2(2))v2 · vj +

1

4
√
loffd

(x1(1) + x1(2))(x2(2) − x2(1))v3 · vj +

1

4
√
loffd

(x1(2) − x1(1))(x2(2) − x2(1))vm+2 · vj

= 0(52)

As such,

um+2 = bm+2 − 0qm+1 − · · · − 0q4 −
1

22
∆x2(x1(1) + x1(2))v3 −

1

22
∆x1(x2(1) + x2(2))v2

− 1

22

∏
k∈Sm+2

(xk(1) + xk(2))v1

= bm+2 −
1

4
∆x2(x1(1) + x1(2))v3 −

1

4
∆x1(x2(1) + x2(2))v2 −

1

4

∏
k∈Sm+2

(xk(1) + xk(2))v1(53)

Note that the tth element of um+2 is

um+2,t =
1

4

[
4bm+2,t − (x2(2) − x2(1))(x1(1) + x1(2))v3,t − (x1(2) − x1(1))(x2(1) + x2(2))v2,t

−(x1(1) + x1(2))(x2(1) + x2(2))1

]
(54)

We here define a function f(r) which equals to −1 if r = 1, and 1 if r = 2. Simple algebra

lead to

um+2,t =
1

4

[
4bm+2,t −

2∑
r1=1

2∑
r2=1

(f(r1)v2,t + f(r2)v3,t + 1)x1(r1)x2(r2)

]

=
1

4

{
4bm+2,t −

2∑
r1=1

2∑
r2=1

[(f(r1)v2,t + 1) (f(r2)v3,t + 1)
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−f(r1)f(r2)v2,tv3(t)]x1(r1)x2(r2)

}
(55)

Note that x1(r1)x2(r2) takes four combinations, one of which equals to bm+2,t when f(r1) = v2,t

and f(r2) = v3,t. In this case, (f(r1)v2,t + 1)(f(r2)v3,t + 1)− f(r1)f(r2)v2,tv3,t = 22 − 1 = 3.

In other three cases, there exists a f(ri) 6= vi+1,t, leading to (f(r1)v2,t + 1)(f(r2)v3,t +

1) − f(r1)f(r2)v2,tv3,t = −f(r1)f(r2)v2,tv3,t = ±1. Based on these observations, we further

simplify Equation 55 to

um+2,t =


1
4
(x1(1)x2(1) + x1(2)x2(2) − x1(1)x2(2) − x1(2)x2(1)) = 1

4
∆x1∆x2 if v2,tv3,t = 1

−1
4
(x1(1)x2(1) + x1(2)x2(2) − x1(1)x2(2) − x1(2)x2(1)) = −1

4
∆x1∆x2 if v2,tv3,t = −1

=
1

4
∆x1∆x2vm+2,t(t)(56)

Therefore,

um+2 =
1

4
∆x1∆x2vm+2(57)

qm+2 =
um+2

‖um+2‖
=

1√
(1

4
∆x1∆x2)2loffd

1

4
∆x1∆x2vm+2 =

1√
loffd

vm+2(58)

Similarly, for ui and qi, i ∈ {m+ 3, ...,m+ 1 +
(

2
m

)
}, we obtain

ui =
1

4

∏
k∈Si

∆xkvi(59)

qi =
ui
‖ui‖

=
1√
loffd

vi(60)

where Si contains two indices of input parameters in bi.

Part 3:

Next, let us compute ui and qi for columns of L′offd that contain more than two

parameters, i.e., i ∈
{
m+ 2 +

(
2
m

)
, ..., l

}
, if l > m + 1 +

(
2
m

)
, by following the same

procedures. We now compute each term in the following equation

(61) ui = bi − (bi · qi−1)qi−1 − · · · − (bi · q1)q1
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We can easily calculate the last term as follows,

(62) (bi · q1)q1 =
1√
loffd

loffd
2ξi

∏
k∈Si

(xk(1) + xk(2))
1√
loffd

v1 =
1

2ξi

∏
k∈Si

(xk(1) + xk(2))v1

For terms (bi ·qj)qj, with j < i and Sj 6⊂ Si, indicating that there are some input parameters

in the jth column that do not appear in the ith column of L′offd, we have

bi · qj =

(∏̊
k∈Si

bk

)
· qj

=

{∏̊
k∈Si

[
1

2
(xk(1) + xk(2))v1 +

1

2
(xk(2) − xk(1))vk+1

]}
vj√
loffd

=

[∏̊
k∈Si

1

2
(xk(1) + xk(2))v1

]
vj√
loffd

+ · · ·+
[∏̊

k∈Si

1

2
(xk(2) − xk(1))vk+1

]
vj√
loffd

(63)

Finally, each term in Equation 63 can be simplified to the form of Cvr · vj, where C is an

arbitrary constant, and vr =
∏̊

k∈Ssvk, Ss ⊆ Si. Since Sj 6⊂ Si, we have r 6= j, and thus

vr · vj = 0 according to Lemma 3.11. Therefore, Equation 63 equals to 0.

For terms (bi · qj)qj, with Sj ⊂ Si, indicating that all input parameters in the jth

column also appear in the ith column of L′offd, we have

(bi · qj)qj =

 loffd
2ξj2ξi−ξj

1√
loffd

∏
k∈Sj

(xk(2) − xk(1))
∏

r∈Si−Sj

(xr(1) + xr(2))

qj

=

√loffd

2ξi

∏
k∈Sj

∆xk
∏

r∈Si−Sj

(xr(1) + xr(2))

 1√
loffd

vj

=
1

2ξi

∏
k∈Sj

∆xk
∏

r∈Si−Sj

(xr(1) + xr(2))vj(64)

Therefore,

(65) ui = bi −
∑

j s.t. Sj⊂Si

 1

2ξi

∏
k∈Sj

∆xk
∏

r∈Si−Sj

(xr(1) + xr(2))vj

− 1

2ξi

∏
k∈Si

(xk(1) + xk(2))v1

The tth element of ui is

ui,t = bi,t −
∑

j s.t. Sj⊂Si

 1

2ξi

∏
k∈Sj

∆xk
∏

r∈Si−Sj

(xr(1) + xr(2))vj,t

− 1

2ξi

∏
k∈Si

(xk(1) + xk(2))v1,t
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=
1

2ξi

2ξibi,t −
∑

j s.t. Sj⊂Si

∏
k∈Sj

∆xk
∏

r∈Si−Sj

(xr(1) + xr(2))vj,t

−∏
k∈Si

(xk(1) + xk(2))1


=

1

2ξi

2ξibi,t −
2∑

rSi(1)=1

· · ·
2∑

rSi(ξi)=1

 ∑
j s.t. Sj⊂Si

∏
k∈Sj

f(rk)vk+1,t + 1

∏
k∈Si

xk(rk)


=

1

2ξi

2ξibi,t −
2∑

rSi(1)=1

· · ·
2∑

rSi(ξi)=1

[∏
k∈Si

(f(rk)vk+1,t + 1)−
∏
k∈Si

f(rk)vk+1,t

] ∏
k∈Si

xk(rk)

(66)

Note that if
∏

k∈Si xk(rk) = bi,t, f(rk) = vk+1,t, leading to
∏

k∈Si (f(rk)vk+1,t + 1)−∏
k∈Si f(rk)vk+1,t = 2ξi − 1. Otherwise,

∏
k∈Si (f(rk)vk+1,t + 1)−∏k∈Si f(rk)vk+1,t =

−∏k∈Si f(rk)vk+1,t = ±1. Then we can further simplify Equation 66 to

ui,t =


1

2ξi

∏
k∈Si ∆xk if

∏
k∈Si vk+1,t = 1

− 1
2ξi

∏
k∈Si ∆xk if

∏
k∈Si vk+1,t = −1

=
1

2ξi

∏
k∈Si

∆xkvi,t(67)

Therefore,

ui =
1

2ξi

∏
k∈Si

∆xkvi(68)

qi =
ui
‖ui‖

=
1√
loffd

vi(69)

Based on the above results, we can now represent Q as

(70) Q =

[
q1 q2 q3 · · · ql

]
=

1√
loffd

V
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To calculate U , we have

U =



b1 · q1 ∗ · · · ∗ · · · ∗

0 b2 · q2 · · · ∗ · · · ∗
...

...
. . .

...
. . .

...

0 0 · · · bi · qi · · · ∗
...

...
. . .

...
. . .

...

0 0 · · · 0 · · · bl · ql



(71)

=



√
loffd ∗ · · · ∗ · · · ∗

0

√
loffd

21
∆x1 · · · ∗ · · · ∗

...
...

. . .
...

. . .
...

0 0 · · ·
√
loffd

2ξi

∏
k∈Si ∆xk · · · ∗

...
...

. . .
...

. . .
...

0 0 · · · 0 · · ·
√
loffd

2τ

∏
k∈Sl ∆xk


with the (i, i)th entry represented as

(72) Ui,i =


√
loffd if i = 1
√
loffd

2ξi

∏
k∈Si ∆xk if i 6= 1

The proof is now complete.

�

3.7.2. Proof of Lemma 3.18

Proof. To prove Lemma 3.18, we first construct ‖e‖F and then find its minimum to make

L′offd lose rank. Note that the L′offd+e matrix has the same structure as that of L′offd, with
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its ith column
∏

k∈Si x̂k =
∏

k∈Si(xk + exk). Simple algebra leads to

‖e‖F =

√√√√ loffd
2

m∑
k=1

2∑
rk=1

e2
xk(rk)

+
loffd
22

{
2∑

r1=1

2∑
r2=1

[
(ex1(r1) + x1(r1))(ex2(r2) + x2(r2))− x1(r1)x2(r2)

]2
}

+ · · ·+ loffd
2τ


2∑

r1=1

· · ·
2∑

rτ=1

[
τ∏
k=1

(exk(rk)
+ xk(rk))−

τ∏
k=1

xk(rk)

]2

+ · · ·

(73)

Similar to the proof of Lemma 3.15, we perform a QR decomposition on L′offd + e, and

L′offd + e loses rank if and only if at least one of ∆x̂i = 0, i ∈ A. We assume WLOG

∆x̂1 = 0, and thus ex1(1) + x1(1) = ex1(2) + x1(2), and ex1(1) = ex1(2) + ∆x1. In this case, to find

the minimum ‖e‖F for L′offd to lose rank, we show that the minimum of each error summation

term corresponding to each column of L′+e in Equation 73 and hence the minimum of ‖e‖F
is achieved when ex1(1) = 1

2
∆x1, ex1(2) = −1

2
∆x1, and exj(1) = exj(2) = 0 for all j 6= 1, j ∈ A.

First, for columns of L′ + e that contain only one input parameter, we have

(74)
m∑
k=1

2∑
rk=1

e2
xk(rk)

≥
2∑

r1=1

e2
x1(r1)

≥ ∆x2
1

2
.

The minimum value is achieved when ex1(1) = 1
2
∆x1, ex1(2) = −1

2
∆x1, and exj(1) = exj(2) = 0

for all j 6= 1, j ∈ A.

Next, for columns that contain two input parameters (τ ≥ 2), we consider two cases.

In the first case, the column does not contain the input parameter x1. The minimum of

corresponding error summation term is achieved when no error is introduced. That is,

2∑
ri=1

2∑
rj=1

[
(exi(ri) + xi(ri))(exj(rj) + xj(rj))− xi(ri)xj(rj)

]2

≥ 0(75)

where i, j 6= 1, and the minimum is achieved when exi(1) = exi(2) = exj(1) = exj(2) = 0. For

columns that contain input parameter x1, we have

2∑
r1=1

2∑
ri=1

[
(ex1(r1) + x1(r1))(exi(ri) + xi(ri))− x1(r1)xi(ri)

]2

(76)

=
[
(ex1(1) + x1(1))(exi(1) + xi(1))− x1(1)xi(1)

]2

+
[
(ex1(2) + x1(2))(exi(1) + xi(1))− x1(2)xi(1)

]2

+
[
(ex1(1) + x1(1))(exi(2) + xi(2))− x1(1)xi(2)

]2

+
[
(ex1(2) + x1(2))(exi(2) + xi(2))− x1(2)xi(2)

]2
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= 2

[
(ex1(1) + x1(1))(exi(1) + xi(1))−

1

2
(x1(1) + x1(2))xi(1)

]2

+
1

2
x2
i(1)∆x

2
1

+2

[
(ex1(1) + x1(1))(exi(2) + xi(2))−

1

2
(x1(1) + x1(2))xi(2)

]2

+
1

2
x2
i(2)∆x

2
1

≥ 1

2
∆x2

1(x2
i(1) + x2

i(2)) =
1

2
∆x2

1

∏
a∈A1,1,i−1

(x2
a(1) + x2

a(2))(77)

where A1,1,i−1 = {i}. The minimum value can be achieved when ex1(1) = 1
2
∆x1, ex1(2) =

−1
2
∆x1, and exi(1) = exi(2) = 0, where i 6= 1, i ∈ A.

For terms that contain s number of input parameters, s ∈ {3, · · · , τ} (τ ≥ 3), the

same conclusion can be obtained by following similar procedures. In particular, for columns

that do not contain x1, it is clear that the minimum of error summation is 0, which is achieved

when no error is introduced. For columns that contain x1, the minimum of error summation

is achieved when input parameters except x1 in this column is free of error. We here show

the calculation for the column that contains input parameters {x1, x2, · · · , xs} WLOG.

2∑
r1=1

· · ·
2∑

rs=1

[
s∏

k=1

(exk(rk) + xk(rk))−
s∏

k=1

xk(rk)

]2

= 2(ex1(1) + x1(1))
2(ex2(1) + x2(1))

2

s∏
k=3

[
2∑

rk=1

(exk(rk) + xk(rk))
2

]

−2(ex1(1) + x1(1))(ex2(1) + x2(1))(x1(1) + x1(2))x2(1)

s∏
k=3

[
2∑

rk=1

xk(rk)(exk(rk) + xk(rk))

]

+(x2
1(1) + x2

1(2))x
2
2(1)

s∏
k=3

(x2
k(1) + x2

k(2))

+2(ex1(1) + x1(1))
2(ex2(2) + x2(2))

2

s∏
k=3

[
2∑

rk=1

(exk(rk) + xk(rk))
2

]

−2(ex1(1) + x1(1))(ex2(2) + x2(2))(x1(1) + x1(2))x2(2)

s∏
k=3

[
2∑

rk=1

xk(rk)(exk(rk) + xk(rk))

]

+(x2
1(1) + x2

1(2))x
2
2(2)

s∏
k=3

(x2
k(1) + x2

k(2))

= 2
s∏

k=3

[
2∑

rk=1

(exk(rk) + xk(rk))
2

]{
(ex1(1) + x1(1))(ex2(1) + x2(1))
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−1

2
x2(1)(x1(1) + x1(2))

∏s
k=3

[∑2
rk=1 xk(rk)(exk(rk) + xk(rk))

]
∏s

k=3

[∑2
rk=1(exk(rk) + xk(rk))2

]


2

−1

2
x2

2(1)(x1(1) + x1(2))
2

∏s
k=3

[∑2
rk=1 xk(rk)(exk(rk) + xk(rk))

]2

∏s
k=3

[∑2
rk=1(exk(rk) + xk(rk))2

]
+(x2

1(1) + x2
1(2))x

2
2(1)

s∏
k=3

2∑
rk=1

x2
k(rk) + · · ·

≥ (x2
2(1) + x2

2(2))

{
(x2

1(1) + x2
1(2))

s∏
k=3

2∑
rk=1

x2
k(rk)

−1

2
(x1(1) + x1(2))

2

∏s
k=3

[∑2
rk=1 xk(rk)(exk(rk) + xk(rk))

]2

∏s
k=3

[∑2
rk=1(exk(rk) + xk(rk))2

]


(78)

By using the Gauchy-Schwarz Inequality, we have

(x2
2(1) + x2

2(2))

{
(x2

1(1) + x2
1(2))

s∏
k=3

2∑
rk=1

x2
k(rk)

−1

2
(x1(1) + x1(2))

2

∏s
k=3

[∑2
rk=1 xk(rk)(exk(rk) + xk(rk))

]2

∏s
k=3

[∑2
rk=1(exk(rk) + xk(rk))2

]


≥ (x2
2(1) + x2

2(2))

{
(x2

1(1) + x2
1(2))

s∏
k=3

2∑
rk=1

x2
k(rk)

−1

2
(x1(1) + x1(2))

2

∏s
k=3

(∑2
rk=1 x

2
k(rk)

)∏s
k=3

[∑2
rk=1(exk(rk) + xk(rk))

2
]

∏s
k=3

[∑2
rk=1(exk(rk) + xk(rk))2

]


= (x2
2(1) + x2

2(2))
s∏

k=3

2∑
rk=1

x2
k(rk)

[
(x2

1(1) + x2
1(2))−

1

2
(x1(1) + x1(2))

2

]

=
1

2
∆x2

1

s∏
k=2

(x2
k(1) + x2

k(2)) =
1

2
∆x2

1

∏
a∈A1,s−1,1

(x2
a(1) + x2

a(2))(79)

where A1,s−1,1 = {2, ..., s}. The minimum value is achieved when ex1(1) = 1
2
∆x1, ex1(2) =

−1
2
∆x1, and exj(1) = exj(2) = 0 for all j ∈ {2, · · · , s}. Based on all above analyses, we see
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that the minimum value of each error summation term in Equation 73 in the case of ∆x̂1 = 0

is achieved at the same condition, i.e., ex1(1) = 1
2
∆x1, ex1(2) = −1

2
∆x1, and exj(1) = exj(2) = 0

for all j 6= 1, j ∈ A. Therefore, we have

‖e‖F ≥
√
loffd

2
∆x1

√√√√√1 +
τ−1∑
i=1

[ 1

2i

(
i

m−1

)∑
j=1

∏
a∈A1,i,j

(x2
a(1) + x2

a(2))
]

(80)

when ∆x̂1 = 0. Similarly, we can obtain

‖e‖F ≥
√
loffd

2
∆xk

√√√√√1 +
τ−1∑
i=1

[ 1

2i

(
i

m−1

)∑
j=1

∏
a∈Ak,i,j

(x2
a(1) + x2

a(2))
]

(81)

when ∆x̂k = 0. The minimum is achieved when exk(1) = 1
2
∆xk, exk(2) = −1

2
∆xk, and

exj(1) = exj(2) = 0 for all j 6= k, j ∈ A. The result naturally follows, similar to the proof of

the first part for Theorem 3.17. The proof is complete now.

�

3.7.3. Proof of Theorem 3.19

Proof. To prove that D(L′) ≤ D(L′offd), it suffices to show the existence of a perturbation

matrix e which will make L′+ e lose rank and has a norm smaller than or equal to D(L′offd).

To find such a perturbation matrix, we first study the structure of L′. Note that L′ matrix

can be partitioned into two matrices

(82) L′ =

[
L′1 L′2

]
where L′1 ∈ Rloffd×(m+1) contains the first m + 1 columns, each of which has at most one

input parameter. Applying the elementary row transformation in Algorithm 6 to the first

m + 1 columns of L′, we can transform L′1 to an upper triangular form, with its (k + 1)th

diagonal entry λk+1,k+1∆xk, where λ ∈ Z and k ∈ A. Clearly, any λk+1,k+1 = 0 or ∆xk will

lead to D(L′) = 0.

Now let us study some forms of perturbation matrices e for L′ + e to lose rank. The

case that L′ is not full rank is trivial, as D(L′) = 0. When L′ is full rank, L′ + e will lose
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rank if there exists any ∆x̂i = 0. Assuming WLOG that ∆x̂1 = 0, exj(1) = exj(2) = 0, for all

j 6= 1, j ∈ A, let us calculate ‖e‖F . Clearly, ex1(1) = ex1(2) + ∆x1, and

‖e‖F =

√√√√c1e2
x1(1)

+ (loffd − c1)e2
x1(2)

+
m∑
k=2

{[
dk(1)x2

k(1) + (c1 − dk(1))x2
k(2)

]
e2
x1(1)

+
[
dk(2)x2

k(1) + (loffd − c1 − dk(2))x2
k(2)

]
e2
x1(2)

}
+ · · ·

=

√√√√(ex1(2) + ∆x1)2

{
c1 +

m∑
k=2

[
dk(1)x2

k(1) + (c1 − dk(1))x2
k(2)

]
+ · · ·

}

+e2
x1(2)

{
(loffd − c1) +

m∑
k=2

[
dk(2)x2

k(1) + (loffd − c1 − dk(2))x2
k(2)

]
+ · · ·

}

=

√√√√e2
x1(2)

{
loffd +

m∑
k=2

[
(dk(1) + dk(2))x2

k(1) + (loffd − dk(1) − dk(2))x2
k(2)

]
+ · · ·

}

+(2ex1(2)∆x1 + ∆x2
1)

{
c1 +

m∑
k=2

[
dk(1)x

2
k(1) + (c1 − dk(1))x2

k(2)

]
+ · · ·

}

where dk(1) and dk(2) are the numbers of xk(1)x1(1) and xk(1)x1(2) respectively in the column

that corresponds to xkx1 in L′. For simplicity, we denote loffd +
∑m

k=2

[
(dk(1) + dk(2))x

2
k(1)

+(loffd − dk(1) − dk(2))x
2
k(2)

]
+· · · asB1,1, and c1+

∑m
k=2

[
dk(1)x

2
k(1) + (c1 − dk(1))x

2
k(2)

]
+· · · as

B1,2, B1,1, B1,2 > 0. Note thatB1,1−B1,2 = (loffd−c1)+
∑m

k=2

[
dk(2)x

2
k(1) + (loffd − c1 − dk(2))x

2
k(2)

]
+ · · · > 0. Then,

‖e‖F =
√
e2
x1(2)

B1,1 + (2ex1(2)∆x1 + ∆x2
1)B1,2

=

√
B1,1

(
ex1(2) +

B1,2

B1,1

∆x1

)2

+ ∆x2
1

(
B1,2 −

B2
1,2

B1,1

)

=

√
B1,1

(
ex1(2) +

B1,2

B1,1

∆x1

)2

+ ∆x2
1

(
B1,2(B1,1 −B1,2)

B1,1

)
≥ ∆x1

√
B1,2(B1,1 −B1,2)

B1,1

The equality holds when ex1(1) = B1,1−B1,2

B1,1
∆x1 and ex1(2) = −B1,2

B1,1
∆x1. Note that

∆x1

√
B1,2(B1,1−B1,2)

B1,1
= ∆x1

√
− 1
B1,1

(B1,2 − B1,1

2
)2 + B1,1

4
≤ ∆x1

√
B1,1

2
, and the equality holds
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when B1,2 = B1,1

2
, indicating that

B1,1 = loffd +
loffd

2

m∑
k=2

(x2
k(1) + x2

k(2)) + · · ·+ loffd
2τ−1

[
τ∏
k=2

(x2
k(1) + x2

k(2)) + · · ·
]

= loffd +
loffd

2

(
1

m−1

)∑
j=1

∏
a∈A1,1,j

(x2
a(1) + x2

a(2)) + · · ·+ loffd
2τ−1

(
τ−1
m−1

)∑
j=1

∏
a∈A1,τ−1,j

(x2
a(1) + x2

a(2))

= loffd + loffd

τ−1∑
i=1

[ 1

2i

(
i

m−1

)∑
j=1

∏
a∈A1,i,j

(x2
a(1) + x2

a(2))
]
,(83)

Therefore,

(84) ∆x1

√
B1,2(B1,1 −B1,2)

B1,1

≤
√
loffd

2
∆x1

√√√√√1 +
τ−1∑
i=1

[ 1

2i

(
i

m−1

)∑
j=1

∏
a∈A1,i,j

(x2
a(1) + x2

a(2))
]

In cases when ∆x̂k = 0, k 6= 1, we define Bk,1 and Bk,2 in a similar way as B1,1 and B1,2.

Then similar results can be obtained, which lead to

D(L′) ≤ min

{
∆xk

√
Bk,2(Bk,1 −Bk,2)

Bk,1

}

≤
√
loffd

2
min

∆xk

√√√√√1 +
τ−1∑
i=1

[ 1

2i

(
i

m−1

)∑
j=1

∏
a∈Ak,i,j

(x2
a(1) + x2

a(2))
] , k ∈ A

= D(L′offd)(85)

The equality is achieved by an OFFD. The proof is now complete.

�
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CHAPTER 4

STOCHASTIC OPTIMAL CONTROL BASED ON SCALABLE MULTI-DIMENSIONAL

UNCERTAINTY EVALUATION

Managing large-scale dynamical systems requires the design of optimal solutions to be

robust to uncertainties, which modulate system dynamics and complicate system analysis,

design and control. To achieve real-time management, highly-efficient tools are needed to

quickly solve these stochastic optimal control problems. In this chapter, we focus on reducing

the computational costs introduced by searching through the uncertain space. In particular,

we apply M-PCM (introduced in Chapter 2) and M-PCM-OFFD (introduced in Chapter

3) to break the curse of dimensionality. We explore the capabilities of M-PCM and M-

PCM-OFFD stochastic optimal controls for three cases with increasing complexity levels.

The analyses and simulation results illustrate the efficiency and consistency of these two

approaches.

4.1. Introduction

Large-scale dynamical systems, such as complex information systems, power net-

works, and air traffic systems are featured by complex dynamics and large-scale state space.

Managing such systems is very challenging, considering their complicated dynamics, the

modulation of high-dimensional uncertainties, and the real-time requirement. Innovative

techniques are needed to quickly design optimal control strategies that are robust to high-

dimensional uncertainties.

Stochastic optimal control has been widely studied in the literature to deal with op-

timal control problems in the presence of uncertainties (e.g. [27, 145, 168, 232]). For a

continuous-time system, uncertainties are typically modeled as Wiener processes, and sto-

chastic Hamilton-Jacobi-Bellman Equation (HJBE) can be applied to find a solution [145].

This method requires knowledge of the system model, and the cost-to-go function to be

smooth. As HJBE is a partial differential equation, solving it is computationally expensive.

Alternatively, we can solve the problem in the discrete time domain, using dynamic program-
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ming approaches, e.g., based on the Bellman optimality equation [145]. In this chapter, we

focus on the discrete-time stochastic optimal control.

One typical approach to address uncertainties in stochastic optimal control is to dis-

cretize the uncertain space and evaluate system dynamics over all possible values of uncertain

parameters [27]. An appropriate discretization scheme is necessary to achieve accurate re-

sults [227]. The Monte Carlo simulation method and its variants such as Markov Chain

Monte Carlo and Sequential Monte Carlo have also been used to sample the uncertain space

[144, 230, 297]. However, these methods require a large number of simulations to reach

convergence. For large-scale systems that consume considerable computation for a single

simulation run, these approaches are too costly and thus not feasible for real-time manage-

ment. To reduce the computational cost, quadrature schemes such as Euler [52], Composite-

Simpson [93], LGL-quadrature [246, 247], and sparse-grid (SG) [188], have recently been

applied to sample the uncertain space. However, these methods have only been applied to

specific control problems, where uncertainties are assumed to be time-invariant, which may

not hold in many realistic applications, especially when the evaluation time horizon is long.

Another approach to address uncertainties is to approximate the system dynamics modu-

lated by uncertainty as a Markov chain and solve the problem using markov decision process

approaches [181,219,220]. This approach works well for systems of simple dynamics. When

the state space and/or the uncertain space is large and complicated, it becomes impractical

to model and construct a Markov chain of sufficient size.

Motivated by these challenges, this chapter aims to develop a stochastic optimal con-

trol framework that exploits uncertainty based on effective multi-dimensional uncertainty

evaluation approaches introduced in Chapters 2 and 3, including the multivariate probabilis-

tic collocation method (M-PCM) [359,362] and the M-PCM-OFFD [335] which integrates

M-PCM with orthogonal fractional factorial designs (OFFDs). The M-PCM accurately pre-

dicts the output statistics of a system with a small set of uncertainty samples [359, 362].

Under mild additional assumptions, the M-PCM-OFFD further addresses the scalability is-

sue of M-PCM when high-dimensional uncertainties are present, by selecting a subset of
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M-PCM samples that breaks the curse of dimensionality [335]. It was shown in Chapter

3 that M-PCM-OFFD has much better performance in estimation efficiency and accuracy

compared with existing uncertainty sampling approaches. The analyses of these two ap-

proaches in Chapters 2 and 3 have been focused on their design procedures and evaluation

performance [335, 359, 362]. In this chapter, we explore the capabilities of M-PCM and

M-PCM-OFFD in facilitating stochastic optimal control. We consider general cases when

uncertain parameters change over time independently and dependently as modeled by a

Markov chain. We analyze the consistency of the two approaches, and show that under mild

assumptions, the M-PCM and M-PCM-OFFD optimal controls find the correct solution.

We also compare our approaches with the Monte Carlo and SG methods and show that our

approaches reduce computational costs, without losing the accuracy of optimal solutions.

In the reminder of the chapter, we first formulate the problems to be investigated in

Chapter 4.2. These problems are listed with increasing complexity for ease of understanding.

In Chapter 4.3, we present optimal control solutions to the problems formulated in Chapter

4.2 using M-PCM and M-PCM-OFFD. Simulation results are then provided in Chapter 4.4

to illustrate and validate results developed in this chapter. Chapter 4.5 concludes.

4.2. Problem Formulation

In this section, we formulate three stochastic optimal control problems with increas-

ing complexity levels. In the first problem, we consider the simplest case where the control

policies and uncertain parameters are stationary (i.e., being constant over time). In the sec-

ond problem, we assume uncertain parameters to change over time independently and also

allow time-varying control policies. In the third problem, we consider uncertain parameters

to take propagation behaviors captured by a Markov chain. Let us first describe the nota-

tions, followed by the formal formulations of the three stochastic optimal control problems.

Notations and Assumptions:

(1) S and C are given sets called state space, and control space, respectively.

(2) N is a positive integer indicating the time duration in discrete time domain.
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(3) A is a set defined by A = {0, 1, . . . , N − 1}.
(4) B is a set defined by B = {1, 2, . . . ,m}, where m is the number of uncertain param-

eters.

(5) x[k] is the system state at time k, where k ∈ A, and x[k] ∈ S.

(6) For each x[k] ∈ S, k ∈ A, there is a known nonempty set U(x[k]) ⊆ C, called the

control constraint set at x[k].

(7) u[k] is the control to the system at time k, and u[k] ∈ U(x[k]).

(8) π = {u[0], u[1], . . . , u[N − 1]} is a sequence of control, π ∈ Π, where Π is the full set

of control sequences.

(9) ai[k] is the uncertain variable i, which follows a probability distribution fAi[k](ai[k])

at time k.

(10) h(·) is a function that describes the system dynamics.

(11) g(·) and q(·) are the running cost and terminal cost respectively.

(12) α is the discount factor, which weights the cost at each time step. 0 < α ≤ 1.

Given these notations, we now formulate three stochastic optimal control problems to be

investigated in this chapter.

Case 1: Consider a system modulated by m number of time-invariant uncertain

parameters ai, i ∈ B, and subject to a control input u, where each ai follows an independent

probability distribution function (pdf), fAi(ai). The system dynamic is

(86) x[k + 1] = h(x[k], u, a1, . . . , am), k ∈ A.

The total expected cost over the time span [0, N ] is

(87) J(x[0]) = Eai,∀i∈B

[
q(x[N ]) +

N−1∑
k=0

αkg(x[k], u, a1, . . . , am)

]
.

Find the optimal control sequence π∗ = {u∗, u∗, . . .︸ ︷︷ ︸
N

} such that the J(x[0]) is minimized, i.e.,

(88) π∗ = argmin
π∈Π
{J(x[0])}.
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which is equivalent to find

(89) u∗ = argmin
u
{J(x[0])}.

Case 2: Consider a system modulated by m number of time-varying uncertain pa-

rameters ai[k], i ∈ B, and subject to a time-varying control input u[k]. Each uncertain

parameter ai[k] changes independently over time with pdf fAi[k](ai[k]). The system dynamic

is

(90) x[k + 1] = h(x[k], u[k], a1[k], . . . , am[k]), k ∈ A

and the total expected cost equals

J(x[0]) = Eai[k],∀i∈B&∀k∈A

[
q(x[N ]) +

N−1∑
k=0

αkg(x[k], u, a1[k], . . . , am[k])

]
Find the optimal control sequence π∗ = {u∗[0], u∗[1], . . . , u∗[N − 1]}, such that the total

expected cost is minimized, i.e.,

(91) π∗ = argmin
π∈Π
{J(x[0])}.

Case 3: Consider a system subject to a time-varying input u[k] and is modulated

by m number of uncertain parameters ai[k], each of which evolves in a Markovian fashion

(with a transition matrix Pi ∈ RMi×Mi), where Mi is the total number of possible values (or

states) of the uncertain parameter ai. The (j, l)th entry of P , Pijl , represents the probability

for the uncertain parameter ai[k] to be at state l in the next step if the current state is j.

The system dynamics and the total expected cost have the same forms as those shown in

Equations 90 and 91. Similar to Equation 91, given the probability of ai[0] for all i ∈ B,

find the optimal control sequence π∗ = {u∗[0], u∗[1], . . . , u∗[N − 1]} that minimizes the total

expected cost.
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4.3. Optimal Control under Uncertainties

In this section, we explore the consistency of M-PCM and M-PCM-OFFD in solving

the aforementioned problems. To ease understanding, we present the single uncertain param-

eter case first, and then generalize the results to systems of multi-dimensional uncertainties.

The subscripts for uncertain parameters are eliminated when m = 1.

4.3.1. Solution for Case 1

The first problem can be solved by evaluating the total expected cost for each control

sequence π ∈ Π. In particular, in the case when m = 1, the total expected cost J(x[0]) for

a control sequence π = {u, u, . . . , u︸ ︷︷ ︸
N

} ∈ Π can be calculated as follows according to Equation

86:

J(x[0]) = Ea

[
q(x[N ]) +

N−1∑
k=0

αkg(x[k], u, a)

]
(92)

=

∫ [
q(x[N ]) +

N−1∑
k=0

αkg(x[k], u, a)

]
fA(a) da

Since x[k + 1] = h(x[k], u, a), x[k] can be expressed as a function of x[0], u and a. Equation

92 then becomes

J(x[0]) = Ea

[
q(x[N ]) +

N−1∑
k=0

αkg(x[k], u, a)

]
(93)

= Ea [G(x[0], u, a,N)]

where G(x[0], u, a,N) = q(x[N ]) +
∑N−1

k=0 α
kg(x[k], u, a) is a function of x[0], u, a, and N .

Given x[0], N , and u, calculating J(x[0]) can be considered as computing the mean output for

a system with an input parameter a, where G(x[0], u, a,N) is the system mapping. In cases

when the system equation h(·) in Equation 86 has an explicit form, we can easily calculate

J(x[0]). However, for systems with dynamics that are too complicated to model, h(·) and

G(x[0], u, a,N) do not have explicit forms. In this case, M-PCM and M-PCM-OFFD can be

applied to approximate J(x[0]) in an efficient way. We here first discuss the usage of M-PCM

to solve this problem. In particular, we apply the single variable PCM (a special case of
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M-PCM when m = 1 which is introduced in Chapter 2) to select a small set of samples a(i)

according its pdf, and then construct a low-order mapping of the following form

(94) G′(x[0], u, a,N) =
n−1∑
j=0

Ωj(x[0], u,N)aj

where Ωj(x[0], u,N) ∈ R are the coefficients determined by x[0], u, and N . Assume the

degree of the uncertain parameter a in G(x[0], u, a,N) does not exceed 2n− 1, and

(95) G(x[0], u, a,N) =
2n−1∑
j=0

Ψj(x[0], u,N)aj,

then the following theorem holds.

Theorem 4.1. Consider the system described by Equation 86 with m = 1. With the cost

function given by Equations 93 and 95, the control sequence optimal to the PCM samples

a(i), is optimal to all possible values of a.

Proof. First, we denote the optimal control solution obtained by evaluating the low-order

function G′(x[0], u, a,N) as π′∗ = {u′∗, u′∗, . . .}, with

(96) u′∗ = argmin
u
{Ea [G′(x[0], u, a,N)]} .

Since G′(x[0], u, a,N) is constructed by the samples a(i) selected by PCM, to prove this

theorem, we only need to prove u∗ = u′∗. According to Theorem 2.7, Ea [G(x[0], u, a,N)] =

Ea [G′(x[0], u, a,N)] for a fixed control value u, which leads to

Ea [G(x[0], u∗, a,N)] = Ea [G′(x[0], u∗, a,N)](97)

= min {Ea [G(x[0], u, a,N)]} ,

and

Ea [G(x[0], u′∗, a,N)] = Ea [G′(x[0], u′∗, a,N)](98)

= min {Ea [G′(x[0], u, a,N)]} .
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Now let us prove min {Ea [G(x[0], u, a,N)]} = min {Ea [G′(x[0], u, a,N)]} using proof

by contradiction. If min {Ea [G(x[0], u, a,N)]} < min {Ea [G′(x[0], u, a,N)]},
Ea [G′(x[0], u∗, a,N)] < Ea [G′(x[0], u′∗, a,N)], which contradicts the assumption that u′∗ =

argmin
u
{Ea [G′(x[0], u, a,N)]} shown in Equation 96. Similarly, min {Ea [G(x[0], u, a,N)]} >

min {Ea [G′(x[0], u, a,N)]} contradicts the assumption that u∗ = argmin
u
{Ea [G(x[0], u, a,N)]}

shown in Equation 89. Therefore, min {Ea [G(x[0], u, a,N)]} = min {Ea [G′(x[0], u, a,N)]}
and Ea [G(x[0], u∗, a,N)] = Ea [G(x[0], u′∗, a,N)], which lead to u∗ = u′∗. The proof is

complete. �

The above theorem naturally generalizes to a system of multi-dimensional uncertain-

ties, as shown in Theorem 4.2.

Theorem 4.2. Consider an m-parameter system described by Equation 86. With the cost

function given by Equation 91, which is further expressed as

(99) J(x[0]) =

∫
· · ·
∫
G(x[0], u, a1, . . . , am, N)fA1(a1) · · · fAm(am) da1 · · · dam

If each uncertain parameter ai in G(x[0], u, a1, a2, . . . , am, N) has a degree up to 2ni − 1,

(100) G(x[0], u, a1, . . . , am, N) =

2n1−1∑
j1=0

· · ·
2nm−1∑
jm=0

Ψj1,...,jm(x[0], u,N)
m∏
i=1

ajii ,

the control sequence π∗ = {u∗, u∗, . . .︸ ︷︷ ︸
N

} optimal to the samples selected by M-PCM, is also

optimal to all possible values of the uncertain parameters, where Ψj1,...,jm(x[0], u,N) ∈ R are

determined by x[0], u, and N . ni are positive integers.

Proof. By applying M-PCM, the cost function shown in Equation 100 is approximated as

a low-order mapping of the following form

(101) G′(x[0], u, a1, a2, . . . , am, N) =

n1−1∑
j1=0

· · ·
nm−1∑
jm=0

Ωj1,...,jm(x[0], u,N)
m∏
i=1

ajii ,

which has the same mean as the original function, i.e.,

(102) Eai,∀i∈B [G(u, a1, a2, . . . , am)] = Eai,∀i∈B [G′(u, a1, a2, . . . , am)] .
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Then Theorem 4.2 can be proved by following similar procedures as in the proof for Theorem

2.7. �

Similarly, M-PCM-OFFD can be applied to solve this stochastic optimal control prob-

lem more efficiently, as shown in Theorem 4.3.

Theorem 4.3. Consider an m-parameter system with its dynamics described by Equation 86

and cost function given by Equations 91, 99 and 100. The control sequence π∗ = {u∗, u∗, . . .︸ ︷︷ ︸
N

}

optimal to the samples selected by M-PCM-OFFD, is also optimal to all possible values of

the uncertain parameters, if ni = 2, ∀i ∈ B, and Ωj1,...,jm(x[0], u,N) = 0 when more than τ

of j1, . . . , jm are non-zero.

Theorem 4.3 can be proved by following similar procedures as in the Proof for Theo-

rem 4.2, and thus is omitted here to save space.

4.3.2. Solution for Case 2

Now let’s study the second problem where time-varying control inputs and uncertain

parameters are considered. This problem can be solved using stochastic dynamic program-

ming, with Bellman’s equation [27] in the case of m = 1 given as follows:

Jk+1(x) = min
u∈U(x)

Ea[N−k−1]

{
αN−k−1g(x, u, a[N − k − 1])(103)

+Jk[h(x, u, a[N − k − 1])]} .

where Jk(x) is a value function, and x represents the current system state and k denotes the

number of time steps to go. Dynamic programming determines the optimal control values

by working backward from the final time step, i.e., evaluating in the order of J0(x), J1(x),

. . ., JN(x). The optimal control sequence π∗ can then be found which has the minimum total

expected cost

(104) J∗(x[0]) = min {J(x[0])} = JN(x[0])
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where

JN(x[0]) = min
u[0]∈U(x[0])

Ea[0]

{
α0g(x[0], u[0], a[0]) + min

u[1]∈U(x[1])
Ea[1] {αg(x[1], u[1], a[1])(105)

+ min
u[2]∈U(x[2])

Ea[2]

{
· · ·+ min

u[N−1]∈U(x[N−1])
Ea[N−1]{

αN−1g(x[N − 1], u[N − 1], a[N − 1]) + q(x[N ])
}
· · ·
}}}

The computation of JN(x) consists of the following steps:

J0(x) = q(x)(106)

J1(x) = min
u∈U(x)

Ea[N−1]

{
αN−1g(x, u, a[N − 1]) + J0(h(x, u, a[N − 1]))

}
Jk(x) = min

u∈U(x)
Ea[N−k]

{
αN−kg(x, u, a[N − k]) + Jk−1[h(x, u, a[N − k])]

}
...

JN(x) = min
u∈U(x)

Ea[0]

{
α0g(x, u, a[0]) + JN−1[h(x, u, a[0])]

}
At each step, Jk(x) is evaluated for each admissible state x ∈ S, based on previous calcula-

tions Jk−1(x). Define

jk(x, u) = Ea[N−k]

{
αN−kg(x, u, a[N − k]) + Jk−1[h(x, u, a[N − k])]

}
(107)

= Ea[N−k] {G(x, u, a[N − k])} ,

then

(108) Jk(x) = min
u∈U(x)

jk(x, u).

Note that given an admissible state x ∈ S and an admissible control value u ∈ U(x), the

calculation of jk(x, u) can be considered as approximating the mean output of a system

with mapping G(x, u, a[N − k]), which can be achieved by M-PCM or M-PCM-OFFD. In

particular, we apply M-PCM or M-PCM-OFFD at each iteration to select a set of samples

a(i)[N − k] based on its pdf fA[N−k](a[N − k]), and run simulations to estimate jk(x, u).

Under the assumption that a[N − k] in G(x, u, a[N − k]) has a degree up to 2n[N − k]− 1,
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and G(x, u, a[N − k]) has the following form

(109) G(x, u, a[N − k]) =

2n[N−k]−1∑
j=0

Ψj(x, u)aj[N − k],

Theorem 4.4 holds, where, Ψj(x, u) ∈ R are the coefficients determined by state x and

control value u, and n[N − k] are positive integers.

Theorem 4.4. Consider the system described by Equation 90, with the cost and value func-

tions given by Equation 91 and Equations 107-109, respectively. By applying stochastic

dynamic programming, and sampling the uncertain space at each iteration using PCM, the

true optimal control sequence can be obtained.

Proof. We note that at the k-th iteration, for a given admissible state x ∈ S and an

admissible control value u ∈ U(x), G(x, u, a[N − k]) can be approximated using PCM as a

low-order function of the form

(110) G′(x, u, a[N − k]) =

n[N−k]−1∑
j=0

Ωj(x, u)aj[N − k]

such that E [G(x, u, a[N − k])] = E [G′(x, u, a[N − k])]. Suppose

J ′k(x) = min
u∈U(x)

j′k(x, u)(111)

= min
u∈U(x)

Ea[N−k] {G′(x, u, a[N − k])}

and π′∗ = {u′∗[0], u′∗[1], . . . , u′∗[N − 1]} is the optimal control sequence found by evaluating

J ′k(x) at only the samples selected by M-PCM at each iteration, this theorem can be proved

by showing that u∗ = u′∗ for all x ∈ S at each iteration k (k ∈ A), i.e.,

(112) arg min
u∈U(x)

jk(x, u) = arg min
u∈U(x)

j′k(x, u)

As Ea[N−k] {G(x, u, a[N − k])} = Ea[N−k] {G′(x, u, a[N − k])} holds for each pair of admis-

sible state x ∈ S and control u ∈ U at the k-th iteration, it’s easy to prove that Equation

112 holds at each iteration by following similar procedures as in the proof for Theorem 4.1.

Therefore, π∗ = π′∗ and the proof is complete. �
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Theorem 4.4 can be generalized for systems with multiple uncertain parameters, as

illustrated in Theorem 4.5. We also show in Theorem 4.6 the usage of M-PCM-OFFD in

solving this problem. We omitted the proofs for Theorems 4.5 and 4.6 as they are similar as

the proof for Theorem 4.4.

Theorem 4.5. Consider an m-parameter system described by Equation 90, with the cost

function given by Equation 91 and the value function given by Equation 108, where

jk(x, u) = Eai[N−k],∀i∈B {G(x, u, a1[N − k], . . . , am[N − k])} ,(113)

and

G(x, u, a1[k], . . . , am[k]) =

2n1[k]−1∑
j1

· · ·
2nm[k]−1∑

jm

ψj1,...,jm [k]
m∏
i=1

ajii [k].(114)

ni[k] are positive integers. The coefficients ψj1,...,jm [k] ∈ R are determined by state x and

control value u. Then the control sequence π∗ = {u∗[0], . . . , u∗[N−1]} optimal to the samples

selected by M-PCM at each time step, is also optimal to all possible values of the uncertain

parameters.

Theorem 4.6. Consider an m-parameter system described by Equation 90, with the cost

function given by Equation 91 and the value function given by Equations 108, 113 and 114.

Then the control sequence π∗ = {u∗[0], . . . , u∗[N − 1]} optimal to the samples selected by

M-PCM-OFFD at each time step, is also optimal to all possible values of the uncertain

parameters, if 1 ≤ ni[k] ≤ 2,∀i ∈ B and k ∈ A, and ψj1,...,jm [k] = 0 when more than τ of

j1, . . . , jm are non-zero.

4.3.3. Solution for Case 3

In realistic systems such as the air traffic systems, uncertainties like convective weather

show propagation behaviors, i.e., the probability of the next state depends on the current

state. In this section, we consider the third problem formulated in Chapter 4.2, where each

uncertain parameter ai[k] changes in a Markovian fashion.
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Consider a single-parameter system with m = 1. Suppose initially the uncertain

parameter a[0] is at state i, i.e., a[0] = i, then the conditional probability of a[k] = j can be

obtained by the following equation

(115) p(a[k] = j | a[0] = i) = P k
ij

Suppose r[k] ∈ RM×1 is a vector that saves the possibilities of a[k] at each state, with its i-th

element, denoted as ri[k], equals to the possibility of a[k] at state i, i.e., ri[k] = p(a[k] = i).

Then we have

(116) r[k] = P kr[0]

Since the r[0] and the transition matrix P are given, we can calculate r[k] at each time

step k. Let us now apply the stochastic dynamic programming to solve this optimal control

problem. Denoting the set {1, 2, . . . ,M} asM, the value function Jk+1(x) can be calculated

as follows

Jk+1(x) = min
u∈U(x)

∑
j∈M

p(a[N − k − 2] = j)

{∑
i∈M

p(a[N − k − 1] = i|a[N − k − 2] = j)

{
αN−k−1g(x, u, a[N − k − 1] = i) + Jk[h(x, u, a[N − k − 1] = i)]

}}}
= min

u∈U(x)

{∑
i∈M

p(a[N − k − 1] = i)
{
αN−k−1g(x, u, a[N − k − 1] = i)

+Jk[h(x, u, a[N − k − 1] = i)]}}

= min
u∈U(x)

{∑
i∈M

ri[N − k − 1]
{
αN−k−1g(x, u, a[N − k − 1] = i)

+Jk[h(x, u, a[N − k − 1] = i)]}}

= min
u∈U(x)

{∑
i∈M

ri[N − k − 1]
{
αN−k−1g(x, u, a[N − k − 1] = i)

+Jk[h(x, u, a[N − k − 1] = i)]}}(117)

where ri[N − k− 1] is the i-th element of PN−k−1r[0]. Then this problem transforms to the

second problem discussed in Chapter 4.3.2, with the pdf of the uncertain parameter replaced

by the probability mass function (pmf), which can then be solved by M-PCM or M-PCM-

OFFD based approaches described in Chapter 4.3.2. The sample points can be selected
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according to the pdf approximated by the pmf, or by directly applying the sample-moment

based approach [306].

Theorem 4.7. Consider the system described in Case 3 in Chapter 4.2. The true optimal

control sequence can be found by discretizing the uncertain space for each uncertain parameter

using M-PCM or M-PCM-OFFD, under the assumptions made in Theorem 4.5 if applying

M-PCM, or those made in Theorem 4.6 if applying M-PCM-OFFD.

4.4. Illustrative Examples

In this section, we use two simple examples to illustrate the capabilities of M-PCM and

M-PCM-OFFD stochastic optimal controls. In the first example, we consider the stationary

control problem (Case 1 described in Chapter 4.2). In the second example, we consider

the scenario when both uncertain variables and the control input change over time (Case 2

described in Chapter 4.2).

4.4.1. Example 1

Consider a discrete-time system dynamics

x[k + 1] = ax[k] + u, 0 ≤ k ≤ N − 1,(118)

where x[0] = 1, and a is an uncertain parameter following the uniform distribution f(a) = 1,

0 ≤ a ≤ 1. We aim to find the optimal control u∗ to minimize the total expected cost:

(119) J(x[0]) =

∫ 1

0

(x[N ]− 10)2 +
N−1∑
k=0

[
(x[k]− 10)2 + u2

]
f(a) da.

The state space S = R, and the admissible controls are u = −10,−9.9,−9.8, . . . , 9.8, 9.9, 10.

Note that the cost function J(x[0]) can be directly expressed as a function of x[0],

J(x[0]) =

∫ 1

0

[
(aNx[0] +

N−1∑
i=0

aiu− 10)2 +
N−1∑
k=1

(akx[0] +
k−1∑
i=0

aiu− 10)2(120)

+Nu2 + (x[0]− 10)2
]
da

=

∫ 1

0

G(x[0], u, a,N) da
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Table 4.1. Comparison of the simulation results for different number of samples

Number of Optimal control Minimum mean

samples (n) found (u∗) cost (J ′∗(x[0]))

2 3.6 248.1923

3 3.6 253.1802

4 3.6 253.3476

5 3.6 253.3491

6 3.6 253.3491

7 3.6 253.3491

We apply M-PCM to address this problem, which selects n number of samples over

the range of uncertain parameter a, and approximates G(x[0], u, a,N) in Equation 120 as

a low-order mapping. The n samples can accurately estimate E [G(x[0], u, a,N)] if a in

G(x[0], u, a,N) has a degree up to 2n − 1. Table 4.1 shows simulation results for different

values of n, in the case when N = 5.

To validate the result, we also apply the standard numerical approach. The optimal

control u∗ can be simply found by evaluating J(x[0]) for each control value. In particular,

the minimum J(x[0]) is found at u∗ = 3.6, with J∗(x[0]) = 253.3491.

Comparison of the results suggests that in this example the control value optimal to

these PCM samples is exactly the same as that optimal to all possible values of a, regardless

of how many PCM samples are used. The corresponding minimum total expected cost

also converges to the correct value as the number of samples n increases. We can in fact

calculate the number of PCM samples needed to correctly calculate the mean cost according

to Equation 120. In particular, G(x[0], u, a,N) can be considered as a polynomial function

of uncertain parameter a with the highest degree 2N = 10. Therefore,
⌈

10+1
2

⌉
= 6 samples
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are enough to accurately predict the mean cost. In this example, 3 PCM samples already

produce a mean output very close to the true value.

To illustrate the efficiency of the PCM stochastic optimal control, we also apply

the Monte Carlo method to solve this problem for comparison. First, we evaluate the

performance of the Monte Carlo (MC) method in determining the optimal control value.

Recall that the MC method randomly selects a large set of samples a(i), and approximate

E[G(x[0], u, a,N)] by 1
n

∑n
i=1G(x[0], u, a(i), N), where n is the total number of samples and

n→∞. To illustrate the consistency of this method, we define a metric Accuracy to measure

the accuracy level of the MC method in determining the optimal control value.

(121) Accuracy =

∑L
i=1 δ(u

∗, u′∗i )

L

where u′∗i is the optimal control value found by the i-th experiment using the MC method,

L is the total number of experiments, and δ(u∗, u′∗i ) is a function

(122) δ(u∗, u′∗i ) =


1, if u∗ = u′∗i

0, otherwise

This accuracy score falls in the range of [0, 1], with a larger score indicating a higher accuracy

level. Figure 4.1 shows the accuracy of the MC method for different values of n with L = 100.

More than n = 104 simulations are required for the MC method to obtain an optimal control

solution with high confidence. MC finds incorrect optimal solutions very frequently when n

is relatively small. In contrast, the PCM stochastic optimal control is able to find accurate

solution with as low as 2 samples (see Table 4.1).

Furthermore, as shown in Figure 4.2, the Monte Carlo method requires at least 104

simulations to converge to the true total expected cost with u = u∗ = 3.6. In contrast, the

PCM stochastic optimal control only needs 3 simulations to achieve a very good approxi-

mation of the true total expected cost, and at most 6 simulations to obtain the accurate

J(x[0]).
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Figure 4.1. Accuracy of the Monte Carlo method in determining the optimal

control solution
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Figure 4.2. The number of simulations the Monte Carlo method requires to

predict the correct total expected cost.

4.4.2. Example 2

Consider a 3-parameter system of the following dynamics

(123) x[k + 1] = a1[k]x[k] + a2[k]u[k] + a3[k], k ∈ A
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where ai[k] are uncertain parameters that follow independent distributions. In particular,

fA1[k](a1[k]) = 5
3

with −0.1 ≤ a1[k] ≤ 0.5, fA2[k](a2[k]) = 5
3

with −0.2 ≤ a1[k] ≤ 0.4

and fA3[k](a3[k]) = 10
3

, 0 ≤ a1[k] ≤ 0.7. We aim to find the optimal control sequence

π∗ = {u∗[0], . . . , u∗[N − 1]} to minimize the total expected cost:

(124) J(x) = Ea1[k],a2[k],a3[k],∀k∈A

[
(x[N ]− 10)2 +

N−1∑
k=0

[
(x[k]− 10)2 + u2

]]
The state space S = {−2,−1.9,−1.8, . . . , 1.8, 1.9, 2}, and the admissible controls are u =

−1,−0.9,−0.8, . . . , 0.8, 0.9, 1.

We apply M-PCM and M-PCM-OFFD (with τ = 1) respectively to sample the un-

certain space, and use stochastic dynamic programming to find the optimal solution. We

note that the control and sampled uncertainty values may drive the system state to a value

not belonging to the state space S but still within the range of [−2, 2]. We apply the linear

interpolation scheme [168] to approximate costs for intermediate points.

For comparative studies, we also apply the Sparse Grid (SG) with Gauss-Legendre

quadrature rules [102, 118] to sample the uncertain space. For a fair comparison, the ac-

curacy level of the SG is set to 2 such that a similar number of samples is produced. The

Monte Carlo method is also applied to estimate the true optimal solution.

The optimal control sequences found by the four methods are shown in Figure 4.3,

with N = 2. The number of samples n selected by each approach at each iteration is also

summarized in Table 4.2. M-PCM-OFFD (or M-PCM) has significantly reduced compu-

tational cost whereas it also finds accurate optimal control solutions. The SG method is

relatively efficient, but is less accurate (see Figure 4.3) than the other approaches. We can

improve its accuracy by compromising its efficiency. In this particular example, an SG with

an accuracy level 5 leads to accurate optimal control solutions, at the cost of producing 158

more samples at each iteration.

4.5. Conclusion and Future Works

This chapter exploits the feasibility and efficiency of two multi-dimensional uncer-

tainty evaluation approaches in solving stochastic optimal control problems. By analyzing
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Figure 4.3. The optimal control sequences found by applying a) M-PCM, b)

M-PCM-OFFD, c) SG, and d) Monte Carlo approaches to sample the uncertain

space.

Table 4.2. Comparison of efficiency for the four approaches.

M-PCM M-PCM-OFFD SG Monte Carlo

n 8 4 7 100000

three cases with increasing complexity levels, we demonstrate and prove that the control

solution optimal to the sampled uncertain space produced by M-PCM or M-PCM-OFFD is
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also optimal to the original uncertain space under mild assumptions. Through simulation

and comparison studies, we show the consistency and high efficiency of these two approaches.

In the future, we will explore the feasibility of using these two approaches to discretize both

state and control spaces. We will also apply the M-PCM and M-PCM-OFFD based opti-

mal control approaches to address real-world problems, such as the optimal air traffic flow

management under weather uncertainty.
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CHAPTER 5

A DISTANCE MEASURE TO CLUSTER SPATIOTEMPORAL SCENARIOS
1

As a component of the data-driven decision-making framework for large-scale dy-

namical systems, this chapter develops a multi-resolution spatiotemporal distance measure

which quantifies the similarity among spatiotemporal scenarios. This measure, combined

with standard distance-based clustering algorithms, can be used to group a wide range of

possible scenarios into a few representative clusters to facilitate management strategy design.

Motivations of this new distance measure, its generation algorithm and parameter impact

analysis, are described in details to facilitate practical implementation and subsequent use

in decision support. This multi-resolution spatiotemporal distance measure generally applies

to broad data-driven decision support applications that involve large-scale physical processes

of spatiotemporal spread dynamics, as the measure captures the similarity between scenar-

ios of spatiotemporal spread patterns of varying shape, size, location and intensity, corrects

the “boundary effects”, and is flexible to a variety of data features in temporal and spatial

dimensions. To illustrate the performance of the distance measure, we will also apply this

distance measure to cluster real spatiotemporal weather impact scenarios for air traffic flow

management in Chapter 7, in which comparative studies and sensitivity analysis will also be

discussed.

5.1. Nomenclature

si scenario of index i

S set of all scenarios

1Parts of this chapter have been published, either in part or in full, from J. Xie, Y. Zhou, Y. Wan, S. Tien,
E.P.Vargo, C. Taylor, C. Wanke, “Distance Measure to Cluster Spatiotemporal Scenarios for Strategic Air
Traffic Management”, Journal of Aerospace Information Systems, 12(8), 2015. Reproduced with permission
from University of North Texas.
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gk two-dimensional (regularly or irregularly shaped) spatial cell of index k

tl time point of index l

G set of all spatial cells

T set of all time points

w spatial resolution

h temporal resolution

wmax upper bound of spatial resolution

hmax upper bound of temporal resolution

ϕw spatial window of size w × w

ϕk,w spatial window of resolution w centered at spatial cell gk

ϕl,h temporal window of resolution h starting from time point tl

φw set of all spatial windows of resolution w

φh set of all temporal windows of size h

δw weight of spatial resolution w

αh weight of temporal resolution h

βk,l weight of important spatial cell gk and time point tl

λk,w contribution factor of spatial cell gk at spatial resolution w

τl,h contribution factor of time point tl at temporal resolution h

Ii,k,l intensity at spatial cell gk and time point tl for scenario si. The subscript k

or l is eliminated for convenience if data do not have spatial or temporal

dimension
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Îi,k,l intensity at spatial cell gk and time point tl for scenario si after weighting

with βk,l evaluated at selected M-PCM points

Ĩi,k,l,w,h intensity at spatial cell gk and time point tl for scenario si after correcting

boundary effects at spatial resolution w and temporal resolution h. The

subscripts k, w or l, h are eliminated for convenience if data do not

have spatial or temporal dimension

fw similarity of two scenarios at spatial resolution w

F similarity of two scenarios

γ fraction constant of OFFD

R resolution of OFFD

di,j,w,h distance between scenarios si and sj for spatial resolution w and temporal

resolution h. The subscript w or h is eliminated for convenience if data do

not have spatial or temporal dimension

Di,j pairwise scenario distance between scenarios si and sj

D̄i,j pairwise scenario distance between scenarios si and sj after normalization

bi,j number of hops between spatial cells gi and gj

M adjacency matrix of spatial cells

Mi,j (i, j)-entry of adjacency matrix M

5.2. Introduction

Spatiotemporal scenario data are very common to broad large-scale physical processes

of spatiotemporal spread dynamics, such as the cascading failure of routers in the Internet,
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spread of blackouts in power networks, evolvement of road traffic congestion, and spread

of epidemics in a population. Such type of data are very different from the spatiotemporal

data widely studied in the literature, such as events, geo-referenced-data, and moving data.

Specifically, the spatiotemporal scenario, produced by physical meteorology processes, usu-

ally shows spatiotemporal spread patterns of continuously varying shape, size, location and

intensity. To realize the data-driven decision-making framework which takes representative

spatiotemporal scenarios as input, it is important to thoroughly understand the requirements

to cluster spatiotemporal scenario data and develop proper scenario clustering algorithms.

In this chapter, we develop a spatiotemporal distance measure that can quantify the

similarity between scenarios of spatiotemporal spread patterns. The resulting pairwise sce-

nario distance generation algorithm can then be combined with standard distance-based

clustering algorithms to group scenarios. This new multi-resolution spatiotemporal distance

measure adapts a concept in the remote sensing literature called “moving window”, which

was used to capture the similarity between geographical maps [57,154]. The moving window

concept is simple. As to be reviewed in Chapter 5.3, human eyes are very good at choosing

the best resolution to compare spatial data, so to mimic that, spatial data are scanned with

lower resolutions (or larger windows) and are compared at different resolution levels to reveal

any similarity between geographical maps that cannot be found at high resolutions. Main

contributions of this chapter are summarized as follows:

(1) The spatiotemporal distance measure adapted from the moving window concept is

the first in the literature to quantify the similarity of scenario data drawn from

large-scale physical processes of spatiotemporal spread dynamics, per knowledge of

the authors. The foremost contribution of this chapter is a comprehensive analy-

sis of the new data type—spatiotemporal scenario data with spatiotemporal spread

patterns of varying shape, size, location and intensity, and illustration using multi-

ple illustrative examples to show that this measure is able to capture the similarity

of scenarios, by scanning scenarios at multiple resolutions along spatial and tem-

poral dimensions simultaneously. Due to the wide applicability of spatiotemporal
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scenario data, this result will benefit the emerging research direction on spatiotem-

poral scenario-driven decision support system.

(2) The distance measure is flexibly applicable to a variety of data features in the

spatial and temporal dimensions. For instance, unlike remote sensing maps which

can be partitioned into regular spatial cells (grids), the geographical structure of

some systems like the national airspace system (NAS), is composed of irregularly

shaped spatial cells (e.g., sectors in NAS) to which the original moving window

concept does not apply. We revise the moving window algorithm to let it work

for maps of arbitrarily-shaped spatial cells. Moreover, the distance measure allows

heterogeneous contributions of certain spatial cells or time points. This is needed in

applications like air traffic flow management where for instance, convective weather

at critical airports and rush hours may be weighted more to determine the similarity

of weather impact scenarios.

(3) The novel scaling method in the distance generation algorithm corrects the “bound-

ary effects” in the original moving window-based distance measure. The correctness

of the distance measure is affected by the boundary effects, which bias (raise) the

contributions of spatial cells or time points in the middle due to the structural con-

figuration of neighbors [57, 154]. The boundary effects can be more prominent in

our study with arbitrarily-shaped spatial cells. Our scaling method removes the

boundary effects in the distance measure by equalizing the contribution of each cell

and time point to the distance measure regardless of a specific structural configura-

tion.

The rest of this chapter is organized as follows. In Chapter 5.3, we provide a literature

review on clustering algorithms, and also the original moving window concept. In Chapter

5.4, we formulate the problem, and motivate and describe key features of the multi-resolution

spatiotemporal distance measure. In Chapter 5.5, we describe the clustering algorithm with

a focus on the distance generation algorithm, the pseudocode, and the impact analysis of

parameters. Chapter 5.6 contains a conclusion and a discussion of future work. In Chap-
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ter 7, we will use real spatiotemporal weather scenario data to systematically analyze the

performance of the distance generation algorithm.

5.3. Literature Review

In this section, we first provide a review of clustering algorithms in the literature,

which suggests the lack of proper algorithms for clustering spatiotemporal scenario data

drawn from physical processes of spatiotemporal spread dynamics. We will then introduce

the moving window concept in the remote sensing literature, which motivated our multi-

resolution spatiotemporal distance measure developed for clustering spatiotemporal scenario

data.

5.3.1. Review of Clustering Algorithms

Clustering algorithms have been extensively investigated in a multitude of fields, in-

cluding machine learning, data mining, signal and image processing, machine vision, and

document retrieval [89, 95, 109, 175, 182, 191]. The design and selection of clustering al-

gorithms need to address the specific characteristics of data and application needs [152].

We review methodologies developed for clustering algorithms of three data types — static

data, temporal data, and spatiotemporal data — with a focus on their connections to the

development in this chapter. For detailed reviews of these clustering algorithms, please refer

to the survey papers [152,175,191,241,289,343].

1. Clustering Static Data

Methodologies for clustering static data (of no temporal information) can be roughly

classified into the following categories (see survey papers [191, 241, 343]): 1) partitioning

methods that are distance-based, including the classical k-means, its variants, and graph-

theoretic methods, 2) hierarchical methods that construct trees in an agglomerative or divi-

sive manner, 3) density-based methods that separate dense areas from low-density areas to

form clusters, 4) grid-based methods that decompose the data space using multi-resolution

grids and form clusters based on the statistical information of the grids, 5) model-based meth-

ods that use models (e.g., statistical models and neural networks) to capture the character-
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istics of clusters, and 6) soft-computing methods such as genetic algorithms and simulated

annealing. Despite the simplicity of static data, many of these methodologies serve as the

basis to cluster more complicated temporal and spatiotemporal data. For instance, distance-

based partitioning and hierarchical methods can be directly applied to non-static data once

an appropriate distance measure for such data is identified [107,236,260]. The focus of this

chapter is on constructing a distance measure appropriate for spatiotemporal scenario data.

We also note that the multi-resolution grid-based methods [7, 256, 313] were developed to

enhance computational efficiency; they are very different from our multi-resolution scenario

clustering algorithm, which utilizes moving windows of different resolutions to capture the

similarity between scenarios of varying spatiotemporal spread patterns.

2. Clustering Temporal Data

Temporal data (or more generally sequential data) are tagged with a temporal di-

mension and may change values with time. Such data are very common in many realistic

problems, such as speech processing, stock analysis, energy consumption, DNA sequenc-

ing, and sensor monitoring. To exploit information hidden in a temporal sequence, many

methodologies have been proposed, which can be roughly classified into three categories:

raw-data based, feature-based, and model-based (see survey papers [175, 343]). The raw-

data based methodologies define a variety of distance measures for temporal data and then

use standard distance-based static clustering algorithms to find clusters [175]. Of inter-

est, a short time series distance measure [201] captures the trend change of a temporal

sequence, by calculating the sum of squared differences of the slopes across consecutive time

points. This measure does not perform well for sequential data with slight misalignment.

The widely-used dynamic time warping distance measure [235] addresses this problem by

finding the best alignment between temporal sequences using dynamic programming sub-

ject to continuity and monotonicity constraints. This method, however, does not naturally

quantify the dis-similarity between temporal sequences caused by the adjustment of align-

ment, and hence lacks adaptability to our spatiotemporal scenario data. The feature-based

and model-based methodologies describe temporal data using feature vectors or models, and
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then apply static clustering methods based on the feature vectors and estimated model pa-

rameters [96,108,143,234]. These methods can hardly be applied to cluster scenario data

drawn from physical processes of spatiotemporal spread dynamics, as the physical processes

like weather spread or congestion propagation are too complicated to be described by models

or features.

3. Clustering Spatiotemporal Data

Spatiotemporal data, generally referred to as data with both spatial and temporal

information, cover a diverse range of data types. The types that have been mostly studied

in the literature are in the following three categories [152,289]: 1) events (e.g., crimes, taxi

service requests) that are tagged with static time and spatial locations, 2) geo-referenced data

(e.g., monitoring data from sensor networks) that are tagged with static spatial locations but

with values varying with time, and 3) moving data (e.g., trajectories of vehicles and birds)

with spatial locations varying with time. Clustering algorithms for these data types are

extensions of those for static and temporal data, and can be distance-based, density-based,

model-based, and feature-based, which take into consideration of both temporal and spatial

information (see survey papers [152, 289] and the references therein). Thresholds (e.g.,

[11,134,171]) are often introduced in the spatial or temporal dimension to reduce dimension

and/or find co-location. Such threshold-based approaches do not retain the continuity of

spatiotemporal correlation, a feature of our spatiotemporal scenario data. Our scenario can

be considered as geo-referenced data, if viewing it as images of independent intensity points

tagged with time [152]. However this view does not retain the underlying spatial spread

information; in addition, we aim to cluster scenarios, while each scenario corresponds to an

entire geo-referenced data set in the literature.

As such, among the three data types, moving trajectory data with movement observed

in both spatial and temporal dimensions are the closest to our spatiotemporal scenario data.

However, significant differences exist due to the complexity of tracking spread dynamics:

e.g., spatiotemporal weather can appear, disappear, change intensity, and shrink/expand in

size at any time and location; all changes are correlated in the spatiotemporal dimension.
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A point-wise trajectory has explicit locations tagged with time, and hence is much simpler

to track. As such, trajectory clustering algorithms (e.g., those developed for trajectory

data using trajectory-specific information such as direction and speed [171, 224]) cannot

be easily generalized to our spatiotemporal scenario data. In fact, as stated in the survey

chapter [152], spatiotemporal data clustering has been limited to point-wise data (and lines

and areas to some extent); the extension to lines or areas with varying shape and size is

new and lacks systematic investigation in the literature. Our spatiotemporal scenario data

represent a new data type with areas of varying shape, size, location and intensity over time.

This new data type is a new focus of big data research, with the growing interest on closing

the loop of big data and real-time control for large-scale dynamical systems of complicated

underlying physical processes.

5.3.2. The Moving Window Concept

The moving window concept was originally developed to evaluate the goodness of fit

between ecological models and data, and was then more widely recognized as a method to

compare spatial maps of categorical information in landscape ecology [57,154,229,266,296].

Comparison at a single resolution level is not sufficient. With the recognition that a slight

tilting, shifting, or resizing operation may completely destroy the similarity of identical maps,

the idea of the moving window concept is to scan maps with increasingly larger spatial

windows (lower resolutions) and compare maps for each window size [57]. The moving

window approach tends to capture the mismatches between maps by using smaller window

sizes, and similarities between them by increasing the window size. As shown in Figure 5.1,

a window ϕw of size w = 1 (covering w × w square area) is first used to scan the map of

categorical data cell by cell. Then the window is enlarged to the size of w = 2 and again is

used to scan the map. The scanning process terminates when the window size w reaches its

upper bound wmax. At each window size, the similarity measure fw is calculated by summing

the differences of the number of cells for each category within each window as follows:

(125) fw =
1

|φw|
∑
ϕw∈φw

[
1−

∑p
i=1 |a1,i − a2,i|

2w2

]
,
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where p is the number of categories, aj,i is the number of cells of category i in the window

ϕw in map j, φw = {ϕw} is the set of all spatial windows of size w, and ‖φw‖ is the size of

φw. The similarity measure F between two maps is a weighted average of fw for all window

sizes. In particular,

(126) F =

∑wmax
w=1 fwe

−σ(w−1)∑wmax
w=1 e−σ(w−1)

,

where σ is a constant controlling the attenuating weights of larger window sizes.

Figure 5.1. Illustration of the moving window concept for maps of regular

spatial cells. The number in each cell represents the category index. The bold

squares denote spatial windows.

The goodness of a similarity measure is generally hard to evaluate if external informa-

tion (e.g., a gold standard or true cluster labels) is unavailable [187,226]. In [154], Internet

surveys of similarity ratings for pairs of land-use maps were collected to verify the moving

window similarity measure.

Per the authors’ best knowledge, our work is the first in the literature that adapts

the moving window concept to cluster spatiotemporal scenario data drawn from physical

processes of spatiotemporal spread dynamics. In this chapter, we use multiple illustrative

examples to justify its use in clustering spatiotemporal scenario data, and detail a series of

modifications to have it better address features of this new data type and application needs,

including the correction of boundary effects, the extension to data of arbitrarily-shaped

spatial cells, and the extension to the spatiotemporal dimension. In addition, we provide

a comprehensive analysis on its properties and the impact of parameters in the revised

algorithm to facilitate its practical use. In Chapter 7, we will also discuss its application
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to the scenario-driven strategic air traffic management, with comparative simulation studies

and sensitivity analyses.

5.4. Motivation and Key Features of the Multi-Resolution Spatiotemporal Distance Measure

In this section, we first summarize the common features of scenario data from physical

processes of spatiotemporal spread dynamics. These features necessitate special requirements

of the clustering algorithm. We will then use simple examples to demonstrate the capabilities

of our approach in meeting these requirements.

5.4.1. Clustering of Spatiotemporal Scenario Data

Spatiotemporal scenario data describe the evolving dynamics of large-scale systems

along the spatiotemporal dimension. Besides convective weather spread, examples of such

data include: the numbers of infected people in geographically neighboring regions of a

population over time [187,307], the throughputs of routers in the Internet [255], the load

levels for all elements in a power grid [38], and the delays at various locations in a road

traffic network [12]. In contract to the microscopic view of these systems (by focusing on

e.g., the transmission of viruses from one person to another, the routing and processing of

individual data packages, and the trajectories of individual car travelers), spatiotemporal

scenario data arise when taking a macroscopic view of these systems.

Common features of the aforementioned spatiotemporal scenario data are summarized

as follows:

(1) Correlation in the spatiotemporal dimension. The correlation is caused by physi-

cal laws and dynamic interactions among interconnected network components in a

large-scale physical process. For instance, the pressure difference causes the con-

tinuous movement of a cold front; and the overload of some elements in a power

grid increases the loads of neighboring elements that they are connected to due

to power conservation and flow dynamics. This correlation is typically reflected

in the continuity of spatiotemporal spread patterns, which cannot be detected by

the geo-referenced clustering methods that view the data as time-varying images
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with intensity points independent in the spatial dimension (as discussed in Chapter

5.3.1).

(2) Clumped, dynamic in shape, size, location, and intensity. Different from point-wise

data widely studied in the clustering literature (e.g., trajectories of car travelers),

the spread pattern of spatiotemporal scenario data may appear as movements in

spatially clumped areas, with their shapes, sizes, locations, and intensities varying

over time. Due to the lack of clustering algorithms for this data type [152], there is a

significant need to systematically investigate how clustering algorithms can capture

such spread features.

(3) Difficulty to track specific spread patterns. Besides the varying shape, size, and in-

tensity, spread patterns are further complicated by the nonlinear dynamics common

to large-scale physical processes, such as power and traffic networks. Model-based

clustering methods often fail due to the existence of nonlinearity and complicated

interactions in interconnected networked systems.

In this chapter, we develop a clustering algorithm that addresses the aforementioned fea-

tures of spatiotemporal scenario data. The algorithm is composed of two parts: a pairwise

scenario distance generation algorithm based on a new distance measure, and a standard

distance-based static clustering algorithm. The clustering performance is affected by both

parts. Different static clustering algorithms may use different cost functions and optimization

criteria. For instance, the k-means algorithm typically minimizes the sum of squared differ-

ences between data points and their associated cluster centers; the expectation-maximization

algorithm maximizes the sum of log likelihood value of mixture models [191]; and the ag-

glomerative hierarchical clustering algorithms (e.g., with group average) merge two closest

clusters at each step by minimizing inter-cluster similarities [277].

In order to capture the correlation in the spatiotemporal dimension and spatiotem-

poral spread patterns of varying shape, size, location, and intensity, the distance measure

must quantify the spatiotemporal distance between scenarios of similar spread patterns. In

other words, scenarios with similar spread patterns in nearby cells or time points should be
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considered to be similar and grouped together, compared to those relatively distant. To per-

mit that, the spatial and temporal dimensions cannot be separated; and the multi-resolution

moving window concept is crucial.

In the rest of the section, we use illustrative examples to motivate the spatiotemporal

distance measure and describe its features. For clear presentation, we assume in these

illustrative examples that the scenario data only have two intensity levels: 1 (marked by red

in all figures) and 0 (marked by white). We emphasize that our algorithm allows continuous

intensity values.

5.4.2. Problem for Separating the Spatial and Temporal Dimensions

The simplest and currently most widely used approach to process spatiotemporal data

is to separate the spatial and temporal dimensions by projecting spatiotemporal intensities

to each dimension [285, 286, 289, 345]. Figure 5.2 shows a set of three spatiotemporal

scenarios (each constituting six snapshots of four spatial cells with different weather impact

spread patterns). Summing all intensities along the temporal dimension leads to the spatial

intensity maps of

0 3

3 4

,

0 3

3 3

 and

0 3

3 4

 for these three scenarios, suggesting that

scenarios A and C are in one cluster and scenario B is in the other, if two clusters are

desired. Similarly, summing all intensities along the spatial dimension leads to the temporal

intensity maps of {1, 2, 3, 2, 1, 1}, {1, 2, 3, 2, 1, 0} and {1, 2, 3, 2, 1, 1} for these three scenarios,

suggesting the clusters {A,C} and {B}. However, as the spatiotemporal scenario patterns

in scenarios A and B are very similar (with the only difference at t = 6), and that in scenario

C is significantly different, the correct clusters are {A,B}, and {C}. This example suggests

the limitation of separating the spatial and temporal dimensions, as it does not retain the

correlation between the two dimensions. To address this problem, spatial and temporal

dimensions must be considered together, and we need to directly calculate the spatiotemporal

distance between pair-wise scenarios to recognize spatiotemporal spread patterns.
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(a) (b) (c)

Figure 5.2. Spatiotemporal intensity maps: a) scenario A, b) scenario B,

and c) scenario C. Separating the spatial and temporal dimensions does not

lead to the correct clusters {A,B} and {C}.

5.4.3. Problem for Spatial Cell-to-Cell Comparison

The most straightforward approach to calculate spatial pair-wise scenario distances

is the cell-to-cell comparison, which scans spatial cells one by one and calculates the sum of

intensity differences for all cells. The cell-to-cell distance Di,j between two scenarios si and

sj is calculated as

(127) Di,j =
∑
gk∈G

|Ii,k − Ij,k| ,

where gk is a spatial cell, G = {gk} is the set of all cells, and Ii,k is the intensity at cell

gk. The cell-to-cell comparison unfortunately does not differentiate spatial distances among

patterns. As shown in Figure 5.3, if two clusters are desired, human eyes can easily adjust the

resolution and find that scenarios A and B should be in one cluster, as the convective weather

locations in these two scenarios are close and are both far away from that in scenario C.

However, the simple cell-to-cell comparison leads to the pairwise distances among all three

scenarios to be ’2’, which do not capture the location proximity between scenarios A and B.

Conceptually, the moving window concept [57, 154] reviewed in Chapter 5.3.2 ad-

dresses this issue, as can be seen in Figure 5.3. The summed intensities in the specific

2×2 windows are {1, 1, 0} for the three scenarios, and hence the location proximity between

scenarios A and B is captured. Such proximity can only be captured by low resolutions.
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Spread patterns of varying shape, size, intensity and location can thus be captured by these

windows with moving scans of varying sizes, justifying the use of the moving window concept

for spatiotemporal scenario data.

Figure 5.3. Spatial intensity maps: a) scenario A, b) scenario B, and c)

scenario C. The 2 × 2 bold squares represent windows of size w = 2. The

cell-to-cell comparison does not result in the correct clusters {A,B} and {C},
which can be found using the moving window algorithm.

Formally, as we are dealing with continuous valued intensity data (instead of category

data), for a particular window size w, we modify the distance di,j,w between two scenarios

si and sj as calculated by summing the intensities within windows of size w and computing

the differences of the summarized values at each scan step, i.e.,

(128) di,j,w =
∑
ϕw∈φw

∣∣∣∑gk∈ϕw Ii,k −
∑

gk∈ϕw Ij,k

∣∣∣
|ϕw| |φw|

.

The normalization factor |ϕw| |φw| = w2 |φw| equalizes the contribution of each spatial reso-

lution w, as reflected by

(129)
∑
ϕw∈φw

w2

w2 |φw|
= 1.

The pairwise scenario distance Di,j over all spatial window sizes w is then obtained by

summing the distances di,j,w for all w ≤ wmax with some weights, i.e.,

(130) Di,j =
wmax∑
w=1

di,j,w
σw∑wmax

w=1 σw
.
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To complete this example, with wmax = 2,

DA,B =
2

20

δ1

δ1 + δ2

+
1

48

δ2

δ1 + δ2

,(131)

DA,C =
2

20

δ1

δ1 + δ2

+
5

48

δ2

δ1 + δ2

,(132)

DB,C =
2

20

δ1

δ1 + δ2

+
6

48

δ2

δ1 + δ2

,(133)

as |φ1| = 20, |ϕ1| = 1, |φ2| = 12, and |ϕ2| = 4. Clearly, scenarios A and B are grouped to

one cluster, and scenario C to the other, as DA,B < DA,C and DA,B < DB,C .

5.4.4. Definition of Windows for Maps of Arbitrarily Shaped Spatial Cells

For maps that are composed of irregularly shaped spatial cells (e.g., sectors in the

NAS), the original scanning technique for maps with regular grid structures does not work.

Motivated by this issue, we further modify the window definition and scanning procedures

to allow maps with arbitrarily shaped spatial cells. To do that, we define neighbors as

arbitrarily shaped spatial cells that share at least a segment of common edge, and a hop as

a step for a spatial cell to reach its neighboring cell. The spatial window of size w centered

at cell gk, ϕk,w, includes all cells within (w− 1) hops to gk. As shown in Figure 5.4, windows

of size w = 1, 2, 3 centered at cell 6 include all cells marked in light orange. |ϕk,w| denotes

the total number of cells within the spatial window ϕk,w, which may vary for different gk at

a particular w. φw = {ϕk,w} represents the complete set of spatial windows ϕk,w of size w,

and |φw| represents the total number of spatial windows in this set.

Using these notations, the distance between two scenarios for a particular window

size w is

(134) di,j,w =
∑

ϕk,w∈φw

∣∣∣∑gn∈ϕk,w Ii,n −
∑

gn∈ϕk,w Ij,n

∣∣∣
|ϕk,w|

.

The normalization factor |ϕk,w| equalizes the contribution of each spatial resolution w, as

reflected by
∑

ϕk,w∈φw
|ϕk,w|
|ϕk,w| = |φw|. As |φw| remains the same value for every window size

w, which equals the total number of cells in the map, i.e., |φw| = |G|, where |G| represents

the size of G, the contribution of each spatial resolution w is equal. The overall pairwise
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Figure 5.4. The definition of spatial windows for maps of arbitrary shapes.

Cells centered around cell 6 within a window a) ϕ6,1 of w = 1, b) ϕ6,2 of w = 2,

and c) ϕ6,3 of w = 3 are marked in light orange. The indexes of center cells

are marked in red.

scenario distance is then obtained by summing the distances di,j,w for all w ≤ wmax with

some weights. Specifically,

(135) Di,j =
wmax∑
w=1

di,j,w
δw∑wmax

w=1 δw
,

where the weighting factors δw > 0 are typically the same for a fixed window size w, but

decrease with the increase of w to reflect less important contributions of lower resolutions

(i.e., larger w).

This new definition of spatial windows has several advantages. First, unlike the

original moving window algorithm which has a reduced |φw| as w increases, |φw| in this

algorithm is a constant. This removes the need to include |φw| in the normalization factor in

calculating di,j,w. Secondly, this moving window technique is well suited for irregular maps

that do not have well-defined structures, as the specific order of scanning does not play a

role. Please see Figure 5.5 for a sample scanning process.

Figure 5.5. A sample scanning process for maps of arbitrary shapes.
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5.4.5. Problem of Time Point-to-point Comparison

Point-to-point comparison of temporal evolving data has a similar issue. As shown

in Figure 5.6, scenario B is slightly delayed compared with scenario A, while scenario C is

significantly delayed, thus scenarios A and B should be in one cluster and C in the other.

The point-to-point comparison cannot correctly cluster the three scenarios with all pairwise

distances equal to ’2’. To address this problem, we use the moving window concept (for

regular grid structures) for temporal data. The key idea is to scan the temporal data with

growing temporal windows (or lower temporal resolutions), and compare scenarios for each

window size. The temporal window of size h starting from time point tl, ϕl,h, contains

|ϕl,h| = h number of consecutive time points. T = {tl} is the complete set of all time

points tl, and |T | represents the total number of time points tl in this set T . φh = {ϕl,h} is

the complete set of all temporal windows of size h, and |φh| represents the total number of

temporal windows in the set φh.

Figure 5.6. Sequences along the temporal dimension for a spatial cell: a)

scenario A, b) scenario B, and c) scenario C. The point-to-point comparison

cannot find correct clusters {A,B} and {C}, which instead can be found using

the temporal moving window algorithm.

By following similar procedures for spatial data (see Figure 5.7 for the scanning

process), the distance between two scenarios si and sj for a particular window size h is

(136) di,j,h =
∑

ϕl,h∈φh

∣∣∣∑tm∈ϕl,h Ii,m −
∑

tm∈ϕl,h Ij,m

∣∣∣
|φh| |ϕtl,h|

,

where Ii,m is the intensity at time point tm in scenario si; and the pairwise scenario distance

is

(137) Di,j =
hmax∑
h=1

di,j,h
αh∑hmax
h=1 αh

,
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where hmax is maximum window size, and αh > 0 is the temporal weighting factor. As the

example shows in Figure 5.6, the pairwise scenario distances among the three scenarios with

hmax = 2 are

DA,B =
2

8

α1

α1 + α2

+
1

14

α2

α1 + α2

,(138)

DA,C =
2

8

α1

α1 + α2

+
2

14

α2

α1 + α2

,(139)

DB,C =
2

8

α1

α1 + α2

+
2

14

α2

α1 + α2

,(140)

as |φ1| = 8, |ϕl,1| = 1, |φ2| = 7, and |ϕl,2| = 2. Therefore, scenarios A and B are grouped in

one cluster, and scenario C in the other, as DA,B < DA,C and DA,B < DB,C .

Figure 5.7. A sample scanning process for temporal sequences. The bold

squares represent temporal windows.

There are other possible approaches to find the similarity of temporal sequences.

For instance, we may use the dynamic time warping distances measure to find the best

alignment between temporal sequences [235]. However, this method does not naturally

translate complicated warping procedures to distances (see the literature review section

5.3.1), and is also not trivial to be combined with the spatial window concept to process

spatiotemporal scenario data.

Furthermore, to capture the correlation between spatial and temporal dimensions, we

scan the scenarios with growing window sizes along both temporal and spatial dimensions

simultaneously (producing 3-D windows) to determine the spatiotemporal distance between

each pair of scenarios. We call this measure the multi-resolution spatiotemporal dis-

tance measure, which meets all the requirements to cluster spatiotemporal scenario data

discussed in Chapter 5.4.1. The pseudocode to generate this measure are described in Chap-

ter 5.5.2.
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5.4.6. Illustration of Boundary Effects

Boundary effects are caused by the unequal contributions of spatial cells or time points

to the pairwise scenario distance calculation due to structural configuration of neighbors. For

a moving scan of window size of w or h, spatial cells or time points that have more neighbors

within (w− 1) or (h− 1) hops are scanned more number of times and hence contribute more

to the distance calculation. Typically, the ones in the center of spatial maps or temporal

sequences contribute more to determine distances among scenarios than those at borders

because they have more number of neighbors.

We use a simple example shown in Figure 5.8 to illustrate the boundary effects. In

the four scenarios shown in Figure 5.8(a), cells with common edges are neighbors. By using

the modified moving window technique discussed in Chapter 5.4.3, we plot the distance

di,j,w versus window size w. The complicated trends shown in Figures 5.8(b) are caused

by boundary effects. In particular, the initial growth of spatial distance dA,B,w between

scenarios A and B is caused by the biased contribution of mismatches in the center areas,

and the initial decay of spatial distance dA,C,w between scenarios A and C is caused by the

biased contribution of matches in the center areas.

To motivate our correction method, we introduce the concept of contribution fac-

tor, which measures the contribution of each cell gk to the spatial distance di,j,w. The

contribution factor of a cell gk at a spatial resolution w, λk,w, is computed by finding all

windows ϕn,w that include this cell gk, and then summing the inverses of |ϕn,w| for all

ϕn,w ∈ {ϕn,w|gk ∈ ϕn,w}. Mathematically,

(141) λk,w =
∑

ϕn,w∈{ϕn,w|gk∈ϕn,w

1

|ϕn,w|
.

We note that when w = 1, the contribution factor λk,1 = 1 for all gk ∈ G, as each cell gk is

scanned once, indicating an unbiased contribution with no boundary effects. The unequal

contribution factors shown in Figure 5.8(c) produce the boundary effects.
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(a)

(b) (c) (d)

Figure 5.8. Explanation of boundary effects using a small example: a) the

spatial intensity map of each scenario with the number in each cell representing

the cell index; b) distances di,j,w among the four scenarios versus the spatial

resolution w; c) the contribution factor λk,w of each cell gk at different spatial

resolutions w; d) distance dA,D,w between scenarios A and D for all spatial

resolutions w before and after the correction.

5.4.7. Correction of Boundary Effects

In order to correct the boundary effects, we develop a method to equalize each cell’s

contribution to the spatial distance calculation. This is done by first scaling intensity Ii,k for

each cell gk at each spatial resolution w with the contribution factor of this cell λk,w, i.e.,

(142) Ĩi,k,w =
Ii,k
λk,w

,

and then using the scaled intensities, Ĩi,k,w, to calculate scenario distances. Such correction

leads to same contribution factors for all cells, and the equal distances di,j,w for all window

sizes between scenarios A and B, A and C, B and C, and C and D in Figure 5.8(a). In
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addition, we plot the distance dA,D,w for all spatial resolutions between scenarios A and D

before and after the correction in Figure 5.8(d). It is typically true that the distance di,j,w

decreases with the increase of spatial resolution w, regardless of the patterns of weather

impact maps. This is understandable as the scenarios look more similar at lower resolutions.

Boundary effects for temporal sequences can be similarly corrected through scaling.

In particular, the contribution factor of a time point tl at temporal resolution h, τl,h, is

computed by finding all windows ϕm,h that include this time point tl, and then summing the

inverses of |ϕm,h| for all ϕm,h ∈ {ϕm,h|tl ∈ ϕm,h}. Mathematically,

(143) τl,h =
∑

ϕm,h∈{ϕm,h|tl∈ϕm,h

|T |
|ϕm,h| |φh|

,

where the scalar |T |
|φh|

guarantees that
∑

tl∈T τl,h = 1. In order to correct the temporal

boundary effects, we scale the intensity Ii,l for each time point tl at each window size h with

the contribution factor τl,h, i.e.,

(144) Ĩi,l,h =
Ii,l
τl,h

,

and then use the scaled intensities to calculate scenario distances.

5.5. Algorithm Description

The multi-resolution spatiotemporal distance generation algorithm is devised with

features that we have discussed in Chapter 5.4. In this section, we illustrate the distance

generation algorithm which generally applies to scenario data drawn from processes of spa-

tiotemporal spread dynamics. The key idea of the algorithm is the use of moving window

technique with boundary effect correction along 3-D spatiotemporal dimensions for scenar-

ios of arbitrarily shaped spatial cell structures. Here we describe the data requirement,

pseudocode for this algorithm, and the analysis of parameter impacts.

5.5.1. Data Requirement

Running the algorithm requires two data input files. The first file is the intensity

file, which defines intensity Ii,k,l at each spatial cell gk ∈ G and time point tl ∈ T for each

scenario si ∈ S. The second file is the adjacency matrix M , which defines the map structure
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of spatial cells. Specifically, M = [Mi,j]|G|×|G|, where Mi,j = 1 if cells i and j are adjacent to

each other; otherwise, Mi,j = 0.

5.5.2. Pseudocode for the Multi-Resolution Spatiotemporal Distance Generation Algorithm

Here we describe the pseudocode of the algorithm. Steps 1-2 are to calculate the

hop distance between each pair of cells to facilitate finding cells within a designated spatial

window. Steps 3-6 are to find all cells within each spatial window and all time points within

each temporal window. Step 7 is to find the spatial contribution factors of all cells at each

spatial resolution and the temporal contribution factors of all time points at each temporal

resolution to correct the boundary effects. Step 8 is to weight critical spatial cells and time

points of significance when there is an application need. For any two scenarios and any pair

of spatial and temporal resolutions, w and h, this algorithm in Steps 10 to 15 scans these two

scenarios with the designated spatiotemporal resolutions, and calculate their distances. The

procedure repeats with increasing w and h, until the maximum pre-set window sizes, wmax

and hmax, are reached. Finally, the distances are summed and weighted to obtain the overall

distance of the two scenarios, which is used for clustering. The algorithm is featured by its

capability to capture the distance between any two scenarios with varying spatiotemporal

resolutions.

We note that in Step 8, βk,l is set to 1 for all gk and tl so as to equally weight the

contribution of each cell and time point. In the case that some spatial cells are of critical

consideration, these cells can be assigned with higher βk,l. For instance, in the strategic

air traffic management application, if including airports in this weather impact study, the

airports can be considered as new spatial cells with higher βk,l to account for their more

significant roles than regular airspace cells in planning traffic management strategies.

5.5.3. Analysis of Parameters and Selection Guidelines

The multi-resolution spatiotemporal distance generation algorithm has four param-

eters (wmax, hmax, δw, αh), with βk,l taking the default value 1. In this section, we analyze

the impact of these parameters on the performance of the algorithm, which suggests the
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Algorithm The multi-resolution spatiotemporal generation algorithm

1: for each pair of cells gi and gj, gi, gj ∈ G do

2: Find the hop distance between these two cells based on the adjacency matrix M , and

store it in bi,j. for instance, bi,j = 2 denotes that they are 2 hops away.

3: for each cell gk ∈ G and each spatial resolution w ≤ wmax do

4: Find all cells within the spatial window ϕk,w of size w centered at gk, ϕk,w ∈ φw.

5: for each time point tl ∈ T and each temporal resolution h ≤ hmax do

6: Find all time points within the temporal window ϕl,h of size h starting from tl,

ϕl,h ∈ φh.

7: Find spatial contribution factor λk,w of each cell gk ∈ G at each spatial resolution w ≤
wmax, and find temporal contribution factor τl,h of each time point tl ∈ T at each

temporal resolution h ≤ hmax.

8: Weight critical cells and time points through Îi,k,l = βk,lIi,k,l for all si ∈ S, gk ∈ G,

tl ∈ T , where βk,l weights important cells and time points. Here βk,l = 1.

9: for each pair of scenarios si, sj ∈ S do

10: for each pair of spatial resolution w = 1 : wmax and temporal resolution h = 1 : hmax

do

11: for each cell gk ∈ G and time point tl ∈ T do

12: Scale Îi,k,l with the spatial contribution factors λk,w of cell gk and temporal

contribution factor τl,h of time point tl, by Ĩi,k,l,w,h =
Îi,k,l

λk,wτl,h
to correct the boundary

effects.

13: Calculate the distance for windows ϕk,w and ϕl,h as∣∣∣∑gn∈ϕk,w

∑
tm∈ϕl,h Ĩi,n,m,w,h −

∑
gn∈ϕk,w

∑
tm∈ϕl,h Ĩj,n,m,w,h

∣∣∣.
14: Calculate the pairwise distance di,j,w,h for the resolutions w and h by sum-

ming the intensity differences calculated at all window scans. In particular, di,j,w,h =∑
ϕk,w∈φw

∑
ϕl,h∈φh

∣∣∣∑gn∈ϕk,w

∑
tm∈ϕl,h

Ĩi,n,m,w,h−
∑
gn∈ϕk,w

∑
tm∈ϕl,h

Ĩj,n,m,w,h

∣∣∣
|ϕk,w||ϕl,h||φh| . The normaliza-

tion factor |ϕk,w| |ϕl,h| |φh| equalizes the contribution of each resolution w and h to the

distance calculation.
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15: Calculate the overall distance between scenarios si and sj as: Di,j =∑hmax
h=1

∑wmax
w=1 di,j,w,h

δwαh∑hmax
h=1

∑wmax
w=1 (δwαh)

, where δw penalizes large spatial resolutions, and

αh penalizes large temporal resolutions.

guidelines to properly select these parameters for practical use.

1. Upper Bound of the Spatial Window Size wmax and Upper Bound of the Temporal Window

Size hmax

The parameters wmax and hmax define the lowest resolutions in the spatiotemporal

scanning processes, respectively. The value of wmax can be chosen between 1 and the largest

hop distance between any two cells in the map. Its selection is affected by spatiotemporal

data patterns, and needs to balance between precision and computation load according to

practical needs. At one extreme, choosing wmax = 1 results in the smallest computation

load but the cell-to-cell comparison problem discussed in Chapter 5.4.3. A large wmax leads

to the opposite. Similarly, the selection of hmax is affected by temporal data patterns, and

needs to balance between precision and computation load.

The distance di,j,w,h provides valuable insights on the selection of wmax and hmax. The

first result that generally holds is that compared to the window of size 1, windows of larger

sizes (w > 1, h > 1) always bring scenarios closer. Mathematically,

di,j,w,h ≤ di,j,1,h ≤ di,j,1,1(145)

di,j,w,h ≤ di,j,w,1 ≤ di,j,1,1(146)

with the proof in the Appendix. This majorization property justifies the use of multi-

resolution scheme to reveal similar patterns between spatiotemporal scenarios. More in-

terestingly, a faster decay of di,j,w,h suggests more similarity between the scenarios. Second,

the distance di,j,w,h between two scenarios typically decreases as the spatial window sizes

w increases, and finally converges when w increases to a certain value. This observation

suggests that a larger window size better captures the similarity between two scenarios;

however there is no need to choose a very large window size, because of this convergence
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property. Once the window size’s effect converges, using lower resolution does not enhance

understanding of similarities/distances among the scenarios. In general, a good wmax is the

one that captures the range of the initial steepest decays for a majority of scenario pairs.

Similarly, the distance di,j,w,h between two scenarios also decays as h increases, and hmax is

suggested to capture the range of the initial steepest decays for a majority of scenario pairs.

2. Spatial Window Size Weighting Factor δw and Temporal Window Size Weighting Factor

αh

The spatial window size weighting factor δw scales down the effect of larger spatial

window sizes on the distance calculation. Similarly, the temporal window size weighting

factor αh scales down the effect of larger temporal window sizes. Different functions of δw

and αh can be used; we here use the exponential functions δw = e−σ(w−1) and αh = e−ρ(h−1),

where ρ, σ ≥ 0 [57,154]. δw and αh decrease as w and h increase, respectively. Generally,

the parameters r = e−σ and c = e−ρ should be selected according to different application

needs. If similar patterns in low resolutions are considered important, r and c should be

assigned large numbers, and vice versa. In the special case of r or c being 1, all resolutions

carry equal weights.

5.6. Concluding Remarks and Future Work

Spatiotemporal scenario data are common to broad large-scale dynamical system ap-

plications, and become available with the nascent research direction on closing the loop of

big data and real-time control. In this chapter, we developed a multi-resolution spatiotem-

poral distance generation algorithm, which combined with standard distance-based static

clustering algorithm, to cluster spatiotemporal scenario data. The algorithm uses 3-D multi-

resolution moving windows to capture the similarity between scenarios of spread patterns

of varying shape, size, location, and intensity, and hence addresses special features of spa-

tiotemporal scenario data that are not seen in existing commonly studied spatiotemporal

data. Other features of the algorithm include the correction of boundary effects and the

capability to process spatial maps of arbitrarily-shaped grid structures. We elaborated on
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the features of the algorithm using concrete motivating examples and analyzed the impact

of parameters to facilitate implementation.

This chapter focuses on the development of a distance measure to capture features

of spatiotemporal scenario data. In the future work, we will extend the development in

the following aspects. First, we will improve the algorithm’s computational efficiency. The

current distance generation algorithm can distinguish subtle differences between spatiotem-

poral scenario data, with a computation cost in the range of O(|S|2 |G| |T |wmaxh2
max) and

O(|S|2 |G|2 |T |wmaxh2
max) dependent on the configuration of spatial map structure. Small

wmax and hmax are typically sufficient for most applications. Possible directions to im-

prove efficiency include the use of adaptive procedures, the integration with computational

improvement technologies in the machine learning literature, and application-specific anal-

ysis to retain the most significant information for clustering. Second, we will fully explore

the spatiotemporal scenario-driven decision-making framework, and its application to real-

world large-scale dynamical systems. The distance measure can be used to mine historical

databases of control solutions tagged with similar scenarios to speed up the design of optimal

control strategies for representative scenarios.

5.7. Appendix

The following is a proof of Equations 145 and 146 in Chapter 5.5.3:

First, let us prove di,j,w,h ≤ di,j,1,h. We start with computing di,j,w,h, then compute

di,j,1,h, and finally compare these two quantities. According to the distance generation algo-

rithm described in Chapter 5.5.2,

di,j,w,h =
∑

ϕk,w∈φw

∑
ϕl,h∈φh

∣∣∣∑gn∈ϕk,w

∑
tm∈ϕl,h Ĩi,n,m,w,h −

∑
gn∈ϕk,w

∑
tm∈ϕl,h Ĩj,n,m,w,h

∣∣∣
|ϕk,w| |ϕl,h| |φh|

=
∑

ϕk,w∈φw

∑
ϕl,hφh

1

|ϕk,w| |ϕl,h| |φh|

∣∣∣∣∣∣
∑

gn∈ϕk,w

∑
tm∈ϕl,h

Îi,n,m
λn,wτm,h

−
∑

gn∈ϕk,w

∑
tm∈ϕl,h

Îj,n,m
λn,wτm,h

∣∣∣∣∣∣(147)
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When w = 1, we find ϕk,1 = {gk}, |ϕk,1| = 1, and λn,1 = 1. Therefore,

di,j,1,h =
∑

ϕl,h∈φh

∑
ϕk,1∈φ1

1

|ϕk,1| |ϕl,h| |φh|

∣∣∣∣∣∣
∑

gn∈ϕk,1

∑
tm∈ϕl,h

Îi,n,m
λn,1τm,h

−
∑

gn∈ϕk,1

∑
tm∈ϕl,h

Îj,n,m
λn,1τm,h

∣∣∣∣∣∣
=

∑
ϕl,h∈φh

∑
gk∈G

1

|ϕl,h| |φh|

∣∣∣∣∣∣
∑

tm∈ϕl,h

Îi,k,m
τm,h

−
∑

tm∈ϕl,h

Îj,k,m
τm,h

∣∣∣∣∣∣(148)

Now we compare di,j,w,h and di,j,1,h. According to the triangular inequality rule,

di,j,w,h =
∑

ϕl,h∈φh

∑
ϕk,w∈φw

1

|ϕk,w| |ϕl,h| |φh|

∣∣∣∣∣∣
∑

gn∈ϕk,w

 ∑
tm∈ϕl,h

Îi,n,m
λn,wτm,h

−
∑

tm∈ϕl,h

Îj,n,m
λn,wτm,h

∣∣∣∣∣∣
≤

∑
ϕl,h∈φh

∑
ϕk,w∈φw

1

|ϕk,w| |ϕl,h| |φh|
∑

gn∈ϕk,w

∣∣∣∣∣∣
∑

tm∈ϕl,h

Îi,n,m
λn,wτm,h

−
∑

tm∈ϕl,h

Îj,n,m
λn,wτm,h

∣∣∣∣∣∣
=

∑
ϕl,h∈φh

 ∑
ϕk,w∈φw

∑
gn∈ϕk,w

1

|ϕk,w| |ϕl,h| |φh|
1

|λn,w|

∣∣∣∣∣∣
∑

tm∈ϕl,h

Îi,n,m
τm,h

−
∑

tm∈ϕl,h

Îj,n,m
τm,h

∣∣∣∣∣∣
=

∑
ϕl,h∈φh

∑
gk∈G

1

|λk,w| |ϕl,h| |φh|

 ∑
ϕn,w∈{ϕn,w|gk∈ϕn,w}

1

|ϕn,w|


∣∣∣∣∣∣
∑

tm∈ϕl,h

Îi,n,m
τm,h

−
∑

tm∈ϕl,h

Îj,n,m
τm,h

∣∣∣∣∣∣


As λk,w =
∑

ϕn,w∈{ϕn,w|gk∈ϕn,w}
1

|ϕn,w| > 0,

di,j,w,h ≤
∑

ϕl,h∈φh

∑
gk∈G

1

|λk,w| |ϕl,h| |φh|
λk,w

∣∣∣∣∣∣
∑

tm∈ϕl,h

Îi,n,m
τm,h

−
∑

tm∈ϕl,h

Îj,n,m
τm,h

∣∣∣∣∣∣


=
∑

ϕl,h∈φh

∑
gk∈G

1

|ϕl,h| |φh|

∣∣∣∣∣∣
∑

tm∈ϕl,h

Îi,n,m
τm,h

−
∑

tm∈ϕl,h

Îj,n,m
τm,h

∣∣∣∣∣∣
= di,j,1,h(149)

Now we have proved that di,j,w,h ≤ di,j,1,h. We next prove di,j,w,h ≤ di,j,w,1 by following

a similar procedure. Note that when h = 1, ϕl,1 = {tl}, |ϕl,1| = 1, |φ1| = |T |, and τm,1 = 1.
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Therefore,

di,j,w,1 =
∑

ϕl,1∈φ1

∑
ϕk,w∈φw

1

|ϕk,w| |ϕl,1| |φ1|

∣∣∣∣∣∣
∑

gn∈ϕk,w

∑
tm∈ϕl,1

Îi,n,m
λn,wτm,1

−
∑

gn∈ϕk,w

∑
tm∈ϕl,1

Îj,n,m
λn,wτm,1

∣∣∣∣∣∣
=

1

|T |
∑
tl∈T

∑
ϕk,w∈φw

1

|ϕk,w|

∣∣∣∣∣∣
∑

gn∈ϕk,w

Îi,n,l
λn,w

−
∑

gn∈ϕk,w

Îj,n,l
λn,w

∣∣∣∣∣∣
Again, using the same triangular inequality rule, we obtain

di,j,w,h =
∑

ϕk,w∈φw

∑
ϕl,h∈φh

1

|ϕk,w| |ϕl,h| |φh|

∣∣∣∣∣∣
∑

tm∈ϕl,h

 ∑
gn∈ϕk,w

Îi,n,m
λn,wτm,h

−
∑

gn∈ϕk,w

Îj,n,m
λn,wτm,h

∣∣∣∣∣∣
≤

∑
ϕk,w∈φw

∑
ϕl,h∈φh

1

|ϕk,w| |ϕl,h| |φh|
∑

tm∈ϕl,h

∣∣∣∣∣∣
∑

gn∈ϕk,w

Îi,n,m
λn,wτm,h

−
∑

gn∈ϕk,w

Îj,n,m
λn,wτm,h

∣∣∣∣∣∣
=

∑
ϕk,w∈φw

∑
ϕl,h∈φh

∑
tm∈ϕl,h

1

|ϕk,w| |ϕl,h| |φh|
1

|τm,h|

∣∣∣∣∣∣
∑

gn∈ϕk,w
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Îi,n,m
λn,w

−
∑

gn∈ϕk,w

Îj,n,m
λn,w

∣∣∣∣∣∣
= di,j,w,1

Now we have proved that di,j,w,h ≤ di,j,w,1. Combining these results lead to Equations 145

and 146.
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CHAPTER 6

A STOCHSTIC MODELING FRAMEWORK FOR STRATEGIC AIR TRAFFIC FLOW

MANAGEMENT UNDER WEATHER UNCERTAINTY
1

6.1. Nomenclature

si the i-th weather state

wi the i-th weather impact intensity (or weather-induced flow restriction)

W full set of weather impact intensities wi.

n total number of weather states in the Markov chain representation

Wq(·) a function that maps vector q[k] to space W

Ps transition probability matrix for weather states

Psi,j probability for the weather to transit from state si to sj

q[k] vector containing the states of weather Markov chain at time step k

qi[k] the i-th entry of q[k] indicating the state of weather at time step k

Wq(·) a function that maps vector q[k] to space W

N [k] maximum number of aircraft allowed to pass a queue at time step k

x[k] number of aircraft entering a queue at time step k

e[k] number of aircraft crossing a queue at time step k

b[k] number of aircraft in a queue at time step k

1Parts of this chapter have been published, either in part or in full, from J. Xie, Y. Zhou, Y. Wan, Ash-
ley Mitchell, Sandip Roy, “A Jump Linear Approach Based Sensitivity Study for Optimal Air Traffic Flow
Management under Weather Uncertainty”, in Proceedings of AIAA SciTech, Kissimmee, FL, Jan.2015. Re-
produced with permission from the American Institute of Aeronautics and Astronautics.
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B[k] number of aircraft delayed in a queue at time step k

u[k] average number of aircraft entering a queue at time step k

Nc[k] management flow restriction for a queue at time step k

6.2. Introduction

The National Airspace System (NAS) is running at near-capacity in many places,

and this, combined with severe weather, causes frequent congestion and delays. Strategic air

traffic flow management aims to mitigate congestion by planning flows and resources 2-15

hours in advance [281, 282]. This longer strategic time-scale (as compared to the shorter

2-hour time horizon for tactical decision-making) is promising for allowing the coordination

of traffic management at a broader spatial scale, and even the National Airspace System

(NAS)-wide. Planning at this long strategic time-frame alleviates burdens of the tactical

management for pilots and controllers and plays a significant role in enhancing the safety

and efficiency of the NAS. However, it is also very challenging to manage traffic flows at this

time-frame, due to uncertain traffic demands and convective weather events that complicate

system dynamics. In Part II of this dissertation (Chapter 6 – Chapter 8), we develop tools

to conquer these challenges faced by the strategic air traffic flow management.

In this chapter, we first review a modeling framework that integrates uncertain

weather and flow dynamics in Chapter 6.3. We then briefly conclude in Chapter 6.4.

6.3. Integrated Weather-Flow Modeling Framework

The modeling framework integrates the demand model, weather-impact model, and

queuing model [361, 363]. As shown in Figure 6.1, both flow management actions and

uncertain weather events modulate air traffic flows. We first introduce each model and then

describe their integration.

1. Demand Model

The demand model captures the stochastic property of air traffic flows that enter a

region. We here use x[k] to represent the number of aircraft entering a region at each time
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Figure 6.1. Illustration of the modeling framework [363].

k. x[k] can be captured as a time-dependent Poisson process, with mean u[k].

2. Weather-Impact Model

The weather model captures the evolution of convective weather impact on traffic

flows, using a finite state Markov chain [244, 345, 346]. In particular, each state si, i ∈
{1, 2, . . . , n}, in the Markov chain represents a weather stage during the evolution, and the

(i, j)-th entry in the transition matrix Ps ∈ Rn×n, denoted as Psi,j , captures the probability

for the weather to evolve from state si to state sj. For convenience, we here use a vector

q[k] ∈ Rn×1 to represent the weather state at time k. If the weather state at this time is si,

then the i-th entry of q[k] is 1, i.e., qi[k] = 1, and all other entries are 0. To capture weather

impact, each state q[k] is associated with a weather intensity wq(q[k]) ∈ W = {w1, w2, . . .}.
As the weather intensities directly impact the separation distance between two aircraft, they

translate to capacity reductions in a region.

3. Queuing Model

The queuing model captures the traffic flow dynamics under weather impact and

management restrictions, which are captured by the flow restriction N [k]. States of the

model include buffer length b[k] and crossing flow e[k], and the output is the backlog B[k].

In particular, at any time k, all aircraft coming into a region enter the virtual buffer. The

number of aircraft that can leave the buffer and enter this region, i.e., e[k], is constrained by

the flow restriction N [k], the maximum number of aircraft allowed to pass at time k. The

other aircraft delayed in the buffer are captured by the backlog B[k], indicating the severity
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of traffic congestion. Therefore, the dynamics of the queuing model can be expressed using

the following equations:

e[k] =


b[k − 1], if b[k − 1] ≤ N [k]

N [k], if b[k − 1] > N [k]

(150)

b[k] = b[k − 1] + x[k]− e[k]

B[k] = b[k − 1]− e[k]

An illustration of the queuing model is shown in Figure 6.2. It is referred to as a saturation

model, due to the existence of saturation region.

Figure 6.2. An illustration of the saturation model.

4. Integrated Modeling Framework

The variability in weather events, and especially convective weather, creates signifi-

cant difficulties in defining strategic traffic management actions as these uncertainties must

be accounted for in the models developed. We take the perspective that by integrating the

demand model, weather-impact model, and the queuing model, we can analyze and design

strategic management under weather uncertainty. Now let us discuss the integrated model-

ing framework. In particular, the service rate is determined by both weather-induced flow

restriction, wq(q[k]), and management flow restriction, denoted as Nc[k]. To reflect the time-

varying impact of uncertain weather on the dynamics of traffic flows, we modify Equation

150 by replacing the service rate N with N [k], where N [k] = min{wq(q[k]), Nc[k]}.
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6.4. Conclusion

Weather uncertainty plays a critical role in the performance of air traffic systems,

especially in the strategic time-frame. In this chapter, we reviewed an integrated weather-flow

framework as the foundation for performance evaluation and TMI design. This framework

integrates the demand, weather-impact, and queuing models to capture the dynamics of the

three components and their interactions. In particular, the dynamics of traffic flows are

captured by discrete-time queuing models and the evolution of uncertain weather events is

captured by Markov chains. The convective weather impacts the traffic systems by restricting

traffic flows and reducing region capacities.
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CHAPTER 7

APPLICATION OF THE DATA-DRIVEN DECISION-MAKING FRAMEWORK TO

STRATEGIC AIR TRAFFIC FLOW MANAGEMENT
1

7.1. Introduction

One of the main challenges for strategic air traffic flow management (ATFM) is the

significant uncertainty in predicting convective weather events [125,209,286,345,361,362].

Convective weather events are considered as the driving force for strategic ATFM planning;

as they reduce the capacities of the NAS, cause traffic demand and capacity imbalance at

regions, and thus necessitate the redistribution of flows and resources. As weather forecasts

are far from being precise at the 2-15 hour strategic time-frame, automated strategic ATFM

planning needs to be robust to a range of likely convective weather events.

In Chapter 1, we introduced a data-driven decision-making framework for large-scale

dynamical systems. This framework can be applied for strategic ATFM. In particular, under

the assumption that similar weather scenarios lead to similar control solutions, this frame-

work takes random variables which define the whole range of predicted possible weather

scenarios as the input, and then uses the multidimensional uncertainty evaluation approach

(M-PCM-OFFD) to select a small set of representative weather scenarios. The representative

weather scenarios can then be used to retrieve similar historical weather scenarios tagged

with control solutions. The optimal control strategies are then designed in the reduced

control space.

In this chapter, we first apply the multidimensional uncertainty evaluation approaches

(M-PCM introduced in Chapter 2 and M-PCM-OFFD introduced in Chapter 3) to select

1This chapter is presented, either in part or in full, from J. Xie, Y. Wan, Y. Zhou, “Effective Uncertainty
Evaluation in Large-Scale Systems”, Principles of Cyber-Physical Systems, 2015, with permission from Cam-
bridge University Press, and from J. Xie, Y. Zhou, Y. Wan, S. Tien, E.P.Vargo, C. Taylor, C. Wanke,
“Distance Measure to Cluster Spatiotemporal Scenarios for Strategic Air Traffic Management”, Journal of
Aerospace Information Systems, 12(8), 2015, with permission from University of North Texas.
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representative weather scenarios and assess the impact of weather scenarios on the perfor-

mance of air traffic system (Chapter 7.2). This study illustrates the effectiveness of the two

uncertainty evaluation approaches for the performance evaluation of air traffic system. In

Chapter 7.3, we apply the multi-resolution spatiotemporal distance measure introduced in

Chapter 5 to cluster real weather scenarios. In particular, we first systematically analyze

the impact of parameters in the distance generation algorithm and provide guidelines of pa-

rameter selection. We then conduct thorough comparative studies and sensitivity analysis to

illustrate the good performance of the distance measure. Finally, we conclude this chapter

in Chapter 7.4.

7.2. Applying Multidimensional Uncertainty Evaluation approaches to Strategic Air Traffic

Flow Management

In this section, we implement the two multidimensional uncertainty evaluation meth-

ods (M-PCM and M-PCM-OFFD) to evaluate the weather impact on air traffic system, so

as to facilitate the design of strategic ATFM. Consider the scenario that air traffic flows

pass through three regions which are subject to independent occasional weather events (see

Figure 7.1). The uncertain weather event at each region i, i = 1, 2, 3, is described by two

uncertain parameters: start time Si and duration Di. Therefore, a total number of 6 pa-

rameters is needed. In addition, we assume that the start time Si and duration Di each

follows a truncated Gaussian distribution with mean usi, udi, and variance σ2
si, σ

2
di, in the

range of (0,∞). In particular, for region i = 1, 2, 3, usi = 2h, 7h, 10h, udi = 1.5h, 0.8h, 1.2h,

σsi = 0.5h, 0.3h, 0.4h, and σdi = 0.5h, 0.2h, 0.4h.

Region 1 Region 2 

Traffic 

flows 

Region 3 

Figure 7.1. Illustration of a traffic flow passing through 3 regions in an airspace.

Next, we evaluate the delay of this air traffic system under weather uncertainty

[304, 308, 361], using the simulator introduced in Chapter 6. This simulator is built on
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an advanced discrete-time queuing network model that captures the effect of weather and

management initiatives using service rate reduction. The capacity of a region (modulated

by convective weather) at time k is captured by the service rate Ni[k], which constrains the

number of aircraft allowed to pass the queue, i.e., pass region i. In this simple example,

Ni[k] decreases by half in the presence of convective weather. The number of aircraft de-

layed at each time step k (sampled at ∆t = 15minutes) is denoted as backlog Bi[k], which

naturally captures traffic delay. In this study, we use the total backlog over a time span,

TB =
∑3

i=1

∑kp
k=1 Bi[k] to measure traffic delay, where kp is the length of the time span, equal

to 96 (i.e., 24h) in this simulation study. The dynamics of the simulation model is captured

by the following equations:

ei[k] = min{bi[k − 1], Ni[k]}(151)

bi[k] = bi[k − 1] + xi[k]− ei[k]

Bi[k] = bi[k − 1]− ei[k]

xi[k] =


x[k], i = 1

ei−1[k − t], i = 2, 3

where bi[k] is the length of the queue for region i at time k; ei[k] is the number of aircraft

passing the queue; and xi[k] is the number of aircraft entering the queue. x[k], the incoming

flow, is assumed to be a deterministic sequence sampled from a Poisson process of mean 5

per 15 minutes. The flight time between one region to the next, denoted as t, is assumed to

be equal to one time step (15 minutes).

Given the probability density distributions of the 6 uncertain input parameters and

the air traffic simulation model, we apply M-PCM and M-PCM-OFFD to approximate the

mean total backlog E[TB]. Here, we approximate the original system mapping by assuming

that each input parameter is of a degree of at most 3. Therefore, we select 2 M-PCM points

for each uncertain input parameter. In particular, we select 1.5h and 2.5h for S1; 1h and 2h

for D1; 6.75h and 7.25h for S2; 0.5h and 1h for D2; 9.5h and 10.4h for S3; and 0.75h and

1.5h for D3. The total number of simulation points selected by M-PCM is 26 = 64. Note
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that these M-PCM points are original values truncated to meet the 15-minute temporal

resolution. By running simulations at these M-PCM points, we can calculate coefficients of

the low-order mapping and predict the mean total backlog to be 43.3912.

We may further reduce the number of simulations using M-PCM-OFFD. Here, we

eliminate all cross-terms that contain more than 2 parameters, and apply 26−1
V OFFD to

select a subset of 32 simulation points. The mean total backlog predicted by M-PCM-OFFD

is 43.3911. Figure 7.2 compares the number of simulations, using M-PCM, M-PCM-OFFD,

and the Monte Carlo simulation method.

Figure 7.2. Comparison of number of simulations between Monte Carlo and

M-PCM approaches.

7.3. Using the Multi-Resolution Spatiotemporal Distance Measure to Cluster Real Weather

Impact Scenarios

Due to the wide range of future weather possibilities at the strategic time frame and

the on-line management requirement (i.e., decisions are updated every 2 hours), cluster-

ing weather impact scenarios into a limited number of representative groups for subsequent

ATFM strategy design is important. In this section, we apply the multi-resolution spatiotem-
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poral distance generation algorithm introduced in Chapter 5 to cluster realitistic datasets

of ensemble weather forecasts, with the purpose of illustrating the good performance of this

algorithm.

We choose the short-range ensemble forecast (SREF) system [80,277,283] to gener-

ate the datasets of weather scenarios in our study. SREF has been continuously improved

since the start of its development in 1995, and is considered by far the best ensemble weather

forecast tool available for air traffic decision support. Its current version produces 21 ensem-

ble forecasts 1-hourly up to 39 hours, and then 3-hourly up to 87 hours [283]. Supported by

the chaotic theory, the ensemble scenario members capture the uncertainty of weather fore-

cast, and can be used to calculate ensemble mean, variance, and probabilistic distribution

function for more meaningful use of weather forecast in decision-making than deterministic

forecasting tools [80]. It has been operationally used for air traffic decision-support with the

study dated back to 2009 [37,79].

The organization of this section is shown as follows. In Chapter 7.3.1, we first review

the clustering algorithms to group weather scenarios in the literature, which motivates the

need for a proper algorithm to cluster weather impact scenarios. In Chapter 7.3.2, we

use a small-scale example to demonstrate the features of the algorithm, the selection of

proper parameters, their impacts on the distance calculation, and the performance through

comparative studies. In Chapter 7.3.3, we conduct a scaled-up study and sensitivity analysis

to further illustrate the performance of the algorithm for larger datasets.

7.3.1. Review of Related Work

In the ATFM domain, clustering spatiotemporal weather impact scenarios to support

strategic ATFM is new [125,209,286,345]. Daily Weather Impacted Traffic Index (WITI)

scores obtained through summing WITI scores over the whole national airspace system

(NAS) in one day span were used to cluster similar weather-impact days [209]. Also related,

multiple metrics of NAS performance have been used to cluster similar days [125]. Cluster-

ing spatiotemporal weather impact scenarios to facilitate the weather-impact-scenario-driven

strategic ATFM decision support framework has also been recently studied [285,286,345].
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Three distance measures were used to cluster spatiotemporal weather impact scenarios [345]:

1) total capacity-based measure — summing capacities over all time points and sectors for

each scenario and using the total capability of each scenario to calculate pairwise scenario

distances, 2) time-aggregated sector capacity-based measure — summing capacities over all

time points for each sector and then using the 2-norm difference of the sector vector as

pairwise scenario distances, and 3) single sector capacity-based measure — selecting an im-

portant sector to represent each scenario, and using the 2-norm difference of its time vector

as pairwise scenario distances. In following works [285,286], an adjacency weighted measure

is introduced to incorporate neighboring information. In particular, a two-element vector

is calculated for each scenario. One element is the spatially weighted measure, obtained by

summing weather impact intensities over all time points for each sector, and then summing

the total intensities over all sectors weighted by the spatial adjacency matrix. The other

element is the temporally weighted measure, obtained in a similar way by using a temporal

adjacency matrix. These two-element vectors are then used to compute the pairwise scenario

distances based on their Euclidean distances. It was noted that summing weather impact in-

tensities along one dimension does not retain the spatial topology or temporal sequence, and

thus may cause problems such as the inability to differentiate time sequences with opposite

ordering (“metric symmetry”) [286].

7.3.2. A Small-scale Study

The dataset we choose includes 12-hour (from 10 : 00Z to 21 : 00Z) precipitation

data (with 0.0001mm/hour resolution) forecasted at 09 : 00Z on 07/19/2012. The SREF

data are reported in a spatial resolution of 40km × 40km. We convert it to sector-based

weather intensity data to permit using the same geographical unit for modeling, analysis,

and ATFM design [286]. Since the convective weather on that day primarily impacts the

airspace of the Cleveland, Chicago, and Indianapolis Centers, we choose in our study all

151 sectors in the cruising altitude (22, 000 to 36, 000 feet) in these three centers. The

weather impact intensity Ii,k,l is measured by a sector’s percentage precipitation coverage

above 3mm. This metric of 3mm precipitation coverage was shown to have high correlation
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with sector capacity loss and hence is considered a good indicator of the severity of weather

impact [133,286]. Other metrics can also be used to measure weather impact intensity, some

of which were discussed in [286]. The best measure to use requires a more comprehensive

study; our distance measure can be applied to any selected weather impact intensity measure.

Snapshots of three scenarios 11, 15, and 16 are shown in Figure 7.3.

Figure 7.3. Hourly precipitation forecasts for scenarios 11, 15, and 16. Sce-

narios 15 and 16 are similar, while both differ significantly from scenario 11.

Darker colors on the snapshots indicate higher intensity levels.

Figure 7.4 shows the significant unequal contribution factors of each sector and each

time point before the correction of boundary effects. Clearly, boundary effects are significant

and need to be removed.

1. Parameter Selection and Impact Analysis

We follow the parameter selection guidelines in Chapter 5.5.3 to select proper values

for the four parameters: 1) the upper bound of spatial resolution, wmax, 2) the upper bound

of temporal resolution, hmax, 3) weight of spatial resolution w, δw, and 4) weight of temporal
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(a) (b)

Figure 7.4. a) the contribution factors for each of the 151 sectors at all 13

spatial resolutions before the boundary effect correction, and b) the contri-

bution factors for each of the 12 time points at all 12 temporal resolutions

before the boundary effect correction. Each line corresponds to a sector or

time point. Note that only six lines are observed in b), as symmetric time

points (e.g., the first and last ones) share the same contribution factors at all

temporal resolution levels.

resolution h, αh. We first analyze the impact of the spatial resolution w on the pairwise

distance di,j,w,h (see Figures 7.5(a) and 7.5(b)) with hmax = 1, where di,j,w,h is the distance

between scenarios si and sj for spatial resolution w and temporal resolution h. Figure 7.5(a)

shows the pairwise distances among all scenarios to demonstrate the robustness, majoriza-

tion, and convergence properties. Several observations and conclusions can be drawn from

the plots. First, the distance calculation is robust for scenarios that are either very distinct

or very alike. As shown in Figure 7.5(a), regardless of the window size selected, the distance

d11,16,w,h between scenarios 11 and 16 is much larger than d15,16,w,h between scenarios 15 and

16, which agrees with the weather impact intensity snapshot patterns shown in Figure 7.3.

Second, Figure 7.5(a) verifies that the majorization property holds for all scenario pairs de-

scribed in Chapter 5.5.3. Third, when the spatial window size w increases to a certain value,

di,j,w,h converges. We also emphasize that the stabilization at w ≈ 6 observed in Figure
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7.5(a) is not caused by a possibility that the complete map can be covered by a window of

size 6. As the distribution of maximal hop distances for all sectors shows in Figure 7.5(b),

a majority of sectors have neighbors that are more than 6 hops away, and the longest hop

distance in this map is 13 (indicating the upper bound of wmax). This analysis suggests

that a fairly small window size is sufficient to capture the distances of scenarios with large

areas. According to the above analysis and the parameter selection guidelines discussed in

Chapter 5.5.3, a maximum window size of 4 to 6 is sufficient for this dataset. Here we choose

wmax = 6 for our study.

Similar observations and conclusions can be drawn for the temporal window size hmax

in terms of robustness, majorization, and convergence. Figure 7.5(c) shows the impact of

temporal window size on the distance di,j,w,h with wmax = 1. Of interest, the majorization

result does not necessarily imply that the distance monotonically decreases, as observed

by the small increase in d17,18,w,h. We choose hmax = 4, in accordance with the selection

guideline.

To study the impact of the spatial window size weighting factor δw on the overall

pairwise scenario distance Di,j between scenario si and sj, we plot the overall distance Di,j

versus the parameter r = e−σ , with wmax = 6, and hmax = 1. As shown in Figure 7.6(a),

Di,j typically decays with the increase of the spatial weight ratio r. This is because di,j,w,h

decreases as the spatial resolution w increases (see Figure 7.5(a)), and the contribution of

di,j,w,h to Di,j associated with larger w increases as r grows. In this example, r has a little

impact on the d15,16,w,h, because the similarity of scenarios 15 and 16 does not change much

with the increase of window size. For scenarios that match much better can at low resolutions

but poorly at high resolutions, Di,j is expected to decrease fast with the increase of r. An

example is D11,16 shown in Figure 7.5(a). Similarly, we plot Di,j versus the temporal weight

c = e−ρ to analyze the impact of temporal window size weighting factor αh on the distance

calculation, with wmax = 6, and hmax = 4. As shown in Figure 7.6(b), the overall distance

Di,j typically decays with the increase of c. In this study, we choose r = c = e−0.8, and hence

δw = e−0.8(w−1) and αh = e−0.8(h−1).
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(a) (b)

(c)

Figure 7.5. a) The distances di,j,w,h with hmax = 1 at variable spatial res-

olutions w among all scenario pairs. b) The distribution of the maximal hop

distances for all sectors. c) The distances di,j,w,h with wmax = 1 under variable

temporal window sizes h among all scenario pairs. Each curve in a) and c)

shows the pairwise distance between two scenarios at different resolutions.

2. Clustering Results and Comparative Performance Studies

Using the procedures in Chapter 5.5.2 and the parameters selected above, pairwise

scenario distances are computed and normalized (denoted as D̄i,j) by the maximum value to

a range of 0 to 1 for clustering. We choose the standard hierarchical clustering algorithm of

group average [270] to group scenarios. The clustering result visualized using dendrograms
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(a) (b)

Figure 7.6. Overall pairwise scenario distance Di,j versus a) the parameter

r with wmax = 6, and hmax = 1, b) the parameter c with wmax = 1, and

hmax = 4, between scenarios 11 and 16, and scenarios 15 and 16.

is shown in Figure 7.7(a).

We also demonstrate the performance of our distance generation algorithm through

comparing the clustering results with that obtained using the total capacity-based measure

[345] and the adjacency weighted measure [285, 286] reviewed in Chapter 7.3.1. Note

that the spatiotemporal clustering algorithms in the literature were developed for different

spatiotemporal data types (events, geo-referenced data and trajectories), and hence cannot

be directly applied to cluster spatiotemporal scenario data. For instance, spatiotemporal

scenario spread patterns cannot be easily parsed like trajectory data (see Chapters 5.3.1

and 5.4.1). For fair comparison, we use the same hierarchical clustering algorithm to group

scenarios. The clustering results are shown in Figures 7.7(b) and 7.7(c) and Table 7.1.

Note that very similar scenarios {5, 17, 18, 19, 20}, {11}, and {12, 13, 15, 16} are grouped

the same way by all algorithms, and {7, 8, 9} are grouped by most approaches. However, sig-

nificant differences are found in the three clustering results. The multi-resolution spatiotem-

poral distance measure has the advantage in correctly capturing spatiotemporal weather

impact propagation patterns. To analyze this advantage, the snapshots of additional scenar-

ios are shown in Figure 7.8.
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(a) (b)

(c)

Figure 7.7. Clustering results using the a) multi-resolution spatiotemporal

distance measure, b) total capacity-based measure [345], and c) adjacency

weighted measure [285,286]. The red dashed lines show the clustering results

if 7 clusters are desired.

Observation of these scenarios in Figure 7.8 suggests different spatiotemporal weather

impact propagation patterns. In particular, scenario 6 suggests a spatial propagation of con-

sistent precipitation over the 12 hours. In scenarios 7, 9 and 10, the precipitation manifests

around 19 : 00Z; however the intensity in scenario 10 is significantly lower than that in the

two very similar scenarios 7 and 9. Moreover, the very similar scenarios 12 and 14 suggest

a developing precipitation over the 12 hour span. Therefore, we expect that small D̄12,14
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Table 7.1. Clustering results using the three difference distance measure.

Multi-resolution spatiotemporal {1, 2, 4, 5, 17, 18, 19, 20, 21}, {3}, {6},

distance measure {7, 8, 9}, {10}, {11}, {12, 13, 14, 15, 16}

Total capacity-based measure {1}, {2}, {5, 17, 18, 19, 20, 21}, {3, 4, 14},

{6, 7, 8} {9, 10, 12, 13, 15, 16}, {11}

Adjacency weighted measure {1, 5, 17, 18, 19, 20, 21}, {2}, {3, 4},

{6, 10, 14}, {7, 8, 9}, {11}, {12, 13, 15, 16}

and D̄7,9, and large D̄10,12, D̄10,14, D̄6,7 and D̄6,9. Our algorithm produces the expected

distances and correct clusters {7, 9}, {12, 14}, {6}, {10}. Figure 7.7(b) and 7(c) show that

the scenario distances obtained using the total capacity-based measure [286] and the ad-

jacency weighted measure [6, 361] are all very small. Moreover, the total capacity-based

measure [286] results in scenario 7 being grouped with 6 rather than 9, and the adjacency

weighted measure [6, 361] results in scenario 14 being grouped with 10 rather than 12, in

contrary to the expectation and our result. This misleading result may be caused by the

separation of spatial and temporal dimensions in calculating the pair-wise distances. In brief,

the multi-resolution spatiotemporal distance generation algorithm in general has improved

performance as it captures the spatiotemporal distances among scenarios of similar patterns.

The above comparison study based on the analysis of scenario patterns suggests the

good performance of the spatiotemporal distance measure. We note that the best way

to evaluate a distance measure needs to use external quality metrics like the normalized

mutual information, which requires the availability of a gold standard or true cluster labels

[187, 226]. However such external information is generally not available. Internal quality

metrics (such as the silhouette score, average cluster density, and Dunn’s index) are most

often used to evaluate the performance of clustering algorithms, but generally cannot be used

alone to evaluate the performance of a distance measure. We also note that the clustering
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Figure 7.8. Snapshots of representative scenarios for performance comparison.

algorithm may bias the performance of a distance measure. As such, we also tested two other

clustering algorithms: hierarchical algorithm with single linkage, and hierarchical algorithm
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with weighted average. They produce exactly the same result, suggesting the robustness of

the distance measure.

7.3.3. A Large-scale Study

To evaluate the performance of our algorithm at a larger scale, we examine a data set

consisting of approximately 90 days from May to July 2014, with each day characterized by

21 SREF ensemble members based on its 9 : 00Z forecast. Dynamic sector weather impact

intensity profiles measured in the form of sector delay for all 972 sectors in the NAS were

generated for each scenario by supplying the corresponding precipitation intensity and traffic

demand forecasts to the FCM queuing simulator.

1. Pair-wise Scenario Distances

Our first experiment was to simply compute the distance between each pair of the

630 scenarios (30 days times 21 SREFs per day) in June. As expected, we find SREFs from

the same day to be significantly more similar than SREFs from different days. This result

is independent of the parameter settings. To illustrate our results, Figure 7.9 contains three

heatmaps based on the similarity calculations. Figure 7.9(a) is a heatmap of all pairwise

SREF comparisons (a 630-by-630 grid arising from the 630 SREFs), where SREFs from

the same day are ordered to be adjacent along the axes, and hotter colors indicate greater

similarity. The predominantly red block diagonal, in contrast to the cooler colors on the

off-diagonal, indicate that SREFs on the same day tend to be more similar than SREFs

from different days. Figure 7.9(b) is an analogous heatmap of distances between all daily

SREF averages, where the sector intensity at sector gk of the daily average for any time tl

is simply the average intensity of all 21 SREF members at sectors for time tl. Figure 7.9(c)

is a heatmap comparing the pairwise distances for the approximately 90 daily averages from

May to July 2014. Putting aside the high similarity of SREFs from the same day, all of the

heatmaps reveal varying degrees of similarity between pairs of different days. For example,

the heatmaps in Figure 7.9(a) and 7.9(b) indicate a large inter-day similarity between days

7 and 28 of June (marked with red circle). This suggests that the measure parameterization

used here is able to identify pairs of days that are noticeably more similar than others, so
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that clustering at a NAS-wide level appears to be reasonable.

(a) (b)

(c)

Figure 7.9. a) Heatmap of distances for all pairwise combinations of 630

scenarios (21 SREFs per day, times 30 days). b) Heatmap of distances for all

pairwise combinations of 30 daily SREF averages. c) Heatmap of distances for

all pairwise combinations of approximately 90 days from May to July 2014.

Hotter colors indicate smaller distance and greater similarity.

2. Assessing Sensitivity to Spatial Noise and Temporal Shifts

To assess the sensitivity of our distance measure in capturing the similarity between

days at a NAS-wide scale, we performed the following experiment, noting from Figure 7.9
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that SREFs from the same day are tightly packed around their mean: (1) SREF selection:

Randomly select a SREF from each of the 30 days; (2) Spatial noise: For each sector in the

SREF with positive delay intensity, shift the intensity to a randomly selected neighbor with

probability p; (3) Time shift : Shift all time points of the SREF (now with spatial noise)

to the right by some fixed ∆t hours; (4) Assignment : Assign the perturbed SREF to the

daily average that is most similar, given some parameterization of the distance measure;

(5) Evaluation: If the SREF is assigned to the day for which it is an ensemble member,

record a “success”. Otherwise, record a “failure”. Each run of the experiment assigns 30

perturbed SREFs to a daily average, for a total of 30 trials, and we summarize each run of the

experiment by recording the success rates in Figure 7.10. We also present generalized results

of the above experiment in which a success is declared when the SREF’s generative day is

within the top 3 and top 5 most similar daily averages. Here we consider wmax ∈ {2, 3};
hmax ∈ {2, 3}; δw = e−0.5(w−1), αh = e−0.5(h−1), p ∈ {0.1, 0.2, 0.3}, and ∆t ∈ {0, 1, 2}.
Larger spatial and temporal window sizes and additional window weights δw, and αh are

not included in the Figure 7.10 because performance (final three columns) was found to be

relatively insensitive to these parameters.

While the experiment is neither exhaustive nor perfect, it does provide some insights

into the robustness of the distance measure in the face of spatial noise and time shifts at

the NAS-wide level. Generally, we found the distance measure to be more robust to spatial

noise effects than the time shift effects (at least relative to the magnitudes considered for

each effect in our study). When the time is shifted by two hours (∆t = 2), we see a significant

degradation in the success rate, to the extent that success is only marginally better than

if the perturbed SREFs were assigned to a day at random. As a result, the measure in its

current form may not be suitable for identifying similarities between days that differ in the

spatial dimension by time shifts much larger than one hour. This is reasonable since large

shifts in time are likely to have an impact on the appropriate strategic ATFM strategies to be

issued and hence should not be weighted heavily in the similarity calculation. For instance,

if the weather on Day 1 at time 9 : 00Z is quite similar to the weather on Day 2 at time
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21 : 00Z, an ATFM plan issued on Day 1 in the morning would likely not be appropriate for

Day 2 at 21 : 00Z due to various “time-of-day” factors. Determining appropriate weights

for the various components of the distance measure is a non-trivial task, due to the largely

unsupervised nature of the strategic ATFM strategies recommendation problem.

Figure 7.10. Summary of an experiment to assess the spatiotemporal dis-

tance measure’s robustness to spatial noise and temporal shifts. In the final

three columns, darker backgrounds indicate better classification performance.

As expected, the robustness tends to degrade as the spatial noise and time

shift effects increase, with an emphasis on the latter.

7.4. Conclusion

In this chapter, we apply techniques developed for the data-driven decision-making

framework to strategic ATFM. We first explore the capability of two multidimensional uncer-

tainty evaluation approaches (M-PCM and M-PCM-OFFD) in estimating the performance

of air traffic system under weather uncertainties. The performance of the two approaches is

illustrated using an example of 6 uncertain input parameters and the evaluation procedures

are showed in detail. We also verify the simulation results through a comparison with the

Monte Carlo method.

We then apply the mutli-resolution spatiotemporal distance measure to illustrate

the practical usage of this distance measure. The analysis of parameters’ impact and the
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discussion on parameter selection enhance the understanding of this distance measure and

provide guidelines to use this measure. The clustering results and the comparison studies

with multiple existing measures in the literature show the good performance of this distance

measure. The large-scale study and sensitivity analysis also provide additional insights into

the use of the distance measure for decision support.
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CHAPTER 8

A JUMP-LINEAR ANALYTICAL APPROACH FOR STRATEGIC AIR TRAFFIC

FLOW MANAGEMENT UNDER WEATHER UNCERTAINTY
1

In Chapter 2-3, we introduced multiple simulation-based approaches to analyze sys-

tem performance under uncertainty. Such types of approaches are typically suitable for

systems that are too complicated to be abstracted and analyzed. In cases when a tractable

analysis is feasible, analytical approaches, which are developed based on the knowledge of

system models, are usually more efficient than simulation-based approaches, as they can

obtain the statistics of system performance by only using simple mathematical equations.

In this chapter, we introduce an alternative jump-linear analytical approach to strategic air

traffic flow management under weather uncertainty that evaluates the statistics of weather

impact on flows using simple mathematical expressions. We also conduct jump-linear based

sensitivity studies to design optimal air traffic flow management plans under uncertainty.

The design of both re-routing inflow rates and management flow restrictions are considered.

The performance of the jump-linear analytical approach and the design procedures for op-

timal flow management are demonstrated using simulation studies and illustrative examples.

8.1. Nomenclature

∆T unit time interval

si the i-th weather state

wij the j-th weather impact intensity (or weather-induced flow restriction) for the

i-th queue. The subscript i is eliminated for a single queue

1Parts of this chapter have been published, either in part or in full, from J. Xie, Y. Zhou, Y. Wan, Ash-
ley Mitchell, Sandip Roy, “A Jump Linear Approach Based Sensitivity Study for Optimal Air Traffic Flow
Management under Weather Uncertainty”, in Proceedings of AIAA SciTech, Kissimmee, FL, Jan.2015. Re-
produced with permission from the American Institute of Aeronautics and Astronautics.
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Wi full set of weather impact intensities wij for the i-th queue. The subscript i is

eliminated for a single queue

n total number of weather states in the Markov chain representation

Ps transition probability matrix for weather states

Psi,j probability for the weather to transit from state si to sj

qi[k] vector containing the states of weather Markov chain for the i-th queue at time

step k. The subscript i is eliminated for a single queue

qij[k] the j-th entry of qi[k] indicating the state of weather at time step k for the i-th

queue. The subscript i is eliminated for a single queue

Wqi(·) a function that maps vector qi[k] to space Wi for the i-th queue. The subscript

i is eliminated for a single queue

Ni[k] maximum number of aircraft allowed to pass the i-th queue at time step k.

The subscript i is eliminated for a single queue. k is eliminated if Ni[k] is

time-independent

xi[k] number of aircraft entering the i-th queue at time step k. The subscript i is

eliminated for a single queue

ei[k] number of aircraft crossing the i-th queue at time step k. The subscript i is

eliminated for a single queue

bi[k] number of aircraft in the i-th queue at time step k. The subscript i is

eliminated for a single queue

Bi[k] number of aircraft delayed in the i-th queue at time step k. The subscript i
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is eliminated for a single queue

ui average number of aircraft entering the i-th queue at time step k.

The subscript i is eliminated for a single queue

Nci[k] management flow restriction for the i-th queue at time step k. The subscript

i is eliminated for a single queue. k is eliminated if Nci[k] is time-independent

m total number of regions or weather zones

TE(Bi) the total mean backlog over a time span T for the i-th queue. The subscript

i is eliminated for a single queue

ai, ci parameters in the jump-linear formulation for the i-th queue. The subscript

i is eliminated for a single queue

ST (·) sensitivity of total mean backlog

8.2. Introduction

Strategic air traffic flow management (ATFM) is challenged by significant demand

and weather uncertainties. Traffic plans need to be designed in a way that are robust to these

uncertainties. Instead of simply viewing weather uncertainty as noises added to the traffic

system, we have been pursuing approaches that exploit the uncertainty for strategic plan-

ning with improved performance. Specifically, in Chapter 3 and Chapter 7, we introduced

an effective numerical simulation-based planning approach. In this chapter, we study an

alternative analytical approach to planning that exploits weather uncertainty. In particular,

we apply a stochastic linear approximation to the integrated weather-flow model introduced

in Chapter 6, to formulate a jump-linear representation with nice tractability. Based on

this jump-linear analytical approach, we then develop a sensitivity-based optimal planning

approach. Our previous sensitivity study on traffic performance subject to disturbances

suggested the capability of sensitivity analysis to optimal planning of TMIs [305]. In this
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chapter, we advance the results in [305] to integrate realistic transient stochastic weather

models. Considering a canonical scenario of a major flow splitting into multiple flows that

enter a bank of weather zones, we study the sensitivity of the transient traffic congestion

(measured by the number of delayed aircraft, or the so called “backlog” over a time span)

to mean inflow rate and management flow restriction. The sensitivity results lead to the

design of optimal TMIs, including rerouting, and miles, and minute-in-trail (MIT/MINIT)

restrictions. Our tractable analytical approach aims to provide a solution with insights on

the properties of optimal TMIs. In particular, we show that the optimal TMIs preserve a

simple sensitivity structure.

The remainder of this chapter is organized as follows. In Chapter 8.3, we formulate

the optimal management design problems to be investigated in this chapter. In Chapter

8.4, we formulate the integrated model introduced in Chapter 6 as a jump-linear system. In

Chapter 8.5, we conduct a sensitivity study of traffic congestion to flow rate and restriction

disturbances based on the jump-linear model, and show the optimal TMI design. Two

examples are presented to illustrate the procedures of optimal TMI design and evaluate

performance of the proposed approach. Chapter 8.6 includes a brief conclusion and the

discussion of future work.

8.3. Problem Formulation

Convective weather events reduce region capacity and induce accumulated air traffic

delays. The comparative study in [361] shows the great impact of weather and demand

uncertainties on air traffic delays, which motivates the need to develop an efficient approach

that can quickly predict traffic delays under demand and weather uncertainties.

In this chapter, we introduce a jump-linear analytical approach which can effectively

and efficiently evaluate uncertain weather impact. Based on this approach, we study the

optimal TMI design prior to the occurrence of convective weather. Strategic TMIs can

increase the efficiency of traffic systems for several reasons: 1) it enhances safety as pilots and

controllers can prepare ahead-of-time, rather than having to deal with urgent events; 2) it can

reduce costs as advanced strategic management strategies such as Ground Delay Programs
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(GDP) can reduce fuel consumption; and 3) it also permits NAS-wise planning to better

allocate limited resources. In this chapter, we investigate how to design strategic TMIs under

the weather and demand uncertainties. Let us formulate these problems mathematically

below.

8.3.1. Optimal Management Design

Consider a canonical example of major flow with constant mean inflow rate uc splitting

into m flows that enter m weather zones as shown in Figure 8.1. The mean inflow rate to

queue i is represented as ui, and uc =
∑m

i=1 ui. Each queue i is impacted by uncertain weather

events, with weather impact intensity to be wqi(qi[k]) at time step k, where wqi(qi[k]) ∈ Wi =

{wi1, wi2, . . .}. The uncertain weather model for each queue i is assumed to be known (i.e., Wi

is known). The service rate at queue i at time step k is denoted as Ni[k], which is determined

by both weather-induced flow restrictions wqi(qi[k]) and management flow restrictions Nci[k],

i.e., Ni[k] = min{Nci[k], wqi(qi[k])}. To evaluate traffic delays under weather uncertainties,

we denote the backlog for queue i at time k as Bi[k], which reflects the congestion of queue i

at time k. We also denote the mean backlog at queue i over a time span T as TE(Bi), where

TE(Bi) =
∑T

k=1E [Bi[k]], to capture the transient congestion of queue i. The evaluated time

span is long enough to cover the whole duration of convective weather development until the

congestion is resolved.

Figure 8.1. A bank of queues.

We here consider two representative TMIs to reduce traffic delays in the presence of

uncertain weather zones. The first TMI is rerouting, to redistribute flows into each region.
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The second is MIT/MINIT, to place management flow restrictions at these weather zones.

These two optimal TMI design problems are mathematically formulated as follows.

Rerouting Consider the model in Figure 8.1. We assume that no management actions

are used, and as such Ni[k] is only determined by weather-induced flow restrictions, i.e.,

Ni[k] = wqi(qi[k]). The optimal flow distribution design problem (corresponding to TMI of

rerouting) is formulated as follows:

Design the mean inflow rate ui for 1 ≤ i ≤ m, such that the total mean backlog for

all queues (i.e.
∑m

i=1 TE(Bi)) is minimized, subject to the following constraints:

• ∑m
i=1 ui = uc, where the total mean inflow rate uc is positive.

• ui ≥ 0.

We denote the optimal mean inflow rate of queue i as u∗i .

MIT/MINIT Consider the model in Figure 8.1. Assume that the mean flow rate to

each region ui is fixed, and the air traffic flow at each queue i is subject to a deterministic

management flow restriction Nci. When convective weather is present, the service rate can

thus be expressed as

(152) Ni[k] = min{Nci, wqi(qi[k])}

The optimal management flow restriction design problem is formulated as follows:

Design Nci for each queue i, such that the total mean backlog
∑m

i=1 TE(Bi) is mini-

mized, subject to the following constraints:

• ∑m
i=1 Nci = NT , where NT is the total capacity, which is a positive constant value.

• Nci ≥ 0.

We denote the optimal management flow restriction for queue i are N∗ci. This management

flow restriction design problem corresponds to TMIs of MIT/MINIT. In particular, MINIT

restriction should equal to ∆T
Nci[k]

, and the MIT restriction should equal to the multiplication

of aircraft traveling speed and MINIT restriction, where ∆T is the length of a measurement

time step.
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8.3.2. Overview of Our Approach

In this chapter, we introduce an analytical approach to address the above optimal flow

management design problems. In particular, we develop a sensitivity-study-based approach

for planning the optimal flow redistribution and management flow restriction redesign, based

on a Markov jump-linear approach, which provides simple assessment of backlog caused by

uncertain weather.

8.4. The Jump-Linear Modeling Framework

To evaluate the dynamical impact of convective weather on uncertain flows at a

broad spatial scale, we need analytical tools that are computationally-efficient. Motivated

by this need, our group developed a jump-linear approach to the modeling and analysis of

the uncertain weather impact on flows [361,363].

This jump-linear approach is based upon a stochastic linear abstraction of the restric-

tion’s impact on flows. A linear restriction model approximates the relationship between the

crossing flow and buffer length as a linear (actually, affine) function [304] as shown in Figure

8.2(a). Specifically, the crossing flow e[k] is modeled as a fraction of buffer length b[k] plus

a constant, as shown in the following equation.

(153) e[k] = ab[k] + c

The linear restriction can be made to resemble the saturation restriction well with

properly selected parameters a and c. In essence, the linear restriction is a stochastic lin-

earization of the nonlinear saturation model. For stringent saturation restrictions (i.e.,

u > N [k] − ∆, where ∆ is a small value), the traffic inflow is very likely to cause severe

congestion. The backlog B[k] is bounded by the saturation restriction, and a is close to 0

while c is approaching N [k] (see the red dashed line in Figure 8.2(a)). Meanwhile, for loose

saturation restrictions (i.e., u� N [k]), traffic congestion rarely occurs. Therefore, a is close

to 1 and c is close to 0 (see the green dashed in Figure 8.2(a)). In addition, for moderate

saturation restrictions (i.e., u is not too small nor too large), a is between 0 and 1, and c is

between 0 and N [k].
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The parameters a and c can be found by matching the statistical impact of the linear

and saturation restrictions on flows. A procedure to find a and c by matching the steady-

state mean backlog and downstream flow variance for Poisson flows was presented in [304].

This method works for loose and moderate saturation restrictions, i.e., u > N [k] −∆. For

stringent saturation restrictions (u > N [k] − ∆), we can find correct a and c by matching

(e.g., using curve fitting tools) the transient dynamics of mean traffic backlog E [B[k]], for a

particular combination of saturation restriction and incoming flow. Figure 8.2(b) shows the

values of parameters a and c, obtained using the aforementioned approaches, as the inflow

rate u increases. In this example, N [k] = 5, and ∆ = 0.5. The pink and green solid lines

show the values of a and c found by matching the steady-state statistics when u > N [k]−∆

and matching the transient statistics when u > N [k] − ∆. The red and blue dashed lines

show the values of a and c found by matching the steady-state statistics. As we can see from

this figure, when the inflow rate u is close to or even larger than the service rate N [k], the

steady-state matching approach leads to a� N [k] and c < 0, which are wrong as a ≈ N [k],

and c ≈ 0 instead.

In the case when the service rate/flow restriction is subject to modulation by sto-

chastic weather, we can model the linear restriction’s parameters as being modulated by

the stochastic weather. That is, at different weather severities, the restriction strength and

hence linear restriction parameters will be different. Since weather is modeled using a Markov

chain, the parameters of the restriction are changing according to the weather Markov chain.

The dynamics of the integrated model can thus be represented as a jump-linear system:

e[k] = a([q[k − 1])b[k − 1] + c([q[k − 1])(154)

b[k] = b[k − 1] + x[k]− e[k]

B[k] = b[k − 1]− e[k]

where a(q[k]) and c(q[k]) represent the values of the parameters a and c associated with the

state of the Markov chain q[k].

Next, let us demonstrate the use of the jump-linear formulation to analyze transient
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(a)

(b)

Figure 8.2. a) A jump-linear approximation of the saturation model in Fig-

ure 6.2 (Chapter 6). The parameters a1 and c1 are used when the mean inflow

rate u is much less than N [k]. The parameters a2 and c2 are used when the

mean inflow rate u is close to N [k]. b) An illustration of the values of pa-

rameters a and c found by matching the steady-state statistics all along and

those found by matching the steady-state statistics when u ≤ N [k] − ∆ and

matching the transient statistics when u > N [k]−∆.

uncertain weather impact of mean traffic backlog, which will be used for the sensitivity study

discussed in Chapter 8.5.
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8.4.1. Transient Analysis of Mean Backlog

In this section, let us demonstrate the prediction of mean backlog statistics using

the jump-linear model. To do so, we write recursions for the jump-linear model (Equation

154) into a moment-linear representation [243], which allows us to trace the statistics of a

jump-linear model.

Specifically, as an illustration, let us trace statistics of the backlog. To begin, from

Equation 154, the dynamics of backlog B[k] can be represented as

(155) B[k + 1] = (1− a(q[k])) (B[k] + x[k])− c(q[k])

Now let us introduce the vector σ1[k] = q[k] ⊗

B[k]

1

, σ1[k] ∈ Rl1×n, to capture both

weather condition and the backlog, where l1 = 2n. Then the conditional expectation

E [σ1[k + 1]|σ1[k]] can be written as

E [σ1[k + 1]|σ1[k]] = E

q[k + 1]⊗

B[k + 1]

1

 |B[k], q[k]

(156)

= E [q[k + 1]|q[k]]⊗ E


B[k + 1]

1

 |B[k], q[k]



= P ′sq[k]⊗

1− a(q[k]) (1− a(q[k]))u− c(q[k])

0 1


B[k]

1



= P ′s ⊗

1− a(q[k]) (1− a(q[k]))u− c(q[k])

0 1

σ1[k]

From Equation 156, we can find the mean of σ1[k + 1] as

E[σ1[k + 1]] = E [E[σ1[k + 1]|σ1[k]]](157)
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= P ′s ⊗

1− a(q[k]) (1− a(q[k]))u− c(q[k])

0 1

E[σ1[k]]

Since all quantities in Equation 157 except the variables E[σ1[k]] are known, this equation

allows us to calculate the dynamical mean of σ1[k] through an effective recursive fashion as

follows

(158) E[σ1[k + 1]] =

P ′s ⊗
1− a(q[k]) (1− a(q[k]))u− c(q[k])

0 1



k+1

E[σ1[0]]

Denoting L = P ′s ⊗

1− a(q[k]) (1− a(q[k]))u− c(q[k])

0 1

, Equation 158 is simplified to:

(159) E[σ1[k + 1]] = Lk+1E[σ1[0]]

The mean backlog E[B[k]] can then be calculated based on Equation 159 using

(160) E[B[k]] = 11×l1E[σ1[k]]− 1

where 11×l1 is a 1× l1 vector with all entries equal to one.

This result suggests that the first moment of demand and weather Markov chain

is sufficient to infer the mean of backlog at any time using the jump-linear approach. In

paper [363], the capability of this jump-linear analytical approach in analyzing the transient

uncertain weather impact on the variance of traffic backlog is also discussed, which gives an

indication of the variability of performance over the range of weather outcomes.

8.4.2. An Illustrative Example

Let us use a simple example to illustrate the jump-linear approach to obtain the mean

of transient backlog. In the example, demand is modeled as Poisson process x[k] with mean

u = 4.9 and variance v = 4.9. Moreover, weather is represented by a 4-state Markov chain

with two intensity levels (w1 = 10 and w2 = 5) as shown in Figure 8.3. In particular, the
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transition probability matrix of the Markov chain is Ps =



0.68 0.28 0 0.04

0 0.72 0.28 0

0 0 0.72 0.28

0 0 0 1


. Un-

der good weather conditions (when q[k] =

[
0 0 0 1

]′
), we have a(q[k]) = a1 = 0.98

and c(q[k]) = c1 = 0.09. Under bad weather conditions (when q[k] =

[
1 0 0 0

]′
,[

0 1 0 0

]′
, or

[
0 0 1 0

]′
), we have a(q[k]) = a2 = 0.04 and c(q[k]) = c2 = 4.22.

Figure 8.3. A discrete-time 4-state Markov model [361]

.

Let us now compute the mean backlog E[B[k]] by following the steps shown in Chapter

8.3. To facilitate the presentation, we denote matrix

1− a(q[k]) (1− a(q[k]))u− c(q[k])

0 1


in Equation 157 as k1 when q[k] =

[
0 0 0 1

]′
, and as k2 when q[k] =

[
1 0 0 0

]′
,

[
0 1 0 0

]′
, or

[
0 0 1 0

]′
. It is easy to obtain that k1 =

0.02 0.008

0 1

 and k2 =
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0.96 0.484

0 1

 by substituting the values of a1, a2, c1 and c2. According to Equation 158,

E[σ1[k + 1]] can thus be expressed as:

(161) E[σ1[k + 1]] =



0.68k2 0k2 0k2 0k1

0.28k2 0.72k2 0k2 0k1

0k2 0.28k2 0.72k2 0k1

0.04k2 0k2 0.28k2 1k1



k+1

E[σ1[0]]

Assuming that there is no backlog at the initial time, and weather starts from state 1,

the initial condition can be expressed as E[σ1[0]] =

[
1 0 0 0

]′
⊗
[
0 1

]′
. Then we can

compute the mean backlog using Equation 160, which is

E[B[k]] =

[
1 1 1 1 1 1 1 1

]′


0.68k2 0k2 0k2 0k1

0.28k2 0.72k2 0k2 0k1

0k2 0.28k2 0.72k2 0k1

0.04k2 0k2 0.28k2 1k1



k

(162)

[
0 1 0 0 0 0 0 0

]′
− 1

8.5. Jump-Linear Based Sensitivity Study for Optimal Management Design

As illustrated in our previous study [305], sensitivities are useful measures to design

optimal flow management strategies of insights. We have shown the calculation of the mean

backlog E[B[k]] in Chapter 8.4.1. The traffic performance measured by the total mean

backlog TE(B) during a time span [0, T ] can then be simply derived from Equation 160,

(163) TE(B) =
T∑
i=0

11×l(L
iE[σ1[0]])− (T + 1)
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In this section, we study its sensitivity to mean inflow rate and management flow restriction

disturbances in Chapter 8.5.1 and 8.5.2 separately. The sensitivity results will be used

in Chapter 8.5.3 to solve the optimal TMI design problems formulated in Chapter 8.3.

Examples are provided in Chapter 8.5.4 to demonstrate the procedures and performance of

the sensitivity-based optimal TMI design approach.

8.5.1. Sensitivity to Mean Inflow Rate Changes

In this section, we analyze the sensitivity of TE(B) to mean inflow rate u, denoted as

ST (u). According to Equation 163, the sensitivity ST (u) of total mean backlog TE(B) with

respect to the mean inflow rate u can be obtained by taking the derivative of TE(B) with

respect to u,

ST (u) =
∂TE(B)

∂u
(164)

=
∂

∂u

[
T∑
i=0

11×l
(
LiE[σ1[0]]

)]

= 11×l
∂

∂u

(
T∑
i=0

Li

)
E[σ1[0]]

= 11×l

(
T∑
i=0

∂Li

∂u

)
E[σ1[0]]

= 11×l

{
∂L

∂u
+

1∑
i=0

Li
∂L

∂u
L1−i + · · ·+

T−1∑
i=0

Li
∂L

∂u
LT−1−i

}
E[σ1[0]]

= 11×l

{
T−1∑
j=0

j∑
i=0

Li
∂L

∂u
Lj−i

}
E[σ1[0]]

Since the set of weather-induced flow restrictions W = {w1, w2, . . .} are known, parameters

a(q[k]) and c(q[k]) only depend on the mean inflow rate u at each time step k. We can

thus express a(q[k]) and c(q[k]) as functions of u, i.e., a(q[k]) = fa(q[k])(u), and c(q[k]) =

fc(q[k])(u). Therefore,

(165) L = P ′s ⊗

1− fa(q[k])(u)
(
1− fa(q[k])(u)

)
u− fc(q[k])(u)

0 1


167



and

∂L

∂u
=

∂

∂u

P ′s ⊗
1− fa(q[k])(u)

(
1− fa(q[k])(u)

)
u− fc(q[k])(u)

0 1


(166)

= P ′s ⊗
∂

∂u

1− fa(q[k])(u)
(
1− fa(q[k])(u)

)
u− fc(q[k])(u)

0 1



= P ′s ⊗

−f ′a(q[k])(u) 1− fa(q[k])(u)− f ′a(q[k])(u)− f ′c(q[k])(u)

0 0


For any u, given the transition matrix Ps and weather-induced flow restrictions wi, we can

find values of fa(q[k])(u) and fc(q[k])(u). Specifically, f ′a(q[k])(u) and f ′c(q[k])(u) can be calculated

by f ′a(q[k])(u) =
[
fa(q[k])(u+ ∆u)− fa(q[k])(u)

]
/∆u, and f ′c(q[k])(u) =

[
fc(q[k])(u+ ∆u)−

fc(q[k])(u)
]
/∆u, where ∆u is a small value close to 0. ST (u) is obtained accordingly.

8.5.2. Sensitivity to Management Flow Restriction Changes

The sensitivity analysis for the total mean backlog TE(B) with respect to a manage-

ment flow restriction Nc is similar. In particular, by taking the derivative of TE(B) with

respect to the management flow restriction Nc, we can calculate ST (Nc) as

ST (Nc) =
∂TE(B)

∂Nc

(167)

=
∂

∂Nc

(
T∑
j=0

11×l
(
LjE[σ1[0]]

)
− (T + 1)

)

= 11×l
∂

∂Nc

(
T∑
j=0

Lj

)
E[σ1[0]]

= 11×l

(
T−1∑
j=0

j∑
i=0

Li
∂

∂Nc

Lj−i

)
E[σ1[0]]

With the mean inflow rate u and weather intensities W = {w1, w2, . . .} known, the two

parameters a(q[k]) and c(q[k]) only depend on the management flow restriction Nc. We
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can therefore express the values of a(q[k]) and c(q[k]) as functions of Nc, i.e., a(q[k]) =

fa(q[k])(Nc), and c(q[k]) = fc(q[k])(Nc). Then,

(168) L = P ′s ⊗

1− fa(q[k])(Nc)
(
1− fa(q[k])(Nc)

)
u− fc(q[k])(Nc)

0 1


and

∂L

∂Nc

=
∂

∂Nc

P ′s ⊗
1− fa(q[k])(Nc)

(
1− fa(q[k])(Nc)

)
u− fc(q[k])(Nc)

0 1


(169)

= P ′s ⊗

−f ′a(q[k])(Nc) −ufa(q[k])(Nc)− f ′c(q[k])(Nc)

0 0


Similarly, f ′a(q[k])(Nc) and f ′c(q[k])(u) can be obtained by f ′a(q[k])(u) =

[
fa(q[k])(Nc + ∆Nc)−

fa(q[k])(Nc)
]
/∆Nc, and f ′c(q[k])(Nc) =

[
fc(q[k])(Nc + ∆Nc)− fc(q[k])(Nc)

]
/∆Nc, where ∆Nc is

a small value. Then, we can obtain ST (Nc) for any Nc, given u, Ps, wi. Note that when

Nc > wq(q[k]), N [k] = wq(q[k]) = wi, which is a constant value. In this case, ∂L
∂Nc

= 0.

8.5.3. Sensitivity-based Optimal TMI Design

In this section, we solve the two optimal TMI design problems discussed in Chapter

8.3 based on the sensitivity results that we developed above. First, we show in Theorem

8.1 that the optimal inflow rates satisfy that the sensitivity to mean inflow rate is equal

for each flow, very similar to the results in [305]. We then show in Theorem 8.2 that the

optimal management flow restrictions satisfy that the sensitivity to each management flow

restriction is equal for each flow.

Theorem 8.1. Consider the optimal flow distribution design problem described in Chapter

8.3.1. Denote the sensitivity of TE(Bi) to mean inflow rate ui as ST (ui). The optimal mean

inflow rates u∗i satisfy the following condition: there exists a constant D such that ST (ui) = D

for all i.
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Proof. The proof utilizes the Lagrange multiplier construct. It is very similar to Proof 1

in [305] and is thus omitted. �

Theorem 8.2. Consider the third design problem described in Chapter 8.3.1. The optimal

management flow restriction N∗ci satisfy the following condition: there exists a constant D

such that ST (N∗ci) = D for all i.

Proof. The proof is omitted as well. �

8.5.4. Illustrative Examples

In this section, we use two examples to illustrate the procedures and performance for

optimal flow distribution and management flow restriction designs.

1. Example for optimal flow distribution design

Consider the model in Figure 8.1, with the number of weather zones to be m = 2.

Weather in the two regions are represented by two independent 4-state Markov chains, each

having two intensity levels. In particular, for weather zone 1, the transition probability ma-

trix of Markov chain is Ps1 =



0.68 0.28 0 0.04

0 0.72 0.28 0

0 0 0.72 0.28

0 0 0 1


, and the corresponding two weather

impact intensity levels are w11 = 10 and w12 = 5. For weather zone 2, the transition proba-

bility matrix Ps2 =



0.5 0.28 0 0.22

0 0.58 0.42 0

0 0 0.35 0.65

0 0 0 1


, and weather impact intensity levels are w21 = 8

and w22 = 4. The total mean backlog is evaluated over the time span [0, 400], with the length

of a time step to be ∆T = 20min. Note that 20min is selected as it allows a reasonable

approximation accuracy and it is a reasonable time unit for planning at the strategic time
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frame. Then the total mean inflow rate is uc = 10.

Now let us show the procedures to find the optimal u∗i , so that the total mean backlog∑2
i=1 TE(Bi) is minimized, and the constraints (u1 + u2 = uc, u1 ≥ 0, u2 ≥ 0) are satisfied.

To calculate the sensitivities, we first calculate fai(qi[k])(ui), fci(qi[k])(ui), fai(qi[k])(ui + ∆u)

and fci(qi[k])(ui+∆u) at good and bad weather conditions for each weather zone i, i ∈ {1, 2}.
Here we set ∆u to be 0.1. Typically, the smaller ∆u is, the more accurate f ′ai(qi[k])(ui) and

f ′ci(qi[k])(ui) become. To find the parameter values, we consider the following three situations.

When ui < wi2−∆, the values of these parameters at both good and bad weather conditions

can be found by matching the steady-state statistics [304] (see the discussions in Chapter

8.4). When wi2 − ∆ ≤ ui < wi1 − ∆, the values of these parameters at good weather

condition can be found by matching the steady-state statistics and those at bad weather

condition can be found by matching the transient dynamics. When ui ≥ wi1−∆, the values

of these parameters at both good and bad weather conditions can be found by matching the

transient dynamics. To determine the value of ∆, we tested the transient performance of

E[B[k]] over time under different values of ∆, and selected a proper value (i.e., 0.2), so that

E[B[k]] well performs linear increasing behavior over time when ui ≥ wij −∆, j = 1, 2.

After we obtain parameter values, we can apply Equations 164-166 to calculate the

sensitivities ST (u1) and ST (u2). The optimal solution can be found at ST (u1) = ST (u2) by

using a brute force algorithm. For this example, we found the near-optimal solution to be

u∗1 = 5.4, and u∗2 = 4.6. The corresponding sensitivities are then ST (u∗1) = 65.4284 and

ST (u∗2) = 66.4211. To verify the results, we evaluated the total mean backlog
∑2

i=1 TE(Bi),

which does reach the minimum value (i.e., 100.5759) at the solution we found.

2. Example for optimal management flow restriction design

Now consider the same example for MIT/MINIT management flow restriction design.

We set the mean inflow rates to be u1 = 5.4, and u2 = 4.6, and the total capacity to be

NT = 15. We aim to find the optimal N∗c1 and N∗c2, so that the total mean backlog
∑2

i=1 TE(Bi)

is minimized, and the constraints (Nc1 +Nc2 = NT , Nc1 ≥ 0, Nc2 ≥ 0) are satisfied. Since the

service rates Ni (maximum number of aircraft allowed to pass a region) should be integers,
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we set both the resolution and ∆Nc to be 1. By following similar steps described in the above

example and applying the equations 167-169, we are able to obtain the near-optimal solution,

which is N∗c1 = 8 and N∗c2 = 7. The corresponding sensitivities are ST (N∗c1) = −71.0036 and

ST (N∗c2) = −70.9696. We also evaluated the total mean backlog
∑2

i=1 TE(Bi) to verify the

results. As expected, the total mean backlog reaches the minimum value (i.e., 255.8231) at

the solution we found.

8.6. Conclusion

Effective and efficient evaluation of system performance under dynamical weather

uncertainty is a crucial step toward the design of strategic management. In this chapter, we

introduced an analytical approach to design optimal TMIs based on a jump-linear modeling

framework. The jump-linear model, built on the integrated air traffic model introduced

in Chapter 6, can be used to efficiently evaluate the transient performance of air traffic

systems under weather uncertainties. The tractability and scalability of this approach make

it promising for the evaluation and design of strategic management actions under uncertain

weather at a broad spatial scale. Based on this jump-linear model, we discussed two design

problems, including the flow redistribution and management flow restriction designs. These

problems are solved through analyzing the sensitivity of traffic performance (measured by

the total backlog over a time span) to mean inflow rates and management flow restrictions.

In the future, we will pursue the usage of this analytical framework using realistic data, and

extend the analysis to more general network settings.
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CHAPTER 9

LITERATURE REVIEW ON MODELING AND CASCADING FAILURE DETECTION

FOR COMPLEX INFORMATION SYSTEMS

9.1. Introduction

The occurrences of catastrophic failures in complex information systems (e.g., the

Internet, computing grids, and information clouds) are difficult to predict because of uncer-

tain varying traffic demand, unexpected resource reduction (such as the malfunctioning of

routers and servers), and complicated data flow interaction. In Part III of this dissertation

(Chapter 9 – Chapter 11), we study the behaviors of complex information systems under

uncertain data demands and router failures, with the purpose to detect and control cascad-

ing failures, a special class of catastrophic failures of major concern to complex information

systems [114]. Cascading failures cause the malfunctioning of the whole system and pro-

duce significant revenue loss. Such failure may occur when a router fails, which may trigger

a series of flow re-distributions that would cause more routers to fail.

In this chapter, we start with a brief review of network models for complex information

systems, so as to motivate the need of using queuing-type models for failure detection and

control (Chapter 9.2). We then review studies on cascading failures in complex information

systems in Chapter 9.3.

9.2. Network Models

We review network models from two aspects: those for complex information systems,

and those to capture cascading failures.

Packet-level discrete-event models are considered as the most straightforward and

truthful models for complex information systems [349, 350]. These models simulate the

processing of each data packet triggered by events such as arrivals of packets, time-outs

and receipts of acknowledgment signals, using if-then-type of operations on state automata.

However, such models are typically not applicable for prediction and planning purposes for
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two reasons: i) these models require time-consuming simulations, ii) detailed packet-level

knowledge for future planning is typically unavailable.

Fluid event-driven models which track the rate changes of packet flows instead of

the processing of individual packets are considered to be more computationally feasible, but

suffer from the ripple effects [147, 179]. Distinct from such discrete-event models which

are triggered by events, time-driven fluid (flow) models are triggered by clock clicks, and

abstract both packet flows and processing times [179]. These time-driven fluid models are

more suitable for time-critical decision-making applications, due to reduced-order represen-

tations and theoretical queuing and dynamical system analyses which reduce the time for

evaluation/simulation [199,200]. Hybrid models, equipping time-driven models with jump

conditions, brings more flexibility to flow network models, and improve the capability of

these models to realistically capture the features of complicated packet processing protocols

[98,162,347].

The modeling of cascading failures has also been studied in several complex network

applications [43, 54, 59, 174, 204, 310]. Most of these studies consider simplified network

dynamics and impose abstract assumptions on how loads are redistributed upon the oc-

currences of failures. In power networks, the DC power flow model, which replaces the

standard 2nd-order differential power transmission model with a linearized steady-state ap-

proximation, is typically used to study the spread of transmission line overloads [43,174]. In

information networks, simple load redistribution models (that equally or randomly distrib-

ute excessive loads among neighbors of a failed router) are studied without the consideration

of route information [204]. Assuming an ideal clique network structure [54], simple ho-

mogeneous contact models and Markov chain models are used to study cascading failures

caused by virus-induced Border Gateway Protocol (BGP) storms. More relevant to our

study, transient analyses of cascading failures in complex information networks can be found

in [59,310]. In [310], a queuing-network-like spatiotemporal simulator is used, based upon

which cascading degradation of network efficiency is studied using a network efficiency met-

ric defined as queue lengths along routes. In [59], the network efficiency metric is defined as
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the total number of efficient paths passing though routers. We note that in [310], data rates

exchanging between any pair of nodes are assumed to be the same, and queuing processing

at routers does not distinguish flows with different sources and destinations. These simpli-

fications lose data source and destination information, which are critical for us to analyze

and design the detection and control strategies for the occurrence of failures.

9.3. Cascading Failure

In this section, we review studies to observe, detect and control cascading failures in

Information networks. As power networks have similar network structures as the information

systems, though with different flow dynamics, we also briefly summarize the studies on

cascading failures in these systems.

The design of an effective network protocol or control mechanism is based on the

well understanding of network behaviors, and the interaction of data flows. Many efforts

have been made to study the dynamics of data flows in complex information systems, such

as the self-similarity of data flows [167], scaling relations between the flow and fluctuations

[66,67], the impacts of different network topologies on traffic dynamics [14,32,68,101,126,

218, 267, 275, 294, 357], and analysis of congestion cascading [111, 138]. Of interest, the

spatial structure of the Internet traffic is studied in [22, 24]. The authors discovered that

the interaction of flows in different connections can be captured using a cross-correlation

matrix [23] based on the random matrix theory (RMT). Built upon this study, Yuan derived

a weight vector to study the spatial-temporal patterns of Internet traffic flows [139,351] and

used this method to monitor DDOS flooding attacks [352] in the Internet. More studies on

the dynamics of Internet traffic can be found in [264].

As phase transitions typically indicate the occurrence of cascading failures, many

researchers were devoted to understand different types of networks and see whether phase

transitions can be observed in these networks. In paper [324], the Barabasi-Albert scale-free

networks were analyzed. The authors found that such networks undergo a first-order phase

transition (i.e. from a free flow state to a full congestion state) in the condition of applying

the shortest path routing strategy, and the congestion typically happens in hub nodes first
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and spreads to the nodes with smaller degrees. To mitigate traffic congestion, a simple

control strategy was then introduced in this paper, which drops packets at congested nodes

after certain period of time when congestion happens. More complete results about this

study can be found in [315]. Followed by this study, the same group further investigated

a more general network which does not contain interdependent links[180]. They found

that both first and second-order phase transitions may arise in such networks, and the two

transitions present a crossover. Other efforts made by this group along this direction include

the prediction of catastrophes in nonlinear dynamical systems and the controllability study

of complex networks [354]. We can also find other studies on phase transitions in complex

information systems in [131,263,267,276,290].

Efforts have also been made to seek the solutions to improve network performance.

For instance, papers [51, 112, 183, 262, 355] suggest to improve the network resilience by

adjusting network structures. Papers [45, 63, 65, 82, 83, 272, 274, 295, 314, 316, 348, 356]

propose to mitigate network congestion through designing better routing strategies. Ap-

proaches developed by reproducing the various dynamical behaviors associated with realistic

information traffic are introduced in [23, 81, 130, 131, 161]. Of note, it is pointed out in

[115] that cure may be worse than the disease when we are trying to recover failures [115].

Researches on studying cascading failures in the Internet are limited to observing and

analyzing the effects of system parameters on the cascading failures using simple network

models [55, 60, 97, 165, 203, 205, 207, 311], and designing simple control strategies (e.g.,

remove some nodes and edges [206]) to reduce the size of the cascade. In the aspects

of attack detection in the Internet, besides of Yuan’s work [139, 351] mentioned above,

paper [364,365] introduced a “trend detection” methodology to detect the trend of worm’s

propagation at the early propagation stage, by using the Kalman filter estimation method.

9.3.1. Power network

Studies on cascading failures in power system blackouts are briefly reviewed as follows.

Dobson’s group developed a propabilistic model to study cascading failures [72–77, 150].

Based on this model, they approximated the propagation of failures as a Poisson branching
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process [73], and developed a method to estimate failure propagations [71, 78, 237, 322].

This group also developed a risk metric to quantify the likelihood of the occurrence of large

failures [216] and explored the approaches to assess the risk of cascading outages [217,293],

and detect the location of line outages [253]. A new approach to analyze the security status

of power network using the Vulnerability Index (VI) and Network Contribution Factor (NCF)

is introduced in [268]. The authors also developed a control method based on several factors

including NCF to early detect and prevent cascading events [269]. Other studies on cascading

failures in power system blackouts can be found in the review section in [70,76].

Very few studies can be found which explore early indicators for cascading failures in

power networks. Paul’s group calculated the autocorrelation of time domain signals obtained

from simple models, and observed the “critical slowing down” in the time series data [103,

121, 122]. They also used real data to illustrate the utility of this method [121, 122]. A

more complete study of early indicators like variance and autocorrelation is discussed in

[104], which concludes that not all variables can be used as early indicators. Even the

voltage variable which is regarded as a good indicator has very slight increases in variance

and autocorrelation, indicating its bad performance as an early warning signal.
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CHAPTER 10

STOCHASTIC QUEUING-TYPE MODELS FOR COMPLEX INFORMATION

NETWORKS

10.1. Introduction

In this chapter, we investigate the feasibility of detecting cascading failures using

reduced-order queuing-type network models, as a preliminary effort to run-time failure con-

trol. Compared to packet-level discrete-event models, discrete-time flow-type models are en-

visioned to be more suitable for systematic real-time prediction and control purposes [178].

However, because of the abstraction of packet flows and discretization in time-scale, some

details of data processing are neglected. In this chapter, we develop an abstract discrete-

time queuing-type model and investigate its capability in capturing cascading failures. The

closest study in the literature is [310], in which a discrete-time queuing-type model is used

to study cascading failures. However, heterogeneous directional data flows are not captured,

and thus the model does not meet our goal of controlling cascading failures in real-time.

Our model instead captures directional flows, the processing of them at routers, and also

rerouting as a typical failure recovery strategy. The model is used to understand features of

cascading failures, and generate case studies for further analysis.

To increase the applicability of this queuing-type model for larger-scale networks, we

further develop a more abstract model which leverages the multi-tier structures of typical

communication networks. This model significantly reduces the computational costs, while

still captures the propagation behaviors of data flows in the network.

In the rest of this chapter, we first describe the original queuing-type model suitable

for all kinds of network structures (Chapter 10.2), and investigate the capacity of this model

in observing cascading failures. We then apply the cross-correlation analysis to study cas-

cading failures using this queuing-type model (Chapter 10.3). To improve the efficiency, we

further explore the simplification of this queuing-type model (Chapter 10.4). Chapter 10.5

includes a brief conclusion.
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10.2. Using the Queuing-Type Model to Capture Cascading Failures

We build a discrete-time queuing network model to serve as the analytical framework

for run-time failure detection and control in complex information systems. Before we describe

the details of this model, we first summarize features of this model, making it suitable for run-

time failure detection and control. First, the model has reduced order, and thus requires less

computational time to meet the stringent time constraint of run-time prediction and control.

Second, it is a spatiotemporal dynamic model to capture complicated network interactions,

the key contributors to a network’s complexity. Third, the model tracks the sources and

destinations of flows, allowing detection and control strategies to be readily implemented and

analyzed. Fourth, transient impacts of attacks or resource reductions on network failures can

be captured to permit early detection and in-time control. Fifth, uncertain future demands

can be easily integrated into the model to understand the uncertainty, and perform prediction

and performance evaluation under the uncertainty.

10.2.1. Network Structure

Now let us describe the network structure. The network is composed of three classes

of nodes: i) source nodes (denoted as s ∈ S, where S is the set of source nodes) with data

injected from the outside of the network, ii) destination nodes (denoted as d ∈ D, where

D is the set of destination nodes) with flows leaving the network, and iii) routing nodes

(denoted as i ∈ R, where R is the set of router nodes of size n) which forward received data

to neighboring nodes according to some routing rules (shortest path in this study, but can

be others). Without loss of generality, we assume that some routing nodes can also serve

as source or destination nodes. In other words, we have S ∈ R and D ∈ R. The network

topology can be arbitrary, and is defined on a graph Γ. In particular, nodes j and i are

considered as neighbors if a one-hop link between j and i exists. The propagation delay

from node j to i is described by aji. If the one-hop link from j to i does not exist, aji

is assigned ∞. The matrix A ∈ Rn×n with aji being the element in row j and column i

captures the topology of graph Γ. We note that the matrix A are updated on the occurrences

of router failures to reflect the changes of network topologies.
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In addition, we note that complex information systems are different from many other

complex systems (such as power networks and epidemic spread networks) in that each de-

parting flow has a pre-determined destination. As such, the model must have the capability

to track flow destinations. Some control strategies such as rerouting also requires destina-

tion information. Moreover, the capability of source tracking helps with failure detection and

control. In order to visually observe such information and also to facilitate analysis in our

study, we decompose the network into layers that are indexed by S-D pairs (see Figure 10.1

for an example and also a related development in [302] for a different application). We use

L to denote the set of all valid S-D pair subnetworks. The multiple subnetworks in different

layers are stacked together to form the complete network.
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Figure 10.1. Multiple network layers indexed by source-destination pairs.

Routers are indexed with numbers. Links between routers are marked by the

dashed lines.
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10.2.2. Flow Rerouting

Within each S-D subnetwork, we assume that flows choose the shortest paths to a

destination. Many metrics can be used, and in our study the shortest path is simply defined

as the one associated with the smallest total propagation delay, and is selected based on the

matrix A according to the Floyd algorithm [92]. We also introduce a set Gsd, which stores

the information for links that have been active in the subnetwork of sd. In particular, each

element in Gsd is a three-tuple (j, i, f), where j is the current node, i is the next hop, and

f indicates the status of the link and nodes at the ends. Specifically, f = 0 means that

the link (j, i) belongs to the shortest path from s to d; f = 2 denotes that either i ∈ F or

j ∈ F , where F is the set of failed nodes; and f = 1 indicates that both nodes at the ends

of the link (j, i) are functioning, however the link does not belong to the shortest path from

s to d. Of particular note, although only one valid route can exist between an S-D pair,

multiple flow paths may coexist in a S-D subnetwork at a particular time. This may occur

for two occasions: 1) when a router fails, flows that have already departed from the source

may choose the shortest paths to the destination from their current locations; and 2) when

either router on the ends of one link (j, i) fails, the flow that has already entered the link will

continue to enter i. If i is functioning, the flow can continue to transmit, otherwise the flow

will stay in the queue of i. The matrix A, sets F and Gsd are updated on the occurrences of

router failures. The failed routers are removed from the network permanently.

Rerouting is captured by the update of Gsd. Conceptually, the hop j right before i

and the source node s find alternative routes to the destination. Traffic that has already

left the source node s but has not reached j continues to the prior node j and then follows

the alternative route from j to the destination d. Specifically, the following procedure is

performed if a router k fails:

(1) Add k to F and update matrix A, by assigning ajk and akj in A with ∞ for all

k, j ∈ R.

(2) Change the flag f of all (j, i, f) ∈ Gsd to 1.

(3) Change the flag f of all (k, j, f) ∈ Gsd and (j, k, f) ∈ Gsd to 2.
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(4) For all nodes j such that (j, k, f) ∈ Gsd, apply the Floyd algorithm to find all links

belonging to the shortest path from j to d and add them to Gsd with flag 1, if they

do not belong to Gsd.
(5) For the source node s, apply the Floyd algorithm to find all links belonging to the

shortest path and add them in Gsd with flag 0, or change the flag f to 0 if the links

belong to Gsd.
(6) Node j selects its next-hop i to forward traffic from s to d depending on the value of

flag f for all (j, i, f) ∈ Gsd. In particular, f = 0 has the highest priority and f = 2

has the lowest priority.

Three examples in Figure 10.2 are used to illustrate our simple routing rules. The blue

links in the figure indicate routes prior to router failures, and red and green links represent

alternative routes after rerouting. Link propagation delays are marked on the links. The

sub-figures show three possible rerouting scenarios when router 3 fails and how they are

captured in the queuing-type model. In particular, Figure 10.2a) shows the case when the

flow to router 2 finds an alternative red route to router 6. The flow that has left router 2

then continues to router 3 and stops there; similarly, the flow that has left router 3 continues

to router 4. Figure 10.2b) shows a case when the flow to router 1 finds the green alternative

route to router 6; and the source node 1 also finds an alternative shortest red path to router

7. Although the shortest path from router 1 to the destination is through the black dashed

link, we do not consider this rerouting so as to reduce the complexity of our initial model

and analysis. In Figure 10.2c), as no alternative routes exist for router 2, the flow that has

left router 1 continues to router 2, and stops at router 3.

10.2.3. Flow Processing at Routers

The multiple S-D subnetworks also interact with each other. In particular, routing

nodes process aggregated flows from all S-D subnetworks with limited processing capabilities

(denoted as Ni bytes per unit time for the router node i). With the simple assumption that

routers with more connections have higher processing capacity [310], we define Ni to be
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Figure 10.2. Illustrative examples of router failures.

proportional to its node degree:

(170) Ni = α · hi

where hi is the degree of node i, and α is a scalar.

Routers distribute flows in different S-D subnetworks in a fair manner. Data that
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exceed the processing capability of each routing node are accumulated in the associated

queue. The total length of the queue (i.e., the number of bytes accumulated) at the router

i is called the total backlog and is denoted as bi. If the length bi exceeds its buffer size Li,

the router is assumed to fail. In this simple model, Li is assumed to be Ni + C, where C is

a constant. Li can be defined in other ways: for instance, Li = CNi reflects that the buffer

size of a router is proportional to its processing capacity [310]. We also note that in this

simple model, we do not consider packet dropping. Therefore, no data is lost.

The dynamics of the flow processing and propogation is mathematically described

as follows. At each time step k, for each routing node in an S-D subnetwork, the inflow

rate (number of bytes arriving the routing node per unit time) usdi[k], backlog bsdi[k], and

outflow rate (number of bytes leaving the routing node per unit time) fsdi[k] are tracked.

1) The update of inflow rates usdi[k + 1]. The inflow rate to the router i in the

subnetwork sd is the accumulated outflow rate propagated from all routers one-hop prior to

this router in the subnetwork sd. If i is the source node, we let the inflow rate to be 0.

usdi[k + 1] =


0, if i = s∑

(j,i,f=0,1,2)∈Gsd fsdj[k − aji], else

(171)

where usd[k] is the inflow rate from the source s to the destination d at time k.

2) The update of outflow rates fsdi[k+1] and backlogs bsdi[k+1]. The update of outflow

rates and backlogs at the routers follow the first-in-first-out rule and the fairness requirement

for multiple arriving flows. Denote the total inflow to node i as ui[k] =
∑
∀(s,d)∈L usdi[k] and

the total backlogs at node i as bi[k] =
∑
∀(s,d)∈L bsdi[k]. In cases when router does not fail,

if bi[k] ≤ Ni − ui[k + 1], all current backlogs and new arriving flows can be processed. If

Ni−ui[k+ 1] < bi[k] ≤ Ni, all current backlogs can be processed, and the new arriving flows

in each subnetwork at time k+ 1 are processed proportional to the fraction of arriving flows

in each subnetwork. If bi[k] > Ni, only a portion of current backlogs in each subnetwork can

be processed proportional to the relative fraction. Remaining backlogs and the new arrival
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flows will form the new backlogs at time k + 1. Specifically,

fsdi[k + 1] =



bsdi[k] + usdi[k + 1] if bi[k] ≤ Ni − ui[k + 1]

bsdi[k], if Ni − ui[k + 1] < bi[k] ≤ Ni, ui[k + 1] = 0

usdi[k+1]
ui[k+1]

(Ni − bi[k]) + bsdi[k], if Ni − ui[k + 1] < bi[k] ≤ Ni, ui[k + 1] 6= 0

bsdi[k]
bi[k]

Ni, else

bsdi[k + 1] = bsdi[k] + usdi[k + 1]− fsdi[k + 1]

As a special case, if router i fails, i.e., i ∈ F , no flow is allowed to pass. In this case,

fsdi[k + 1] = 0.

For the update of backlogs and outflow rates at sources, we make the backlog to be

0, and the outflow rate equal to the total flow injected from this source to the destination.

The destinations behave in the same way as a failed router. Specifically,

fsdi[k + 1] =


usd[k + 1], if i = s

0, if i = d

bsdi[k + 1] =


0, if i = s

bsdi[k] + usdi[k + 1], if i = d

(172)

10.2.4. Simulator Implementation, Observation of Cascading Failures, and Visualization

We have implemented a simulator based on the model described in Chapter 10.2. In

this section, we describe the simulation procedure and two cascading failure case scenar-

ios. We also briefly describe the visualization tool that we have developed to facilitate the

observation of the spreading dynamics of cascading failures.

1. Simulation

The simulation program updates according to the flow processing and rerouting mod-

els defined in Chapters 10.2.2 and 10.2.3. We here only describe the input files and the

termination and output files of the simulation.
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1) Input files Two input files are required to run the simulation, including the

network topology matrix A and the demand file. The demand file stores usdi[k] for all k,

according to the format shown in Figure 10.3. In our simulation, the sources generate one

packet per millisecond, with varying packet length (number of bytes) that follows the Poisson

distribution.

Figure 10.3. Format of demand file

2) Simulation termination and output Files The simulation terminates either when

a predefined timeout occurs or when no path exists between any S-D pair. The full state

update matrix with the format shown in Figure 10.4 is outputted for visualization and our

studies in the next step, including failure detection, evaluation and control.

Figure 10.4. Format of state-update file

2. Visualization

We have also developed a visualization tool to demonstrate straightforwardly the

multi-layer S-D subnetwork structure and the spreads of router failures within each subnet-

work and across subnetworks. Key information related to the dynamics and performance of

the network is visualized. In particular, active routes are marked by blue; queue backlogs

are indicated by the area of circles at routers; a green/red circle denotes that the backlog is

lower/higher than the limit; a failed router is marked by ×. A snapshot of the visualization

tool is shown in Figure 10.5.

3. Simple Case Scenarios
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Figure 10.5. A snapshot of the visualization tool.

A simple network and two failure case scenarios have been created to investigate the

capacity of the queuing-type model in capturing cascading failures. More informative case

scenarios need to be created for further studies. Here we illustrate the example, failure

scenarios and simple observations from the simulation.

The example network is composed of 10 routing nodes and two S-D subnetworks with

data flows from source 1 to destination 3 and source 9 to destination 7 (see Figure 10.6 with

link propagation delays marked on the graph). Two failure scenarios have been created.

1) Failure scenario 1: excess flow. Initially, both source flows are Poisson flows with

a mean of 30 bytes per unit time (1 ms). From 100 ms, the mean of the Poisson flow

injected from source 1 triples. As we can see in Figure 7(a), the first node failure occurs at

about 160 ms and within an additional 60 ms, all routing nodes fail (except the sources and

destinations which were assigned accordingly larger capacities). The time between 100 and

160 ms is crucial for failure detection. We can also observe that router failures in subnetwork

1, 3 starts to spread to the subnetwork 9, 7 through failing the routing node 5.

2) Failure scenario 2: one router failure. The source flows from 9 and 7 are Poisson

flows with means of 65 and 55 bytes per unit time (1 ms), respectively. These flows rate are
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Figure 10.6. A simple example network structure

typically not able to trigger failures. We then manually fail router 2 at 100ms. As shown in

Figure 7(b), other nodes fail very quickly.
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Figure 10.7. Number of functioning routing nodes versus time, when a) an

excess flow is introduced, b) one router is failed manually.
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10.3. Cross-correlation Analysis of Flow Dynamics

A cross-correlation analysis method is introduced in [139, 351, 353] to analyze the

collective properties of Internet traffic, and characterize the macroscopic dynamics of the

network. In this section, we use the queuing-type model to study the cross-correlations

among data flows, and investigate whether this measure can be used to observe cascading

failures.

10.3.1. Introduction of cross-correlation analysis

The cross-correlation analysis [139,351,353] was developed based upon the Renater

study [23], which investigated the correlations among different connections in a small-scale

network. This study applied the random matrix theory to illustrate the capacity of a cross-

correlation matrix in charactering the relations among different connections. Specifically,

the authors compared a random correlation matrix, constructed from mutually independent

time series, against the correlation matrix computed from observed real flow data. The prop-

erties of these two matrices were found to be deviate, indicating the information of genuine

correlations. Furthermore, all components in the eigenvector corresponding to the largest

eigenvalue were found to be positive, indicating a correlation among the whole network. This

study has also been applied to analyze the correlation of stocks [228].

Based on the Renater study, Yuan [139] derived a weight vector from the cross-

correlation matrix to evaluate spatial-temporal correlations among different data flows in

the Internet. The spatial-temporal pattern visualized using this metric was then used to

observe and detect DDoS flooding attacks [139].

The procedures to calculate the cross-correlation matrix and the weighting vector are

briefly summarized as follows [23,139,351,353].

Step 1: Calculate the cross-correlation matrix. Suppose there are N nodes in

the network, with L (L < N) nodes selected as the observation points which collect flow

information. Let xij denotes the flow rate coming from observation point i to destination
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node j. The cross-correlation matrix can be calculated by the following equations:

fij =
xij −mij

σij
(173)

C(ij)(kl) = < fijfkl >tw

where mij and σij are the mean and variance of xij. < · >tw calculates the mean value over

a measurement interval tw. C is a square K by K matrix with K = LN .

Step 2: Find the eigenvector corresponding to the largest eigenvalue of the

cross-correlation matrix. The eigenvector, w1, corresponding to the largest eigenvalue

of the cross-correlation matrix C can be computed by the following equation:

(174) Cw = λw

Step 3: Calculate the weight vector. The eigenvector w1 can be decomposed

into N sub-vectors, i.e., w1 = (w1
1, w2

2, ...wN
1)T , with each one corresponding to a node

in the network. The i-th element of sub-vector w1
k, denoted as wik

1 (i ≤ L and k ≤ N)

indicates the contribution of the i-th observation point to the k-th node. The weight vection

Sk is then computed by:

(175) Sk =
L∑
i

(wik
1)2, k ∈ {1, 2, ..., N}

which informs the contribution of flows from the observation points to the k-th node.

In [353], this weight vector is used to draw the spatial-temporal map for each node

k, k ∈ N in time series. If a router k is attacked, the map will show an apparent shift in the

k-th domain.

10.3.2. Simulation Study

In this section, we conduct a case study to investigate whether the cross-correlation

analysis can be used to observe cascading failures based on our queuing-type model.

The network structure used in the simulation study is built upon the topology shown

in Figure 10.6. In particular, considering the 10 nodes in Figure 10.6 as Tier-1 nodes, we

attach 36 Tier-2 nodes under them to form a second layer. Each Tier-1 node is connected
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to several (2 to 5) Tier-2 nodes , and no links exist among Tier-2 nodes. We further add

100 Tier-3 nodes under the Tier-2 nodes to form the third layer. Similarly, each Tier-2 node

is connected several (2 to 5) Tier-3 nodes, and no connections exist among Tier-3 nodes,

as well as between Tier-3 and Tier-1 nodes. In this way, we build a network of 146 nodes.

Among these nodes, we then randomly select 50 Tier-3 nodes as the sources and other Tier-3

nodes as the destinations. Each source is randomly connected to one destination, leading to

50 S-D pairs.

The flows injected into the network are generated from a Possion process with the

mean equal to 10. We randomly select 11 Tier-2 nodes as the observation points to collect

flow data. The simulation times out at t = 500ms, and the measurement interval is set

to tw = 25ms. To see whether cascading failure can be observed by the cross-correlation

analysis, we manually fail a Tier-1 node (node 7) at t = 100ms. The spatial-temporal map

drawn using the weight vectors Sk is shown in Figure 10.8, where the x axis labels the

simulation time; the y axis shows the indentifiers (IDs) of Tier-2 nodes; and the z axis is the

weight Sk.

The simulation results show that cascading failure happens due to the failure of node

7. In particular, node 9 (Tier-1) fails at time t = 138ms, and node 3 (Tier-1) fails at

t = 164ms. The failures of these nodes also lead to flows generated from Tier-3 nodes under

them unable to be forwarded to other subnetworks. Besides, failures of nodes 3 and 9 also

make nodes 6 and 14 to be isolated, and unable to send data to other subnetworks. This

phenomenon can be observed in Figure 10.8. In particular, the weights of node 33 (child of

node 7), nodes 39 and 41 (children of node 9), and nodes 19 and 20 (children of node 3)

reduce to 0 at time t = 125ms, t = 150ms and t = 175ms, respectively, which indicate the

failure of their parent nodes. We note that as the flow data are measured every 25ms, there

are some delays before the spatial-temporal map reflects the flow dynamic changes.

Of interest, the weights associated with some Tier-2 nodes are 0 throughout the whole

simulation duration. This can be caused by two possible reasons. One is that there are no

flows passing through these nodes. Another reason could be that no flows heading to these
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Figure 10.8. The spatial-temporal map used to visualize the strength of

flows from observation points to each Tier-2 node.

nodes pass the observation points. Both reasons are possible, as only 50 S-D pairs are

randomly selected, and 11 out of 36 Tier 2 nodes are chosen as the observation nodes.

Another observation can be obtained from Figure 10.8 is that the weights of nodes 12,

15, 26, 28, and 35 increase significantly after t = 175ms. However, this does not mean the

strength of flows toward these nodes also increase. As
∑46

k=11 Sk(t) = 1 at each measurement

time step, the decrease of other nodes’ weights cause the weights of these nodes (nodes 12,

15, 26, 28, and 35) to increase. This can be further verified by Figure 10.9, which shows that

although the weight of node 15 (Figure 10.9a)) increases dramatically since t = 175ms, the

amount of flows going towards this node (Figure 10.9b)) does not increase.
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(a) (b)

Figure 10.9. Illustration of the change of the a) weight of node 15 and the

2) amount of observed flows heading to this node over time.

10.4. A Multi-Scale Queuing-Type Model to Improve Efficiency

The basic queuing-type model described in Chapter 10.2 is suitable for all kinds of

network structures. It can track the dynamics of flows in each subnetwork at each router.

However, this model is not scalable. The computational costs required by this model increase

dramatically with the increase of the number of S-D pairs. One way to improve its efficiency

is to cluster nodes first, such that each node in the simplified network is the center of

a cluster. The cluster centers which have sources (or destinations) within their clusters

are then considered as the sources (or destinations) in the simplified network. The flows

generated by sources are aggregated first at the cluster center before they are injected into

the network. In this way, we can reduce the number of S-D pairs, and use the queuing-type

model to process aggregated flows.

In this section, we introduce a multi-scale queuing-type model to further improve

the efficiency. This model is built upon the original queuing-type model, but is much more

simple. It leverages the structure of typical communication networks to significantly reduce

the computational costs. Next, let us first motivate and introduce the key features of the

multi-scale queuing-type model (Chapter 10.4.1). We will then describe the model in Chapter
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10.4.2 and finally introduce the implementation of the simulator and analyze its efficiency

in Chapter 10.4.3.

10.4.1. Motivation and Key Features

The real communication networks (e.g., the Internet) typically contain different types

of routers, with different processing speeds. For the illustration purpose, we here use a

simplified four-tier network structure (see Figure 10.10) taken from [353] as an example to

motivate and explain the key ideas of the multi-scale queuing-type model. This network

contains four levels of nodes: 1) backbone routers at the top level (nodes A, B, . . ., K), 2)

subnet routers at the second level (nodes A1, A2, . . . , K5), 3) leaf routers at the third level

(nodes A1a, A1b, . . . , K5b), and 4) host computers at the lowest level that are connected to

leaf routers (not shown in the figure). Routers at the higher level have larger capacities to

process data flows. Note that the backbone topology shown in Figure 10.10 is directly from

the real Abilnene backbone, and the remainder topology is derived by analyzing the ISP

topologies [169,192].

Figure 10.10. An example Internet topology to illustrate the network struc-

ture (taken from [353]).

Such four-tier structure has some special features different from random graphs. In

particular, the backbone routers form a connected graph, with others organized as trees.
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If we disconnect the links among backbone routers, we can obtain a set of trees with the

backbone routers to be the roots of the trees. Connecting nodes in this way has the following

impacts on the dynamics of data flows. First, for flows with sources and destinations under

the same backbone router, the routes are determined and unique. This indicates that once

a router (except the backbone router) fails, all flows arriving at this router cannot reach

their destinations. Second, for flows with sources and destinations under different backbone

routers, multiple routes are available. In this case, rerouting is possible, but only would be

triggered when failure happens at backbone routers that are neither at the side of the source

nor the destination (i.e., source and destination are not under them). In addition, a router

failure will disconnect all communication links that have sources or destinations under this

router.

The unique features of such multi-tier structure make backbone routers to have greater

impacts on flow dynamics, and routers at lower levels to have weaker impacts. Therefore,

we can analyze flow dynamics at the backbone level (with flows entering or leaving the same

backbone routers being properly aggregated) to infer the general behavior of the Internet.

Observing at this level not only simplifies the analysis, but may also lead to some interesting

patterns which cannot be observed at detailed lower levels. Besides, aggregating flows allows

us to reduce the computational costs. Motivated by these analyses, we developed a multi-

scale model based on the original queuing-type model, which has the following features.

(1) Flow dynamics at routers are calculated in order from lower to higher levels. At

each simulation time step, instead of analyzing data flows at each router one by one

without a specific order, we calculate flow dynamics at host computers first, and

then low-level routers, and finally backbone routers. Processing flows in this order

allows us to save flow dynamic information (originally saved in a single state update

matrix shown in Figure 10.4) into several sub-matrices, with each one only contains

flow update information at routers from the same level. It also allows us to easily

analyze network behaviors at different router levels, and the interaction between

different levels.
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(2) Flows heading to the same destination are aggregated at routers. As flows move in

one direction from the source to the destination, the data processing at routers does

not require the information about sources. As such, we aggregate flows heading to

the same destination at each router. Note that we cannot further aggregate flows to

the same next-hop, as routers require the destination information to correctly route

flows.

10.4.2. Model Description

The multi-scale queuing-type model is suitable for complex information systems with

multi-tier structures. It differs from the original queuing-type model in that flows are pro-

cessed tier by tier and those heading to the same destination are aggregated at routers.

Except of these differences, it processes flows in the same way as the original model.

Next let us briefly describe the multi-scale model, by emphasizing the differences from

the original model. Consider a network composed of n levels of nodes, with the first level

to be backbone routers, the n-th level to be host computers (S ∪D), and the others to be

intermediate routers. We denote the router at the i-th level as ri ∈ Ri, where Ri is the full

set of the i-th level routers.

As flows to the same destination are aggregated, the source information is lost at

routers. Therefore, instead of S-D subnetworks, this model decomposes the network into

subnetworks indexed by destinations. We use L′ to denote the set of all D subnetworks.

Note that in the simulation, we still keep the route information for each S-D pair, so that

sources can be easily tracked when failure happens.

The flow rerouting is modeled in the same way as the original model. As discussed in

the previous section, rerouting happens only when the failed node is a backbone router that

is not at the side of the source or destination. In this case, all flows bypass this backbone

router and search for other alternative paths.

Now let us discuss the updates of inflow rates, outflow rates and backlogs at routers.

For each router in a D subnetwork, we denote the inflow rate to the router i at time step k

as udi[k], the backlog as bdi[k], and outflow rate as fdi[k]. Then flows arriving at router i are
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processed according to following mathematical equations.

udi[k + 1] =
∑

(j,i,f=0,1,2)∈Gd
fdj[k − aji]

fdi[k + 1] =



bdi[k] + udi[k + 1] if bi[k] ≤ Ni − ui[k + 1], i /∈ F

bdi[k], if Ni − ui[k + 1] < bi[k] ≤ Ni, ui[k + 1] = 0, i /∈ F

udi[k+1]
ui[k+1]

(Ni − bi[k]) + bdi[k], if Ni − ui[k + 1] < bi[k] ≤ Ni, ui[k + 1] 6= 0, i /∈ F

bdi[k]
bi[k]

Ni, if bi[k] > Ni, i /∈ F

0, else

bdi[k + 1] = bdi[k] + udi[k + 1]− fdi[k + 1]

where Gd includes the information for links in the subnetwork of d. bi[k] =
∑
∀d∈L′ bdi[k] and

ui[k] =
∑
∀d∈L′ udi[k] are the total backlog and total inflow at router i.

In cases when node i is a source or destination, flows are processed as follows.

udi[k + 1] =


0, if i = s∑

(j,i,f=0,1,2)∈Gd fdj[k − aji], if i = d

(176)

fdi[k + 1] =


ud[k + 1], if i = s

0, if i = d

bdi[k + 1] =


0, if i = s

bdi[k] + udi[k + 1], if i = d

(177)

10.4.3. Simulator Implementation, and Efficiency Analysis

Based on above analyses, we implemented the simulator. The input file has the same

format as that used in the simulator for the original model shown in Figure 10.3. The format

of output files are also similar to the one shown in Figure 10.4, except that the columns for

the sources are removed. Furthermore, for a network of n levels, the multi-scale queuing-
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type simulator generates n number of output files, with each one storing the flow update

information at routers/hosts at the same level (i.e., current node is at the same level).
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Figure 10.11. Comparison of the original queuing-type model with the

multi-scale queuing-type model in measuring the a) inflow rates, b) outflow

rates, and c) backlogs at router 5 at each simulation time step.

With the simulator implemented, we then study its efficiency by comparing it with the

original model. In the first experiment, we test a small-scale network consisting of 16 nodes,

and we randomly select 12 S-D pairs. Same input files are loaded to both simulators for

fair comparison. The total simulation steps is 300. Under this setting, the original queuing-
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type simulator completes in 81.6395s, and the multi-scale queuing-type simulator finishes in

68.0735s. The total amount of bytes received by destinations observed in both simulators is

1539 bytes. To further investigate the capability of the multi-scale model in capturing flow

dynamics, we plot the inflow rate, outflow rate, and backlog observed at router 5 by the two

simulators in Figure 10.11. This figure indicates that the multi-scale queuing-type model

matches the original queuing-type model well.

The advantage of the multi-scale queuing-type model over the original one in efficiency

is more obvious when the network size is large. In the second experiment, we tested a large-

scale network which has a topology same as that shown in Figure 10.10, but with no Tier-4

nodes. Among the 110 Tier-3 nodes, we randomly select 50 nodes as sources, with the others

to be destinations. We then randomly pair sources and destinations to obtain 500 S-D pairs.

The total number of simulation steps is also set to 300. Simulation ends either when time

runs out or no paths available between any S-D pair. Under this setting, the multi-scale

model terminated in 0.93h, while the original model took 5.56h to complete. The multi-scale

model is around 83% more efficient than the original model.

10.5. Conclusion

As a preliminary step towards the run-time failure control for complex information

systems, we develop in this chapter two queuing-type models to capture the data flow dynam-

ics, which serve as the evaluation foundation for performance analysis and control design.

The first queuing-type model is suitable for all types of network structures. The simulation

studies show that this model can be used to observe cascading failures. To improve the

efficiency, we further explore a typical network structure consisting of multiple tiers, and de-

velop a multi-scale model based on this structure, which aggregates flows at routers to save

the computational costs required to process individual flows. The simulation study verifies

its efficiency.
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CHAPTER 11

REALISM STUDY OF THE QUEUING-TYPE MODEL FOR NETWORK

SIMULATIONS

Although many studies on modeling communication networks can be found in the

literature, few of them investigate whether the model is realistic or not. Recent studies con-

ducted by Mills and Dabrowski [61,194] reveal the influence of realism on network conditions

in simulations. It was shown that a model that is too abstract is incapable of reflecting correct

or near-correct network behaviors. In particular, the variable router speeds, the transmission

control protocol (TCP), and packet dropping are important to capture in network models

[61, 194]. Motivated by this study, we investigate the realism of our queuing-type model,

by comparing it with a packet-level network simulator developed by Mills and Dabrowski

[61,194]. This simulator, called FxNS (Flexible Network Simulator), can be configured to

capture network models of different abstraction levels. On the lowest abstraction level, this

simulator behaves as the MesoNet, a realistic packet-level simulator which well captures the

movement of packets in the real Internet [192, 197]. For fair comparison, we modify our

queuing-type model to incorporate all functionalities of FxNS, except the TCP. We leave the

investigation for the modeling of TCP to the future work. Of note, to facilitate the modeling

of TCP, we here study the first queuing-type model described in Chapter 12, as it can track

the source of a flow, which is required by TCP.

In the rest of this chapter, we first briefly introduce FxNS and its seven realism factors

(Chapter 11.1). We also discuss the integration of these factors into our queuing-type model

at the same time. In Chapter 11.2, we compare FxNS with the modified queuing-type model.

Chapter 11.3 briefly concludes.

11.1. Integrating FxNS Realism Factors into the Queuing-type Model

FxNS is built upon an abstract network model, called EGM [83]. 7 realism factors

can then be selectively enabled to capture more features of realistic Internet (see Table 11.1

for the list of 7 realism factors). With all 7 realism factors disabled, the FxNS behaves as
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Table 11.1. Realism factors of FxNS [61,194]

Identifier Name

NC Node Classes

DE Propagation Delay

VS Variable Speed

SR Sources & Receivers

PD Packet Dropping

FL Flows

TCP Transmission Control Protocol

the EGM (the most abstract model). On the other hand, with all realism factors enabled,

it behaves as the MesoNet (the most realistic model) [192,197].

11.1.1. Description and Modeling of FxNS Realism Factors

Now let us briefly describe each of the 7 realism factors listed in Table 11.1, and also

discuss how the first 6 realism factors are integrated into our queuing-type model.

1. Node Class (NC)

The Node Class (NC) factor allows variable node classes. In particular, with this fac-

tor enabled, the routers are classified into three classes: backbone router, point-to-presence

(PoP) router, and the access router. The packets can only be injected through access routers

into the network. With this factor disabled, routers are all considered to be the same, and

packets can be injected into any router. In our queuing-type model, we label each router as

one of the three classes, and attach sources/receivers to access routers only.

2. Propagation Delay (DE)

The propagation delay (DE) factor assigns propagation delays to the links among

backbone routers. If this factor is disabled, there are no propagation delays between any

nodes. The matrix A in our queuing-type model naturally captures this feature. In par-

ticular, we set the weights of backbone links to be the propagation delays measured as

the number of time steps. Note that due to the time-driven nature of our queuing-type

model, the weights for other links must be larger than 0. Here, we set their weights to be 1,

corresponding to 1 time step of propagation delay.
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3. Variable Speed (VS)

The variable speed (VS) factor is designed to vary the packet processing speeds of

routers. Under the condition when NC is also enabled, the routers falling into the same class

have the same speeds. The backbone routers at the top level have the highest speeds, while

the access routers at the lowest level have the lowest speeds. To capture the heterogeneity of

network access, the access routers are further classified into three types: 1) D-class (nodes

directly connected to backbone routers), 2) F-class (nodes with fast speeds), and 3) N-class

(nodes with normal speeds). The D-class access routers have the highest speeds and the

N-class routers have the lowest. In addition, if the SR is enabled, the sources and receivers

can also have two different speeds to send and receive packets. When VS is disabled, all

nodes will have the same speeds.

In our queuing-type model, the speeds of routers are determined by the capacity Ni.

The speeds of sources can be easily modeled in our queuing-type system, by restricting the

number of packets sent at each time step. To model the speeds of receivers, we add an

infinite-size buffer at each receiver, such that newly arrived packets would first enter the

buffer and wait to be processed. The waiting time is determined by the backlog in the buffer

and the speed of the receiver.

4. Sources & Receivers (SR)

The sources & receivers (SR) factor adds sources and receivers under access routers,

such that packets can only be created at sources and removed by receivers, and all other

nodes can only forward the packets to their neighbors. Enabling this factor enlarges the size

of the network. When this factor is disabled, packets can be created by the access routers

(if NC is enabled) or any router (if NC is disabled).

The FxNS applies the approaches used in MesoNet to create sources and receivers, and

select source-receiver (source-destination) pairs. In particular, the FxNS specifies a target

number of sources and receivers to attach under each access router. The target number of

receivers is set to be an integer multiple of the target number of sources. In cases when NC

and VS are enabled, such that the access routers have different types, the FxNS also allows
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the number of sources/receives located under different types of access routers to vary. In

particular, the adjustment of the numbers of sources (or receivers) under N-class, F-class

and D-class access routers are specified by the probabilities, ps (or pr), psf (or prf ), and psd

(or prf ) respectively. For instance, if the target number of sources under an access router is

ns and all three types of access routers exist, the number of sources located under N-class

access routers is 3nsps [61,192,194].

The selection of source-receiver pairs is simple. In particular, before a source starts

to transfer packets, it randomly selects a receiver under a backbone router that is different

from the one above it. If the total number of receivers under the backbone routers which are

not the parent backbone router of the source is n1, and an access router under one of these

backbone routers is attached with n2 number of receivers, the chance of these receivers to

be chosen is n2

n1
.

To incorporate these features into our queuing-type model, we use the matrix A
to define the network topology for routers. The number of sources and receivers to be

attached to each access router is then calculated. Each source and receiver is assigned with

a monotonically increasing serial number as the identifier (ID). We then define two matrices

As and Ar of size ma × 3 to connect access routers with sources and receivers, where ma is

the total number of access routers. In particular, in the i-th row of matrix As, the first entry

is the ID of the i-th access router, the second and third entries are the smallest and largest

IDs of the sources under this access router, respectively. Note that, sources under the same

access router have continuously increasing IDs. Similar definitions apply for matrix Ar. In

this way, we can flexibly configure the number of sources and receivers to be added into the

network. The algorithm to select source-receiver pairs can also be easily implemented.

5. Packet Dropping (PD)

The packet dropping (PD) factor assigns router buffers with finite sizes, such that

when the number of packets in the buffer reaches the upbound, extra packets are dropped.

Note that as the packets arriving at buffers in FxNS are processed in the first-in first-out

(FIFO) manner, newly arrived packets will first be dropped. The queuing-type model also
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follows the FIFO rule to process data flows.

The packet dropping can be easily implemented in our queuing-type model. The

modified mathematical equations for the updates of the inflow rate usdi[k], outflow rate

fsdi[k] and backlog bsdi[k] at the i-th router are shown as follows. The number of packets

dropped at time step k, denoted as dsdi[k], is also given.

usdi[k + 1] =
∑

(j,i,f=0,1,2)∈Gsd
fsdj[k − aji]

fsdi[k + 1] =



bsdi[k] + usdi[k + 1] if bi[k] ≤ Ni − ui[k + 1]

bsdi[k], if Ni − ui[k + 1] < bi[k] ≤ Ni, ui[k + 1] = 0

usdi[k+1]
ui[k+1]

(Ni − bi[k]) + bsdi[k], if Ni − ui[k + 1] < bi[k] ≤ Ni, ui[k + 1] > 0

bsdi[k]
bi[k]

Ni, if bi[k] > Ni

dsdi[k + 1] =


(ui[k + 1] + bi[k]− bmaxi −Ni)

usdi[k+1]
ui[k+1]

if ui[k + 1] + bi[k] > bmaxi +Ni

0, else

bsdi[k + 1] = bsdi[k] + usdi[k + 1]− fsdi[k + 1]− dsdi[k + 1]

where bmaxi is the maximum size of the buffer. Note that the backlog in the i-the queue

is always within the range of [0, bmaxi ]. Of interest, with exceeding packets being dropped,

increasing flows won’t lead to router failures.

6. Flows (FL)

The Flows (FL) factor models the transmission of files in the Internet. With this

factor enabled, the packets are sent as related streams. In particular, before a source starts

to transfer packets, it randomly selects a file size (measured as the number of packets) from a

Pareto distribution. Note that packets in FxNS are considered to have the same size. It then

starts to transfer packets in the rate determined by its speed. Once all packets in this file

have been injected into the network, the source waits for a period of time, and then selects

a new receiver to start a new file transmission process. If this factor is disabled, packets are

sent independently.
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The waiting time between file transfers is determined by the packet injection rate,

I, which is the average number of packets that are allowed to be injected into the network

at each time step. The probability that a source starts to transfer a file at time step k is

computed by P = I
msf

, where ms is the total number of sources and f is the average file size.

The queuing-type model implements all these features, by maintaining a reference

table to keep the state information of all sources, including the receiver ID, file size, number

of packets left to be injected, and the starting time for the next file transfer. Note that in

the original queuing-type model, the unit of data is a byte. Here we use a packet as the unit.

7. Transmission Control Protocol (TCP)

When TCP is enabled, the TCP congestion control algorithm is implemented at all

sources. Therefore, the injection rate at each source is automatically adjusted according to

the traffic congestion condition of the network. Currently, we don’t consider TCP in our

queuing-type model for this comparison study.

11.1.2. Further Enhancement of the Queuing-type Model

As the original queuing-type model considers the flow dynamics between each source-

receiver pair, the computational costs increase dramatically when the number of source-

receiver pairs increases. In FxNS, when NC and SR are enabled, the sources and receivers

are attached to access routers only. Therefore, they can be naturally clustered, with each

access router being the center of a cluster. Motivated by this observation, we aggregate flows

which are created by sources under the same access router, and head to receivers also under

the same access router. In this case, the access routers are also considered as the sources and

receivers in the simulation. Next let us briefly describe how flows are aggregated at access

routers in the source and receiver side.

The aggregation in the source side is simple. After the sources inject flows into their

parent access router, this access router first aggregates flows according to the destinations

tagged with these flows, and then forwards aggregated flows to the next hop. Note that as

we aggregate flows going towards the receivers under the same access router, we can directly

make sources randomly select access routers as the destinations.
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In the receiver side, as aggregated flows arriving at the access router do not contain

the information of receivers, this access router also functions as a receiver, which can remove

the data. To realize this, we define an additional infinite-size buffer for the access routers to

model the behavior of receivers. Therefore, when the flows arrive at the access router, they

are first processed by the access router using its original finite-size buffer. When this buffer

is full, newly arrived packets are dropped. The packets which have passed this buffer then

enter the infinite-size buffer. Certain amount of packets are then removed, considered to have

been received. The others are queued in the buffer waiting to be processed. The capacity of

the infinite-size buffer is determined by the speeds of receivers under the access router and

how likely they will be selected to receive data. In particular, denote the number of receivers

under an access router as mr, and the speed of the i-th receiver as vi. If the probability

of a receiver under this access router to be chosen to receive data is p, the capacity of the

infinite-size buffer is
∑mr

i=1 vip.

By modifying our queuing-type model in this way, we are able to significantly reduce

the computation costs, especially when the number of sources and receivers are large.

11.2. Comparison Study

In this section, we compare FxNS with our queuing-type model to investigate the

realism of the queuing-type model.

In the first experiment, we use a 10-router network shown in Figure 11.1 to compare

FxNS (TCP disabled) with the queuing-type model, where nodes 1 and 2 are backbone

routers, nodes 3, 4 and 5 are PoP routers, and the others are access routers. Among the

access routers, the red one directly connects to the backbone router 2, and is thus a D-class

router. The green nodes are F-class access routers, and the others are N-class routers. The

propagation delay of the backbone link is 3 time steps (ts). The delays associated with other

links are 1 ts. The speeds (capacities) and buffer sizes of these routers are summarized in

Table 11.2, where p/ts represents number of packets per time step. The buffer size of a

router is simply a multiple of its capacity with the multiplier equal to 80. The number of

sources and receivers under each type of access router (see Table 11.2) is computed according
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Table 11.2. Speeds of routers

Router Class Speed Buffer Size ] Sources ] Receivers

Backbone 80 p/ts 6400 - -

PoP 10 p/ts 800 - -

N-Class 1 p/ts 80 39 78

F-Class 2 p/ts 160 38 75

D-Class 10 p/ts 800 38 75

to the approach described in Chapter 11.1.1, with the target number of sources and receivers

under each access router to be 38 and 76 respectively, and ps = pr = 0.34, psf = prf = 0.33,

psd = prd = 0.33. The speeds of sources and receivers are randomly chosen from two values,

0.2 p/ts (normal speed) and 2 p/ts (fast speed), with a probability of 0.5 for each value. The

file size chosen by a source at the beginning of a file transfer follows the Pareto distribution

with shape α = 1.5, and mean λ = 50.

Figure 11.1. Small-scale Network with 10 Routers.

We then vary the injection rate p from 1 to 501 with an increment of 50, and run

FxNS and the queuing-type simulator once for each injection rate. Each simulation run

lasts for 5000 time steps. The metrics used for comparison include: 1) total number of flows

sent by sources, 2) total number of packets sent by sources, and 3) total number of packets

dropped by routers.

Figure 11.2 shows the comparison results. In the three sub-figures, the blue dashed
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(a) (b) (c)

Figure 11.2. Comparison results between FxNS(TCP disabled) and the

queuing-type model, in the aspects of a) total number of flows sent by sources,

b) total number of packets sent by sources and c) total number of packets

dropped by routers.
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Figure 11.3. Illustration of the impacts of sources’ speeds on the a) total

number of flows sent by sources, b) total number of packets sent by sources

and c) total number of packets dropped by routers.

lines and red solid lines are generated by the queuing-type simulator and FxNS (TCP dis-

abled) respectively with the speeds of sources and receivers randomly selected from 2 values.

We note that the two lines differ a little bit in all figures. One possible factor that might lead

to these differences is the source speed, which restricts the amount of packets that can be

injected into the network at each time step. To verify it, we set the speeds of all sources to

be the same, either high (green lines in Figure 11.3) or normal (blue and red lines in Figure

11.3). As expected, the green line differs from the other two significantly. Furthermore, the
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red and blue lines in Figure 11.3 match very well for the total number of flows and packets

sent by sources. This verifies that the queuing-type model well captures the features of

FxNS in generating demands. Other factors that would impact the input demands include

the randomness in choosing the file size and the waiting time between two file transfers.

Their impacts are, however, slight as indicated by Figure 11.3a) and 11.3b). Of interest, the

blue and red lines in Figure 11.3 quickly increase to a maximum value and then converge.

This is because the speeds of sources limit the number of packets that are allowed to be

injected into the network at each time step.

We note that the blue and red lines in Figure 11.3c) still vary considerably. This could

be caused by the usage of single buffer in our queuing-type model. In the FxNS, each PoP

or access router is quipped with two buffers, with one taking charge of flows coming from

its parent router and the other dealing with flows from its child nodes. Next, we investigate

the impact of router buffers on the performance of the queuing-type model.

11.2.1. Impact of Router Buffers

To analyze the impact of router buffers on data flow dynamics, we here modify our

queuing-type model to capture the features of FxNS in processing packets at routers. In

particular, we modify the flow processing algorithms at routers to be

usdi[k + 1] =
∑

(j,i,f=0,1,2)∈Gsd
fsdj[k − aji](178)

fsdi[k + 1] =


bsdi[k] if bi[k] ≤ Ni

bsdi[k]
bi[k]

Ni, if bi[k] > Ni

(179)

dsdi[k + 1] = max

{
ui[k + 1] + bi[k + 1]−min(bi[k], Ni)− bmaxi

usdi[k + 1]

ui[k + 1]
, 0

}
(180)

bsdi[k + 1] = bsdi[k] + usdi[k + 1]− fsdi[k + 1]− dsdi[k + 1](181)

For access and PoP routers, we split their buffers into two, with one processing flows

coming from parent nodes, and the other dealing with flows sent from child nodes. Both

buffers have a size equal to
bmaxi

2
and a capacity equal to Ni

2
. Each buffer processes flows
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Figure 11.4. Small-Scale Network with 6 Routers.
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Figure 11.5. Comparison of FxNS (TCP disabled) with the queuing-type

model before and after modification in the a) total number of packets sent by

sources, b) total number of packets dropped by routers and c) total number

of packets received by receivers.

independently according to equations similar to those shown in Equations 178 - 181, with

Ni and bmaxi halved, bi[k] replaced by the total backlog in this buffer, and ui[k + 1] equal to

the total inflow arriving at this buffer.

For fair comparison, we load the demand data generated by FxNS into the queuing-

type model, and compare the total number of packet droppings. We start the investigation

by analyzing a small network with 6 routers (see Figure 11.4 for the network structure), and

total number of 115 sources and 228 receivers. The injection rates vary from 1 to 4000 with

increment of 500. The comparison results are shown in Figure 11.5. As we can see, after

modification and with two buffers implemented, the queuing-type model matches FxNS very

well. The difference of the total number of packets dropped in FxNS compared with the

modified queuing-type model is around 38. To further validate the realism of the queuing-
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Figure 11.6. Comparison of FxNS (TCP disabled) and the queuing-type

model after modification in the number of packets dropped by a) router 4

(N-class), b) router 5 (F-class), and c) router 6 (D-class).
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Figure 11.7. Comparison of FxNS (TCP enabled) and the queuing-type

model after modification in the number of packets dropped by a) router 4

(N-class), b) router 5 (F-class), and c) router 6 (D-class).

type model, we compare the number of packets dropped at each access router at each time

step. The comparison results with the injection rate equal to 3000 are shown in Figure

11.6. In this figure, the queuing-type model sometimes drops more and sometimes drops less

number of packets than FxNS. This is because the queuing-type model approximates the

amount of packet droppings, while the FxNS only allows integer number of packets to be

dropped. Figure 11.7 shows the comparison results between FxNS with TCP enabled and

the queuing-type model with two buffers implemented. This figure better illustrates how

well the two models match.
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Figure 11.8. Large-Scale Network with 16 Routers.

Table 11.3. Comparison results between FxNS and the queuing-type model

Simulator ] Packets Sent ] Packets Dropped ] Packets Received

FxNS (TCP enabled) 27407 1241 24816

Queuing-type Model 27407 1230.4 24835

We also tested a large-scale network with 16 routers (see Figure 11.8 for the network

topology), 348 sources and 693 receivers to further illustrate the performance of the queuing-

type model. The comparison results of FxNS (TCP enabled) with the queuing-type model

are shown in Table 11.3, and Figure 11.9, which show the realism of the queuing-type model.

11.3. Conclusion

In this chapter, we study the realism of the queuing-type model, by comparing it

with a realistic packet-level simulator, FxNS. For fair comparison, we integrate all features

of FxNS except TCP into the queuing-type model, and use several examples to study the

performance of the queuing-type simulator in modeling the packet injection process, and

packet flowing dynamics in the network. The simulation results show that the queuing-type

model matches FxNS very well, indicating its realism.
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Figure 11.9. Comparison of FxNS with TCP disabled and the queuing-type

model after modification in the number of packets dropped by each access

router.
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CHAPTER 12

A SURVEY AND ANALYSIS OF MOBILITY MODELS FOR AIRBORNE NETWORKS
1

Airborne networking, broadly, refers to networking in the aerial layer through direct

flight-to-flight communication. Aerial networks (ANs) are envisioned a critical communica-

tion framework in the future for two reasons: 1) they shift air traffic control (ATC) from

centralized and human-experience-based to decentralized and automatic, and have the po-

tential to alleviate the burden of ATC in the National Airspace System (NAS), and 2) they

enable fast information exchange, safe maneuvering, and the coordination of time-critical

missions for unmanned aerial vehicles (UAVs), and enable novel UAV applications, such as

unmanned delivery, firefighting, and disaster response. Despite these advantages, airborne

networking is highly challenging, considering the high mobility, frequent topology changes,

and heterogeneous and complex communication environments. In the last part of this dis-

sertation (Chapter 12 – Chapter 13), we introduce the modeling and application of ANs.

Mobility models serve as the foundation for evaluating and designing ANs. Due to the

significant impact of mobility models on the networking performance, the mobility models

must realistically capture the attributes of ANs. In this chapter, we present a comprehensive

survey and comparative analysis of mobility models that are either adapted to or developed

for AN evaluation purposes.

12.1. Introduction

With more manned and unmanned vehicles in the airspace, communication among

these aerial vehicles is envisioned to be critical for safe maneuvering, real-time information

sharing, and coordination for mission success. Airborne networking with dynamic topology

and high mobility is significantly more challenging as compared to ground sensor networking

with static topology or slow mobility. The major difficulties reside in the unique attributes of

1Parts of this chapter have been published, either in part or in full, from J. Xie, Y. Wan, J. Kim, S. Fu,
K. Namuduri, “A Survey and Analysis of Mobility Models for Airborne Networks”, IEEE Communications
Surveys and Tutorials, 16(3), 2013. Reproduced with permission from IEEE.
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airborne networks (ANs), including high node mobility, frequent network topology changes,

mechanical and aerodynamic constraint, strict safety requirement, and harsh communication

in the disconnected, intermittent, limited bandwidth (DIL) environments [39,317]. Because

of these properties, networking protocols that are built for traditional ground-based networks

will not work well for airborne networks. Most of the current research efforts including

the newly developed ones that used field tests [46, 47] and simulation environments (e.g.,

EMANE/CORE [8, 9], NS-3 [2] and OPNET [3, 48, 50, 176, 225, 240]), are focused on

evaluating the performance of networking protocols.

While previous investigations provided invaluable insights into airborne networking,

they also point out one critical need in the current AN research: realistic mobility models. By

realistic, we mean that the models are able to capture the unique mobility attributes of ANs as

mentioned above, such as high mobility, mechanical and aerodynamic constraint, and safety

requirements (e.g., a safe separation distance). The need to use mobility models to evaluate

networking performance is driven by the fact that field tests are very costly and restricted

to specifically designed settings which make it hard to generalize performance evaluation

results. As such, simulations using random mobility models that cover a large number of

scenarios are considered to be a low-cost, systematic and robust alternative [42]. However,

the mobility models that serve as the basis for most simulation environments are designed

for traditional Mobile Ad hoc Networks (MANETs) [4, 20, 42]. As the mobility of ground

vehicles is very different from that of aerial vehicles due to aerodynamic constraint, MANET

models may not truthfully emulate ANs. Because of the significant impact of mobility

models on the performance of networking protocols [42, 157, 240], using MANET models

for performance evaluation may mislead the results. This limitation suggests an urgent need

to comprehensively investigate AN mobility models, so as to permit the development of

simulation environment and subsequent design and evaluation of airborne networks.

Very recently, there were some studies on understanding the unique features of aerial

mobility and capturing them in realistic mobility models. The purpose of this chapter is to

provide a comprehensive summary of the current advances in AN mobility modeling, and
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to discuss research gaps, challenges, and future directions in this emerging field. Specific

contributions of this chapter include:

(1) A thorough survey of existing AN mobility models. Mobility models that are used for

AN evaluation can be mainly classified into two categories: i) traditional MANET

models directly used or adapted for ANs, and ii) very limited number of new models

developed specifically for ANs. Besides describing these models and their statistical

properties, we also discuss these models based upon three evaluation metrics; i)

adaptability of these models for ANs if they are not directly designed for ANs, ii)

AN networking performance, and iii) whether the particular mobility patterns are

realistic in capturing AN mobility attributes in terms of high mobility, mechanical

and aerodynamic constraint, and safety.

(2) A comprehensive comparison of AN mobility models. In order to obtain meaningful

performance evaluation results, we need to select the most suitable mobility model

and realistically set up parameter values in the model. This requires a comprehensive

understanding of the differences among these AN mobility models. Besides the above

three evaluation metrics, we also compare the models using two additional metrics;

i) degree of randomness, and ii) associated AN applications. To our best knowledge,

this survey study represents the first attempt to provide comprehensive guidelines

for selecting and configuring AN mobility models. This study also helps with the

understanding and proper use of general mobility models.

(3) Research gaps and directions for future development. Although mobility modeling

serves as the foundation for airborne networking, many research questions remain

in this nascent field. We discuss several critical research needs, including i) model

validation using real trace data, ii) balancing between realistic modeling and analysis

capability, and iii) mobility-driven performance analysis and networking protocol

design. We will further discuss some additional mobility models that have the

potential to be adapted to ANs.

It is worthy to note that AN mobility modeling is related to several other topics,
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including but not limited to aerial target tracking [119,170,211,261], and the control and

coordination of UAVs [33,35,273,358]. These fields are also partially concerned with the

modeling of aerial vehicle trajectories. In particular, the goal of aerial target tracking is to

estimate the trajectory of a moving target from observation data. The estimation is based

upon dynamic models that describe the target’s physical movement. Similarly, the control

of UAVs for formation and collision avoidance tasks is also model-based, and concerned with

designing controllers to shape the trajectories of UAVs to meet certain desired performance

and safety requirement. As these studies investigate the physical behavior of aerial vehicles

in detail, they provide the theoretical foundations and insights to develop AN mobility

models. However, we note that these models are typically more complicated than needed for

AN mobility modeling, because of their emphasis on the precise prediction and control of

individual trajectories, rather than on the abstraction of group patterns for the purpose of

effectively designing and evaluating communications and networks. Our interest is to develop

the realistic mobility models that are reflective of the unique features of aerial vehicles and

are simple enough to facilitate tractable connectivity analysis and systematic routing design.

The remainder of this chapter is organized as follows. In Chapter 12.2, we provide a

brief overview of the mobility modeling research for MANETs. In Chapter 12.3, we discuss

some of the MANET mobility models adapted to ANs. In Chapter 12.4, we describe five

representative mobility models recently developed specifically for ANs. Chapter 12.5 contains

a comparative study of existing AN mobility models to facilitate model selection. In Chapter

12.6, we discuss several critical research needs in this nascent field. Finally in Chapter 12.7,

we provide a brief conclusion of this chapter.

12.2. Overview of Mobility Modeling Research

Before we describe mobility models suitable for ANs, we start with a brief background

review of the research on general mobility models. Readers interested in more details on

general mobility models can refer to the reference papers, e.g., [16,20,42,210,242].
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12.2.1. Significance of Mobility Modeling Research

Mobility models have been used as the kernel to evaluate MANET routing protocols

over two decades. They specify the movement patterns of mobile agents, which lead to

the statistical analysis of a variety of performance measures, such as packet delivery ratio,

end-to-end delay, throughput, and overhead. It should be noted that the so-called synthetic

random mobility models [20] have received more attention than traces recorded from real

movement, due to the rich information they can provide. These models are not designed

to precisely capture the movement behavior of each specific mobile agent; instead, they

typically abstract the key statistical features of Mobile Ad hoc Networks (MANETs), from

which rich mobility ensembles can be generated to comprehensively test the performance of

routing protocols.

12.2.2. Focuses in Mobility Modeling Research

Despite the advantage of synthetic random mobility models in providing rich trajec-

tory ensembles, the abstraction in model design frequently leads to the question of whether

these models capture the specific mobility patterns observed in traces. Designing realistic

and accurate synthetic mobility models is important, as it has been shown that mobility

models have a determining effect on the performance of routing protocols [20, 42]. Driven

by this need, significant recent research has been focused on designing application-specific

random mobility models that capture the mobility patterns observed in a particular setting

(see references [16,20,42,210,242]).

Besides constructing mobility models, significant research efforts have been directed

towards understanding the statistical properties of these mobility models, including node

distribution, average number of neighbors, link duration, path duration, etc. (see references

[29, 30, 213]). These statistical analyses not only permit a better understanding of these

models, but also suggest the connection between model parameters and model properties,

as a step toward 1) the selection of model parameters, 2) tractable performance analysis

of routing protocols, and 3) automatic network design and evaluation. The importance

of statistical analysis also suggests that in designing mobility models, tractability is an
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Figure 12.1. Categories of mobility models in MANETs

important issue. Simple models that reasonably capture the reality are preferable. The

complicated models better reflect reality but at a cost of analysis capability. There is a

tradeoff between complexity and analysis capability.

12.2.3. Classification of General MANET Mobility Models

Mobility models for traditional MANETs in the literature range from the simple

Random Walk (RW) and Random Waypoint (RWP) models to complex models that capture

the details of traces in specific MANET settings. Typical mobility models can be classified

into the following five categories according to the reference papers [16,20] (see Figure 12.1).

A more thorough classification can be found in [242].

The first category includes the pure random models that do not consider any addi-

tional constraints. Examples include the Random Walk, Random Waypoint, and Random

Direction (RD) mobility models, which we will discuss in more details in Chapter 12.3.1. The

second category includes models with temporal dependence. In particular, mobility patterns

at different time slots are correlated. A widely applied example is the Gauss-Markov (GM)

model that we will thoroughly analyze in Chapter 12.3.2. Also well-known is the Smooth

Mobility Model [28], in which the correlation of mobility for the Stop-Turn-and-Go behavior
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of ground vehicles is modeled. The third category includes models with spatial dependence.

In particular, the mobility of an agent is affected by other spatially distributed agents and

thus these models capture the cooperative behavior of nearby nodes. One example is the

Reference Point Group Mobility (RPGM) model, in which all nodes in a group follow the

mobility of a group leader [127]. A set of other spatially correlated mobility models such as

Column mobility model, Pursue mobility model and Nomadic Community mobility model

are also discussed in [127]. The fourth category includes models with trajectories restricted

by geographic constraints. Examples include the Pathway mobility model that restricts node

movement to pathways defined by a map or a graph [284], and the Obstacle mobility model

that describes the movement of nodes to avoid obstacles in the way [141]. The fifth category

includes hybrid models that have at least two characteristics of the above categories. For

instance, in the Freeway mobility model [88], mobility of a road vehicle is temporally depen-

dent (Category 2), influenced by neighboring vehicles (Category 3), and also restricted to

lanes on freeways (Category 4). Another example is the Disaster-area model [15], in which

heterogeneous node movements are involved.

We note that despite all of these advances on traditional MANETs, only little effort

has been spent on AN-specific mobility models until very recently. In the next two sections,

we will focus on discussing mobility models for airborne networks. When we introduce these

AN mobility models, we will refer to the above five-category classification of mobility models.

12.3. MANET Mobility Models Adapted for ANs

In this section, we review some traditional MANET mobility models that have been

adapted for the evaluation of AN networking performance. As these models have been exten-

sively studied in the literature (refer to the references [16,20,42,210,242]), we will briefly

describe the fundamentals of these models and evaluate mainly based on the following three

metrics: 1) adaptability of these models for AN mobility modeling, 2) AN networking per-

formance based on simulation studies using these models, 3) ability to realistically capture

the mobility attributes of ANs including high mobility, mechanical and aerodynamic con-

straint, and safety requirement. We survey AN networking performance for the completeness
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of the study, instead of as a criterion to judge which model is more useful. In particular,

AN networking performance is unjustified unless the correctness of these mobility models in

capturing aerial mobility is proved.

12.3.1. MANET Random Mobility Models

The most fundamental mobility models such as the RW, RD, and RWP have been

widely used to evaluate the performance of MANETs. Very recently, they have also been

adapted to evaluate the performance of ANs, through choosing appropriate model parameters

(e.g., speed, node density) reflective of typical ANs [214,248,249].

1. Basic Model Description

The three basic models and their statistical properties are summarized below.

Random Walk Model In the Random Walk model, an agent randomly chooses a

heading direction and speed and travels for a fixed duration, before it chooses a new set of

direction and speed [42]. At boundaries, the agent can either reflect back from the boundary,

or wrap around from the other side of the region [212].The concept of Random Walk was

first raised by Pearson [223] in 1905. The model was then widely adopted to describe

random moving processes in a variety of fields, such as the diffusion of molecules/particles

in physics and biology [26], the swarming of animals in ecology [53], and the movement of

mobile agents in communication [42]. As shown in Figure 12.2(a), RW trajectories typically

show sharp directional changes. At the time of direction change, a newly selected heading

direction is uncorrelated with the current direction.

Random Waypoint Model The Random Waypoint model assumes that an agent

travels to a destination selected randomly in a region and moves toward the destination with

a randomly selected speed. After it reaches the destination, it pauses for a while before

moving to a newly selected destination. The RWP model was first introduced in [142] in

1996 to mimic the random movement of mobile users, and then soon became the standard

simulation model to evaluate MANET routing protocols. As shown in Figure 12.2(b), RWP

trajectories are similar to RW trajectories in terms of sharp directional changes. The major

difference (which can be observed from the comparison between Figures 12.2(a) and 12.2(b))
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Figure 12.2. Sample trajectories of a) RW, b) RWP, and c) RD models,

using Matlab. All three trajectories show sharp directional changes. RW and

the modified RD models show uniformly distributed node locations, whereas

node locations of the RWP model tend to accumulate toward the center of the

simulation area. The minor difference between the RW and RD models is that

the travel duration of the RW model is constant and that of the RD model is

random.

is that nodes in the RWP model tend to appear more frequently toward the center of the

region.

Significant research has been focused on understanding the statistical properties of

the RWP model, such as node distribution [30,31,135], transition length [30], and link and
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path durations [213]. As closed-form expressions typically do not exist for this model, ap-

proximations have been pursued. A notable fact about the RWP model is that the stationary

node distribution is non-uniform, even if the model assumes a uniform initial distribution.

In particular, the distribution is bell-shaped, with top in the middle but close to zero at

boundaries [20]. This phenomenon is caused by the restriction of region boundaries, biasing

node locations toward the center of the region.

Random Direction Model The Random Direction model was constructed to address

the lack of analyzability caused by the non-uniform node distribution of RWP [245]. In the

basic RD model, an agent randomly chooses a direction and speed, moves to the boundary,

pauses for a while, and then randomly chooses another direction to move. Unlike the basic

RD model which is restricted to change directions at boundaries, the modified RD model

(or simply referred to as RD model in this chapter) generalizes by allowing an agent to

randomly select the duration to travel [245]. As shown in Figure 12.2(c), RD trajectories

also show sharp direction changes. The trajectories of RD and RW models are similar, with

the only difference in whether the traveling duration is constant or random; however, this

difference is hard to be observed directly from the trajectories. In fact, the modified RD

model is also referred as one kind of RW models in a reference paper [42]. It was proved that

the stationary node distribution of the RD model is uniform, regardless of the initial node

distribution [212]. The uniformity of node locations can also be observed in Figure 12.2(c).

2. Adaptability for ANs

These MANET random mobility models only capture very basic features of random

mobility, and ignore many details in realistic environment, such as gradual mobility changes,

correlations between new and current directions, and interactions among agents in a mobile

network. Because of the elimination of many details, these models are simple to model and

implement, and have been widely used for AN studies. The most common way to adapt

these models for ANs is to configure the parameters such as the range of random speed, and

the size and shape of simulation area, all based upon real AN settings.

Of note, a Restricted RW (RRW) model was used to describe the movement of UAVs
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in a highly restricted area [259]. The model considers the interaction among spatially dis-

tributed aerial nodes. In particular, the lead aerial node follows the RW mobility model;

each follower maintains the same speed with the leader and has a restricted set of directions

to select. It was shown that if the node distribution is uniform initially, the network remains

uniformly distributed. Moreover, the model was used to obtain the critical transmission

range to ensure the network connectivity with a probability close to 1.

3. AN Networking Performance

These basic MANET mobility models (and their small variants) have been used to

obtain insights of AN networking performance.

In [213], the RWP model was used to understand the impact of transmission range,

node velocity, number of hops and node density on the average path duration of ANs. It

was shown that the average path duration increases almost linearly with the increase of

transmission range, drops exponentially with the increase of speed, and gains little with the

increase of node density. In [248], the RWP model in the OPNET simulator was used to

simulate and understand the impact of Doppler effect, Rician fading, and mobility speed on

the performance of Dynamic Source Routing (DSR) protocols for ANs. It was shown that

the bit error rate for Rician fading channels increases with the increase of speed. Further

studies from the same group [249] investigated the use of Delay Tolerant Networking (DTN)

routing protocol to improve the networking performance. It was suggested that traditional

routing protocols such as DSR, Optimized Link State Routing (OLSR), and Ad hoc On

Demand Distance Vector (AODV) do not work well because of the highly random network

structure. Along the lines, [225, 239] and the references therein used a slightly modified

RWP model with zero-pause time (using NS-3 simulator) to demonstrate the advantage of the

Aeronautical Routing Protocol (AeroRP) over traditional MANET protocols in improving

the performance of ANs.

4. Ability to Capture Mobility Attributes of ANs

High mobility can be easily captured, by configuring the speed variable in these

models. The major disadvantage is that at the time of heading change, the new heading is
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uncorrelated from the current heading. Such ignorance of the correlation of movement across

temporal and spatial dimensions does not reflect mechanical and aerodynamic constraint to

aerial mobility, and thus results in sharp directional changes. These models are typically

referred to be memoryless because of the independence of mobility across different randomly-

selected time slots. These models may be too abstract and unrealistic for ANs as reflected in

the non-smooth trajectories. Moreover, maneuvering safety requirement is not considered.

12.3.2. Gauss-Markov Random Mobility Model

Gauss-Markov mobility models belong to the category of temporally correlated mo-

bility models. This temporal correlation avoids sharp motion changes. The introduction

of Gauss-Markov models can be traced back to [261] in 1970, when this model was first

constructed to track the trajectories of maneuvering targets. A series of further enhance-

ments and analysis can be found in [119,211]. The survey paper [170] contains a thorough

summary of this model in the field of aerial target tracking. A simple variant of this model

was then introduced in order to track mobile movement in Personal Communication Service

(PCS) networks [172]. Because of its attractive temporal dependency, this model has re-

ceived significant attention over the years for communication and networking applications,

and has been widely used as a mobility model to evaluate networking performance [132,288].

Here, let us first describe the Gauss-Markov mobility model for MANETs. We start the

description with the continuous-time dynamics, which provides rich insights about the prop-

erties of the model and also naturally leads to the suitability analysis of this model for ANs.

Different from other typical surveys of Gauss-Markov mobility models, we emphasize on a

complete understanding of Gauss-Markov mobility models, especially on the derivation of

underneath physical concepts.

1. Basic Model Description

The continuous-time dynamics of the most widely used Gauss-Markov mobility model

is represented by:

(182) ẋ(t) = −βx(t) + βx̄+
√

2βσn(t),
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where x(t) is the state variable of interest, σ is a constant, n(t) is the Gaussian white

noise with mean 0 and variance 1, β captures the correlation of x(t) across time, and x̄ is the

average of x(t) at steady state (when the system will maintain current state). Fundamentally,

Equation 182 describes the dynamics when Gaussian white noise passes through a linear

system. In a 2D simulation environment, the state variable vector x(t) could either represent

velocities in x and y directions vx(t) and vy(t) [20,172], or heading speed v(t) and heading

direction φ(t) [42,288].

Now let us derive the autocorrelation of model states from the continuous-time dy-

namics, so as to demonstrate the key property of the GM model: memory of motion to avoid

sharp motion changes. Define x̃(t) = x(t)− x̄, and ñ(t) =
√

2βσn(t). As the autocorrelation

of the Gaussian process Rññ(τ) = E(ñ(t+ τ)ñ∗(t)) = 2βσ2δ(τ), the power spectrum Sx̃x̃(w)

can be calculated from Sññ(w) = 2βσ2 as

Sx̃x̃(w) = Sññ(w)H(w)H∗(w)(183)

= 2βσ2 1

jw − β
1

−jw − β =
2βσ2

w2 + β2
,

and hence the autocorrelation of x(t) at steady state is the Fourier inverse [222]

(184) Rxx(τ) = σ2e−β|τ | + x̄2.

Equation 184 suggests that the correlation of x(t) decays exponentially with the increase of

time interval τ . When τ is tiny, the states are highly correlated, avoiding sharp un-correlated

motion changes.

The discrete-time version (or called the computerized model) of Equation 182 can be

obtained according to [222], where ∆t is the sampling time:

(185) x[k + 1] = αx[k] + (1− α)x̄+
√

2βσ

∫ (k+1)∆t

k∆t

e−β∆tn(t)dt

When k → ∞,
√

2βσ
∫ (k+1)∆t

k∆t
e−β∆tn(t)dt is an independent Gaussian process with

mean 0 and variance (1− e−2β∆t)σ2. As such, we can write

(186) x[k + 1] = αx[k] + (1− α)x̄+
√

1− α2σg[k]
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where α = e−β∆t ≈ 1− β∆t, and g[k] is an independent Gaussian process with mean 0 and

variance 1.

Equation 186 represents the form of Gauss-Markov model widely used as simulation

models for routing protocol evaluation [20,42]. The Gauss-Markov model has four parame-

ters: independence level α, average x̄, variance of the Gauss Random noise σ, and the sim-

ulation time step ∆t. In particular, increasing α enlarges the correlation of motion between

consecutive time steps. At the extreme, α being 0 represents the complete loss of memory,

and α being 1 represents that the process is deterministic and the motion (captured by the

state variable x[k]) does not change over time. Several Gauss-Markov Parameter Estimators

(GMPE) have been developed, including GMPE ACR [172, 173] using an Autocorrelation

(ACR) technique, GMPE RLSE [90] using a Recursive Least Square Estimation (RLSE)

technique, and GMPE MLH [177] using a Maximum Likelihood (MLH) technique. Ac-

cording to [177], GMPE MLH outperforms the other two estimators with reduced message

transmission overhead, and GMPE ACR is the simplest to implement in practice.

The agents near boundaries can either follow the reflection boundary model similar

to that of the RD [208,212], or be forced back when they move into the buffer zone (within

certain distance from the boundary [288]) by reversing the average heading. Simulation

in [208] shows that the node distribution is similar to that of the RW model, using the

reflection boundary model.

2. Adaptability for ANs

The above 2D Gauss-Markov model has been extended to model 3D ANs [10, 39].

Specifically, two formations were discussed in [39]. In the first one, speeds along three dimen-

sions x, y, and z are modeled as independent Gauss-Markov processes. As the independence

of x and y coordinates does not reflect the movement of aerial vehicles [39], an improved

version uses an alternative coordinate: heading speed sn(t), heading direction dn(t), and

pitch pn(t) are modeled as independent Gauss-Markov processes. In order to avoid sharp

direction changes at boundaries, the concept of 2D buffer zone is extended to 3D [10]. In

particular, if a node enters one of the 26 sectors at the boundary of a 3D simulation box,
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the mean direction is added by π to push the node to the center of the 3D box.

3. AN Networking Performance

A series of further studies have used the 3D Gauss-Markov mobility model to eval-

uate the performance of AN routing protocols [50, 86, 176, 215, 240]. Specifically, [240]

compares the performance of AeroRP with OLSR and Destination-Sequenced Distance Vec-

tor (DSDV) using three mobility models: 3D Gauss-Markov, constant position and RWP,

all in NS-3. It was found that AeroRP outperforms OLSR and DSDV in terms of Packet

Delivery Ratio (PDR), using the Gauss-Markov model. Of particular note, among the three

mobility models, the Gauss-Markov leads to the worst PDR performance. On the other

hand, the Gauss-Markov results in less overhead, as nodal headings in the Gauss-Markov

model are dominated by the constant average headings. A complete comparison of AeroRP

and four traditional routing protocols including OLSR, DSDV, DSR, and AODV is discussed

in [50], demonstrating the advantage of AeroRP. In addition, a movement prediction-based

geographic routing algorithm was proposed based on the Gauss-Markov movement [176], in

line with the original use of Gauss-Markov model for target tracking.

4. Ability to Capture Mobility Attributes of ANs

High mobility is again easily captured by configuring the average speed. Safety re-

quirement is not considered. Compared with the traditional MANET mobility models, the

memory-based Gauss-Markov mobility models are believed to be more realistic for ANs in

capturing aerodynamic constraint. In particular, as the heading variable in the Gauss-

Markov model is correlated across time, we do not observe abrupt direction changes (see

Figure 12.3 with two different values of the correlation parameter α, and also [39]). Its

trajectory typically appears to be zig zag, with noise coupled to the heading dominated by

the average heading direction. A higher α indicates tighter correlation of mobility across

time, and produces straighter trajectories with less variation.

Here, let us investigate whether the Gauss-Markov model can capture the specific

memory inherent to the aerial mobility due to mechanical and aerodynamic constraint. We

note aerial vehicles favor straight trajectories and slight turns. During a typical turn, the
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Figure 12.3. Sample trajectories of the Gauss-Markov model with two values

of the correlation parameter α. Distinct from those of the RW, RWP, and

RD mobility models, both trajectories are smooth, dominated by the average

heading direction. A higher α produces straighter trajectories with less noise-

induced variations.

heading speed and turn rate are close to constants [170], resulting in a special correlation

of headings, instead of a constant heading corrupted by random noise. To understand this

mathematically, let us further analyze the 2D Gauss-Markov model with the heading speed

v(t) and heading direction φ(t) modeled as independent Gauss-Markov processes. Also

denote the turn rate (or angular velocity) as wn(t), which is the derivative of φ(t). The

dynamics of wn(t) can be written as

(187) ẇn(t) = −βwn(t) +
√

2βσṅ(t),

by taking the derivatives of Equation 182. As the derivative of white noise n(t) is large,

the above equation fundamentally suggests that wn(t) has huge variations across time, way

different from being a constant during typical turns. Furthermore, as the centripetal accel-

eration an(t) can be represented by an(t) = v(t)φ̇(t), an(t) also changes dramatically across

time even with a constant v(t). The above analysis suggests that Gauss-Markov models have

limitations in capturing typical aerial turns.
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Table 12.1. Random variables, parameters, and model category of the

MANET mobility models

Model RW RWP RD Gauss-Markov

Random Speed, Speed, Speed, heading angle/ Gaussian noise

variables heading destination destination, duration

Independence level,

Fixed Simulation Simulation Mean of the duration average heading and

parameters time step time step variable if speed, variance of

exponentially distributed Gauss noise,

simulation time step

Model Pure Pure Pure With temporal

Category random random random dependence

In order to capture aerial turns using the Gauss-Markov-type models, it may be more

appropriate to model turn rate (instead of heading) as the state variable. In the aerial target

tracking field, Gauss-Markov models for turn rate have been used to describe aerial turns

[119,170].

As turn behavior is typical to aerial movement, and is crucial to the performance

of airborne networking (especially when directional antennas are used [46, 47]), tractable

mobility models that can capture aerial turns are of critical need. In the next section, we

will discuss AN mobility models that address this need.

12.3.3. Summary

The major contribution of Chapter 12.3 is the evaluation of these MANET models’

capability for ANs from the following aspects: model description, adaptability to ANs, AN

networking performance, and ability to capture mobility attributes of ANs in terms of high

mobility, mechanical constraint, and safety requirement. Please see Table 12.3 in Chapter

12.5 for a complete comparison from the above aspects. The comparison shows the incapa-

bility of these models to capture the correlation of aerial mobility for smooth typical turns.

Here we also provide the random variables and parameters in these models and the categories

that they belong to (see Table 12.1).
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12.4. Existing AN-Specific Mobility Models

In this section, we present several mobility models recently developed specifically for

ANs. These models distinguish from the MANET models presented in Chapter 12.3 in that

they capture smooth aerial turns caused by mechanical and aerodynamic constraint [325].

As these AN-specific models are not discussed in any existing mobility survey papers (per

the knowledge of the authors), we thoroughly describe their fundamentals, and evaluate

them based upon 1) the basic model description, 2) AN networking performance if there is

any, and 3) ability to capture high mobility, mechanical and aerodynamic constraint, and

safety requirement. The purpose of reviewing AN networking performance is to complete

the review on studies using these AN mobility models, but not to determine which model is

more useful. Usefulness of these models is fundamentally determined by their capabilities to

capture features of realistic aerial mobility.

12.4.1. Semi-Random Circular Movement Mobility Model

The Semi-Random Circular Movement (SRCM) mobility model restricts UAVs to

circle around a fixed center with variable radii [312]. This model is developed for scenarios

where a potential target location is known, and UAVs are dispatched to collect information

in nearby area. A typical application is search and rescue, in which the last known location

of the lost victim can naturally serve as the circling center.

1. Model Description

In the SRCM model, each aerial node is assumed to be moving independently on a

2D disk with a fixed center and radius R. Initially, a node starts from a point on the disk

with a polar location (r, θ), where 0 ≤ θ < 2π, and r ∈ i
M
R, i ∈ {1, 2, . . . ,M}. Along

the circle defined by r, the node then selects a speed v uniformly distributed in [vmin, vmax]

and a destination with traveling angle ϕ uniformly distributed in the interval [ϕmin, ϕmax].

Once the node reaches the destination, it randomly selects another speed v and destination

with traveling angle ϕ along the same circle, and moves toward it. This process continues

until the node completes a round. Upon the completion, it randomly chooses another radius

r ∈ i
M
R, transits to this new circle, and repeats the above process. As shown in Figure
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(b) Three-Way Random mobility model

(c) Pheromone Repel mobility model

Figure 12.4. Sample trajectories of a) SRCM, b) Three-Way Random mo-

bility model, c) Pheromone Repel mobility model. The red curve in c) is the

trajectory of one of 30 simulated aerial nodes. Intensities of pheromone smells

are indicated by grey-scale values. Darker curves represent more recently vis-

ited areas. The trajectories of the SRCM model is circular around a fixed

center. The Three-Way Random mobility model is different in the sense that

the center is no longer fixed; however the turn radius is fixed for all turns. The

Pheromone Repel mobility model guides aerial nodes to less recently visited

areas.

12.4(a), a major feature of the trajectory is the smooth circular movement around a fixed

center. Transitions among circles with different radii are sharp along a straight line.
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2. AN Networking Performance

Fixing the circling center simplifies the performance analysis, and also brings in

tractable properties in terms of node distribution, coverage, and network connectivity. In par-

ticular, it was shown in [312] that the node distribution is approximately uniform, through

both mathematical analysis and numerical simulation. Besides this, compared to the RWP

model, the SRCM model has faster coverage speed and larger steady-state coverage percent-

age. Furthermore, the SRCM model demonstrates less fluctuation in connectivity probability,

indicating a more stable communication network.

3. Ability to Capture Mobility Attributes of ANs

The SRCM model guarantees smooth turning trajectories constrained by mechanical

and aerodynamic constraint, except during the transitioning from one circle to the other.

The model assumes that the transition time is much less than the circling time, and as such

the non-smooth movement during transitioning is neglected. However, fixed circling center

places a constraint on mobility variability. High speed is easily ensured, similar to all other

mobility models. Safety requirement can potentially be addressed, if a mechanism is added

to restrict multiple vehicles from selecting the same circle.

12.4.2. Three-Way Random and Pheromone Repel Mobility Models

Two models were developed in [155,157,158] for group reconnaissance applications;

1) a Markov chain based Three-Way Random mobility model, and 2) a spatially-dependent

mobility model, named the Pheromone Repel mobility model. The latter model is developed

based upon the Three-Way Random mobility model; in addition, it permits each aerial node

to adjust its direction to enhance scan coverage, through avoiding areas which have recently

been visited.

1. Model Description

Let us first describe the basic Three-Way Random mobility model, and then the

modifications that lead to the Pheromone Repel model. In the Three-Way Random mobility

model, the heading speed and turn radius are assumed to be constants at all times. The

mobility pattern is defined on a Markov chain, the states of which represent three mobility
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modes; going straight (denoted as state s1), turning left (s2), and turning right (s3). The

selection of mobility mode at the next time step k + 1 is dependent upon the current mode

at time step k, with the conditional probability defined in the probability transition matrix

P (s[k + 1] | s[k]) ∈ R3×3, where s[k] =


s1[k]

s2[k]

s3[k]

, and the (i, j)-th entry in P (s[k + 1] | s[k])

represents the probability to transfer from state si to state sj. The numerical transition

matrix used in [158] is P (s[k + 1] | s[k]) =


0.8 0.1 0.1

0.3 0.7 0

0.3 0 0.7

 based upon data. For instance,

the probability to turn left is 0.1 if the current mode is going straight. Diagonal entries being

larger indicate that the vehicle is more likely to maintain its current mode; keeping straight

movement or making a typical smooth turn.

Movement close to boundaries is similar to that of the Gauss-Markov model; if a

vehicle is within certain distance to the boundary, it chooses a turning direction away from

the boundary, until the heading direction is pointing toward the inner side of the region,

e.g., the angle between the heading direction and the normal line to the boundary reaches a

value randomly selected between ±π
4

[156].

As shown in Figure 12.4(b), the trajectory is smooth with random turns. Different

from the SRCM model, turn centers are no longer fixed. Distinct from the GM models, an

average heading does not exist; furthermore, turns are with constant turn rates. We note

that fixing all turns with a constant radius is a strong abstraction.

In the distributed Pheromone Repel model, the probability to select mobility modes

is also guided by pheromone maps. In particular, the field is partitioned into small grids.

Each aerial node tracks a pheromone map of the field, marking the time instances ki that the

node visits each grid i within a time span k̄. Neighboring vehicles within the transmission

range can merge their pheromone maps through regular broadcasting. The local merged
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pheromone map produces a measure called pheromone smell, capturing the local view of

how recently each grid is visited. Mathematically, the pheromone smell for grid i at time

k is expressed as psi[k] = I(ki − (k − k̄)), giving more weight to a more recent visit. Here

the function I(x) equals x when x > 0 and 0 when x ≤ 0. Each vehicle then determines its

mobility mode according to the aggregated pheromone smells. In particular, the probability

to choose the mobility mode sj at time k is defined as
∑
i∈circles1,2&3 psi[k]−

∑
i∈circlej psi[k]

2
∑
i∈circles1,2&3 psi[k]

, where

circle j includes all grids in a defined circle ahead of the scan area at time k: with j = 1

denoting the circle straight ahead, j = 2 denoting the circle to the left, and j = 3 denoting

the circle to the right. In the case that the aggregated pheromone smells in all three circles

are 0, the basic Three-Way Random mobility model is used to determine the probability of

mode selection.

The boundary model used in this model is also defined based upon pheromone maps.

According to [155], when a node moves close to the boundaries, it would be guided toward

inside of the simulation area by assigning pheromone smells outside the simulation areas

very high values. In the case that a node is guided toward corners due to the low pheromone

smells in the circle straight ahead, the node is forced to turn right. In our simulation, the

pheromone smell of a circle is assigned infinity if its center is outside the simulation area. A

node is guided to turn left or right if all three circles have infinite smells. If left and right

circles both have infinite smells while the circle straight ahead has finite smells, the node is

forced to turn right.

Figure 12.4(c) shows the simulated trajectories of 30 aerial nodes following the Pheromone

Repel mobility model. One of the trajectories is marked in red. Distinct from all the other

mobility models discussed in this chapter, this model belongs to the category of mobility

models with spatial dependency. Pheromone smells contain collective information about

how recently the simulation area is visited by aerial nodes, and thus guide aircraft to avoid

recently visited regions.

2. Networking Performance

The Pheromone Repel model has improved coverage properties compared to the
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Three-Way Random model [155]. The simulations suggest that the Pheromone Repel model

can reach the steady-state coverage (i.e., the state when the coverage ratio remains close to

a constant) faster with slightly larger steady-state value; in addition, the intervals between

consecutive scans are more uniformly distributed, avoiding rescanning an area very recently

visited. The price paid is network connectivity: the Pheromone Repel model tends to have

larger number of disconnected clusters compared to the Three-Way Random mobility models

in transient time. Because of the lack of connectivity, traditional MANET routing proto-

cols may not work well. The same group proposed the geographic routing protocol (named

Location Aware Routing Opportunistic Delay-tolerant networks (LAROD)) and a location

service (named the Location Dissemination Service (LoDiS)) for such type of Intermittently-

Connected Mobile Ad hoc Networks (IC-MANETs) [156, 157]. Simulations suggest that

LAROD-LoDiS has better networking performance than the spray and wait protocol, in

terms of delivery ratio and overhead. In addition, comparison between the Pheromone Re-

pel and RWP models using the LAROD-LoDiS protocol supports the statement that mobility

models play significant roles in the performance of routing strategies, and thus the mobility

research for ANs is of significant value.

3. Ability to Capture Mobility Attributes of ANs

Both the Three-Way Random and Pheromone Repel models allow aircraft to perform

typical turns with constant turn rate, reflected of mechanical and aerodynamic constraint.

Unlike the SRCM model, these two models do not require the turn center to be fixed;

however, the turn radius is fixed, constraining the mobility variability. Safety requirement

is not addressed.

12.4.3. Smooth Turn Mobility Model

The Smooth Turn (ST) mobility model was developed to capture the tendency of

freely-moving airborne vehicles toward making smooth trajectories (e.g., straight trajectories

or typical turns with large radius) [299,300,326]. This is made possible by directly modeling

the centripetal and tangential accelerations, following the physical laws of aerial turning

objects. Such mobility patterns are typical in applications such as patrolling. We first
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introduce the Smooth Turn concept using the basic 2D formulation, and then discuss the

enhanced general model. Finally, we evaluate the model based upon networking performance

and ability to capture AN mobility attributes, and also discuss its connection with the Three-

Way Random mobility model discussed in Chapter 12.4.2.

1. Basic Model Description and Statistical Properties

We first introduce the basic 2D ST mobility model, and then briefly discuss the two

extended 3D ST mobility models.

Basic 2D ST mobility model In the basic 2D ST mobility model, an aerial vehicle

selects a point on the 2D plane along the line perpendicular to its heading direction and

circles around it for an exponentially elapsed duration with mean 1
λ
, where λ 6= 0 is a finite

number. The perpendicularity ensures smooth turning trajectories. The circling dynamics

is mathematically captured by

Φ̇(t) = −w(t) = −V
r

(188)

l̇x(t) = vx(t) = V cos(Φ(t))

l̇y(t) = vy(t) = V sin(Φ(t))

where lx(t), ly(t), vx(t), vy(t), w(t), and Φ(t) represent X coordinate, Y coordinate, velocity

in X direction, velocity in Y direction, angular velocity, and heading angle of an aerial node

at time t. The forward speed V is assumed to be a constant in the basic model. The inverse

of r is normally distributed with zero mean and variance σ2, so as to capture the preference

toward straight trajectories and slight turns. Once the exponentially elapsed duration is

completed, the vehicle chooses another r, determines the new turn center, and repeats the

above process.

The three parameters V , λ, and σ2 in the model can be selected to capture a wide

range of aerial moving patterns. In particular, a smaller λ indicates that the vehicle tends

to continue its current turn center instead of choosing a new one. Moreover, a larger σ2

indicates more chances for turns with small radii.

The behavior of vehicles at boundaries can be modeled as reflecting back to the region,
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or wrapping around and appearing at the other side of the region. In addition, the vehicles

can follow a boundary model similar to that of the Three-Way mobility model. Specifically,

if a vehicle is within a distance of 2R to the boundary, it follows a smooth circle with radius

R to move back to the inner region [326], where R is the minimum turn radius.

Using the reflection boundary model, the simulation model for the ST model can be

represented in the following. Here we assume that ∆t is the simulation time interval. The

turning angle at each time step k∆t is then represented by θ = V
r(Ki)

∆t, where Ki ≤ k∆t ≤
Ki+1, k, Ki ∈ Z+, and Ki and Ki+1 are the two consecutive time instances to change turn

radius

cx[Ki] = lx[Ki] + r[Ki]sin(Φ[Ki])(189)

cy[Ki] = ly[Ki]− r[Ki]cos(Φ[Ki])

Φ[k + 1] = Φ[k]− θ − 2π
⌊Φ[k]− θ

2π

⌋
lx[k + 1] =

∣∣∣cx[Ki]− r[Ki]sin(Φ[k + 1])

−2W
⌊cx[Ki]− r[Ki]sin(Φ[k + 1])

2W
+ 0.5

⌋∣∣∣
ly[k + 1] =

∣∣∣cy[Ki] + r[Ki]cos(Φ[k + 1])

−2L
⌊cy[Ki] + r[Ki]cos(Φ[k + 1])

2L
+ 0.5

⌋∣∣∣
where cx[Ki] and cy[Ki] represent the location of the turn center at time Ki, and W and

L represent the width and length of the simulation region. The floor functions realize the

reflection boundary model (see [299] for the detailed discussion). A sample trajectory using

this simulation model is shown in Figure 12.5. The trajectory is smooth and the turns are

with constant turn rates, reflective of the mobility of aerial vehicles. Distinct from the SRCM

and the Three-Way Random mobility models, both turn centers and turn radii are random.

3D ST mobility models The above basic 2D ST mobility model has been extended

to 3D. Two 3D ST mobility models have been developed: z-dependent and z-independent

ST mobility models [326].

In the z-dependent ST mobility model, maneuver planes are introduced (which may
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Figure 12.5. Sample trajectory of the 2D ST model [299]. The green spots

are the randomly selected turn centers. The trajectory is smooth with typical

turns of constant turn rates. Both turn centers and turn radii are random.

not be the x, y plane) to capture the correlation of movements along the z dimension and in

the x, y plane. The movement on the maneuver plane is same as that in the 2D ST mobility

model. The difference is that at the time of turn center change, the vehicle randomly

chooses a new maneuver plane and a new turn center on the plane. The new maneuver

plane intersects the current maneuver plane with a line aligned with the current heading

direction. As the sample trajectory shows in Figure 12.6(a), correlations can be observed

among all three dimensions.

In the z-independent ST mobility model, the movement along the z coordinate is

independent from that in the x, y plane. The movement in the x, y plane follows the 2D

ST mobility model. The movement along the z dimension can be modeled separately to

reflect real flight data. As shown in Figure 12.6(b), the trajectory does not demonstrate the

dependence of z-directional movement on the movement in the x, y plane.

2. Networking Performance

The tractability permitted by the simple dynamics makes possible further statistical

analysis such as the node distribution and the number of neighbors. It was proved in [299]

that the basic 2D model has uniform distribution, which adds to the value of this model, as

rich statistical results can be achieved from the uniformity.
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(b) 3D z-independent ST

Figure 12.6. Trajectories of a) the 3D z-dependent ST mobility model, and

b) the 3D z-independent ST mobility model [326]. The difference between

the two models resides in the existence of correlation between the movement

along the z dimension and that in the x, y plane.

For instance, the expected node degree for a given node is E(D) = πNd2

A
, where N is

the number of nodes, and A is the area of the region, and d is the transmission range [29].

Furthermore, when N is large and also d is small relative to A, the probability of the number

of neighbors for any given node is approximately P (D = m) = e−E(D)E(D)m

m!
[29]. Therefore,

the probability for a node to be isolated can be easily derived as P (D = 0) = e−
πNd2

A [29].

The probability for a network to be connected, denoted as P (connected), is less

than or equal to the probability for the network to have no isolated nodes, calculated as

P (No isolated node) = (1− P (D = 0))N [29]. It was also shown that P (No isolated node)

is a tight bound for P (connected), especially when P (No isolated node)→ 1. For the wrap-

around boundary model with large N and small d, this bound is approximately e−Ne
−πNd

2

A

[29]. Some other studies also investigated network-level connectivity for networks with

uniform distribution [94, 344]. For instance, for a circular region with boundary (e.g., the

reflection model), if the transmission range r =
√

logN+c(N)
Nπ

, then P (connected) → 1 as

N → 1, if and only if the constant c(N)→ 1.

k-connectivity is often of interest to establish a network robust to agent failures.
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Similar to the development for 1-connectivity, the probability for the network to have no

nodes with degree less than or equal to k − 1 is a higher bound for P (k − connected). In

particular, P (k − connected) ≤ (1 − P (D ≤ k − 1))N . It was also shown that the upper

bound is tight, especially when P (D ≤ k − 1)→ 1 [29].

4. Ability to Capture Mobility Attributes of ANs

The ST models capture smooth turns with flexible radii. As it is constructed using

aerial kinetics, the model naturally captures the spatiotemporal correlation of accelerations

reflective of aerodynamics. Second, the model has very simple dynamics. It also captures

high mobility and frequent network topology changes. Aerial nodes in this model are free

to travel inside the simulation area with variable turn center and turn radius. Besides the

smooth trajectory constraint and possible safe requirement, no other constraints limit the

movement of aerial nodes.

Here, we connect the ST model with the RD model and the basic Three-Way Random

model. Similar to the basic RD model, an aerial node randomly chooses a direction for an

exponentially elapsed duration. The only difference is that the RD model chooses a random

straight direction, whereas the ST model chooses a random turn radius. The Three-Way

Random model can be considered as a variant of the ST model. As opposed to the fixed

duration between the changes of directions in the Three-Way Random model, the duration

in basic ST mobility model is random. Moreover, the turn radius in the ST mobility model

can take continuous values in a large range, but in the Three-Way Random model, three

values are considered: +r, −r, and ∞, representing left turn with radius r, right turn with

radius r, and the straight trajectory. Furthermore, the probability of direction selection in

the Three-Way Random model is state-dependent; but in the basic ST model is based upon

the exponentially elapsed duration distribution and the radius distribution.

12.4.4. Flight-Plan based Mobility Model

Pre-defined trajectory plans may be directly used as mobility models [287]. Such

pre-defined plans may not exist for completely autonomous ANs; however, they are typi-

cally available for ANs that involve commercial flights, cargo planes, and pre-defined AN
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backbones [254,287].

1. Model Description and the Use in Mobility-Aware Routing

In [287], pre-defined flight plans together with the Mobility-Aware Routing and Mo-

bility Dissemination Protocol (MARP/MDP) are used to effectively maintain the networking

of AN backbone nodes. In particular, initial flight plans are recorded in a global mobility file,

which contains the location and gesture information of each aircraft, tagged with time. The

global mobility file is then used to generate a Time-Dependent Network Topology (TDNT)

map and then the routing table for each time. Uncertainties in the environment (such as

weather) might cause deviations from the flight plan. A hello-and-acknowledge mechanism

is used to check if the TDNT is up-to-date. If not, the TDNT map is updated and then a

new routing table is generated.

2. Networking Performance

To understand the performance of the model and the associated routing protocols,

the authors constructed a small-scale network with four nodes in circular movement and a

medium-scale network with 18 nodes in circular and race-track movement. The MARP/MDP

protocol is shown to outperform the AODV and OLSR protocols in terms of throughput,

latency, and package delivery ratio. The overhead of this routing protocol is slightly worse

than that of AODV and OLSR. This study also suggests the importance of mobility, and its

use in developing high-performance routing protocols for ANs.

3. Ability to Capture Mobility Attributes of ANs

Because of the current safety concerns in flying autonomous aerial vehicles, flight plans

are typically available. The model captures high mobility, safe constraint, and aerodynamics,

as they are both reflected by the flight plans.

12.4.5. Multi-Tier Mobility Models

The airspace is highly heterogeneous with aerial vehicles of different types and oper-

ating for different missions [250]. As it is impossible to use a common mobility model for

all these vehicles, networking in such heterogeneous networks requires mobility models that

incorporate multiple mobility patterns.
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1. Model Description

To meet this need, Multi-Tier mobility models (belonging to the category of hybrid

models) are introduced (see [39, 254, 258, 287]). In particular, the Multi-Tier mobility

models in [39] contains aircraft of different types flying at different altitudes. Aerial networks

may also be connected to fixed control stations or ground vehicle teams to form multi-domain

communication networks [39,250,287].

ANs with backbone structures can also be modeled using Multi-Tier mobility models

[198, 254, 258, 287]. As robust networking is very difficult to establish for highly random

autonomous ANs, imposing designable deterministic backbone structures can significantly

enhance the reliability and scalability of ANs. In particular, backbone nodes have planned

trajectories [254,287] and serve as the base stations (or fusion centers) [254,298] for infor-

mation exchange among themselves, and with other vehicles. In [254], the UAV backbone

nodes are moving deterministically in circles, but with designable velocities, locations, radii

and transmission ranges. Algorithms were developed to design these parameters for two

goals: 1) maintaining connection among the backbone nodes, and 2) achieving wide cover-

age.

2. Networking Performance

Due to the complexity of these heterogenous Multi-Tier mobility models, not many

studies have been on their networking performance, per knowledge of the authors. Some

studies are on the performance evaluation of simple settings involving fixed ground stations

and several aircraft following pre-planned orbits [46,287]. Of particular interest, flight tests

are implemented in [46] to evaluate link availability, data rate, link latency, link up/down

jitter, and route availaiblity in a simple setting. More details on the results of [287] can

be found in Chapter 12.4.4. A more complicated field demonstration that involves ground

stations, UAVs, and ground vehicles is discussed in [64].

3. Ability to Capture Mobility Attributes of ANs

Multi-Tier models can capture the heterogeneous property of airspace environment,

and we envision that they will be used frequently for AN studies in the future. Its capability
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to capture mobility attributes of ANs is determined by the capability of individual mobility

models in the Muti-Tier models.

12.4.6. Summary

Chapter 12.4 surveys and compares the mobility models designed specifically for ANs,

with the comparison summarized in Table 12.3 in Chapter 12.5. In particular, these models

are evaluated from the following aspects: model description, AN networking performance,

and the suitability for ANs, in terms of high mobility, aerodynamic constraint, and safety.

All of these models can produce smooth trajectories. The most notable difference is the ad-

ditional constraints placed on the mobility: the Flight-Plan (FP) based model constrains the

whole trajectory, the SRCM model constrains the turn center, and the Three-Way Random

and Pheromone Repel models constrain the turn radius. The ST models are considered as

the AN mobility model with the least unnecessary constraints.

To obtain a more straightforward understanding of how to configure these models, we

also provide the random variables and parameters in these models, and the categories that

they belong to (see Table 12.2).

12.5. Comparison of the Mobility Models for ANs

As mobility models have determining effect on routing performance, choosing the

suitable mobility model is critical for the evaluation of networking performance. In this

section, we further compare the above AN mobility models from two aspects; 1) randomness

level, and 2) associated application. We then provide a comprehensive comparison of these

mobility models in Chapter 12.5.3 that also summarizes the key contributions of this chapter.

The discussion presented here represents the first step toward a systematic procedure to select

and configure mobility models for different scenarios of interest.

12.5.1. Randomness

The degree of randomness is a natural metric to characterize and differentiate mobility

models [299, 300]. Because of the difficulties facing a robust networking of autonomous

ANs, deterministic pre-defined flight plans are typically adopted nowadays in small-scale
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Table 12.2. Random variables, parameters, and model categories of the

MANET mobility models

Model SRCM Three-Way Pheromone Basic ST FP Multi-Tier

Random Repel

Turn Mobility Mobility Turn radius, Noise Dependent

Random radius, mode mode duration on

variables speed, individual

way-point models

on the

same

circle

Range of Speed, Speed, Mean of Whole Dependent

Fixed turn transition transition duration, trajectory on

parameters radius, probability, probability, speed, individual

turn radius radius, inverse models

center pheromone variance of

intensity turn radius

Model Temporal Temporal Temporal Temporal Geographic Hybrid

category depend- dependency dependency, dependency constraint

in terms ency spatial

of dependency,

heading hybrid

field tests. However, with the rapid growth of this field, we envision that less controllable

flight trajectories and more random AN topologies will appear in the future.

In [299], an entropy rate-based measure was introduced to quantify the degree of

randomness for mobility models. The entropy rate is defined upon a Markov-chain rep-

resentation of the mobility. In the Markov chain, each state captures the mobility sta-

tus of an aerial node, such as location, heading direction, speed, and so on, depending

upon the specific scenario. The entropy-rate-based randomness measure is then defined as:

H = −
∫
i

∫
j
piQij lnQij, where pi represents the probability to stay at status i, Qij represents

the probability to jump from status i to status j in a unit time ∆t.

In [299], the randomness of four mobility models including RD, ST, SRCM, and FP

are quantified using this randomness measure. Through configuring the models with a similar

set of parameters such as forwarding speed (V = 40m/s), and waiting time distribution
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(exponential with λ = 2/s), we find the randomness of RD, ST, SRCM, and FP are in a

decreasing order: RD around 0.018, ST typically below this, SRCM at the order of 10−6,

and FP almost negative.

We here further quantify the randomness of the Three-Way Random mobility model.

Using the transition matrix presented in Chapter 12.4.2 as the example, we first note that

the probability to move forward, left, or right at steady state is p1 = 0.6, p2 = 0.2 and

p3 = 0.2, respectively. Assume ∆t = 0.001s to be consistent with that in [299]. As the

vehicle only changes the mode at the end of every 2s [157], we find the entropy rate as

H = −
∫
i

∫
j

piQij lnQij = −
∑

i
pi
∑

j
Qij lnQij(190)

= −0.6∆t

2
(0.8 ln(0.8) + 0.2 ln(0.1))

−0.4∆t

2
(0.7 ln(0.7) + 0.3 ln(0.3)) = 3.3× 10−4

Comparing to the other mobility models (see results in [299]), we see that its ran-

domness level is higher compared to the SRCM model, but less than all the other models.

To permit a fair comparison with the ST model, we may also assume that the waiting time

to change mobility mode has the same exponential distribution with λ = 2/s. As within ∆t

, the vehicle has a probability of λ∆t to change mode and 1−λ∆t to keep its current mode,

we find its randomness as

H = −
∑

i
pi
∑

j
Qij lnQij(191)

= −0.6((1− λ∆t) ln(1− λ∆t) + 0.8λ∆t ln(0.8λ∆t)

+0.2λ∆t ln(0.1λ∆t))− 0.4((1− λ∆t) ln(1− λ∆t)

+0.7λ∆t ln(0.7λ∆t) + 0.3λ∆t ln(0.3λ∆t))

= 0.0157

which is comparable to that of the ST mobility model.
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12.5.2. Application

Another more straightforward criterion to compare and select mobility model is

application-type. Airborne networks are envisioned to have a wide range of applications.

In different applications, ANs are typically associated with different mobility patterns; and

therefore should be described using different mobility models or mobility models with dif-

ferent configurations. We compare in this section the AN mobility models from the angle of

application-type.

The Flight Plan model has pre-defined deterministic trajectories, and therefore is

good for cargo and transportation scenarios where flight destinations are known beforehand.

The SRCM model has pre-defined turn center and therefore its random trajectory is highly

restricted. This model may be suitable for search applications in which the potential lo-

cation of a search target is known. The ST mobility models and the Three-Way Random

mobility model capture more flexible trajectories and therefore are suitable for patrolling and

reconnaissance applications without much pre-planned information. The Three-Way Ran-

dom mobility model is less flexible in restricting the turn radius to be a pre-defined value.

The ST models are currently the most flexible models and can be configured to capture a

wide range of mobility patterns. The 3D z-independent ST mobility model is sufficient for

typical civilian and commercial applications with less correlation of mobility between the

z and x, y dimensions. The 3D z-dependent ST mobility model can capture complicated

3D mobility with large variation along the z-dimension coordinated with that in the x, y

plane, and therefore is more suitable to military applications and air show-type applications.

Furthermore, we also note that the Pheromone Repel mobility model is suitable for group

reconnaissance applications that require faster coverage through the information sharing

among aerial nodes.

12.5.3. Summary on the Comparison of Mobility Models for ANs

The focus of this chapter is on surveying the existing mobility models for ANs, and

understanding whether they are suitable for ANs. To summarize, the differences among

mobility models that we have discussed in this chapter (except the Multi-Tier model which
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Table 12.3. Comparison among mobility models for ANs.

RD, RWP, Gauss- SRCM Three-Way 2D and 3D

Model RW Markov Random & Smooth Flight Plan

Pheromone Turn

Repel

Randomly Memory- Circle around Randomly Randomly Pre-defined

select direc- based a fixed center choose a fixed choose a turn trajectory

Description tion or des- movement with variable turn radius radius to favor updated to

tination corrupted radii or straight large turns and account for

with noise trajectory based straight variations

on a Markov trajectory

chain

Adaptabality High speed 2D to 3D N/A N/A N/A N/A

for ANs values, RRW

High Node Yes Yes Partial, con- Partial, con- Yes, variable Partial,

Mobility and strained with stained with radius constrained

frequent topol- fixed turn fixed turn permitted with flight

ogy change center radius plans

Mechanical No, sharp No, Partial, Yes, flexible Yes, flexible Yes, de-

and Aerody- movement temporally smooth tra- smooth smooth terministic

namic Con- dependent jectory on turns turns trajectory

straint the same

circle

Safety con- No No No Partial Partial Partial

straint

MANETs MANETs Search and Reconnaissance Patrolling, re- Cargo,

Applications rescue connaissance, commercial

etc. and AN

backbone

Highest N/A Low High/Medium High/Medium Lowest

Randomness dependent upon dependent upon

parameters parameters

is a combination of other models) are listed in Table 12.3.

1. Model description

As summarized in the table, all mobility models are random models with different

constraints and flexibility.

2. Adaptability for ANs

The SRCM, Three-Way Random, Pheromone Repel, ST, and FP models are designed

for ANs. Simple extensions have been made to adapt RD, RWP, RW, and Gauss-Markov

models for ANs; however all these adaptations do not reflect the feature unique to typical

aerial turns.
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3. Networking performance

The purpose of surveying networking performance studies using these models is only

to summarize studies that have been made in this respect, instead of as a criterion to judge

the capabilities of these mobility models.

4. High node mobility and frequent topology change (first feature of aerial mobility)

All models can be configured to have high mobility. The SRCM, Three-Way Ran-

dom, and the Flight Plan models have further constraints on turn center, turn radius, and

trajectory, respectively.

5. Mechanical and aerodynamic constraint (second feature of aerial mobility)

This constraint leads to the smoothness of aerial trajectories. The MANET models

including the RD, RWP, RW and the current form of Gauss-Markov do not capture this

constraint. The SRCM model satisfies this constraint except the transitioning among cir-

cles. The Three-Way Random, Pheromone Repel, Smooth Turn, and Flight Plan models all

capture this constraint.

6. Safety requirement (third feature of aerial mobility)

In the FP model, safety is to some extend coded in the pre-defined flight plans.

No mobility models have comprehensively considered safety requirement such as collision

avoidance. The Three-Way Random mobility model and the Smooth Turn mobility models

can be easily configured to guarantee the minimum turn radius requirement.

7. Applications

Different models and model configurations should be selected for different applica-

tions. Please refer to the discussions in Chapter 12.5.2.

8. Randomness

The randomness degrees of these models (except the GM model which is modeled

using a different form) have been quantified according to the conditional entropy measure.

These mobility models can be ordered according to an increasing degree of randomness: FP,

SRCM, Three-Way Random, Smooth Turn, and RD.
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12.6. Discussions of Critical Research Needs

AN mobility models build the foundation for the research on robust AN networking,

however, many questions remain open. In this section, we summarize several critical research

needs that we envision in this emerging field.

12.6.1. Model Validation and Parameterization

Model validation and parameterization from traces are critical for AN mobility re-

search. Because of the difficulty and high cost associated with field tests, very limited trace

data are currently available for ANs. Most of the models are not yet validated by real trace

data. Analyzing these data will also bring forth rich insights into enhancing the existing

mobility models. As the first attempt to model validation, the Smooth Turn mobility model

(in particular, the 3D z-independent mobility model) was estimated and validated using

real flight test data [328]. The good match between the estimated trajectories and the real

trajectories suggests the suitability of this Smooth Turn model for ANs.

Furthermore, each of the mobility models has some design parameters that can signif-

icantly impact the mobility patterns. For most of the simulation studies, these parameters

are chosen without real data support or justification. Parameterization of these models from

data is of critical need to establish realistic AN evaluation environment.

12.6.2. Selection of Model Granularity

Finding the trade-off between precision and analyzability in mobility model design

is also a critical issue. Mobility models do not need to be at a very fine level. The best

abstraction level is the one that both reflects the reality for the need of AN networking

studies, and is simple enough for tractable analysis.

The best granularity level needed for AN networking studies is not yet understood.

A critical note is that the best granularity is also dependent upon other factors such as

vehicle type, speed, transmission range, etc. The role of vehicle types can be drawn from

the fact that jets cannot stop in the air, but helicopters can. Furthermore, the different

combination of speeds (associated with different aerial vehicles) and transmission strengths
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is also an important factor. To conceptually illustrate this, if the transmission range is very

large compared to the speed, the fine details of smooth maneuvering can be neglected, and

thus traditional MANET models may still be valid.

In order to better understand the granularity level needed for AN networking studies,

a critical task is to compare the networking performance obtained from real flight field tests

with that using random mobility models. Such comparison will better suggest the impact

of model granularity on networking performance and help determine the best granularity

level. However, such comparison study is impossible currently due to the lack of real AN

field test data. As airborne networking is a very nascent area, most of AN studies are based

on simulations, and there do not yet exist performance studies for real autonomous ANs that

use multi-hop communication per knowledge of the authors. The closest pioneering study

is conducted by MIT Lincoln Lab ([46]), where the networking performance is evaluated

for real flight tests. However, as in [46], flights follow pre-planned race-track orbits and the

network is composed of only two aircraft and a ground station, more AN field tests are badly

needed to enable this networking performance comparison study.

12.6.3. Other Potential Models

Other MANET models may also be adapted for ANs, such as the smooth mobility

model [28], and the coordinated-turn models in the tracking literature [170]. Let us also

briefly discuss these models, focusing on their potential use for ANs.

1. Smooth Mobility Model

The smooth mobility model assumes that a ground agent travels along a straight line

with a randomly selected target speed, and reaches that target speed incrementally [28].

When it changes direction, the duration to finish the directional change (curve time) ∆tc

and the direction difference ∆Φ, are selected randomly. The agent then determines the turn

radius rc = v∆tc
∆Φ

, and finishes the turn following this radius.

The trajectory of this mobility model is almost same as that of the RD, but with

smooth curves during directional changes. Further enhancements include the correlation

of directional change and speed change in the three processes associated with a ground

251



vehicle turn: slow-down, turn, and speed-up. For aerial vehicles following majorly straight

trajectories, this model may be adapted to render the details at directional changes. Because

this model does not change the high-level trajectory of RD models, the node distribution is

uniform for both the wrap-around and the reflection boundary models.

2. Coordinated-Turn Models from the Tracking Literature

A number of 2D and 3D coordinated turn models are reviewed in [170]. These

models may be directly be used for highly-random airborne networks at a fine granularity

level, provided that the parameters are chosen properly.

12.6.4. Model Analysis and Mobility-aware Routing

Quantified understanding of the relationship between mobility and communication

quality is also of critical need. Currently, most of the studies assume that the communication

can be established when aerial vehicles are within a fixed transmission range, and otherwise

is lost. However, this is not true in reality. Beaming direction, body blockage and uncertain

environment, also affect the quality of communication. Tractable analysis on how mobility

affects networking performance can significantly facilitate the automatic design of mobility-

aware networking protocols.

12.7. Summary and Conclusion

This chapter represents the first attempt to a comprehensive survey and comparative

analysis of the mobility models of airborne networks. In particular, we analyze and compare

the existing mobility models for airborne networks. Other than MANET mobility models

such as RD, RWP and RW that are adapted for ANs, there is limited existing research on mo-

bility models specific for ANs, including the Smooth Turn, Pheromone Repel, Semi-Random

Circular Movement, Flight Plan, and Multi-Tier mobility models. Besides investigating the

specifics of each mobility model, we evaluate these models based upon i) the adaptability of

these models for ANs if they are not directly designed for ANs, ii) AN networking perfor-

mance, and iii) whether the particular mobility patterns are realistic to capture AN mobility

attributes, in terms of high mobility, mechanical and aerodynamic constraint, and safety
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requirement. These models are further compared in terms of i) the degree of randomness

and ii) the associated AN applications, to facilitate model selection. Please refer to Chapter

12.5 for a detailed summary on such comparison. The major results of this chapter include:

i) the identification of key property for aerial mobility: the smoothness of trajectories due

to constant turn rates for typical turns, ii) the analysis that MANET mobility models (in-

cluding the Gauss-Markov model) cannot capture the key property of aerial mobility, iii) the

conclusion that mobility models designed for ANs can all basically capture the key property,

iv) the quantification of randomness for the Three-Way Random mobility model and v) the

comprehensive comparison of all mobility models that have been used for AN studies. In

the end, we discuss critical research needs, including model validation, identification of the

best model granularity, and mobility-driven framework for AN performance evaluation and

networking design. The most critical need is AN field test data and the use of them to

validate and parameterize mobility models and to determine the best model granularity.

253



CHAPTER 13

UAV-CARRIED LONG DISTANCE WI-FI COMMUNICATION INFRASTRUCTURE
1

We develop an Unmanned Aerial Vehicle (UAV)-carried long distance Wi-Fi com-

munication infrastructure for smart city applications such as emergency response. In this

chapter, we describe the mobility of UAVs, the heading control mechanisms of directional

antennae to reject wind disturbance, and practical UAV design issues such as the flight time

of battery-powered UAVs. We demonstrate the performance of the UAV-carried communi-

cation infrastructure through a simulation study.

13.1. Introduction

Smart cities use Cyber-Physical Systems (CPS) and Internet of Things (IoT) technolo-

gies to improve the efficiency of human lives. The success of various smart-city application

domains (such as public safety, transportation, energy, and health) relies on robust commu-

nication infrastructures for effective information sharing. In areas without wireless access

(such as rural and mountain areas), deploying a flexible, low-cost and broadband on-demand

communication infrastructure to extend wireless coverage becomes a feasible solution. Such

an on-demand communication infrastructure is also critically needed in emergency scenarios

where cell towers are down and at public events to temporarily meet the surge of communi-

cation demands.

UAVs have features such as easy controllability, fast mobility, and capability to reach

dangerous zones that make them appealing as carriers of on-demand communication infras-

tructures. In the fire-fighting application, firefighters can significantly benefit from commu-

nicating UAVs that share real-time fire and wind conditions over wide areas. However, robust

direct communication between UAVs faces significant fundamental technical challenges due

1Parts of this chapter have been published, either in part or in full, from J. Xie, F. AI-Enrani, Y. Gu, Y.
Wan and S. Fu, “UAV-Carried Long-distance Wi-Fi Communication Infrastructure”, in Proceedings of AIAA
Science and Technology Forum and Exposition, San Diego, CA, Jan.2016. Reproduced with permission from
the American Institute of Aeronautics and Astronautics.
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to UAV mobility and environmental disturbances. Other than the aforementioned technical

challenge, implementation issues such as safety and flight time are all important to investi-

gate. Existing research on swarming UAVs typically route communication through ground

controls instead of using direct UAV-to-UAV communication [25,129,190]. Instead, we are

developing transformative technologies to tackle the aforementioned unique new challenges.

These technologies will enable airborne networking and broad new multi-UAV applications.

In paper [110], we described our experimental study on the UAV-carried Wi-Fi com-

munication infrastructure. In this chapter, we develop strategies for robust directional UAV-

to-UAV communication over long distances when the UAVs are in motion. There has been

extensive work on the control of antenna direction [34,151]; however, robust communication

performance for UAV-carried directional antennae over long distances is hard to achieve in

a realistic uncertain environment. In this chapter, we describe the heading control mech-

anisms of directional antennae to achieve a robust communication channel, and practical

UAV design issues such as the flight time of battery-powered UAVs. We then conduct per-

formance analysis of the proposed system using simulation studies based on the smooth

turn (ST) random mobility model that we developed for aerial vehicles [303,327,332–334],

which is introduced in Chapter 12. The implementation and experimental verification will

be conducted in the near future work.

The contributions of this chapter lie in the following aspects.

(1) CPS-technology enabled robust long-range UAV-to-UAV communication infrastruc-

ture: The infrastructure is innovative in two aspects: it uses directional antenna

to extend the UAV Wi-Fi communication range from 100 meters to about 3 kilo-

meters, and it has an intelligent decentralized control mechanism to ensure robust

alignment of antenna headings and communication link in spite of mobility and envi-

ronmental disturbances. In this preliminary study, we assume that GPS signals are

available, and wind is random. In further studies, we will develop decentralized con-

trol that exploits UAV mobility and environmental uncertainty to achieve a better

communication performance. The CPS-enabled robust communication technology
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is a building block for robust airborne networks.

(2) Practical UAV system design: Distinct from widely-used camera UAVs, which may

find an 8 to 10-minute flight time sufficient, novel Wi-Fi UAV applications require

substantially extended flight time to provide consistent communication services in

emergencies. We thus conduct an investigation of energy solutions for UAVs. In

particular, we develop a performance bound analysis on the flight time of battery-

powered multi-rotor UAVs based on current battery efficacy capabilities.

The remainder of this chapter is organized as follows. In Chapter 13.2, we first describe

our preliminary works on the experimental set-up.In Chapter 13.3, we describe the antenna

control system for robust alignment of antenna headings under wind uncertainties and UAV

movement. In Chapter 13.3, we present the simulation study and performance evaluation.

In Chapter 13.4, practical UAV system design issues are discussed. Finally, we conclude this

chapter with a short discussion about the future work in Chapter 13.6.

13.2. Preliminary Results

In this section, we review two preliminary studies, one on the experimental set-up

and the other on the ST mobility model, which serve as the evaluation foundation for our

UAV-to-UAV communication infrastructure.

13.2.1. Prototype Design

We have developed a prototype system that uses UAVs to transmit Wi-Fi signals

over 1 (Km) with a 25-minute flight time and 7.9 (Mbps) throughput (see Figure 13.1(a)).

Please refer to paper [110] for the details. UAVs are installed with directional antennae

of 8 (dBi) gain and 4 (Watt) power consumption, and a simple constant-speed E-compass-

based heading control is used for automatic direction alignment. Through the adjustment of

payload (including propeller, motor, and weight), the whole UAV system weights 2.55 (kg)

with a total thrust of 5.76 (kg).

Figure 13.1(b) shows the communication topology. In particular, the two UAVs

establish a communication link via directional antennae in the air. The links between UAV
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(a) (b)

Figure 13.1. a) Prototype UAV system, b) communication topolgy [110].

and the ground are omni-directional. The throughput measured from the communication

path (composed of group-to-air, air-to-air, and then air-to-ground links) is displayed in Figure

13.2 when the two UAVs are 1 Km apart. The large variation of throughput is caused by the

lag of heading alignment due to mobility. This indicates the large impact of UAV mobility

on communication performance, as also pointed out in [49,159].

13.3. Directional Antenna Heading Control under Wind Disturbances

In this section, we describe a simple controller design for directional antennae to

suppress wind disturbances. We first describe the model for the directional antenna con-

trol system in Chapter 13.3.1. We then introduce an uncertain wind disturbance model in

Chapter 13.3.2. In Chapter 13.3.3, we combine these two parts, and design the controllers

to align antenna headings under wind disturbances.

13.3.1. Antenna Control System Model

The antenna control system consists of two loops [99], the inner velocity loop system

and the outer position loop system. Let us describe the model for each loop. Illustrations

of the velocity loop system and the position loop system are shown in Figures 13.3 and 13.4

respectively.

1. Velocity Loop Model
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Figure 13.2. Three sampe throughput measurements with 1 (Km) distance

separation [110].

The velocity loop consists of the velocity controller and the antenna dynamics (see

Figure 13.3). The velocity controller is driven by the difference between the desired angular

velocity ϕ̇r (rad/s) and the actual angular velocity ϕ̇a, and produces torque Ta (Nm) to steer

the antenna to certain angular position ϕa (rad). Note that due to the existence of uncertain

wind disturbances, the torque produced by winds τw will act on the antenna together with

Ta.

We consider the antenna to be a rigid body for simplicity, considering that the an-

tennae equipped on the UAVs are much smaller than big antennae like NASA Deep Space

Network antennae [99]. The dynamics of the rigid antenna is described as follows according

to the second law of Newton’s inertia [99]:

(192) Jẇa = τa

where J (Nms2/rad) represents the moment of inertia for the antenna body. wa = ϕ̇a is the

angular velocity. Applying the Laplace transformation to both sides of Equation 192 leads
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to the transfer function of the antenna dynamics as follows:

(193) A(s) =
wa(s)

τa(s)
=

1

Js

Then the transfer function of the velocity loop system (without considering wind distur-

bances) from desired angular velocity ϕ̇r to the output angular position ϕa is

(194) Tra(s) =
ϕa(s)

ϕ̇r(s)
=

G(s)A(s)

1 +G(s)A(s)

1

s

where G(s) is the transfer function of the velocity controller

Figure 13.3. The block diagram of the velocity loop [99].

2. Position Loop Model

The outer position loop system consists of a position controller and the velocity loop

system (see Figure 13.4). The position controller is driven by the difference of the desired

angular position ϕd and the actual angular position ϕa, and produces the velocity ϕ̇r to drive

the antenna. From Figure 13.4, we can obtain the closed loop transfer function of the whole

system from the desired angular position ϕd to the actual angular position ϕa as follows.

(195) Tda =
ϕa(s)

ϕd(s)
=

K(s)Tra(s)

1 +K(s)Tra(s)

where K(s) is the transfer function of the position controller.

13.3.2. Wind Disturbance Model

Wind disturbance has a major impact on the stability of the antenna direction and

in turn the communication channel performance. In this section, we describe a model for

the wind disturbance [99] and study its impact on the antenna heading control system.
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Figure 13.4. The block diagram of the position loop [99].

The wind disturbance induces a torque τw that affects the antenna drive. In this

model, the wind torque τw is modeled as a uniformly distributed random force, as shown in

the following equation [99],

(196) τw = kt∆v0

where kt is the scaling factor. ∆v0 = v − vm is the velocity gust, where v and vm represent

the wind velocity and the mean velocity respectively. Now let us discuss the calculation of

∆v0 and kt. The frequency response of the Davenport filter is shown in Figure 13.5(a).

(a) (b)

Figure 13.5. An illustration of the a) frequency response of the Davenport

filter, and b) an example time series of wind torques with kt = 0.25.

The wind gust ∆v0 is modeled as a random process with a unit standard deviation

and a Davenport spectrum. It is obtained by applying the white noise to a Davenport filter
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with the following transfer function

(197) H(s) =
3.9021s3 + 230.1426s2 − 686.3151s+ 3.4197

0.331s4 + 38.2997s3 + 224.7118s2 + 22.7788s+ 0.3538
,

and then normalizing the output with its standard deviation [99].

To calculate the scaling factor kt, we first consider the steady wind with mean velocity

vm, which produces a torque τn as follows according to the wind quadratic law [99]:

(198) τn = kTv
2
m

kT is a constant determined by the structure of the antenna. In particular,

(199) kT = ctαp
πD3

4
.

where ct is the torque coefficient determined after testing the wind-tunnel, which usually

fluctuates between −0.05 and 0.25. αp is the static air density, which normally equals to

0.6126 (Ns2/m4), and D is the diameter of the antenna dish.

The wind gust torque τw can then be obtained by linearizing Equation 198 and then

scaling by the axis-to-pinion ratio β. In particular,

(200) τw =
2kTvm∆v

β

where ∆v, the wind velocity variation, equals to the velocity gust ∆v0 (with a unit standard

deviation) multiplied by its standard deviation σv. Since the standard deviation σv is propor-

tional to the mean velocity vm, we can substitute ∆v in Equation 199 with ∆v = αvm∆v0,

where α is a constant value determined by the height and location of the antenna. Therefore,

(201) τw =
2kTαv

2
m

β
∆v0

and

(202) kt =
2kTαv

2
m

β

For more detailed description about how to determine the value of kt, please refer to [99].

The procedures to generate a time series of wind torque τw(t) are summarized in Table 13.1.
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Table 13.1. Algorithm to generate a time series of time torque

Step 1: Generate velocity gust ∆v0(t)

1 Generate a time series of white noise n(t).

2 Apply the white noises n(t) to the Davenport filter with the transfer function given

by Equation 197. The output is a time series of wind velocity variation ∆v(t).

3 Calculate the standard deviation of ∆v(t), i.e., σv.

4 Obtain the velocity guest ∆v0(t) by ∆v0(t) = ∆v(t)
σv

Step 2: Run simulations at selected simulation points

5 Determine the value of kT , α, β, and vm. Calculate kt according to Equation 202.

Step 3: Produce the low-order mapping and calculate the mean output

6 Multiply ∆v0(t) by kt according to Equation 196 to obtain τw(t).

An example time series of τw(t), generated from the white noise is shown in Figure 13.5(b).

13.3.3. Controller Design

In this section, we discuss a simple preliminary design of the velocity controller and

the position controller shown in Figures 13.3 and 13.4, with the wind torque τw generated

according to the procedures in Table 13.1. Let us use an example to illustrate the design

process. In this example, we set the inertia as J = 1 (Nm2/rad), the mean wind velocity

vm = 50 (m/s), and the scaling factor kt = 0.0001v2
m = 0.25. Note that these values are

picked only for the illustration purpose. The antenna control system is then implemented

and analyzed using Simulink and Matlab.

1. Velocity Controller Design
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We first design the velocity controller to suppress wind disturbances and provide the

bandwidth the system needs. We here use a simple P controller with G(s) = k0 to produce

the drive torque, where k0 is the gain. The bandwidth of the velocity loop system can be

directly calculated as B = k0/J (rad/s).

Now let us analyze the impact of the gain k0 on the system performance. We first

analyze two transfer functions [99]:

(1) The transfer function from the desired angular velocity to the actual angular velocity,

i.e.,

(203) Try =
ϕ̇a(s)

ϕ̇r(s)
=

G(s)A(s)

1 +G(s)A(s)
=

k0

k0 + Js

(2) The transfer function from the wind disturbance to the actual angular velocity, i.e.,

(204) Twy =
τw(s)

ϕ̇r(s)
=

G(s)

1 +G(s)A(s)
=

k0Js

k0 + Js

The magnitudes of the two transfer functions for different values of the gain k0 are shown in

Figure 13.6. As we can see, as the gain k0 increases, the bandwidth of the system increases

(see Figure 13.6(a)), and the disturbance rejection performance is improved (see Figure

13.6(b)).

(a) (b)

Figure 13.6. Magnitudes of the transfer functions a) Try, and b) Twy.
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Next, we analyze the response of the feedback velocity control loop to a pulse velocity

signal under wind disturbances for different values of k0. As shown in Figure 13.7, the

increase of the gain k0 increases the overshoot and decreases the steady-state error. We can

also observe from the figure the impact of the wind torque on the system performance. In

particular, a positive wind torque causes the actual angular velocity to be larger than the

desired angular velocity and vice versa. Furthermore, the larger the magnitude of the wind

torque is, the larger the steady-state error is. This also indicates the role of the gain k0 in

rejecting wind disturbances. In this study, we select k0 = 15, so as to largely suppress wind

disturbances and achieve sufficient bandwidth, while maintain a low overshoot.

2. Position Controller Design

Now let us discuss the design of the position controller so as to make the antenna

quickly and accurately point to the desired direction. Here, we use a simple PI controller to

drive the antenna with the transfer function shown as follows

(205) K(s) = kp + ki
1

s

where kp and ki are the proportional gain and integral gain respectively of the PI controller.

The transfer function Tda then becomes

(206) Tda =
K(s)Tra(s)

1 +K(s)Tra(s)
=

k0(kps+ ki)

Js3 + k0s2 + k0kps+ k0ki

In order to make the system stable, kp and ki should satisfy the following condition: kp >

J
k0
ki = ki

15
[99]. Under this condition, let us now follow a simple tuning process to determine

the values of kp and ki.

We first tune the proportional gain kp by setting the integral gain as ki = 0. The

step response characteristics of the position loop system for different values of kp are shown

in Figure 13.8(a), which suggest that the increase of kp decreases both the settling time and

rise time, but increases the overshoot. In addition, as kp increases, the settling time and

rise time quickly decrease to a small value, and then converge, while the overshoot increases

slowly at the beginning and then grows fast. This suggests us to choose a value of kp such
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(a) (b)

(c)

Figure 13.7. Pulse velocity signal response of the feedback velocity control

loop under wind disturbances for a) k0 = 10, b) k0 = 15, and c) k0 = 20.

that the settling time and rise time start to converge and the overshoot starts to grow fast.

In this example, we choose kp = 8.65.

Now let us discuss the tuning of the integral gain ki. The step response characteristics

of the system for different values of ki, with kp = 8.65, are shown in Figure 13.8(b). As we can

see, when ki increases, the overshoot increases linearly, and the rise time decreases slowly. In

addition, there is a sudden increase for the settling time at small values of ki. This suggests

us to choose a small value of ki to avoid the sharp increase of the settling time and also to
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achieve a small overshoot. Here, we set ki as 1.16. The response of the system to a pulse

velocity signal is shown in Figure 13.8(c). The rise time, settling time, and overshoot of this

system are 0.25s, 0.63s, and 7.57% respectively.

(a) (b)

(c)

Figure 13.8. Illustration of the a) step response characteristics for different

values of the proportional gain kp, with ki = 0; b) step response characteristics

for different values of the integral gain ki, with kp = 8.65; and c) the pulse

velocity signal response of the position loop system under wind disturbances

with kp = 8.65, and ki = 1.16.
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13.4. Simulation Studies and Performance Analysis

In this section, we simulate the UAV-carried directional antenna control that align

directional antennas so as to enhance the performance of UAV-to-UAV communication. Our

study is based on the assumption that the UAVs operate at the same height. Therefore, for

each UAV, we need one antenna control system to drive the antenna to the desired direction.

Based on this assumption, we study four scenarios, with increased complexity levels. In the

second and third scenarios, we further assume that the Global Positioning System (GPS) is

available to transmit the locations of two UAVs at real time without delays. In particular,

the GPS locations of two UAVs provide relative directions that the UAV-carried directional

antennas should point towards, and then the directional antennae are controlled in closed-

loop to align along those directions. As GPS signals are discrete samples in reality, we further

study in the last scenario the impact of GPS sampling rate on the system performance. In

this study, we use Matlab and Simulink to simulate the movement of UAVs and the direction

control of UAV-carried antennae.

13.4.1. Scenario One: One Fixed UAV and the Other Moving along a Pre-defined Trajectory

In this scenario, one UAV is fixed, and the other is moving along a fixed trajectory.

We aim to control the direction of the antenna carried by the fixed UAV, such that the

antenna always points to the moving UAV.

As the trajectory of the moving UAV is fixed, the antenna carried by the fixed UAV

changes its direction based on the trajectory information of the moving UAV. In particular,

if the location of the fixed UAV is (x0, y0), and the location of the moving UAV at certain

time point is (xm, ym), the desired angular position ϕd at this time point is

(207) ϕd = tan−1 ym − y0

xm − x0

,

which is input to the antenna control system described in Chapter 13.3. Figure 13.9 shows

the simulation results. The moving UAV follows the green trajectory in Figure 13.9(a), and

the direction of the antenna carried by the fixed UAV is marked by the red arrow. Figure

13.9(b) shows the good performance of the antenna direction control system. We further
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calculate the root mean square error (RMSR) between the desired angular position and the

actual angular position over the whole trajectory, which is 0.0138.

(a) (b)

Figure 13.9. Simulation results for Scenario One. a) A snapshot of the

moving UAV and the direction of the antenna carried by the fixed UAV. b)

Performance of the antenna direction control system under wind disturbances.

13.4.2. Scenario Two: One Fixed UAV and the Other Moving Randomly

In this case, one UAV is fixed, and the other is moving randomly according to the

ST random mobility model. The fixed UAV utilizes the real-time GPS location information

to calculate the desired antenna heading direction.

Figure 13.10(a) shows the UAV trajectory and antenna direction simulation. The

red arrow, indicating the direction of the antenna carried by the fixed UAV, points to the

moving UAV accurately. Figure 13.10(b) shows the directional antenna tracking trajectories

and wind torque dynamics. The RMSR between the desired and actual angular positions

over the whole trajectory is 0.0226. This error is mainly contributed by the first few seconds

(see the initial jump of the blue curve in Figure 13.10(b)), as we set the initial angular

position of the fixed UAV as 0 (rad).
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(a) (b)

Figure 13.10. Simulation results for Scenario Two. a) A snapshot of the

moving UAV and the direction of the antenna carried by the fixed UAV. b)

Performance of the antenna direction control system under wind disturbances.

13.4.3. Scenario Three: Two Randomly Moving UAVs

In this case, both UAVs are moving randomly following the ST mobility model, and

their carried antennae point to each other using the real-time GPS location information to

keep aligned.

Figure 13.11(a) shows the UAV trajectories and antenna direction simulation. The

two UAVs are differentiated by colors. Figure 13.11(b) shows the directional antenna tracking

trajectories and wind torque dynamics. The RMSR between the desired and actual angular

positions over the whole trajectory is 0.0208 for the red UAV, and 0.1093 for the blue UAV.

The reason why the error associated with the blue UAV is much larger than that with the

red one is because the blue UAV has to suddenly point from 0 (rad) to about 4 (rad) at the

beginning, while the red one only needs to point from 0rad to about 0.8 (rad).

13.4.4. Scenario Four: Two Randomly Moving UAVs with GPS Signals Present Periodically

In the above three scenarios, we assume that the GPS signals are available all the

time without any delays. In practice, GPS can only provide location samples at certain
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(a) (b)

(c)

Figure 13.11. Simulation results for Scenario Three. a) A snapshot of the

two moving UAVs and the directions of their antennae. b) & c) Performance

of the antenna direction control system under wind disturbances.

sampling rate. Most modern GPS devices have a sampling rate between 1Hz and 20Hz

[5,100]. Furthermore, when GPS-embedded vehicles are moving and consuming significant

power, we usually need to lower the GPS sampling rate to reduce the power consumption

[184]. Under our current assumptions, if GPS signals are unavailable, the absence of location

information will fail the alignment of antenna headings.

In this section, we study the case similar as Scenario Three, but with GPS location
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information only available periodically, and analyze the impact of GPS sampling rate on

the system performance. In particular, we assume that the antenna will keep pointing

towards the same direction until it receives a new command. Under this assumption, we

run simulations for different values of GPS sampling rate, and evaluate the RMSE between

the accurate antenna direction and the actual antenna direction. As the ST mobility model

is random, the obtained RMSE for each GPS sampling rate is also subject to randomness.

Therefore, we apply the Monte Carlo method to get statistical results. In particular, for

each value of the GPS sampling rates, we repeatedly run 50 simulations and then calculate

the mean of the RMSE values.

Figure 13.12 shows the simulation results. The sampling rate of the ST mobility model

is set to 100 (Hz). As shown in Figure 13.12(a), the mean RMSE increases fast when the GPS

sampling rate decreases from 20 (Hz) to 1Hz. Figures 13.12(b) and 13.12(c) show example

trajectories of antennae’s directions compared with the accurate directions the antennae

should point towards, with the GPS sampling rate equal to 1 (Hz). This preliminary study

motivates our future development of techniques that can ensure the directional antennae to

point to accurate or near-accurate directions even when GPS signals are not present.

13.5. Discussions on Practical Design Issues

Other than the precise alignment of directional antenna directions, a range of other

performance factors are also crucial to the success of deployment, application possibilities,

and theoretical understanding of communication capability, such as flight time, end-to-end

packet delay and loss, and cost. Of note, in realistic settings, the performance of communi-

cation channels may decay due to Doppler shift, line of sight, GPS signals not always being

present, and the delay in location calculation. In these cases, received signal strength indi-

cators (RSSIs) may be useful. More advanced control system based on uncertainty analysis

[306, 361–363] and fused wind and UAV location tracking will be developed in our future

work. In Chapter 13.5.1, we discuss the theoretical analysis on flight time for battery-powered

UAVs.
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(a) (b)

(c)

Figure 13.12. a) Mean RMSR for different values of GPS sampling rate. An

example trajectory for an antenna’s direction carried by the a) red UAV and

b) blue UAV, compared with the accurate direction the antenna should point

towards.

13.5.1. Performance Bound of Battery-powered UAV Flight Time

Current small UAVs typically use electric batteries as the power source due to safety

and small engine noise. However, these UAVs have a typical flight time of less than 30

minutes. This motivates us to investigate the limitation of flight time for battery-powered

UAVs.

272



First, we investigate the upper bound of flight time for our current prototype system of

a particular combination of propeller, motor and UAV weight described in our experimental

design [110]. Flight time can be roughly approximated as PNE
WbN+Wf+Ww

, where P is the power

of battery, N is the number of batteries, E is the motor efficiency, Wb is the weight of an

individual battery, Wf is the weight of frame and Ww is the weight of the communication

system. The total weight must be less than the total thrust; i.e., WbN + Wf + Ww < TNp,

where T is the thrust of an individual propeller and Np is the number of propellers. Using

these formulae, we can calculate that the upper bound of flight time for our current prototype

system is around 50 minutes using eight batteries (see Figure 13.13).

Figure 13.13. Upper bound analysis of flight time for our UAV-carried Wi-

Fi system.

We then find the upper bound of flight time for all battery-powered UAVs, regardless

of design specifics. As PNE
WbN+Wf+Ww

< PE
Wb

, the upper bound is determined by the perfor-

mance of batteries and motors. It is achieved when the weights of framework and any

additional components are zero. According to our best knowledge, the maximum existing

motor efficiency E is around 19.11g/w and the maximum existing battery performance P
Wb

is

0.199hw/g. The upper bound of flight time for all battery-powered UAVs is hence 3.8 hours.
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The longest flight time solution that we can find in the literature is for 2 hours. If additional

flight time is needed, we need to consider other power sources than batteries. One possible

solution is to use fuel cells because they have a higher energy density than batteries. Another

advantage is that the weight of the UAV system decreases with the burning of fuel, which

permits the extension of flight time. Horizon [1], among others, provides the off-the-shelf

fuel cell systems from 10W to 5kW and is one potential vendor for our UAV design. Other

than power source type, factors like propeller, motor, and weight also affect flight time.

13.6. Conclusion

In this chapter, we described a preliminary design of the heading control of direc-

tional antennae to achieve robust aerial communication between UAVs. This system can

be deployed to provide on-demand communication in emergencies. Simulation studies were

conducted to evaluate the performance of the proposed system. Design issues such as battery-

powered UAV flight time were also discussed with a formal analysis of theoretical bound.

Experimental implementation and performance measurement of the proposed control system

were described in paper [110]. In the future work, we will develop a more realistic uncertain

wind disturbance model. We will design more sophisticated heading controls that consider

realistic issues such as Doppler shift, line of sight, GPS signals stability, and information

delay. We will also explore the performance of the UAV-carried Wi-Fi communication in-

frastructure (such as bandwidth, delay, and transmission distance) through both analysis

and field tests. The thorough performance analysis of UAV-to-UAV communication is cru-

cial to airborne networking research and to the integration of airborne networks with existing

communication networks.
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[30] C. Bettstetter, H. Hartenstein, and X. Pérez-Costa, Stochastic properties of the random

waypoint mobility model, Wirelss Networks 10 (2004), no. 5, 555–567.

[31] C. Bettstetter and C. Wagner, The spatial node distribution of the random way-

point mobility model, Proceedings of German Workshop on Mobile Ad-Hoc Networks

(WMAN) (Ulm, Germany), March 2002, pp. 41–58.

[32] Stefano Boccaletti, Vito Latora, Yamir Moreno, Martin Chavez, and D-U Hwang,

Complex networks: Structure and dynamics, Physics reports 424 (2006), no. 4, 175–

308.

[33] E. Boivin, A. Desbiens, and E. Gagnon, Uav collision avoidance using cooperative

predictive control, Proceedings of the 16th Mediterranean Conference on Control and

Automation (Adaccio, France), June 2008, pp. 682–688.

[34] Hamidreza Bolandhemmat, Mohammad Fakharzadeh, Pedram Mousavi, S Hamidreza

277



Jamali, Gholamreza Z Rafi, and Safieddin Safavi-Naeini, Active stabilization of vehicle-

mounted phased-array antennas, Vehicular Technology, IEEE Transactions on 58

(2009), no. 6, 2638–2650.

[35] F. Borrelli, T. Keviczky, and G. J. Balas, Collision-free uav formation flight using

decentralized optimization and invariant sets, Proceedings of 43rd IEEE Conference

on Decision and Control, vol. 1, December 2004, pp. 1099–1104.

[36] Stephen P Boyd, Laurent El Ghaoui, Eric Feron, and Venkataramanan Balakrishnan,

Linear matrix inequalities in system and control theory, vol. 15, Society for Industrial

Applied Mathematics (SIAM), 1994.

[37] David R Bright, Jonathan P Racy, Steven J Weiss, Russell S Schneider, Jason J Levit,

John J Huhn, Michelle A Duquette, Jack S Kain, Michael C Coniglio, Ming Xue, et al.,

Short-range and storm-scale ensemble forecast guidance and its potential applications

in air traffic decision support, Preprint, Aviation, Range, Aerospace Meteorology Spe-

cial Symposium Weather-Air Traffic Management Integration, Phoenix, AZ., Amer.

Meteor. Soc., Paper P, vol. 1, 2009.

[38] Nevil Brownlee and KC Claffy, Understanding internet traffic streams: dragonflies and

tortoises, Communications Magazine, IEEE 40 (2002), no. 10, 110–117.

[39] D. Broyles, A. Jabbar, and J. P. G. Sterbenz, Design and analysis of a 3-d gauss-

markov mobility model for highly dynamic airborne networks, Proceedings of Interna-

tional Telemetering conference (San Diego, CA), October 2010.

[40] Hans-Joachim Bungartz and Michael Griebel, Sparse grids, Acta numerica 13 (2004),

147–269.

[41] Stuart Burge, The systems engineering tool box, http://www.burgehugheswalsh.co.

uk/uploaded/documents/CDTool-Box-V1.0.pdf, 2011.

[42] T. Camp, J. Boleng, and V. Davies, A survey of mobility models for ad hoc network

research, Wireless Communication and Mobile Computing (WCMC: Special issue on

Mobile Ad Hoc Networking: Research, Trends and Applications 2 (2002), no. 5, 483–

502.

278

http://www.burgehugheswalsh.co.uk/uploaded/documents/CDTool-Box-V1.0.pdf
http://www.burgehugheswalsh.co.uk/uploaded/documents/CDTool-Box-V1.0.pdf


[43] B. A. Carreras, V. E. Lynch, I. Dobson, and D. E. Newman, Critical points and

transitions in an electric power transmission model for cascading failure blackouts,

Chaos An Interdisciplinary Journal of Nonlinear Science 12 (2002), no. 4, 985.

[44] MH Chen and PC Wang, Multi-level factorial designs with minimum numbers of level

changes, (2001), no. 5, 875–885.

[45] Zhen Yi Chen and Xiao Fan Wang, Effects of network structure and routing strategy

on network capacity, Physical Review E 73 (2006), no. 3, 036107.

[46] B. N. Cheng, R. Charland, P. Christensen, A. Coyle, and E. Kuczynski, Characterizing

routing with radio-to-router information in an airborne network, Proceedings of the

2011 Military Communication Conference (Baltimore, MD), November 2011, pp. 1985–

1990.

[47] B. N. Cheng, R. Charland, P. Christensen, L. Veytser, and J. Wheeler, Evaluation of

a multi-hop airborne ip backbone with heterogeneous radio technologies, Proceedings of

the first ACM MobiHoc workshop on Airborne Networks and Communications (Hilton

Head, SC), June 2012, pp. 37–42.

[48] B. N. Cheng and S. Moore, A comparison of manet routing protocols on airborne

tactical networks, Proceedings of IEEE MILCOM (Orlando, FL), October 2012, pp. 1–

6.

[49] Bow-Nan Cheng, Randy Charland, Paul Christensen, Andrew Coyle, Edward Kuczyn-

ski, Stephen McGarry, Igor Pedan, Leonid Veytser, and James Wheeler, Characterizing

routing with radio-to-router information in an airborne network, MILITARY COMMU-

NICATIONS CONFERENCE, 2011-MILCOM 2011, IEEE, 2011, pp. 1985–1990.

[50] Y. Cheng, E. K. Cetinkaya, and J. P. G. Sterbenz, Performance comparison of routing

protocols for transactional traffic over aeronautical networks, Proceedings of Interna-

tional Telemetering Conference (Ballys, Las Vegas Nevada), October 2011.
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