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CHAPTER 1 

INTRODUCTION 

In the exploration of chemical systems through quantum mechanics, accurate treatment of 

the electron wavefunction, and the related electron density, is fundamental to extracting 

information concerning properties of a system such as the kinetic and potential energies of the 

chemical system, atomic and electronic spatial positions, spectroscopic properties, and more.  

Despite this fundamental requirement, though, the construction of accurate electron 

wavefunctions and electron densities for chemical systems is a daunting challenge due to the lack 

of simple analytical solutions to most N-body problems. 

The one electron, atom-centered basis set is an approximation to the electron 

wavefunction that approaches electron wavefunction and density construction by placing 

electrons individually into single functions that describe the probability density of a single 

electron.  Through these functions, called basis functions, the exact form of the electron 

wavefunction or electron density can be approximated by combining multiple basis functions 

from atoms in a chemical environment to form a molecular orbital, a molecule-spanning 

wavefunction for a single electron.  The importance of this approximate approach cannot be 

overstated, as numerical methods can then be applied to these molecular orbitals, such as the 

variational principle or perturbation theory, which provide theoretical chemists with a method of 

constructing electronic wavefunctions and electron densities from simple multi-electron atomic 

systems to massive molecular clusters with relative ease. 

Many one-electron basis sets have been developed for use in theoretical chemistry, but 

one basis set family in particular has attracted considerable attention by many theoretical 

chemists:  the correlation consistent basis sets.  These basis sets, introduced by Thom H. 
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Dunning Jr., are systematically constructed such that there is a clear hierarchy established where 

increasing the quality of the basis set increases the quality of the approximated energetic 

properties in a chemical system, such as electronic energies and molecular geometries.  This 

property of the correlation consistent basis sets makes them among the most popular basis sets 

used in theoretical chemistry, and a source of continuing research into improving the quality of 

these basis sets and extending the availability of these basis sets across the periodic table of the 

elements.  Within the subsequent chapters, challenges and opportunities presented by the use of 

the correlation consistent basis sets will be examined. 

The organization of this dissertation approaches the question and challenges in utilizing 

the one-electron correlation consistent basis set in two distinct sections:  acceleration of basis set 

convergence via inclusion of explicit electron correlation effects (Chapters 3 and 4) and  

constructing new correlation consistent basis sets for ab initio and density functional methods 

(Chapters 5 and 6).  In Chapter 2, a brief introduction to the questions at the heart of many 

computational chemistry problems is provided, with an emphasis on composite methodology, 

and the computational bottlenecks created by the use of correlation consistent one-electron basis 

sets in the ab initio methods used in the ccCA framework.  

Chapter 3 introduces explicitly correlated methods, including an overview of explicitly 

correlated methodology, analysis of the convergence behavior of the energetic properties of 

molecules using these methods, and examination of the explicitly correlated methods within 

ccCA.  In Chapter 4, a rigorous prescription for the implementation of explicitly correlated 

methods in the ccCA framework is given, and the results of this modification to the ccCA 

methodology is provided by examination of molecular properties predicted by this modified 
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ccCA approach as well as the effect on computational resources by the implementation of these 

methods. 

Chapter 5 provides a brief introduction into the theory of one-electron basis sets within 

the context of Hartree-Fock and post-Hartree-Fock ab initio methods. Attention is given 

towards the correlation consistent basis sets and their systematic construction and convergence 

properties.  The details of constructing new correlation consistent basis sets for the 5p elements 

(In-Xe) is provided, and the results of these novel basis sets is provided as well as a comparison 

of these sets to existing published basis sets. 

The final chapter examines the properties of correlation consistent basis sets when 

coupled with density functional theory methods.  A brief introduction into density functional 

theory and the Kohn-Sham method is provided, as well as the behavior of conventional 

correlation consistent basis sets when used with Kohn-Sham density functional methods.  A 

method for the construction of truncated, systematically convergence basis sets for use with 

density functional methods is then provided, and the results of such basis set construction on  

predicted energetic properties and geometries of atomic and diatomic chemical species is 

provided. 
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CHAPTER 2 

COMPOSITE COMPUTATIONAL METHODOLOGY 

2.1  Computational Chemistry 

The nature of matter, from atoms to proteins, is a topic that lies at the center of many 

chemical questions.  Of the plethora of subatomic particles identified by physics and chemists, 

the electron, in particular, is of great interest to the chemistry community.  The interaction of 

electrons with other electrons and nuclei is responsible for many of the most basic and most 

important chemical models, including chemical bonds, reactivities, and molecular energies.  

Models of electron behavior, then, are of critical importance to understanding the governing 

mechanics responsible for chemical properties and processes.  

To answer questions concerning electron behavior in molecular and atomic systems, it is 

necessary to turn to quantum mechanics.  A critical breakthrough in quantum theory was put 

forth by Erwin Schrödinger in 1926 when he proposed that the mathematical description of the 

quantum state (the wavefunction) of a physical system varies with time by the following 

relationship:1 

𝑖ħ
𝜕

𝜕𝑡
𝜓 =  −

ħ2

2𝑚
∇2𝜓 + �̂�(𝑟, 𝑡)𝜓

where ψ is the wavefunction, ħ is the reduced Planck constant, m is the mass of the particle, ∇ is 

the Laplace operator (which corresponds to 
𝜕2

𝜕2𝑥
+ 

𝜕2

𝜕2𝑦
+ 

𝜕2

𝜕2𝑧
 in three dimensions in Cartesian 

coordinates), and �̂�(𝑟, 𝑡)is the classical mechanics potential energy operator. The −
ħ2

2𝑚
∇2

operator corresponds to the quantum mechanical description of the classical mechanics kinetic 

energy operator of the particle, and can be represented by the operator �̂�: 

(1) 
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𝑖ħ
𝜕

𝜕𝑡
𝜓 =  �̂�(𝑟)𝜓 + �̂�(𝑟, 𝑡)𝜓 

 The sum of the kinetic energy operator and potential energy operator form the total energy 

operator �̂�, known as the Hamiltonian operator: 

�̂�𝜓 = 𝑖ħ
𝜕

𝜕𝑡
𝜓 

Equation 3 is the time-dependent Schrödinger equation.  The time-dependent equation can be 

further simplified if the Hamiltonian operator is assumed to have an unappreciable dependence 

on time: 

�̂�𝜓 = 𝐸𝜓 

where E corresponds to the time-independent energy of the system being examined.  Equation 4 

is the time-independent Schrödinger equation and is useful for describing quantum systems that 

do not evolve with time, such as the ground state and other stationary points on a potential 

energy surface.  In theory, the solution of the time-independent Schrödinger equation for a 

wavefunction should yield the exact energy for the given quantum state.  In practice, however, 

the Schrödinger equation can only be solved exactly for hydrogen-like atoms.  

Approximations to the Schrödinger equation, then, are essential to extending the 

Schrödinger equation to larger chemical systems.  One such approximation is the Born-

Oppenheimer approximation, in which the wavefunction of the chemical system is separated into 

two components, the electronic and the nuclear components2: 

𝜓𝑡𝑜𝑡𝑎𝑙 = (𝜓𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛𝑖𝑐) ( 𝜓𝑛𝑢𝑐𝑙𝑒𝑎𝑟) 

For the electronic solution the positions of the nuclei of the chemical system are fixed, and the 

electron behavior is calculated assuming the static position of the nuclei. Further 

approximations can be made to the electronic component of the Schrödinger equation in the form 

(2) 

(3) 

(4) 

(5)
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of separating the wavefunction into a linear combination of one-electron functions, of which 

each function describes the electron-nuclear behavior of a single electron.  These functions, 

referred to as basis functions, combined with the Hamiltonian operator approximate the exact 

form of the electron-electron behavior in chemical systems. 

2.2  Computational Chemistry and Composite Methodology 

The difficulty presented by the mathematics of quantum theory makes it necessary to use 

computers to study even the simplest chemical systems, given the complexity of the calculations.  

Drastically lowered costs of computational methods have allowed chemists to study complex 

chemical systems with increasing accuracy.  Computational resources now allow for detailed 

analysis of chemical properties, especially in systems that are difficult to reproduce in a 

laboratory setting, such as transition states and highly reactive species.  However, despite the 

advancements of computer technology, there remain significant computational bottlenecks that 

require approximations in order to 

Computational methods that approximate solutions to the electronic Schrödinger equation 

can be generally classified under three broad categories:  semi-empirical, ab initio, and density 

functional theory approaches.  Semi-empirical methods, such as the PM series developed by 

Stewart3,4 and the MNDO and AM1 methods developed by Dewer and colleagues,5,6  

approximate solutions to the Schrödinger equation by utilizing parameters in lieu of computing 

certain interactions of the electrons of a molecule or system directly. 

Ab initio methods, on the other hand, are computational chemistry methods that model 

the interactions of the chemical system by using physical constants and quantum theory only.  

No empirical parameters are used in calculations performed using ab initio methods.  These 
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methods, such as Møller-Plesset perturbation theory (MPPT)7 and coupled cluster theory (CC) 

developed by Čížek,8 require much greater computational resource requirements as compared to 

semi-empirical methods, but provide methodology that can be extended to novel systems that 

stray beyond the limited parameters of semi-empirical methods or have no parameters. 

The third major branch of computational methods, density functional theory (DFT), 

approximates solutions to the electronic Schrödinger equation uses the theorems put forth by 

Hohenburg and Kohn.9  Their work demonstrated that the energy of the quantum state has a one-

to-one correlation with the electron density within an external potential.  Density functional 

theory methods apply approximate functionals to the electron density to yield the energy of the 

quantum state of the system. 

In general, the accuracy of ab intio solutions using one-electron basis sets to the time-

dependent Schrödinger equation can be separated into two primary components: the 

completeness of the wavefunction description (in the form of basis set size), and the 

comprehensiveness of the calculated electron-electron interactions.  The relationship between 

these two components to the exact solution to electronic time-independent Schrödinger equation 

is illustrated by the following figure: 
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As illustrated in Figure 1, at the limit of both axes is the exact solution to the time-

dependent Schrödinger equation.   At the extreme limit of the basis set size lies the Complete 

Basis Set (CBS); a theoretical limit where an infinite number of basis functions are available for 

mathematical computation to describe the wavefunction.  Likewise, the Full Configuration 

Interaction (FCI) method accounts for all possible excitations and, thus, electron interactions for 

a given system.  An FCI calculation with a complete basis set is, then, an exact solution to the 

time-dependent electronic Schrödinger equation. 

 FCI calculations, however, scale formally as N!, where N is the number of basis 

functions in a basis set, and represents an impractical method for even the smallest of basis sets 

and molecular system sizes. Balancing the size of the basis set with the completeness of the 

electron-electron interactions, then, is a central challenge to many branches of computational 

chemistry, but there remains continued and vigorous interest in increasing the level of accuracy 

Complete 

Basis Set 

(CBS) 

cc-pVQZ 

cc-pVDZ 

cc-pVTZ 

Exact 

Electronic 

Solution 

�̂�𝜓 = 𝐸𝜓 

Hartree 

Fock 
MP2 CCSD(T) FCI

Increasing 

Basis Set 

Electron Correlation 

Method 
Increasing 

Cost 

Figure 1 – Electron Correlation and Basis Set Relationship 
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to which chemical systems may be modeled and creating more efficient methods to achieve 

highly accurate results with decreasing dependence on computational resources.  One such 

strategy is the use of composite methods. 

Composite methods alleviate the computational burden by approximating highly 

accurate, but computationally demanding, approaches through the combination of basis sets and 

computational approaches that exploit the relationship between basis set completeness and 

electron-electron interaction comprehensiveness.  An example of the composite methodology 

approach is illustrated in Figure 2. In the given example, a CCSD(T) calculation using a cc-

pVQZ basis set (indicated by a dotted line), 

𝐸0 = 𝐸[CCSD(T)/cc − pVQZ]

is approximated by two separate calculations.  The first calculation, an MP2 calculation with a 

cc-pVQZ basis set (calculation 1), recovers the energy, E1, of the chemical system due to the cc-

pVQZ basis set and the MP2 electron-electron interactions, 

𝐸1 = 𝐸[MP2/cc − pVQZ]

while forgoing the computational cost of a CCSD(T) calculation using the same basis set.  In the 

second calculation, both a CCSD(T) and MP2 calculation are performed using a basis set smaller 

than the ‘target’ 

(7

)

(6

)
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basis set, such as a cc-pVDZ or cc-pVTZ set.  The CCSD(T) energy solution is subtracted from 

the MP2 solution, 

𝐸2 = 𝐸[CCSD(T)/cc − pVTZ]  −  𝐸[MP2/cc − pVTZ] 

yielding the energy difference due to difference in electron-electron behavior as calculated by the 

CCSD(T) approach compared to the MP2 approach.  By adding the energies E1 and E2, then, the 

energy solution to the CCSD(T)/cc-pVQZ calculation (E0) can be approximated as 

𝐸0 ≈ 𝐸1 + 𝐸2. 

These methodologies have been used with increasing frequency to achieve very accurate 

thermodynamic data. Such methods include the Weizmann (Wn) methods10-12, the CBS 

methods13-15, the Gaussian-n (Gn) methods16-19, and the correlation consistent composite 

approach (ccCA) method20-23. 

(8)

Figure 2 – Composite Methodology Example 
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2.3  The Correlation Consistent Composite Approach (ccCA) 

ccCA, as a composite method, combines several computational methods in order to 

achieve chemical accuracy (~1 kcal mol-1 for main group species to experimental values) without 

requiring the significant investment in computational resources or time a single, highly accurate 

computation method would require20,23.  To achieve this goal, the ccCA energy is computed as 

the summation of single-point energies computed from minimum energy geometry calculated by 

the B3LYP density functional utilizing the 6-31G(2df,p) basis set.  The zero-point energy 

correction (ΔEZPE) is calculated by a scale factor of 0.989 to account for anharmonicity of the 

harmonic oscillator approximation. 

An initial reference energy calculation is performed using second-order Møller-Plesset 

Perturbation Theory (MP2) calculations using the correlation consistent basis sets first developed 

by Dunning.24 These basis sets exhibit a systematic approach to an asymptotic limit, the CBS 

limit, for an infinite number of one electron basis sets.24,25  This limit is a critical component of 

the ccCA methodology, as  extrapolation of the MP2 correlation energies to the CBS limit 

achieves one of the crucial steps towards the complete solution to the electronic Schrödinger 

equation by eliminating the need for an oppressively large basis set for accurate energies to be 

calculated.  Extrapolation schemes employed by the ccCA methodology use the augmented 

double-, triple-, and quadruple-ζ Dunning basis sets (aug-cc-pVDZ, aug-cc-pVTZ, and aug-cc-

pVQZ respectively) are as follows: 

The Peterson, Woon, and Dunning mixed-Gaussian function,26 

𝐸𝑋 =  𝐸𝐶𝐵𝑆
𝑐𝑜𝑟𝑟 +  𝐵𝑒−(𝑥−1) + 𝐶𝑒−(𝑥−1)2

;

the inverse (lmax
4) function,27 

(10) 
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𝐸𝑋 =  𝐸𝐶𝐵𝑆
𝑐𝑜𝑟𝑟 +

𝐵

(𝑙𝑚𝑎𝑥 + (1/2))
4 ; 

and the inverse (lmax
3) function, 

𝐸𝑋 =  𝐸𝐶𝐵𝑆
𝑐𝑜𝑟𝑟 +

𝐵

(𝑙𝑚𝑎𝑥)3
. 

In all functions, lmax corresponds the highest angular momentum number in the basis set 

functions.  The ccCA energies resulting from the Peterson et. al. mixed function (Equation 6) are 

denoted ccCA-P, where the energies resulting from the inverse lmax
4 and lmax

3 functions 

(Equations 7 and 8 respectively) are ccCA-S4 and ccCA-S3 respectively.  A fourth extrapolative 

scheme, ccCA-PS3, is the arithmetic mean of the ccCA-P and ccCA-S3 extrapolated CBS limit 

energies.  The use of the different extrapolation schemes has a marked effect on the total energy 

predicted by the ccCA methodology and will be discussed later.  For the Hartree-Fock energy 

extrapolation, the two-point linear exponential extrapolation scheme described by Halkier et. al 

is used at the augmented triple- and quadruple-ζ basis set level,28 

𝐸𝑋
𝐻𝐹 =  𝐸𝐶𝐵𝑆

𝐻𝐹 + 𝐵𝑒𝛼𝑥, 

where α is the “global” parameter of 1.63 and B is a parameter determined by fitting the energies 

to the extrapolation function.  The total CBS energy is defined as the sum of the MP2 correlation 

energy extrapolations and the Hartree-Fock energy extrapolation, 

𝐸𝐶𝐵𝑆 = 𝐸𝐶𝐵𝑆
𝐻𝐹 + 𝐸𝐶𝐵𝑆

𝑐𝑜𝑟𝑟. 

The CBS limit extrapolation only provides the CBS limit for the computational method 

used, and as such it is necessary to account for deficiencies in the method used if necessary by 

utilizing other methods.  Thus, the ccCA method utilizes a series of calculations to correct for the 

shortcomings of the MP2 method by using the MP2/CBS limit energy as the reference energy 

upon which corrections are applied.  

(12) 

(13)

(11) 

(14)
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In order to correct for the high-level correlation effects on the energy that MP2 fails to 

account for, the energies calculated with the coupled-cluster singles, doubles, and perturbative 

triples (CCSD(T)) and MP2 methods at the non-augmented correlation consistent triple-ζ (cc-

pVTZ) level are collected and the difference taken: 

∆𝐸𝐶𝐶 = 𝐸[CCSD(T)/cc − pVTZ] − 𝐸[MP2/cc − pVTZ] 

The MP2/CBS limit extrapolation is performed under frozen core conditions, where the 

core electrons are assumed to not be correlated, and as such do not take part in the energetic 

calculations.  The approximation is a useful time- and resource-saving measure, but an 

approximation nevertheless that must be accounted for.  To correct for this approximation, the 

core electrons are diminished from the largest noble gas core to the next-to-largest noble gas core 

(commonly denoted ‘FC1’) in an MP2 calculation utilizing the aug-cc-pCVTZ basis set.  

Second-row elements have all electrons correlated except for the 1s shell and third-row elements 

have all electrons correlated except for the 1s2s2p shells.  The difference in this calculation from 

a standard frozen-core MP2/aug-cc-pVTZ calculation is taken to be the core-valence correction: 

∆𝐸𝐶𝑉 = 𝐸[MP2(FC1)/aug − cc − pCVTZ] − 𝐸[MP2/aug − cc − pVTZ]

The Schrödinger equation is not a relativistic equation and the effect of projecting 

classical mechanics descriptions on non-classical particles results in an incorrect description of 

the nature of electrons and their interactions.  The effects of relativity, which are especially 

important in with heavy atoms such as transition metals, 29,30 are approximated using the one-

electron Douglas-Kroll-Hess (DKH) Hamiltonian with a corresponding triple-ζ basis set adjusted 

for use with the DKH relativistic effects (cc-pVTZ-DK) and the difference taken from a standard 

MP2/cc-pVTZ calculation: 

∆𝐸𝑆𝑅 = 𝐸𝐷𝐾𝐻[MP2/cc − pVTZ − DK] −  𝐸[MP2/cc − pVTZ]

(15)

(16) 

(17) 
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Finally, the interaction with the magnetic moment inherent to an electron with the 

magnetic field created with the orbit of an electron about the nucleus is accounted for by 

summing the contributions of each atom and denoted ΔEso.  The energies from equations 15-17 

are then added together to yield the ccCA energy for the system: 

𝐸𝑐𝑐𝐶𝐴 = 𝐸𝑀𝑃2/𝐶𝐵𝑆 + ∆𝐸𝐶𝐶 +  ∆𝐸𝐶𝑉 + ∆𝐸𝑆𝑅 + ∆𝐸𝑍𝑃𝐸 + ∆𝐸𝑆𝑂 

Application of the ccCA method to the G3/05 molecule set, a set of molecules with 

extensively research thermochemical data ranging in size from 2 to 26 atoms, in a benchmark 

study23 yielded a mean absolute deviation of all tested quantities of 1.07 kcal mol-1 for ccCA-P 

and ccCA-S4, 1.17 kcal mol-1 for ccCA-S3, and 1.01 kcal mol-1 for ccCA-PS3.  Closer analysis 

shows the contributions to the overall MAD demonstrate the dependence of the ccCA energy on 

the chosen are generally similar (~0.10 kcal mol-1) the reference energy extrapolation can still 

result in significant difference in the calculated energy.  The enthalpies of formation for 

hydrocarbon species in the G3/05 test set yield MADs of 1.53 kcal mol-1 at worst for the ccCA-P 

calculation and 0.98 kcal mol-1 at best for the ccCA-PS3 extrapolation, representing a difference 

of 0.55 kcal mol-1 due only to the difference in reference energy.  For all computed quantities in 

the study, ccCA-PS3 provided the best MAD with 1.01 kcal mol-1. 

Given the importance of the reference energy in the ccCA methodology, it is important to 

understand how the reference energy calculations contribute to the limitations of the ccCA 

method.  The primary limitation to the ccCA method is the computational resources required by 

the methods in use for larger systems.  MP2 scales formally as 𝑂(𝑛𝑜𝑐𝑐𝑁4) where 𝑛𝑜𝑐𝑐 is the

number of occupied orbitals and N is the number of basis functions, leading to a general scaling 

behavior of 𝑂(𝑁5) where N is the number of basis functions.31  CCSD(T) scales formally as

𝑂(𝑛𝑜𝑐𝑐
3𝑛𝑣𝑖𝑟

4) where 𝑛𝑜𝑐𝑐 is the number of occupied orbitals and 𝑛𝑣𝑖𝑟 is the number of virtual

(18) 
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orbitals, leading to a general scaling behavior of 𝑂(𝑁7) where N is the number of basis

functions.32  The scaling of the coupled-cluster method presents an obvious bottleneck, but the 

MP2 method at the aug-cc-pVQZ step also represents significant investment in time and 

computational resources that becomes rapidly demanding at large systems due to the size of the 

basis set. 

2.4  Correlation Consistent Basis Set Resource Consumption 

The computational resource requirements necessary for increasing ζ Dunning basis sets in 

single-point energy calculations in formaldehyde, carbon dioxide, and methanol were all studied 

using MP2 and CCSD(T) methods as implemented in the 2009.1 version of the MOLPRO 

quantum mechanics ab initio package33 at the cc-pV(D,T,Q)Z levels using 8 Xeon X5550 2.67 

GHz processors in serial on the UNT High Performance Computing TALON cluster.  The total 

computational CPU time and the maximum disk usage were recorded for each molecule at each 

basis set level. 
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Examining the progression of computational resources required (Figures 3,4), it is clear 

that the quadruple-ζ basis set represents a significant increase in both CPU time and disk 

compared to the double- and triple-ζ basis sets.  For all three systems, the quadruple-ζ step 

represents an average of 91% of total MP2 CPU Time and maximum disk usage, and an average 

of 92% of CCSD(T) CPU time and 90% maximum disk usage.  Within the ccCA framework, the 

MP2/aug-cc-pVQZ step is critical to maintaining the high accuracy of the ccCA method.  It is 

appealing, then, to find an alternative reference energy scheme that eliminates the need for a 

quadruple-ζ step altogether for the reference energy extrapolation while striving to maintain little 

loss in accuracy. 
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CHAPTER 3 

EXPLICIT CORRELATION IN WAVEFUNCTION METHODS 

3.1 Explicitly Correlated Methods 

The origin of explicitly correlated methods can be traced back to the early days of 

quantum chemistry to the developments of Slater,1 Hylleraas,2 and James and Coolidge3 in 

expanding the early quantum mechanics studies to the helium atom and the hydrogen molecule 

(H2).  Hylleraas’s ansatz wavefunction for his helium studies is as follows:2 

𝜓𝑁 =  𝑒−𝜁𝑠 ∑ 𝑐𝑛,2𝑙,𝑚𝑠𝑛𝑡2𝑙𝑢𝑚

𝑁

𝑛,𝑙,𝑚=0

where the coordinates are as follows: 

𝑠 =  𝑟1 + 𝑟2,    𝑡 = 𝑟1 − 𝑟2,    𝑢 =  |𝑟1 − 𝑟2| = 𝑟12

and r1, r2 are the spatial coordinates of electron 1 and 2 respectively.  The term r12 is the 

interelectron distance between electron 1 and 2 making the wavefunction explicitly dependent on 

the interelectron distance. 

Hylleraas’s wavefunction ansatz has a significantly different character from the 

wavefunction described by configuration interaction (CI):4

𝛹 = |𝜓〉
𝐶𝐼

= 𝑐0|𝜓〉 + ∑ 𝑐𝑎
𝑟

𝑟𝑎

|𝜓𝑎
𝑟.〉 + ∑ 𝑐𝑎𝑏

𝑟𝑠 |𝜓𝑎𝑏
𝑟𝑠 〉

𝑎<𝑏
𝑟<𝑠

+  … 

Where c is a weighted constant|𝜓〉 is a Slater Determinant for an N electron system:5 

|𝜓〉 = 𝜓(𝑥1, 𝑥2, … , 𝑥𝑁) =  (𝑁!)−1/2 ||

𝜒𝑖(𝑥1)  𝜒𝑗 (𝑥1)  …  𝜒𝑘(𝑥1)

𝜒𝑖(𝑥2)  𝜒𝑗 (𝑥2)  …  𝜒𝑘(𝑥2)
…          …                 …

𝜒𝑖(𝑥𝑁)  𝜒𝑗 (𝑥𝑁)  …  𝜒𝑘(𝑥𝑁)

||

(1) 

(2) 

(3) 

(4) 
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and 𝑥𝑖is the ith electron corrodinates, (𝑁!)−1/2is a normalization factor, and 𝜒𝑖is a one electron

spin orbital.  The Slater Determinant |𝜓𝑟
𝑎.〉 corresponds to a determinant where an electron from

an occupied spin orbital (an orbital with an electron, denoted by indices r,s,…) is placed in a 

virtual orbital (an orbital without an electron, denoted by indices a,b,…).    Unlike the Hylleraas 

wavefunction above where the total wavefunction is a summation of orbitals with weighted 

coordinate terms and interelectron distance dependence, the CI wavefunction is an 

antisymmetrical product of one electron orbitals with no dependence on interelectron distance. 

Hylleraas’s wavefunction has seen various applications since its introduction6-9 and 

Perekis7 and Schwartz6 were able to demonstrate nano-Hartree accuracy utilizing their modified 

Hylleraas-type wavefunctions.  A study performed by Klopper10 successfully demonstrated 

nano-Hartree accuracy using a Hylleraas type wavefunction where N = 0, 1, … 13, with nano-

Hartree accuracy occurring at N=13.  In the same study, Klopper reported on a previous study 

conducted by Carrol and Silverstone11 where the accuracy of a rigorous helium CI calculation 

demonstrated that the accuracy of the one-electron CI expansion can be related to the maximum 

angular momentum of the one-electron basis functions by the following approximate 

relationship: 

𝑙𝑚𝑎𝑥~ [
0.02467

(0.75𝜖)
]

1/3

− 1 

where lmax is the largest angular momentum quantum number in the basis set functions, and ε is 

the target accuracy (in Hartrees).  Using equation 5, it was determined that achieving nano-

Hartree accuracy in a CI-type expansion would require an lmax of approximately 320.11  This slow 

convergence is critical for Dunning correlation consistent basis sets, as their systematic nature 

results in a rapid increase in the number of basis functions as the  angular momentum increases 

as illustrated by the following relationship for first-row atoms:12 

(5) 
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𝑁cc−pVXZ =  
1

3
(𝑋 + 1) (𝑋 +

3

2
) (𝑋 + 2) 

which results in an X3 exponential growth of one-electron orbital functions in a Dunning basis set 

as lmax increases. 

To determine the source of this slow convergence in describing electron correlation, it is 

necessary to consider the nature of the electron as it interacts with another electron at short 

distance.  Returning to the description of the wavefunction as a function of the electron – nucleus 

distance (r1,r2) and the electron – electron distance (r12), we can write the time-independent 

Schrödinger equation as: 

�̂�𝜓𝑟1,𝑟2,𝑟12
= 𝐸𝜓𝑟1,𝑟2,𝑟12

In 1957, Kato determined that the behavior of the Schrödinger equation at zero interelectron 

distance:

{�̂�𝜓𝑟1,𝑟2,𝑟12
}

𝑟1=𝑟2=𝑟𝑐
= 𝐸𝜓𝑟𝑐,𝑟𝑐,0

is described as: 13 

lim
𝑟12→0

(
𝜕

𝜕𝑟12
)

𝑟12=0

=  
1

2
𝜓𝑟𝑐,𝑟𝑐,0

The above relationship, referred to as Kato’s electron cusp condition, cannot be described by 

configuration interaction or any one-electron orbital product wavefunction and is the source of 

the slow convergence inherent to one-electron orbital wavefunctions.  

The inclusion of explicitly correlated terms into a wavefunction that could be expanded 

beyond helium, helium-like atoms, and two-electron molecular systems, dubbed the “R12” 

approach, was first demonstrated by Kutzelnigg14 and later with collaboration with Klopper15 by 

including a linear r12 term into the one-electron product wavefunction:14,15 

(6) 

(7) 

(8) 

(9) 
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|𝛹〉
𝑅12 =

1

2
𝑟12|𝜓〉 + �̂�|𝜓〉 

where �̂� is an operator that expands the wavefunction as a CI-type wavefunction.  The total 

wavefunction for R12 theory is the sum of the one-electron function wavefunction and the basis 

functions constructed from the explicit correlation (the “geminal basis”).  Equation 10 can be 

rewriten: 

|𝛹〉
𝑅12 =

1

2
𝑟12|𝜓〉 + |𝜓〉

𝐶𝐼
 

where |𝜓〉
𝐶𝐼

 is the form of the one-electron orbital CI wavefunction.  The 
1

2
 term is necessary for 

the geminal basis to ensure Kato’s cusp condition is met.  The R12 methodology has proven 

useful in describing chemical systems that expand beyond two-electron systems, including 

neon,15-17 HF, water,15 lithium, and H2.
16  Extension to larger molecular systems, however, 

proved initially problematic primarily to the computational cost of the R12 methodology.  The 

source of this cost is the appearance of three- and four-electron integrals from the inclusion of 

the r12 term into the methods. utilizing unapproximated R12 wavefunctions in computations 

requires enormous computational time and resource investment even for the smallest of chemical 

systems.  Kutzelnigg and Klopper approached the problem of multi-electron integrals by 

implementing resolution-of-the-identity (RI) approximations into the R12 methods, which 

allowed for comparable scaling of their explicitly correlated methodologies with conventional 

MP2 methodlogies.18   

Further improvements to the explicitly correlated wavefunction can be performed by 

replacing the linear r12 term from equation (11) with the Gaussian type geminal term and the 

corresponding geminal basis: 

|𝛹〉
𝐺𝑇𝐺 =

1

2
𝑓12

(𝐺𝑇𝐺)|𝜓〉 + �̂�|𝜓〉 

(10) 

(11) 

(12) 
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Usage of the Gaussian functions better describes the interactions of electrons at long 

distance, and provides a much better description of the electron-electron cusp than a linear r12 

term.19,20  As described by Ten-no, though, the use of Gaussian functions in the geminal term 

was motivated in part due to the ease these functions may be solved using closed form algebraic 

functions.21  The added functions increase the computational time of the explicitly correlated 

method while other functions provide even better description of the wavefunction behavior at r12 

= 0.19,21  To remedy this, Ten-no introduced the Slater-type geminal (STG) term to provide better 

wavefunction description at short r12 distance:21 

𝑓12
(𝑆𝑇𝐺)

= −
𝑟𝑐

2
𝑒

(−
𝑟12
𝑟𝑐

)

The inclusion of the STG allows for a reduced computational cost from the Gaussian 

function inclusions while providing a better description of electron-electron interaction.  The use 

of the STG has been widespread and is the cornerstone of modern F12 (“function of r12”) 

methods employed that use the original R12 wavefunction description.22-25  The F12 explicitly 

correlated methodology has provided an accurate and flexible computational approach that has 

been expanded to include open-shell calculations,25-27 and density-fitting approximations for 

four-index two-electron integrals,28,29 leading to use in studies of highly accurate thermochemical 

studies,30-32 methyl radical reaction barrier calculations,33 hydrogen-bonded complexes,34 and 

vibrational frequency calculations.35 

3.2 Explicitly Correlated Methods in ccCA 

As previously stated, a major computational bottleneck for ccCA calculations is the 

computationally intensive MP2/aug-cc-pVQZ step in the reference energy extrapolation as the 

use of the large quadruple-ζ basis set is necessary to the ccCA approach.  The fast convergence 

(13) 
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of correlation energy in explicitly correlated methods suggests that there should be an acceptable 

two-point extrapolation scheme that will yield CBS limit energies using double- and triple-ζ 

basis sets. 

It is necessary, however, to analyze the computational cost of the potential explicitly 

correlated steps to be included in the ccCA framework to determine if reasonable computational 

savings can be made using only  aug-cc-pVDZ and aug-cc-pVTZ basis sets.  Using the same 

computational resources as the previous analysis on methanol, carbon dioxide, and formaldehyde 

(Section 4), the explicilty correlated method MP2-F123C as described by Werner et. al.23 under 

fixed diagonal conditions (FIX) where only diagonal terms of the wavefunction ansatz are 

calculated and the excitation amplitudes for singlet and triplet pairs of the explicitly correlated 

wavefunction are held as constants:21 

𝑇𝑖𝑗,𝑠𝑖𝑛𝑔𝑙𝑒𝑡 =
1

2

𝑇𝑖𝑗,𝑡𝑟𝑖𝑝𝑙𝑒𝑡 =
1

4

Using the fixed diagonal approach eliminates several possible sources of error common to 

explicitly correlated methods while providing only a minor loss in accuracy.54  In the first 

computational test, the Dunning cc-pVnZ (n=D,T,Q) basis sets were used for MP2 and MP2-

F123C(FIX) and Weigend’s cc-pVnZ/JKFIT RI (n=D,T,Q) optimized auxillary basis sets for the 

explicitly correlated method.37  The cc-pVnZ/MP2FIT basis sets of Weigend et. al  were used for 

the density fitting approximation to the two-electron integrals in the explicilty correlated 

calculations.38  In the second test, the optimized cc-pVnZ-F12 basis sets of Peterson et. al were 

used.39 

(14) 

(15) 
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Analyzing the results of these calculations (Figures 2,3), it is clear that the use of 

explicitly correlated wavefunctions in Møller-Plesset theory, even with RI-approximations and 

small system size, shows a significant increase in computational resources compared to a one-

electron wavefunction method.  For the triple-ζ steps, using the MP2-F123C(FIX) at the cc-

pVTZ-F12 level represents an increased factor of computational time of 21.13 for carbon 

dioxide, 14.56 for formaldehyde, and 10.82 for methanol and an increased factor of disk memory 

usage of 11.22 for carbon dioxide, 6.02 for formaldehyde, and 6.05 for methanol compared to 

MP2 at the cc-pVTZ level. 

However, comparing the total computational time at the double- and triple-ζ MP2-

F12/VnZ-F12 calculations to the double-, triple-, and quadruple-ζ MP2/VnZ calculations yields 

the following: 

CPU Time 

Maximum Disk 

Usage 

Molecule % Reduction % Reduction 

Methanol 6.1 62.2 

Formaldehyde -41.3 43.6 

Carbon Dioxide -79.6 -57.0 

As shown in Table 1, the maximum disk usage reduction for the calculation becomes significant 

with formaldehyde and methanol, as would be expected for the decrease in orbital functions in 

the calculation.  The CPU time reduction, however, does not become signficant until the system 

size has exceeded five atoms.  

The validity of this trend was tested using 24 molecules in the neutral ground state  and 

the doublet open-shelled systems.  For the open shelled systems, the RMP2-F12 method of 

Table 1 – Computational Resource Reduction;  MP2-F12/cc-pV(D,T)Z-F12  /  

MP2/aug-cc-pV(D,T,Q)Z 
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Knizia and Werner63 was used with the 3C(FIX) ansatz.  Calculations were performed at the aug-

cc-pVnZ (n=D,T,Q) levels of theory for MP2 and cc-pVnZ-F12 (n=D,T) levels for MP2-F12.  

As in the previous tests, the computations were performed with the methods as implemented in 

the 2009.1 version of the MOLPRO quantum mechanics ab initio package using 1 Xeon X5550 

2.67 GHz processors on the UNT High Performance Computing TALON cluster: 

Moleculea 

% Decrease 

– Max Disk

Usage 

% 

Decrease 

- CPU 

Time 

Molecule 

% Decrease 

– Max Disk

Usage 

% Decrease 

- CPU 

Time 

BCl3 71.07 38.94 Acrolein 90.00 80.43 

BCl3+ 54.27 -33.32 Acrolein+ 88.02 71.81 

C2F4 76.07 65.31 CH3Cl 90.54 68.01 

C2F4+ 59.87 7.59 CH3Cl+ 90.59 60.01 

BF3 76.69 60.11 AlCl3 68.48 15.75 

BF3+ 62.16 12.85 AlCl3+ 50.74 -35.23 

Benzene 90.03 93.13 AlF3 71.61 43.18 

Benzene+ 89.53 71.31 AlF3+ 54.19 2.60 

Styrene 90.07 89.65 PF3 73.06 44.85 

Styrene+ 88.46 61.67 PF3+ 76.52 35.47 

Phenol 89.50 88.18 PCl3 73.54 16.79 

Phenol+ 89.49 85.23 PCl3+ 66.75 -44.17 

TMS 92.61 91.51 POCl3 75.82 37.97 

TMS+ 92.60 81.94 POCl3+ 62.84 56.71 

SF6 77.19 70.16 Formamide 89.93 77.96 

SF6+ 66.04 1.02 Formamide+ 89.92 73.27 

Propene 92.70 85.67 Acetaldehyde 91.13 81.49 

Propene+ 92.69 78.36 Acetaldehyde+ 91.14 78.77 

Formic 87.93 70.08 SiF4 79.07 64.80 

Formic+ 82.25 62.62 SiF4+ 71.04 41.69 

2-propanol 92.35 75.78 SiCl4 74.25 47.11 

2-

propanol+ 92.35 61.53 SiCl4+ 68.63 17.63 

Propyne 91.42 81.24 Methylacetate 80.29 52.93 

Propyne+ 91.43 72.97 Methylacetate+ 87.58 64.33 

Average % Decrease CPU 

Time: 52.66% 

a '+' indicates Charge = +1, Spin = 1 
Median % Decrease CPU 

Time: 63.48% 



35 

b trimethylsilane 
Average % Decrease Disk 

Use: 80.09% 

Median % Decrease Disk 

Use: 84.92% 

As shown, the removal of the quadruple-ζ level step has a general result of lowering both 

CPU time investment and maximum disk memory usage in systems larger than four atoms in the 

MP2 methods.  The aromatic systems, benzene, styrene, and phenol, exhibit the expected 

diminshed CPU time and maximum disk memory usage, averaging 81.52% reduction (86.7% 

median)  in CPU time and 89.51% (89.52% median) reduction in maximum disk memory usage.  

Trimethylsilane and the corresponding cation doublet also demonstrate greater than 90% 

decrease in the resource use in both CPU time and disk usage.  Of interest is that the decreases in 

both CPU time and disk memory usage appear to exhibit sensitivity to halogen atoms.  The 

decrease in CPU times are much smaller for the MP2-F12 and RMP2-F12 steps in molecules 

containing fluorine and chlorine than non-halogenated species, or in the case of BCl3+, AlCl3+, 

and PCl3+, exhibit a greater CPU time requirement. 

CPU Time (s) 

VQZ VTZ VDZ 

Method Molecule MP2a HFb INTc MP2 HF INT MP2 HF INT 

MP2 BCl3 381.95 156.32 197.39 25.25 21.21 24.36 1.86 1.81 2.94 

BCl3+ 65.38 190.48 189.89 8.83 26.12 23.19 0.87 2.48 2.70 

MP2-F12 BCl3 290.86 39.94 47.08 101.09 8.44 9.02 

BCl3+ 404.03 55.98 49.09 152.10 10.04 8.77 

MP2 AlCl3 234.76 166.90 215.74 27.76 22.48 28.27 2.06 2.02 3.34 

AlCl3+ 71.85 229.24 213.70 9.67 28.20 26.86 0.97 2.90 3.34 

MP2-F12 AlCl3 326.64 51.35 60.49 131.84 9.55 12.70 

AlCl3+ 455.01 62.88 60.31 191.76 11.69 11.83 

MP2 BF3 280.43 134.31 136.65 21.77 15.69 15.38 1.44 1.21 1.20 

BF3+ 59.48 140.11 140.50 7.75 21.26 13.89 0.59 1.43 1.23 

Table 2 – Computational  Resource Reduction;  MP2-F12/cc-pV(D,T)Z-F12  /  

MP2/aug-cc-pV(D,T,Q)Z 
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MP2-F12 BF3   
 

  149.17 20.81 22.43 44.46 3.08 2.57 

  BF3+       209.81 29.80 22.39 67.79 4.23 2.59 

MP2 C2F4 2324.36 686.61 694.78 161.54 73.16 69.20 10.26 6.12 5.51 

 

C2F4+ 445.66 842.83 682.64 52.79 92.00 68.63 4.49 8.33 5.39 

MP2-F12 C2F4   
 

  891.29 122.72 102.24 251.54 19.13 11.44 

 

C2F4+   
 

  1302.80 150.08 102.83 447.21 21.38 11.38 

MP2 SF6 9493.64 1479.20 1560.87 430.43 192.14 159.69 26.04 12.01 12.00 

 

SF6+ 1167.02 2506.51 1684.24 170.46 245.30 160.76 11.62 26.45 12.24 

MP2-F12 SF6   
 

  2614.44 302.64 234.68 765.67 41.99 28.72 

  SF6+       3795.68 425.27 256.09 1330.12 84.22 32.11 

MP2 CH3Cl 92.97 90.56 118.09 8.22 9.88 9.88 0.40 0.54 0.74 

 

CH3Cl+ 29.61 131.64 125.30 2.79 14.20 10.67 0.19 0.92 0.79 

MP2-F12 CH3Cl   
 

  63.14 9.59 11.56 18.49 1.47 1.68 

 

CH3Cl+   
 

  73.74 13.66 11.52 23.71 2.15 1.58 

  
         

  

VQZ VTZ VDZ 

Method Molecule MP2a HFb INTc MP2 HF INT MP2 HF INT 

MP2 PF3 226.95 140.07 184.15 24.07 15.31 18.84 1.61 1.47 1.68 

 

PF3+ 72.02 194.26 184.95 8.53 27.13 19.09 0.77 2.02 1.70 

MP2-F12 PF3   
 

  200.39 29.61 33.80 65.56 4.87 4.47 

 

PF3+   
 

  284.06 41.94 33.68 101.52 6.45 4.55 

MP2 PCl3 273.35 187.80 248.42 30.05 26.14 32.96 2.53 2.97 3.74 

 

PCl3+ 76.17 205.40 245.12 10.81 32.02 31.23 1.08 3.29 3.61 

MP2-F12 PCl3   
 

  383.96 55.42 65.00 141.28 12.67 13.98 

 

PCl3+       498.21 66.65 68.42 216.49 15.06 12.83 

MP2 POCl3 1035.58 449.04 578.79 83.08 61.37 65.17 6.47 6.40 7.59 

 

POCl3+ 254.06 928.85 628.56 30.04 116.62 65.39 3.17 12.69 6.86 

MP2-F12 POCl3   
 

  826.61 122.80 134.01 294.92 21.49 22.79 

 

POCl3+       1212.61 221.75 134.45 520.13 50.26 23.41 

MP2 SiF4 807.36 345.45 408.16 69.94 43.74 42.87 4.84 3.50 3.60 

 

SiF4+ 196.06 421.27 462.98 24.99 59.40 44.54 2.05 6.33 3.61 

MP2-F12 SiF4   
 

  505.16 70.54 72.91 156.13 10.77 9.37 

 

SiF4+   
 

  731.47 115.35 74.26 257.45 19.16 9.54 

MP2 SiCl4 961.33 419.39 546.30 87.14 50.98 69.68 7.08 5.56 7.95 

 

SiCl4+ 290.81 580.89 626.52 30.03 70.70 73.05 3.10 7.75 8.11 

MP2-F12 SiCl4   
 

  927.64 117.05 153.54 354.73 28.11 30.63 

 

SiCl4+   
 

  1384.37 182.76 161.27 57.25 33.79 29.46 

MP2 AlF3 205.19 136.57 151.52 21.90 15.10 16.28 1.46 1.44 1.60 

 

AlF3+ 60.07 165.20 149.72 7.72 21.19 16.58 0.68 1.97 1.58 

MP2-F12 AlF3 

   

184.17 32.41 28.04 59.82 4.59 4.06 

 

AlF3+ 

   

246.07 39.44 28.83 89.71 5.64 3.99 

 

Table 3 – MP2 Computaional Contribution Breakdown;  two-electron integral  (INT), 

Hartree-Fock  (HF), MP2 CPU time reported in seconds for double-, triple-, and 

quadruple-ζ  
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The progression of the calculations in Table 3 captures two important points to 

understanding the low return of CPU savings for the species.  First, the cc-pVnZ-F12 basis sets 

make the integral evaluations and the Hartree-Fock SCF calculations considerably more 

computationally demanding than at the cc-pVnZ level due to the increased number of functions 

in the F12-optimized basis sets, which counterbalances the gains in CPU time from removing the 

quadruple-ζ integral and Hartree-Fock calculations. Second, the RMP2 and RMP2-F12 

calculations have opposite demands on CPU time compared to closed-shell MP2 acting on a 

singlet state of the same geometry and the effect is exacerbated when halogens are included in 

the molecules, which is further confirmed from examining the breakdown contributions of the 

non-halogenated species.  Extending this to larger systems, large open-shell halogenated 

chemical systems will be expected to exhibit a reduction in the CPU time and maximum disk 

usage in the calculations, but at reduced effectiveness. 

3.3 Explicitly Correlated Methods within ccCA 

Utililizing the explicitly correlated methods in the ccCA framework requires the 

examination of CBS limit requirements for such methods.  The rapid convergence of the 

explicitly correlated wavefunction demands a reexamination of the extrapolation character from 

correlation consistent basis functions.  As demonstrated by Klopper and Kutzelnigg, the 

wavefunctions based from R12 theory (and the F12 theory afterwards) converges to the CBS 

limit at 𝑙𝑚𝑎𝑥
-7 where X is the maximum angular momentum in the basis set (D=2, T=3, Q=4,…)

rather than 𝑙𝑚𝑎𝑥
-3 for one-electron product wavefunctions.18  Thus, the proposed extrapolation
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scheme used with explicitly correlated methods in ccCA is in similar form to the inverse 𝑙𝑚𝑎𝑥
-3 

extrapolation scheme: 

𝐸𝑋 =  𝐸𝐶𝐵𝑆
𝑐𝑜𝑟𝑟 +

𝐵

(𝑙𝑚𝑎𝑥)7
 

and utilization of the extrapolation scheme of 𝑙𝑚𝑎𝑥
-7 will be denoted ‘ccCA(F12)-S7’ within the 

framework of the ccCA methodology. 

 To determine the potential of the inclusion of explicitly correlated methods into the ccCA 

framework, the enthalpies of formation from the G2/97 test set41 without lithium, beryllium, 

magnesium, or sodium species will be examined as well as selected omissions.  Three S7 

extrapolations were  performed with explicitly correlated methodology. The double- and triple-ζ 

and the triple- and quadruple-ζ extrapolations were performed seperately with the Peterson F12 

optimized correlation consistent basis sets to compare the CBS limit reference energies and the 

associated mean absolute deviations (MADs).  The third extrapolation was performed with the 

unoptimized augmentend Dunning correlation consistent basis sets42,43 and RI basis sets to 

provide a comparison of extending explicitly correlated ccCA into elements with no associated 

optimized basis sets.  Furthermore, the CCSD(T)-F12a and UCCSD(T)-F12a methods of Knizia 

and Werner25 will be used to examine the robustness of the high-order correlation correction 

(∆𝐸𝐶𝐶).  In total there will be four additivity frameworks utilizing the S7 extrapolation scheme: 

 ccCA(F12) Framework:  ( ccCA(F12)-S7 ): 

𝐸𝑐𝑐𝐶𝐴(𝐹12) = 𝐸𝑀𝑃2−𝐹12/𝐶𝐵𝑆 + ∆𝐸𝐶𝐶 + ∆𝐸𝐶𝑉 + ∆𝐸𝑆𝑅 + ∆𝐸𝑍𝑃𝐸 + ∆𝐸𝑆𝑂 

Where ∆𝐸𝐶𝐶, ∆𝐸𝐶𝑉, ∆𝐸𝑆𝑅, ∆𝐸𝑍𝑃𝐸, ∆𝐸𝑆𝑂 remain as described in the ccCA methodology.  To 

examine the high-order correction, the following notation will be utilized: 

                                                 

 BF3, BCl3 omitted due to Molpro 2009.1 basis set input error associated with element ‘B’.  S2(S=2), O2(S=2), CH3, 

NH(S=2), SiH2 PH2, OS(S=2) omitted due to unresolved error for all ccCA calculations. 

(16) 

(17) 
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F12 double-ζ Correction (FDC) : 

∆𝐸𝐶𝐶(𝐷) = 𝐸[CCSD(T) − F12/cc − pVDZ − F12] − 𝐸[MP2 − F12/cc − pVDZ − F12] 

F12 triple-ζ Correction  (FTC): 

∆𝐸𝐶𝐶(𝑇) = 𝐸[CCSD(T) − F12/cc − pVTZ − F12] − 𝐸[MP2 − F12/cc − pVTZ − F12] 

 The MP2-F123C(FIX) and RMP2-F123C(FIX) methods are utilized for the reference 

energy extrapolation at the double-, triple-ζ levels and triple-, quadruple-ζ levels using the 

Peterson et al. optimized correlation consistent basis sets (cc-pVnZ-F12) and the triple-ζ 

auxiliary RI basis sets for use with the optimized atomic orbital set of Yousef and Peterson (cc-

pVTZ-F12/OPTRI).44  Desnity fitting was performed using the Wiegend cc-pVTZ/MP2FIT set. 

The ccCA(F12) approach measurement without Peterson F12-optimized basis sets utlized 

the double- and triple-ζ augmented correlation consistent basis sets (aug-cc-pV(D,T)Z) with 

Wigend’s triple-ζ MP2FIT and triple-ζ JKFIT RI auxilary basis sets for the density fitting and RI 

approximations, respectively.   

The F12 double- and triple-ζ corrections (FDC, FTC) are performed using the CCSD-

F12A3C(FIX) and UCCSD-F12A3C(FIX) using the optimized explicitly correlated atomic 

orbital basis sets and optimized auxiliary RI sets.  Density fitting is performed using Weigend’s 

cc-pVTZ/MP2FIT step. 

 

 

 

 

 

 

(17) 

(18) 
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ccCA 

Framework 
MSDa MADb STDc 

ccCA-P -0.82833 1.074567 1.431901 

ccCA-PS3 -0.36456 0.836344 1.165181 

CBS Basis Set 

CCSD 

Correction 

ccCA(F12)-S7 aug-cc-pV(D,T)Z - 1.288522 1.451212 1.720295 

ccCA(F12)-S7 cc-pV(D,T)Z-F12 - 1.131299 1.349757 1.610075 

ccCA(F12)-S7 cc-pV(D,T)Z-F12 FDC -2.80496 2.893058 3.511226 

ccCA(F12)-S7 cc-pV(D,T)Z-F12 FTC -0.77971 1.007888 1.360709 

ccCA(F12)-S7 cc-pV(T,Q)Z-F12 FTC -0.48902 0.846496 1.166411 

a Mean Signed Deviation 
b Mean Absolute Deviation 
c Standard Deviation 

 

Explicitly correlated MP2 theory provides a reasonably accurate reference energy as 

shown in Table 4.  Both methods using optimized F12 sets and unoptimized F12 sets yield 

MADs of less than 1.5 kcal mol-1 with double- and triple-ζ basis sets while maintaining a similar 

standard deviation to the ccCA-P and ccCA-PS3 schemes, suggesting a reasonable, if slightly 

overestimated, approximation to the ccCA reference energy. 

The F12 double-ζ correction severely underestimates the high-order correlation effects 

necessary for a correction to the ccCA reference energy, showing a MAD of ~3 kcal above 

experimental data and well above the acceptable MAD of 1 kcal mol-1 accuracy for main group 

species.  The use of a double-ζ basis set with coupled cluster methods is an appealing prospect, 

but it does not appear that accurate ccCA heats of formation can be ascertained for main group 

species using coupled cluster theory unless a minimum triple-ζ basis set is used.  The F12 triple-ζ 

Table 4 – ccCA Heats of Formation;  Mean absolute deviations (MAD), mean 

signed deviations (MSD), and standard deviations (STD) reported in kcal mol-1 
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correction, however, yields a heat of formation  MAD of 1.007 kcal mol-1, performing better than 

ccCA-P in MSD, MAD, and standard deviation.  The F12 triple-ζ correction combined with the 

triple- and quadruple-ζ reference energy extrapolation provides a MAD (0.85 kcal mol-1) and 

standard deviation (1.17 kcal mol-1) nearly identical to the ccCA-PS3 MAD (0.84 kcal mol-1) and 

standard deviation (1.17 kcal mol-1) 
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CHAPTER 4* 

EXPLICIT CORRELATION AND THE ccCA METHOD 

4.1  Introduction 

The rapid proliferation and maturation of ab initio techniques available for the study of 

molecular and atomic systems is one of the great successes of computational quantum chemistry, 

enabling the study of species that were unfathomable only a decade or two ago. However, 

significant hurdles remain that drive development of computational methodologies.  One 

limitation to the extension of commonly used single-reference computational methods to large 

chemical systems is the slow convergence of wavefunction-based methods utilizing atom-

centered one-electron basis set functions to the complete basis set limit.  This poor scaling is 

characteristic of wavefunction-based theories utilizing a configuration interaction expansion in 

one electron basis sets due to the poor description of the electron-electron cusp condition 

endemic to these one-particle basis set expansions.1  The first derivative of the wavefunction 

with respect to r12, the interelectron distance, is nonzero at r12=0 and this cusp cannot be easily 

reproduced with one-electron atom-centered basis sets, as very high angular momentum basis 

functions are required to properly characterize this behavior.2  This difficulty in describing the 

electron-electron cusp behavior results in the slow convergence of calculated chemical properties 

when using one-particle basis functions at a rate of (L+1)-3, where L is the maximum angular 

quantum number in the basis set.3  With the steep computational scaling in conventional ab initio 

quantum chemistry methods,  this convergence behavior imposes restrictions on the choices of 

* Reprinted from Andrew Mahler and Angela K. Wilson, “Explicitly Correlated Methods in the ccCA Methodology”

J. Chem. Theory Comput., 2013, 9 pp 1402–1407, with permission from American Chemical Society. 
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basis set quality and appropriately robust electronic correlation methods that are feasible within 

the limitations imposed by available computational resources.  

The problem of basis set convergence can be mitigated by inclusion of a term explicitly 

dependent on the interelectron distance r12 within the basis set expansion, which demonstrates a 

much more rapid convergence behavior of (L+1)-7 to the complete basis set limit.4,5  Early 

implementation of this explicitly correlated term into wavefunction-based ab initio theory was 

performed by Slater,6 Hylleraas,7 and James and Coolidge8 in early quantum mechanical studies 

of two-electron systems such as the helium atom and the hydrogen molecule (H2), but extending 

the use of explicitly correlated terms to larger molecular systems proved problematic due to 

computational limitations.  While basis set convergence was accelerated by using explicitly 

correlated terms, such terms require management of three- and four-electron integrals, which are 

significantly more computationally demanding compared to the two-electron integrals present in 

conventional one-particle basis set expansion methods. It was the introduction of the resolution-

of-the-identity (RI) approximation to these three- and four-electron integrals that allowed for 

second-order perturbation and coupled cluster methods that include terms explicitly dependent 

on r12 to be extended to chemical systems of a similar size as their conventional counterparts 

without significantly increased computational requirements.  The earliest of these 

approximations made use of the same basis set as the orbital expansion,9 but later approaches 

implemented auxiliary basis sets that removed the need for large atomic orbital basis set which 

were required to avoid errors with the RI approximation.10,11  The rapid convergence behavior of 

explicitly correlated coupled cluster and second-order perturbation theory with correlation 

consistent basis sets typically yields energies of a quality that would require a basis set one Lmax 

larger in a conventional method, and as such has seen adoption in molecular thermochemical 
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research.12-15  Explicitly correlated coupled cluster methods used in calculating both anharmonic 

and harmonic vibrational frequencies in chemical systems with basis sets as low as aug-cc-pVTZ 

have been reported previously, with accuracy exceeding those of conventional coupled cluster 

calculations using aug-cc-pVQZ basis sets.16  Similar results were found by Feller et. al. in the 

examination of atomization energies of fluorine-containing hydrocarbons, where explicitly 

correlated coupled cluster demonstrated results with a quadruple-zeta basis set comparable to a 

conventional coupled cluster method with a sextuple-zeta basis set.17   Basis sets for explicitly 

correlated methods have also been introduced that have been reoptimized for use within 

explicitly correlated methodologies,18-20 and show improved performance over non-optimized 

basis sets.13 

Increasing the basis set convergence rate is only one of many methods to have been 

introduced to reduce the computational resource costs of ab initio correlated methods. Other 

examples include local methods,21 hybrid quantum mechanics/molecular mechanics (QM/MM) 

approaches,22-24 and composite methods. In particular, composite methods, or “model 

chemistries”, are methods that describe chemical properties through multiple theoretical 

calculations rather than a single, highly robust theoretical method.  Computational costs are 

saved by implementing multiple, less computationally expensive theoretical calculations to 

replicate results that would, in principle, be achieved with a much more sophisticated, albeit, 

more computationally expensive method.  Composite approaches typically incorporate effects 

such as core-valence interactions, relativistic effects, and spin-orbit coupling, which can have 

significant impact on the energetic properties of molecules and atoms. 

Examples of composite methods include the Feller-Peterson-Dixon (FPD),25-27 

Weizmann (Wn),28-30 complete basis set (CBS), 31-33 Gaussian-n (Gn),34-37 multi-coefficient 
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composite (MCCM),38-42 and HEAT.43,44 methods. The performance of these model chemistries 

is often analyzed against molecular sets with extensively studied gas-phase thermochemical data 

from experiment such as enthalpies of formation, ionization potentials, proton affinities, and 

electron affinities.  The Gn, and CBS model chemistries have demonstrated chemical accuracy 

(MAD from experiment of approximately 1.0 kcal mol-1 for main group species) across a wide 

range of main group organic and inorganic species, and the Wn and HEAT methods have 

demonstrated accuracies below a MAD of 1.0 kJ mol-1.  The mitigation of electron correlation 

and basis set incompleteness effects differ widely among the model chemistry approaches, such 

as Gn relying on empirical corrections and the Wn and HEAT methods relying on 

computationally demanding coupled cluster methods that prevent their use in large chemical 

systems.  

Our laboratory’s own model chemistry, the correlation consistent Composite Approach 

(ccCA),45,46 uses the systematic convergence behavior of the correlation consistent basis sets first 

developed by Dunning,47 to strive towards possible chemical accuracy via an all-electron 

coupled cluster calculation at a significantly reduced cost while simultaneously eschewing the 

need for parameterization required in the Gn methods.  The ccCA methodology has been used 

effectively for main group species,46 s-block compounds,48 first-row transition metals,49,50,51 and 

second-row transition metals.52  Recently, the resolution-of-the-identity (RI) approximation was 

applied to the ccCA methodology, demonstrating significant reduction in the computational 

resources required with no significant loss of accuracy.53 

Despite this success, computational bottlenecks in ccCA still occur as in all ab initio 

methodologies and further reduction of the computational cost of the steps comprising ccCA is 

of great interest.  The primary computational bottleneck encountered in the ccCA methodology is 
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the computationally intensive CCSD(T) theory54  used to calculate high-order correlation effects 

due to the formal scaling of CCSD(T) as O(nocc
3nvir

4), where nocc is the number of occupied 

orbitals and nvir is the number of virtual orbitals.  A second computational bottleneck is found in 

the MP2 calculation utilizing the aug-cc-pVQZ basis set. The formal computational scaling of 

the MP2 method is O(noccN
4), where nocc is the number of occupied orbitals and N is the total 

number of basis functions,55 but the number of functions in an augmented correlation consistent 

basis set grows according to the maximum angular quantum number,56 

Naug-cc-pVXZ = 0.33(Lmax + 1)( Lmax + 1.5)( Lmax + 2) + (Lmax + 1)2,                     (1) 

where N is the number of basis functions and Lmax is the maximum angular quantum number in 

the basis set.  The rapid increase in the number of basis functions as the quality of the basis set 

increases leads to undesirable scaling of computational resources in the ccCA methodology, 

making explicitly correlated methods utilizing smaller basis sets a highly appealing potential 

alternative to the computational bottlenecks present in the ccCA methodology by removing 

dependence of the ccCA methodology on CCSD(T) and second-order perturbation methods 

relying on cc-pVTZ and aug-cc-pVQZ basis sets, respectively.  

In this paper, both second-order perturbation theory and coupled cluster methods with 

explicitly correlated wavefunction descriptions and small basis sets have been considered for use 

within ccCA for main group species, the computational bottlenecks associated with this 

methodology and potential modifications to the ccCA methodology using explicitly correlated 

methods are presented as well as the analysis of the computational bottlenecks, the accuracies of 

ccCA with explicitly correlated modifications, and CPU time savings due to these modifications. 
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4.2  Methodology 

The ccCA method combines several computational techniques to approach the energy 

that would be achieved in principle by an all-electron CCSD(T) calculation with a relativistic 

two-component Douglas-Kroll-Hess Hamiltonian at the complete basis set limit (ae-CCSD(T)-

DK/aug-cc-pCV∞Z-DK). The recommended ccCA formulation for main group species, 

available in previous work,46 is based upon an optimized geometry performed at the B3LYP/cc-

pVTZ level of theory and a theoretically determined frequency scaling factor of 0.989 applied to 

the calculated harmonic zero-point energy (ΔEZPE) and thermal enthalpy corrections.  From the 

calculated geometry, an extrapolated CBS energy is determined at the MP2 level of theory (ERef), 

followed by a series of additive single-point calculations to account for high-order correlation 

(ΔECC), scalar-relativistic effects (ΔESR), core-valence interactions (ΔECV), and spin-orbit 

coupling (where applicable) (ΔESO) that yield the total ccCA energy (EccCA): 

EccCA = ERef + ΔECC + ΔECV + ΔESR + ΔEZPE + ΔESO.                              (2) 

For use with explicitly correlated methods in the ccCA methodology, two extrapolation 

schemes have been chosen.57,58 The first scheme is the Lmax
-7 extrapolation first proposed by 

Yamaki et. al. based on the theoretical (Lmax+1)-7 convergence behavior of explicitly correlated 

wavefunctions in a configuration interaction type expansion,59  

E(n) = ECBS + B(Lmax)
-7,                                            (3) 

where ECBS is the complete basis set energy, E(n) is the energy associated with the n-zeta basis 

set, and Lmax is the maximum angular momentum quantum number associated with the n-zeta 

basis set.  The authors reported two point CBS limit extrapolations with explicitly correlated 

second-order perturbation theory that approximated a conventional second order perturbation 

theory extrapolation with basis sets of an Lmax number one larger than those used in the explicitly 
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correlated methods.  More recent work by Hill et. al.,60 however,  demonstrated that for small 

molecules,  the double-, triple-, and quadruple-zeta basis sets may not have enough basis 

functions of sufficient angular momentum to exhibit the theoretical (Lmax+1)-7 convergence 

behavior of explicitly correlated wavefunctions.   Thus, a second extrapolation scheme based on 

this apparent convergence behavior for low Lmax cardinal number basis sets was also used, 

E(n) = ECBS + B(Lmax)
-4,                                           (4) 

in light of the number of small molecules present in our chosen molecule set.  The ccCA energies 

calculated from these correlation energy extrapolation schemes are referred to as ccCA-F12-S7 

and ccCA-F12-S4 for Equations 3 and 4 respectively from this point forward. 

 Modification of the ccCA framework to include explicitly correlated coupled cluster 

methods for electron correlation beyond second-order perturbation theory is performed by 

replacement of the methods in Equation 7 with their explicitly correlated analogs: 

ΔECC =E[CCSD(T)-F12/VDZ-F12] – E[MP2-F12/VDZ-F12]      (5) 

Equation 5 will be referred to as the double-ζ correction from this point forward to distinguish 

the calculation from the conventional ΔECC expression. 

The MP2-F12/3C and RMP2-F12/3C methods developed by Knizia and Werner61 were 

used as replacements for the conventional MP2 and RMP2 theories used to calculate ccCA 

correlation reference energies. The coupled cluster methods used in the double-ζ correction were 

the CCSD(T)-F12x and UCCSD(T)-F12x (x = a,b) methods developed by Adler, Knizia, and 

Werner.62,63  Both CCSD(T)-F12 approaches are nearly identical in their approximations except 

for an addition energy correction included in the F12b approach.  The inclusion of the additional 

correction has been shown to provide monotonic convergence of the F12b approach to the 

complete basis set limit with increasing basis set size, but the F12a approach generally provides 



 

53 

 

better total energies, dissociation energies, and bond lengths than F12b with correlation 

consistent basis sets of double- or triple-zeta quality.64   Both coupled cluster and perturbation 

theory calculations were performed under fixed diagonal conditions. The VDZ-F12 and VTZ-

F12 optimized basis sets16,17 and the matching optimized auxiliary basis sets19,65  developed by 

Peterson et. al. were used in the explicitly correlated calculations and density fitting 

approximations were made using the cc-pVTZ/JKFIT sets of Weigend.66  In this work,  analysis 

of the CPU resource usage and modifications to the ccCA methodology using explicitly 

correlated methods was performed by application of the methodology to the 148 enthalpies of 

formation (ΔHf) values in the G2/97 molecule set.34  All DFT geometry optimizations were 

performed using the Gaussian03 quantum chemistry package,67 while all other calculations, 

including calculations using explicitly correlated methods, were performed using version 2009.1 

of the MOLPRO quantum chemistry package.68 ΔHf of Li2, LiH, LiF, BeH, Na2, and NaCl were 

not included in the following calculations due to a lack of chosen density-fitting sets available by 

default in the MOLPRO package.  In total, 142 of the 148 ΔHf contained in the G2/97 test set 

were analyzed. 
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Figure 1.  Percentage of total ccCA correlation energy CPU time by component.  “Other” 

includes all correlation  energy calculations of < 10% total CPU time each 

 

4.3  Results and Discussion 

4.3.1  Large Basis Sets and ccCA 

Within ccCA, the most computationally costly step is the MP2/aug-cc-pVQZ calculation. 

To illustrate, for pyridine, the MP2/aug-cc-pVQZ calculation requires well over one-half of the 

total CPU time required for the ccCA energy calculation (after the geometry optimization). This 

is illustrated in Figure 1.  To further illustrate the relative computation costs, eleven of the largest 

molecules within the G2/97 set have been considered.  The relative computational requirements 

is similar to those demonstrated by pyridine, with the MP2/aug-cc-pVQZ computational step 

requiring greater than 50% of the total CPU time invested in the ccCA calculations.  

Furthermore, as the number of atoms increases in the molecules, the CPU time required by the 



 

55 

 

MP2/aug-cc-pVQZ calculation does not show a corresponding decrease in favor of the 

CCSD(T)/cc-pVTZ calculations.  The effects of the aug-cc-pVQZ  

 

ccCA Scheme 
Mean Signed  

Deviation 

Mean Absolute  

Deviation 

Maximum  

Deviation 

ccCA-P -0.83  1.07  4.29 

ccCA-PS3 -0.36  0.84  4.56 

ccCA-F12-S7 0.63  1.05  3.98 

ccCA-F12-S4 0.15  1.02  4.89 

    

Table 1.  Enthalpy of Formation Comparison:  Enthalpies of formation in the G2/97 set between 

conventional ccCA schemes and explicitly correlated schemes.  Values are in kcal mol-1 

 

basis set in ccCA calculations become more pronounced for the largest of the molecules; 

trimethylamine (79%), trans-butane (71%), and isobutane (72%).  When there are fewer basis 

functions in aug-cc-pVQZ, the resource usage is slightly less pronounced, as demonstrated by 

slightly smaller molecules such as pyrrole (67%), pyridine (60%), acetamide (64%), and 

dimethylsulfoxide (63%). 

 

4.3.2  Explicit Correlation in ccCA Reference Energies 

The results of the replacement of conventional MP2 with augmented double-, triple-, and 

quadruple-zeta basis sets within ccCA with explicitly correlated MP2-F12 utilizing double- and 

triple-zeta basis sets on the predicted enthalpies of formation are shown in Table 1.  Both ccCA-

F12-S7 and ccCA-F12-S4 extrapolation schemes yielded MADs comparable to the ccCA-P and 
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ccCA-PS3 schemes.  The maximum deviations in the ΔHf’s from experiment, also shown in 

Table 1, are similar for both conventional and explicitly correlated ccCA, further indicating that 

the inclusion of F12 within the MP2 steps of ccCA provides a suitable approximation.   Though 

these maximum deviations are 3-4 kcal mol-1,  

Figure 2.  Percentage of total ccCA correlation energy CPU time required by MP2/aVQZ in 

select molecules. 
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Figure 3.  Percent CPU savings with alternative explicitly correlated extrapolation scheme 

it is anticipated from prior studies on the prediction of enthalpies of hydrocarbons using 

composite schemes including ccCA that a homodesmic (or better) scheme will reduce this 

deviation, as compared with the atomization energy approach that was used not only for 

simplicity, but also because it is the most widely used approach for the determination of 

ΔHf’s.69,70  Of interest is that the ccCA-F12-S7 and ccCA-F12-S4 ΔHf’s yield nearly identical 

MADs, but show different bias.  Both explicitly correlated schemes yield overestimations of the 

G2/97 enthalpies of formation while the conventional ccCA-P and ccCA-PS3 schemes 

underestimate these quantities. 
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4.3.3   CPU Time Analysis 

The comparison of CPU time savings from the removal of the MP2 calculation with the 

quadruple-zeta level basis set is shown in Figure 3 for the same set of molecules as shown in 

Figure 2.  Overall, the omission of the MP2/aug-cc-pVQZ step in the determination of the MP2 

reference energy in ccCA yielded a 58% reduction in CPU time required, with significant 

savings for trimethylamine (74% reduction), dimethylamine (71% reduction), and isopropyl 

alcohol (76% reduction).  Both dimethylacetylene and pyrrole, though, do not show such a 

dramatic decrease in CPU time despite the significant CPU time requirements exhibited by these 

molecules the MP2/aug-cc-pVQZ in the conventional ccCA correlation energy computation, 

71% and 67% respectively; the time savings using explicitly correlated methods was only 46% 

and 43% respectively despite a similar contribution to the overall ccCA CPU time requirements 

for these molecules compared to trimethylamine, dimethylamine and isopropyl alcohol. In the 

pyrrole calculations, the MP2-F12/VTZ-F12 step represents a five-fold increase in computational 

effort compared to the MP2/aug-cc-pVTZ step in the conventional ccCA calculations, offsetting 

the gains in CPU time made through removal of the MP2/aug-cc-pVQZ calculation.  In 

comparison, the CPU time increase from MP2/aug-cc-pVTZ to MP2-F12/VTZ-F12 is only a two 

fold increase in the calculations on trimethylamine, and as a result the CPU time savings are far 

more significant.  Similarly, trans-butane and isobutane have nearly the same percentage of CPU 

time consumed by the MP2/aug-cc-pVQZ calculation (71% and 72%, respectively), but the 

savings upon replacing the conventional MP2 methods with MP2-F12 are not similar (55% and 

67% respectively).  Analysis of the CPU time contributions shows that the MP2-F12/VTZ-F12 

computation in trans-butane results in a 3.5-time increase over the MP2/aug-cc-pVTZ 

computation it replaces in the reference energy calculation.  In isobutane, the MP2-F12/VTZ-F12 
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computation represents only a 1.8-time increase in CPU time over the MP2/aug-cc-pVTZ 

computation. 

 

ccCA Scheme 
Mean Signed  

Deviation 

Mean Absolute  

Deviation 

Maximum  

Deviation 

(x = a)   
 

ccCA-F12-S7 -3.17 3.21 
9.42 

ccCA-F12-S4 -3.66 3.68 
10.39 

(x = b)   
 

ccCA-F12-S7 -4.97 4.97 
12.45 

ccCA-F12-S4 -5.45 5.45 
13.41 

 

Table 2.  Enthalpy of Formation Comparison: Enthalpies of formation in the G2/97 set using the 

high order correlation correction (CCSD(T)-F12x) with the newly introduce explicitly correlated 

schemes.  Values are in kcal mol-1. 

 

4.3.4 Explicit Correlation in ΔECC 

The replacement of the CCSD(T)/cc-pVTZ step within ccCA with CCSD(T)-F12/VDZ-

F12 (using a double-zeta ΔECC correction rather than a triple-zeta ΔECC correction) was also 

considered for both ccCA-F12-S7 and ccCA-F12-S4, and the results are shown in Table 2.  The 

CCSD(T)-F12a approach provides better results in the ccCA framework in calculating ΔHf with 

the VDZ-F12 basis set when compared to the CCSSD(T)-F12b approach, but the application of 

the double-ζ ΔECC correction utilizing either CCSD(T)-F12 approach introduces significant 

errors, in excess of 3.0 kcal mol-1 MAD and 10 kcal mol-1 maximum deviation from 

experimental values for both ccCA-F12-S7 and ccCA-F12-S4 methodologies.  These findings 
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are consistent with the results from a previous calibration study performed on C2 and other 

selected small hydrocarbon molecules which utilized the two CCSD(T)-F12 approaches in 

combination with the VnZ-F12 basis sets.64   This earlier study showed that while CCSD(T)-

F12a/VDZ-F12 calculations provided total energies in much closer agreement with extrapolated 

CCSD(T)/CBS energies than those calculated with CCSD(T)-F12b/VDZ-F12, significant errors 

from the calculated CCSD(T)/CBS total energy still occurred, with a minimum error of 1.88 kcal 

mol-1 calculated for the CH molecule up to a maximum error of 18.2 kcal mol-1 for C6H14.
64   

Thus, though the ccCA-F12 framework enables a reduction in the levels of basis sets needed 

within ccCA-F12 as compared with conventional MP2, this is not at all the case for ΔECC,  as the 

CCSD(T)-F12/cc-pVDZ-F12 can not be used as a rigorous replacement for CCSD(T)/cc-pVTZ, 

despite the faster convergence of the former.    

 

4.4 Conclusions 

Explicitly correlated methods were considered as a means to reduce the computational 

cost of ccCA. Conventional MP2 calculations with double-, triple-, and quadruple-zeta basis sets 

used in calculating the ccCA reference energy were replaced with explicitly correlated MP2 

calculations with double- and triple-zeta basis sets only.  When the reference energy arising from 

explicitly correlated MP2 replaces the reference energy obtained using conventional MP2 

calculations a MAD of 1.0 kcal mol-1 for ΔHf’s was obtained for the G2/97 molecule set, a MSD 

of less than 1.0 kcal mol-1 was obtained, very similar to the results of conventional ccCA. The 

removal of the quadruple-zeta basis set from the ccCA reference energy calculation further 

results in a significant reduction of the CPU time required in the ccCA-F12 methodology.  The 

use of explicitly correlated coupled cluster with a double-zeta basis set was also investigated to 
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determine its potential utility as an alternative to the use of CCSD(T)/cc-pVTZ within ccCA.  

However, this replacement resulted in a significant loss of accuracy. 

Our findings show that explicitly correlated methods show great promise in offering new 

alternatives to conventional ab initio composite methodologies by reducing the associated 

computational costs.  Implementing these methods into the ccCA reference energy will enable 

the extension of ccCA to larger chemical species. 
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CHAPTER 5‡ 

CORRELATION CONSISTENT BASIS SETS: In-Xe 

5.1  Introduction 

Since the birth of quantum chemistry, accurate treatment of the wavefunction in quantum 

chemistry has remained at the core of many fundamental challenges to successful theoretical 

models of molecules.  Wavefunctions must not only correctly describe the interactions of the 

electrons and nuclei within chemical species; they must also provide theoreticians with insight 

into the underlying physical processes that govern these interactions.   

To that end, the treatment of molecular wavefunctions as one-electron orbitals comprised 

of linear combinations of atomic orbitals (LCAO), first pioneered by Linus Pauling1 and John 

Edwards Lennard-Jones2, has become the most popular and widespread method of describing 

wavefunctions in chemical theory3.  The atomic orbital functions used in the LCAO 

approximation, called basis functions, are functions describing the interactions with a single 

electron around a specific atomic nucleus, forming a set of functions unique to each element on 

the periodic table. 

Of these one-electron functions, basis sets containing Gaussian-type functions to describe 

their electron-nuclear interactions have become extremely widespread and popular for chemical 

theory calculations.  The functions, introduced as a basis set for chemical theory by Boys4, have 

analytical solutions for the two-electron integrals required by the Hamiltonian, and thus require 

considerably fewer resources in terms of memory and CPU time for calculations using these 

functions.  However, while the analytical solutions available for the computation of the two-

                                                 
‡ Reprinted from Andrew Mahler and Angela K. Wilson, “Correlation consistent basis sets for the atoms In-Xe”  J. 

Chem. Phys., 2015, 142, 084102, with permission from AIP Publishing. 
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electron integrals in Gaussian functions allow for the analysis of much larger chemical systems, 

the ab intio solutions to these integrals require multiple iterations, leading to exponential 

requirements for computational resources so that the maximum number of Gaussian functions for 

a given calculation is limited by the available resources.  These limitations have led to the 

development of numerous basis sets, which are constructed by a wide variety of methodologies 

and with an equally wide variety of goals for accuracy and efficiency, examples of which include 

the Pople-stlye sets5-7, the Karlsruhe basis sets8, 9, and the atomic-natural orbital (ANO) basis 

sets10, 11. 

The primary factor dictating the size and construction of basis sets are the correlation 

functions contained within each basis set.  Correlation functions, which are diffuse atomic orbital 

basis functions can be divided into two classifications:  low- and high-angular moment functions.  

High angular momentum functions are those functions that are not occupied in the isolated 

ground atomic state, (i.e. d, f, g, … functions for a carbon atom), whereas low angular 

momentum functions are diffuse functions that contribute to the Hartree-Fock ground atomic 

state, but primarily contribute to post-Hartree-Fock calculations. Correlation functions, 

especially high angular momentum correlation functions, are vital to constructing an adequate 

virtual space for post-Hartree-Fock methods to provide accurate results for electron-electron 

interactions12.  However the inclusion of these high angular momentum functions greatly 

increases the number of functions that must be considered in correlation energy calculations, and 

the computational resources required for such calculations.   

The correlation consistent basis sets, first introduced by Dunning 13, have become some 

of the most widely used basis sets for wavefunction-based ab initio computational methods, used 

in many thousands of studies across a broad spectrum of chemistry.  The success of these basis 
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sets can be attributed to their construction, which systematically eliminates computational errors 

arising from basis set incompleteness in both the Hartree-Fock and post-Hartree-Fock states.  

This is achieved by the establishment of a hierarchy of correlation consistent basis sets where 

increasing basis set completion is achieved by the expansion of the Hartree-Fock and correlation 

function sets.  These attributes have encouraged the development of correlation consistent basis 

sets for atoms hydrogen through krypton in their original form, as well as variations on the 

original correlation consistent basis set framework for these same atoms.   Common variations 

include sets with diffuse functions14, sets optimized for the inclusion of core-core and core-

valence electron correlation15,16, sets for use with the quasi-relativistic Douglas-Kroll-Hess 

(DKH) Hamiltonian17, and sets reoptimized for use with explicitly correlated methods18.  The 

generous availability of these basis set resources, however, does not extend past krypton, and the 

5p element block, indium through xenon, has only a few available correlation consistent variants 

that have been developed thus far.  

Before discussing these elements, though, it is useful to examine the construction of the 

correlation consistent basis sets and the properties exhibited by these sets that have resulted in 

their widespread adoption throughout theoretical chemistry.  The construction of these basis sets, 

and their numerous variants, is centered on a layered addition of correlating functions onto a base 

set composed of Hartree-Fock primitive functions.  For a double-ζ basis set for the first row 

main-group atoms, a single s, p, and d correlation function is added to a Hartree-Fock set 

containing s and p Gaussian functions; a second s, p, d, function are added for a triple-zeta basis 

set along with a single and f function, and so on.  The layering of these functions to create larger 

and larger basis sets has several useful properties.  First, the methodology creates basis sets that 

recover both correlation and Hartree-Fock energies while minimizing the number of functions 
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necessary to describe chemical systems, making the basis sets compact and thus minimize 

computational resources.  Second, the methodology provides a clear, systematic approach to 

basis set construction throughout the periodic table. 

Finally, but perhaps most critically, the systematic recovery of the Hartree-Fock and correlation 

energies with this approach to the addition of correlation functions results in molecular 

properties such as bond lengths and dissociation energies calculated from the correlation 

consistent basis sets converging towards an asymptotic limit as the basis set size increases.    

This limit corresponds to a basis set with an infinite number of functions, referred to complete 

basis set (CBS) or an infinite basis set. Due to the the consistent asymptotic approach towards 

this CBS limit by the correlation consistent basis sets, the solutions to chemical properties can be 

extrapolated from the solutions from calculations using correlation consistent basis sets19-21, 

removing the error in ab initio calculations arising from an incomplete basis set.  Thus, at  
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Figure 1.  Correlation Consistent Basis Set Convergence Behavior: An example of the 

convergence behavior of the correlation consistent sets towards the CBS limit is shown.  The 

difference between the CBS Limit and the exact solution is due to intrinsic error in the method 

used to calculate the chemical properties. 

 

this theoretical CBS limit, the only remaining error in a correlated wavefunction calculation is 

the error intrinsic to the computational method used in the calculation.  An illustration of this 

behavior can be seen in Figure 1. 

The development of correlation consistent basis sets is a vital step in the pursuit of 

effective quantum chemistry models for systems including atoms with atomic numbers greater 
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than 36 (krypton).  Previous work on the development of correlation consistent basis sets for 

heavier atoms has been limited, and for the 5p elements, basis set work has thus far been 

restricted to pseudopotential-based sets22, 23 and the recently published all-electron cc-pVnZ-DK 

sets for use the 5p and 6p elements (In-Xe, Th-Rn) and the DKH Hamiltonian24.  However, the 

cc-pVnZ-DK sets use large numbers of functions within each Gaussian function contractions 

(193 functions for the 5p atom cc-pVnZ-DK set alone), which can result in considerable 

computational resources demands when uncontracted basis sets are required.  Such 

uncontractions are common in the DKH approach, where the basis set is uncontracted during the 

DKH integral evaluations, but may also occur for density-fitting or resolution-of-the-identity 

calculations using the atomic orbital basis.  In addition, the basis set superposition error (BSSE) 

for molecules is an ever-present source of error in molecular calculations using one-electron 

basis sets.  While the counterpoise correction is a commonly employed approximation of the 

BSSE, a more systematic alternative to the correction is to recontract the basis sets around the 

molecules, rather than use atomic contractions as is commonly employed.  Such contractions, 

however, would require Hartree-Fock calculations using the fully uncontracted basis set. 

For these reasons, we have elected to construct new, non-relativistic all-electron 

correlation consistent basis sets for the 5p elements.  Such basis sets not only demonstrate 

systematic convergence towards the CBS limit, but also preserve the design methodology of the 

correlation consistent basis set framework with regard to keeping the primitive Gaussian 

functions to a minimum.  In this work, we have extended the available all-electron valence 

correlation consistent basis sets (cc-pVnZ) for the 5p atoms that are appropriate for ab initio 

electron correlation methods.  We detail the methodology for the construction of these sets in 
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Section 2 and gauge the sets against the bond lengths and dissociation energies of several 

diatomic species in Section 3.  

5.2 Methodology 

5.2.1  Computational Details 

The MOLPRO suite of quantum chemistry software was used throughout this work25.  

All atomic and molecular orbitals were symmetry equivalent and spherical harmonic functions 

were employed throughout the calculations.  All optimizations were performed with the BFGS 

method and an orbital gradient threshold of 1x10-6 and an SCF energy convergence threshold of 

1x10-10 hartrees.  The general contraction scheme developed by Rafnetti was also employed26. 

Configuration interaction with single and double excitations (CISD) was used for post-Hartree-

Fock correlation calculations.  For open-shell molecules and atoms, restricted open-shell 

Hartree-Fock and CISD (ROHF, RCISD) methods were employed. 

For the reference calculations, the coupled cluster approach with single, double, and 

perturbative triple excitations (CCSD(T)) was utilized for geometry optimizations and total 

energies.  The selected diatomic molecules were compared against experimental gas-phase data 

and the frozen-core approximation was employed in all post-Hartree-Fock calculations.  

Restricted open-shell Hartree-Fock and restricted coupled cluster (ROHF, RCCSD(T)) were 

employed for open-shell molecules.  

5.2.2 Determination of Correlation Function Sets 

To determine optimal exponents of the correlation functions for the fifth-row atoms, a 

30s24p17d primitive set was chosen for each atom.  The ground states of indium, tin, tellurium, 
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and iodine were modeled by enforcing equivalence between the degenerate ground states via 

state-averaging.  The optimized basis sets were then contracted to a [9s8p2d] set, where the four 

most diffuse primitives of the s and p Gaussian functions were uncontracted. The energy of each 

of these basis sets clearly approaches the  

 

Element Numerical Hartree-Focka [9s8p2d ] ΔE 

In   (2P) -5740.169154 -5740.169113 0.041 

Sn  (3P) -6022.931694 -6022.931669 0.025 

Sb  (4S) -6313.485319 -6313.485224 0.095 

Te  (3P) -6611.784058 -6611.783612 0.446 

I     (2P) -6917.980895 -6917.980570 0.325 

Xe  (1S) -7232.138363 -7232.138149 0.214 

 

Table 1.  Saturated Hartree Fock Set Energies: Hartree-Fock energies calculated using 

(30s24p17d)/[9s8p2d] basis sets.  ΔE values are in millihartrees. 

 

numerical Hartree-Fock limits as shown in Table 1, a necessary condition to ensure the Hartree-

Fock space is fully saturated.  With each atom, the total energy as calculated using the [9s8p2d] 

set deviated from the numerical Hartree-Fock limit by less than 0.4 millihartrees (mEH), 

indicating a saturated Hartree-Fock basis set for each atom.   

To determine optimum correlation function exponents, correlation functions were then added to 

these saturated Hartree-Fock sets in a sequential, systematic fashion.   As commonly employedin 

basis set development, the correlation functions were added to the saturated, contracted set in an 

even-tempered fashion where the exponents of the functions are constrained to the sequence, 

ζl = αl βl
k-1, k = 1, 2, 3, …, Nk                                                     (1) 
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where k is the kth function in the correlation function set, l is the angular momentum of the 

correlation function set, α and β are optimization parameters, and Nk is the maximum number of 

functions added for each set. 

 

 

Figure 2.  Tellurium Correlation Functions:  Contributions of the correlation functions to the 

correlation energy are shown.  Incremental energy lowerings, |ΔEk,k-1| are in millihartrees. 

 

Initially, sets of d correlation functions were added to the [9s8p2d] set for Nk ranging 

from 1 to 7, and the parameters of the even-tempered sequence (α, β) were optimized.  The 

optimum uncontracted 7d functions were there added to the initial Hartree-Fock set to form a 
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[9s8p2d] + (7d) set, and sets of f functions were added with Nk ranging from 1 to 6, and the even 

tempered parameters optimized.  The optimum uncontracted 6f functions were added to the 

[9s8p2d] + (7d) to form a [9s8p2d] + (7d6f) set as before, and g functions added to this new set, 

with Nk ranging from 1 to 5.  The h and i functions were added in a similar fashion, with Nk 

ranging from 1 to 4 and 1 to 3 for h and i functions, respectively. 

The results of these optimizations on the tellurium atom are summarized in Table 2.  The 

incremental energy lowerings, |ΔEk,k-1|, of each correlation function added to the base set show 

the expected exponential decrease in correlation energy for the first three functions of the various 

angular momentum functions.  However, starting at the fourth function in the even tempered 

sequence for the d, f, and to a lesser extent, g sets, the incremental correlation energy lowerings 

deviate from the previous exponential behavior and adopt a linear progression.   

This “knee” in the energy lowerings (Fig. 2) of the correlation functions has been 

previously observed for the 3rd row basis sets27 and 4th row pseudopotential basis sets22, and is a 

consequence of the significant electron density present in the regions occupied by the electron 

shell below the valence shell (the N shell for the 4th row atoms), requiring tight exponent basis 

functions to describe effectively.  Of note is the observed increasing importance of the f sets 

compared to the d sets in the 4th row correlation functions, indicated by the crossing point of the f 

and d correlation function curves at |ΔEk,k-1| ≈ 0.1 mEH.   
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Correlation Function Set (α, β) ECISD, (EH) ΔEk,k-1, (mEH) 

(30s24p17d)/[9s8p2d] … -6611.783719 
 

[9s8p2d] + 
   

(1d) (0.25697) -6611.855668 71.94920 

(2d) (0.16188, 2.4780) -6611.861254 5.58620 

(3d) (0.12261, 1.99401) -6611.861731 0.47630 

(4d) (0.11867, 2.10786) -6611.861860 0.12923 

(5d) (0.09791, 1.88648) -6611.861922 0.06172 

(6d) (0.08911, 1.69920) -6611.861936 0.01397 

(7d) (0.08550, 1.71391) -6611.861943 0.00775 

    [9s8p2d] + (7d) 
   

(1f) (0.33476) -6611.884280 22.33689 

(2f) (0.20860, 2.44047) -6611.886814 2.53394 

(3f) (0.16382, 1.96174) -6611.887101 0.28654 

(4f) (0.17431, 2.23406) -6611.887245 0.14387 

(5f) (0.15566, 2.12118) -6611.887372 0.12771 

(6f) (0.12479, 1.98233) -6611.887421 0.04893 

    [9s8p2d] + (7d6f) + 
   

(1g) (0.41246) -6611.892832 5.41060 

(2g) (0.28623, 2.15500) -6611.893632 0.80029 

(3g) (0.24844, 1.94334) -6611.893785 0.15253 

(4g) (0.23003, 1.95023) -6611.893856 0.07129 

(5g) (0.19378, 1.77832) -6611.893889 0.03326 

    
[9s8p2d ] + (7d6f5g) + 

   
(1h) (0.510547) -6611.895348 1.45892 

(2h) (0.36968, 1.91204) -6611.895629 0.28037 

(3h) (0.32446, 1.64551) -6611.895691 0.06244 

(4h) (0.28814, 1.50275) -6611.895713 0.02180 

    [9s8p2d] + (7d6f5g4h) + 
   

(1i) (0.61028) -6611.896258 0.54538 

(2i) (0.46044, 1.77556) -6611.896393 0.13495 

(3i) (0.40558, 1.57361) -6611.896430 0.03650 

 

Table 2.  Tellurium Correlation Function Energies: Total energies and energy lowerings from 

high angular moment functions are shown.  Total energies are in hartrees.  Energy lowerings 

(ΔEk,k-1) are in millihartrees. 
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(s) / (p) sets (α, β) ECISD, (EH) ΔEk,k-1, (mEH) 

[5s8p2d]+(4d3f2g1h) + -6611.894668 

(1s) (0.11546) -6611.900895 -6.22671 

(2s) (0.06658, 2.17667) -6611.901266 -0.37119 

(3s) (0.09078, 2.27142) -6611.902023 -0.75668 

(4s) (0.03949, 2.13597) -6611.902085 -0.06263 

[9s4p2d] + (4d3f2g1h) + -6611.879925 

(1p) (0.09117) -6611.892581 -12.65569 

(2p) (0.07462, 2.59393) -6611.894386 -1.80564 

(3p) (0.05421, 2.28242) -6611.894725 -0.33878 

(4p) (0.04394, 1.88396) -6611.894753 -0.02796 

Table 3.  Tellurium sp Correlation Function Energies:  Total energies and energy lowerings from 

low angular moment functions are shown.  Total energies are in hartrees.  Energy lowerings 

(ΔEk,k-1) are in millihartrees. 

5.2.3 Determination of Hartree-Fock spd Function Sets 

Following the optimization of the correlation functions, the next step in the basis set 

construction was the creation of truncated Hartree-Fock sp sets.  To determine the optimum s 

functions, a (30s 24p17d)/[5s8p2d] + (4d3f2g1h) basis set was used.  A corresponding 

(30s24p17d)/[9s4p2d] + (4d3f2g1h) was utilized for the p functions.  Following a similar 

procedure as the correlation functions, 1-4 s and p functions were added to the base set in an 

even-tempered fashion, and as in previous basis set work, two minima were detected for the (α, 

β) optimizations, and the results from the more diffuse functions have been utilized to ensure the 

applicability of the sets to molecular orbitals.  The results of these calculations are shown in 

Table 3. 
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Figure 3.  In-Xe cc-pVnZ Basis Sets: Correlation energies from CCSD(T)/RCCSD(T) 

calculations are shown for the  Contributions of the correlation functions to the correlation 

energy are shown.  Values are in millihartrees. 

 

As in previous work on the third-row atoms27 the optimum sp correlation basis functions 

were substituted with optimized primitives from Hartree-Fock calculations to preserve balance 

between Hartree-Fock errors and correlation errors.  The resulting correlation sp functions, then, 

are the most diffuse uncontracted primitives from the corresponding optimized Hartree-Fock set.  

A (19s15p10d) primitive spd set was chosen for the cc-pVDZ set, (22s16p12d) for the cc-pVTZ 

set, and a (23s19p15d) set for the cc-pVQZ. 
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 Hartree-Fock Primitives Correlation Functions 

cc-pVDZ (19s15p10d)/[5s4p2d] +1s1p1d 

cc-pVTZ (22s16p12d)/[5s4p2d] +2s2p2d1f 

cc-pVQZ (23s19p15d)/[5s4p2d] +3s3p3d2f1g 

 

Table 4.  Final Basis Set Composition   

 

In previous work on the third row atoms, there was significant overlap in the optimized Hartree-

Fock d functions, and the appropriate correlating functions for the d sets.  However, in the 4th 

row atoms, there was no significant overlap, and it was found that the magnitude of the most 

diffuse optimized Hartree-Fock d function exponent in the DZ spd set is nearly one half that of 

the optimum d correlation function exponent.  To remedy this, the most diffuse d functions in the 

Hartree-Fock spd sets (e.g., the most diffuse d exponent in the 19s15p10d set) were fixed to the 

corresponding optimum correlation exponents and the Hartree-Fock spd functions were 

reoptimized in the field of these fixed correlation function exponents.  The resulting Hartree-

Fock d functions became tighter to accommodate these fixed diffuse functions but exhibited 

minimal changes to the diffuse s and p correlation functions and Hartree-Fock energy.  This 

change was necessary to ensure optimal correlation energy recovery as well as the correct 

systematic behavior in the correlation consistent basis sets that occurs due to the increasingly 

diffuse layers of correlation functions added to the basis sets as the size of the basis set increases. 

To complete the construction of the correlation consistent basis sets, optimized 

correlation functions were added to the primitive spd sets.  Then, the Hartree-Fock primitives 
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were contracted to form a [5s4p2d] base set, with the most diffuse s and p functions uncontracted 

as described above.  The resulting correlation consistent basis sets are shown in Table 4. 

 

5.3 Results and Discussion 

In order to gauge the effectiveness of these new correlation consistent basis sets, the 

dissociation energies and bond lengths of several homonuclear and heteronuclear diatomic 

chemical species have been calculated.  In Table 5, both the Hartree-Fock energies and 

correlation energies of the new correlation consistent basis sets are shown.  The average error in 

the Hartree-Fock energy with respect to the numerical Hartree-Fock limit for these new 

correlation consistent basis sets is 10.47 mEH, 2.90 mEH, and 0.56 mEH for the cc-pVDZ, cc-

pVTZ, and cc-pVQZ sets, respectively.  These averages compare favorably with the average 

error in the Hartree-Fock energies determined using the correlation consistent basis sets for the 

4p elements,  gallium through krypton, which exhibit average errors of 74.52, 2.67  and 0.64 

mEH for the cc-pVDZ, cc-pVTZ and cc-pVQZ sets respectively27.  The significant decrease in 

Hartree-Fock error calculated using the cc-pVDZ set for In-Xe is due to the numbers of 

primitives in the third-row cc-pVDZ set as compared to the cc-pVTZ set.  In the third row sets, 

there are 6s2p3d additional functions in the cc-pVTZ set as compared to the cc-pVDZ set.  In 

comparison, the cc-pVDZ sets for In-Xe havea much higher saturation of Hartree-Fock 

primitives, and there is only an additional set of 3s1p2d primitive functions needed to form the 

cc-pVTZ set. 

To illustrate the performance of the basis sets with respect to electron correlation, the sets 

were used in combination with the CCSD(T) methodology as described previously to determine 

the dissociation energy and equilibrium bond length of three homonuclear diatomics, In2, Sb2, 
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and I2 with each basis set as well as the predicted properties at the complete basis set limit.  The 

complete basis set limits of the dissociation energies and bond lengths were estimated using the 

three point mixed Gaussian extrapolation scheme of Peterson, et al. 28 As indicated by Table 6, 

the calculated properties display systematic convergence with respect to increasing basis set 

quality, consistent with the well-established performance of correlation consistent basis sets 

when used in the determination of properties such as bond lengths and dissociation energies.  

 

   

Ecorr 

Atom Basis Set EHF CISD CCSD CCSD(T) 

In cc-pVDZ -5740.158803 -42.08511 -42.14411 -42.69351 

 

cc-pVTZ -5740.166953 -45.24980 -45.31927 -46.25935 

 

cc-pVQZ -5740.167806 -46.29503 -46.3696 -47.41797 

 

Numericala -5740.169154 

   Sn cc-pVDZ -6022.921829 -52.62739 -52.96983 -53.71166 

 

cc-pVTZ -6022.928069 -60.40656 -60.82768 -62.70667 

 

cc-pVQZ -6022.931137 -62.20459 -62.64912 -64.80521 

 

Numericala -6022.931694 

   Sb cc-pVDZ -6313.475655 -60.23289 -60.84193 -61.51844 

 

cc-pVTZ -6313.481408 -73.73765 -74.55745 -77.32081 

 

cc-pVQZ -6313.484058 -78.07679 -78.96009 -82.33602 

 

Numericala -6313.485319 

   Te cc-pVDZ -6611.774645 -75.83145 -77.79056 -78.68117 

 

cc-pVTZ -6611.781853 -104.06535 -107.27574 -110.87481 

 

cc-pVQZ -6611.783491 -113.33021 -116.90157 -121.46959 

 

Numericala -6611.784058 

   I cc-pVDZ -6917.971326 -90.07085 -93.01145 -93.95137 

 

cc-pVTZ -6917.978836 -132.00975 -137.37711 -141.75793 

 

cc-pVQZ -6917.981854 -146.09342 -152.26974 -157.98350 

 

Numericala -6917.980895 

   Xe cc-pVDZ -7232.124384 -101.07192 -104.54648 -105.44868 

 

cc-pVTZ -7232.134935 -155.13583 -161.98332 -167.04792 

 

cc-pVQZ -7232.137771 -177.23080 -185.52120 -192.34367 

  Numericala -7232.138363       
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aReference 30 

Table 5.  In-Xe Hartree Fock and Correlation Energies 

 

Comparing these calculated properties with those determined using the cc-pVnZ-DK 

basis sets24, there is excellent agreement between the values arising from the two sets despite the 

reduced number of basis functions present in the basis sets of this work.  The dissociation 

energies of the In2, Sb2, and I2  

 

 

Basis Set re, (Å) De, (kcal mol-1) ΔSO, (kcal mol-1) De + ΔSO, (kcal mol-1) 

In2 cc-pVDZ 3.14895 20.811 -4.4d 16.411 

 

cc-pVTZ 3.11606 25.871   21.471 

 

cc-pVQZ 3.10735 26.639  22.239 

 CBS 3.10229 27.084  22.684 

 

Expt. 2.8 ± 0.3a   20 ± 2a 

Sb2 cc-pVDZ 2.55601 48.115 2.4e 50.515 

 

cc-pVTZ 2.52957 60.359  62.759 

 

cc-pVQZ 2.52135 65.006  67.406 

 CBS 2.51657 67.710  70.110 

 

Expt. 

2.48 ± 

0.01b   69.07 ± 0.01b 

I2 cc-pVDZ 2.74691 34.246 2.5f 36.746 

 

cc-pVTZ 2.70532 42.286  44.786 

 

cc-pVQZ 2.68913 45.729  48.229 

 CBS 2.67971 47.733  50.233 

 

Expt. 

2.66 ± 0. 

01c   50.37 ± 0.01c 

 

aReference 31   dReference 34 
bReference 32  eReference 35 
cReference 33  fReference 36 

 

Table 6.  Homonuclear Calculations 
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dimers calculated with the cc-pVnZ triple- and quadruple-ζ basis sets differ from the 

corresponding cc-pVnZ-DK triple- and quadruple-ζ valence-only DKH results by less than 5 

mEH and equilibrium bond lengths of the Sb2 and I2 dimers similarly show deviations of less than 

4 milliångstroms (mÅ).  The calculated bond lengths of the homonuclear diatomics using the cc-

pVTZ and cc-pVQZ basis sets are larger than the corresponding DKH calculations in all cases 

due to the neglect of relativistic effects.  However, as the core electrons are frozen for both the 

conventional basis sets of this work and the DKH-optimized sets, the lack of relativistic 

treatment in this work has limited effect on the calculated properties. 

Despite this good agreement between the non-relativistic basis sets from this work and 

the DKH-optimized basis sets, there is still a noticeable difference in the calculated dissociation 

energies and bond lengths from experiment for the homonuclear diatomics.  The primary source 

of these errors is the neglect of spin-orbit effects, which contribute 2 kcal mol-1 or more to the 

electronic energy of the heavy p-block homonuclear diatomics, and require relativistic 

approaches more robust than the DKH approach used here (which accounts for scalar relativity) 

to characterize29.  To account for spin-orbit effects, the estimated spin-orbit contributions to the 

ground state of the selected 5p dimers are shown in Table 6 and added to the dissociation 

energies.  With the spin-orbit contributions applied, the dissociation energies calculated with the 

cc-pVnZ sets within 1 kcal mol-1 of the experimental dissociation energies. 

Further performance of these new basis sets was compared against molecular properties 

of selected heteronuclear diatomic molecules, shown in Table 7, where the new cc-pVnZ sets 

demonstrate the same smooth convergence towards the CBS limit as shown in the homonuclear 

examples.  The calculated equilibrium bond lengths of the heteronuclear diatomic molecules are 



 

85 

 

overestimated by an average of 0.05 and 0.04 Å with respect to the cc-pVTZ and cc-pVQZ basis 

sets, the same errors that were demonstrated for the homonuclear molecules. 

The accuracy of the calculated dissociation energies with respect to experimental results, 

however, is not as clear for the heteronuclear diatomic molecules as for the homonuclear 

diatomics due to the large errors associated with much of the available dissociation energy 

experimental data for these and other 5p element heteronuclear diatomic species.  The estimated 

CBS limits of the bond lengths for the heteronuclear diatomic, however, show nearly identical 

deviations from the experimental bond lengths as the homonuclear diatomics.  The primary 

deviation in these bond lengths is again the lack of relativisitc treatment effects in the 

methodology used in this work. The cc-pVTZ set results in an error of 5.94 kcal 

 

 

Basis Set re (Å) De (kcal mol-1) 

InBr cc-pVDZ 2.62581 86.827 

 

cc-pVTZ 2.62962 92.335 

 

cc-pVQZ 2.63244 95.268 

 CBS 2.63408 96.976 

 

Expt. 2.54 ± 0.01a 97 ± 5b 

SnO cc-pVDZ 1.91221 108.083 

 

cc-pVTZ 1.89398 121.593 

 

cc-pVQZ 1.89249 126.755 

 CBS 1.89163 129.759 

 

Expt. 1.83 ± 0.01a 130 ± 5b 

SbN cc-pVDZ 1.89614 56.428 

 

cc-pVTZ 1.87222 74.515 

 

cc-pVQZ 1.86679 80.059 

 CBS 1.86364 83.284 

 

Expt. 1.8355c - 

SbP cc-pVDZ 2.27653 59.263 

 

cc-pVTZ 2.24858 74.881 

 

cc-pVQZ 2.24005 80.364 

 CBS 2.23509 83.555 

 

Expt. 2.2054c 85.99 ± 0.7d 
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GeTe cc-pVDZ 2.42255 69.821 

 

cc-pVTZ 2.39111 97.183 

 

cc-pVQZ 2.37432 100.859 

 CBS 2.36454 102.989 

 

Expt. 2.34 ± 0.01a 103.13 ± 0.8e 

TeO cc-pVDZ 1.93540 31.957 

 

cc-pVTZ 1.86349 69.452 

 

cc-pVQZ 1.85397 75.434 

 CBS 1.84845 78.904 

 

Expt. 1.83 ± 0.01a (89.9)a 

 

aReference 33   dReference 39 
bReference 37  eReference 40 
cReference 38 

 

Table 7.  Heteronuclear Calculations 

 

mol-1 for the GeTe molecule and 11.1 kcal mol-1 for SbP, while the cc-pVQZ set results in errors 

of 2.27 kcal mol-1 for GeTe and 5.62 kcal mol-1 for SbP.  These deviations are of similar 

magnitude to average deviations calculated for the homonuclear diatomics; 8.5 kcal mol-1 and 

4.3 kcal mol-1 for the cc-pVTZ and cc-pVQZ basis sets respectively. As the bond lengths of these 

heteronuclear atoms produce deviations of identical magnitude to the homonuclear results, the 

estimated error in the calculated dissociation energies is approximately 9 kcal mol-1 for the cc-

pVTZ set and 5 kcal mol-1 for the cc-pVQZ set.  At the CBS limit, this deviation is reduced to ~1 

kcal mol-1 for most of the molecules considered. 

 

5.4  Conclusions 

All-electron non-relativistic correlation consistent basis sets have been developed for the 

5p atoms, indium through xenon, that maintain a compact number of primitives but demonstrate 
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excellent convergent behavior towards the CBS limit in both HF and post-HF methods.  These 

new basis sets are appropriate for valence-only calculations and have been shown to predict 

molecular properties for homonuclear and heteronuclear molecules.  The availability of these 

sets is an important step towards complete coverage of the p-block elements within the all-

electron correlation consistent basis set framework.  
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CHAPTER 6 

CORRELATION CONSISTENT BASIS SETS FOR DFT METHODS 

6.1  Introduction 

The advances and results discussed in previous chapters have, thus far, been focused on 

computational theories utilizing an N-particle wavefunction, Ψ, but there is an important 

alternative to these methods that must be discussed before continuing in the discussion of 

advancements in basis set development.  These alternative theories examine the properties of a 

chemical system not through the properties of the wavefunction, but through the electron density 

of a system containing N electrons, 

 𝜌(𝑟) = 𝑁 ∫ 𝑑𝒔1𝑑𝒙2𝑑𝒙3 … 𝑑𝒙𝑁𝛷(𝑥1, 𝑥2, … , 𝑥𝑁)𝛷∗(𝑥1, 𝑥2, … , 𝑥𝑁) (1) 

where xi is the spacial (𝑟) and spin (s) coordinates for electron i, 

 𝑥𝑖 ≡ (𝑟𝑖, 𝑠𝑖). (2) 

Electronic structure methods using the electron density, or, simply, density functional theory 

methods (DFT methods), have exploded in popularity among many theoretical chemistry and 

physics applications, to the point that it could be argued with considerable merit that they 

represent the single most popular electronic structure methodology yet developed1, 2. 

To examine the popularity, utility, and challenges facing development, including basis set 

development, for density functional theory, it is necessary to determine how the electron density 

relates to chemical properties.  Initial uses of the electron density to determine the chemical 

energies can be traced to the work of Llewellyn Thomas and Enrico Fermi who proposed that the 

energy of an atom with nuclear charge Z can be approximated from the electron density3, 4, 
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 𝐸 = 𝑇 − 𝑉𝑒𝑁 + 𝑈𝑒𝑒 (3) 

where T, the kinetic energy of the one-particle electron density, is approximated from kinetic 

energy of a uniform electron gas, 

 𝑇 =
3

10
(3𝜋2)

2
3⁄ ∫ 𝜌

5
3⁄ (𝑟)𝑑𝑟 (4) 

and VeN and Uee are the electron-nuclear attraction and electron-electron Coulomb repulsive 

energies, respectively, 

 𝑉𝑒𝑁 = 𝑍 ∫
𝜌(𝑟)

𝑟
𝑑𝑟 𝑈𝑒𝑒 =

1

2
∫

𝜌(𝑟1)𝜌(𝑟1)

𝑟12
𝑑𝑟1𝑑𝑟2 (5) 

While the Thomas-Fermi model fails to provide accurate energies, due to the lack of 

treatment of electron exchange as well as the inadequacy of the kinetic energy approximation for 

electron densities that do not conform to the uniform electron gas model52, it nevertheless 

demonstrated an appealing alternative to wavefunction-based methodologies by demonstrating 

that the ground state energy can be determined in a chemical system by the application of a 

functional of the density, F, and the positive electric potential created by the atomic nuclei, Vext, 

 𝐸 = 𝐹[𝜌(𝑟)] + 𝑉𝑒𝑥𝑡(𝑟). (6) 

In wavefunction-based methodologies, individual electrons and their interactions must be 

accounted for on an electron-by-electron basis, which leads to vast complexity in computing the 

electron-electron interactions as more electrons are introduced (i.e., larger chemical systems).  

Density functional methods, however, depend only on the one-particle electron density, which 

requires the integration of a single set of special coordinates, 𝑟.  Large chemical systems, then, 
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would require little considerably less computational effort to analyze via density functional 

theory provided an adequate method of determining the electron density could be assured. 

 

6.2   The Hohenburg and Kohn Theorems and Kohn-Sham Theory 

The appeal of this approach ensured that density functional theory continued to see 

development and the work of Hohenburg and Kohn provided a major breakthrough in the 

groundwork for what would become modern density functional theory by the development of 

two vital theoretical postulates6.  The first postulate stated that the ground state of a chemical 

system is uniquely defined by the density of the system.  Thus, for two ground state electron 

densities, 𝜌(𝑟) and 𝜌′(𝑟), which yield ground state energies E and E’ respectively via the 

functional F, then it follows that if the two electron densities are related such that, 

 𝜌(𝑟) = 𝜌′(𝑟), (7) 

then it must follow that 

 𝐸 = 𝐸′. (8) 

  The second Hohenburg and Kohn postulate expands upon the first by stating that a trial 

electron density, �̃�(𝑟), when acted upon the by the exact density functional, Fexact, yields the 

lowest energy for a chemical system if, and only if, �̃�(𝑟) = 𝜌(𝑟), where 𝜌(𝑟) is the exact form of 

the ground state energy.  In other words, the energy, �̃�, yielded by the exact energy functional 

operating on a trial density, �̃�(𝑟), is an upper bound to the true ground state energy E0,  

 𝐸0 ≤ �̃� = 𝐹𝑒𝑥𝑎𝑐𝑡[�̃�(𝑟)] + 𝑉𝑒𝑥𝑡(𝑟). (9) 
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Thus, as shown in Equation 9, the variational principle, which lies at the core of many 

wavefunction-based methodologies including Hartree-Fock theory, applies to density functional 

as well, provided the exact form of the density functional is known. 

 The exact form of this density functional, Fexact, then, is of great interest to the 

development of density functional theory.  The components of this functional takes the 

appearance of the following sum of terms, 

 𝐹𝑒𝑥𝑎𝑐𝑡[𝜌(𝑟)] = 𝑇[𝜌(𝑟)] + 𝐽[𝜌(𝑟)] + 𝐸𝑁𝐶[𝜌(𝑟)], (10) 

where 𝑇[𝜌(𝑟)] is the kinetic energy of the electron density, 𝐽[𝜌(𝑟)] is the Coulomb repulsion 

energy, and 𝐸𝑁𝐶[𝜌(𝑟)] is the energy arising from the nonclassical behavior of electrons.  

Through solutions for the kinetic and exchange energies of these three necessary terms for the 

uniform electron gas 7, 89, only the Coulomb term, 𝐽[𝜌(𝑟)] has an exact solution for an arbitrary 

electron density 𝜌(𝑟) (Eq. 5). 

 Kohn and Sham developed an answer to the nontrivial problem posed by the unknown 

forms of the kinetic and nonclassical electron density functionals by reformulating the 

Hohenburg-Kohn theorems in the context of a fictitious system of non-interacting electrons (i.e., 

where electron-electron interactions are not explicitly implied) such that the density of this non-

interacting system, 𝜌𝑆(𝑟), has an identical ground state density to the true ground state 

density, 𝜌(𝑟)10.  This non-interacting ground state electron density can be described through a 

Slater determinant, ΨS, composed of one-electron spin orbitals, 

 Ψ𝑆(𝑟1, 𝑟2, … , 𝑟𝑁) =
1

√𝑁
[

𝜓1(𝑟1) ⋯ 𝜓1(𝑟𝑁)
⋮ ⋱ ⋮

𝜓1(𝑟𝑁) ⋯ 𝜓𝑁(𝑟𝑁)
], (11) 

where 𝜓𝑖(𝑟𝑖) are the Kohn-Sham orbitals and the non-interacting ground state electron density is 

simply 
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 𝜌(𝑟) = ∑|𝜓𝑖|2

𝑖

=  𝜌𝑆(𝑟). (12) 

The benefit to introducing the non-interacting system of one-electron spin orbitals to density 

functional theory is that the kinetic energy of one-electron spin orbitals, TS, is known exactly, 

 𝑇𝑆 = −
1

2
∑⟨𝜓𝑖|∇

2|𝜓𝑖⟩

𝑖

. (13) 

From this, a new form of the energy expression for a chemical system can be written: 

 

𝐸[𝜌(𝑟)] = 𝑇𝑆[𝜌𝑆(𝑟)] + 𝐸𝑁𝑒[𝜌𝑆(𝑟)] +  𝐽[𝜌𝑆(𝑟)]+𝐸𝑋𝐶[𝜌𝑆(𝑟)] 

 

𝐸[𝜌(𝑟)] =  −
1

2
∑⟨𝜓𝑖|∇2|𝜓𝑖⟩

𝑖

− ∑ ∫ ∑
𝑍𝐴

𝑟1𝐴

|𝜓𝑖(𝑟1)|2𝑑𝑟1

𝐴𝑖

 

+  
1

2
∑ ∑ ∫ ∫|𝜓𝑖(𝑟1)|2

1

𝑟12
|𝜓𝑗(𝑟2)|

2
𝑑𝑟1𝑑𝑟2

𝑗𝑖

+ 𝐸𝑋𝐶[𝜌𝑆(𝑟)] 

(14) 

 

 

 

(15) 

 

As seen in the expression, then, there is now only one term to which there is no exact 

form for the non-interacting system, EXC. This functional, referred to as the exchange-correlation 

functional, is defined as, 

 𝐸𝑋𝐶[𝜌𝑆(𝑟)] ≡ (𝑇[𝜌𝑆(𝑟)] − 𝑇𝑆[𝜌𝑆(𝑟)]) + (𝐸𝑒𝑒[𝜌𝑆(𝑟)] − 𝐽[𝜌𝑆(𝑟)]). (16) 

The functional has two distinct sections.  The left parenthetical term is the difference between the 

kinetic energy functional of non-interacting electrons, and the true kinetic energy functional, and 

the right parenthetical term is the difference between the Coloumb energy functional and the true 

electron-electron energy functional.  Thus the functionals comprising EXC, accounts for non-

classical electron behavior in the form of exchange interaction, the electron-electron correlation 
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between the individual non-interacting electrons in 𝜌𝑆(𝑟), and the kinetic energy correction for 

the fully interacting electron density. 

Finally, having defined the energy expressions needed to solve the Kohn-Sham density 

functional in terms of one-electron orbitals, 𝜓𝑖, it is necessary to determine the Hamiltonian 

operator that will yield solutions minimized energies for the orbitals, and thus produce the 

approximated ground state energy ∑ |𝜓𝑖|
2

𝑖 , where i equals half the number of electrons in the 

chemical system. Thus, equation 15 can be simplified into the Kohn-Sham equations: 

 

(−
1

2
∇2 + 𝑉𝑠(𝑟1)) 𝜓𝑖 = 𝜖𝑖𝜓𝑖 

 

𝑉𝑠(𝑟1) = ∑ ∫ 𝑑𝑟2

1

𝑟12
|𝜓𝑗(𝑟2)|

2

𝑁/2

𝑗≠𝑖

− ∑
𝑍𝐴

𝑟1𝐴
𝐴

+ 𝑉𝑋𝐶(𝑟1) 

(17) 

 

 

(18) 

The form of the Kohn-Sham equations mirror those of the Hartree-Fock equations, as both 

theories use the variational principle to minimize the energy of independent, non-interacting 

particles within an effective potential.  However, where the effective potential in Hartree-Fock 

theory is the average electron-electron Coulomb and exchange repulsion experienced by 

individual electrons, the effective potential in Kohn-Sham Theory is a potential such that the 

minimized electron repulsion produces a ground state electron density that, assuming good 

choice of VXC, closely approximates the true, correlated ground state electron density. 

 

6.3   Correlation Consistent Basis Sets and Density Functional Theory 

In order to discuss the construction of optimal one-electron basis sets for density 

functional theory, it is important to first discuss the properties of these basis sets for correlated 
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methods, before examining their utility and suitability for density functional theory.  The Kohn-

Sham equations (Eq. 16-17) optimize ground-state orbitals in a similar fashion to the Hartree-

Fock equations, but as will be discussed, there are important differences to be considered in basis 

sets for the two approaches 

In the Hartree-Fock method, which forms the basis for many wavefunction methods, a set 

of orthonormal spin orbitals 𝜓𝑖 are optimized according to the Hartree-Fock equations, 

 

(−
1

2
∇2 + 𝑉𝐻𝐹(𝑟1)) 𝜓𝑖 = 𝜖𝑖𝜓𝑖 

 

𝑉𝐻𝐹(𝑟1) = ∑ ∫ 𝑑𝑟2

1

𝑟12
|𝜓𝑗(𝑟2)|

2

𝑁/2

𝑗≠𝑖

− ∑
𝑍𝐴

𝑟1𝐴
𝐴

+ ∑ ∫ 𝑑𝑟2𝜓𝑗
∗(𝑟2)

1

𝑟12

𝑁/2

𝑗≠𝑖

𝜓𝑖
∗(𝑟2) 

(19) 

 

 

(20) 

Like the Kohn-Sham equations, the resulting spin orbitals represent the lowest ground state 

energy for the chemical system with an effective potential, 𝑉𝐻𝐹, but the effective potential in the 

Hartree-Fock equations represents the average electron-electron interactions including the 

average, exact electronic exchange interaction (third term in Equation 19).  No attempt is made 

in the Hartree-Fock method to describe electron-electron interactions based on electron 

correlation. 

 Improvements to the Hartree-Fock wavefunction and energy, then, must come from the 

inclusion of electron correlation through Coulomb and exchange interactions.  Post-Hartree-Fock 

methods -- methods that improve upon the Hartree-Fock wavefunction and energy -- provide 

electron correlation by propagating the virtual (non-occupied) Hartree-Fock orbitals11,12.  Basis 

set construction for wavefunction based methods utilizing the Hartree-Fock orbitals, as discussed 

in Chapter 4, must provide sufficient functions for describing both the occupied and virtual 

Hartree-Fock orbitals. 
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 In methods based on density functional theory, however, the inclusion of electron 

correlation is included in the optimization of the ground state Kohn Sham orbitals via the VXC 

functional along with electron exchange interactions. As such, it would follow that the 

requirements for suitably saturated and optimized functions for density functionals may be 

different than those of Hartree-Fock based wavefunction methods.  It has already previously 

been shown that atomization energies and geometries of molecules calculated with correlation 

consistent basis sets and DFT methods converge much faster than wavefunction-based methods 

and frequently fail to provide a systematic approach of the energy towards the CBS limit as 

would be expected for the correlation consistent basis sets13.   

 A previous attempt has already been made to provide such a systematic behavior to DFT 

methods in the form of the polarization consistent basis sets (pc-n) of Jensen specifically for 

Hartree-Fock and density functional methods14-17.  However, in another study by Wang and 

Wilson18, it was shown that the pc-n basis sets, despite being optimized for use with DFT 

methods, did not generally provide better atomization energies or smoother convergence towards 

the CBS limit for DFT methods in comparison to the cc-pVnZ sets. The systematic behavior of 

the pc-n basis sets is not consistently displayed by the pc-n basis sets, and differences in 

atomization energies between the pc-n and cc-pVnZ sets can be minimal (less than 1 kcal mol-1).   

This lack of energetic difference between the pc-n and cc-pVnZ sets is especially 

significant, as the pc-n contain more basis functions than the corresponding cc-pVnZ sets, 

including high angular momentum basis functions (e.g. f- g- and h- functions).  These higher 

angular momentum functions are necessary for post-Hartree-Fock methods for constructing an 

adequate virtual orbital space to calculate electron correlation effects, but pure and hybrd DFT 

methods do not use the virtual orbital space as electron correlation effects are included with the 
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exchange-correlation functional.  Furthermore, the DFT methods based on the Kohn-Sham 

equations are considerably less computationally demanding than post-Hartree-Fock methods, the 

calculation of the Coulomb electron repulsion in one-electron basis functions within the Kohn-

Sham method is still exponential due to the need to iterate over the occupied Kohn-Sham orbitals 

and high angular momentum functions contribute significantly to this computational overhead. 

 The need for higher angular momentum functions in DFT methods is further called into 

question by the work of Prascher, Wilson, and Wilson19, where it was shown that, when using 

DFT methods, the truncation of the g-, h-functions from the correlation consistent basis sets 

showed deviations of ionization energies and electron affinities of less than 0.01 eV and 

dissociation energies by less than 1 kcal mol-1 for many atomic and molecular systems.  

Furthermore, as shown by Prascher and Wilson20, recontracting the s- and p-functions of the cc-

pVnZ sets to fit the occupied Kohn-Sham orbitals in an analogous manner to the contraction of 

the basis set exponents to the Hartree-Fock orbitals in the original cc-pVnZ method greatly 

improved the monotonic behavior of the correlation consistent sets.  Further improvements were 

also made by including approximate corrections to the basis set superposition error (BSSE). 

 From these results, several conclusions can be drawn.  First, it does not appear that high-

angular momentum functions contribute significantly to the performance of DFT methods, while 

providing an unnecessary computational sink.  Second, much of the non-systematic behavior of 

correlation consistent basis sets when used with DFT methods appears to stem from the basis set 

contractions and basis set superposition error arising from the correlation consistent basis sets’ 

construction for Hartree-Fock and post-Hartree-Fock methods.  A new question arises, however, 

in whether complete reoptimization and recontraction of the correlation consistent basis sets can 
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provide addition improvement to the systematic behavior of correlation consistent basis sets 

when used with DFT methods.   

To answer this question, a new series of basis sets is proposed:  reoptimized, 

recontracted, and reoptimized basis sets for use with DFT methods.  In the following sections, 

methodology for the construction of these new correlation consistent basis sets for second row 

atoms (Al-Ar) will be discussed, and results on the homonuclear diatomic molecules will be 

presented. 

 

6.4   Methodology 

The choice of cc-pVnZ basis sets to recontract, reoptimized and truncate where the cc-

pV(n+d)Z of Dunning, Peterson, and Wilson21.  All calculations in this work were performed 

using common density functionals: the B88 exchange functional by Becke22, the three-parameter 

hybrid exchange functional B323, and the Lee-Yang-Parr (LYP) correlation functional24.  

Exponent optimizations and contraction coefficients were determined using the MOLPRO suite 

of quantum chemistry computational software25 and dissociation energies and equilibrium 

geometries of homonuclear diatomics were calculated using the Gaussian09 computational 

suite26.  Exponent optimizations were performed using the Broyden–Fletcher–Goldfarb–Shanno 

(BFGS) method and an orbital gradient threshold of 1x10-6 as implemented in the MOLPRO 

software suite. 

The truncation of the correlation consistent basis sets for DFT methods were performed in the 

same manner as previously determined by Prascher, Wilson, and Wilson19, where the g- and h- 

functions were removed from the cc-pVQZ and cc-pV5Z sets.  The recontractions of the s- and 

p-functions were performed using the general contraction scheme of Raffenetti27, but with Kohn-



 

100 

 

Sham orbital coefficients used in lieu of Hartree-Fock coefficients.  In the case of, S, and Cl, 

where two sets of potential contraction coefficients for the 3p orbital, singly-occupied or doubly-

occupied, the doubly-occupied Kohn-Sham orbital coefficients were used.  Optimizations of the 

correlation consistent exponents were performed on the ground states of the atoms Al-Ar, in the 

same method employed in the original optimization of the exponents for the correlation 

consistent basis sets28.   

To differentiate these new basis sets from previous correlation consistent basis sets, the 

recontracted, truncated basis sets have been noted as cc-p[rt(α)]VnZ and cc-p[rt(α)]VnZ—

hereafter also referred to as recontracted—while the optimized, recontracted, and truncated basis 

sets—hereafter referred to as reoptimized—have been noted as cc-p[rt(o-α)]VnZ and cc-p[rt(o-

α)]VnZ, where α is the functional the basis set was recontracted and/or reoptimized for.  This 

notation will be used throughout this work.  The results of the truncations and contractions of the 

basis set primitves is shown in Table 1.  

 

 Primitives Contracted Functions 

cc-p[rt(o)]VDZ 12s8p2d 4s3p2d 

cc-p[rt(o)]VTZ 15s9p3d1f 5s4p3d1f 

cc-p[rt(o)]VQZ 16s11p4d2f 6s5p4d2f 

cc-p[rt(o)]V5Z 20s12p5d3f 7s6p5d3f 

 

Table 1.  Basis Set Composition   
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Ground state energies of the second row atoms, as well as the homonuclear dissociation 

energies, equilibrium bond lengths, and fundamental vibrational frequencies were calculated.  In 

order to approximate the CBS limit for the Kohn-Sham orbitals, the Kohn-Sham limit, two 

extrapolation schemes developed for wavefunction-based methods have been also been used.  

The first scheme is the three-point, mixed-gaussian extrapolation formula of Peterson et. al.29: 

 𝐸𝑛 = 𝐸𝐾𝑆 + 𝐴𝑒−(𝑛+1) + 𝐵𝑒−(𝑛+1)2
. (21) 

The second scheme employed in this work is the Schwartz inverse cubic formula30:  

 𝐸𝑛 = 𝐸𝐾𝑆 +
𝐴

(𝑙𝑚𝑎𝑥)3
. (22) 

For both extrapolation schemes, 𝐸𝑛 indicates the energy calculated using the associated n-th 

level basis set, and EKS is the Kohn-Sham limit.  In the case of the inverse Schwartz formula, the 

n-th level basis set also serves as the lmax for the formula, though in the case of the truncated 

basis sets, this is not strictly correct, as neither the quadruple-ζ or quintuple-ζ basis sets in 

truncated basis sets contacting g- or h-functions.  However, as shown in Section 5, the truncated 

basis sets demonstrate expected convergent behavior of correlation consistent basis sets, and the 

approximation mirrors that of basis sets designed for the correlation energy of wavefunction 

based methods for which the inverse cubic formula was designed. 

 

6.5   Results 

6.5.1   Atomic Energies 

 Calculations of atomic energies using cc-pV(n+d)Z, cc-p[rt(α)]VnZ, and cc-p[rt(o-

α)]VnZ were performed with both BLYP and B3LYP functionals, the results of which are found 
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in Tables 2 and 3.  In both tables, the Kohn-Sham limit was approximated by the double-, triple-, 

and quadruple-ζ energies for the Peterson three-point formula (P) and the triple- and quadruple-ζ 

energies for the inverse Schwartz formula respectively (S3). The choice of energies to 

extrapolate allows for the testing of the convergence behavior of the basis sets not just by 

approximating the Kohn-Sham limit, but also gauges convergent behavior of the basis sets in this 

work by examining the n=5 basis sets in comparison to the predicted Kohn-Sham limit. 

 The Kohn-Sham limit, like the CBS limit for wavefunction methods, should be the 

theoretical limit for an infinitely complete basis set, but as shown in both tables 2 and 3, when 

using the cc-pV(n+d)Z sets, the predicted Kohn-Sham limit is below the calculated atomic 

energy of the cc-pV(5+d)Z set for many of the second-row atoms with with both functionals. For 

BLYP calculations, the cc-pV(5+d)Z sets produce energies below the estimated Kohn-Sham 

limit in an average of 1.01 kcal mol-1 and 0.63 kcal mol-1 for the Peterson and Schwartz Kohn-

Sham limits respectively.  The energy convergence of B3LYP calculations with cc-pV(5+d)Z 

sets, however, yields better results than the pure functional, with an average energy of 0.39 kcal 

mol-1 below the estimated Kohn-Sham limit predicted by  
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BASIS SET 

Atom n cc-pV(n+d)Z cc-p[rt(BLYP)]VnZ 
cc-p[rt(o-

BLYP)]VnZ 

Al D -242.36777 -242.37606 -242.37460 

 
T -242.37519 -242.38185 -242.38198 

 
Q -242.38034 -242.38343 -242.38349 

 
5 -242.38207 -242.38373 -242.38380 

 
P -242.38334 -242.38436 -242.38437 

 
S3 -242.38410 -242.38459 -242.38459 

     Si D -289.37236 -289.38042 -289.38090 

 
T -289.38092 -289.38709 -289.38731 

 
Q -289.38422 -289.38944 -289.38953 

 
5 -289.38833 -289.38978 -289.38979 

 
P -289.38614 -289.39081 -289.39082 

 
S3 -289.38662 -289.39116 -289.39114 

     
P D -341.25793 -341.26624 -341.26710 

 
T -341.26852 -341.27432 -341.27469 

 
Q -341.27171 -341.27719 -341.27732 

 
5 -341.27626 -341.27760 -341.27767 

 
P -341.27357 -341.27886 -341.27886 

 
S3 -341.27405 -341.27928 -341.27925 

     
S D -398.10686 -398.11540 -398.11635 

 
T -398.12184 -398.12744 -398.12792 

 
Q -398.12549 -398.13094 -398.13109 

 
5 -398.13017 -398.13148 -398.13160 

 
P -398.12761 -398.13298 -398.13294 

 
S3 -398.12815 -398.13350 -398.13341 

     
Cl D -460.13950 -460.14878 -460.14981 

 
T -460.15736 -460.16289 -460.16244 

 
Q -460.16148 -460.16685 -460.16700 

 
5 -460.16593 -460.16741 -460.16759 

 
P -460.16387 -460.16915 -460.16966 

 
S3 -460.16448 -460.16973 -460.17033 

     Ar D -527.52105 -527.53116 -527.52460 

 
T -527.54024 -527.54576 -527.54640 

 
Q -527.54472 -527.55004 -527.55021 

 
5 -527.54872 -527.55075 -527.56764 

 
P -527.54733 -527.55253 -527.55243 

 
S3 -527.54800 -527.55316 -527.55300 

 

Table 2.  Atomic Energies – BLYP (Hartrees)   
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BASIS SET 

Atom n cc-pV(n+d)Z cc-p[rt(BLYP)]VnZ cc-p[rt(o-BLYP)]VnZ 

Al D -242.38290 -242.38829 -242.38860 

 
T -242.38953 -242.39385 -242.39383 

 
Q -242.39330 -242.39531 -242.39533 

 
5 -242.39450 -242.39559 -242.39565 

 
P -242.39549 -242.39617 -242.39621 

 
S3 -242.39611 -242.39797 -242.39759 

     
Si D -289.38871 -289.39384 -289.39442 

 
T -289.39636 -289.40037 -289.40043 

 
Q -289.39915 -289.40254 -289.40241 

 
5 -289.40189 -289.40285 -289.40292 

 
P -289.40077 -289.40380 -289.40357 

 
S3 -289.40310 -289.40559 -289.40559 

     
P D -341.27644 -341.28188 -341.28237 

 
T -341.28585 -341.28962 -341.28966 

 
Q -341.28874 -341.29229 -341.29236 

 
5 -341.29178 -341.29265 -341.29273 

 
P -341.29042 -341.29385 -341.29393 

 
S3 -341.29143 -341.29509 -341.29514 

     
S D -398.12517 -398.13073 -398.12511 

 
T -398.13873 -398.14238 -398.14162 

 
Q -398.14214 -398.14567 -398.14574 

 
5 -398.14529 -398.14614 -398.14624 

 
P -398.14413 -398.14759 -398.14814 

 
S3 -398.14439 -398.14807 -398.14921 

     Cl D -460.15857 -460.16463 -460.16517 

 
T -460.17472 -460.17832 -460.17861 

 
Q -460.17856 -460.18203 -460.18210 

 
5 -460.18158 -460.18253 -460.18267 

 
P -460.18080 -460.18419 -460.18413 

 
S3 -460.18189 -460.18493 -460.18650 

     
Ar D -527.54228 -527.54889 -527.54949 

 
T -527.55937 -527.56278 -527.56330 

 
Q -527.56353 -527.56687 -527.56704 

 
5 -527.56627 -527.56741 -527.56764 

 
P -527.56594 -527.56925 -527.56922 

 
S3 -527.56678 -527.57799 -527.57833 

 

Table 3.  Atomic Energies – B3LYP (Hartrees)   
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the Peterson extrapolation scheme.  The B3LYP convergence with the cc-pV(5+d)Z is better for 

the Schwartz inverse formula, where the average difference from the cc-pV(5+d)Z energies is 

above the estimated Kohn-Sham limit by 0.24 kcal mol-1, though the energies for the 

phosphorous and sulfur atoms are below the Kohn-Sham limit by 0.22 and 0.57 kcal mol-1 

respectively.  The better performance of the B3LYP functional in this regard can be directly 

traced to its use of exact Hartree-Fock exchange, of which the correlation consistent basis sets 

are partially optimized for. 

 The lack of apparent convergence behavior in the cc-pV(n+d)Z basis sets stands in 

contrast to the performance of both the recontracted and reoptimized sets, which consistently 

produced energies above the estimated Kohn-Sham limits, including the quintuple-ζ level set for 

both recontracted and reoptimized sets.  Further, though both the recontracted and reoptimized 

sets have been truncated at the quadruple- and quintuple-ζ levels, the sets consistently produced 

better energy recovery than cc-pV(n+d)Z sets, with an average lowering of 5.43, 3.69, 3.13, and 

0.97 kcal mol-1 for the double-, triple-, quadruple-, and quintuple-ζ BLYP recontracted sets 

respectively and 6.04, 3.83, 3.21, and 1.02 kcal mol-1 energy lowerings for the BLYP 

reoptimized sets.  Average energy lowerings for the recontracted B3LYP sets were 3.58, 2.37, 

2.01, and 0.61 kcal mol-1 for the double-, triple-, quadruple, and quintuple-ζ sets, while average 

lowerings for the reoptimized B3LYP were 3.89, 2.39, 2.04, and 0.68 kcal mol-1 respectively. 

 To further analyze the behavior of the cc-pV(n+d)Z, recontracted, and reoptimized sets, 

the atomic energies of the chlorine atom have been graphed in Figures 1 and 2 for the BLYP and 

B3LYP functional respectively.  In both figures, the non-convergent behavior of the cc-

pV(n+d)Z sets with the BLYP functional is clear.  After an initial leap in energy from the 

double- to triple-ζ basis sets, the triple-, quadruple-, and quintuple-ζ basis set energies have an 
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approximately linear relationship, with no clear convergence appearing towards the Kohn-Sham 

limit, in contrast to the expected behavior of correlation consistent basis sets.  However, the  

 

 

Figure 1.  Atomic Energy Convergence – BLYP  
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Figure 2.  Atomic Energy Convergence – B3LYP 

 

BLYP recontracted and reoptimized basis sets clearly show convergent behavior towards an 

asymptotic limit.  The B3LYP functional does show curvature in the triple-, quadruple-, and 

quintuple-ζ cc-pV(n+d)Z basis sets, but the convergence in B3LYP is considerably slower than 

the convergence behavior of the recontracted and reoptimized basis sets.  This is especially 

apparently when examining the gap between the quadruple- and quintuple-ζ energies.  The 

difference in calculated chlorine ground state energies for the cc-pV(Q+d)Z and cc-pV(5+d)Z 

sets with the B3LYP functional is 1.89 kcal mol-1, while the differences for the quadruple- and 

quintuple-ζ basis sets for the B3LYP recontracted and reoptimized sets are 0.31 and 0.34 kcal 

mol-1 respectively. 
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6.5.2   Homonuclear Diatomic Properties 

 Calculations on the equilibrium bond lengths (re) and dissociation energies (De) have 

been calculated for the homonuclear diatomics Al2, Si2, P2, S2, and Cl2 using the cc-pV(n+d)Z, 

cc-p[rt(α)]VnZ, and cc-p[rt(o-α)]VnZ basis sets for both BLYP and B3LYP functionals.  The 

results of these calculations are found on Tables 4 and 5 for the BLYP and B3LYP functionals 

respectively.  Kohn-Sham limits were approximated using the Peterson and Schwartz 

extrapolation formulas in an identical fashion to section 5.1.  The values of re are in angstroms, 

whereas dissociation energies are in kcal mol-1.  All experimental dissociation energies and bond 

lengths are sourced from tabulated experimental data31, except for Al2, in which the experimental 

data is derived from the work of Fu et. al.32. Additionally, mean absolute deviations (MAD) from 

experiment have been determined for each basis set as well as the extrapolated Kohn-Sham limit 

and are presented in Table 6. 
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    Basis Set 

Molecule n cc-pV(n+d)Z cc-p[rt(BLYP)]VnZ  cc-p[rt(o-BLYP)]VnZ  

  
re (Å) De (kcal mol-1) re (Å) De (kcal mol-1) re (Å) De (kcal mol-1) 

Al2 D 2.796 31.668 2.796 31.493 2.796 31.243 

 
T 2.786 31.904 2.792 31.689 2.797 31.305 

 
Q 2.786 31.563 2.789 31.485 2.791 31.394 

 
5 2.787 31.498 2.787 31.474 2.789 31.411 

 
P 2.786 31.364 2.787 31.367 2.787 31.446 

 
S3 2.786 31.314 2.787 31.337 2.786 31.450 

expt. 
 

2.701 31.7 2.701 31.7 2.701 31.7 

Si2 D 2.310 75.732 2.310 75.835 2.312 75.263 

 
T 2.300 76.812 2.301 76.594 2.304 76.160 

 
Q 2.298 76.437 2.298 76.383 2.300 76.208 

 
5 2.299 76.436 2.299 76.419 2.299 76.317 

 
P 2.296 76.217 2.296 76.260 2.297 76.236 

 
S3 2.296 76.163 2.296 76.230 2.296 76.243 

expt. 
 

2.246 75.6 2.246 75.6 2.246 75.6 

P2 D 1.920 119.511 1.920 120.054 1.921 119.204 

 
T 1.911 121.714 1.913 121.529 1.913 121.277 

 
Q 1.910 121.852 1.911 121.836 1.911 121.576 

 
5 1.911 121.885 1.911 121.895 1.911 121.626 

 
P 1.909 121.931 1.910 122.014 1.910 121.749 

 
S3 1.909 121.952 1.910 122.060 1.910 121.793 

expt. 
 

1.893 117.2 1.893 117.2 1.893 117.2 

S2 D 1.941 106.677 1.941 106.272 1.943 105.686 

 
T 1.929 107.625 1.930 107.652 1.932 107.094 

 
Q 1.927 107.865 1.927 107.852 1.928 107.407 

 
5 1.927 107.908 1.927 107.934 1.927 107.620 

 
P 1.925 108.005 1.925 107.968 1.925 107.588 

 
S3 1.925 108.040 1.925 107.998 1.925 107.634 

expt. 
 

1.889 102.9 1.889 102.9 1.889 102.9 

Cl2 D 2.059 55.900 2.066 54.930 2.063 55.139 

 
T 2.042 58.126 2.042 58.322 2.044 58.072 

 
Q 2.039 58.365 2.039 58.408 2.041 58.057 

 
5 2.039 58.470 2.039 58.543 2.040 58.222 

 
P 2.038 58.504 2.037 58.456 2.039 58.046 

 
S3 2.037 58.539 2.037 58.471 2.039 60.212 

expt.   1.987 59.7 1.987 59.7 1.987 59.7 

 

Table 4.  Homonuclear Properties - BLYP 
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    BASIS SET 

Molecule n cc-pV(n+d)Z cc-p[rt(B3LYP)]VnZ  cc-p[rt(o-B3LYP)]VnZ  

  
re (Å) De (kcal mol-1) re (Å) De (kcal mol-1) re (Å) De (kcal mol-1) 

Al2 D 2.760 30.907 2.760 30.742 2.760 30.330 

 
T 2.753 31.260 2.756 31.103 2.762 30.504 

 
Q 2.752 31.070 2.753 30.999 2.754 30.929 

 
5 2.753 31.014 2.753 31.002 2.754 30.952 

 
P 2.751 30.960 2.751 30.938 2.750 31.177 

 
S3 2.751 30.932 2.751 30.922 2.749 31.239 

expt. 
 

2.701 31.7 2.701 31.7 2.701 31.7 

Si2 D 2.276 73.523 2.276 73.597 2.277 72.724 

 
T 2.267 74.904 2.268 74.739 2.273 73.687 

 
Q 2.264 74.754 2.266 74.683 2.267 74.684 

 
5 2.265 74.744 2.265 74.735 2.266 74.668 

 
P 2.263 74.666 2.264 74.650 2.263 75.266 

 
S3 2.262 74.645 2.264 74.642 2.262 75.412 

expt. 
 

2.246 75.6 2.246 75.6 2.246 75.6 

P2 D 1.897 113.108 1.897 113.505 1.898 112.934 

 
T 1.889 115.808 1.890 115.631 1.890 115.678 

 
Q 1.887 116.121 1.888 116.062 1.888 115.838 

 
5 1.888 116.137 1.888 116.145 1.888 115.910 

 
P 1.886 116.302 1.887 116.312 1.887 115.929 

 
S3 1.886 116.348 1.886 116.376 1.886 115.954 

expt. 
 

1.893 117.2 1.893 117.2 1.893 117.2 

S2 D 1.913 101.195 1.913 100.848 1.912 100.333 

 
T 1.903 103.193 1.904 103.184 1.906 102.549 

 
Q 1.901 103.566 1.901 103.532 1.902 103.024 

 
5 1.901 103.638 1.900 103.658 1.901 103.296 

 
P 1.899 103.782 1.899 103.734 1.900 103.301 

 
S3 1.899 103.836 1.899 103.787 1.899 103.371 

expt. 
 

1.889 102.9 1.889 102.9 1.889 102.9 

Cl2 D 2.028 52.093 2.033 51.208 2.031 51.094 

 
T 2.012 55.294 2.012 55.446 2.014 55.133 

 
Q 2.009 55.654 2.009 55.680 2.012 55.291 

 
5 2.009 55.798 2.009 55.855 2.010 55.494 

 
P 2.008 55.863 2.007 55.815 2.010 55.382 

 
S3 2.007 55.917 2.008 55.851 2.010 55.407 

expt.   1.987 59.7 1.987 59.7 1.987 59.7 

 

Table 5.  Homonuclear Properties – B3LYP 
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  BASIS SET 

Functional n cc-pV(n+d)Z cc-p[rt(α)]VnZ  cc-p[rt(o-α)]VnZ  

  
re De  re  De  re  De 

BLYP D 0.0619 2.0104 0.0632 2.2876 0.0635 2.0288 

 
T 0.0502 2.4458 0.0522 2.2928 0.0549 2.1707 

 
Q 0.0485 2.3849 0.0494 2.3756 0.0507 2.2879 

 
5 0.0491 2.3922 0.0492 2.3861 0.0498 2.3262 

 
P 0.0474 2.3970 0.0479 2.4238 0.0483 2.3562 

 S3 0.0472 2.4001 0.0474 2.4359 0.0477 2.1463 

        

B3LYP D 0.0317 3.2549 0.0325 3.4398 0.0322 3.9368 

 
T 0.0232 1.4455 0.0241 1.5131 0.0272 1.9098 

 
Q 0.0218 1.4532 0.0222 1.4818 0.0235 1.5164 

 
5 0.0220 1.4490 0.0219 1.4442 0.0225 1.5145 

 P 0.0209 1.4583 0.0210 1.4641 0.0214 1.3694 

 S3 0.0207 1.4589 0.0209 1.4590 0.0207 1.3319 

 

Table 6.  Mean Absolute Deviations from Experiment 

 

The data from tables 4, 5, and 6 demonstrates several key points that need to be 

discussed. The behavior of BLYP and B3LYP functionals with the cc-pV(n+d)Z basis sets is 

particular crucial to establishing further discussion.  The errors in the BLYP/cc-pV(n+d)Z 

calculations rose sharply from double- to triple-ζ, lowered at the quadruple-ζ, and then rose again 

with the quintuple-ζ set.  In the case of B3LYP/cc-pV(n+d)Z, errors tended to drop dramatically 

from the double-ζ to triple-ζ, and then rise at the quadruple-ζ set, followed by another lowering 

at the quintuple-ζ set.  In the case of B3LYP/cc-pV(n+d)Z calculations, though, it can be seen 

that the mean absolute errors were consistently lower than either the recontracted or reoptimized 

basis sets in contrast to the behavior of the functionals in the atomic calculations.  Further, in the 

case of the BLYP functional, both the recontracted and reoptimized functions consistently 

showed increasing error from experimental results. 
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 The source of the errors produced by the reoptimized and recontracted functionals 

requires analysis of the trends shown by the MADs and the data in tables 4 and 5.  First, it is 

important to note that, while the errors for B3LYP are smaller than the recontracted and 

reoptimized basis sets, these errors are not convergent.  Thus, though the errors in the individual 

recontracted and reoptimized basis sets tend to produce larger errors when coupled with the 

B3LYP functional, the estimated Kohn-Sham limits from both the Peterson and Schwartz 

formulas differ between the conventional and recontracted basis sets differs from the 

conventional correlation consistent basis set by less than a hundredth of a kcal mol-1, despite the 

quadruple-ζ recontracted basis set having no g-functions.  Furthermore, the B3LYP reoptimized 

basis sets, when extrapolated to the Kohn-Sham limit, produce smaller (approximately 0.1 kcal 

mol-1) average errors than B3LYP/cc-pV(n+d)Z.  

The source of the increasing errors in the BLYP calculations on the part of the 

recontracted and reoptimized basis sets must be examined in a similar fashion as to the errors 

compared to B3LYP.  It is important to first recognize that, while the deviations are increasing, 

they are increasing in a systematic, convergent fashion. The Kohn-Sham limit, like its analogous 

CBS limit, is a theoretical limit at which the one-electron density has an infinite number of one 

electron functions from which to build the electron density.  At this limit, as in the CBS limit, the 

only source of error in the calculation would be error intrinsic to the method.  As shown in Table 

4, BLYP has a marked tendency to overbind the homonuclear diatomics, leading to larger 

predicted dissociation energies compared to experiment conclusions.  Thus, the rising errors in 

the recontracted and reoptimized basis sets as the basis set level increases with BLYP is due to 

Kohn-Sham limit for BLYP appearing to be above the experimental result. 
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6.6   Conclusions 

Two new basis sets have been developed for methods based on density functional 

methods.  These basis sets, the recontracted, trunctated cc-pV[rt(BLYP)]nZ cc-

pV[rt(B3LYP)]nZ sets as well as the recontracted, reoptimized, truncated cc-pV[rt(o-BLYP)]nZ 

cc-pV[rt(o-B3LYP)]nZ are compact, robust basis sets that demonstrate systematic convergence 

to the Kohn-Sham limit for both pure and hybrid functionals.   

Calculated atomic energies for recontracted and reoptimized correlation consistent sets 

demonstrate clearly superior convergent behavior towards the Kohn-Sham limit. The mean 

absolute errors calculated with reoptimized, truncated basis sets for homonuclear diatomic 

dissociation energies not only show reliable convergence towards the Kohn-Sham limit, but 

extrapolations to this limit via common extrapolation schemes also show substantial 

improvements to the dissociation energies compared to calculations usingconventional cc-

pV(n+d)Z basis sets.  These improvements occur for both hybrid and pure DFT functionals. The 

convergent behavior of these functionals will allow for greater reliability in computational 

research based on density functional theory, and allow for reliable extrapolation of molecular 

properties to the Kohn-Sham limit. 
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