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Abstract. Using temporal pulse shaping, laser ablation can generate shocks or ramp loading in samples.
Shock data can often be analyzed using analytic calculations, but hydrocode calculations are required in the
case of ramps. When phase transitions occur, surface velocity histories may become much more complicated,
requiring accurate hydrocode simulations for interpretation. The shock may be split by phase transitions and
the slope of the ramp interacts with phase transition kinetics. The analysis of these experiments requires a
good knowledge of phase transition thermodynamics i.e. an accurate multiphase equation of state (EOS).
Recently, laser experiments have been performed on samplesexhibiting phase transitions, complemented
by a general model of multiphase EOS developed at CEA. The aimof the present study was to compare
equilibrium multiphase EOS with qualitative and quantitative features of the experimental data. Multiphase
EOS were constructed for Ti and Zr using static data. Good agreement was found between most experiments
and calculations, demonstrating the accuracy of the multiphase EOS. In some cases, the experimental data
show obvious kinetic effects.
Keywords: shock, plasticity, solid-solid transition
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INTRODUCTION

The vast majority of equations of state (EOS) for dy-
namic loading simulations are a single-valued func-
tion of thermodynamic state. Phase changes, when
represented explicitly rather than smeared out, are
treated as instantaneous, and Maxwell constructions
used to derive a single-valued EOS from multiple
single-phase EOS. However, phase transitions are
time dependent, and the transition state observed un-
der dynamic loading is often different from the equi-
librium EOS. For example, theα −ε transition in Fe
occurs at 11 GPa in static press experiments, and at
13 GPa under dynamic loading on microsecond time
scales [1].

Phase changes generally exhibit some degree of
hysteresis, which is not captured using an equilib-
rium multiphase EOS. They may also depend on the
elastic strain and plastic deformation states, which

add to the free energy and impede recrystallization,
respectively. Improved treatments should comprise a
separate EOS for each phase, and transition rates.
Theoretical EOS based on electronic structure can
predict phase boundaries. Unfortunately, theoretical
treatments accurate enough to come close to ob-
served phase diagrams generally contain too many
parameters for the phase boundaries to be adjusted.

We report the application of a semi-empirical
method for constructing multiphase EOS to Ti and
Zr, and the comparison with shock and ramp loading.
The single-phase EOS and representation of mixed
phase regions have a form that is convenient for
adding transition rates and contributions from elas-
tic and plastic states.



MULTIPHASE EQUATION OF STATE

For hydrocodes, the most convenient form for an
EOS is pressurep as a function of mass densityρ
(or specific volumev = 1/ρ) and specific internal
energye. Analytic EOS were used for each phase,
and thermodynamic equilibrium was applied to ob-
tain the phase diagram. Different phases are linked
by integration constants: jumps in volume, entropy
and internal energy. The single phase EOS were of
the classical Mie-Grüneisen form expressed in(v,e)
form with Γ/v constant, as has been used previously
[2]:

p(v,e) = pk(v)+Γ0{ρ0e0 [ε(v)−1]+e−ek(v)}

where
ε(v) = 1+Γ0(1−ρ0v)

and ek(v) is the cold compression curve, sopk =
−dek/dv. Taking a constant specific heat capacitycv,
the temperature is

T(v,e) = T0ε(v)+
e−ek(v)

cv
,

giving a specific entropy

s(v,e) = cv

{

ln

[

ε(v)+
e−ek(v)

cvT0

]

+1− ε(v)
}

+s0.

We have previously used a Birch-Murnaghan cold
curve, but here we use a similar form that can be
inverted much more efficently,

pk(v) =
K0

N0+1

[

e(N0+1)x−1
]

wherex≡ 1−ρ0v. Each single phase EOS is repre-
sented by eight parameters:ρ0, cv, Γ0, T0, the initial
bulk modulusK0, its derivativeN0, e0, ands0. For
high pressure and high temperature phases,ρ0 andT0
are defined by convention such thatp(1/ρ0,cvT0) =
0 even if this state does not occur in reality. Elec-
tronic structure calculations can be used as well as
experimental data, which is particularly useful when
calibrating high pressure phases.

The boundaries of mixed phase regions can be rep-
resented accurately as polynomial parametric curves
in ρ−espace, allowing efficient determination of the
equilibrium state. This approach has been tested for
Sn (3 phases, 3 binary mixtures, and 1 triple point)

FIGURE 1. Multiphase EOS for Ti.

FIGURE 2. Multiphase EOS for Zr.

[3] and used to construct multiphase EOS for materi-
als with complicated phase diagrams: Bi (10 phases,
19 binary mixtures, and 10 triple points) [4] and H2O
(6 phases, 10 binary mixtures, and 7 triple points)
[5].

In this work, multiphase EOS were constructed for
Ti and Zr. The Ti EOS included 4 phases (α, β , ω,
and liquid), 5 binary mixtures, and 2 triple points,
and was consistent with the 2-phase EOS by Greeff
et al [6] (Fig. 1). The Zr EOS also included 4 phases
(α, β , ω, and liquid), then 4 binary mixtures and a
single triple point, and is consistent with the 3-phase
EOS by Greeff [7] (Fig. 2).

These EOS were analyzed to predict the pressure
range over which different structures would appear
on shock loading to different pressures, assuming in-
stantaneous phase transtions and neglecting the ef-
fects of strength. For Ti, theα −ω phase transition



occurred near 2 GPa, and a double shock structure
appeared between 2 and 8 GPa. For Zr, theα − ω
transition occurred near 2 GPa and theω − β tran-
sition between 23 and 30 GPa, with double shocks
between 3-8 and 23-35 GPa respectively.

EXPERIMENTAL MEASUREMENTS

Shock speed – particle speed measurements have
been made for Ti and Zr [8] exhibiting discontinu-
ities indicative of phase transitions. Similar results
have been obtained from surface velocity histories
in gas gun impact experiments [9, 10], and (on Zr)
from ramp loading at the Z machine [11]. These ex-
periments used samples of order 1 millimeter thick,
with microsecond time scales. Experiments have also
been performed using laser ablation to induce shocks
and ramps in rolled foil samples 25-60µm thick, at
the Trident facility [12]. In these experiments, the
sample was ablated directly and the velocity his-
tory of the opposite, free, surface was monitored us-
ing line-imaging Doppler velocimetry. As with the
impact and Z experiments, inflections were evident
in the velocity histories that suggested phase trans-
formations. Some laser ablation experiments have
been performed on Ti with in-situ x-ray diffraction,
demonstrating changes to the crystal structure asso-
ciated with the velocity features [13].

When performing hydrocode simulations of laser
ablation experiments, it is desirable to use the laser
irradiance history to predict the loading history ap-
plied to the sample. Radiation hydrodynamics simu-
lations were used, with models previously found to
be suitable for a wide range of elements and alloys
[14, 15]. The simulations for Ti produced pressures
in reasonable agreement with the observed velocity
histories, but the simulations for Zr produced pres-
sures which were lower than observed by a factor
∼ 2. For the purposes of comparison, the applied
pressures in Zr were simply scaled. The radiation
hydrodynamics simulations require a model for the
Rosseland opacity of the ablated material, as well as
an EOS valid in the dense plasma regime. Calcula-
tions of a simplified irradiance-pressure relation for
each material gave a similarly different result for Zr
than Ti, including shell effects which, if occurring at
the wrong irradiance, could account for the discrep-
ancy.

FIGURE 3. Example comparison between observed and
simulated free surface velocity histories for Ti.

Titanium

For Ti, microsecond scale experiments on com-
mercially pure material indicated a phase transition,
thought to beα −ω, starting at 9.7 GPa [9], i.e. at
a significantly higher pressure than the equilibrium
phase diagram [6]. The nanosecond scale experi-
ments, on material at least 99.99% pure, indicated the
phase transition started around 11 GPa with a shock
and 10 GPa with a ramp [12]. The multiphase simu-
lations showed no double wave structure in the pres-
sure range where it was observed experimentally,
because the equilibrium phase change was so over-
driven. There was little difference between simula-
tions using the multiphase EOS and simulations used
the α EOS only, as a limiting case of a slow phase
transition. The shape of the peak of the shock was
significantly different than the experiments, suggest-
ing that the sound speed in the shocked state might
be too high in the EOS at pressures∼ 10−20 GPa.
(Fig. 3.)

Zirconium

For Zr, shock experiments on microsecond scales
showed the onset of theα −ω transition at 7.1 GPa
for very high purity material, increasing with impu-
rity concentration [9, 10]. Theω −β transition was
not clear. For ramp loading on microsecond scales,
theα −ω transition showed a similar dependence on



FIGURE 4. Example comparison between observed and
simulated free surface velocity histories for Zr.

purity, but theω − β transition was clearly visible
for all purities [11, 10]. Nanosecond shock and ramp
experiments on material of 99.8% purity – very low
compared with the microsecond experiments – indi-
cated phase transitions starting at 7 and 18 GPa [12].
It is interesting that theα −ω transition should be at
a similar pressure as in the microsecond experiments
at a purity that would point to a transition at a higher
pressure. The higher elastic strain energy on these
time scales acts to increase the free energy of theα
phase; future work will assess whether this is suffi-
cient to explain the difference. As with Ti, the veloc-
ity history in the region of the presumedα −ω phase
transition was not reproduced well using the equilib-
rium EOS or theα only EOS. The velocity history
around theω −β transition was in better agreement,
as was the duration of the shock peak. (Fig. 4.)

CONCLUSIONS

Multiphase EOS were constructed for Ti and Zr,
using analytic single-phase EOS. Laser-driven shock
and ramp data were obtained for Ti and Zr. In Ti,
theα −ω transition appeared to occur∼10 GPa, as
was found on longer time scales. For comparison,
the transition was at∼2 GPa for the equilibrium
EOS. In Zr, theα−ω transition appeared∼7 GPa, as
for much purer material on microsecond scales. The
ω −β transition appeared to starts at slightly lower
pressure than for microsecond scales, which could

be a finite strain effect. The equilibrium multi-phase
EOS was not a good match to the velocity histories:
kinetics will be added to be able to reproducing the
experimental data.
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