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EXECUTIVE SUMMARY 

 
It is estimated that by using better and improved high temperature structural materials, the 

power generation efficiency of the power plants can be increased by 15% resulting in significant 
cost savings. One such promising material system for future high-temperature structural 
applications in power plants is Silicon Carbide-Silicon Nitride (SiC-Si3N4) nanoceramic matrix 
composites. The described research work focuses on multiscale simulation-based design of these 
SiC-Si3N4 nanoceramic matrix composites. There were two primary objectives of the research: 

1. Development of a multiscale simulation tool and corresponding multiscale analyses of 
the high-temperature creep and fracture resistance properties of the SiC-Si3N4 
nanocomposites at nano-, meso- and continuum length- and timescales; and 

2. Development of a simulation-based robust design optimization methodology for 
application to the multiscale simulations to predict the range of the most suitable phase 
morphologies for the desired high-temperature properties of the SiC-Si3N4 
nanocomposites.   

The multiscale simulation tool is based on a combination of molecular dynamics (MD), 
cohesive finite element method (CFEM), and continuum level modeling for characterizing time-
dependent material deformation behavior. The material simulation tool is incorporated in a 
variable fidelity model management based design optimization framework.  

Material modeling includes development of an experimental verification framework. Using 
material models based on multiscaling, it was found using molecular simulations that clustering 
of the SiC particles near Si3N4 grain boundaries leads to significant nanocomposite strengthening 
and significant rise in fracture resistance. It was found that a control of grain boundary 
thicknesses by dispersing non-stoichiometric carbide or nitride phases can lead to reduction in 
strength however significant rise in fracture strength. The temperature dependent strength and 
microstructural stability was also significantly depended upon the dispersion of new phases at 
grain boundaries.  

The material design framework incorporates high temperature creep and mechanical strength 
data in order to develop a collaborative multiscale framework of morphology optimization. The 
work also incorporates a computer aided material design dataset development procedure where a 
systematic dataset on material properties and morphology correlation could be obtained 
depending upon a material processing scientist’s requirements. Two different aspects covered 
under this requirement are: (1) performing morphology related analyses at the nanoscale and at 
the microscale to develop a multiscale material design and analyses capability; (2) linking 
material behavior analyses with the developed design tool to form a set of material design 
problems that illustrate the range of material design dataset development that could be performed. 

Overall, a software based methodology to design microstructure of particle based ceramic 
nanocomposites has been developed. This methodology has been shown to predict changes in 
phase morphologies required for achieving optimal balance of conflicting properties such as 
minimal creep strain rate and high fracture strength at high temperatures. The methodology 
incorporates complex material models including atomistic approaches. The methodology will be 
useful to design materials for high temperature applications including those of interest to DoE 
while significantly reducing cost of expensive experiments. 
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II-Mesoscale Fracture Modeling of SiC-Si3N4 Nanoceramic Composites1 
§1. Introduction 

Silicon Carbide (SiC)-Silicon Nitride (Si3N4) nanocomposites with spherical nano-sized SiC 

particles placed either in micro-sized Si3N4 grains or along Si3N4 grain boundaries (GBs) have 

been shown to be exceptionally strong at a range of temperatures with maximum temperature 

upto 1500 oC, [1], [2], and [3]. The first SiC-Si3N4 nanocomposite was prepared by hot-pressing 

amorphous Si-C-N powders, and these materials contained up to 53 vol% SiC. Tensile strength 

data upto 1500 MPa, at room temperature, and 970 MPa, at 1400 oC were reported, [4] and [5]. 

The microstructural morphology of these nanocomposites consists of multiple lengthscales with 

Si3N4 GB thickness of the order of 50 nm, SiC particle sizes of the order of 200-300 nm, and 

Si3N4 grain size of the order of 0.8-1.5 µm, [1], [6], and [7]. The SiC volume fraction can range 

from 10% to as much as 50%, [1]. Depending upon the SiC phase volume fraction, the grain size 

as well as the statistical grain size distribution of Si3N4 phase can be controlled, [6]. The 

toughness of the composites depends on the volume fractions of inter- and intragranular SiC 

dispersions, and controlling these fractions precisely is challenging. Intragranular SiC particles 

are thought to be effective in toughening the nanocomposites because they are mainly 

responsible for crack deflection and crack impediment. However, a clear account of the effect of 

the SiC particle placement on the fracture strength of the nanocomposites is not available. A 

fundamental understanding of the effect of nano-sized SiC reinforcements on the mechanical 

behavior of Si3N4 matrix composites is required before further attempting to improve the 

properties of these composites by varied morphological alterations in experiments. 

                                                 
1 A major part of this work has been published in International Journal with Citation “Tomar, V., 2008, Analyses of 
the role of the second phase SiC particles in microstructure dependent fracture resistance variation of SiC-Si3N4 
nanocomposites, Modelling Simul. Mater. Sci. Eng. 16 (2008) 035001” 
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The fracture resistance of single phase and multiphase polycrystalline materials has been 

analyzed in past using analytical, computational, and experimental approaches, [8], [9], [10], 

[11], [12], and [13]. However, leaving aside some recent promising approaches (such as [14]) 

analyses have not considered explicit combined role of GBs and second phase particles in the 

microstructure dependent fracture of these nanocomposites. In the presented research, the 

cohesive finite element method (CFEM) based dynamic fracture analyses in SiC-Si3N4 

nanocomposites with an explicit account of the lengthscales associated with GBs, the second 

phase (SiC), and the primary phase (Si3N4 matrix) are performed. For CFEM analyses 

polycrystalline SiC-Si3N4 nanocomposite structures are generated with grain size of Si3N4 

approximately equal to 1.2 µm (in cases where the GBs are resolved) and the SiC particle size 

approximately equal to 200 nm (Fig. 1). The volume fraction of the SiC phase is arbitrarily fixed 

at 20%. The analyses are based on the approach of [15]. The parameters for the interfacial 

bilinear traction-separation relation are derived using available experimental energy release rate 

values for SiC and Si3N4. Analyses and discussions focus on delineating the effects of second 

phase particle placement, loading rate, and phase morphology on the observed dynamic fracture 

characteristics.  

§2. Formulation 

There are two approaches for analyzing fracture using the CFEM when the crack path is 

unknown in advance. One is to insert cohesive elements into the model as fracture develops (e.g., 

[16]). This approach requires the use of specific fracture initiation criteria that are extrinsic to the 

constitutive model of the material. The other approach is to embed cohesive surfaces along all 

finite element boundaries as part of the physical model (e.g., [17]). The additional discretization 

allows the cohesive surfaces to permeate the whole microstructure as an intrinsic part of the 
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material characterization. The inclusion of cohesive surfaces along all element boundaries over 

an area in 2D or a volume in 3D allows fracture paths and fracture patterns to be predicted. It 

assigns a much desired attribute to micromechanical models – the ability to predict fracture 

pattern and fracture outcome without computational checking at each time step as to which 

branch of material model to follow in a specific material location. By using this approach it may 

be possible that the elastic stiffness of material gets reduced in the case of cohesive laws having 

finite initial slope. However, a convergence criterion developed and reported in [18] eliminates 

such problems. We follow the second approach based on the work of [18] in our analyses. Each 

phase is modeled with hyperelastic constitutive behavior based on available experimental 

evidence, [19], [20], [21], and [22]. In the absence of the experimental information, the 

distribution of the crystalline orientation of the Si3N4 and SiC phases is neglected.  

§2.1 CFEM framework 

A Lagrangian finite deformation formulation is used to account for the finite strains and 

rotations in crack tip regions. The transient finite deformation kinetics is specified through the 

principle of virtual work as 

                             
2

: δ d δ d δ d δ d ,
2

V S S Vextint

V S S V
t

∂− ⋅ = ⋅ − ρ ⋅
∂∫ ∫ ∫ ∫

u
s F T ∆ T u u                                    (1) 

where : δ s δFij
ji=s F  in Cartesian coordinates; s is the first Piola-Kirchoff stress; ∆∆∆∆  is the 

displacement jump across a pair of cohesive surfaces; V, Sext and intS  are the volume, external 

surface area and internal cohesive surface area, respectively, of the body in the reference 

configuration. The density of the material in the reference configuration is ρ .  δ , δ , and δF ∆ u  

denote admissible variations in F, ∆  and u, respectively. The traction vector T  and the surface 

normal n  in the reference configuration are related through T n s= ⋅ . In the continuum 
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interfacial separation relations, the traction T applied on material points P and P′ coinciding at 

and occupying position x on cohesive surface 0S  in the reference configuration is work-

conjugate to surface separation ∆ . Reckoned in the reference configuration, the cohesive law is 

                                                              ( ) ( )=   T x T ∆ x                                                             (2) 

and the work of separation under this traction at any stage of deformation is ([23]), 

                                                         
0

( ) d dW = ⋅∫ ∫
0

xTsep

S

S
∆∆∆∆

∆∆∆∆ .                                                          (3) 

Implied here is the assumption that cohesive traction-separation relations are locally determined, 

i.e. the cohesive traction at one point is fully determined by the separation at the point itself.  A 

review of various types of cohesive laws is given by, e.g., [24].  We use the CFEM framework 

described in [18].  

§2.1.1 Irrversible bilinear cohesive law 

The CFEM simulations are carried out under plane strain assumption. Although the discussion 

in the presented research focuses on tensile loading, compression and contact can be dealt with 

as well within this framework, [25]. The irreversible bilinear law used can be regarded as a 

generalized version of the cohesive laws with irreversibility, [26] and [27]. Similar to these laws, 

we have an internal state variable λ defined as ( ) ( )2 2
λ = ∆ ∆ + ∆ ∆n nc t tc  that describes the 

effective instantaneous state of mixed-mode separations.  The traction and the cohesive surface 

separation are related through a description Φ  of the surface energy dissipation per unit area 

which is a function of separation vector ∆∆∆∆  through the state variable λ. Here, ∆n = ⋅n ∆  and 

∆t = ⋅t ∆  denote, respectively, the normal and tangential components of ∆∆∆∆ , with n  and t  being 

unit vectors normal and tangent to initial cohesive surface 0S , respectively. nc∆  is the critical 
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normal separation at which the cohesive strength of an interface vanishes under conditions of 

pure normal deformation ( 0t∆ = ). Similarly, tc∆  is the critical tangential separation at which the 

cohesive strength of an interface vanishes under conditions of pure shear deformation ( 0n∆ = ). 

In addition to λ a parameter { }max ,0η = η λul  is defined to account for the irreversibility of 

separations. As illustrated in Fig. 2(a), 0η  is the initial value of η  which defines the stiffness of 

the original undamaged cohesive surface and λul  is the hitherto maximum value of λ  at which 

an unloading process was initiated. While 0η  is the characteristic value of effective separation λ  

at which the effective traction σ  (see below) for a cohesive surface pair reaches the strength 

Tmax  of the undamaged surface, λul  is the critical level of λ  at which σ  reaches the reduced 

strength (1 ) /(1 )T 0− η − ηmax  of the hitherto damaged cohesive surface pair. The specific form for 

Φ  is taken as 

                                     
( )

0
0

2

0
0

1

1

1

1 1

, if  0 η

1
1 ,    if  1.

2−

−
=

−

− −

   η λΦ ≤ λ ≤ ;   η η  
Φ = Φ(λ, η) 

 − λ ηΦ − η < λ ≤    η η  

             

                         (4) 

This relation allows the traction to be defined through 

                                                                     
∂Φ=
∂

T
∆

,                                                                   (5) 

yielding the normal and shear traction components as, 

                                        and   .T T=
α

(λ, η) = σ(λ, η)
λ λ

∆∆σ
∆ ∆

n

nc
n

t
t

tc
                                           (6) 

In the above expressions, α = ∆ ∆nc tc  and 
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                             ( ) ( )
0

2 2

0

1

1

1 1

1 1

, if  0

T T ,    if  1;

0,                             if  1.

T

T

−

−

− −
=

− −

 η λ ≤ λ ≤ ; η η 
 η λσ = + /α η < λ ≤ ⋅ η η 
 λ >



max

n t max

η      

                                     (7) 

The work of separation for forming a fractured surface per unit surface area is  

                                           0

1 1
d T T

2 2

c

max max
n nc n tc 0⋅ = = α = Φ(1, η ) = Φ∆ ∆∫

0

T
∆∆∆∆

∆∆∆∆ .                                 (8) 

While the bilinear relationship between σ  and λ  embodied in the above formulation is 

illustrated in Fig. 2(a), the variation of  Φ  is shown in Fig. 2(b). Based on Eq. (7) the amount of 

work that has been dissipated, dΦ , is  

                              

0

0
0 0 0

0
0 0

0

0, if  λ η ;

,  if  η < λ η;
1

,  if  η < λ 1;
1

, if  λ 1;

d
0

0

=

≤
 η − ηΦ(η, η ) − Φ(η, η) = Φ ≤
 − η

Φ (λ, η)  λ − ηΦ(λ, η ) − Φ(λ, η) = Φ ≤
 − η


Φ >

.                   (9) 

When full separation is achieved, 0dΦ (1, η) = Φ . dΦ  is partly converted into the surface energy 

and partly spent on causing damage in the material adjacent to crack surfaces through microcrack 

formation that is not based on a pre-specified criterion. A unique damage parameter can be 

defined to phenomenologicaly track the progressive softening of cohesive surfaces interspersed 

throughout the composite microstructure. This parameter D is defined such that 

                                                                    
0

D dΦ= Φ .                                                              (10) 

Note that 0 D 1≤ ≤ , with D=0 indicating fully recoverable interfacial separation and D=1 

signifying complete separation or total fracture. In the numerical analysis carried out in [15], [28], 

and in the presented research D is used as a state variable quantifying the degree of the damage, 
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providing a phenomenological measure for failure analysis. The spatial and time variation of 

D D( , )t= x  allows the distribution and evolution of damage in various microstructures to be 

analyzed.  

§2.1.2 Experiment based calculation of the bilinear cohesive law parameters 

Overall, five parameters are needed to specify the cohesive behavior, including the maximum 

tensile strength Tmax, the critical separations nc∆  and tc∆ , characteristic separation 
0η , and α . 

Note that only four of these parameters are independent since α = ∆ ∆nc tc . The calibration of 

these parameters is an important aspect in the implementation of the CFEM model. Tmax  is 

commonly assumed to be a fraction of the Young’s modulus (1/100 to 1/1000), [17]. The critical 

separations nc∆  and tc∆  are usually obtained by equating the area under the cohesive relation to 

the formation energy per unit area of the corresponding fracture surface. In this regard, 

experimental efforts have been reported, [29] and [30]. The value of α is typically obtained from 

the ratio between the tangential and normal energy release rates, [31]. In this paper, the approach 

for parameter selection as described by [17] is used. The value of characteristic separation 
0η  is 

taken as 0.001, [30]. GBs in the nanocomposites have glassy structure consisting of densification 

aids such as Y2O3 and other rare earth oxides such as samarium, gadolinium, dysprosium, 

erbium, and yetterbium (verified using the TEM observations on the Si3N4 phase, [32]). 

Experimental data on the fracture properties and strength of GBs is not available. The GB’s 

chemical composition is a complex and uncharacterized combination of different compounds 

such as Y2O3, MgO etc. with glassy structure. Accordingly, the fracture properties for GBs 

cannot be specified based on chemical composition. However, experiments for polycrystalline 

Si3N4 have shown that the presence of GBs results in lowering of mechanical strength owing to 

GB sliding (attributed to glassy structure) and increase in fracture strength owing to the crack-
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deflection effect (roughly of the order of 5 %), [2]. Accordingly, the GBs are arbitrarily assigned 

5% higher fracture strength than that of the Si3N4 matrix. Increase in fracture strength for 

structural and glassy materials is often accompanied with reduction in elastic modulus. 

Accordingly, while arbitrary assigning 5% higher fracture toughness to GBs than Si3N4 phase, 

the elastic modulus is made smaller by 5% than that of the Si3N4 phase. The immediate effect is 

that the simulations are qualitative in nature. With availability of experimental measurements on 

GB properties, more realistic properties of GBs can be incorporated to increase the accuracy of 

the simulation predictions. 

Because the GBs have finite widths, there are three phases (GBs, SiC, and Si3N4) in the 

microstructures analyzed. The cohesive parameters are calculated using the experimental 

information on the elastic moduli and 0Φ , [6], [20], [33], [34], [35], [36], [19],[21], [22]. 

Homogenized properties are calculated using volume weighted averaging. The values for 0Φ  are 

obtained based on surface energy release rate measurements during fracture experiments on bulk 

SiC and Si3N4 reported in the literature. An interface between any two of the three phases is 

assigned the cohesive properties corresponding to the weaker phase. Table 1 shows the material 

properties for analyzing microstructures shown in Fig. 1. 

 §2.1.3 Finite element discretization 

A lumped mass matrix is used in the finite element discretization. Explicit time-integration 

scheme based on the Newmark β -method with 0β =  and = 0.5γ  is employed, [37]. The 

magnitude of time increment t∆  in the explicit integration is based on the Courant-Freidrichs-

Lewy criterion and material-related numerical stability considerations for explicit time 

integration. The time step t∆  also needs to be small enough to ensure that the increment of the 

cohesive separation ∆∆∆∆ (or ∆λ) be sufficiently small in each numerical step to avoid numerical 
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instability. An empirical criterion of ∆λ < 0.1η is used, [38]. Based on the material properties 

(see Table 1) and the Courant-Freidrichs-Lewy criterion with material-related numerical stability 

considerations the average timestep is of the order of 0.6 ps which is approximately one tenth of 

the time it takes for the longitudinal wave to traverse the smallest bulk element in the meshes in 

current research.  

§2.2 Problem setup 

Microstructures analyzed in the current research are shown in Fig. 1. Since, a given unique set 

of phase morphology defining parameters (such as the location of SiC particles in the current 

research) corresponds to multiple sets of phase morphologies, three different random samples 

corresponding to each microstructural representation shown in Fig. 1 (Class-I, Class-II, and 

Class-III ) are used to characterize the material behavior. Microstructures have grain size of 

Si3N4 approximately equal to 1.2 µm and the SiC particle size approximately equal to 200 nm. 

The volume fraction of the SiC phase is fixed at 20%. The average GB width is approximately 

120 nm. Accordingly, the microstructures with GB have the approximate GB volume fraction of 

10 %.  

To track complex crack/microcrack patterns, arbitrary crack paths, and crack branching, 

cohesive surfaces are specified along all finite element boundaries as an intrinsic part of the 

finite element model. All cohesive surfaces serve as potential crack paths in the microstructure; 

therefore, fracture inside each microstructural phase and along interphase boundaries can be 

explicitly resolved, (for more details see [18], [28], and [15]). Accordingly, the analyses are able 

to take into account the intergranular as well as intragranular fracture. The finite element meshes 

used have a uniform structure with “cross-triangle” elements of equal dimensions arranged in a 

quadrilateral pattern, Fig. 3. This type of triangulation is used since it gives the maximum 
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flexibility for resolving crack extensions and arbitrary fracture patterns, [18]. Because of the 

computational limitations and the requirement that stress wave reflections do not interfere with 

the analyses results, [18], the microstructures are embedded in a uniform finite element mesh, 

(see the mesh surrounding the microstructure in Fig. 3). The uniform mesh has elements with 

higher size increasing the overall size of the sample to delay the stress wave reflection and 

minimize its effect on dynamic fracture while simultaneously reducing the computational load. 

Since the crack propagation is limited to the microstructural window whose size has been 

analyzed in a previous research, [18], results are unaffected by the presence of the uniform mesh.  

The dimensions for the microstructural region (7.5 µm × 30 µm) are limited by the memory 

sizes of the super-computers (a 48 processor Opteron Linux cluster) in this work. These regions 

are much larger than the length scales involved in all microstructures. Thus, reasonable 

representations of the microstructures are achieved. Material outside the microstructure window 

is assumed to be homogeneous and assigned effective properties representative of those for the 

SiC-Si3N4 ceramic composite. Computations are carried out for side-cracked samples under 

tensile loading. The length of the initial crack is ai=9.0 µm. Tensile loading is applied by 

imposing velocity boundary conditions along the upper and the lower edges of the specimen in 

the direction shown in Fig. 3. The boundary velocity Vo (0.5 m/sec and 2 m/sec) is imposed on 

the bottom and top edges with a linear ramp from zero to Vo in the initial phase of loading. This 

represents the loading of the pre-crack by a tensile wave with a stress amplitude of L 0C Vσ ρ=  (ρ 

is homogeneous material density and CL is the homogeneous material longitudinal wave 

velocity) (14.3 MPa and 57.3 MPa at Vo=0.5 m/sec and 2 m/sec, respectively) and a linear ramp 

from zero to that value in the initial phase of loading. The specimen is stress free and at rest 

initially. Conditions of plain strain are assumed to prevail.  



 15 

For the CFEM mesh and the bilinear cohesive law used in the current research, the 

convergence analyses of the dependence of mesh element size on simulation results have already 

been performed, [18]. Based on those analyses, we require the characteristic finite element size, 

h, to satisfy: 750 nm 30 nmh> ≥ . The upper limit is based on the minimum cohesive zone size 

estimate based on the properties listed in Table 1, [18]. The lower limit is based on the 

elimination of material softening because of the use of bi-linear law with finite initial stiffness, 

[18]. The characteristic element size of 75 nm used in the current research satisfies the 

convergence criterion. The characteristic size corresponds to 4 finite elements, Fig. 3. 

Accordingly, there are 542000 elements in each analyzed FE mesh.  

§3 Dynamic Fracture Analyses 

Simulations solely focus on analyzing the role of SiC particles and GBs in the dynamic 

fracture of SiC-Si3N4 nanocomposites. Focus is also on analyzing the role of the loading rate 

variation. Results are analyzed both in terms of the dependence of fracture energy dissipation on 

the nanocomposite microstructural features as well as in terms of the changes in damage 

evolution and stress distribution in the nanocomposites associated with changes in the phase 

morphology. 

§3.1 Stress distribution and damage evolution in the microstructures 

In order to understand the stress distribution and damage evolution, the damage parameter 

(D-Eq. (10)), and the maximum principal stress (maxσ ) distributions are analyzed in all 

microstructures. As explained earlier 0 D 1≤ ≤ , with D=0 indicating fully recoverable interfacial 

separation and D=1 signifying complete separation or fracture. The results for changes in stress 

distribution as a function of time in all three types of microstructures (Fig. 4) and for damage 
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distribution in all three types of microstructures at time t = 0.01875 µsec (Fig. 5) at Vo=2 m/sec 

are discussed. The results at velocity Vo=0.5 m/sec are similar and, therefore, are not discussed.  

In Fig. 4, at time t= 0.01875 µsec a concentrated stress field similar to homogeneous materials 

near the propagating crack-tip is seen in all three microstructures. The distribution of stress 

around crack tip is strongly affected by the distribution of second phase SiC particles w.r.t. Si3N4 

GBs. Presence of SiC particles inside Si3N4 grain interior in the case of Class-I and Class-III 

microstructures results in stress concentration over and in excess to the crack-tip stresses that are 

seen in the case of Class-II microstructure where the SiC particles are placed solely along GBs. 

In the case of Class-II microstructure near crack-tip stresses are concentrated in a very small 

region. This is contrary to the case of Class-I microstructure where the near crack-tip stress fields 

are spread over larger microstructural region. Owing to the SiC particle stress concentration, 

intergranular micro-cracks originating in the microstructure can also be seen. Stress distribution 

in the Class-III microstructure lies in between those for Class-I and Class-II microstructures. The 

effect of the difference in the fracture and bulk properties of GBs and Si3N4 matrix on stress 

distribution is insignificant in comparison to the effect of the second phase particle placement. 

GBs are shown to restrict the damage to grain interior. However, SiC particles primarily 

determine how soon the structure develops microcracks. In Fig. 4, at time t= 0.02275 µsec the 

stress distribution after the microstructures are subjected further to 0.1% strain is shown. While 

the cracking is significant in Class-I and Class-III microstructures, the Class-II microstructure is 

still intact. Predominant mode of catastrophic fracture initiation in all microstructures is micro-

crack formation in Si3N4 grains interiors. After the initial micro-crack formation, the load is also 

shared by GBs and second phase particles which ultimately results in brittle fragmentation of the 

microstructures. As expected, Class-II has the highest fracture initiation resistance.  



 17 

The contours of the D distributions in Fig. 5 show similar topological characteristic to that of 

the maxσ  in Fig. 4 at time t= 0.01875 µsec. There is a clear correlation between the stress 

distribution in Fig. 4 at time t= 0.01875 µsec and the microcrack density in all microstructures 

shown in Fig. 5. Stress is the maximum at points where D changes from zero to a non-zero value 

and is close to zero corresponding to the points with D=1. The distribution as well as the 

propagation of damage is influenced by the nature of distribution of the second phase particles. 

Damage is the maximum in the stress concentration regions corresponding to SiC particles. 

Damage initiation is primarily intergranular in nature. However, some amount of intra-granular 

cracking is seen in the case is the SiC particles are present along GBs. In order to separate the 

effect of GBs from that of the second phase particles on the fracture strength and to demonstrate 

the strong influence of the GB properties on the fracture resistance, a comparison of damage 

progression in a Class-I microstructure in both the presence and absence of GBs is shown in Fig. 

6. As shown, highly fracture resistant GBs limit the damage to a much smaller near crack tip 

region in turn limiting the rate of damage progression and making the microstructure stronger.  

A comparison of damage and stress distributions in all microstructures reveals that the second 

phase particles placed in the interior of the grains have stronger effect on causing fracture 

initiation in comparison to the ones placed along GBs. The second phase particles in the Si3N4 

grain interior cause stress concentration that is resisted by the soft crack resisting GBs when the 

particles are present along GBs. This is not the case when the particles are present only in the 

grain interior. Damage initiation to the microcrack formation occurs fastest in the Class-I 

microstructure indicating the least fracture initiation resistance. The contours of the parameter D 

indicate that dissipation through microcracking occurs away from the main cracks. Apart from 

the main crack, microcracks form along whole microstructure. Owing to the inhomogeneous 
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microstructure, most of the microcracks do not have enough area available to propagate over a 

long distance. Accordingly, the crack formation needs to be characterized in terms of the 

normalized crack density, a, (sum of the length of all cohesive surfaces with D ≥1 normalized 

with the sum of the length of all cohesive surfaces) than in terms of crack length of the main 

crack.   

 §3.2 Normalized crack density evolution and cohesive energy dissipation  

The time histories of the mean values of normalized crack density as a function of loading 

time at both loading rates are shown in Fig. 7. Figure 8 shows the overall cohesive energy 

dissipation in the microstructures as a function of normalized crack density values. The overall 

cohesive energy dissipated dφ  is the sum of cumulative energy dissipated in all the damaged 

cohesive surfaces, i.e. dφ = Φ∫
d

d dS
S  (Eq. (9)), where dS  represents surface area of cohesive 

surfaces with damage (D > 0). The energy dissipated is due to the crack surface separation and 

microcrack nucleation. It is one measurement of the fracture resistance of the samples under the 

conditions analyzed. From the plots of dφ  as a function of the normalized crack density, a , we 

can readily obtain the average energy release rate ( G = /d aφ ) which provides a quantitative 

measure of the dynamic fracture resistance of materials. The curves in the Figs. 7 and 8 

correspond to the mean values of the plotted quantity measured from three different random 

samples corresponding to each type of microstructure (Class-I, Class-II, and Class-III). Error 

bars in the Figs. 7 and 8 correspond to the variations in the plotted values corresponding to three 

different samples analyzed for each type of microstructure. In the following discussions we 

analyze results in Figs. 7 and 8, simultaneously. 

It is important to note that the initial normalized crack density value in Fig. 7 is zero. 

Therefore, the plotted normalized crack density here concerns the normalized value of the length 
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of new crack surfaces w.r.t. total available microstructural surface length for crack formation but 

not the initial crack. As established earlier, owing to relatively higher fracture strength of the 

GBs, the initial crack mainly propagates in the matrix resulting in intragranular fracture initiation 

in all microstructures at both loading rates. At both loading rates, the presence of the second 

phase particle along GBs in Class-II microstructure increases the fracture initiation time. The 

second phase particles in the Si3N4 grain interior cause stress concentration that is resisted by the 

soft crack resisting GBs when the particles are present along GBs. This is not the case when the 

particles are present only in the grain interior. Once initiated, cracks propagate rapidly to failure 

in each microstructure irrespective of the magnitude of loading rate and the crack initiation time. 

At 2 m/sec loading rate, the mean crack growth rate is the same for Class-I and Class-III 

microstructures. At 0.5 m/sec the mean crack growth rate is the highest in the Class-III 

microstructure. The presence of SiC particles in the Class-I microstructure primarily causes the 

intergranular microcrack initiation. In Class-III microstructure, however, the stress concentrating 

SiC particles are also present along the GBs. This suggests that SiC particles in Class-III 

microstructures may be responsible for intergranular microcrack initiation as well as crack 

propagation along the GB-microstructure interface. One unexpected result is that the variation in 

the normalized crack density value for Class-III microstructures is the highest at both loading 

rates. Damage propagation analyses revealed that the crack bridging effect of the SiC particles is 

responsible for such large variation. If the particles are in the wake of the micro-cracks, the crack 

bridging tends to lower the crack growth rate. However, if the particles are in the front of the 

micro-crack, the resulting stress concentration would tend to accelerate the crack growth. If the 

SiC particles are lying close to GBs, they invariably reduce the crack growth rate by causing the 

crack bridging. However, if the particles are concentrated in grain interior away from the GBs 
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and also are present along GBs then the resulting microstructure is the weakest. Largest variation 

for the Class-III microstructure results from these effects. As shown in Fig. 8, at both loading 

velocities the mean values of energy dissipation is nearly the same for all three types of 

microstructures. Equal mean values of the energy dissipation for Class-II and Class-III 

microstructures to the Class-I microstructure imply that the primary mechanism of fracture is 

intergranular Si3N4  microcrack initiation (i.e. primarily only one phase is getting fragmented) 

and propagation in the bulk or along the matrix-GB interfaces. Based on the mechanism 

explained in the previous paragraph, the energy dissipation for the Class-III microstructure has 

the highest variability.    

Combination of energy and crack density plots shows that Class-II is the strongest 

microstructure against crack initiation since it is dissipating more energy for the same amount of 

crack length change thereby increasing the energy release rate, G . However, high levels of 

variations in the crack density and energy dissipation values for the Class-III microstructure 

imply that a judicious placement of second phase particles along GBs and near GBs in grain 

interior may result in the Class-III microstructure being the strongest of the microstructures. In 

order to further analyze this issue, the cohesive energy dissipation and its variation 

corresponding to the normalized crack density values of 0.1 and 0.15 at both loading rates were 

used to calculate the average energy release rate, aveG ( ( ) ( )0.15 0.10 0.15 0.10
ave ave ave avea aφ − φ − , “ave” stands 

for average) and maximum energy release rate maxG ( ( ) ( )0.15 0.10 0.15 0.10
max min ave avea aφ − φ − , “max” stands 

for maximum and min stands for minimum). aveG  is shown in Fig. 9 (a) and maxG  is shown in 

Fig. 9 (b). It is clear from Fig. 9 (a) at both loading rates that mean propagation fracture 

toughness (fracture toughness as a function of increasing crack density) is the highest in the case 

of Class-II. However, by accounting for the variations, it becomes clear that Class-III 
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microstructure with the judicious placement of the second phase particles along the GBs and 

grain interiors in the wake of the cracks is the strongest microstructure, Fig. 9(b).  

Loading rate has a clear impact on dynamic behavior of materials, primarily due to the inertial 

effect. An analysis of the plotted results shows the dependence of the mean and the variations of 

the plotted quantities on the loading rate. In particular, the crack propagation fracture toughness 

increases with the loading rate, Fig. 9 (a). The variations, however, are higher for smaller loading 

rate (Fig. 9 (b)) indicating that the phase morphology has stronger role to play at smaller loading 

rates. At the higher loading rate of 2 m/sec, the effect of the inertia of the microcracks supersedes 

the phase morphology effect. Experiments have revealed many characteristics of dynamic 

fracture under different loading rates, [39]. Multiple length scales in a microstructure give rise to 

more complicated interactions under dynamic loading. Crack tip instabilities including deflection 

and branching, can arise form the combined influence of microstructure and higher loading rates. 

As shown in Fig. 9, average energy release rate increases with increasing loading rate, indicating 

more extensive damage at higher stress levels arising from higher loading rates.  

§4 Discussions and Validations  

Self-reinforced Si3N4 is an important example of the high-toughness structural ceramics first 

manufactured during 1970s. Embedding nanosized SiC particles in the Si3N4 matrix is one 

proven approach to improve its mechanical properties. It is also verified in the current research 

by comparing the average energy release rate of all the microstructures with that of a control 

microstructure that contains no-SiC particle at all, Fig. 10. As shown, a significant increase in the 

fracture resistance is observed. For the first time, [3] reported almost 200% improvements in 

both the fracture toughness and the strength of SiC-Si3N4 nanocomposites by embedding 

nanometer size (20-300 nm) particles within a matrix of larger grains and at the Si3N4 GBs. 
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Since then, a number of experiments focusing on manufacturing SiC-Si3N4 nanocomposites have 

been reported, [1] and [2]. So far it has been very difficult to control the processing routes and 

conditions to place SiC particles selectively along GBs. However, it is possible to place second 

phase particles in a combination that places them along GBs as well as in grain interiors near 

GBs which may ultimately resulted in very high strength SiC-Si3N4 nanocomposites, [40]. Such 

mechanisms have been observed earlier for other SiC particle reinforced nanocomposites, [4] 

and [41].  

From Figs. 4, 5, and 6 one may argue that the formation of a large damage zone around the 

main crack implies that the material is weaker at the microscale. However, such material is also 

dissipating fracture energy that would otherwise contribute to advancing the main crack. Since it 

is the main crack that ultimately separates the material (at the macro-scale) and controls tensile 

strength, anything that can impede its advance, including the formation of microcracks, is 

beneficial. Indeed such reasoning is an important alternative to the explained failure mechanism. 

However, at the size scale of analyses the ultimate failure in all microstructures occurred by the 

propagation of diffusive microcracks as shown in Fig. 5. Future research that integrates analyses 

at such small size scale with higher length-scale analyses (of the order of millimeters) to 

understand the final failure mechanism should be performed to answer this question. At the 

current length-scale of problem and the corresponding computational limitations this questions 

cannot be answered.    

The current simulation setup solely focuses on dynamic fracture. Accordingly, a direct 

comparison of the calculated average energy release rate values with the experimentally 

available fracture toughness values is not possible. However, the order of fracture toughness 

values calculated based on the observed average G  values and homogenized Young’s moduli 
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values are close to the values reported for the nanocomposites in the literature. In addition, the 

computationally observed fracture mechanisms are in accordance with experimental observations 

on similar other material systems. The dissipated cohesive energy values as a function of 

normalized crack density values intricately depend upon the type of microstructure morphology, 

the applied loading rate, and the volume fractions of GBs and SiC particles. The reported 

analyses are for only one set of values of the GB and SiC particle volume fraction. In order to 

form a mathematical description, additional runs at a range of volume fraction values are 

required, which is the subject of ongoing research.  

§5 Conclusions 

A CFEM framework for analyzing fracture in polycrystalline SiC-Si3N4 nanocomposites is 

described. Analyses are carried out on microstructures with SiC and Si3N4 having two different 

fixed grain sizes with GBs resolved using the characteristic finite element size of 75 nm. 

Calculations are carried out on a range of microstructures with purely intergranular dispersion of 

the second phase SiC particles, microstructures with purely intragranular dispersion of SiC 

particles, and microstructures with a mixed combination (along GBs and inside grains) of SiC 

particle dispersion. Analyses demonstrate that; 

1. Irrespective of the location of second phase particles the final failure mode in all 

microstructures is found to be brittle fragmentation with initial micro-cracks forming and 

propagating mainly in Si3N4 matrix. Later part of brittle fragmentation includes GB and SiC 

fragmentation; 

2. Second phase particles have two important effects. If they are present in front of the crack tip 

they weaken the microstructure because of stress concentration cause by them. However, if 
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they are present near GBs they cause the crack bridging effect with increase in the strength of 

the microstructure;  

3. Class-II microstructures on an average are the strongest. However, by careful dispersion of 

second phase particles near GBs and along GBs the Class-III microstructures can be made 

the strongest.; and  

4. Class-III microstructures represent the best combination of fracture resistance and 

mechanical strength. This is important in light of experimental development of these 

advanced materials where the control of processing to produce exclusively Class-II 

morphology is a very difficult task. 
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TABLE 1 . Bilinear Cohesive Law Parameters for Different Phases in Microstructures  

(Phase volume fractions (Vf)SiC=0.2 (Vf)Si3N4=0.7 (Vf)GB=0.1) 
 

Component Φ0(N/m) Tmax(GPa) ∆∆∆∆ (nm) E (GPa) ν ρ (kg/m3) 
SiC (sc) 19.53 1.02 38.3 449 0.16 3215 

Si3N4 (sn) 191.5 2.3 166.5 210 0.22 2770 
GB (g) 238.7 2.38 200.6 200 0.16 4000 
(sc-g) 19.53 1.02 38.3 -- -- -- 
(sc-sn) 19.53 1.02 38.3 -- -- -- 
(sn-g) 191.5 2.3 166.5 -- -- -- 

Homogenized (H) 127.8 2.03 125.9 256.8 0.202 2982 
H-sc 19.53 1.02 38.3 -- -- -- 
H-sn 127.8 2.03 125.9 -- -- -- 
H-GB 127.8 2.03 125.9 -- -- -- 
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Figure 1 Microstructures analyzed with explicit resolution of GBs and second phase SiC 

particles. (a) Microstructure Class-I with SiC particles only in the Si3N4 grain interiors, (b) 

Microstructure Class-II with SiC particles lying only along GBs, and (c) Microstructure Class-

III  with SiC particles lying both along GBs and in Si3N4 grain interiors (3 different variations of 

each microstructure shown in the figure are simulated in the reported analyses) 
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Figure 2 Irreversible bilinear cohesive law 
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Figure 3 Dynamic fracture simulation setup with FEM discretization for performing the 

CFEM simulations 
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Figure 4 Stress distribution as a function of damage progression in (a) Class-I, (b) Class-II, and 

(c) Class-III microstructures at the loading rate of 2 m/sec (plots show outline of the GB and 

second phase particles only in order to show the stress distribution. Corresponding broken 

particles have distorted “crumbled” appearance. The intact particles have near circular 

appearance. Corresponding fragmented GBs show up as zigzag lines in the diffused damage 

region. These lines are outlines of the fragmented GB elements.) 
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Figure 5 Damage distribution in (a) Class-I, (b) Class-II, and (c) Class-III microstructures at the 

loading rate of 2 m/sec and time t=0.01875 µsec. (closeup insets offer higher resolution view of 

the damage region. Broken particles have distorted “crumbled” appearance. The intact particles 

have near circular appearance. Corresponding fragmented GBs show up as zigzag lines in the 

diffused damage region. These lines are outlines of the fragmented GB elements.) 
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Figure 6 Progression of Damage distribution as a function of time in the case of (a) a Class-I 

microstructure and (b) in the case if GBs in class-I microstructure are removed at the loading rate 

of 2 m/sec.  
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Figure 7 Mean and variations in normalized crack density values as a function of loading time 

values for microstructures at a loading rate of (a) 2 m/sec and (b) 0.5 m/sec. 
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Figure 8 Mean and variations in dissipated cohesive energy values as a function of normalized 

crack density values for all microstructures at a loading rate of  (a) 2 m/sec and (b) 0.5 m/sec. 
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Figure 9 (a) Mean energy release rate values and (b) Maximum energy release rate values as a 

function of microstructure at the loading velocities of 2 m/sec and 0.5 m/sec.  
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Figure 10 Mean energy release rate values as a function of microstructure at the loading velocity 

2 m/sec (No-SiC is a control microstructure with no SiC particles)  
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III-Molecular Modeling of Fracture in SiC-Si 3N4 Nanocomposites2 

 
 

Silicon Carbide (SiC)-Silicon Nitride (Si3N4) nanocomposites with nano-sized SiC particles 

placed either in micro-sized Si3N4 grains or along Si3N4 grain boundaries (GBs) have been 

shown to be exceptionally strong at a range of temperatures, [1], [2], [3], [4], and [5]. However, a 

careful analysis of the effect of underlying morphology on the overall mechanical strength of this 

material system is lacking. A fundamental understanding of the effect of nano-sized SiC 

reinforcements on the mechanical behavior of these composites is required before further 

attempting to experimentally improve the properties by varied morphological alterations. Such 

studies exist for composites in which the reinforcement size is in the several-micron range, and 

in these studies, both the reinforcement size and volume fraction significantly affect the fracture 

toughness and mechanical strength, [42]. Recently, [43, 44] has analyzed the effect of 

morphological variations in second phase SiC particle placement and GB strength on the 

dynamic fracture strength of SiC-Si3N4 nanocomposites using continuum analyses based on a 

mesoscale cohesive finite element method (CFEM). It was found that the high strength and 

relatively small sized SiC particles act as stress concentration sites in Si3N4 matrix leading to 

inter-granular Si3N4 matrix cracking as a dominant failure mode. However, as a result of a 

significant number of nano-sized SiC particles being present in micro-sized Si3N4 matrix, the SiC 

                                                 
2 A major part of this work has been published in International Journal with Citation “A. Tomar, V. and Gan, M., 
2010, Temperature dependent nanomechanics of Si-C-N nanocomposites with an account of particle clustering and 
grain boundaries, in press in the  Int. J. Hydrogen Energy, doi:10.1016/j.ijhydene.2010.03.070  
B. Tomar, V., Gan, M., and Kim, H., 2010, Effect of temperature and morphology on mechanical strength of 
Si-C-O and Si-C-N nanocomposites, the Journal of European Ceramic Society, Volume 30, 2223-2237 
C. Tomar, V., Samvedi, V., and Kim, H., 2010, Atomistic understanding of the particle clustering and particle 
size effect on the room temperature strength of SiC-Si3N4 nanocomposites to Appear in Int. J. Multiscale Comp. 
Engg. special issue on Advances In Computational Materials Science, volume 8 issue 4, 2010 
D. Tomar, V., and Samvedi, V, 2009, Atomistic simulations based understanding of the mechanism behind the 
role of second phase SiC particles in fracture resistance of SiC-Si3N4 nanocomposites, Vol 7, issue 4, 277-294 
pages, International Journal of Multiscale Computational Engineering” 
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particles invariantly fall in wake regions of microcracks leading to significant mechanical 

strength. In this research, this mechanism is further examined using 3-D molecular dynamics 

(MD) simulations of SiC-Si3N4 nanocomposite mechanical deformation. The focus is on 

analyzing the effect of particle clustering and particle size on the room temperature mechanical 

strength. 

Classical MD replaces a comprehensive quantum mechanical treatment of interatomic forces 

with a phenomenological description in the form of an interatomic potential. MD has been used 

recently to achieve nm/cycle fatigue crack extension rate similar to that observed in experiments, 

e.g. [45]. The MD simulation results of deformation twinning in 2-dimensional nanocrystalline 

Al with grain sizes from 30 nm to 90 nm by [46] have been found to be in close agreement with 

experimental observations reported by Liao and coworkers, [47], [48]. MD simulations have 

proven to provide good phenomenological trends on deformation mechanisms of nanocrystalline 

materials in agreement with experiments, e.g. [49] and [50]. Atomistic analyses of the 

nanocomposite mechanical strength as a function of phase morphology are relatively new and 

have focused on a very limited set of issues, e.g.  [51-55]. Both SiC and Si3N4 have been 

individually analyzed in the atomistic simulations for different mechanical strength related issues, 

e.g. [56, 57], [58, 59]. However, SiC-Si3N4 nanocomposite morphologies are analyzed in this 

work for the first time. A range of SiC-Si3N4 nanocomposite phase morphologies are generated 

with two different SiC particle sizes (2 nm and 4 nm) distributed in different manners in two 

different Si3N4 phase matrices (one single crystalline and other bicrystalline).  

§2. Formulation 

MD simulations are performed using a well established nanocomposite molecular dynamics 

simulations framework, [53, 60], under 3D periodic boundary conditions (PBCs). The focus is on 
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understanding the deformation mechanisms and on delineating the factors affecting 

nanocomposite mechanical strength. In order to understand the effect of phase morphology on 

the nanocomposite mechanical strength, a range of microstructures are analyzed, e.g. Fig. 1. 

Because of the computational and space limitations only two different SiC particle sizes, 2 nm 

and 4 nm, are considered. Computational limitations also resulted in the maximum Si3N4 block 

size of 15 ×15 × 15 nm in all the microstructures. The imposition of PBCs results in the 

nanocomposites with regularly distributed pattern of second phase particles as illustrated in Fig. 

1. 

§2.1 MD Framework 

 The microstructures analyzed have 3-dimensional geometry. The microstructures are 

formed by placing SiC cylindrical particles in Si3N4 blocks that have holes of sizes 

corresponding to the SiC particles. Setting up of the SiC-Si3N4 interface can critically affect the 

internal stresses in microstructures. In order to relieve any artificial internal stresses, first Si3N4 

blocks with the holes were prepared and equilibrated without the presence of the corresponding 

SiC cylindrical particles. SiC particles were separately equilibrated as clusters. After 

equilibration, the Si3N4 block and the corresponding SiC particle were put together to form SiC-

Si3N4 nanocomposites. Afterwards, the composite structures were again equilibrated. Such 

elaborate equilibration procedure was chosen so that the stress gradient at the SiC-Si3N4 interface 

in the nanocomposites was at the minimum. We observed a large stress gradient at the SiC-Si3N4 

interface if the whole nanocomposite structure was equilibrated without separate equilibration of 

SiC inclusions and Si3N4 matrix phase. A gap of 2 Å was ensured between the SiC particles and 

the corresponding Si3N4 block’s hole in order to prevent additional buildup of the internal 

stresses. However, changing the gap did not influence the observed trends and results. MD 



 39 

equilibration period was determined based on convergence in energy values. Within the MD 

equilibration time period we did not any phase transformation due to particle-matrix interactions.  

§2.2.1 Interatomic Potential for SiC-Si3N4 Material System 

Classical MD simulations of Si3N4+SiC material systems require an interatomic potential to 

describe Si-Si, Si-N, Si-C, N-N, C-C, and N-C interactions. The potential should be fitted to the 

properties of Si3N4, SiC and to an approximation to the interfacial transitions between these 

components. Si3N4 family consists of two polymorphic members, α and β. The higher symmetry 

β phase has a hexagonal lattice (space groups C2
6h, N176) with a primitive cell containing two 

Si3N4 formula units (a=7.606 Å, c=2.909 Å). The lower symmetry α phase is trigonal (space 

groups C4
3v,, N159) and has a primitive cell nearly twice as large (a=7.746 Å, c=5.619 Å) with 

twice as many atoms. The interatomic potentials for Si3N4 material system have been developed 

by [61], [58], [62], [63], and [64]. Of all the above approaches, we choose the potential by [63] 

(based on Tersoff’s potential) to model β-Si3N4 because of its simplicity and its ability to enable 

large scale MD simulations. β-Si3N4 is chosen because of its relative abundance in comparison to 

the α from. Different polytypes of SiC exist at ambient pressure, which are differentiated by the 

stacking sequence of the tetrahedrally bonded Si–C bilayers, see [65]. Among these polytypes, β-

SiC (cubic-SiC) is of much interest for its electronic properties. In particular, in recent years 

many theoretical and experimental studies have been carried out to investigate the different 

properties and possible applications of this material. Majority of interatomic potentials developed 

for SiC material system focus on describing the material properties of β-SiC, e.g. [66-68], [69], 

and [70]. We choose Tersoff’s bond order potential to model interatomic interactions in SiC. At 

the interface of SiC and Si3N4 we need to be able to describe Si-C, Si-Si, C-N, and Si-N 
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interactions. Tersoff’s potential is useful only for describing the bulk Si-C, Si-Si, and Si-N 

interactions. We use potential developed for Carbonitrides by  [71] to describe C-N interactions.  

§2.2.2 High Performance Computing and Mechanical Deformation Algorithm 

for MD Simulations 

MD simulations are performed using a modified version of a scalable parallel code, 

DL_POLY 2.14, [72] and [73]. The code has been modified and tested on a system of 1000000 

atoms for a model ceramic matrix composite (Al+Fe2O3) material system and is benchmarked for 

scalable high performance classical MD simulations for large atomic ensembles with millions of 

atom. The simulations primarily focus on obtaining virial stress Vs. strain relations and visual 

atomistic deformation information in order to delineate the deformation mechanisms. In the 

uniaxial quasistatic deformation analyses of nanocrystalline Cu by [74], strain was calculated by 

recording the changes in positions of individual atoms. The average virial stress was calculated 

at every step in order to obtain the stress-strain relations. A modified version of this approach is 

used here. An alternative method to obtain uniaxial stress-strain curves is to record strain-time 

curves at several values of applied stress and then deduce the stress-strain relations, [75]. [76] 

have used both methods and found that the modified [77] method works better because it 

controls the applied strain and closely emulates controlled displacement experiments. The 

modifications to the method of  [74] include the use of a combination of the algorithms for NPT 

and NVT ensembles. Alternating steps of stretching and equilibration at constant temperature are 

carried out to approximate uniaxial quasistatic deformation. Initially, the system is equilibrated at 

the specified temperature (300 K). During equilibration, NVT equations of motion are used to 

relax the pressure on structure in all three directions. During stretching, the MD computational 

cell is stretched in the loading direction using a modified version of the NPT equations of motion 
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of [78]. NPT equations ensure that the structure has lateral pressure relaxed to atmospheric 

values during deformation.  In this algorithm, the rate of change of a simulation cell volume, V(t), 

is specified using a barostat friction coefficient parameter η such that  
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= −                                         (11)                                                              
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η=                                                     (12) 

Here, P is the instantaneous pressure, Pext is the externally applied pressure, N is total number of 

atoms in the system, kB is the Boltzmann constant, Text is the external temperature, and τP is a 

specified time constant for pressure fluctuations. For a given cross-sectional area, the 

specification of η in Eq. (12) is equivalent to specifying strain rate for the change in simulation 

cell length. Further, for a given η, Eq. (11) can be modified as,  
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= − − ⋅                                (13) 

In the above equation, the term ηγ acts as a damping coefficient for reducing fluctuations in 

pressure during the stretching of the simulation cell.  During the simulations, the system is 

initially equilibrated at Text=300 K. After equilibration, the computational cell is stretched in the 

loading direction using η=0.1 ps-1. This results in a tensile uniaxial stress loading in the x-

direction, while the y- and z-directions have atmospheric stresses imposed upon the system. In 

general, MD’s time step limitations make it unsuitable to be used as a predictive technique for 

performing small strain rate mechanical deformation simulations. η=0.1 ps-1 corresponds to a 

very high strain rate. This strain rate is a limitation of MD as a method and results of the MD 
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simulations need to be interpreted while keeping this in mind. The values of γ=0.5 and Pext=1 

atmospheric pressure are used. The values for η and γ are calculated in trial calculations that 

focused on achieving the best balance between simulation time (low η results in long simulation 

times and vice-versa) and pressure fluctuations (high γ results in excessive pressure damping 

with increase in residual stresses along periodic boundaries). In the analyses reported in the 

manuscript, the MD equilibration time in between the periods of stretching is chosen as 2.0 ps. 

The equilibration time for 2 ps is chosen such that the total potential energy fluctuation of the 

system with respect to time is minimized. The change in time from 2 ps to longer did not change 

the simulation results. Keeping in mind the limitations of MD simulations in terms of timesteps 

we did not see any benefit in using the increased equilibration period. The simulation timestep is 

1 fs. The total time for each stretching step was approximately 3 ps. 

§3 Mechanical Deformation Analyses 

MD results are analyzed using visuals observations and analyzing virial stress-true strain 

relations. Virial stress represents internal resistance offered by a material to an externally 

imposed load, [79]. Since virial stress is an internal quantity, it is also an indicator of the increase 

in the stress concentration caused by the presence of an inhomogenity in an otherwise 

homogenous body. This characteristic is used to analyze the effect of the second phase particles 

in the presented analyses. The focus of the analyses is on developing an understanding of the 

correlations between the particle size, the particle placement with respect to a bicrystalline 

interface, and the particle clustering. For this purpose viewgraphs showing deformation 

mechanisms are also plotted as a function of tensile displacements. 

Figure 1 shows the first set of microstructures analyzed. S1 is a block of Si3N4 with S12 

having 2 nm SiC particles and S14 having 4 nm SiC particles uniformly dispersed in the middle. 
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S2 is a bi-crystalline Si3N4 block with S22 having 2 nm SiC particles and S24 having 4 nm SiC 

particles uniformly dispersed in the middle. Crystalline orientations in S2 are shown in Fig. 1. 

SiC particles in all atomistic morphologies have their (001) surface perpendicular to the plane of 

the figures. Figure 2 shows virial stress-strain plots for the microstructures shown in Fig. 1. 

Microstructure S1 is found to be the strongest of all the microstructures. Presence of second 

phase particles reduces strength of S1 with larger particle size resulting in higher reduction. 

Microstructure S2 has considerably less strength than S1 with the difference being the presence 

of bicrystalline boundary in S2. Presence of second phase particles does not have an appreciable 

effect on the strength of microstructure S2. It is normally accepted that particle placement along 

interface has strong effect on the composite strength. However, the result for microstructure S2 is 

counterintuitive since the presence of particles does not influence the nanocomposite strength. It 

is important to correlate these findings with the visuals of mechanical deformation in order to 

understand the underlying mechanism behind these findings. 

Figure 3 shows the viewgraphs of mechanical deformation of the microstructures S1, S12, and 

S14. A comparison of the viewgraphs reveals that the primary mechanism responsible for 

lowering of the strength during nanocomposite deformation is ductile shearing at the SiC and 

Si3N4 interfaces. The most likely cause of the shearing can be the mismatch between the elastic 

moduli of SiC and Si3N4. This results in SiC particle deforming at a different rate than Si3N4 

matrix leading to the deformation discontinuity at the SiC-Si3N4 interface. Ductile shearing is 

higher for microstructure with higher particle size leading to higher reduction in mechanical 

strength. In order to understand the effect of interface on mechanical strength, viewgraphs of 

mechanical deformation of the microstructures S2, S22, and S24 are shown and analyzed in Fig. 4. 

As shown, ductile shearing at the SiC and Si3N4 interfaces is still present. However, an additional 
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deformation mechanism is ductile shearing of the upper crystalline block in all the S2 

microstructures. A closer examination revealed that the additional mechanism has stronger effect 

on the mechanical strength leading to the particle placement having no effect on the mechanical 

strength of the microstructures S2, S22, and S24. 

Earlier, crack propagation in the SiC-Si3N4 nanocomposites is found to be strongly affected 

by the presence of second phase particles and the interfaces, [43, 44]. In order to understand the 

interaction of crack with second phase SiC particles and interface, crack propagation is 

microstructures S22 and S24 is modeled using the methodology of [49]. A crack of initial length 

1.5 nm is introduced in both microstructures by switching off interatomic interactions in the 

crack plane. Figure 5 compares the stress-strain plot for microstructures S22 and S24 with and 

without the presence of initial crack. The plots don’t show any appreciable difference indicating 

that the presence of initial crack at the length scale of study does not appreciably affect the 

mechanical strength. This directly indicates the presence of flaw tolerance at the length scale of 

study in the nanocomposites analyzed. In order to verify this, viewgraphs of different mechanical 

deformation stages for the two structures are shown in Fig. 6. As shown, the crack propagates in 

a brittle manner in the structure. However, ductile shearing at the SiC-Si3N4 interfaces and in 

upper crystalline block in the two structures is quite similar to that shown in Fig. 4. The presence 

of crack does not alter the deformation mechanism verifying the existence of flaw tolerance at 

the length scale of study.   

From the above analyses and findings, it is clear that the presence of crack does not affect the 

mechanical strength at the length scale of study. Accordingly, crack propagation is not analyzed 

further in any structure. From the above findings, it is clear that for the bicrystalline structure S2 

particle placement at the interface does not affect its mechanical strength. One significant 
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question that arises is whether the difference could be brought about by changing the relative 

position of particles with respect to each other at the interface? In order to answer such question, 

a second set of microstructures as shown in Fig. 7 were generated with 4 different variations in 

the particle placements. The difference between S42 and S52 as well as that between S62 and S72 

in Fig. 7 (a) is that in S42 and S62 particles do not touch the interface. While in S52 and S72 the 

particles touch the interface. Similar sets of arrangements are shown as S44, S54, S64, and S72 in 

Fig. 7 (b). Fig. 8 shows the stress-strain plots for the microstructures in Fig. 7 and compares the 

results with those for S22 and S24. As shown, the changes in the particle placement pattern do not 

alter the mechanical strength. This finding also reinforces earlier view that the sharing of upper 

crystalline block is the most dominant mechanism in bi-crystalline microstructures analyzed in 

the present investigation.  

Another important aspect of the particle placement effect on mechanical strength is the effect 

of clustering of the particles on the mechanical strength. In order to understand this aspect, a 

third set of microstructures is generated as shown in Fig. 9. As shown, S82 and S84 have 2 nm 

and 4 nm sized SiC particles distributed around the bi-crystalline interface, respectively. 

Similarly, S92 and S94 have 2 nm and 4 nm sized SiC particles distributed in the middle, 

respectively. As shown in Fig. 10, the particle clustering reverses the earlier findings shown in 

Fig. 2. As shown in Fig. 10 (a) placing particles in clusters around bi-crystalline interface results 

in significant rise in mechanical strength with higher strength being attributed to smaller particle 

size. Lowering of the strength for higher particle size can be attributed to higher extent of the 

corresponding SiC-Si3N4 ductile shearing. As shown in Fig. 10 (b), the clustering significantly 

reduces the mechanical strength of a Si3N4 block. However, now the particle size has 

insignificant effect on the mechanical strength.  
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Overall, combination of observations and findings indicate that bi-crystalline orientation, 

particle size, particle placement, and particle clustering are important factors that need to be 

taken into account while accounting for nanocomposite mechanical strength. The toughening of 

the nanocomposite in the presence of a combination of interfaces and second phase particles is 

strongly dependent upon relative second phase particle arrangement. The nanocomposite 

strengthening due to the second phase is strongly dependent upon the size and relative spacing 

between particles irrespective of whether the particles are in grain interior or at the interfaces. 

Continuum averaging relations as well as continuum numerical methods such as 

micromechanical finite element methods that neglect finer length scale phase morphology need 

to be refined to account for such important factors.  

§4 Conclusions 

In the presented work MD based analyses to understand the effect of second phase SiC 

particle arrangement on the strength of SiC-Si3N4 nanocomposites are presented. Earlier 

continuum analyses using micromechanical finite element models have shown that second phase 

particles can be effective in increasing the nanocomposite strength. However, such analyses 

suffer from fundamental size effect limitations and cannot analyze particle size effect at finer 

length scales on the nanocomposite mechanical strength. In this scenario, the analyses presented 

in the current work offer an attractive avenue. Focus of the presented work is on understanding 

how the particle placement and clustering can be performed to make a strong morphology. The 

crack path resistance could not be analyzed because of the existence of fault tolerance at the 

length scale of study. However, simple mechanical strength analyses offered good insights into 

the phase morphology effect on microstructural strength. Analyses indicated that the second 

phase particles act as significant stress raisers in the case of single crystalline Si3N4 phase matrix 
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reducing the mechanical strength by a factor of 1.8 with higher particle size causing larger 

reduction in peak strength. However, the particle’s presence does not have any effect on the 

mechanical strength of bicrystalline Si3N4 phase matrix. Deformation mechanism consists of 

considerable ductile shearing at the SiC-Si3N4 interfaces in all structures. Presence of initial 

crack has very little effect on the overall mechanical strength, indicating the presence of flaw 

tolerance at the length scale of analyses. An examination of the effect of particle clustering 

together in Si3N4 phase matrix showed that particle clusters with larger particle size result in 

higher reduction in mechanical strength. Using smaller particles led to greater strength 

enhancement. One of the causes of such inclusion size effect on nanocomposite strength should 

be change in the elastic stiffness of inclusion with smaller being stiffer. However, we would also 

like to point out that SiC inclusions taken alone and taken in a matrix are two different things. 

This is because in the matrix we would also have interfacial interactions at the SiC-Si3N4 

interfaces. This implies that the effect of inclusion size on the nanocomposite strength may also 

have been caused by reduced stress concentration with smaller particles. 

Overall, the result pointed out that the placement of SiC particles along the interfacial 

boundaries will not always lead to strengthening of a SiC-Si3N4 nanocomposite. MD analyses 

confirm the earlier CFEM findings of [43, 44] concerning the effect of second phase SiC 

particles on the SiC-Si3N4 nanocomposite strength. In addition, analyses also point out that the 

strengthening of the nanocomposite by placing second phase particles along grain boundaries is 

only possible for a selective few second phase particle sizes with inter-particle spacing and 

particle clustering being very important factors.  At the simulation length scale we observed 

flaw-tolerance. Therefore, we cannot model the crack path resistance. However, by increasing 

the length scale of the simulations crack path resistance analyses are possible. One way to use 
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the presented simulations in modeling higher length scale crack path resistance behavior is to use 

the results for predicting the maximum interfacial strength and its variation as a function of 

nanoscale morphology effects. The trends and maximum strength values could be supplied in 

higher length scale models such as the cohesive finite element method (e.g. [43, 44]) that could 

predict the crack path resistance while considering the nanoscale morphology effects.  
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Figure 1 First set of atomistic microstructures analyzed 
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Figure 2 Virial stress in the loading direction Vs. uniaxial true strain plots for (a) 

microstructures S1, S12, and S14 and (b) for microstructures S2, S22, and S24  
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Figure 3 Viewgraphs showing various stages of deformation in S1, S12, and S14. The 

displacement shown is the tensile deformation as a result of applied uniaxial strain rate on the 

nanocomposites 
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Figure 4 Viewgraphs showing various stages of deformation in S2, S22, and S24. The 

displacement shown is the tensile deformation as a result of applied uniaxial strain rate on the 

nanocomposites 
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Figure 5 Virial stress in the loading direction Vs. uniaxial true strain plots for (a) microstructure 

S22 with and without initial crack and (b) for microstructure S24 with and without initial crack 
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Figure 6 Viewgraphs showing various stages of deformation in S22, and S24 in the presence of 

initial crack. The displacement shown is the tensile deformation as a result of applied uniaxial 

strain rate on the nanocomposites 
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Figure 7 Second set of atomistic microstructures analyzed. The displacement shown is the 

tensile deformation as a result of applied uniaxial strain rate on the nanocomposites 
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Figure 8 Virial stress in the loading direction Vs. uniaxial true strain plots for (a) 

microstructures S22, S42, S52, S62, and S72 and (b) for microstructures S24, S44, S54, S64, and S74 
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Figure 9 Third set of atomistic microstructures analyzed 
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Figure 10 Virial stress in the loading direction Vs. uniaxial true strain plots for (a) 
microstructures S82 and S84 and (b) for microstructures S92 and S94 
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IV A computer Aided Design Methodology to Design Ceramic 

Nanocomposites3 

 The need and the opportunity for significant savings in time and cost for engineered 

development of advanced nanomaterials coupled with tremendous growth in the past couple of 

decades in computational materials science has not yet been materialized into significant material 

design tool developments. Research applications involving design tool development for 

composite material design are at an early stage of development. The development of affordable 

processing technologies for composite materials is expected to considerably increase their 

demand in the near future. Of particular importance in the engineering design of composite 

materials for various applications is the ability to tailor the constituent materials and the internal 

architectures. This process is commonly known as composite materials tailoring. A wide variety 

of material combinations, reinforcement geometries and architectures to choose from represents 

a big challenge for materials developers interested in material tailoring. This process differs from 

the structural design of composites, which primarily pertains to decisions such as laminate 

stacking sequences, dimension of structural constituents, etc. Extended research has focused on 

the conventional design optimization of laminated composites for cost, weight, stiffness and 

strength. Haftka et al.[80] described how to find an efficient composite structural design that 

meets the stiffness and strength requirements for a certain application by not only sizing the 

cross-sectional areas and member thickness, but also by local or global tailoring of the material 

properties through selective use of orientation, number, and stacking sequence of laminate that 

                                                 
3 A major part of this work has been published in International Journals with Citation “A. Mejia-Rodriguez, G., 
Renaud, J.E., and Tomar V., 2008, A variable fidelity model management framework for designing multiphase 
materials, ASME J. Mech. Design, vol. 130, 091702-1 
B. Mejia-Rodriguez, G., Renaud, J.E., and Tomar V., 2010, Multiobjective composite material design using the 
variable fidelity model management optimization framework, in press in Engineering Optimization 
C. Mejia-Rodriguez, G., Renaud, J.E., Kim, H., and Tomar V., 2010, Sequential approximate optimization based 
robust design of Sic-Si3N4 nanocomposite microstructures, Submitted June 15 2010” 
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make up the composite laminate. Bruyneel[81] presented a general and effective procedure based 

on a mathematical programming approach for composite structures optimal design, under 

weight, stiffness and strength criteria, in which it is shown that not only ply thickness but also 

fiber orientations should be considered as design variables. This investigation focuses on 

tailoring of microstructures of SiC-Si3N4 nanocomposites using design optimization techniques. 

Design optimization of nanocomposite morphologies has gained attention in recent few years. 

The inverse problem of determining an optimal microstructure for a desired application is a 

challenging task. The designer has to first specify the desired mechanical properties for the 

application, which may involve one or more properties, such as an increase in the strength, 

toughness, creep resistance, etc. Once the critical properties have been identified, then the task is 

to synthesize the microstructure that will yield the desired properties. This procedure has been 

traditionally accomplished by trial-and-error based approaches and depends considerably on the 

designer’s intuition and experience. For this reason, obtaining new materials has been a time 

consuming and an expensive process. Accordingly, a systematic method capable of synthesizing 

the optimal microstructure that will satisfy the design requirements, while reducing cost and 

time, is desired. Such methodology will be of much practical value to the developers of the new 

generation of advanced materials. Ikeda[82] presented a methodology to design alloys using a 

genetic algorithm and molecular dynamics simulations. Kulkarni et al.[83] presented a 

methodology to tailor the microstructure of Al–Mg–Sc–Zr alloys for developing “materials by 

design”. Theoretical and phenomenological models were used to correlate the microstructure to 

macroscopic strength and ductility. A genetic algorithm was used to find the optimal 

microstructure for satisfying user-defined design requirements. Sadagopan and Pitchumani[84] 

presented a tailoring framework based on the combinatorial optimization technique of genetic 
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algorithms in conjunction with a property model base consisting of analytical microstructure-

property relationships. The properties of interest were composite density, elastic modulus, 

thermal conductivity, and coefficient of thermal expansion. A difficult task in the work of 

Kulkarni et al.[83], and Sadagopan and Pitchumani[84] was figuring out the correlation between 

the microstructure and macroscopic properties. This lead to problems in optimizing the 

microstructure because of the large number of model variables and the lack of models based on 

first principles. 

Most other researchers have addressed material design from a conceptual standpoint[85, 86]. 

Olson[85] introduced a systems based approach that integrates processing, structure, property, 

and performance relations for the conceptual design of multilevel-structured materials. 

Ashby[86] pointed out that in the material design process the objective requirements are often 

conflicting. The use of multi-objective optimization methods in a material design problem was 

demonstrated to handle the trade-off between competing objective functions. Later, Ashby and 

Bréchet[87] focused on combining two or more existing materials to create a hybrid, to allow a 

superposition of their properties in a material design framework. Seepersad et al.[88] presented a 

robust topology design method for designing materials on mesoscopic scales by topologically 

and parametrically tailoring them to achieve elastic properties that are superior to those of 

standard or heuristic designs, customized for large-scale applications, and less sensitive to 

imperfections in the material. McVeigh et al.[89] proposed a multi-resolution analysis 

framework for material design, in which a material is physically decomposed to each individual 

scale of interest, and the deformation and constitutive behavior of each scale can then be 

examined separately while determining the overall material properties. Pelegri and Tekkam[90] 

proposed a novel methodology for the maximization of mode I critical delamination fracture 
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toughness using design of experiments and response surface, that allows continuous and discrete 

factors to be considered simultaneously like the width, length, thickness, stacking angle, and 

stacking sequence of the laminate. While all approaches mentioned above offer significant new 

developments, the use of such approaches is not amenable to time intensive calculations such as 

molecular simulations which almost always take days to complete to generate only one design 

point. Correspondingly, all the above approaches cannot be used to design complex multiphase 

materials using advanced time-intensive numerical tools for material behavior analyses such as 

the mesoscale finite element method (FEM) and the molecular dynamics (MD) method owing to 

the heavy computational cost of such tools. 

A mesoscale FEM model takes days to complete one calculation[91]. The intensive 

computational cost of these simulations makes the use of iterative design and optimization 

procedures based on such tools prohibitively expensive to perform. One, therefore, requires a 

design approach that can incorporate multiple simulations (multi-physics) of varying fidelity 

such as FEM and MD in design iterations in an iterative manner, while simultaneously reducing 

the design cycle time. Recently, some efforts have been made in that direction by the authors. 

Mejía-Rodríguez et al.[92] presented a material design tool based on the variable fidelity model 

management framework. In the tool, complex “high fidelity” FEM analyses were performed only 

to guide the analytical “low-fidelity” model toward the optimal material design goal. The tool 

was applied to obtain the optimal distribution of a second phase, silicon carbide (SiC) fibers, in a 

silicon-nitride (Si3N4) matrix to obtain continuous fiber SiC-Si3N4 ceramic composites (CFCCs) 

with optimal fracture toughness. Later[93], the material design tool was used to obtain the 

optimal microstructure of continuous fiber SiC-Si3N4 ceramic composites (CFCCs) with optimal 

strength and creep resistance. In the tool, complex 3 dimensional (3-D) “high fidelity” FEM 
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based analyses are performed only to guide the 2 dimensional “low-fidelity” model calculations 

toward the optimal material design goal. These investigations have shown how models with 

different input design variables could be handled and integrated efficiently by a trust region 

model management framework in application to the design of multiphase composite materials. 

The tool offered a significant development in material design optimization schemes where time 

consuming simulations could be performed efficiently to predict optimal microstructures. 

However, the tool in the presented works could not deal with the generation of realistic 

microstructural material morphologies and could not account for uncertainty quantification. This 

is the focus of the present investigation. 

This work presents a systematic optimization methodology to predict optimal material 

microstructures, while considering uncertainties in the microstructural representations with 

simultaneous reduction in the design cycle time. The problem in hand is to predict the most 

suitable microstructural phase morphologies for desired deformation energy of SiC-Si3N4 

nanocomposites at 1500 oC, and 1600 oC. Statistical uncertainties inherent to computational 

microstructural generation (processing variations) are quantified, and used in the proposed 

methodology to predict robust nanocomposite microstructures with properties insensitive to a 

prespecified range of changes in microstructures. The focus is on finding robust microstructures 

that maximize the deformation energy at two temperatures: 1500 oC and 1600 oC. FEA based 

tensile tests are performed on the SiC-Si3N4 microstructures to extract their deformation energy, 

which is considered as the area under the force-displacement curve resulting from corresponding 

tensile tests. A sequential approximate optimization under uncertainty algorithm is applied to six 

different test problems. The first four cases obtain optimum microstructures at specific 

temperatures. In the last two cases, the focus is on obtaining bi-objective based optimum 
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microstructures that will perform well at both temperatures. Although the material of interest in 

this investigation is SiC-Si3N4, the methodology is not restrictive and could be an invaluable 

design tool to support the development of new materials. 

I.  Constitutive models 

Brittle materials, including ceramics such as SiC and Si3N4, exhibit unique deformation and 

failure characteristics at high temperatures. A constitutive model in the form of Eq. (14) 

proposed by Lei et al.[94] for modeling Si3N4 undergoing laser-assisted machining has been used 

to model the deformation and bulk properties of Si3N4, SiC, and an amorphous silicate based 

grain boundary (GB). In the model, the temperature effect on the flow stresses is accounted 

through the viscosity of Si3N4 and SiC at elevated temperatures. The model allows to understand 

the effect of temperature and grain size on the material behavior. The constitutive model 

implemented isotropic hardening plasticity in user subroutine UMAT of popular FEA package 

ABAQUS. The Newton’s forward formula was used to solve for the incremental plastic strain at 

each step and for every element which was found to have yielded, 
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In Eq. 1, for liquid-phase sintered β-Si3N4 (SN88), σ0 (reference stress) is estimated to be 28 

MPa using the yield stress measured at strain rate,ε& =2x10−9 s−1 and temperature, T=1400°C [95]. 

The reference strain (ε0), reference strain rate (0ε& ), and the strain exponent (n) are assumed to be 

ε0=0.3, 0ε& =1 s−1, and n=0.34, respectively, according to the strain hardening curve observed for 

silicon nitride[96]. Q is the activation energy determined to be approximately 740 kJ/mol from 

literature[97, 98]. R is the universal gas constant (8.31447 J/ (mol/°K)). The value of the 

exponential coefficient, m, is determined to be 0.061 according to the constitutive model 
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developed by Lei et al.[94] for Si3N4 undergoing laser assisted machining (LAM). The 

conditions of LAM are used because the material is exposed to hard conditions (high strain rates 

and high temperatures). Lei et al.[94] have found that temperature has much stronger influence 

on the cutting forces and thus on the material strength than the effect caused by cutting speed 

under the conditions of LAM. In this research the value of m is estimated to be 0.09. 

Accordingly, the influence of temperature on the flow stress results in this quantity decreasing to 

around 700 MPa and 400 MPa at 1400 °C  and 1600 °C respectively[99, 100]. 

For Hexology (sintered α –SiC), σ0 (reference stress) is estimated to be 400 MPa using the 

yield stress measured at ε& =1x10−9 s−1 and T=1400°C[95, 101]. The activation energy Q is 

determined to be approximately 980 kJ/mol from literature[95, 101]. The reference strain, strain 

rate, the strain exponent and the value of m are assumed to be ε0=0.17, 0ε& =1 s−1, n=0.5, and m= - 

0.001 respectively. Accordingly, the influence of temperature on the flow stress results in this 

quantity decreasing to around 445 and 447 MPa at 1400 °C and 1600 °C respectively[102]. 

For the amorphous GB, a limited experimental data is found in the literature. Since GBs in 

Si3N4 are responsible for the increase in fracture resistance, it was assumed that GBs have 

reduced strength and higher fracture energy in comparison to the Si3N4 phase. Such assumption 

has resulted in prediction of experimentally valid fracture mechanisms in SiC-Si3N4 composites, 

Tomar[103-105]. The following parameters were assumed for GBs: σ0 (reference stress) is 

estimated to be 28 MPa using the yield stress of ε& =2x10−9 s−1 at T=1400°C, and with Q= 733 

kJ/mol. The reference strain, strain rate, the strain exponent and the value of m are assumed to be 

ε0=0.3, 0ε& =1 s−1, n=0.34, and m= 0.09, respectively. Figure 1 shows the stress-strain curve for 

Si3N4, SiC and GB as a function of temperature. The materials models described above for Si3N4, 

SiC and GB are good at describing their stress-strain behavior. 
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Figure 2. Schematic showing an example of the nucleation and growth mechanisms for the 

SiC-Si3N4 nanocomposites: (a) Nucleation and growth for Si3N4 grains at iteration 15, (b) 

final Si3N4 microstructure, (c) intergranular SiC grains start growing after being nucleated 

randomly along the GB, (d) final Si3N4-SiC intergranular microstructure, (e) intragranula r 

SiC grains start growing after being nucleated randomly inside the Si3N4 grains, and (f) the 

final Si3N4-SiC nanocomposite microstructure. 
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II.  Microstructural Simulation Techniques 

In structure-property correlation based simulations, microstructures are characterized by the 

crystalline orientation, grain sizes, second phase dispersion, and GBs. For material design 

optimization it is desired that microstructure evolution algorithms are also embedded in the 

design optimization codes. This will result in on the fly changes in the microstructures 

corresponding to the need of the optimization algorithms. The Johnson-Mehl model[106-108] 

and the tessellation process for a Voronoi network[108-110] are the most well known techniques 

that have been used to develop microstructure evolution for realistic microstructural 

representation. 

Microstructure generation simulations begin with the generation of a set of random points. 

These points or nodes serve as the nucleation points of the grain structure. Once these points are 

defined, a network is generated around them that may be a function of geometry (Voronoi 

network) or may be a function of grain growth at a constant rate (Johnson-Mehl). The method 

used in this work uses a lattice model proposed by Choi et al.[111]. The polycrystalline 

microstructure evolution mechanism is 

described by nucleation and growth 

mechanisms. Since the nucleation and growth 

mechanism well explain the polycrystalline 

microstructure evolution, most of the 

microstructure evolution simulation 

techniques use this mechanism. Frost et 

al.[107] investigated the effect of nucleation 

conditions on the topology of grain structure 

 
Figure 1. Stress-Strain curve for monolithic samples 
with Si3N4, SiC and GB properties as a function of 
temperature. 
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using the model used in this research. These conditions include simultaneous nucleation (all 

nucleation takes place at the same time), continuous nucleation (constant nucleation rate), and 

intermediate nucleation in which the nucleation rate declines with time. For their model, 

nucleation and growth continue until the unit area is completely filled. For analysis of grains size 

distribution (GSD), the probability density function (PDF) of following gamma distribution is 

used[112], 

 ( ) ( )
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In Eq. (15) A’ is the normalized grain size, Γ(β) is the gamma function. The parameter β is the 

key parameter of GSD. It characterizes the shape of the distribution and has the range of 

1.0~3.65. The value of β= 3.65 corresponds to the simultaneous nucleation and β= 1 corresponds 

to the continuous nucleation[112, 113]. Since this research focuses on the two phase 

polycrystalline SiC-Si3N4 as a target material, the method presented by Choi et al.[111] is 

extended in this investigation to handle two phase composite materials. The nucleation and 

growth procedures are briefly described as follows: 

First Si3N4 grains are grown in the following steps: (i) the nucleation sites are randomly 

picked for each time interval, and (ii)  while the nucleated sites grow with a certain probability, 

new nucleation takes place. Steps (i) and (ii) are repeated for every time interval (step) until the 

lattice domain is completely filled with the desired number of Si3N4 grains. In this process, the 

number of nucleation sites is directly controlled at each time step. Once Si3N4 grains have 

formed according to the desired grain size distribution, the SiC grains are grown in the Si3N4 

microstructure in the following steps: (i) the intergranular SiC nucleation sites are randomly 

picked on the Si3N4 grain boundary, (ii)  the intergranular nucleated sites are grown for a desired 
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time, (iii)  the intragranular SiC nucleation sites are randomly picked inside the Si3N4 grains, and 

(iv) the intragranular nucleated sites are grown for a desired time. 

Notice that the microstructure evolution mechanism is a stochastic process. For this reason, 

robust design methodologies have to be used in the design task to find the most suitable 

microstructures for desired applications. Figure 2 shows the nucleation and growth mechanisms 

for a SiC-Si3N4 nanocomposite with 20 Si3N4 grains, and corresponding initial nucleation of 10 

grains and nucleation rate of 1. The number of intergranular SiC grains is 15 with a maximum 

growth of 5 cycles, and the number of intragranular SiC grains is 15 with a maximum growth of 

4 cycles. 

III.  Robust Optimization 

Robust Design Method, also called Taguchi Method, was originally developed by Genichi 

Taguchi. In 1980, Taguchi’s introduction of the method to several American industries resulted 

in significant quality improvement in product and manufacturing process design. By consciously 

considering the noise factors (environmental variation during the product’s usage, manufacturing 

variation, and component deterioration) and the cost of failure in the field the Robust Design 

method helps ensure customer satisfaction[114]. Taguchi introduced the concept of parameter 

design to improve the quality of a product whose manufacturing process involves significantly 

variability. Taguchi’s parameter design reduces variation in performance by reducing the 

sensitivity of an engineering design to sources of variation rather than controlling the sources. 

Taguchi techniques were based on direct experimentation[115]. Of more interest is Taguchi’s 

definition of the “goodness” of a design. Whereas various other approaches assume that a good 

design meets a set of well-defined functional, technical performance, and cost goals, Taguchi 
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states that a good design minimizes the quality loss over the life of the design, where quality loss 

is defined to be the deviation from the desired performance[116]. 

In robust or statistical optimization, one is interested not only in parameter sensitivities but 

also in finding the feasible combination of design variables that minimize both objective function 

and its sensitivity to design variable variation[115]. Robust optimization significantly increases 

the computational requirements in comparison to traditional optimization, and the computational 

cost further increases by using a conventional gradient based optimization method, due to the 

invoking of finite difference calculations. In this investigation, response surface approximations 

of the objective function and its variation are successively created and incorporated in a 

surrogate-based optimization method under uncertainty, where uncertainty is quantified through 

the use of experiments. 

Experimental Design-Based Robust Optimization 

The robust optimization strategy followed in this work is based on the method presented by 

Su and Renaud[115], where Taguchi’s orthogonal arrays are used to specify an experimental 

design plan for evaluating the variation of the objective function and constraints. In robust design 

optimization (RDO) there is a trade off between reducing the variation of the function and 

optimizing the function value itself. Robust optima are less sensitive to the variation of the 

design variables, but the function value tends to be larger than that obtained from conventional 

optimization (i.e. a small decrease in the performance is traded-off for a decrease in the 

performance variation). In the light of this recognition, robust optimization can be considered as 

a multi-objective optimization, where the conventional objective function and its variation are 

the objectives under consideration[117, 118]. 

The optimization formulation in this investigation takes the form: 



 71 

 Minimize       (x) ( ) (1 ) [ ( )]p pF f x vrt f xα α= ⋅ + − ⋅  (16) 

 Subject to:               L Ux x x≤ ≤  (17) 
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                      ( ) 0   =1, , jg x j J≥ K  (22) 

The robust objective function has two parts, the function and its variation. The variation vrt 

[fp(x)] is defined as the root-mean square value of the difference between the value of the sample 

points and the mean ( )pf x  of the values at all sample points. Note that there are no explicit 

constraints used in this formulation. Constraints are considered as penalty terms. A penalty 

function formulation, Eq. (18), is adopted in this method to avoid the undesired overhead 

associated with robust constraint gradient calls. The parameter α (0≤α≤1) serves as a weighting 

factor in this bi-objective optimization. The larger the value of α, the more significance the 

decision-maker puts on the conventional objective over its variation and vice versa. In this work 

values of α=1 and α=0.5 are investigated. In the work by Su and Renaud[115] the sample designs 

i in Eq. (19) are selected by using an orthogonal array to determine the combination of design 

variables for fractional factorial experiments. In Su and Renaud[115], the objective functions are 

deterministic, and vrt [fp(x)] represents the variation in the deterministic function fp locally 

around the current design xn, due to variation in x, see Fig. 3a. 
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Figure 3. Schematic showing differences between the type of functions used in the work of 

Su and Renaud[115], and this investigation: (a) Deterministic function with uncertainty in 

design variables, (b) Non-deterministic function with no uncertainty in design variables. 

Robust Design on a Non-Deterministic Function 

In this investigation the function (deformation energy) is a non-deterministic function, this is 

because of the characteristic of the random errors that arise in the microstructural generation 

simulations. Remember that the microstructure evolution mechanism is a stochastic process. For 

same input parameters (design variables) microstructures with different attributes are obtained, 

and as a result different responses (deformation energy values) are obtained. Uncertainty is 

quantified by repeating the same analysis 20 times at a given design point. This investigation 

does not consider variation in the design variables x, see Fig. 3b. 

Thus, uncertainty is quantified to only obtain the mean and standard deviation parameters of 

the statistical data. The value of 20 was considered to be a good number to use, after performing 

a study on how the mean and standard deviation behaved as the number of simulations increased. 
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Approximately at the 20th simulation, an almost steady behavior in the mean and standard 

deviation of the simulations was observed. 

Surrogate Based-Design Optimization Under Uncertainty 

To perform optimization under uncertainty, surrogates of statistical data generated from a set 

of uncertainty quantification (UQ) analysis are integrated in a sequential approximate 

optimization (SAO) based algorithm, subject to move limits. SAO is a class of methods for the 

design of systems which are cost prohibitive to compute large numbers of function evaluations. 

In typical SAO methods a local response surface approximation (RSA) is built from a sampling 

of the design space about the current design. Once the RSA has been constructed it is very 

inexpensive to evaluate and its optimal point can be found using traditional constrained nonlinear 

optimizers. The optimal point of the RSA is compared to the true model. If the design has 

improved, the process repeats, sequentially building approximations, until the method converges. 

There are extensive examples of SAO methods in the literature, including the work of Rodriguez 

et al.[119, 120], Perez et al.[121, 122], and Rasmussen[123]. The optimization algorithm used in 

this investigation is shown in Fig. 4. 
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Figure 4. A schematic flowchart showing the sequential approximate optimization under 

uncertainty algorithm. 

 

Important components of the optimization algorithm are the trust region (TR) test and the 

convergence test, which are described next. 

Trust Region (TR) Management: In order to help guarantee convergence of the SAO 

framework, a trust region model management strategy is employed. This method provides a 

means for adaptively managing the allowable move limits for the approximate design space. A 

trust region ratio allows the trust region model management framework to monitor how well the 

approximation matches the true objective function. The trust region ratio, ρn, is calculated at the 

new candidate point xn*, as 
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In Eq. (23), fp and ()pf%  are the functions for the true and approximate models, and xn is the 

current design. The trust region size is governed by the following standard rules 

 1

0.25 : 0.25

       : 0.25 0.75

  2   : 0.75

n n

n n n

n n

ρ
ρ

ρ
+

∆ ≤
∆ = ∆ < <
 ∆ ≤

 (24) 

Physically, ρ represents how good the approximation represents the true objective function. If 

ρ is near 1, the approximation is quite good. If ρ is near zero, then the approximation is not as 

good, but it still captures the minimization trend. If ρ is negative, then the point is a worse design, 

the point is rejected and the trust region size is reduced. 

Convergence Test: Convergence can be determined by the following stopping criterion 
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In Eqns. (25)-(27), εf1, εf2 and εx are tolerances supplied by the user, and n is the current 

iteration counter. If any of the three inequalities at the current point are true, the algorithm is 

considered converged. 

An important approach is followed to reduce the computational time associated with UQ 

during the initial iterations of the sequential approximate optimization under uncertainty 

algorithm. This approach consists in performing UQ, once the TR test fails (-ρ) for the first time. 

Before the TR test fails (-ρ), single evaluations of the performance function (S) are performed at 

each design to construct the RSA. As a result of not passing the TR test, the candidate design 
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(xn
*) given by the optimizer is rejected, and the current design (xn) is revaluated using UQ, and 

all designs in coming iterations are evaluated using UQ until convergence is achieved in the 

algorithm. 

IV.  Test Problem 

For illustration purposes, Fig. 5 shows a sample finite element meshed microstructure. The 

size of the microstructure is 150 µm x 100 µm. The design variables used to control the 

microstructural phase morphologies are the number of Silicon Nitride grains (n_Si3N4), the 

number of intergranular Silicon Carbide grains (n_SiC_inter), the number of intragranular 

Silicon Carbide grains (n_SiC_intra), the initial nucleation sites to generate the Silicon Nitride 

grains (in_n_Si3N4), the nucleation rate to generate the Silicon Nitride grains (nuc_r_Si3N4), the 

time of growth of the intergranular Silicon Carbide grains (t_SiC_inter), and the time of growth 

of the intragranular Silicon Carbide grains (t_SiC_intra). Other microstructural attributes can be 

extracted from all composites, such as the volume fraction and the grain size for each of the 

phases, and the grain size distribution for Silicon Nitride. A characteristic of the present problem 

is that all design variables can only receive integer values, therefore it can be considered as an 

integer programming problem. 
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The design variables used to generate the microstructure shown in Fig. 5 are n_Si3N4=20, 

n_SiC_inter=15, n_SiC_intra=15, in_n_Si3N4=10, nuc_r_Si3N4=1, t_SiC_inter=5, and 

t_SiC_intra=4. Regarding the other microstructural characteristics, the volume fraction of the 

grain boundary is 9.3%, of Si3N4 is 85.4%, of the intergranular SiC is 3.2% and of the 

intragranular SiC is 2.1%. The grain size of Si3N4 is 15960µm2, of the intergranular SiC is 

796µm2 and of the intragranular SiC is 517µm2. The grain size distribution of Si3N4 is β=2.9. 

The goal of this investigation is to find the most robust microstructures that maximize the 

deformation energy “S” at 1500 oC, at 1600 oC, and at the equal weighted sum of both 

temperatures, subject to some design variable bounds and microstructural generation constraints. 

The optimization problem in the sequential approximate optimization under uncertainty 

algorithm can be stated as follows: 

Minimize    = [ ] (1 ) [ ]

subject to:          
R r rS S vrt Sα α⋅ − + − ⋅
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Figure 5. A sample finite element meshed microstructure. 
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In Eq. (28), SR represents a response surface approximation of the objective function Sf, rS  

represents the response surface approximation of the mean deformation energy S at design 

points, while vrt[Sr] is the response surface approximation of the standard deviation of the 

deformation energy std(S) at design points . The optimization process is carried out using the 

sequential quadratic programming (SQP) optimizer from the Mathworks Matlab's fmincon 

function, which is provided in the Optimization Toolbox. 

FEA based tensile tests are performed on the SiC-Si3N4 microstructures to extract their 

deformation energy. In this work, the deformation energy of the composite is considered as the 

area under the force-displacement curve resulting from corresponding tensile tests. The strength 

models presented in section II are assigned to the corresponding material in the nanocomposites. 

The way silicon nitride, silicon carbide and the grain boundary interact in the composite is by 

assuming that they are perfectly bonded, using a tie constraint. 

Uncertainties are introduced in the FE analysis from the microstructural generation 

simulations. For the same input design variables, different microstructural characteristics are 

achieved, and as a result different deformation energy responses are obtained. For this reason, 

the sequential approximate optimization under uncertainty algorithm shown in Fig. 4, is used in 

six test problems to find the robust microstructures that maximize the deformation energy at two 

temperatures: 1500 oC and 1600 oC. The first four cases use these temperatures separately to 
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obtain optimum microstructures at specific temperatures. In the last two cases, both temperatures 

are used simultaneously to obtain multiobjective based optimum microstructures that will 

perform well at both temperatures. 

V. Results 

In the present investigation, values of α=1 and α=0.5 are used for the temperatures of 1500 

oC, 1600 oC, and for the bi-objective problem where both temperatures are equally weighted, for 

a total of six cases. In all cases, the initial trust region size (move limit) ∆ at each dimension 

(design variable) equals 20% the design space size of the corresponding dimension. The 

fractional factorial design (½ fraction) method is used to generate the design of experiments 

arrays needed in the algorithm. The number of design points generated at each iteration is not 

fixed. It depends on the number of samples needed to fill the design space, while satisfying the 

constraints presented in Eq. (28). Note that repeated samples that were already evaluated at 

previous iterations are not evaluated anymore, their value is taken from a database were all past 

designs and corresponding function values are stored.  

It is important to remember the approach followed to reduce the computational time 

associated with UQ during the initial iterations of the sequential approximate optimization under 

uncertainty algorithm. The approach consists in performing UQ(calculate mean and standard 

deviation), once the TR test fails (-ρ) for the first time. Before the TR test fails (-ρ), single 

evaluations of deformation energy (S) are performed at each design to generate the RSA. 

Next, six test cases are presented. For cases A-D the convergence tolerance value for the 

design variables is εx=0.1 (see Eq. (27)), and the convergence tolerances for the function values 

are εf1=5.0x10-6 and εf2=1.0x10-5(see Eqns.(25)-(26)). For cases E-F the convergence tolerance 

value for the design variables is εx=0.1, and the convergence tolerances for the function values 
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are εf1=1.0x10-3 and εf2=1.0x10-3. To evaluate εx, each design variable is scaled to have a value 

between -1 and 1. 

A. Temperature=1500 oC and α=1 

In this case, the initial design is xo=[20, 10, 10, 4, 4, 5, 5] (n_Si3N4=20, n_SiC_inter=10, 

n_SiC_intra=10, in_n_Si3N4=4, nuc_r_Si3N4=4, t_SiC_inter=5, and t_SiC_intra=5). 

By using the value of α=1, we end up solving a conventional single objective problem 

(SR= rS− ), not considering vrt[Sr]. To generate the surrogate of the mean deformation energy, 

quadratic response surface polynomials are created from samples obtained using the fractional 

factorial design method. As mentioned before, uncertainty is quantified on each sample by 

performing the response analysis 20 times. 

Table 1 shows the results of the sequential approximate optimization under uncertainty 

algorithm. It details the current design (xn) and candidate design (xn*) per iteration, showing that 

the optimum microstructure is given by the design x*= [10, 1, 1, 1, 4, 3, 2]. It can be seen that 

most of the design variables moved to their lower bounds. These results seem reasonable, since 

Fig. 1 shows how the strength of Si3N4 is higher than the one of SiC. Table 1 also shows values 

for the response surface approximation SR, and of the true objective function Sf until convergence 

is reached. Values for the trust region ratio (ρ), convergence parameters (εf1, εf2, εx), number of 

samples to generate the RSA and to test the TR test, and number of evaluations per sample 

needed per iteration are shown as well, see Table 2. Note that at iteration 4 the trust region test 

fails, then the current design is revaluated and in coming iterations the mean deformation energy 

( rS ) is quantified in the samples need to construct the RSA. From Table 2, the total number of 

function evaluations (simulations) is 2445. This represents a lower number of function calls, 

compared to a global response surface that could be created from a full factorial design 
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(27x20=2560). Figure 6 shows the optimum microstructure that maximizes the deformation 

energy (area under force-displacement curve) at 1500 oC. 

Table 1.  Results for α=1, with initial design xo=[20, 10, 10, 4, 4, 5, 5], and deformation 

energy Sf=0.039321 J. 

Iteration xn xn* SR (J) Sf (J) 

1 [20, 10, 10, 4, 4, 5, 5] [16, 6, 8, 5, 5, 4, 4] 0.039628 0.039414 

2 [16, 6, 8, 5, 5, 4, 4] [12, 2, 7, 1, 5, 4, 3] 0.039552 0.039482 

3 [12, 2, 7, 1, 5, 4, 3] [10, 1, 1, 1, 4, 3, 2] 0.039540 0.039530 

4 [10, 1, 1, 1, 4, 3, 2] [10, 1, 1, 1, 5, 2, 4] 0.039535 0.039528 

4 [10, 1, 1, 1, 4, 3, 2] 
(revaluate design and quantify rS  to generate the 

RSA) 

5 [10, 1, 1, 1, 4, 3, 2] [13, 1, 1, 1, 1, 5, 2] 0.039549 0.039497 

6 [10, 1, 1, 1, 4, 3, 2] [10, 1, 1, 1, 4, 3, 2] 0.039530 0.039534 

 

Table 2.  Trust region ratio value, convergence parameter values and number of function 

evaluations in the sequential approximate optimization under uncertainty algorithm (Case 

A). 

Iteration ρ εf1 εf2 εx 

No. samples RSA 

(UQ 

Evaluations/sample) 

No. samples Test TR 

(UQ 

Evaluations/sample) 
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1 0.30 2.06x10-4 8.94x10-5 0.181 66 (1) 1 (20) 

2 0.49 6.78x10-5 6.54x10-5 0.186 49 (1) 1 (20) 

3 0.83 9.59x10-6 4.66x10-5 0.167 49 (1) 1 (20) 

4 -0.41 - - - 41 (1) 1 (20) 

4 (revaluate design and quantify rS  to generate the RSA) 

5 -1.80 - - - 41 (20) 1 (20) 

6 25.09 3.24x10-6 3.38x10-6 0.0 65 (20) 1 (20) 

 

                              

Figure 6. Optimum microstructure of the sequential approximate optimization under 

uncertainty algorithm at 1500 oC, and α=1. 

 

Figure 7 shows a comparison of the response of bulk Si3N4, bulk SiC, and the optimum design 

shown in Table 1 and Fig. 6. The optimum design shows a higher deformation energy and higher 

strength than the two bulk materials at 1500 oC. This improvement in the properties comes 

mainly from the microstructure morphology, its grains size distribution and in lower importance 
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by the SiC grains. Finally, we notice how the lower strength of the GB did not affect the whole 

composite strength. This is because of the optimal arrangement of the grains. 

Figure 8 shows the behavior of the microstructural attributes throughout iterations in the 

optimization framework, for iterations where the TR test passes. Values of these attributes at the 

optimum design (Fig. 6) are: the volume fraction of the grain boundary is 3.9%, of Si3N4 is 

95.9%, of the intergranular SiC is 0.08% and of the intragranular SiC is 0.03%. The grain size of 

Si3N4 is 35860µm2, of the intergranular SiC is 298µm2 and of the intragranular SiC is 104µm2. 

The grain size distribution of Si3N4 is β=2.8. 

                                               

Figure 7. A comparison of force-displacement curve for the optimum microstructure with 

those for Si3N4 and SiC. 

B. Temperature=1500 oC and α=0.5 

In this case, two surrogate models are created, and same importance is given to both, the 

conventional objective (mean) and its variation (standard deviation). To generate the surrogate of 

the mean deformation energy and its standard deviation, quadratic response surface polynomials 

are created from samples obtained using the fractional factorial design method. As mentioned 

before, uncertainty is quantified on each sample by performing the response analysis 20 times. 
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Table 3 shows the results of the sequential approximate optimization under uncertainty 

algorithm. To reduce computational time, results from Case A at iteration 3 are used as the 

starting design in this case, just before mean values of the deformation energy are used to 

construct the RSA. Table 3 shows that the robust optimum microstructure is given by the design 

x*= [10, 1, 1, 3, 4, 3, 2]. We notice how the robust optimum design is very similar to the 

conventional design (Case A), where variations in the objective function are not considered. The 

authors realize the standard deviations are on the order of 1x10-5, and these small values are the 

cause of such similarities in the results. Values for the trust region ratio (ρ), convergence 

parameters (εf1, εf2, εx), number of samples to generate the RSA and to test the TR test, and 

number of evaluations per sample needed per iteration are shown as well, see Table 4. As seen in 

Tables 3-4 convergence is reached in one iteration. This fast rate of convergence is due to having 

taken the starting design from Case A. Note that the fact of taking results from Case A to 

initialize this case B does not mean that the same path to the optimum design would have been 

taken by the optimizer, if the starting design from Case A had been considered, but it had been 

very similar because of the small values of the variations. 

Table 3.  Results for α=0.5, with initial design xo=[10, 1, 1, 1, 4, 3, 2], and deformation 

energy Sf=0.0395237 J. 

Iteration xn xn* SR (J) Sf  (J) 

1 [10, 1, 1, 1, 4, 3, 2] [10, 1, 1, 3, 4, 3, 2] 0.0395253 0.0395239 

2 [10, 1, 1, 3, 4, 3, 2] [10, 1, 1, 3, 4, 3, 2] 0.0395251 0.0395238 
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Table 4.  Trust region ratio value, convergence parameter values and number of function 

evaluations in the sequential approximate optimization under uncertainty algorithm (Case 

B). 

Iteration ρ εf1 εf2 εx 

No. samples RSA 

(UQ 

Evaluations/sample) 

No. samples Test TR 

(UQ 

Evaluations/sample) 

1 0.15 1.35x10-6 2.36x10-7 0.051 65 (20) 1 (20) 

2 -0.13 - - 0.0 62 (20) 1 (20) 

 

 

 

 

 

Figure 8. Behavior of microstructural attributes, and behavior of the mean and standard 

deviation (std) of the objective function, throughout successful iterations (designs accepted 

at TR test, ρ>0) in cases A-B. 

d) 

b) 

e) 

a) c) 
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In Fig. 8 results for Case B are shown at iteration 4, to compare with results of case A. Figure 

8 shows, a) how the volume fraction of Si3N4 increases through iterations in the algorithm, b) on 

the other hand the volume fraction of SiC (intergranular and intragranular) decreases as the 

algorithm converges. Also, it is noticed, c) that the size ratios of the SiC (intergranular and 

intragranular) grains over the size of the Si3N4 grains decrease for case A, but for case B they 

increase by a small amount with respect to case A. In d) the mean deformation energy is shown 

along with its ± standard deviation. An increase in the mean deformation energy is shown, which 

decreases by a small amount for the robust problem (case B). Also, e) a decrease in the standard 

deviation of the deformation energy is observed, and it is shown how it decreases for the robust 

problem (Case B) with respect to Case A at the optimum. 

C. Temperature=1600 oC and α=1 

In this case, the initial design is xo=[25, 15, 15, 4, 4, 5, 5] (n_Si3N4=25, n_SiC_inter=15, 

n_SiC_intra=15, in_n_Si3N4=4, nuc_r_Si3N4=4, t_SiC_inter=5, and t_SiC_intra=5). 

By using the value of α=1, we end up solving a conventional single objective problem 

(SR= rS− ), not considering vrt[Sr]. To generate the surrogate of the mean deformation energy, 

quadratic response surface polynomials are created from samples obtained using the fractional 

factorial design method. As mentioned before, uncertainty is quantified on each sample by 

performing the response analysis 20 times. 

Table 5 shows the results of the sequential approximate optimization under uncertainty 

algorithm. It details the current design (xn) and candidate design (xn*) per iteration, showing that 

the optimum microstructure is given by the design x*= [40, 25, 36, 21, 10, 8, 8]. It can be seen 

that most of the design variables moved to their upper bounds. These results seem reasonable, 

since Fig. 1 shows how the strength of SiC is higher than the one of Si3N4. Table 3 also shows 
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values for the response surface approximation SR, and of the true objective function Sf until 

convergence is reached. Values for the trust region ratio (ρ), convergence parameters (εf1, εf2, εx), 

number of samples to generate the RSA and to test the TR test, and number of evaluations per 

sample needed per iteration are shown as well, see Table 6. Note that at iteration 8 the trust 

region test fails, then the current design is revaluated and in coming iterations the mean 

deformation energy (rS ) is quantified in the samples need to construct the RSA. From Table 6, 

the total number of function evaluations (simulations) is 2802. This represents a higher number 

of function calls, compared to a global response surface that could be created from a full factorial 

design (27x20=2560). The increase in the number of evaluations is due to the difficulties to 

create an accurate surrogate model in the upper limit of the design variables. Figure 9 shows the 

optimum microstructure that maximizes the deformation energy (area under force-displacement 

curve) at 1600 oC. 
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Table 5.  Results for α=1, with initial design xo=[25, 15, 15, 4, 4, 5, 5], and deformation 

energy Sf=0.033152 J. 

Iteration xn xn* SR (J) Sf  (J) 

1 [25, 15, 15, 4, 4, 5, 5] [21, 19, 21, 5, 5, 6, 6] 0.035251 0.033768 

2 [21, 19, 21, 5, 5, 6, 6] [23, 23, 23, 4, 6, 7, 7] 0.034218 0.034141 

3 [23, 23, 23, 4, 6, 7, 7] [32, 21, 28, 1, 7, 8, 8] 0.034765 0.034341 

4 [32, 21, 28, 1, 7, 8, 8] [40, 19, 35, 10, 10, 8, 8] 0.034661 0.034408 

5 
[40, 19, 35, 10, 10, 8, 

8] 
[40, 19, 35, 13, 10, 8, 8] 0.034639 0.034480 

6 
[40, 19, 35, 13, 10, 8, 

8] 
[40, 19, 35, 19, 10, 8, 8] 0.034663 0.034485 

7 
[40, 19, 35, 19, 10, 8, 

8] 
[40, 24, 35, 21, 10, 8, 8] 0.034706 0.034534 

8 
[40, 24, 35, 21, 10, 8, 

8] 
[40, 25, 36, 21, 9, 7, 7] 0.072728 0.034274 

8 
[40, 24, 35, 21, 10, 8, 

8] 
(revaluate design and quantify rS  to generate the RSA) 

9 
[40, 24, 35, 21, 10, 8, 

8] 
[36, 23, 29, 21, 10, 8, 8] 0.034707 0.034502 

10 [40, 24, 35, 21, 10, 8, [40, 25, 36, 21, 10, 8, 8] 0.034574 0.034569 
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8] 

Table 6.  Trust region ratio value, convergence parameter values and number of function 

evaluations in the sequential approximate optimization under uncertainty algorithm (Case 

C). 

Iteration ρ εf1 εf2 εx 

No. samples RSA 

(UQ 

Evaluations/sample) 

No. samples Test TR 

(UQ 

Evaluations/sample) 

1 0.29 1.43x10-3 5.97x10-4 0.18 66 (1) 1 (20) 

2 0.83 7.45x10-5 3.61x10-4 0.19 33 (1) 1 (20) 

3 0.32 4.10x10-4 1.93x10-4 0.33 25 (1) 1 (20) 

4 0.21 2.45x10-4 6.49x10-5 0.33 49 (1) 1 (20) 

5 0.31 1.54x10-4 6.91x10-5 0.08 65 (1) 1 (20) 

6 0.03 1.72x10-4 4.88x10-6 0.15 50 (1) 1 (20) 

7 0.22 1.65x10-4 4.77x10-5 0.21 49 (1) 1 (20) 

8 -0.01 - - - 65 (1) 1 (20) 

8 (revaluate design and quantify rS  to generate the RSA) 

9 -0.19 - - - 49 (20) 1 (20) 

10 0.88 4.77x10-6 3.38x10-5 0.04 61 (20) 1 (20) 
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Figure 9. Optimum microstructure of the sequential approximate optimization under 

uncertainty algorithm at 1600 oC, and α=1. 

 

                                                    

 

Figure 10. A comparison of force-displacement curve for the optimum microstructure with 

those for Si3N4 and SiC. 

 

Figure 10 shows a comparison of the response of bulk Si3N4, bulk SiC, and the optimum 

design shown in Table 5 and Fig. 9. The optimum design shows a higher ultimate strength than 
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the two bulk materials at 1600 oC, and a promising higher deformation energy at higher strains. 

This improvement in the properties comes from the microstructure morphology, the grains size 

distribution of the Si3N4 grains and by the intergranular and intragranular SiC grains. 

Figure 11 shows the behavior of the microstructural attributes throughout iterations in the 

optimization framework, for iterations where the TR test passes. Values of these attributes at the 

optimum design (Fig. 9) are: the volume fraction of the grain boundary is 19.5%, of Si3N4 is 

52.4%, of the intergranular SiC is 12.4% and of the intragranular SiC is 16.3%. The grain size of 

Si3N4 is 4838µm2, of the intergranular SiC is 2246 µm2 and of the intragranular SiC is 1546µm2. 

The grain size distribution of Si3N4 is β=1.6. 

D. Temperature=1600 oC and α=0.5 

In this case, two surrogate models are created, and same importance is given to both, the 

conventional objective (mean) and its variation (standard deviation). To generate the surrogate of 

the mean deformation energy and its standard deviation, quadratic response surface polynomials 

are created from samples obtained using the fractional factorial design method. As mentioned 

before, uncertainty is quantified on each sample by performing the response analysis 20 times. 

Table 7 shows the results of the sequential approximate optimization under uncertainty 

algorithm. To reduce computational time, results from Case C at iteration 7 are used as the 

starting design in this case, just before mean values of the deformation energy are used to 

construct the RSA. The table shows that the robust optimum microstructure is given by the 

design x*= [40, 24, 36, 21, 9, 8, 8]. Again, we notice how the robust optimum design is very 

similar to the conventional design (Case C), where variations in the objective function are not 

considered. The authors realize the standard deviations are on the order of 5x10-5
, and these small 

values are the cause of such similarities in the results. Values for the trust region ratio (ρ), 



 92 

convergence parameters (εf1, εf2, εx), number of samples to generate the RSA and to test the TR 

test, and number of evaluations per sample needed per iteration are shown as well, see Table 8. 

As seen in Tables 7-8 convergence is reached in three iterations. This fast rate of convergence is 

due to having taken the starting design from Case C. Note that the fact of taking results from 

Case C to initialize this case D does not mean that the same path to the optimum design would 

have been taken by the optimizer, if the starting design from Case C had been considered, but it 

had been very similar because of the small values of the variations. 

Table 7. Results for α=0.5, with initial design xo=[40, 24, 35, 21, 10, 8, 8], and deformation 

energy Sf=0.034531 J. 

Iteration xn xn* SR (J) Sf  (J) 

1 
[40, 24, 35, 21, 10, 8, 

8] 
[36, 21, 29, 18, 9, 8, 8] 0.035187 0.034386 

2 
[40, 24, 35, 21, 10, 8, 

8] 
[40, 24, 36, 21, 9, 8, 8] 0.034566 0.034590 

3 
[40, 24, 36, 21, 9, 8, 

8] 
[40, 24, 36, 21, 9, 8, 8] 0.034595 0.034597 

Table 8.  Trust region ratio value, convergence parameter values and number of function 

evaluations in the sequential approximate optimization under uncertainty algorithm (Case 

D). 

Iteration ρ εf1 εf2 εx 
No. samples RSA 

(UQ 

No. samples Test TR 

(UQ 
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Evaluations/sample) Evaluations/sample) 

1 -0.23 - - - 49 (20) 1 (20) 

2 10.22 2.38x10-5 2.63x10-5 0.11 65 (20) 1 (20) 

3 1.52 2.31x10-6 6.77x10-6 0.0 62 (20) 1 (20) 

 

 

 

 

 

Figure 11. Behavior of microstructural attributes, and behavior of the mean and standard 

deviation (std) of the objective function, throughout successful iterations (designs accepted 

at TR test, ρ>0) in cases C-D. 

In Fig. 11 results at the optimum for Case D are shown at iteration 8, to compare with results 

of case C. Figure 11, a) shows how the volume fraction of Si3N4 decreases through iterations in 

the algorithm, b) on the other hand the volume fraction of SiC (intergranular and intragranular) 

increases as the algorithm converges for case C, but for the robust problem (case D) the 

d) 

b) a) c) 

e) 
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intergranular SiC increases and the intragranular SiC decreases. For the SiC size ratios c), a 

similar behavior is observed to the one of the volume fraction. In d) an increase in the mean 

deformation energy is shown along with its ± standard deviation. Finally, e) a decrease in the 

standard deviation of the deformation energy is observed, and it is shown how it decreases for 

the robust problem with respect to Case C at the optimum. 

E. Equal Weighted Sum at Both Temperatures (1500 oC and 1600 oC), and α=1 

In the previous four cases (A-D), optimum microstructures have been obtained to be used at 

1500 oC, and at 1600oC. But what about a material that is desired to operate at a range of 

different temperatures. That possibility is considered by giving same importance to both 

temperatures (1500 oC and 1600oC). The approach taken is to equally weight the composite 

response at both temperatures, using a multiobjective optimization formulation. 

By using α=1, we end up solving a multiobjective problem on T (not considering vrt[Sr]), with 

the form: 

 o o= 0.5  ( =1500 C) 0.5 ( =1600 C)r r rS S T S T− ⋅ − ⋅  (29) 

To generate the two surrogates of the mean deformation energy, quadratic response surface 

polynomials are created from samples obtained using fractional factorial design method. As 

mentioned before, uncertainty is quantified on each sample by performing the response analysis 

20 times. 

In this case, the initial design is xo=[25, 10, 15, 10, 5, 5, 5] (n_Si3N4=25, n_SiC_inter=10, 

n_SiC_intra=15, in_n_Si3N4=10, nuc_r_Si3N4=5, t_SiC_inter=5, and t_SiC_intra=5). Table 9 

shows the results of the sequential approximate optimization under uncertainty algorithm. It 

details the current design (xn) and candidate design (xn*) per iteration, showing that the optimum 

microstructure is given by the design x*= [10, 19, 9, 7, 3, 8, 8]. This design results in a more 
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intermediate microstructure, compared to the results from cases A-D where designs did not show 

compromised microstructures. 

Table 9 also shows values for the response surface approximation SR, of the true objective 

function Sf until convergence is reached. In this case the values of the true and approximate 

functions are normalized to have a value between 0 and 1. Values for the trust region ratio (ρ), 

convergence parameters (εf1, εf2, εx), number of samples to generate the RSA and to test the TR 

test, and number of evaluations per sample needed per iteration are shown as well, see Table 10. 

Note that at iteration 8 the trust region test fails, then the current design is revaluated and in 

coming iterations the mean deformation energy (rS ) is quantified in the samples need to 

construct the RSA. From Table 10, the total number of function evaluations (simulations) is 

1558(for one objective). This represents a lower number of function calls, compared to a global 

response surface that could be created from full factorial design (27x20=2560 for one objective). 

Figure 12 shows the optimum microstructure that maximizes the deformation energy (area under 

force-displacement curve) at 1500 oC and 1600 oC simultaneously. 

Table 9.  Results for α=1, with initial design xo=[25, 10, 15, 10, 5, 5, 5], and deformation 

energy Sf=0.427 J. 

Iteration xn xn* SR (J) Sf (J) 

1 [25, 10, 15, 10, 5, 5, 5] [25, 14, 15, 4, 4, 6, 6] 0.653 0.467 

2 [25, 14, 15, 4, 4, 6, 6] [25, 15, 16, 3, 5, 7, 7] 0.538 0.535 

3 [25, 15, 16, 3, 5, 7, 7] [23, 17, 19, 1, 5, 8, 8] 0.660 0.650 

4 [23, 17, 19, 1, 5, 8, 8] [19, 17, 19, 1, 5, 8, 8] 0.712 0.668 

5 [19, 17, 19, 1, 5, 8, 8] [15, 17, 15, 7, 4, 8, 8] 0.717 0.684 
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6 [15, 17, 15, 7, 4, 8, 8] [11, 17, 11, 7, 4, 8, 8] 0.756 0.700 

7 [11, 17, 11, 7, 4, 8, 8] [10, 18, 10, 6, 4, 8, 8] 0.718 0.702 

8 [10, 18, 10, 6, 4, 8, 8] [10, 18, 10, 6, 4, 8, 7] 0.731 0.681 

8 [10, 18, 10, 6, 4, 8, 8] (revaluate design and quantify rS  to generate the RSA) 

9 [10, 18, 10, 6, 4, 8, 8] [10, 19, 9, 7, 3, 8, 8] 0.707 0.704 

Table 10.  Trust region ratio value, convergence parameter values and number of function 

evaluations in the sequential approximate optimization under uncertainty algorithm (Case 

E). 

Iteration ρ εf1 εf2 εx 

No. samples RSA 

(UQ 

Evaluations/sample) 

No. sample Test TR 

(UQ 

Evaluations/sample) 

1 0.18 1.27x10-1 2.82x10-2 0.22 66 x 2 (1) 2 (20) 

2 0.96 2.02x10-3 4.64x10-2 0.18 65 x 2 (1) 2 (20) 

3 0.92 6.21x10-3 7.49x10-2 0.18 65 x 2 (1) 2 (20) 

4 0.28 2.67x10-2 1.07x10-2 0.13 49 x 2 (1) 2 (20) 

5 0.33 1.96x10-2 9.73x10-3 0.15 33 x 2 (1) 2 (20) 

6 0.23 3.28x10-2 9.66x10-3 0.13 25 x 2 (1) 2 (20) 

7 0.11 9.12x10-3 1.10x10-3 0.04 48 x 2 (1) 2 (20) 

8 -0.71 - - - 47 x 2 (1) 2 (20) 

8 (revaluate design and quantify rS  to generate the RSA) 

9 0.28 2.4x10-3 9.21x10-4 0.11 49 x 2 (20) 2 (20) 
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Figure 12. Multiobjective based optimum microstructure of the sequential approximate 

optimization under uncertainty algorithm with α=1. 

 

Figure 13 shows the behavior of the microstructural attributes throughout iterations in the 

optimization framework, for iterations where the TR test passes. Values of these attributes at the 

optimum design (Fig. 12) are: the volume fraction of the grain boundary is 9.2%, of Si3N4 is 

73.5%, of the intergranular SiC is 11.3% and of the intragranular SiC is 6.0%. The grain size of 

Si3N4 is 27462µm2, of the intergranular SiC is 2232µm2 and of the intragranular SiC is 2472µm2. 

The grain size distribution of Si3N4 is β=3.6. 

F. Equal Weighted Sum at Both Temperatures (1500 oC and 1600 oC), and α=0.5 

By using α=0.5, we end up solving a multiobjective problem on T, with the form: 

 o o= [ 0.25  + 0.25 [ ]]( =1500 C) + [ 0.25  + 0.25 [ ]]( =1600 C)r r r r rS S vrt S T S vrt S Tα− −  (30) 

In this case, four surrogate models are created, and same importance is given to both, the 

conventional objectives (mean) and their variation (standard deviation). To generate the 

surrogates of the mean deformation energy and their standard deviation, quadratic response 
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surface polynomials are created from samples obtained using the fractional factorial design 

method. As mentioned before, uncertainty is quantified on each sample by performing the 

response analysis 20 times. 

Table 11 shows the results of the sequential approximate optimization under uncertainty 

algorithm. To reduce computational time, results from Case E at iteration 7 are used as the 

starting design in this case, just before mean values of the deformation energy are used to 

construct the RSA. The table shows that the robust optimum microstructure is given by the 

design x*= [10, 18, 10, 7, 3, 8, 8]. Also, the results show how the robust optimum design is very 

similar to the conventional design (case E), where variations in the objective function are not 

considered. The authors realize the standard deviations are on the order of 3x10-5
, and these small 

values are the cause of such similarities in the results. Values for the trust region ratio (ρ), 

convergence parameters (εf1, εf2, εx), number of samples to generate the RSA and to test the TR 

test, and number of evaluations per sample needed per iteration are shown as well, see Table 12. 

As seen in Tables 11-12 convergence is reached in two iterations. This fast rate of convergence 

is due to having taken the starting design from Case E. Note that the fact of taking results from 

Case E to initialize this case F does not mean that the same path to the optimum design would 

have been taken by the optimizer, if the starting design from Case E had been considered, but it 

had been very similar because of the small values of the variations. 

 

 

 

 



 99 

Table 11.  Results for α=0.5, with initial design xo=[10, 18, 10, 6, 4, 8, 8], and deformation 

energy Sf=0.68422 J. 

Iteration xn xn* SR Sf  

1 [10, 18, 10, 6, 4, 8, 8] [10, 18, 10, 7, 3, 8, 8] 0.79121 0.69863 

2 [10, 18, 10, 7, 3, 8, 8] [10, 18, 10, 7, 3, 8, 8] 0.72587 0.69865 

Table 12.  Trust region ratio value, convergence parameter values and number of function 

evaluations in the sequential approximate optimization under uncertainty algorithm (Case 

F). 

Iteration ρ εf1 εf2 εx 

No. samples RSA 

(UQ 

Evaluations/sample) 

No. samples Test TR 

(UQ 

Evaluations/sample) 

1 0.13 5.45x10-2 8.55x10-3 0.13 49 x 2 (20) 2 (20) 

2 0.01 1.60x10-2 1.24x10-5 0.0 49 x 2 (20) 2 (20) 
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Figure 13. Behavior of microstructural attributes, and behavior of the mean and standard 

deviation (std) of the objective function, throughout successful iterations (designs accepted 

at TR test ρ>0) in cases E-F. 

 

In Fig. 13 results at the optimum for Case F are shown at iteration 8, to compare with results 

of case E. Figure 13 shows, a) how the volume fraction of Si3N4 first decreases and then 

increases as the algorithm converges. In b), the intergranular SiC volume fraction increases for 

case E, and then decreases by a small amount in F. On the other hand, the intragranular SiC 

volume fraction decreases for case E, and increases by a small amount in F. Also it is noticed, c) 

that the size ratios of the SiC (intergranular and intragranular) grains over the size of the Si3N4 

grains decrease as the algorithm converges. In d) the mean deformation energy is shown along 

with its ± standard deviation. An increase in the mean deformation energy is shown, which 

decreases by a small amount for the robust problem (case F). Finally in e) a decrease in the 

standard deviation of the deformation energy is observed, and it is shown how it decreases for 

the robust problem with respect to Case C at the optimum. 

d) 

b) a) c) 

e) 
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A bigger difference between the results from the conventional and the robust design approach 

could be seen if bigger values of uncertainty resulted from the microstructural and FE 

simulations. Bigger values of uncertainty could result by considering other types of uncertainties, 

such as uncertainties introduced from variations on the input microstructure parameters (design 

variables), or by using material models with higher physics that would result in microstructures 

with more design parameters. Also note that the results from cases E and F can be considered as 

pareto points in the optimization problem, and more points could be obtained values different 

from 0.5 were considered. 

In this investigation, improvement in the deformation energy and strength of the 

nonocomposites arises from optimum microstructure morphologies, optimum grain size 

distribution of the Si3N4 grains, and from the optimum location and size of the intergranular and 

intragranular SiC grains. The constitutive model of Eq. (14) has been used to model the 

deformation mechanism and bulk properties of silicon nitride (Si3N4), silicon carbide (SiC) and 

an amorphous silicate based grain boundary (GB). In the model, the temperature effect on the 

flow stresses is accounted through the viscosity of silicon nitride and silicon carbide at elevated 

temperatures. At 1500 oC the preferred material is Si3N4, on the other hand the preference is on 

SiC at 1600 oC, in accordance with experimental predictions available in literature. Future work 

will focus on incorporating more strengthening and toughening mechanisms in the 

nanocomposites through higher physics models, such as cohesive fracture models, crystal 

plasticity models, atomistic models etc. 



 102 

VI.  Conclusion 

This work introduced a simulation-based robust material design optimization methodology, to 

predict the most suitable microstructural phase morphologies for desired high temperature 

deformation energy of SiC-Si3N4 nanocomposites. Seven design variables were considered in the 

optimization formulation to search for improved deformation energy and strength of the 

nonocomposites. Improvement in the material properties arose from the optimum microstructure 

morphologies, grains size distribution of the Si3N4 grains and by the intergranular and 

intragranular SiC grains. An approach was presented to reduce the computational time associated 

with UQ during the initial iterations of the sequential approximate optimization under 

uncertainty algorithm. The use of the sequential approximate optimization under uncertainty 

algorithm and the use of robust design optimization techniques in multiscale material design will 

allow developing SiC-Si3N4 nanocomposites whose performance variation is insensitive to 

processing variations, while reducing design cycle times. The material design tool was shown to 

be an effective methodology for generating feasible and optimal hybrid material morphologies 

for high temperature deformation energy. 
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V-Nanoscale and Mesoscale Creep Experiments4 
 

§1. INTRODUCTION 

Creep is non-recoverable high temperature plastic deformation occurring at low load 

regimes, constant stress, and small strain rates. Characterization of creep deformation is very 

important in the case of materials intended for use at high temperatures. Another important creep 

deformation is the one occurring at nanoscale contacts at moderate temperatures. 

Characterization of such creep deformation is important for applications related to operation of 

miniature devices, thermal stability of interfaces etc. Indentation creep experiments with typical 

holding times of 500 seconds are used to characterize such creep deformation, [124-126]. 

Indentation creep is defined as the constant rate indenter displacement (h& ) after a finite time of 

load hold (~500 sec) once the indenter displacement is free of thermal drift (usually for depths ≥ 

200 nm). Fundamentally, during nanoscale or microscale indentation tests contact stresses are 

high. Correspondingly, nominal pressure during nano- and microindentation can easily reach a 

few percent of the Young’s modulus of materials resulting in an ideal strength situation. Due to 

such high stress contacts indentation creep can occur at low homologous temperatures (Current 

Temperature (T)/Melting Temperature (Tm)) even though the same material would not exhibit 

any creep under bulk condition at the same temperature.  

Nanoindentation creep has been observed in a wide range of materials including glasses, 

ceramics, and metallic materials, [124-126]. The indentation creep rate for high melting point 

materials can be of the order of 5 × 10-5 s-1. This is a large value when compared to the 

corresponding bulk strain rate. The models for indentation creep are the same as those for bulk 

                                                 
4 A major part of this work has been published in International Journal with Citation “Gan, M, and Tomar, V., 2010, 
Role of length scale and temperature in indentation induced creep behavior of polymer derived Si-C-O ceramics, 
Accepted to Appear in Materials Science and Engineering-A, August 06, 2010, Manuscript ID: MSEA-D-10-0176, 
DOI: 10.1016/j.msea.2010.08.016” 
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creep, with the equivalent stress exponent, n, used as an indicator of the creep mechanism, [126, 

127]. It is believed that when the value of n is 1, creep is controlled by vacancy diffusion as 

deformation mechanism, [128, 129]; when the n value is 2, the creep mechanism the controlled 

by grain boundary sliding, [130]; when n is 3, diffusion-controlled dislocation motion dominates 

as deformation mechanism, [131, 132]; and when n is 5, it is dislocation climb-controlled creep 

mechanism, [133]. During indentation creep tests on certain metals, alloys, and ceramics at room 

temperature, high n values up to hundreds have been observed, [134-140]. The mechanism 

behind such high stress exponent values has been attributed to volumetric densification and 

dislocation pile up. Materials systems analyzed include metallic thin films, e.g. Cu, Al, Ni, [141-

143], thin films made of metallic alloys, e.g. Ni3Al, [144], and ceramics e.g. ZrO2, [145], and 

SiC-based, [146-148]. During such studies, the size of the indenter (owing to indentation size 

effect-ISE) and the grain size of the polycrystalline materials have been shown to strongly affect 

the indentation creep response of materials. Besides the ISE and the grain size effect, the creep 

deformation mechanism is also shown to be affected by the test temperatures and the change in 

microstructure of the material as a result of temperature change. It has also been shown that fiber 

reinforcement, [149], or particle reinforcement, [150], can constrain creep rate. 

This work for the first time presents nanoindentation and microindentation creep analyses on 

polymer derived Si-C-O ceramic coatings at temperatures ranging from room temperature to 500 

degree-C. The Si-C-O ceramic coatings were made using polymer-precursor processing. This 

method is a novel way to process low dimensional ceramics such as fibers and coatings, 

sometimes collectively referred to as the polymer-derived ceramics (PDCs). Due to high thermal 

resistance, excellent mechanical strength under elevated temperatures, Si-C-O based PDCs can 

be used in ceramic heaters, thermal barrier coatings, wear protections coatings, or micro electro 
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mechanical devices. For example, it is used in the steam methane reforming (SMR) reaction 

chambers, where the steel is working under 800 degree-C in the atmosphere of steam and 

methane, [151]. In PDCs, the microstructure and subsequent properties can be adjusted by 

adding filler particles. The filler particles can be inert, e.g. SiC, or active, e.g. TiSi2, CrSi2, ZrSi2, 

TiAl, and FeAl. Low creep rate is an essential property of this material system. Grain boundaries 

(GBs) are not present in this material system. Possible length scale related factors influencing 

creep rate include phase transformation, change in porosity etc. Nano- and micro scale 

investigations of creep deformation can provide important insights into achieving control of 

creep in this material system. While nanoindentation can give information about features such as 

individual particles, microindentation can reveal information about the mechanical behavior of 

collective microstructural features over a larger area.  

§2. METHODS 

The Si-C-O ceramic coatings investigated in this research were made using processing 

methods based on polymer-precursors by Prof. Raj Bordia’s group at the University of 

Washington, Seattle-WA, [152-155]. The coating thickness is approximately 15 µm. All tests 

were performed using a multi-module mechanical tester (Micro Materials Ltd, UK) shown in Fig. 

1. Figure 1 (b) illustrates the setup for performing high temperature indentation. Both the sample 

and the indenter tip were heated to the required testing temperature which was closely monitored 

using thermocouples. The remaining parts of setup, which have to be maintained at room 

temperature, are separated using heat shields. The tests were performed at 6 different 

temperatures: room temperature, 100 degree-C, 200 degree-C, 300 degree-C, 400 degree-C, and 

500 degree-C.  
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Fig. 1: Experimental setup. (a) Picture showing the setup of nano- and microscale testing heads 

and (b) schematic showing the high temperature indentation approach 

The tip radius of nanoindenter is approximately 20 nm and of microindenter is 

approximately 200 nm. The projected area of the nanoindenter is approximately 0.5 µm2 and of 

the microindenter is approximately 5 µm2. Both indenters are of Berkovich type. During the tests, 

the samples were mounted on the indentation stage using glue. The indenter approached the 

sample in its thickness direction, Fig. 1(b). Indentation locations were selected randomly on 

sample surfaces. In the case of each chosen location, tests were performed in either a 3 by 3 

matrix or in a 4 by 4 matrix pattern with equal longitudinal and transverse spacing between each 

indentation spot of approximately 5 µm in the case of nanoindentation and 20 µm in the case of 

microindentation. The indentation depths and maximum indentation load were chosen to 

minimize the effect of measurement drift that usually occurs in indentation tests if the depth is 

too small. The nanoindentation depths were in the range of 200 nm to 500 nm and the 

(a) (b) 
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microindentation depths were in the range of 1 to 3 µm. At such depths the effect of tip radius as 

well as substrate is negligible.  

 

 

 

 

 

 

 

Fig. 2: (a) SEM images of Si-C-O ceramic coatings and (b) image showing a comparison of the 

indentation depth with the Si-O-C coating surface 

  

 

 

 

 

 

 

 

 

 

Fig. 3: (a) A typical nanoindentation profile showing (b) how the creep data is extracted and (c) 

how the thermal drift rate is extracted  
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Figure 2 also shows a surface scan of a coating after microindentation test at the peak 

indentation load of 750 mN. As shown, the microindentation depth is significantly larger than the 

size of surface asperities. Therefore, the surface roughness does not affect the microindentation 

test results. Since the length scale of nanoindentation tests is of the order of the size of particles, 

the surface roughness also does not affect nanoindentation results. Before starting the indentation 

tests, efforts were made to minimize the effects of thermal drift by allowing thermal equilibrium 

to be reached. This was ensured by setting the experimental setup idle for 2 hours at each 

temperature before each indentation testing run. The whole testing system was kept in a chamber 

to keep the temperature constant, which was set to be 3 degrees above the environmental 

temperature. Berkovich diamond indenter was used in this experiment, for which the contact area 

as a function of indenting depth was calibrated using fused silica and Tungsten reference samples 

at room temperature. Figure 3 shows an example of the procedure used to extract the indentation 

creep data. The creep deformation profile is extracted from the dwell period at the peak load, Fig. 

3(b). Dwell period may affect the creep data. A number of dwell periods were tried. A dwell 

period of 500 s was decided based on convergence in the measurements. Indentation profiles 

were imaged before and after the tests to ensure that similar surface conditions exist before and 

after the tests. At each load, more than nine independent indentations were performed.  

One major concern is the stability of the indentation equipment as measurement temperature 

is increased. As a result of changes in stability, the measured depth as a function of time may 

drift from the actual value. Such a drift is sometimes referred to as thermal drift. During 

experiments, care is taken to minimize thermal drift by allowing thermal equilibrium to be 

reached. In addition, thermal drift rate is measured during each indentation test to adjust the 

measured data. In order to measure thermal drift rate for each indentation run, the indentation 
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load was held constant for a period of 100 s typically at 10% of the peak during unloading, Fig. 

3(c). Figure 4 shows the averages of measured thermal drift rates as a function of peak 

indentation load and temperatures during nanoindentation and microindentation tests. As shown, 

thermal drift rate is a strong function of the peak indentation load at both length scales. The 

thermal drift rate increases with increase in load and temperature at both scales. The magnitude 

of thermal drift rate is higher at the nanoscale owing to much higher sensitivity of measurements 

at the nanoscale. During calculation of creep data, the thermal drift rate is multiplied by the dwell 

time and then the result is subtracted from the measurement. 

 

 

 

 

 

 

 

Fig. 4: Thermal drift rate as a function of temperature and the peak indentation load in the case 

of (a) nanoindentation and (b) microindentation.  

§2.1 Indentation and Creep Measurement Procedure 

In the case of metals and metallic alloys, plastic deformation under indentation and the 

nanoindentation creep deformation are separated by dislocation pop-in events which are 

characterized by a horizontal constant load line on the P-h (load-depth) curve. In this case, 

holding the load above the pop-in value for any time and just below the pop-in value for very 

long holding time will lead to indentation creep. In the case of ceramics, e.g. quartz, usually a 

(a) (b) 



 110 

distinctive pop-in event is not observed on increasing indentation load, (an exception to this 

trend has recently been reported by Guicciardi [156]). Therefore, the creep investigations have to 

be performed at multiple peak indentation loads. This is the approach adopted in the present 

work. The modulus and hardness were calculated using the well known Oliver–Pharr method, 

[157, 158]. A typical indentation unloading curve shown in Fig. 3 (a) can be described by the 

Oliver–Pharr method as: 

                                                              ( )final mP A h h= − ⋅                                                      (31) 

In the above Eqn., A and m are material constants. Parameter hfinal is the indentation depth after 

complete unloading. The contact depth hc at the peak load Pmax which corresponds to the total 

indentation depth hmax are related as 

                                                                   max
c

P
h

S
ε= ⋅                                                               (32) 

Here, S is the stiffness. In this case, stiffness is the initial unloading stiffness, SPmax. The 

parameter ε is a correction factor; ε=1 for a spherical tip and ε=0.75 for a Berkovich tip. The area 

of contact is calculated as a function of contact depth for Berkovich indenter as: 

                                                              2 2 23 3 tan 65.3 24.5c c cA h h= = ⋅                                   (33) 

The reduced modulus, Er, is given by 

                                                                       
2 21 11 i s

r i sE E E

ν ν− −= + ⋅                                            (34) 

Here ν is the Poisson’s ratio, E is the elastic modulus. Subscripts i and s represent the indenter tip 

and specimen (for the diamond tip, νi = 0.07 and Ei = 1141 GPa), respectively. The stiffness S is 

related to the load, depth, contact area, and reduced modulus by the following relation: 

                                                                 2 c
r

AdP
S E

dh π
= = ⋅                                               (35) 
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Hardness H is given as: 

                                                                         max
224.5 c

P
H

h
= ⋅                                                 (36) 

The elastic modulus of the sample Es can be calculated from the equation give by: 

                                                                      
1 1

2 24.5s
c

dP
E

dh h

π
β

=                                            (37) 

In the above equation, β is a tip parameter which is equal to 1.034 for a Berkovich indenter tip. 

In depth-sensing indentation with a self-similar indenter, the strain-rate, ε& , stress, σ, and 

instantaneous indentation depth, h, are related as, 

                                                                         
2

~
h P

and
h h

ε σ α ⋅
&

&                                       (38) 

In the above Eqn., P is indentation load and h dh dt=& , where t is time. The scaling relations 

in Eq. (38) are based on the analyses for a power law creeping solid, [159]. The relations assume 

that in the case of indentation by conical punch the ratio of h and radius of contact zone (a) 

depends only on stress exponent (n). A value of n=1 implies exact linear viscoelastic material 

behavior which leads to P/h2 α h h& . Based on Eq. (38), three different choices are available to 

calculate creep stress exponent: (1) depth sensing constant load (h-CL) method, [160], (2) the 

continuous stiffness constant load (S-CL) method, [161], and (3) the exponential load (EL) 

method, [162]. The two constant load methods use data from a load hold at the maximum load. 

In our experiments the h-CL method is used to calculate stress exponent. Since the load is 

constant, the EL method cannot be used. Because of the small creep displacements, the small 

changes in stiffness cannot be separated from the noise background. Therefore, S-CL method is 

also not reliable. During indentation, because the contact area will increase during the holding 

period if creep occurs, the hardness will subsequently decrease with the corresponding decrease 
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in the indentation strain rate. Tabulation of a series of pairs of the strain rate and stress based on 

the measured data is used to calculate stress exponent. For the scaling of strain rate and stress 

according to Eq. (38) to be correct, the indentation tip has to be self-similar. In order to ensure 

this, the indentation depth must not be influenced by the tip head curvature. In order to ensure 

this, the tip depth was maintained to be more than 500 nm in the case of nanoindentation and 1 

µm in the case of microindentation. Both of these values are more than 10 times the tip radius.  

Evaluation of plastic deformation parameters from indentation experiments is a difficult 

problem. Usually, yield stress for ceramics under nanoindentation is related to the deviation from 

elastic behavior in spherical indentation experiments, where relations for transforming 

indentation stress and strain into equivalent uniaxial stress and strain quantities are available, 

[163]. Based on indentation experiments on metals, Tabor [164] defined the uniaxial flow stress 

σ0 for sharp indentation in terms of hardness H as: H=3 σ0≈3 σY. Here, 3 σ0  measured stress for a 

Vickers indenter at a representative strain (3 ε0) of 0.08-0.1. Finite element analyses have 

revealed that the representative strain lies between 0.25 and 0.36. However, Cheng and Cheng 

[165] have shown that that 3y Hσ ≈ may just be a first approximation. Janakiraman and 

Aldinger [147] have shown that the yield stress multiplying factor varied between 1.7 and 2 for 

polymer derived SiCN ceramics. Since yield stress and hardness are correlated by a multiplying 

factor in almost all cases, the yield stress calculations are not performed in this work. Instead the 

trend is extracted from the hardness data.  

 During analyses, the temperature dependent (from room temperature upto 500 oC) 

nanoscale and microscale elastic moduli of the Si-C-O coating were first measured. The 

maximum load in the nanoindentation creep tests varied from 100 mN  to 500 mN , with an 

increment of 100 mN . For the micro-indentation creep tests, the maximum loads were 750mN  
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and 1000mN . Load and depth calibration were performed before each experiment for better 

precision of the measurement. 

§2.2 Data Analyses Procedure 

The derivation of the strain rate requires differentiation of the h(t) curve. As shown in Fig. 5, 

the h(t) data is scattered around a trend line.  

 

(a)                             (b) 

Fig. 5: Illustration of stress exponent calculation. (a) The creep raw data file was plotted and 

fitted using Eqn. (10); and (b) The equivalent strain rate and stress based on the fitted data. The 

horizontal line is used to calculate steady state stress exponent. 

 

A commonly used fitting function for h(t) developed by Li and Ngan [135] is given a                      

                                              ( ) ( )b

i ih t h a t t kt= + + + ⋅                                                        (39) 

The above equation was used by Ma et al [166] to investigate the creep behavior of thin Ni 

film and by Cao et al [137] in investigating the creep behavior of thin Ta film. A slightly 

modified form (Eqn. (40)) was used in our analysis for less fitting errors and better convergence. 

                                                             ( ) b
ih t h at kt= + + .                                                 (40) 
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Using the h(t) curve, the relations in earlier section are used to calculate the stress exponent 

and creep strain rate. In the subsequent section, the elastic moduli, stress exponent trend, and 

creep rate (strain rate) are investigated as a function of temperature, length scale, and maximum 

indentation load. 

 

 

 

 

 

 

Fig. 6: (a) Nanoindentation elastic moduli and (b) microindentation elastic moduli of Si-C-O 

coatings as a function of temperature and maximum indentation load 

§3. RESULTS 

Figure 6 shows the elastic moduli values as a function of testing temperature and peak 

indentation load. As shown, the elastic moduli increase with increase in temperature and with 

increase in peak load at the nanoscale. At the microscale the elastic moduli increase as a function 

of temperature. However, dependence on the peak load at the microscale is not clear. Increase as 

a function of peak load signifies the ISE. It has been shown that Young’s modulus of SiO2 will 

increase with temperature due to compaction and distortion of SiO4 tetrahedra in the temperature 

range of experiments. The underlying SiCO matrix retains this attribute. An examination of Fig. 

6 (a) reveals the ISE is stronger at higher temperatures. The ISE is absent in the case of 

microscale data. The reason behind the observation of ISE at the nanoscale is not clear. For each 

data point in Fig. 6(a), a minimum of 16 tests were performed. Therefore a possibility that a 

(a) (b) 
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single microstructural aberration is contributing to the ISE is ruled out. At the nanoscale the 

nanoindenter radius is approximately 20 nm and projected area is approximately 0.5 µm2. 

Accordingly, the indenter samples either the SiC particles or small spaces of SiCO matrix 

between adjacent TiSi2 particles. The ISE, therefore, can be attributed to increasing nanoscale 

densification with increasing indentation depth. At the microscale collective deformation of a 

sample volume containing many SiC particles takes place. Due to such collective motion of 

particles under indenter tip, the effect of volumetric densification under indenter tip is minimzed 

leading to the absence of ISE. Increase in temperature contributes to increased binding of TiSi2-

SiCO interfaces invariably leading to increase in the elastic moduli values as a function of 

temperature at both scales.     

 

 

 

 

 

 

Fig. 7: (a) Nanoindentation hardness and (b) microindentation hardness of Si-C-O coatings as a 

function of temperature and maximum indentation load 

Figure 7 plots the hardness data corresponding to the moduli plots in Fig. 6. As shown, at the 

nanoscale the trend for the elastic moduli is repeated for the hardness values. A clear trend on 

increase in Meyer’s exponent with increase in temperature emerges from nanoindentation data. 

The microindentation hardness data trend is opposite to the trend shown in the case of 

microindentation elastic moduli. Hardness decreases as the measurement temperature increases. 

(a) (b) 
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In addition, hardness reduces with increase in the peak indentation load, signifying strain 

softening of the material. Reduction of hardness with increase in temperature is attributable to 

stronger TiSi2 particles pressing in relatively softer SiCO\matrix getting progressively softer with 

increase in temperature at the microscale. At the nanoscale not enough contact area is available 

to have such an effect. Data on correlation between temperature dependent hardness and young’s 

moduli values for ceramics is not available in the literature. A similar trend (increase in moduli 

and decrease in hardness as a function of temperature) has been observed for Chromium steels 

by Medved and Bryukhanov [167].  

It has been shown that in Si-C-O PDCs in amorphous phase the deformation during 

indentation occurs due to volumetric densification events. It has been shown that volumetric 

densification promotes strain hardening in vitreous silica under both indentation and diamond-

anvil compression experiments, [148]. The microindentation experiments on the present 

materials in the amorphous state reveal a reduction of  indentation hardness under increasing 

applied loads, indicating densification-assisted strain softening of these materials, [148]. A 

combination of nanoscale and microscale results points that individually neither the SiCO matrix 

nor TiSi2 particles show strain softening. However, mechanistic effects related to their combined 

presence at the microscale results in strain softening behavior. Cheng and Cheng, [168], have 

pointed out that indentation hardness is not a function of indentation depth for materials that 

truly follow power-law strain hardening. This is in contrast to the nanoindentation and 

microindentation results from the present materials that show an increase in hardness with 

increasing load during nanoindentation and reduction in hardness with increasing load during 

microindentation. Apart from the influence of strain hardening or softening, material pile-up 
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around the indent and indentation creep can also contribute to indentation hardness behavior 

observed in the present work.  

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 8: Indentation depth (original and thermal drift corrected) as a function of time at different 

temperatures in the case of (a) nanoindentation test at the peak load of 300 mN, (b) 

nanoindentation test at the peak load of 500 mN, (c) microindentation test at the peak load of 750 

mN, and (d) microindentation test at the peak load of 1000 mN 

 

Figure 8 plots creep depth as a function of dwell period at three different temperatures at two 

different nanoindentation and microindentation peak loads. Creep data is normalized by 

subtracting the initial depth of each creep test. For comparison, the plots also show the thermal 

drift uncorrected as well as corrected data. As expected, the effect of thermal drift correction is 

(a) (b) 

(c)                                                             (d) 
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the highest at the highest temperature and at the nanoscale. The creep depth vs. time plots 

reached steady state within first 100 s of plotting in all cases. Effect of temperature is to increase 

the creep rate. The temperature effect is more pronounced at the micro scale in comparison to the 

nanoscale. The trend is particularly strong when transitioning from 250 oC to 500 oC.   

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 9: (a) stress exponent as a function of load during nanoindentation creep measurements, (b) 

stress exponent as a function of load during microindentation creep measurements, (c) creep 

strain rate as a function of load during nanoindentation creep measurements and (d) creep strain 

rate as a function of load during microindentation creep measurements 

Figure 9 plots stress exponent and creep strain rate as a function of temperature and peak 

indentation load at both length scales. Stress exponent at the nanoscale lies in the range of 4 to 5 

indicating a dislocation climb related creep deformation mechanism occurring through bulk or 

(a) (b)

(c) (d)
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pipeline diffusion of dislocations. The exponent reduces with increase in temperature indicating 

a transition of mechanism from dislocation climb to diffusion. The densely dislocated structure 

with high dislocation density under indenter may result in dense dislocation channels directing 

atoms from dislocated cores to free surfaces resulting in such a mechanism occurring at low 

homologous temperatures. At the microscale the stress exponent is considerably higher 

indicating that primary mechanism of deformation is volumetric densification. Such a transition 

suggests a rapid change of mechanism from linear diffusion flow to power law mechanism (e.g. 

climb) and eventually to rate insensitive plastic flow (dislocation glide) as the indentation size 

moves towards microscale regime. The disparity in stress exponent values at the two length 

scales is not reflected in the creep strain rate data. As shown, the creep strain rates at both length 

scales lie in the same range with microscale data being on the lower side. Creep strain rate 

generally increases as a function of increase in temperature as well as with increase in peak 

indentation load. The creep strain rate at the microscale being lower than that at the nanoscale 

can be attributed to the averaging effect of measurements. As discussed earlier, in the case of 

microscale measurements, the indenter covers an area that is approximately 10 times larger than 

the nanoindenter area. Since hardness reduces and creep strain rate increases with increase in 

temperature at the microscale, the strain rate sensitivity index (constant k in relation σ=bε& k) 

indicates strain softening at the microscale. The same analyses reveal strain hardening at the 

nanoscale.      
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Fig. 10: Thermal activation volume as a function of peak indentation load and measurement 

temperature at (a) nanoscale and (b) microscale. 

§4. DISCUSSIONS 

In general, in the case of PDCs both dislocation dominated and volumetric densifying type of 

deformation mechanisms with varying degree are present during indentation. In the case of 

quartz, the size effect on the stress exponent can be explained by a reduction of the localized 

shear volume as the indent size decreases. However, in the present work the size effect is related 

to shift from dislocation climb and diffusion related mechanism at the nanoscale to volumetric 

densification at the microscale (Fig. 9). The extent of a particular type of mechanism determining 

deformation is governed by the availability of excess free volume which is related to thermal 

activation volume, which is also the average change in volume of the flow unit. Low-temperature 

creep deformation strain rate, ε& , of materials can be expressed by Arrhenius-type flow function, 

[169], 

                                                          
( )

expo
B

G

k T

σ
ε ε

∆ 
= − ⋅ 

 
& &                                                    (41) 

In the above Eqn., oε&  is reference strain rate that varies with the type of material, stress level, 

and microstructure, G∆  is the activation energy for creep or other rate-dependent process, Bk  is 

(a) (b) 
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Boltzmann’s constant and T  is temperature in Kelvin. Parameter oε&  is proportional to the 

concentration of elementary defects which cause plastic strain, [170]. The sensitivity of strain 

rate to stress is mainly determined by the G∆  term. The thermal activation volume (*V ) is 

expressed by the partial derivative of G∆  with respect to stress σ , [171]. In the present work, 

*V  is approximated as 

                                                             *

,

ln
B

T

V k T
ε

ε
σ

∂≡ ⋅
∂

&

                                                (42) 

The derivatives are taken at fixed strain at each temperature to constrain the influence of 

structure change due to work hardening and softening. Figure 10 plots the thermal activation 

volume calculated in this case as a function of temperature, peak indentation load, and length 

scale. As shown, thermal activation volume increases with increase in the length scale of 

measurements. Since, the thermal activation volume is directly correlated to the deformation 

energy, the trend implies a significantly high deformation work required at the microscale in 

comparison to the nanoscale. An almost linear increase in activation volume with increase in 

temperature implies that deformation mechanism is primarily controlled by dislocations. At the 

nanoscale the thermal activation volume is 10 times less than that at the microscale indicating 

that the dislocation pile up is restricted as well as that dislocation climb and diffusion is the main 

deformation mechanism. At microscale significantly higher thermal activation volume indicates 

availability of excess free volume in the material structure that can be eliminated by densification. 

A combination of earlier findings with this result indicates that with increase in length scale the 

deformation mechanism switches from dislocation diffusion to dislocation pileup. With increase 

in length scale, dislocation motion does not face significant obstacles or phase transformation 

related factors. Such factors, if present, will change the almost linear trend observed in Fig. 10. 
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The observed trend of the data on peak indentation load as well as stress exponent values at room 

temperature are in close agreement with the work of Li and Ngan [124]. However, stress 

exponents are lower than those reported by Li and Ngan for fused silica, indicating a difference 

in deformation mechanism. The deformation mechanism is intricately linked with the 

microstructure of this material. The material has TiSi2 particles with higher melting point 

embedded in SiCO matrix with lower melting point. With increase in temperature, softening of 

the matrix, particle sliding, and particle rearrangement contribute to deformation mechanism. 

The effect of these factors is more pronounced at microscale due to higher surface area sampled.  

§5. SUMMARY AND CONCLUSION 

In the present study, nanoindentation and microindentation mechanical behavior of Si-C-O 

ceramic coatings was investigated as a function of temperature. The properties of focus include 

elastic modulus, hardness, creep exponent, and creep strain rate. At the nanoscopic length scale 

the deformation mechanism is dominated by dislocation climb and diffusion. With increase in 

length scale the thermal activation volume increases by approximately 10 times. The excessive 

free volume leads to the deformation mechanism switching to volumetric densification and 

dislocation pile up. Another important physical effect analyzed is the effect of increase in 

temperature on the observed deformation mechanism. At the nanoscale, with increase in 

temperature, both hardness and elastic moduli show an increase. At the microscale, however, 

hardness reduces with increase in temperature. The ISE is observed at both length scales. 

However, at the nanoscale the ISE is linked with strain hardening. At the microscale, strain 

softening behavior is observed. Mechanistically, the plastic deformation behavior reveals that 

both the SiCO matrix and TiSi2 particles have strain hardening behavior. However, as a 

consequence of the shear effect caused by densification of TiSi2 particles under microindenter, 
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the strain softening behavior is observed. Creep investigation reveal that length scale affects the 

stress exponent value. However, creep strain rate at both length scales is in the same range. 

Overall, analyses reveal that both indentation creep and capability of strain hardening determine 

the length scale dependent indentation behavior in the material system. The effect of temperature 

is to introduce strain hardening at the nanoscale and strain softening at the microscale. 
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