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A novel coupling of the transverse betatron motion to the longitudinal microwave instability is studied.  Besides the 

radial coherent dipole mode space charge field, simulation and theoretical studies in this paper show that the 

longitudinal coherent dipole mode space charge field due to deformation of beam shape also plays an important role in 

the isochronous regime, it induces betatron oscillation frequencies in temporal evolutions of growth rates spectra of 

longitudinal charge densities, radial offsets and energy deviations of local centroids, it makes the instantaneous 

instability growth rates dependent on both the amplitudes and phases of modulations of the above parameters. This 

paper also introduces a 2D dispersion relation incorporating the Landau damping effects due to finite energy spread and 

emittance, simulation results show it is more suitable for accurate prediction of the microwave instability growth rates 

than the conventional 1D growth rates formula. Nonlinear beam dynamics is also studied by co-rotational motion of 

two-macro-particle model in EäB field, energy spread measurements and simulations. 

PACS numbers: 29.27.Bd, 29.20.dg 

I. INTRODUCTION 
 
In recent years, high power isochronous cyclotrons have been considered for applications in scientific 

research, medical therapy, etc. A bottleneck that limits the operation of a high power isochronous cyclotron 

is the beam instability induced by the space charge force. Gordon [1] explained the physical origin of 

vortex motion and deformation of beam shape in cyclotrons. In the last decade, additional extensive studies 

on the space charge effects in isochronous regime have been done through numerical simulations, 

experiments and analytical models [2-9].   

  Pozdeyev and Bi proposed their own models and theories to explain the mechanisms of microwave 

instability of a coasting beam with space charge in a circular accelerators operating in the isochronous 

regime [5-7], respectively. The two models only take into account the radial coherent dipole mode space 

charge field due to beam centroid wiggles and longitudinal monopole mode space charge field originating 

from line charge density modulations, none of them discusses the effects of longitudinal coherent dipole 

mode space charge field on evolution of beam instability due to beam shape deformation. The perturbation 

wavenumber k in Pozdeyev’s model and growth rate formula [5, 6] is defined in the sinusoidal radial 

centroid offset function of a beam with uniform charge density, while in Bi’s model and growth rate 

formula [7], the perturbation wavenumber k is defined in the line density modulation function, actually the 

growth rates spectra of the line charge densities and radial centroid offsets are different, the relation and 

interaction between the evolutions of two spectra of different meanings in physics are not discussed in the 

two models. The missing term of unperturbed line density in the calculation of radial coherent space charge 

field in [7] also makes the growth rates formula not compatible with the scaling law with respect to beam 

intensity observed in simulations and experiments [3, 5, 6]. Both models use 1D conventional growth rates 

formula derived exclusively for a mono-energetic beam, this may lead to the overestimation of instability 

growth rates, especially for the perturbation of short wavelengths, because the Landau damping effects 

caused by finite energy spread and emittance are all neglected. 

   Simulation studies in this paper show that the instantaneous microwave instability growth rates in 

isochronous regime are dependent on both the modulation amplitudes and phases of line charge densities, 

radial offsets and mean energy deviations of local centroids, the temporal evolutions of growth rates spectra 

of the above parameters are usually characterized by a betatron oscillation superimposed on exponential 

growths. These phenomena cannot be explained by the two models with conventional 1D microwave 
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instability growth rate formula which can only predict a pure exponential growth. A theoretical discussion 

in this paper explains that the above novel beam behaviors primarily originate from the longitudinal 

coherent dipole mode space charge field of the deformed beam, the interaction and correlation of temporal 

evolutions of harmonic spectra between line charge densities, radial offsets and energy deviations of local 

centroids are also revealed by a set of longitudinal and radial equations of motion taking into account both 

the radial and longitudinal coherent dipole mode space charge fields.  

 To predict the microwave instability growth rates more accurately, this paper introduces and modifies a 2D 

dispersion relation [10] which incorporates the Landau damping effects contributed from finite energy 

spread and emittance. It can explain the suppression of microwave instability growth rates for short 

perturbation wavelengths and predict the fastest-growing wavelength.  A simple example verification of 

Cerfon’s theory of drift velocity in the Eä B field [9] using two-macro–particle model is also provided in 

this paper, it simply explains the characteristic binary cluster merging phenomenon in isochronous rings; 

the simulation and experimental studies of energy spread evolution of a long coasting bunch show the 

energy spread of clusters changes slowly at large turn numbers, it may result from nonlinear advection of 

the beam in the Eä B velocity field.          

   This paper is organized as follows. Sec. II gives a brief introduction to Small Isochronous Ring (SIR) and 

simulation code used. Simulation and theoretical studies of the temporal evolution of beam parameters 

affected by both longitudinal and radial coherent space charge field are provided in Sec. III and IV, 

respectively. The limits of conventional 1D growth rates formula is pointed out and a modified 2D 

dispersion relation with Landau damping effects for a Gaussian beam model is introduced in Sec. V. Sec. 

VI discusses the nonlinear beam dynamics by two-macro-particle model, energy spread measurements and 

simulations.  

II.   SMALL ISOCHRONOUS RING AND CYCO 

To simulate and study beam dynamics of high power isochronous cyclotrons, a low energy, low beam 

Small Isochronous Ring (SIR) was constructed between 2001-2004 at the National Superconducting 

Cyclotron Lab (NSCL) at Michigan State University (MSU) as a thesis project for two graduate students 

and was in operation until 2010 [3-4]. The Small Isochronous Ring  is designed to study space charge 

effects of  H2
+
 ion beam with  a typical kinetic energy of 20 keV, beam current of 5-25 uA, bunch length of 

15 cm – 5.5 m, the radial and vertical tunes are 1.14 and 1.11, respectively, its bare slip factor is 2 ä 10
-4

. 

The Small Isochronous Ring consists of a multi-cusp Hydrogen ion source, injection line and storage ring. 

The ion source can produce three species of Hydrogen ions and an analyzing dipole magnet is used to 

select the H2
+
 ions which are usually used in the experiments. The H2

+
 ion beam with desired beam length 

can be produced by a chopper and its Courant-Snyder parameters may be matched to the storage ring by an 

electrostatic quadrupole triplet. The storage ring has a circumference of 6.58 meter, it mainly consists of 

four identical flat field bending magnets with edge focusing, and the 26
o
 pole face rotation angle of each 

magnet provides both vertical focusing and isochronism. After injection to the storage ring by a pair of fast 

pulsed electrostatic inflectors, the bunch can coast in the ring up to 200 turns. There is an extraction box 

located in the drift line between the 2
nd

 and 3
rd

 bending magnets, a pair of fast pulsed electrostatic deflector 

in the extraction box can kick the beam either up to a phosphor screen above the  median ring plane, or 

down to the fast Faraday cup below the median ring plane. The phosphor screen and fast Faraday cup are 

used to monitor the transverse and longitudinal beam profiles, respectively. We can also perform energy 

spread measurement if the fast Faraday cup assembly is replaced by an energy analyzer assembly.   

CYCO [3] is a 3D Particle-In-Cell (PIC) simulation code that is developed by Pozdeyev to study the 

beam dynamics with space charge in isochronous regime. It can numerically solve the complete and self-

consistent system of six equations of motion of charged particles in a realistic 3D field map including space 

charge field.  Because of large aspect ratio between the vacuum chamber width and height of the storage 

ring, the code only includes the image charge effects in the vertical direction, the rectangular vacuum 

chamber is simplified as a pair of infinitely large ideally conducting plates parallel to the median ring plane.  

III. SIMULATION STUDIES ON EVOLUTIONS OF BEAM PARAMETERS IN 

ISOCHRONOUS RING 
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In order to acquire detailed information and properties of microwave instability evolution in isochronous 

ring accurately and comprehensively, in this section, we will present the simulation methods and results of 

exploring the beam parameter space in isochronous regime based on Fast Fourier Transformation (FFT) 

technique. 

A. Effects of modulation strengths and phases on instantaneous instability growth rates 

  First, a default mono-energetic and straight H2
+
 bunch of beam intensity I0 = 10 uA, kinetic Energy Ek0 = 

19.9 keV, bunch length τb = 300 ns (∼40 cm), radial and vertical emittance εx,0 = εy,0 = 50 p mm*mrad was 

created by CYCO. The initial bunch has a uniform distribution in both 4D transverse phase space (x, x’, y, 

y’) and longitudinal charge density. Then various beam parameter modulations are created as below: 

(1) Line charge density modulation function:  

  )cos()(
^

1 kzk Λ=Λ                                                (1) 

with modulation strength 0/ˆ ΛΛ=S = 0, 0.05, 0.1 and wavelength l = 2π/k = 2.0 cm, Λ0 is the 

unperturbed line charge density; 

(2) Radial centroid offset modulation functions : (a) xc = ac cos(kcz); (b) xc = - ac sin(kcz) where ac = 0, 

0.05 mm, 0.1 mm, 0.2 mm, 0.5 mm, 1.0 mm and lc = 2π/kc = l = 2.0 cm.  

(3) Coherent local kinetic energy deviation functions: (a) ∆Ec = 0; (b)   ∆Ec /Ek0 = 2xc /R.                                                        

where Ek0 = 19.9 keV, R is average ring radius. The second relation between ∆Ec and xc satisfies 

isochronous condition of low energy SIR beam.   

The code CYCO was run for a beam of initial distribution with some combinations of the above modulation 

parameters, the instantaneous instability growth rates of line charge density perturbation magnitude of 

wavelength λ = 2 cm at turn 0 are calculated by performing FFT analysis for the central part of beam 

profiles between turn 0 and turn 1 as shown in Figure 1.  

 

FIG. 1. (Color)   Effects of modulation strengths and phases of various beam parameters on instantaneous 

beam instability growth rates. 

Simulation results in Figure 1 indicate that both amplitudes and phases of line charge density modulation 

strengths, radial centroid offsets, and coherent local energy deviations may affect the instantaneous 

instability growth rates. 

B. Betatron oscillations in long term instability growth curves  

The simulation study of long-term linear stage of microwave instability was carried out by lowering the 

beam intensity in Sec. A to I0 = 1 uA and keeping other beam parameters unchanged. Figure 2 shows the 

evolution of top view of beam profiles. The beam moves from left to right. We can observe the beam shape 

is deformed due to space charge force.  
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FIG. 2. (Color) Evolution of top view of beam profiles. 

FFT analysis was performed for spectral evolutions of line charge densities, radial offsets and energy 

deviations of centroids with respect to longitudinal coordinate z, the analysis results of some chosen 

perturbation wavelengths are shown in Figure 3 - Figure 5, respectively.   

  It is clearly shown that there are many oscillations superimposed on the exponential growth curves in 

the figures. Because the radial betatron tune of SIR beam is 1.14, the betatron oscillation period is about 

1/0.14 ≈7 turns, it is easy to judge that these oscillations are induced by the coupling of betatron 

oscillations. It is the first time to clearly observe this coupling to our knowledge. Actually, an indication of 

similar oscillations can be found in the Fig. 9 of [6], where there is a fast instability growth due to high 

beam intensity.  

The beam behaviors in Sec. A and B cannot be explained by the existing models and theories,  in fact, 

they are all caused by the longitudinal dipole mode space charge field due to beam deformation which will 

be explained in Sec. IV.  

 

FIG. 3. (Color)   Evolution of harmonic amplitudes of normalized line charge density.   
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FIG. 4. (Color)  Evolution of harmonic amplitudes of radial centroid offsets.  

 

FIG. 5 (Color)   Evolution of harmonic amplitudes of energy deviations.  

IV. THEORETICAL STUDIES OF EVOLUTIONS OF BEAM PARAMETERS IN 

ISOCHRONOUS RING 

  

  In isochronous ring, the longitudinal line charge density gradient of a coasting bunch may induce energy 

deviations and the associated centroid offsets. For simplicity, we assume both centroid offset xc (z, t) 

and line charge density Λ (z, t) consist of only a single harmonic component neglecting the nonlinear 

coupling between the chosen component with other components. For general purpose, we also assume there 

is no correlation between wavenumbers kc of xc (z, t) and k of Λ(z, t). Using the relation of phase Φ = ks - 

ωt + φ0 = k (z + v0t) - ωt + φ0 = kz - ωt + kv0t + φ0, where φ0 is initial phase at t = 0, s = 0, v0 = βc is the 

velocity of on-momentum particles, then the local beam centroid xc (z, t), line charge density Λ (z, t) and 

beam intensity I (z, t) can be expressed as:  

                                                          

)(ˆ),( ccc tzki

cc eatzx
φω +−=

                                                          (2) 
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where φc (t) = kcv0t + φ0,c , φ(t) = kv0t + φ0, cI βΛ= ˆˆ , and amplitudes
câ , Λ̂ , Î are all real numbers. ω and 

ωc are perturbation frequencies of line charge densities and radial centroid offsets, respectively.  

A. Longitudinal dipole mode coherent space charge field and impedance  

  The centroid wiggles produce not only the radial dipole mode coherent space charge field Ex as pointed 

out by [6], but also its longitudinal counterpart 
)1(

sE as shown in Figure 6.  

 

FIG. 6.  (Color) Space charge components of local centroid with coordinate (xc, z) at time t.  

The total longitudinal space charge field on a local beam centroid can be approximated as: 

                                                        
),(),(),( )1()0(

tzEtzEtzE sss +=
                                                        (5)

 

 where the first and second terms in Eq. (5) are longitudinal space charge fields of monopole  and dipole 

modes generated by line charge density modulations and centroid wiggles, respectively. If we adopt 

Pozdeyev’s  circular beam model of radius r0 in free space [6], the first term of Eq. (5) can be calculated by 

setting r = 0 and rw = ∞ in Eq. (17) of [7] as:  

                                                   

)](1[
ˆ

),( 0102

00

)(
)0(

krKkr
kr

e
itzE

tkzi

s −
Λ

−=
+−

πε

φω

                                             (6) 

The corresponding longitudinal monopole mode space charge impedance in low energy and short 

wavelength limit is [6]: 

 

)](1[
2

)()( 0102

0

0||

,0 krKkr
rk

RZ
ikZkZ sc −==

β                            (7) 

Where Z0= 377 Ω is the impedance in free space, r0 is beam radius, k is charge density perturbation wave 

number, R is average ring radius, β is relativistic speed factor. 

 

 

According to Eq. (4) of [6], the radial space charge field on a particle at coordinate (x, z) can be estimated 

in SI unit system as:          
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Where Λ0 is the unperturbed part of line charge density, xc (z, t) is the time-dependent local radial centroid 

offset. According to Panofsky-Wenzel theorem, the longitudinal dipole mode coherent space charge field 

on this particle can be calculated as: 

z
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                 (9) 

Let x = xc in Eq. (9),   with Eq. (2), the longitudinal space charge field of dipole mode becomes: 

)(2
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00
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)(
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cc
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The dipole mode space charge wake potential over ring circumference C0 [17, 18] is: 

                                                
),(),(

2

0

||

,10

)1(
tzxIZCtzEV cscs −==

                                                (11)
 

From Eq. (10) and Eq. (11), the longitudinal dipole mode space charge impedance can be calculated as:
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β
=                                                      (12) 

Figure 7 shows the longitudinal monopole and dipole mode space charge impedances  of a circular H2
+
 

beam with emittance of 50 π mm*mrad and kinetic energy of 19.9 keV in SIR. 

 

FIG. 7.  (Color) Longitudinal monopole and dipole mode 

space charge impedances.  

B. Radial and longitudinal equations of motion  

  According to Eqs. (5), (6) (10) and [17], the radial and longitudinal equations of motion of local beam 

centroid are:  
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Where δc is the fractional momentum deviation of local beam centroid, ncoh is the coherent radial betatron 

tune, η is slip factor, E is total energy. The prime stands for differentiation with respect to s. If δc (s = 0) = 

0, then δc can be calculated by integration as: 
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In the first order approximation, if centroid offset amplitude is small, the second term on RHS of Eq. (16) 

due to longitudinal dipole space charge field can be neglected, Eq. (13) becomes:   
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            (17) 

We can see Eq. (17) describes a forced harmonic oscillation which results in k≈kc,  ω≈ωc and Im(ω)≈
Im(ωc), then in first order approximation, the growth rate spectra of line charge density modulations and 

local centroid offsets are approximately the same.  If the second term on RHS of Eq. (16) is comparable to 

the first term thus cannot be neglected, then Eq. (17) will become a forced nonlinear second order 

differential equation and will not be discussed in this paper due to its complexity. 

C. Betatron oscillations in evolution of beam parameters  

  If the longitudinal dipole mode coherent space charge field is taken into account, then we may define a 

time-dependent equivalent longitudinal monopole space charge field eqs tzE )],([ )0(
and equivalent 

longitudinal monopole space charge impedance  eqsc tkZ )],([ ||

,0  by Eq. (18) -Eq. (21) as below:   

                                     ),(),()],([ )1()0()0(
tzEtzEtzE sseqs +=                                               (18)             

                                        
)(||

,00

)0( ˆ)(),( φω +−=− tkzi

scs eIkZCtzE                                                 (19) 
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Eq. (18) - Eq. (21) give: 
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In the case of kc  ≠  k /2, eqsc tkZ )],([ ||

,0  will depend on longitudinal coordinate z, the beam dynamics is 

nonlinear, this complicated case will not be discussed in this paper.  

In the case of kc = k/2,  eqsc tkZ )],([ ||

,0  will be independent of longitudinal coordinate z, the dynamics is 

linear; Usually, Re(ωc) ≈ωβ, Re (ω) ≈ 0, where ωβ  is the angular betatron frequency. Then Eq. (22) can 

be simplified as: 
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                                                  )]()(2Im[)( tttB c ωω −= .                                            (25) 

Note A is a time-independent complex number, while B (t) is real and function of time t.  

According to Eq. (3), the amplitude of perturbed line charge density can be expressed as: 

                                                 )()](Im[

1
ˆˆ|)(| t

t

tt
eet τω Λ=Λ=Λ                                                             (26) 

When energy spread, emittance and local centroid offsets are small, modulation wavelengths of line charge 

density are greater than beam diameter, the instability growth rates can be estimated by the conventional 

1D microwave instability formula [6]: 

E
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πβ

η
ωτ −=−                                                  (27) 

Where ω0 is the angular revolution frequency of on-momentum particles, e is unit charge, I0 is unperturbed 

beam intensity. Z (k) is the longitudinal monopole mode space charge impedance which is given by Eq. (7) 

.

If )(||

,0 kZ sc  of Eq. (27) is replaced by eqsc tkZ )],([ ||

,0  of Eq. (23), the time-dependent growth rate becomes:  

                                       }]1Re{[)(),( 2
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The amplitude of line charge density perturbation in Eq. (26) becomes: 

                                                        

}2

1

]
2)(

1Re{[
)(0ˆ|)(| 1

ti
e

ttB
Ae

k

t

et

βω

τ

−
+

Λ=Λ                                                  (29) 



10 
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τΛ=Λ , it is a purely exponential growth as 

predicted by Eq. (27).   
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,
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Eq. (29) can be approximated as:  
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Eq. (30) is an exponential growth function modulated by betatron frequency ωβ, together with Eq. (17) 

and Eq. (16), the betatron frequencies in evolution of line charge densities, centroid offsets and energy 

deviations in Figure 3 - Figure 5 can be understood. From Eq. (30) and Eq. (24), we can see the 

instantaneous microwave instability growth rates depend on the current modulation strength
0/ˆ II , the 

centroid offset amplitude câ , the phase angles 
0，cφ

 
and

0φ
, 

this characteristic property of beam profile 

evolution has already been observed in Figure 1 of Sec. III. Explanation of the dependence of instantaneous 

instability growth rates on coherent energy deviations ∆Ec /Ek0 is not easy, it requires a more complicated 

formula than Eq. (27) which is only valid for 1D mono-energetic beam, this will not be discussed in this 

paper due to its complexity. 

V.   2D DISPERSION RELATION 

A.  Limits of 1D growth rates formula  

The transformation of longitudinal coordinate z is [10, 12]: 

                                                     δ56

'

0520510 RxRxRzz +++=                                                    (31) 

where R51(s) , R52(s) , and R56 (s) are transfer matrix elements, x0 and x0’ are radial coordinate and velocity 

slope, respectively; z is longitudinal coordinate with respect to bunch center, δ = ∆p/p is fractional 

momentum deviation. For a beam in storage ring, R56(s) at s = C0 is related to compaction factor αc by [13]:  
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where D(s) is local dispersion function, R(s) is local curvature of orbit, C0 is the ring circumference. We 

can see ∆z is determined by R51, R52, and R56   together. In the formalisms of [6] in which a conventional 1D 

growth rates formula Eq. (27) is adopted, only the contribution of compaction factor αc or R56 to derivation 

of coherent slip factor η is considered. For a beam with small momentum spread δ (cold beam) and finite 

emittance, the term R51x0+R52x0’ may suppress the instability growth rates of short wavelengths thus should 

not be neglected. 

B. 2D dispersion relation   

  For a hot beam, Landau damping effects due to emittance and energy spread are important, and a 

multidimensional dispersion relation including both longitudinal and transverse dynamics is needed 

[10,14,15]. For a coasting ultra-relativistic electron beam model whose initial equilibrium distributions in 

radial and longitudinal phase space are Gaussian functions, the 2D dispersion relation for CSR instability in 

storage ring in CGS unit was derived in Appendix B of [10] as:      
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  Where re = e
2
/mc

2
 is classical electron radius in CGS unit, γ is relativistic energy factor, ν  is radial 

betatron tune, R is average ring radius in smooth approximation, Z(k) is CSR impedance with unit m
-1

, σx 

is the RMS beam radius, σδ is the RMS  uncorrelated energy spread of ultra-relativistic electrons. Eq. (33) 

is an integral equation which determines relation between k and µ. For a fixed k, µ can be solved 

numerically. If µ is real and µ>0, the CSR instability grows at a rate of τ-1 
= µβc. Eq. (33) can be tailored to 

study microwave instability of non-relativistic H2
+
 beam of SIR induced by space charge after some 

modifications.                                               

  Eq. (1) and Eq. (4) of [10] should be modified as: 
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  Eq. (B4) of  [10] should be modified as: 
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The impedance and classical particle radius should be modified as: 
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Where   me-  and  mH2
+

 are the rest masses of electron and H2
+ ion, respectively. 

Finally, the 2D dispersion relation in SI unit system for SIR beam becomes: 
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Where Λ0 is the unperturbed line charge density, c is the speed of light, 
||

,0 SCZ  is the longitudinal space 

charge impedance in Ω, νc and νinc

 

are coherent and incoherent radial betatron tunes modified by space 

charge effects, respectively. 
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    Due to large ratios between vacuum chamber width, height and beam radius r0, we can use Pozdeyev’s 

model [6] of uniform circular beam with centroid wiggles in free space to calculate the radial space charge 

field and modified tunes. By smooth approximation and the equations of coherent and incoherent radial 

motions [6], the space-charge-modified coherent and incoherent betatron tunes can be derived easily as:   

2
1 coh

coh

α
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   ε0 =8.85×10-12  F m-1 is permittivity of free space.  ω0 is angular revolution frequency of on-momentum 

particles, ρ0 is volume charge density, K1(x) is the modified Bessel function of the second kind.   
 

Thus if we neglect the transverse dynamics contributed from R51x0 and R52x0’, the 1D slip factor is:                                    
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  which is essentially the same as Eq. (12) derived in [6].   

Using Eqs. (32)(37) (41-43), the 2D slip factor can be estimated as: 
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For a mono-energetic beam, if we neglect the exponential damping term and the second term in the square 

bracket of integrand in Eq. (40), and use the equalities: 
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  the microwave instability growth rates τ-1
(k) = µβc predicted by Eq. (40) can be reduced to Eq. (27). We 

can see that the terms R51x0  and R52x0’ can affect the microwave instability in isochronous ring in two 

ways: (a). Eq. (44) shows it can enhance the instability by increasing 50% of 1D slip factor derived in [6] 

(b). It provides Landau damping by the exponential suppression factor in Eq. (40).  
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FIG. 8. (Color) Exponential suppression factor for a beam with current of 1uA, emittance of 50 π mm mrad 

and various RMS energy spread. 

Figure. 8 shows the calculated  exponential suppression factor in Eq. (40) for a beam with current of 1uA, 

emittance of 50 π mm mrad, mean kinetic energy of 19.9 keV  and various uncorrelated RMS energy 

spread σE . We can see the Landau damping effects are more effective for smaller perturbation wavelengths.  

C.  Benchmarking of 2D dispersion relation  

  Note that the 2D dispersion relations Eq. (40) is derived for a Gaussian beam model without coherent 

radial centroid offsets and energy deviations, it is only valid for prediction of long term microwave 

instability growth rates in isochronous ring, not the instantaneous ones. We can fit the curves of line charge 

density evolution in Figure 3 to get simulated instability growth rates. If we replace t by t = NtT0, where Nt 

is the turn number, T0 is the revolution period of H2
+
 ion, Eq. (30) may be expressed as a general fitting 

function below: 
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                                            (46) 

 where Λ̂ , P, Q, W, Φ, τ0 are fit coefficients, 1/τ0  is just  the long term instability growth rates.  
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FIG. 9.  (Color)  Curve fitting results for growth rates of line charge densities  

(a). λ = 1.0 cm; (b). λ = 2.0 cm; (c). λ = 2.86 cm; (d). λ = 5.0 cm; 

    The curve fitting results for growth rates of line charge densities of some chosen modulation 

wavelengths are show in Figure 9. For beam energy of 19.9 keV, the nominal angular betatron frequency is 

ωβ = 1.499 ä 10
6
 radian/second. We can see the oscillations in the curves are betatron oscillations. Figure 9 

also shows that for λ > 2.0 cm, the linear effects of the centroid offset modulation wavelength λc=2λ 

dominate over the nonlinear effects of λc=λ on line density evolution; while for small wavelength λ= 1.0 

cm, the nonlinear effects of the centroid offset modulations with wavelength λc=λ on line density evolution 

are more noticeable.  

 

FIG. 10. (Color) Comparison of instability growth rates between theory and simulation.  

    Figure 10 shows the comparison of microwave instability growth rates between theoretical values 

predicted by 1D formula Eq. (27) with 1D slip factor expressed in Eq. (43), 2D dispersion relation Eq. (40), 

and simulation results by curve fitting for Figure 9. The 1D formalism overestimates the growth rates of 

short wavelengths and cannot predict the fastest-growing wavelength since Eq. (27) neglects the Landau 

damping effects, it also underestimates the growth rates of large wavelengths because the slip factor is 

underestimated as explained in Eq. (44). The 2D dispersion relation has a better performance than the 

conventional 1D formula, especially on the prediction of the growth rates of small wavelengths and the 

fastest-growing wavelength, because it includes the Landau damping effects. The difference of long term 

growth rates between theoretical predictions and simulations may originate from the emittance and energy 

spread growths of the coasting beam in simulations.  
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VI. NONLINEAR BEAM DYNAMICS OF SIR BUNCH 

  When a high intensity uniform long H2
+
 bunch of finite length is injected to SIR, the nonlinear space 

charge force on beam head and tail is very strong, in addition, the bunch may break up into many small 

clusters only after several turns of coasting due to microwave instability, the beam dynamics are highly 

nonlinear in these cases. In this section, we mainly discuss the two aspects of the nonlinear dynamics: (a). 

co-rotational motion in E ä B field, (b). energy spread evolution.  

A. Co-rotational motion in E ä B field 
  Assume at t = 0, there are two identical macro-particles placed on the drift line between two ring bending 

magnets of SIR with initial distance d0, each macro-particle has space charge Q and mass M which satisfies 

Q/M = e/m, where e and m are charge and mass of single H2
+
 ion, respectively. They have the same initial 

relativistic velocity β0 = 0.0033 (corresponds to kinetic energy of 10.3 keV for H2
+
 ion), their initial moving 

directions are from left to right and are all parallel to the design orbit. If Q = 8.0 ä 10
-14

 coulomb, d0 = 1.5 

cm, the top views of the two micro-particles are shown in Figure 11. This kind of co-rotational motion can 

be explained by Cerfon’s theory of drift velocity in E ä B field.  
 

 

FIG. 11 (Color) Co-rotation of two-macro-particle model with d0 =1.5 cm. 

      Assume SIR can be simplified as an ideal circular storage ring of mean radius R with a uniform 

effective magnetic field of strength Beff: 
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where v0 is the velocity of on-momentum particles,  the magnetic field vector Beff is perpendicular to and 

points into the paper. At time t the distance between them is d (t), the magnitude of space charge field Es.c 

on each macro-particle is: 
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The space charge field vector Es.c is along the line connecting the two macro-particles and points outward. 

Then each macro-particle will acquire a drift speed in their center of mass frame:   
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     which is perpendicular to both Beff  and Es.c, its magnitude is:  
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If the trajectories of two particles are approximated as closed ellipses (actually their trajectories are 

complicated and not closed), their mean distance is estimated as <d> = (dmin + dmax) /2, then the angular 

frequency of co-rotation can be estimated as: 
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FIG. 12. (Color) Co-rotation frequencies of two-macro-particle model with different d0. 

  By fitting slope of the curve of co-rotational angle v.s turn number in Figure 11, we can get the simulated 

co-rotational frequency. The simulated and theoretical co-rotation frequencies of the two-macro-particle 

model with Q = 8.0 ä 10
-14

 coulomb, d0 = 1.0 cm, 1.5 cm, 2.0 cm, 3.0 cm, 4.0 cm, and 5.0 cm are shown in 

Figure 12. We can see the simulated and theoretical values match quite well which verified Cerfon’ theory, 

in fact, this two-macro-particle model may also help us understand the characteristic binary cluster merging 

phenomenon in isochronous ring. 

B. Energy spread measurements and simulations 

  The evolution of beam energy spread of coasting bunch induced by space charge field plays an important 

role in both linear and nonlinear regime of beam instability. In linear beam dynamics, a large energy spread 

may help suppress the microwave instability; in nonlinear beam dynamics, the energy spread is one of 

important measures of asymptotic bunch behavior. In this section, we discuss the energy spread evolution 

by both simulation and experimental methods. 

    SIR Lab has designed a compact electrostatic retarding field analyzer [19] which can scan across the 

beam radially to measure the energy spread of a bunch at various chosen number of turns after injection. 

The analyzer is roughly a cube with a 1 mm (width) ä 14 mm (height) entrance slit located in the middle of 

the entrance plate. It mainly consists of a rectangular housing tube, a rectangular high voltage retarding 

tube, a fine retarding mesh (1000 lines per inch, 50% transmission rates), a secondary electron suppressor, 

and a current collector. The analyzer is installed under the median ring plane in the extraction box, its 

entrance plate is tilted at an angle with respect to vertical plane to align the analyzer axis parallel to that of 

deflected beam. A pair of high voltage pulsed electrostatic deflector is used to kick the beam down to the 

energy analyzer when energy spread measurement is performed. Usually, the energy spread is measured at 

three radial positions: one is at the location of the peak beam current, and the other two positions are close 

to the beam core edges on each side.   
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  A H2
+
 ion bunch of length 600 mm, peak current 8.0 uA, kinetic energy 10.3 keV and emittance 30 π mm 

mrad is used in the energy spread measurements. A mono-energetic macro-particle bunch of the above 

initial parameters with uniform distribution in both longitudinal line charge density and 4D transverse 

phase space are also used in the simulation study by code CYCO. In the analysis of simulation results, the 

radial beam size is cut into several 1 mm wide small bins, the number of macro-particles, mean kinetic 

energy and RMS energy spread in each bin are calculated and compared with experimental values. Figure 

13 shows the simulated and experimental radial slice beam density. Figure 14 shows the simulated top view 

and RMS slice energy spread at turn 4. Figure 15 shows the simulated RMS slice energy spread up to turn 8. 

Figure 16 shows the simulated top view and RMS slice energy spread at turn 30.  Figure 17 shows the 

comparison of RMS slice energy spread between simulations and experiments. Note that in this paper the 

slice energy spread and slice density denote all the slices are cut parallel to the longitudinal z direction 

instead of the radial direction that is conventionally used in FEL. Considering the charged long bunch is a 

chaotic system, a small difference in the initial beam distribution may cause huge beam profile deviation at 

large turn numbers, we can see that the simulated radial beam density profiles and RMS slice energy spread 

match the experimental values within an acceptable range.  

 

 

FIG. 13. (Color) Evolution of radial beam density. 

 

FIG. 14. (Color) Simulated top view (left) and RMS slice energy spread (right) at turn 4. 

 

Radial coordinate x (cm)

R
a
d

ia
l 
d

e
n

s
it

y
 (

a
rb

. 
u

n
it

)

0

2

4

6
Turn 0 Turn 10 Turn 20

-5 0 5
0

2

4

6
Turn 30

-5 0 5

Turn 50

-5 0 5

Turn 70

 

 

Simulation Experiment

z (cm)                            σσσσ
E
 (eV)

x
 (

c
m

)

x
 (

c
m

)

0 20 40 60 80

Turn 4

-20 0 20
-4

-3

-2

-1

0

1

2

3

4

Turn 4



18 

 

 

FIG.  15.  (Color) Simulated RMS slice energy spread of turns 0-8. 

  

FIG.  16.  (Color) Simulated top view (left) and RMS slice energy spread (right) at turn 30. 

 

FIG. 17. (Color) Comparison of RMS slice energy spread.  
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  Figure 13 - Figure 17 show that when an initially mono-energetic, straight long beam coasts in the 

isochronous ring, the space charge will induce the longitudinal density modulations and energy spread, at 

smaller turn numbers, the energy spread in beam head and tail is much greater than that of beam core 

around beam axis, as turn number increases, the radial RMS slice energy spread distribution tends to 

become uniform and changes very slowly. At the same time, the radial beam size increases, the beam 

centroids deviate from the design orbit. The beam centroid wiggles may also cause the difference in 

betatron oscillation phases between beam clusters (slices), if the beam is long enough, the radial centroid 

offsets of different clusters (slices) may be regarded as distributed randomly and uniformly around the 

design orbit, then the measured RMS slice energy spread at different radial coordinates is just the density 

weighted mean RMS slice energy spread of beam core of any individual cluster (slice) thus is independent 

of the radial coordinates. This can be explained below in Figure 18. 

 

FIG. 18 (Color) Sketch of clusters and energy analyzer. 

  Figure 18 shows the long bunch has broken up into many identical small clusters (blue ovals) whose 

centroids distribute randomly and uniformly around the design orbit (the red dashed line).  If we measure 

the RMS slice energy spread at a radial position as indicated by the solid black line with arrow, the 

analyzer will sample slices of different clusters. Let’s assume there are Nc clusters in the whole bunch 

which are tagged by ID# 1, 2, 3 ,….Nc, each cluster has the same total particle number and radial charge 

distribution profile, if the slice sampled by the analyzer in each cluster contains ni  ( i = 1, 2, 3,….Nc ) 

charged particles and its  RMS energy spread is σi, the mean kinetic energy of all slices are the same as < E 

(x) > at large turn numbers, where x is the radial  coordinate of black solid line with respect to the red 

dashed line, then the RMS energy spread in the i
th 

 beam slice is: 
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  The RHS of the Eq. (54) is the weighted mean RMS energy spread of the sampled beam slices of different 

cluster cores at a fixed radial coordinate x, if the number of clusters is large enough and the radial centroid 

offsets of all the clusters are randomly and uniformly distributed around the design orbit, it is actually equal 

to the weighed mean RMS slice energy spread of any given single cluster core thus is independent of the 

coordinate x. In real measurements, the above ideal preconditions are not satisfied completely, there are 

always small energy spread fluctuations between different radial measurement points. 

  The equilibrium value of kinetic energy deviation ∆Eeq(x) = Eeq(x) - Ek0 and radial coordinate x of an off-

momentum particle satisfies the relation: 

x
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Where Eeq(x) is the equilibrium kinetic energy and is equal to <E(x)> of beam slices centered at x at large 

turn numbers. For simplicity, assume the radial beam density distribution is uniform, then the RMS energy 

spread of the equilibrium particles measured by SIR energy analyzer with an entrance slit of width Γ = 1 

mm centered at x can be estimated as: 
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This value is proportional to slit width Γ and is independent of x, it is much less than the asymptotic energy 

spread of about 50 eV at large turn numbers. It indicates that the number of particles of equilibrium energy 

only accounts for a small fraction of total particles in a beam slice.   

  The saturation of RMS slice energy spread of clusters in SIR is an indication of formation of nonlinear 

advection of the beam in the E ä B velocity field. Assume an ideal disk-shaped cluster coasts in an 

isochronous ring of effective uniform magnetic field Beff, the Esc ä Beff velocity field at any point of median 

plane inside the cluster is along the tangential direction in the rest frame of the cluster, no particles stay at 

the beam head (tail) forever, then the energy spread within a given beam slice of 1 mm width at any 

coordinate x will not build up with time significantly. During the binary cluster merging process, the total 

charge and size of new clusters grow at the same time, the mean charge density does not change 

considerably which may result in the saturation of mean RMS slice energy spread averaged along radial 

coordinate.  

VII. CONCLUSION 

In this paper we discussed the limits of two beam models on microwave instability and explore novel 

beam dynamics with space charge in isochronous regime. By simulation studies, we found the 

instantaneous microwave instability growth rates depend on not only the amplitudes of Fourier components 

of line charge densities, coherent local centroid offsets and energy deviations, but also their phases; the 

betatron oscillations in the growth rate spectra of above beam parameters are discovered, these phenomena 

were  explained by longitudinal dipole mode coherent space charge field with the concept of time-

dependent equivalent longitudinal space charge impedance for the case of kc= k/2. This paper shows that 

for a long coasting bunch of space charge in isochronous regime, both the radial and longitudinal coherent 

space charge field should be taken into account in the beam dynamics. The growth rates spectra of line 

charge densities, local centroid offsets and energy deviations may interact each other and evolve in a self-

consistent way.  

In addition, by introducing a modified 2D dispersion relation, the Landau damping effects provided by 

finite emittance and energy spread are included in the beam dynamics, this is especially important for the 

accurate prediction of instability growth rates of short perturbation wavelengths and fastest-growing 

wavelength. Simulation results for long term instability growth rates show that the 2D dispersion relation 

has a better performance than the conventional 1D instability growth rate formula. 

 An accurate prediction of instantaneous instability growth rates in isochronous regime requires a more 

complicated 2D dispersion relation which derived for a beam with initial modulations in both coherent 

radial offsets and energy deviations of  local centroids, it will be discussed in the future works. 
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We use a two-macro-particle model to test the theory of drift velocity in E  ä B field proposed by Cerfon. 

The good agreement between simulated and theoretically predicted co-rotation frequencies provides a good 

example to validate Cerfon’s theory and assumptions; this model may also help us understand the 

approaching stage of the characteristic binary cluster merging phenomenon in isochronous ring.  

The measured and simulated RMS slice energy spread and radial density profiles of a long coasting 

bunch reaches acceptable agreement, at smaller turn numbers, due to finite bunch length, the energy spread 

of beam head and tail dominates over that of the central part of bunch; while at large turn numbers, the 

randomly distributed cluster centroid offsets tend to make radial energy spread distribution of whole bunch 

uniform; the measured energy spread is just the density weighted mean RMS slice energy spread of any 

single cluster core, its saturation behavior  indicates the formation of nonlinear advection of the particles 

due to the E ä B velocity field in each cluster, during the successive binary cluster merging process of a 

long bunch, the mean RMS slice energy spread averaged over radial coordinate of merger remnants of 

parent cluster pairs with different sizes reaches an asymptotic value.  
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FIG. 1. (Color)   Effects of modulation strengths and phases of various beam parameters on instantaneous 

beam instability growth rates. 

FIG. 2. (Color) Evolution of top view of beam profiles. 

FIG. 3. (Color)   Evolution of harmonic amplitudes of normalized line charge density.   

FIG. 4. (Color)  Evolution of harmonic amplitudes of radial centroid offsets. 

FIG. 5 (Color)   Evolution of harmonic amplitudes of energy deviations.  

FIG. 6.  (Color) Space charge components of local centroid with coordinate (xc, z) at time t.  

FIG. 7.  (Color) Longitudinal monopole and dipole mode space charge impedances.  

FIG. 8. (Color) Exponential suppression factor for a beam with current of 1uA, emittance of 50 π mm mrad 

and various RMS energy spread. 

FIG. 9.  (Color)  Curve fitting results for growth rates of line charge densities  

(a). λ = 1.0 cm; (b). λ = 2.0 cm; (c). λ = 2.86 cm; (d). λ = 5.0 cm. 

FIG. 10. (Color) Comparison of instability growth rates between theory and simulation.  

FIG. 11 (Color) Co-rotation of two-macro-particle model with d0 =1.5 cm. 

FIG. 12. (Color) Co-rotation frequencies of two-macro-particle model with different d0. 

FIG. 13. (Color) Evolution of radial beam density. 

FIG. 14. (Color) Simulated top view (left) and RMS slice energy spread (right) at turn 4. 

FIG. 15.  (Color) Simulated RMS slice energy spread of turns 0-8. 

FIG. 16.  (Color) Simulated top view (left) and RMS slice energy spread (right) at turn 30. 

FIG. 17. (Color) Comparison of RMS slice energy spread.  

FIG. 18 (Color) Sketch of clusters and energy analyzer. 

 




