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1.0	  Executive	  Summary	  

Zeff, a parameter representing an “effective atomic number” for a material, plays an important 
role in the Electronic	  Baggage	  Scanning	  Program	  (EBSP) to detect threats in dual-energy 
computed tomography (CT) baggage-scanning systems. We believe that Zeff, as defined and used 
on this program, does not provide the accurate representation of a material’s x-ray absorption 
properties that is needed by the EBSP. 
We present the case for a new method that defines an effective atomic number for compounds 
and mixtures, which we refer to as Ze. Unlike Zeff, Ze is tied by definition to the x-ray absorption 
properties of each specific material. Use of this alternative will provide a more accurate scale for 
calibrating Micro-CT and EDS systems against standard reference materials and will provide a 
more accurate physical characterization of the x-ray properties of materials evaluated on those 
systems. 
This document, 

• Describes the current usage of the Zeff parameter 
• Details problems entailed in the use of the Zeff parameter 
• Proposes a well-defined alternative—Ze 
• Proposes and demonstrates an algorithm for optimally associating Ze with any specified 

compound or mixture 
• Discusses issues that can impact the usefulness of an effective-Z model 
• Recommends that, in order that the chosen effective-Z parameter not materially impact the 

accuracy of data produced by the EBSP program, the use of Zeff be replaced by Ze 
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2.0	  	  Background	  

The key objective of this component of the EBS program is to provide information on materials, 
particularly HMEs, that EDS vendors can use to determine how each specific material would 
appear on their x-ray CT systems. X-ray CT systems measure an “apparent” linear-attenuation 
coefficient (LAC) for a material. In addition to the inherent x-ray properties of a sample 
(material density and atomic composition), the LAC depends on the thickness of the sample, the 
spectrum used to measure the sample absorption, and other physical characteristics of the 
measurement system. 

The LAC, is defined by the classical Beer-Lambert law relating the attenuated intensity of a 
source, I, to the initial intensity, Io, a path-length, x, and the linear attenuation coefficient within 
that medium: 

      Equation  1a  

where the LAC is represented by the symbol µ.  

As we discuss the use of the LAC’s in extracting information about HME specimens, it is helpful 
to keep in mind, that Equation 1a is really shorthand for a more complex expression. The hidden 
pieces are shown in Equation 1b. 

      Equation  1b  

We can see that the unattenuated spectrum, Io, and the attenuation coefficient are explicitly 
dependent on x-ray energy, Ex. The incoming spectrum, Io, is a continuum, not a single energy. 
The transmitted spectrum, I(Ex) is not only reduced, but changed by the amount of material 
encountered as shown by the integral of the material density, ρ, along the path, x.  

Note that the LAC, µ, can be equivalently expressed in terms of x-ray cross sections. This latter 
formulation is more appropriate to our approach, and will be used below to implement the 
proposed definition of the effective atomic number. 

      Equation  1c  

The mass-absorption coefficients, µ/ρ(Z,Ex), and the atomic cross sections, σe(Z,Ex), have been 
systematically tabulated in x-ray absorption tables [1–3]. In this document, we are referring 
specifically to total or “narrow-angle” cross sections. This implies that x-ray measurements are 
made using well-collimated systems. For loosely collimated systems, the Beer’s/Lambert law of 
Equation 1 begins to break down due to x-ray scatter in the radiographs. 

A CT image is a spatial map of µ. Because the absorption of x rays is energy dependent, the 
spectrum evolves as the radiation penetrates a sample. Typically, the low-energy x-rays are 
preferentially absorbed,  the average spectral energy increases, and thus µ decreases with depth, 
an effect referred to as "beam hardening."   

The dependence of µ on spectrum means that it is also dependent on the system used to measure 
it. For an EDS to identify a material, its algorithms need to know what the LAC’s of that material 



 

LLNL-TR-XXXXX-DRAFT  
 

4 

will be on that specific system. It would be impractical to evaluate every HME of interest on 
every model of every EDS, so it is necessary to measure the x-ray properties of the sample on 
one “material-characterization” system, and to use that measurement to predict how that sample 
would appear on other “target” EDS systems. On the EBS program, the Micro-CT systems at 
TSL, TAFB and LLNL have been used as the material-characterization systems. 
The Micro-CT systems are dual-energy systems. That is, each system measures LACs using two 
spectra: a high-energy spectrum and a low-energy spectrum. The LACs for both spectra are 
directly proportional to the electron-density of the sample and also depend in a complex way on 
the atomic-composition of the sample and on the shape of the spectrum used in the measurement 
(Equation 1b). The dependence on atomic composition of the LACs from the low-energy 
spectrum is much stronger than that of the high-energy spectrum, thus variations in the ratio of 
low-energy LACs to high-energy LACs (µlo/µhi) provide a measure of the atomic-composition of 
the specimen. 
Some of the EDS are also dual-energy systems. However, while the low- and high-energy 
spectra for the Micro-CT systems are identical, or nearly so, the EDS spectra are neither the 
same as the Micro-CT spectra nor the same as those of other EDS systems. To use measurements 
taken on one characterization system to predict measurements on a second, non-identical, target 
system, it is necessary to develop a transfer function, or map, between measurements on the two 
systems. 
An approach used on the EBS program for mapping the response of a dual-energy 
characterization system to a dual-energy EDS system has used the parameter, Zeff (defined 
below) to characterize the atomic composition of materials. This report specifically discusses 
two different effective-atomic-number indices, Zeff and Ze, and uses a detailed notation to 
differentiate between the number as calculated from the composition of a material and a number 
that has been measured using a CT system. To limit confusion, we will begin by defining that 
notation along with a number of other symbols that are used throughout.    

2.1	  Definition	  of	  Symbols	  used	  in	  this	  Document	  
For a single element, its atomic number, Z, is unambiguous. For compounds and mixtures we 
can approximate the x-ray behavior of the material by an “effective atomic number.” Because we 
are discussing different measures of “effective Z,” it is important to make the definition of the 
terms used in this document clear: 

Effective Z: A number that uses a representative atomic number to approximate the energy-
dependent absorption of a complex material. We use this term to refer generically to 
implementations of this concept. The EBS program has used Zeff. In this document we 
propose an alternative, Ze; the various EDS vendors have their own methods. 

Zeff:  is an effective Z that is currently used to describe known compounds using a traditional 
formula, Equation 2, where the ai are the relative electron fractions contributed by the 
constituent atoms.  That formula is somewhat arbitrary in that no such formula can be 
accurate over all materials and spectra. To date, on this program, we have used Zeff to 
approximate the effective number of the reference materials used in the calibration 
assigning the value 3.8 to the parameter p. In this choice for p, we have not optimized the 
Equation 2 formula for either the spectra or materials of concern. 
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      Equation  2  
LZeff: describes the atomic number of an unknown material as measured on the Micro-CT 

systems. LZeff is determined by comparing the spectral responses of the unknown material 
to those of the reference materials. LZeff  is interpolated from the Zeff numbers that have 
been assigned to the references. LZeff

 is a system-dependent parameter. Because the 
Micro-CT systems utilize nearly identical spectral responses, the LZeff from the Micro-CT 
systems are essentially the same. The response of a substantially different system can 
similarly be interpolated using LAC measurements from its reference standards. A 
system-specific mapping function then can be found to map values from the Micro-CT 
system to any other CT system so that sample measurements made on the Micro-CT 
system can predict measurements on that other system.  

Ze: is proposed as a more accurate parameter, and as a physically-defined x-ray model of 
known compounds (e.g. the reference materials), based on the calculated x-ray properties 
of those compounds. The Ze model is designed to closely match the actual x-ray 
absorption of each material over the spectral region of interest. Per se, it removes the 
arbitrariness and lack of optimization entailed in using Zeff.  

LZe: If the recommended “Ze” method of characterizing the material were adopted, the Micro-
CT determination of the x-ray properties of unknown materials, LZe could be calculated 
from the Ze in exactly the same way LZeff  has been interpolated from the Zeff, except that 
the calibration scale of the reference materials will be based on Ze rather than Zeff. The 
notation would be changed from LZeff to 

LZe to mark the transition to the updated method. 

µ: The linear attenuation coefficient in a material as defined in Equation 1. On the EBS 
program, the units of µ are mm-1. 

µ lo: The linear attenuation coefficient in a material for the low-energy spectrum of a dual-
energy system. 

µhi: The linear attenuation coefficient in a material for the high-energy spectrum of a dual-
energy system. 

Ex: X-ray energy. In this document the x-ray energy is expressed in keV. 
{σ and ρ}: In general, the linear x-ray absorption due to a thickness of any material is the 

product of a cross-sectional area σ (cm2/unit) and the density of the material ρ in the 
beam (units/cm2). “Units” can be electrons, atoms, or molecules, etc. In this paper we use 
moles of electrons as our “unit;” this allows us to work with “laboratory-sized” quantities 
of material. The cross-sections, σ , are strongly dependent on the atomic composition and 
on the x-ray energy. The densities, ρ, depend only on the material density.  

ρe: Electron density per unit volume. In this document ρe is expressed in moles of electrons 
per cm3. ρe for an element can be simply calculated from the mass density ρm (g/cm^3) by 
ρe = ρm * (Z/A), where Z and A are the atomic number and atomic weight. For a complex 
material the electron density is just the sum of contributions from the constituent 
elements: 
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      Equation  3  

where wi is the numerical fraction of element i present in the compound, and Zi and Ai 
are the atomic number and atomic weight of that atom. 

σe: the x-ray cross-section for a specified atomic number, Z, and a given number of 
electrons. In this document σe is expressed in cm2 per mole of electrons. σe depends 
strongly on the atomic number of a material, Z, and on the x-ray energy, Ex. For clarity, 
this may be shown expressly as σe(Z,Ex). In this document σe is interpolated from the 
Livermore Evaluated Photon Data Library [1] with the conversion of the unit of charge 
from a single electron, to a mole of electrons. For a complex material: 

      Equation  4  

where σ(Zi) is the published cross section of the element, Zi, and bi is the fraction of 
electrons contributed by the element Zi. 

σZe: The x-ray cross-section (cm2 per mole of electrons) for a compound or mixture with an 
effective atomic number Ze. For clarity, this may be shown expressly as σZe(Ze, Ex).  

2.1	  How	  Zeff	  has	  been	  used	  on	  this	  program	  to	  characterize	  HMEs	  
The current program strategy to predict the EDS measurements on an HME based on Micro-CT 
measurements can be summarized as follows (the details of steps 4–6 are elaborated in 
Section 2.2): 

Calibrate the characterization and target systems: 
1. Establish a set of reference materials whose effective Z and densities span the 

compositional range of materials of interest. 
2. Assign each reference material an “effective atomic number” parameter, Zeff, to represent 

its material composition. 
3. Measure the dual-energy LACs. µlo and µhi, for each reference material on the 

characterization system and on each target system. 
4. For each system, approximate the relationship between the Zeff of the references and the 

measured LAC ratio (µlo/µhi) by an interpolating polynomial. 
Measure the µhi and LZeff of the HME: 
5. Measure the LACs of the HME on the characterization system. 
6. Use the Micro-CT polynomial function from step 4 to interpolate LZeff of the HME from 

the µlo/µhi ratio. 
Calculate the EDS µ lo and µhi of the HME from the LZeff and µhi of the Micro-CT: 

7. Use the EDS polynomial function from step 4 to interpolate the EDS µlo/µhi ratio from the 
measured Zeff. 

8. Obtain the µhi of the EDS from that of the Micro-CT (for improved accuracy, this 
relationship can be calibrated). 

9. Calculate the µlo of the EDS from its µhi and the ratio from step 7. 
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In this paper, we are specifically concerned with the techniques used to implement Step 2. As 
we will show, Zeff is defined in a way that makes it an incomplete, ambiguous, and imprecise 
representation of the x-ray properties of complex materials. By “complex materials,” we refer to 
any combination of molecular compounds or mixtures that consists of more than one element. 
Because Zeff lies at the core of the response-mapping strategy, these deficiencies affect the 
accuracy with which measurements on the Micro-CT system can predict measurements on the 
EDS. 

2.2	  Measurement	  of	  LZeff	  based	  on	  the	  LACs	  and	  Zeff’s	  of	  the	  reference	  samples	  
The experimental configuration of the Micro-CT systems provides two physically separate layers 
for the measurements[4]. The HME specimen is contained in a bottle on the top layer of a 
rotating sample holder  (the “carousel”). The (nominally) ½-inch diameter reference samples are 
on the lower layer. A number of reference samples were chosen for use on this program [5]. For 
the measurements described here, each layer is imaged using an x-ray fan collimated through a 
narrow slit. The selected materials, and their assigned Zeff’s are shown in Table 1. 

Table 1. A list of the reference materials used on the Micro-CT and their assigned Zeff 
parameters. The ethanol and water are in polypropylene bottles. 

Material Zeff Nominal Formulation 

Graphite 6.00 C 
Ethanol 6.53 95% Denatured Ethanol 
Delrin 7.07 H2CO 
Water 7.54 H2O 
Teflon 8.50 CF2  

Aluminum 13.00 6061 aluminum alloy 

 

The interpolation of the measured LZeff number for a hypothetical HME is illustrated in Figure 1. 
The measurements from the reference samples are shown as blue and red data points. Their 
measured LAC ratios (µlo/µhi) and assigned Zeff’s are given on the horizontal and vertical axes 
respectively. The interpolation function is implemented as two separate polynomials (one each 
for the low- and high-Zeff ends of the data); the Delrin measurement is common to both fits[6]. 

For this graph, actual Micro-CT data have been used for the reference measurements. However, 
the HME measurement is hypothetical. We have assumed that the measured µlo/µhi ratio for the 
hypothetical sample is 1.8. The LZeff for this specimen is then interpolated from the upper (red) 
curve as 9.74. The notation LZeff indicates that this is an empirically measured number that has 
been interpolated from a measurement scale based on the calculated parameter Zeff. 
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Figure 1. The method for measuring the LZeff of an HME (steps 4–6 in the text) is illustrated in this graph. The 

interpolation formulas for the low- and high- ends of the data are shown explicitly. The reference 
measurements are taken from LLNL Micro-CT data. The measurements on the “HME sample” are 
hypothetical. 

3.0	  Discussion	  of	  the	  Zeff	  Parameter	  

One of the key requirements for x-ray detection of HME is to provide a representation of the 
chemical composition of the material as it appears in x-ray measurements. Every element 
(referred to by its atomic number, Z) has a unique signature in the way it absorbs x-ray radiation. 
For example, high-Z elements have greater absorption, particularly at the lower x-ray energies. A 
compound or mixture of materials exhibits absorption that is a blend of the absorption from its 
constituent elements and will, in its energy dependence, resemble elements somewhere between 
the highest and lowest Z’s present in the mixture. Because of the complexity of components 
involved in x-ray absorption, it is not possible to exactly represent any compound material as a 
single element, or using any single parameter. However, it can be possible, and useful, to 
approximate the absorption by a single parameter provided that parameter is associated with a 
model that specifies the energy-dependent absorption of that material, and that provides a means 
to optimize and evaluate the accuracy of the model. 
The technique that has been used to date on this program has its historical roots in medical x-ray 
technology. In 1946, to estimate (without doing detailed and computationally-intensive, 
calculations) where a particular material’s absorption properties would fall on an “effective-Z” 
scale, F. W. Spiers  [7] proposed the Equation 2 expression with the power parameter, p=2.94. 
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fit the desired range of materials and spectra [8–12]. Given an optimal selection of p, this method 
has proven useful in the medical field for interpolating properties on specific systems and within 
the relatively narrow, and low-Z, range of materials of biological interest. If higher-Z 
components are present in the materials, it becomes very difficult to fit Equation 2 to materials of 
interest. For example, McCullough [9] warns that: 

 … even for the specific sub-components of the cross-sections, no single formula of the… 
<< Equation-2 >>… form can describe the variations of those sub-components …to the 
accuracy desired by any analysis relevant to CT scanning. 

As discussed above, the strategy for the EBS has been to analytically interpolate an effective 
LZeff for an HME based on LAC ratios measured on reference materials, notably graphite, 
ethanol, Delrin, water, Teflon, and aluminum. The independent variable (Zeff) for the references 
was assigned using the Zeff formula (Equation 2) with the power p = 3.8, as suggested by TSL. 
The interpolated effective-Z for the HME is called LZeff. Unless otherwise specified, all Zeff 
values in this document are calculated using p = 3.8. 

The use of the Zeff equation to provide a characterization of the x-ray properties for complex 
materials raises several issues. 

	  The	  use	  of	  the	  Zeff	  equation	  is	  inherently	  problematic	  
The Zeff equation was introduced as a computational tool to estimate the x-ray absorption 
properties of complex materials at a time when detailed computation of the energy-dependent 
coefficients would have been difficult and expensive. It has likely not evolved, because its 
primary constituency, medical physics, has not needed to provide an accurate scale for as broad a 
range of materials as addressed by this program. Issues with the use of this formula include: 

1. Any selection of the exponent “p” in Equation 2 will not fit all compounds equally 
well. The selection of “p” is a compromise. If the spectral and compositional range is 
limited, a “best value” can be chosen. Evaluating the accuracy of that choice is 
problematic because there is no specified relationship between Zeff and the x-ray 
properties (see point 4 below). As new HME’s become of interest, and particularly if 
more high-Z components are used in the HME samples, the choice of “p” may need to be 
revisited. That would be disruptive to the continuity of the measurement strategy. 

2. The currently selected exponent, p=3.80, is not appropriate for representing HME. 
As shown in McCullough [9] an exponent of 3.8 is only representative of the Z-
dependence of the photoelectric absorption, and will consistently over-estimate the Zeff 
for other materials with high-Z constituents. Typical HME are dominated more by 
Compton than photoelectric absorption and an optimal compromise would use a smaller 
exponent.   

3. The calculated Zeff is an inherently ambiguous indicator of the x-ray absorption 
properties of materials. The simple way to see this is to look at Equation 2. An almost 
unlimited number of constituents could be compositionally adjusted to fit a specific Zeff 
number as long as that number is somewhere between the lowest and highest Z of the 
constituents selected. These varied compounds will, however, each have different x-ray 
absorption properties. 

4. There is no defined way to get from the calculated “Zeff” to the x-ray absorption 
properties of the material. We need the “effective-Z” to describe physical properties—
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the energy-dependent x-ray absorption—of an HME. Without a definition of the x-ray 
absorption that is specified by the Zeff we can say neither what those properties are, nor 
whether the selected number accurately describes those properties. Put simply, we do not 
have a physical model for Zeff. 

There is a considerable overlap between points 3 and 4, and it is worth illustrating the issue. For 
example, few would dispute that a material with an effective Z of 10 ought to appear the same as 
a compact sample of the element neon (Z=10). For example, if a small amount of iron is added to 
a carbon substrate, to raise the Zeff of that sample to 10.0, the absorption cross sections of that 
material ought to closely track the cross sections of neon. 
If iron is added to a carbon base, with a weight fraction of 2.44%, the Zeff calculated by 
Equation 2 (using p=3.8) is 10. In Figure 2, the total x-ray cross sections of neon (red line) and 
the putative Zeff=10 compound (blue line) are compared; clearly, the low-energy absorption is 
much lower in the putative composite than in the neon (the black dotted line will be discussed 
later). 

 
Figure 2. The x-ray cross-sections are compared for Neon (Z=10) and for a carbon composite having 2.44% iron 

by weight (Zeff = 10.). At the low-energy end of the graph, the cross section for the composite is about 
30% lower than that of the Neon. Clearly these material responses are significantly different. The cross 
section for Ze = 10, calculated using the proposed alternative technique (black dots), closely follows that 
of neon. 

The contrast between the elements used in the mix  (Z = 6 and 26) is large, but it illustrates the 
point: Zeff is ambiguous. Any given Zeff number can represent a range of materials and a range of 
x-ray properties. This means that Zeff cannot precisely specify the x-ray properties of the 
references, therefore, LZeff, the measurement of an HME that is interpolated from the Zeff, cannot 
accurately convey the properties of that material to an EDS vendor.  
An exponent “p” in Equation 2 could be found to make this particular choice of ingredients 
match, however another selection of materials would then present a poor match. The 
fundamental point is that Equation 2 is not a physical model for a material’s response— it 
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provides no formula for calculating a unique x-ray response for a specified Zeff, and no means to 
verify that response. 
In the next section, we present an alternative method for associating an effective atomic number, 
Ze, with a specific material. Using that approach, which is based on a physical model, we find 
that a Ze of 10.0 corresponds to the addition of 4.20% iron by weight to the carbon. In Figure 2, 
it is clear that the cross-section for a C/Fe material with Ze = 10 (black dots) is almost 
indistinguishable from that of neon. 

4.0	  	  An	  Alternative	  Approach	  to	  Selecting	  the	  “Effective	  Z”	  

There is a simple alternative, Ze, that eliminates the problems in the previous section resulting 
from the Zeff formulation. There are two steps: 

• Provide a physically meaningful definition for the effective Z, Ze, and for the 
corresponding x-ray cross-section: σZe(Ze,Ex). 

• Provide an algorithm for determining Ze for an arbitrary known compound or mixture of 
elements. 

4.1	  Define	  Ze	  and	  σZe(Ze,	  Ex)	  
In x-ray physics, a material is described by its energy-dependent cross-section and electron 
density. Therefore, to have any physical meaning, Ze must be defined by specifying σZe(Ze, Ex). 

Our definition of σZe(Ze, Ex) is extremely simple, it is a linear interpolation between σe(Z, Ex) 
and σe(Z+1, Ex) where σe(Z, Ex) is interpolated directly from any standard set of x-ray 
absorption tables [e.g. 1–3]. To be specific: 

a. For integer Ze, the energy dependent x-ray cross-section of a material is exactly that of 
the corresponding element with atomic number Z, i.e.: 

Integer  Ze:        Equation  5a  

b. For non-integer Ze, the cross-section, σZe is obtained from a proportionate mixture of the 
cross-sections from the immediately adjacent elements. For example, a Z of 8.3 would be 
a 70/30 blend of Oxygen (Z=8) and Fluorine (Z=9). The x-ray cross-sections for this 
material can then be calculated: 

     

This definition can be written more formally. If we express the Ze as a real number with 
an integer part (Z) and a fractional part (frac), then, 

Non-integer Ze: Equation 5b 

        

In practice, only Equation 5b is required, because, if Ze is an integer, Equation 5b reduces to 
Equation 5a. Note that “frac” refers to the fraction of electrons, rather than the fraction of atoms, 
contributed to the material from the Z+1 element. 
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Equation 5b defines Ze:  A material with an effective atomic number, Ze, has the energy-
dependent cross-section of Equation 5b. 

Note that this definition of Ze is not an approximation. It is a specific definition in terms of 
physical parameters. It is valid over the same range of parameters as the x-ray absorption tables 
from which it is interpolated. Our knowledge of the x-ray cross-section of Ze, is neither more nor 
less accurate than those tables, which express the current knowledge of x-ray interaction 
probabilities. 

Combining Equations 1, 4, and 5 for compounds, the familiar exponential attenuation of x-ray 
intensity with thickness, x, can be written: 

      Equation  6  

Two obvious questions arise: 

1. How do you find an optimal Ze for a specified compound or mixture? 

2. When can the x-ray properties of any specific material be accurately approximated by Ze 
(or any other effective-Z)? 

4.2	  Calculating	  Ze	  for	  an	  Arbitrary	  Compound	  or	  Mixture	  

For compounds and mixtures of elements, σ(Ex) is just the proportionate sum of the cross 
sections of the constituent atoms. Elaborating on Equation 4, for a material with N types of 
atoms, with atom Zi present in the proportion ni:  

      Equation  7 

As an example, for water, H2O, N = 2, Z1 = 1, Z2 = 8, n1 = 2, n2 = 1. 

and          

The procedure for finding Ze is then conceptually simple, the best Ze provides the best agreement 
between σZe(Ze, Ex) and σ (material, Ex). Another way to state the principle is “use the Ze that 
will provide the best match for the (Equation 7) calculated cross-section of the known material.” 

A straightforward approach would be to use a Ze that has the best least-squares-fit to the cross-
section over the x-ray range of interest. However, we suggest using a finesse here that provides a 
more robust result. 
Recall that any effective-Z, including Ze, can only provide an approximation to the energy-
dependent cross-section of a compound. For any compound, that approximation will eventually 
fall apart at the lowest energies largely because the ratio of the coherent and photoelectric cross-
sections differs between the actual compound, and that calculated via the Ze definition.  That 
discrepancy will occur at higher energies if the material is a mixture of very-high and very-low-Z 
elements. The combination of the high-Z (iron) with the low-Z (carbon) in Figure 2 was 
deliberately chosen to emphasize that effect. 
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However, we are using Ze to describe the transmission of materials over a broad, but finite, 
spectral region. However, the transmission of an object rapidly decreases at the lowest energies. 
If there is significant x-ray transmission at the lowest energies, we would like to find the best 
compromise that includes those low energies. But, where there is very little transmission a low-
energies, we want to decrease the weight given to the lowest energies. 
The way we have handled this is to select Ze to obtain the best least-squares-fit for the 
transmission of x rays through a material of moderate thickness. For the EBS program 2.5 g/cm2 
of material (essentially 1-inch of water) seems appropriate, and has been used for the 
calculations in this paper. Note that the choice of thickness is not at all critical, however allowing 
the material absorption to weight the least-squares fit provides a self-adjusting cutoff for the 
lowest energies used in the calculation whenever higher-Z constituents are present. This is 
illustrated in section 4.3. Use of transmission weighting also de-emphasizes the highest energies 
where there is less absorption and little Z-dependence in the absorption. 
It is also important to apply the optimization over an appropriate spectral region. For EBS 
applications, the combination of source filtering and object attenuation transmits little radiation 
below 30 keV, and typical peak source energies are 160 kV, so we have done our optimization 
over a range of 30–160 keV. 
The results of applying this algorithm to Teflon are illustrated in Figure 3, where a Ze of 8.41 is 
shown to closely fit the transmission of Teflon across the selected range. As shown earlier in 
Figure 2, the energy-dependent cross section for an Fe/C mixture, calculated using this 
algorithm, also fits the Ze description very closely. 

 

Figure 3. The x-ray transmission through a (2.5 g/cm2) sheet of Teflon (red) is closely matched by the transmission 
calculated for Ze of 8.41 (black points). For comparison, transmissions through the same areal mass of 
Oxygen (z=8) and Fluorine (z=9) are shown. 

4.3	  Range	  of	  Applicability	  of	  Effective-‐Z	  Models	  
Ze, or any effective-Z, is an approximate description of a material. For many materials, and 
spectral regions—and for most materials of interest to the EBS Program—it can be an excellent 
approximation of the energy-dependent x-ray absorption. Two situations may present problems.  
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Figure 4.  For Teflon, the effective-Z provides an excellent approximation to the cross-section over a broad range of 

energies. However, for the fictional Fe/C mixture analyzed in the text, Z = 10 is accurate down to about 
35 keV.  Below 30 keV, the cross-section ratio quickly diverges. Optimizing Ze according to the 
transmission through a material sample, effectively eliminates sensitivity below 30 keV. 

First, for any complex material, the effective-Z model will have a low-energy limit, below which 
the actual cross section and effective-Z cross section diverge. Figure 4 illustrates this issue for 
Teflon and for the iron/carbon mixture that was discussed above. The left panel of this figure 
plots the ratio of the effective-Z models, σ e(Ze, Ex) to the calculated cross-section, σ (material, 
Ex), for the actual materials. For Teflon, which is composed of the relatively low-Z materials 
carbon and fluorine, the cross sections match very closely down to 20 keV. For the posited 
iron/carbon mixture, the ratio diverges below 35 keV.  
However, the algorithm used to optimize Ze, calculates transmission differences through a 2.5 
g/cm2 sample. As shown in the right panel of Figure 4, the transmission through the iron/carbon 
mixture cuts off at about 30 keV, so the ratio divergence would have little effect on the 
calculated value of Ze. In the field, EBS systems would only see a difference between the 
effective-Z model and the material for thin sheets, unshielded by other material, and viewed 
perpendicular to the surface of the sheet. Thus, even for a fairly radical high-Z/low-Z mixture, 
the Ze model remains robust. At some point, as the contrast between the constituent materials 
increases, the model will break and an effective-Z model will not be useful.  
The hypothetical iron/carbon sample, is just at the threshold where an effective-Z model 
becomes inappropriate, and serves as an illustration that, if we use an effective-Z model for the 
materials being characterized, we need to be vigilant as small amounts of high-Z elements are 
added to the compound. 
The second problem that may arise is the inclusion of elements with absorption edges in the 
middle of the observing spectrum. The k-absorption edge of tin (Z=50) is just below 30 keV and 
should not present a problem. However elements significantly above that, such as lead or 
gtungsten, could present a “jagged” transmission characteristic that would be very sensitive to 
the low-energy cutoff of the probing spectrum. Again, in that situation, an effective-Z model 
would not be useful. Like any tool, effective-Z models need to be used thoughtfully. 

5.0	  Are	  the	  proposed	  changes	  Better	  and	  are	  they	  “Significant?”	  

Ze is qualitatively “better” than Zeff in that the Ze calculation provides a model to define the x-ray 
transmission properties of the material having that effective atomic number. Zeff is, in fact, 
mathematically ambiguous. Ze provides a valid single-valued physical model for every material. 
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Ze is quantitatively better because it provides an accurate approximation to the x-ray 
transmission for any specified material. Its accuracy is built in by using the best-fit algorithm in 
its implementation. 

Table 2. Comparisons of the Zeff that are used on the current program and the improved Ze 
values using the approach outlined above. 

Material Zeff Ze Difference Formulation 

Ethanol 6.53 6.35 - 0.18 100% Ethanol 

Delrin 7.07 6.99 - 0.12 H2CO 

Water 7.54 7.40 - 0.14 H2O 

Teflon 8.50 8.41 - 0.09 CF2  

Evaluation of Micro-CT system performance has shown measurement consistency for the µlo and 
µhi on the order of 0.6% and 0.1% respectively [13]. Additionally, evaluation of HME on this 
program has indicated the need to achieve measurement precision for µhi on the order 
of ½% [14]. From the slope of the upper segment of the Figure-1 graph, we can see that 0.6% 
variation in the measurement of the LAC ratio, corresponds to a variation in the Zeff of about 
0.04. 
Table 2 provides a perspective on the magnitude of the adjustments resulting from using the Ze 
process for calculating the “effective-Z”. The table assumes that the nominal molecular 
compositions are correct. If the program objective is to measure material properties, the 
differences exceed the figure-of-merit (ΔZ ~ 0.04). This suggests that, at present, the accuracy 
and consistency of our “Zeff ruler” is not as precise as our LAC measurements and that a more 
accurate calibration would be appropriate. 
If the number LZeff is intended to convey information about a specific sample, its ambiguity and 
lack of precision does not seem appropriate for its role. Note that the ambiguity becomes greater 
when higher-Z elements are present in the sample.  

Advantages	  to	  the	  Proposed	  Definition	  of	  Ze	  	  

• Accuracy: The definition of Ze optimizes the effective-Z for each material. 
• Flexibility: If, and when, new HME are encountered, the selected algorithm does not 

need to be adjusted. The technique, by its definition, provides an optimized description 
for each material. 

• Specificity: The effective atomic number, Ze, along with the areal density of a particular 
sample, ρe, uniquely specifies the x-ray absorption for each material. 
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6.0	  Summary	  and	  Recommendations	  

• The Zeff parameter does not accurately describe the x-ray properties of materials. An 
alternative, Ze, provides a more accurate material description. 

• To assure that the choice of an effective-atomic number parameter does not significantly 
impact the accuracy of data produced on this program, we recommend that the use of Zeff 
be replaced, and that the more accurate Ze be used instead.  

• At some point, the EBS program will need to move to a more precisely defined set of 
reference materials to serve as the measurement standards for characterization of HME. 
That would provide an opportunity to move the program to the use of the more accurate 
Ze parameter (See Appendix). 
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8.0	  	  Appendix:	  How	  the	  Proposed	  Definition	  of	  Ze	  Impacts	  the	  Current	  HME	  
Program	  

• In conjunction with obtaining chemical assays of the “as deployed” reference materials, 
the effective-Z would be recalculated using the Ze definition. The magnitude of the 
impact on previous data should be assessed in view of those results. 

• To bring previous work in line with the improved calibrations, the work based on the Zeff 
calibrations could be updated, however, it may be adequate to simply provide a 
“correction function” to adjust previous Zeff results to the more accurate Ze. 

• For the immediate future, the effective-Z of the HME would be interpolated using the 
current interpolation technique, but with the assigned effective atomic number of the 
references based on the more accurate Ze scale calculated using accurately assayed 
reference materials. These would be referred to as LZe, where LZe is Ze measured using 
the IDD interpolation technique. For materials with known composition, Ze can be 
calculated directly. That is, the x-ray cross section can be calculated based on published 
data [1–3]. 

Effect	  of	  Changing	  the	  Effective-‐Z	  on	  Data	  Acquisition	  

Micro-CT data acquisition is unchanged when we recalibrate the effective atomic number of our 
references. 

Effect	  of	  Changing	  Effective-‐Z	  on	  Image	  Reconstruction	  and	  Object	  
Segmentation	  

CT reconstruction and segmentation remain unchanged.   

To effect the change in computing LZe will require replacing the current Zeff values for the 
references in the characterization template spreadsheet with the Ze values determined by the 
technique described above and based on the chemical assays of the as-deployed reference 
materials. 


