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Chapter 1

Introduction

1.1 Overview

Particle physics seeks to understand the interactions and properties of the funda-

mental particles. To gain understanding, there is an interplay between theory and

experiment. Models are proposed to explain how particles behave and interact. These

models make precise predictions that can be tested. Experiments are built and exe-

cuted to measure the properties of these particles, providing necessary tests for the

theories that attempt to explain the realm of fundamental particles. However, there is

also another level of interaction between theory and experiment; the development of

new experiments demands the study of how particles will behave with respect to the

measured observables toward the goal of understanding the details and idiosyncrasies

of the measurements very well. Only once these are well-modeled and understood

can one be confident that the data that are measured is trustworthy.

To study these smallest of particles, enormous experiments are built to probe at

smaller and smaller distance scales. The program of particle physics experiments,

since at least E. O. Lawrence and the cyclotron in the 1930s, has been to collide

highly energetic particles and observe the debris. While this procedure may seem

somewhat Neanderthal, it is very effective: particles will have a signature visible in

the “debris” that is observed. Each particle physics experiment will create different

particles with signatures that depend in detail on, for example, which particles are

1
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being collided or how the debris is being measured. Thus, for each experiment, it is

necessary and vital to determine the signatures of particular particles that may be

observed so as to search for these signals.

The most recent and powerful of these experiments is the Large Hadron Collider

(LHC), in Geneva, Switzerland, which accelerates protons to enormous energies, col-

lides them and records the particles that are created in the collision. Each colliding

proton has approximately the kinetic energy of a flying mosquito, which itself con-

tains about 1020 protons. At these energies it is believed that the experiments at the

LHC can probe energies that have not existed in the universe since shortly after the

Big Bang, and, as such, test our models of physics at these high energies. For exam-

ple, the Higgs boson, the last undiscovered piece of the Standard Model of particle

physics, should, if it exists, be observed at the LHC.

The two general-purpose experiments at the LHC, ATLAS [1, 2] and CMS[3], are

enormous detectors designed to capture all of the energy that is released in a proton-

proton collision. To do this, there are many different pieces; the detectors have

trackers to measure the path of individual charged particles created in the collision;

finely-segmented calorimeters to measure with high precision the energy of particles

in a particular direction; and, magnetic fields throughout the detectors to bend the

charged particles so that their charge and momentum can be measured. From each

proton-proton collision, there is a huge amount of information that is recorded that

must be interpreted to probe what occured at the scale of the proton collision.

However, all of this comes at a price. Proton collisions are very messy envi-

ronments from the standpoint of a particle detector. Protons are not fundamental

particles; they are composed of more fundamental quarks and gluons which carry

the strong or color force, quantum chromodynamics (QCD). Collectively, quarks and

gluons are called “partons”. It is actually the partons that collide and create the ob-

served particles. However, because protons are not elementary, there can be multiple

collisions of quarks and gluons in the protons, gluon radiation, and other processes

that substantially muddy the data that are collected. Thus, it is necessary to have

good models of proton collisions and the subsequent processes to be able to separate

signals of the Higgs boson, for example, from the overwhelming and messy physics of
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proton collisions. The modeling and interpretation of the physics of a proton collider,

such as the LHC, is the main topic of this thesis.

1.2 Modeling Proton Collisions

The model of proton collisions is based on the principle of factorization: the

principle that physics at widely disparate energy or distance scales decouples from

one another and can be studied individually. Using the principle of factorization,

the proton collision can be broken up into several pieces which can be analyzed

sequentially:

1. Protons are accelerated to very high energies and are made to collide.

2. At collision, individual quarks and gluons in the protons interact, exchanging

a large amount of momentum and producing a number of energetic particles.

This is called the “hard interaction”.

3. The partons in the hard collision radiate additional particles before or after

the hard interaction takes place. The radiation from partons before the hard

collision is called “initial state radiation” (ISR). The energetic particles that are

created in the hard interaction or from ISR may be charged under QCD and as

such can radiate additional quarks or gluons. This radiation is called “final state

radiation” (FSR). Working outward from the hard collision, the radiation from

ISR and FSR can be modeled collectively. This is called the “parton shower”.

4. Unstable particles created from the hard interaction can decay.

5. The colored particles that exist after the parton shower “hadronize”, forming

colorless bound states. Hadronization occurs because QCD is a confining in-

teraction in which the individual colored partons do not exist freely but only

as bound in colorless particles called hadrons. The parton shower is allowed to

continue until the energy of the particles created in the shower is comparable

to the scale of the formation of colorless bound states, around an energy of 1

giga-electron Volt (GeV).
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6. Spectator partons in the colliding protons that did not participate in the hard

collision interact, creating a nearly uniform distribution of soft, low energy

particles. This is called the “underlying event”.

7. Stable or long-lived hadrons are observed in the detector.

Factorization allows for this separation of the physics of the proton collision because

to each of the points above there is a distinct energy and time scale associated with

it. For example, the hard interaction is at a much higher energy than the confining

scale of QCD, so there is a large dynamic range for the parton shower to produce

particles. This thesis will focus on studying the physics of the parton shower and its

consequences.

To understand the model of the parton shower, one needs to understand the

structure of QCD. QCD is a non-Abelian gauge theory with gauge symmetry SU(3).

Quarks are in the fundamental representation of SU(3) and gluons, as vector bosons

and the force carrier of QCD, are in the adjoint representation. For invariance of

QCD under SU(3) rotations in color space, there are three-point interactions between

quarks and gluons and three- and four-point interactions between gluons. These

interactions are responsible for the production of quark and gluon radiation. The

probability of a quark or gluon radiating depends on the momentum of the radiated

particle. Due to the non-Abelian structure of QCD, the probability for radiating

soft (low energy) or collinear particles is enhanced with respect to other kinematic

configurations. A sequence of soft and collinear emissions can occur starting from a

high energy quark or gluon created in the hard interaction producing a collimated

stream of particles. At very high energies, QCD is approximately scale-invariant, so

the structure of this sequence of soft and collinear emissions should also be scale-

invariant. This is the model of the parton shower and the construction of “jets”:

collimated, energetic streams of particles that are approximately scale-invariant. Jets

are ubiquitous at hadron colliders because of the large number of colored particles

that exist.

The standard way to study QCD is through perturbation theory. The coupling

in QCD of quarks to gluons, αs, is relatively small and so it is sensible to compute
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predictions for experiments as Taylor series in the QCD coupling. In addition, because

QCD is a non-Abelian gauge theory, there is also an expansion in the number of

colors, or, rather, in the rank of the gauge group. For QCD, because the gauge

group is SU(3), the number of colors is 3. It has been known since G. ’t Hooft in

the 1970s [4] that the expansion in the rank of the gauge group can be interpreted

as an expansion in the topology of the color flow in a process; in particular, as an

expansion in the Euler characteristic of the two-dimensional diagram representing the

color flow. The topology of the color flow simplifies substantially in the limit that

the number of colors tends to infinity; thus, there is also and expansion in QCD in

inverse powers of the rank of the gauge group. The term “leading color” refers to

considering the contributions to QCD which are of highest order in the number of

colors. Topologically, this means that color flow diagrams are planar.

Parton showers employ both of these approximations to simulate the radiation

created from high energy quarks and gluons created in a hard interaction. The fact

that QCD is perturbative allows the parton shower to be well-approximated by the

simplest radiation processes; namely, a quark or gluon radiating a single particle. The

color expansion of QCD allows the parton shower to good approximation to assume

that the radiation is local in color space. That is, one can attribute radiation (almost)

uniquely to a radiator from which it originated. These assumptions lead to enormous

simplifications but, perhaps surprisingly, predict data with astonishing accuracy.

There is another assumption and approximation in the parton shower that is tied

to the enhancement of soft and collinear radiation with respect to other radiation in

QCD. Generically, in quantum field theories, processes that persist over a wide range

of energy scales produce logarithms of ratios of scales. For example, in the case of

the parton shower, the particles of the hard interaction have large energy Q, while

the radiation from them will be at much lower energies; call these E . This fact leads

to factors of logQ/E enhancements of the production of soft, low energy particles

from radiation. To be able to describe the physics of the soft radiation well, these

logarithms must be understood with care. Soft and collinear radiation can occur

in a sequential manner with two emissions of soft radiation enhanced by a factor

of log2Q/E. An arbitrary number of soft particles can be radiated leading to the
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necessity to resum these logarithmic enhancement factors. Only once resummation

is done can predictions be trusted for processes or regimes that are sensitive to soft

and collinear radiation.

The way in which the resummation of large logarithms is accomplished in the

parton shower is, effectively, by allowing for an arbitrary number of soft or collinear

particles to be created in the radiation of a particle created in the hard interaction.

This is accomplished by the Sudakov form factor, ∆(Q,Q0), which is the probability

that there is no emission of radiation from the scale Q0 to Q. The Sudakov form

factor can be expressed as

∆(Q,Q0) = exp

{
−
∫ Q0

Q

dQ′

Q′
αs
2π
P (Q′)

}
, (1.1)

where the kernel of the Sudakov form factor, P (Q′), is called the splitting function.

The splitting function encodes how the radiation is created in the parton shower.

In QCD, it is a function that is universal in the sense that it is independent of

the physics of the hard interaction in a proton collision and only depends on the

radiating and radiated particles. Typically, the splitting functions encode the leading

logarithms: the logarithmic terms that are the largest for soft or collinear emissions.

While the splitting functions are universal, the definition of the scale Q is not and

there are as many definitions of Q as there are parton shower models. In Chaps. 2

and 3 we present new methods for constructing the splitting functions which allow

for, potentially, much faster evaluation of the Sudakov form factor.

1.3 Jets

As discussed earlier, jets are the result of the parton shower process and are ubiq-

uitous in a hadron collider environment. The prediction of jets in QCD and their

subsequent observation in experiments performed in the 1970s at DESY, SLAC, and

elsewhere was a coup for QCD. At that time, observables such as thrust [5] were

proposed that allowed for the qualitative study of jet production. These such observ-

ables have the property known as infrared and collinear (IRC) safety. IRC safety is
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the property that observables are insensitive to very soft or collinear radiation. This

property is important for the ability to compute the properties of these observables in

perturbation theory: only IRC safe observables lead to finite predictions to all orders

in perturbation theory. With our current understanding of QCD as a perturbative

gauge theory at high energies, IRC safe observables are the only observables that are

unambiguously sensible.

Nevertheless, the definition of a jet is ambiguous and studying jets requires a

rigorous, algorithmic procedure. Because of the scale-invariant or fractal structure of

jets, the distinction between one or two or any number of jets is ill-defined without a

definition. The original jet definition due to Sterman and Weinberg [6] defined jets by

demanding a large deposit of energy in a small solid angle in the experiment. This jet

definition is IRC safe and can be studied and properties of these jets can be predicted

in QCD. However, it took many years for much of the community to appreciate the

necessity of IRC safety for jet definitions, especially at hadron colliders.

As more was learned about QCD and the properties of jets were becoming more

and more well-understood, new observables and jet definitions were proposed. Many

now “standard” jet definitions began from the idea that they could be defined to

“undo” the parton shower. In particular, in a parton shower, the softest or most

collinear radiation is emitted last and so these jet definitions attempt to combine the

softest or most collinear radiation at every step so as to reconstruct the particle that

originated in the hard interaction. These procedures are referred to as “sequential jet

algorithms” and have the following structure:

1. Begin with all measured particles in the detector.

2. Compute the metric dij between all pairs of particles.

3. If the smallest dij is larger than a fiducial value d, then call all remaining

particles jets and exit the algorithm.

4. If the smallest dij is smaller than d, then merge those particles i and j into

particle I.

5. Add I to the list of particles and remove i and j.
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6. Return to step 2.

The precise definition of the metric dij defines the sequential jet algorithm. In par-

ticular, there are three popular classes of sequential jet algorithm for hadron colliders

as defined by an integer n:

dij = min {pn⊥i, pn⊥i}∆R2
ij . (1.2)

p⊥i is the transverse momentum as measured with respect to the proton beam axis

and ∆Rij is an angular measure between the momentum of particles i and j. The

class of algorithm is defined by the power to which the transverse momentum is

raised: n > 0 is the kT algorithm [7], n = 0 is the Cambridge/Aachen algorithm [8],

and n < 0 is the anti-kT algorithm [9]. The merging procedure in step 4 is typically

defined by adding the four-momentum of the particles i and j. It is important to

note that these jet algorithms are all IRC safe.

Recently, there has been a renewed interest in studying jets in their own right,

and specifically, studying the substructure of jets [10–12]. The motivation for this

focus is the high energies that are made available by the LHC. Unstable particles

can be produced in the hard interaction and typically decay to several jets. If the

particles are also produced at high energy, the decay products are boosted and will

be combined in a single jet. If the goal of the experiment is to find these unstable

particles, for example, the Higgs boson, this is a problem. It was realized that it is

possible to determine the true identity of such a jet by studying the distribution of

energy in the jet. This program is referred to as “jet substructure”.

The jet substructure program has typically focused on algorithms for identifying

the particles which initiate a jet. Standard procedures include identifying top quarks,

W or Z bosons, or the Higgs boson from a background of jets initiated by QCD.

Myriad IRC safe observables or procedures have been introduced, each of which focus

on different physics of a jet: some focus on the flow of color in a jet, others the

kinematics of the particles in a jet or others study the branching tree as generated

by a sequential jet algorithm in its own right.
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1.4 Outline

The outline of this thesis is as follows. We begin in Chaps. 2 and 3 by presenting

a new procedure for constructing the QCD parton shower. In Chap. 2, we introduce

splitting functions that are functions of the spin of the radiating and radiated parti-

cles in the parton shower appropriate for massless particles. These splitting functions

can be simply computed from basic Feynman diagram calculations in QCD and by

defining operators to project onto states of definite spin. Usually in parton showers

spins are summed over and so we show that summing over the spin-dependent split-

ting functions reproduces the standard results. Also, in this chapter is introduced a

procedure called sector decomposition for the parton shower.

Chap. 3 continues the work in Chap. 2 by considering the effects of adding masses

to particles. At the high energies available at the LHC, it is important to consider the

radiation from massive particles such as the top quark when simulating and making

predictions. Spin information of a massive particle is not uniquely defined because

in the particle’s center of mass frame, there is no preferred direction. However,

massive particles can have definite chirality, and this is how we define the massive

spin-dependent splitting functions. This still leads to the introduction of an arbitrary

axis to define spin; however, summing over spins leads to a result that is independent

of any external axis. The analysis of this chapter is based on soft and quasi-collinear

limits of massive QCD processes, which we also discuss.

While Chaps. 2 and 3 were new methods for modeling the radiation from quarks

and gluons, Chap. 4 defines new observables for studying jets and QCD. In [13],

along with another graduate student, Martin Jankowiak, I introduced a procedure

for identifying structure in jets by defining a correlation function on the constituents

of a jet which we called the “angular correlation function”. In Chap. 4, the behavior

of the angular correlation function is studied in jet ensembles which leads to an

observable that has a nice physical interpretation. The average angular correlation

function is introduced and defined which allows for a study of the gross or average

properties of QCD jets. The angular correlation function directly probes the scaling

behavior of a jet and, if QCD jets are scale-invariant, the angular correlation function
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should have simple properties. We discuss and compute the effects of the simplest

physics of jets on the form of the angular correlation function and compare the output

of popular Monte Carlo generators to one another. In addition to studying jets, we

also present a study of radiation that is weakly correlated with the radiation from

the hard interaction, coming from ISR or the underlying event. Simple models of

the underlying event allow for an analytical study of the angular correlation function,

which we present.
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New Models for Jet Structure
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Chapter 2

Spin-Dependent Antenna Splitting

Functions

2.1 Introduction

In the studies that are now being done to prepare for physics at the LHC, many

new approaches have been proposed to the old problem of generating parton showers.

The workhorse event generators PYTHIA [14] and HERWIG [15] generate parton

showers by successive radiations from individual partons. The ‘splitting functions’

that define the radiation pattern are taken to be the kernels in the Altarelli-Parisi

equation [16, 17]. This guarantees that the radiation pattern is correct in the region

in which two partons become collinear. Marchesini and Webber pointed out that

it is also important to include color interference between emissions from different

partons [18]. In the workhorse generators, this is implemented by angular ordering

of emissions.

The program ARIADNE, by Andersson, Gustafson, Lönnblad, and Pettersson,

took a different approach, implementing color coherence by considering the QCD

dipole to be the basic object that radiates a parton [19, 20]. The basic branching

process in a parton shower is then a splitting in which two partons forming a color

dipole radiate a third parton. This approach has been taken up recently by a number

of authors. It is the basis for the VINCIA shower by Giele, Kosower, and Skands [21]

12
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and the parton shower implementation in SHERPA by Krauss and Winter [22]. We

are also developing a parton shower based on this approach [23]. In the years be-

tween ARIADNE and the newer works, the term ‘dipole’ has been applied in QCD

to a different strategy based on 1 → 2 splittings with recoil taken up by a third

particle [24]. To avoid confusion, we will follow [21] in calling the initial two-parton

state an ‘antenna’ and a branching process with 2→ 3 splittings an ‘antenna shower’.

Central to the antenna shower is the 2 → 3 splitting function, the function that

gives the relative branching probabilities as a function of the final momenta. The

original ARIADNE program used an ad hoc proposal satisfying the basic consistency

requirements. It would be better to have a prescription that can be directly derived

from QCD. Splitting to three partons has been studied in great detail in the QCD

literature, but not for this application. Collinear systems of three partons are a part

of the infrared structure of QCD at next-to-next-to-leading order, and calculations

that reach this level need an explicit prescription for treating this set of infrared

singularities. Kosower [25] defined the ‘antenna function’ as a basic starting point for

the analysis of this problem. Many authors have computed antenna functions [26–28].

Quite recently, Gehrmann-De Ridder, Gehrmann, and Glover have built a complete

formalism of ‘antenna subtraction’ for NNLO calculations [29–31]. The kernel in

their theory can be interpreted as a 2→ 3 splitting function, and it has been used to

perform 2→ 3 splitting in the VINCIA shower [21].

In this paper, we will take a much more direct route to the construction of 2→ 3

splitting functions. We will compute these functions by writing local operators that

create two-parton final states and computing their 3-parton matrix elements. These

calculations are very straightforward. They can be used to treat individually all

possible sets of polarized initial and final partons.

This paper is organized as follows: In Section 2, we will present our complete set

of spin-dependent 2→ 3 splitting functions. In Section 3, we will give the derivation

for the cases with total spin zero. In Sections 4 and 5, we will give the derivation for

the cases with nonzero total spin.

All of these derivations will be done in the kinematics of final-state radiation.

This is the easiest situation to visualize and understand. However, the same splitting
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functions can be used, after crossing, to describe parton emissions that involve initial-

state particles. We will explain how to use our expressions for initial-state showers in

Section 6.

The 1→ 2 Altarelli-Parisi splitting functions are universal in the sense that they

result from a well-defined singular limit of QCD amplitudes. For 2→ 3 splitting func-

tions there is no such universality. The collinear and soft limits must agree with the

known universal values, but away from these limits there is no unique prescription.

Earlier in this introduction, we made reference to a number of previous proposals for

the spin-averaged antenna splitting functions. All of these, including the ARIADNE

splitting functions, have the correct soft and collinear limits and so satisfy the basic

requirements. In Section 7, we will give a detailed comparison of the 2 → 3 split-

ting functions obtained using our method to previous proposals for these splitting

functions.

2.2 Proposal for the 2→ 3 splitting functions

We begin by defining variables for 2 → 3 splitting. There are three cases of

splittings that are needed for antenna showers: the final-final (FF) splitting, in which

a third particle is created by coherent radiation from a two-particle system in the final

state; the initial-final (IF) splitting, in which a third particle is created by coherent

radiation from an initial- and a final-state particle; and initial-initial (II) splitting, in

which a third particle is created by coherent radiation from two initial-state particles.

It is easiest to understand the kinematics of antenna splitting for the FF case. In

this section, we will explain this kinematics and give a precise prescription for the

splitting functions. In Section 6, we will extend our prescription to the IF and II

cases, in such a way that the same splitting functions can be used in those cases.

Consider, then, a two-parton final-state system (A,B) that splits to a 3-parton

system (a, c, b), conserving momentum, as shown in Fig. 2.1(a). Let sij = (ki + kj)
2,

and let Q = kA + kB = ka + kb + kc.
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Figure 2.1: (a) Kinematics of 2→ 3 splitting in the final state (FF) case. (b) Phase space
for 2 → 3 splitting in the FF case. The six regions corresponding to different orderings of
sab, sac, sbc are shown. The region that should be well described by an antenna splitting
AB → acb is shaded.

The fractional invariant masses in the final state are

yab =
sab
sAB

, yac =
sac
sAB

, ybc =
sbc
sAB

. (2.1)

The momentum fractions of the three particles in the (AB) frame are

za =
2Q · ka
sAB

, zb =
2Q · kb
sAB

, zc =
2Q · kc
sAB

. (2.2)

These obey the identities

yab = (1− zc) , yac = (1− zb) , ybc = (1− za) . (2.3)

and

yab + yac + ybc = 1 , za + zb + zc = 2 . (2.4)

The FF phase space covers the triangle za ≤ 1, zb ≤ 1, za + zb ≥ 1. We can divide

this phase space into six triangles, each of which has a different ordering of the three

quantities yab, yac, ybc, as shown in Fig. 2.1(b). An antenna shower should give an

accurate description of the dynamics in the two regions yac < ybc < yab, ybc < yac < yab

that are shaded in the figure.
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A general problem in the generation of QCD radiation is that of possible double-

counting. Consider, for example, the process e+e− → qggq. In some part of the phase

space, the first g can be considered to be radiated from the antenna of the q and the

second g; in another, the second g can be considered to be radiated from the first

g and the q. These regions should be disjoint in the full 4-body phase space. The

complete solution to the problem is beyond the scope of this paper. In simple terms,

though, we can make the separation by choosing the radiated gluon to be softer than

the gluon from which it radiates. This corresponds to integrating each antenna only

over the shaded region in Fig. 2.1(b). A similar approximate solution to the double-

counting problem will apply in the other kinematic regions discussed in Section 6. A

more detailed discussion of this issue can be found in [21, 23].

Radiation from different QCD antenna is strictly independent and non-interfering

only in the limit of a large number of colors in QCD, Nc � 1. Keeping only terms

leading in Nc is known to be a good approximation to full QCD in many circum-

stances. In particular, parton shower algorithms are correct only to leading order in

Nc. In this paper, we will explicitly work only to the leading order for large Nc.

In the limit of large Nc, the rate for a 2→ 3 splitting is given by a formula of the

form

Nc
αs
4π

∫
dzadzb · S(za, zb, zc) (2.5)

For example, in e+e− → q−g+q+,

1

σ0

dσ

dzadzb
= Nc

αs
4π

z2
a

(1− za)(1− zb)
, (2.6)

where (a, c, b) are the (q, g, q), respectively, − and + denote left- and right-handed

helicity, and σ0 is the cross section for e+e− → q−q+
1. Eq. (2.5) will be our basic

formula of reference. Using this notation, we can write the various 2 → 3 splitting

1 In writing a parton shower for e+e− → qq, one might pick up an obvious 1/Nc correction by
writing the prefactor as 8

3 instead of 3 for the first gluon emission from the quark line. In higher
orders, the analogous treatment of radiation from quark lines is not so innocent and can potentially
lead to incorrect accounting of color coherence.
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functions as

S =
N (za, zb, zc)

yabyacybc
, (2.7)

where the numerator is a simple function of the zi. For example, for the splitting

q−q+ → q−g+q+ given above,

N = yabz
2
a = (1− zc)z2

a . (2.8)

In Table 2.1, we give our proposal for the numerator functions for all possible

cases of massless quark and gluon splittings. The expressions are all monomials in

the yij and zj.

In the FF kinematics, all of the yij and zi are positive and so S(za, zb, zc) in (2.7),

is always positive, In IF and II kinematics, some yij and zi will become negative. In

most cases, the correct prescription is to take S(za, zb, zc) to be the absolute value of

the expression in Table 2.1. However, there is a line within the IF region where za

or zb crosses from positive to negative values. A few entries in the Table change sign

across this line. We recommend that those entries be set to zero when za or zb are

negative. We will give a detailed discussion of these points in Section 6.

The splitting functions S must give the correct universal behavior in the soft and

collinear limits. In the soft limit, zc → 0, the numerators must go to 1 if the flavor

and helicity of the final partons a and b match those of the initial partons A and B;

otherwise, the numerators must go to 0. It is easy to check that this test is satisfied.

In the collinear limits, we will insist that each antenna has the collinear behavior

required in QCD. One often hears the following statement about soft and collinear

limits: In dipole splitting (1 → 2 emission), each dipole has the correct collinear

behavior but the correct soft behavior is obtained by combining neighboring dipoles.

In antenna splitting (2→ 3 emission), each antenna has the correct soft limit but the

correct collinear behavior is obtained by combining neighboring antennae. However,

in the large Nc limit, which we take to guide our intuition, different antennae are

independent radiators with different, non-interfering, colors flowing in them. From the

viewpoint of this limit, each antenna, separately, must give both the correct pattern of

soft radiation and the correct pattern of collinear radiation. This philosophy differs
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+ + + + +− +−+ −+ + −−+ −+− +−− −−−
g+g+ → ggg 1 y4

ac y4
ab y4

bc 0 0 0 0
g−g+ → ggg 0 0 y4

bc z4
a z4

b y4
ac 0 0

g+g+ → qqg - - y3
abybc yaby

3
bc - 0 0 -

g−g+ → qqg - - yaby
3
bcz

2
b z2

az
2
byabybc - 0 0 -

q−q+ → qgq - - - yabz
2
a yabz

2
b - - -

q−q− → qgq - - - - - y3
ab - yab

q−g− → qgg - - - 0 y4
ac y3

abzb - za
q−g+ → qgg - - - z3

a yabz
3
b y4

ac - 0
q−g− → qqq - - - - yaby

3
ac y2

abyaczb - -
q−g+ → qqq - - - - zayabyacz

2
b zayaby

3
ac - -

Table 2.1: Numerator functions N (za, zb, zc) for the spin-dependent 2 → 3 splitting func-
tions AB → acb: S = N/(yabyacybc). Each line gives a choice of AB. The labels denote the
polarization of the three final particles with the radiated particle c in the center: (ha, hc, hb).
The empty columns are forbidden by quark chiral symmetry. By the P and C invariance of
QCD, the same expressions apply after exchanging − ↔ +, q ↔ q, or ABacb↔ BAbca.

from that of the ARIADNE group [19, 20] and of [22]. We will discuss this point

further when we compare with their results in Section 7.

The collinear radiation from a given hard gluon is then the sum of two contri-

butions, one from each of the two antennae to which that hard gluon belongs. In

the large Nc limit, these correspond to radiation from the color and anticolor lines of

the gluon. A single antenna, which has one of these contributions, then has 1
2

of the

standard collinear emission rate. This factor of 1
2

enters the check will we perform

in a moment. The factor comes entirely from bookkeeping and is independent of the

question of double-counting discussed briefly earlier in this Section.

We now discuss the check of collinear limits. Consider the limit in which c becomes

collinear with a. In this limit,

zc → z , za → (1− z) , zb → 1 , yac → 0 . (2.9)

The 2→ 3 splitting function must reduce to

S → 1

yac
P (z) , (2.10)
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++ −+ +− −−
g+ → gg : 1/z(1− z) (1− z)3/z z3/(1− z) 0
g+ → qq : - (1− z)2 z2 -
q− → gq : - - (1− z)2/z 1/z
q− → qg : - z2/(1− z) - 1/(1− z)

Table 2.2: Spin-dependent Altarelli-Parisi splitting functions P (z) for splittings B → cb.
The labels denote the polarization of the two final particles with the radiated particle first:
(hc, hb). The empty columns are forbidden by quark chiral symmetry. By the P and C
invariance of QCD, the same expressions apply after exchanging − ↔ + or q ↔ q.

here P (z) is the relevant spin-dependent Altarelli-Parisi splitting function. These were

presented in the original Altarelli-Parisi paper [16] and are reviewed in Table 2.2. The

functions are normalized as in (2.5), and as described in the previous paragraph: We

take the large Nc limit and divide by 2 where necessary to give the contribution from

one QCD antenna. The denominator of (2.7) tends to yacz(1− z) in this limit. Then

it is easy to check that the numerators match correctly in all cases. The limit in

which c becomes collinear with b can be checked in the same way.

When the collinear limits and the soft limit are all nonzero, there is a unique

monomial of the y’s and z’s that gives all limits correctly. In the other cases, there is

some ambiguity. In all cases, it would be desirable if the results in Table 2.1 could be

derived directly by simple Feynman diagram computations. In the next few sections,

we will present those derivations.

2.3 Spin-0 case

To compute the 2→ 3 splitting functions, we will use the following method: Write

an operator that, at the leading order, creates a 2-parton state with definite helicity.

Then, compute the 3-particle matrix element. This realizes in a very simple way the

splitting process illustrated in Fig. 2.1.

To create massless quarks and antiquarks of definite helicity, we will use the ap-

propriate chiral fermion fields. To create gluons of definite helicity, we will use the
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operators

σ · F =
1

2
σmσnFmn , σ · F =

1

2
σmσnFmn , (2.11)

where σm, σm are the 2× 2 matrix entries of the Dirac matrices in a chiral basis and

Fmn is the gluon field strength tensor. At leading order, σ · F creates a + helicity

gluon, and σ · F creates a − helicity gluon.

The 2-parton state g+g+ in the first line of Table 2.1 can be created from the

spin-0 operator

O =
1

2
tr[(σ · F )2] . (2.12)

We can then compute the splitting function for this polarized initial state explicitly

from the definition

S(za, zc, zb) = Q2

∣∣∣∣M(O → acb)

M(O → AB)

∣∣∣∣2 (2.13)

In the next few sections, we will compute all of the splitting functions in Table 2.1

using this formula, with a different choice of the operator O for each line of the table.

To evaluate (2.13), we need to compute the matrix elements of O, with total mo-

mentum Q injected, to 3-gluon final states. The result can be expressed in terms

of color-ordered amplitudes. We identify the color-ordered amplitude that multiplies

the color structure tr[T aT cT b] with the splitting function. To carry out these compu-

tations, we will use the spinor product formalism. That is, instead of working with

4-vectors, we will use as our basic objects the spinor products

〈ij〉 = u−(i)u+(j) , [ij] = u+(i)u−(j) . (2.14)

These objects obey

|〈ij〉|2 = |[ij]|2 = sij . (2.15)

Methods for QCD computations with spinor products and color-ordering are ex-

plained in [32, 33]. In this notation, the matrix element for O to create a g+g+

final state is

〈g+g+| O |0〉 = [AB]2 . (2.16)

The three-gluon matrix elements of the operator (2.12) are given by the diagrams
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Figure 2.2: Feynman diagrams for the computation of the gg → ggg splitting functions.

in Fig. 2.2. These diagrams have already been analyzed by Dixon, Glover, and Khoze

as a part of their analysis of the coupling of the Higgs boson to multi-gluon states [34].

They find

A(O → g+g+g+) =
s2
AB

〈ac〉〈cb〉〈ba〉

A(O → g+g+g−) =
[ac]4

[ac][cb][ba]

A(O → g+g−g+) =
[ab]4

[ac][cb][ba]

A(O → g−g+g+) =
[bc]4

[ac][cb][ba]

(2.17)

and zero for the other four cases. After squaring, using (2.15), and dividing by the

square of (2.16), we obtain the first line of Table 2.1.

One of the major points of [34] is that the results (2.17) belong to series of Maxi-

mally Helicity Violating (MHV) amplitudes that have a simple form for any number

of gluons emitted. Actually, all of the amplitudes that we will compute in this paper

are similarly simple and belong to MHV series. The use of MHV amplitudes to study

antenna splitting is explored for higher-order processes in [28].

In principle, the initial state g+g+ could also have been created by an operator of

spin 2, or some higher spin. This would have led to a more complicated expression

for the 2 → 3 splitting function, with, however, the same soft and collinear limits.

This illustrates the ambiguity in the definitions of 2→ 3 splitting functions refered to
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Figure 2.3: Feynman diagram for the computation of the gg → qqg splitting functions.

in the introduction. The simplest results are obtained using the operator of minimal

spin, and we will make that choice in all of the examples to follow.

The diagram shown in Fig. 2.3 gives the splitting of the two-gluon initial state to

qqg. We find

A(O → q+q−g+) =
[ab]2

[ac]

A(O → q−q+g+) =
[cb]2

[ac]
(2.18)

There is no splitting to a final g−. This gives the result in the third line of the table.

The initial state q−q− can also be created by a spin 0 operator

O = qLqR . (2.19)

The matrix element for this operator to create a q−q− final state is

〈
q−q−

∣∣O |0〉 = 〈AB〉 . (2.20)

A straightforward calculation gives

A(O → q−g+q−) =
〈ab〉2

〈ac〉〈cb〉
A(O → q−g−q−) =

sAB
[ac][cb]

(2.21)

These give the results shown in the sixth line of the table.
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2.4 Spin-1 and spin-2 case

In [19], the 2→ 3 splitting function for qq → qgq was derived from the cross section

for e+e− → qgq. From the point of view of the previous section, this corresponds to

creating the 2- and 3-parton final states using the operator

O = qLγ
mqL . (2.22)

To obtain a definite matrix element, we must contract this operator with a polariza-

tion vector. A convenient choice is to introduce two new massless vectors 1 and 2,

such that k1 +k2 = kA+kB, and to choose the polarization vector to be εµ = 〈1|γµ|2].

This is effectively the procedure of decaying the massive vector that couples to the

operator (2.22) into a pair of massless vectors to facilitate the analysis; this is a

standard method in spinor product calculations [35]. We then recast

O =
1

2
qLγ

mqL 〈1|γm|2] . (2.23)

The matrix element of (2.23) to a q−q+ state is

〈
q−q+

∣∣O |0〉 = −〈1A〉[2B] . (2.24)

The direction of the 1-2 system chooses the helicity of the final partons. In this case,

there is only one choice, and so the amplitude vanishes when 1 is parallel to A or 2 is

parallel to B. This will not always be true in our later examples. But, we will always

be able to choose the desired helicity of A and B by choosing 1 parallel to B and 2

parallel to A.

The matrix elements for the operator (2.23) to create 3-parton final states are

A(O → q−g+q+) =
〈1a〉2[12]

〈ac〉〈cb〉

A(O → q−g−q+) =
[2b]2〈12〉
[ac][cb]

. (2.25)
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To compute the results in the fifth line of the table, we must essentially divide

(2.25) by (2.24) and square the result. To do this, we need a prescription for treating

the expressions 〈1a〉 and [2b] in the numerators. The problem of relating the vectors

a, b, c to A and B in an antenna splitting was discussed at length by Kosower in [36];

that paper gives a general treatment in terms of reconstruction functions to provide

expressions that can be smoothly integrated in higher-order QCD calculations. This

discussion is generalized to the initial-state channels in [37]. Here, we will take a more

ad hoc approach that leads to the simplest formulae with correct singular limits.

Formulae for 〈1a〉 and [2b] that are simple and become exact in the collinear and

soft limits are found by approximating a collinear with A and b collinear with B.

Then identifying 1 with B and 2 with A gives

|〈1a〉|2 = sBa → zasAB , |〈1b〉|2 → 0 , |〈2a〉|2 → 0 , |〈2b〉|2 = sAb → zbsAB ,

(2.26)

and similarly for the conjugate products. Using this prescription, one obtains the

fifth line of the table. This is a more formal version of the argument for these entries

already given in Section 2.

In our calculations, we will encounter two more numerator objects that require

reconstruction, namely, 〈1c〉 and 〈2c〉. The prescription above gives

|〈1c〉|2 = sBc → (ybc/zb)sAB , |〈2c〉|2 = sAc → (yac/za)sAB . (2.27)

However, it is potentially dangerous to write factors of za, zb in the denominator.

We will see in Section 6 that such factors would create unphysical singularities when

continued to the IF kinematics. These unphysical singularities are avoided in the

general formalism used in [36], but at the price of introducing much more complicated

formulae. Fortunately, we will see that 〈1c〉 arises only in situations where there is

no collinear singularity with c parallel to b. In such cases, the remaining universal

singular terms—the collinear singularity with c parallel to a and the soft singularity—

correspond to kinematic limits with zb → 1. A similar consideration applies to 〈2c〉.
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Thus, we choose, instead of using (2.27), to evaluate these quantities as

|〈1c〉|2 = sBc → ybcsAB , |〈2c〉|2 = sAc → yacsAB . (2.28)

This gives an incorrect shape in a region where a and b are collinear, but, hopefully,

we will not use the AB → acb splitting function to evaluate the rate to fill this region

of phase space.

Another choice for evaluating 〈1c〉 and 〈2c〉 is to replace both expressions by zc.

However, the spinor product 〈1c〉 vanishes in the bc collinear limit but not in the

ac collinear limit, and conversely for 〈2c〉, so this choice does not give the universal

singularities correctly.

We now apply this formalism to compute the second and fourth lines of Table 2.1,

associated with the g−g+ antenna. This antenna is created by the spin-2 operator

tr[γm(σ · F )γn(σ · F )]. To make a definite calculation, we need a spin-2 polarization

vector. An appropriate choice can be found by introducing the massless vectors 1

and 2 as above and writing

εmn = 〈1|γm|2] 〈1|γn|2] . (2.29)

This effectively decays the masive spin-2 particle into two massless spinors. This

method was introduced in [38] to compute the relevant amplitudes for the emission

of massive gravitons at high-energy colliders.

With this prescription, we generate the g−g+ antenna using the operator

O =
1

4
tr[γm(σ · F )γn(σ · F )]〈1|γm|2]〈1|γn|2] (2.30)

The matrix element of this operator that creates the 2-parton dipole is

〈g−g+| O |0〉 = 〈1A〉2[2B]2 . (2.31)

To obtain the correct initial polarizations, we take 1 = B, 2 = A as before. The
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Figure 2.4: Feynman diagrams for the computation of the qg → qgg splitting functions.

matrix elements to the possible 3-parton final states are

A(O → g+g+g+) = 0

A(O → g+g+g−) =
〈1b〉4[12]2

〈ab〉〈ac〉〈cb〉

A(O → g+g−g+) =
〈1c〉4[12]2

〈ab〉〈ac〉〈cb〉

A(O → g−g+g+) =
〈1a〉4[12]2

〈ab〉〈ac〉〈cb〉
, (2.32)

and the conjugates with 1 ↔ 2 for the other four combinations. Applying the

reductions (2.26), (2.27), we find the results given in the second line of the table.

The nonzero matrix elements of this operator to qqg final states are

A(O → q+q−g+) =
〈1c〉2[2b]2

[ac]

A(O → q−q+g+) =
〈1a〉2[2b]2

[ac]
. (2.33)

The same reduction process gives the results in the fourth line of the table.

2.5 Spin-1
2 and spin-3

2 cases

The cases of quark-gluon antennae can be treated in the same way. There is one

additional subtlety. In QCD, quarks are color triplets and gluons are color octets,

so a quark-gluon operator carries net color. This means that the matrix element for
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gluon emission from a quark-gluon operator is not gauge-invariant unless we allow the

gluon also to be emitted from the initial state. This makes it unclear how to define

a quark-gluon antenna.

We resolve this problem with the following prescription: We consider the quarks

to be color octet particles like the gluons. Then, as in the previous sections, we

extract the color-ordered contribution corresponding to emission from the antenna.

In the limit of large Nc, the various antennae in a process radiate independently.

The diagrams contributing to a quark-gluon antenna in this prescription are shown

in Fig. 2.4. The third diagram, with an intermediate quark line, does not appear

in QCD. However, it does nicely provide the missing piece that makes this sum of

diagrams gauge-invariant without radiation from the initial state.

This solution is the same as that found in the earlier work of Gehrmann-De Ridder,

Gehrmann, and Glover [29–31]. Those authors computed the quark-gluon antennae

by factorizing the amplitudes for the decay of a neutralino into a massless gluino plus

gg or qq. In their calculation, the off-shell color octet fermion is the gluino.

With this understanding, we proceed as in the previous Section. We can generate

the q−g− antenna using the operator qL(σ · F ). The polarization spinor can be built

by introducing massless spinors 1 and 2 as above and taking |2〉 to be this spinor.

Then

O = −iqL(σ · F ) |2〉 . (2.34)

The matrix element of this operator that creates the 2-parton dipole is

〈q−g−| O |0〉 = 〈AB〉[B2] . (2.35)

To obtain the correct initial polarizations, we take 1 = B, 2 = A.

The matrix elements to the possible 3-parton final states are

A(O → q−g+g+) = 0

A(O → q−g−g+) =
〈ac〉3〈2c〉
〈ab〉〈ac〉〈cb〉

A(O → q−g+g−) =
〈ab〉3〈2b〉
〈ab〉〈ac〉〈cb〉
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A(O → q−g−g−) =
sAB〈12〉[1a]

[ab][ac][cb]
. (2.36)

Applying the reductions (2.26), (2.27), we find the results given in the seventh line

of the table.

The nonzero matrix elements of this operator to qqq final states are

A(O → q−q−q+) =
〈ac〉〈2c〉
〈cb〉

A(O → q−q+q−) = −〈ab〉〈2b〉
〈cb〉

. (2.37)

The same reduction process gives the results in the ninth line of the table.

We generate the q−g+ antenna using the spin-3
2

operator qLγ
m(σ · F ). This is es-

sentially the supersymmetry current of the system of gluons and color octet fermions.

The polarization spinor can be built by introducing massless spinors 1 and 2 as above:

O = iqLγ
m(σ · F ) 2]〈1|γm|2] . (2.38)

The matrix element of this operator that creates the 2-parton dipole is

〈q−g+| O |0〉 = 〈1A〉[2B]2 . (2.39)

To obtain the correct initial polarizations, we again take 1 = B, 2 = A.

The matrix elements to the possible 3-parton final states are

A(O → q−g+g+) =
〈1a〉3[12]2

〈ab〉〈ac〉〈cb〉

A(O → q−g−g+) =
〈ab〉[2b]3〈12〉
[ab][ac][cb]

A(O → q−g+g−) =
〈ac〉[2c]3〈12〉
[ab][ac][cb]

A(O → q−g−g−) = 0 . (2.40)

Applying the reductions (2.26), (2.27), we find the results given in the eighth line of
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the table.

The nonzero matrix elements of this operator to qqq final states are

A(O → q−q−q+) =
〈1a〉[2b]2

[cb]

A(O → q−q+q−) = −〈1a〉[2c]
2

[cb]
. (2.41)

The same reduction process gives the results in the tenth line of the table.

2.6 Initial-state showers

The Feynman diagram computations that we have done to find the antenna split-

ting functions for FF splittings can also be applied, by crossing, to IF and II splittings.

The expressions in Table 2.1 are given in terms of invariant quantities that are un-

changed under crossing. Thus, we can use the expressions in this table directly in

other channels. At worst, a change of the overall sign is required in some cases. In

this section, we will clarify this statement by analyzing the kinematics of IF and II

splittings in the same variables as those used in Section 2 for FF splittings. In all

cases, the kinematics is done for all massless partons only. The kinematic discussion

in this section is similar to that presented in [37].

To begin, we will formalize some of the results quoted in Section 2 for the FF

region. The cross section for a process X → acb is

σ(X → acb) =
1

ΦX

s

128π3

∫
dzadzb|M(X → acb)|2 , (2.42)

where ΦX is the flux factor. Polarization and color indices have been suppressed. The

left-hand side has been integrated over the orientation of the final state system but

is otherwise exact. To write an expression involving the antenna splitting function,

we approximate

M(X → acb) ≈M(X → AB) · gT · M(O → acb)

M(O → AB)
, (2.43)
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where O is the operator used in Sections 3–5 to represent the state AB. The factor

gT is the QCD coupling and color matrix; after squaring and summing over colors,

this becomes 4παsNc. The splitting function is defined by (2.13),

S(za, zc, zb) = sAB

∣∣∣∣M(O → acb)

M(O → AB)

∣∣∣∣2 (2.44)

Then

σ(X → acb) ≈ σ(X → AB) · αsNc

4π

∫
dzadzbS(za, zc, zb) . (2.45)

It is important to note that, in this formula or in (2.43), the vectors kA and kB are

introduced as part of the approximation. They can be defined in any way that is

consistent with the requirements that kA and kB are lightlike, kA + kB = Q, and kA

and kB become parallel to ka and kb, respectively, in the soft and collinear limits.

The logic of this derivation extends straightforwardly to the IF and II regions.

The major change is that, in these cases, we need to introduce initial hadrons from

which the initial partons are extracted.

Consider first the IF case. The cross section for a proton of momentum P to

scatter from a color-singlet system X transferring momentum Q to create a 2-parton

system cb is

σ(pX → cb) =

∫
dxaf(xa)

1

ΦaX

1

16π

∫
d cos θ∗ |M(aX → cb)|2 , (2.46)

where cos θ∗ is the scattering angle in the cb center of mass system. We will approxi-

mate this formula using the expression analogous to (2.43)

M(aX → cb) ≈M(AX → B) · gT · M(aO → cb)

M(AO → B)
. (2.47)

Then the splitting function is defined by the same expression S as in (2.44), but now

analytically continued into the new kinematic region. If a fermion line is crossed from

the final to the initial state, an extra factor (-1) should be included. In addition, sAB

in (2.44) is negative in this region, giving an extra minus sign.

The decomposition of the amplitude is illustrated in Fig. 2.5(a). The kinematics
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Figure 2.5: (a) Kinematics of 2→ 3 splitting in the initial-final (IF) case. (b) Phase space
for 2 → 3 splitting in the IF case. The eight regions corresponding to different orderings
of |sab|, |sac|, sbc, |Q2| are shown. The region that should be well described by an antenna
splitting AB → acb is shaded.

can be described by variables yij and zi obeying the relations (2.1) to (2.4). However,

the vectors kA, ka now have negative timelike component, and the vector Q = kA +

kB = ka + kb + kc is spacelike, Q2 = sAB < 0. The phase space for this region

covers the quadrilateral shown in Fig. 2.5(b). The region of integration is infinite,

since za can become very large, but the integral is cut off at large za by the parton

distribution function. The line za > 1, zb = 1 corresponds to the region of initial state

radiation, c parallel to a. The line za = 1, 0 < zb < 1 corresponds to the region of

final state radiation, c parallel to b. The line za + zb = 1 corresponds to b parallel to

a, that is, b as initial state radiation from the primary a. An antenna shower should

give an accurate description of the dynamics in the two regions |yac| < |ybc| < 1,

|ybc| < |yac| < |yab| that are shaded in the figure. The new constraint |ybc| < 1 is just

|sbc| < |Q2|, which is stronger than the constraint that this invariant is less than |sab|.

To decompose (2.46) into an appropriate form, we choose pA and pB and then

change variables. Let pA be chosen in the direction of pa, so that pa = zapA, za > 1.

Then pB = Q− pA. We have

pa = xaP , pA = xAP , so xa = zaxA , (2.48)
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with xA having the definite value xA = −Q2/2P · Q associated with scattering a

massless particle from a local current. For the reaction aQ→ bc, s + t + u = Q2, so

t+ u = Q2 − s = Q2za. Then

t = Q2(1− zb) =
1

2
Q2za(1− cos θ∗) (2.49)

Using these formulae, we can change variables from (xa, cos θ∗) to (za, zb). The Jaco-

bian of this transformation is

J =
∂(xa, cos θ∗)

∂(za, zb)
=

2xA
za

(2.50)

Thus,

σ(pX → cb) =

∫
dza
z2
a

∫
dzb

∫
dxAxAf(zaxA) δ(xA +Q2/2P ·Q)

· 1

ΦAX

1

8π
|M(aX → cb)|2 . (2.51)

This is an exact rewriting of (2.46). Now apply the approximation (2.47) and group

terms to form

σ(AX → B) =
1

ΦAX

2πδ(Q2 + xA2P ·Q)|M(AX → B)|2 . (2.52)

Then

σ(pX → cb) ≈
∫
dza
z2
a

∫
dzb

∫
dxAf(zaxA)σ(AX → B) · αsNc

4π
S(za, zc, zb) . (2.53)

As an example, consider using this formula to describe initial-state gluon radiation

in deep inelastic scattering from a quark. The total gluon emission is given by the

sum of the two spin-dependent splitting functions in the fifth line of Table 2.1, equal

to ∑
S = −z

2
a + z2

b

yacycb
, (2.54)

The extra minus sign comes from the sign of sAB in (2.44). In the region of initial
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state radiation, za = 1/w, zb ≈ 1, yac = −(1− zb), ybc = (1− 1/w). Then, setting∫
dzb

1

1− zb
= log

Q2

µ2
, (2.55)

we obtain

σ(pX → cb) ≈
∫
dxA

∫
dw

w
f(
xA
w

)σ(AX → B) · αsNc

4π

1 + w2

(1− w)
log

Q2

µ2
, (2.56)

which is correct.

This is an appropriate point to discuss again the signs of the expressions in Ta-

ble 2.1. The antenna splitting functions are probabilities; thus, they should be posi-

tive. However, we define the splitting functions in the IF and II regions as analytic

continuations of the values in the FF region, so their positivity must be checked

explicitly.

As we move from the FF region to the IF region with A and a in the initial state,

ybc becomes negative while all other yab, yac, za, zb remain positive. The factor zc

can be negative, but zc does not appear in the Table. With the minus sign from sAB

in (2.44), the denominator of S(za, zb, zc) is positive, and so we need only check the

numerator functions in given in the Table. The numerator functions for gg → ggg,

qq → qgq, and qg → qqq remain positive, while the numerator functions for gg → qqg

become negative. In this last case, a fermion not present in the 2-parton system is

crossed from the final to the initial state, so we must supply an extra factor (−1).

Then all of the expressions are positive, as required. However, if we then cross from

the region zb > 0 to the region zb < 0, one qg → qgg and one qg → qqq amplitude

changes sign. This sign change is unphysical; presumably, it is due to the simple

method of reconstruction in (2.26) and (2.28). We recommend setting these two

amplitudes to zero for zb < 0. The region zb < 0 is outside the shaded region in

Fig. 2.5(b) where we will generally use the parton shower approximation, so most

likely this difficulty is not important in practice.

Similarly, for the FI region where b and B and taken to be in the initial state,

yac < 0. Then the numerators that go negative as we cross into the region are those
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Figure 2.6: (a) Kinematics of 2→ 3 splitting in the initial state (II) case. (b) Phase space
for 2 → 3 splitting in the II case. The six regions corresponding to different orderings of
|sac|, |sbc|, |Q2| are shown. The region that should be well described by an antenna splitting
AB → acb is shaded.

in the qg → qqq cases where a fermion is crossed into the initial state. Now there are

four amplitudes, one each in the qg → qgg cases and both of those in q−g+ → qqq,

that become negative when za < 0. Again, we recommend that these amplitudes be

set to zero in this region of unphysical behavior.

In the II region, both yac and ybc are negative. The denominator of S(za, zb, zc)

is positive. The numerator terms that are negative because of the sign changes are

compensated by minus signs from crossing. There are no unphysical sign changes.

The correct result is always obtained by taking the absolute value of the numerator

expression from Table 2.1.

We now discuss the kinematics of the II case. We begin from the formula for two

protons of momentum PA, PB to produce a color-singlet system of momentum Q plus

a massless parton c,

σ(pp→ cX) =

∫
dxa

∫
dxbf(xa)f(xb)

1

2sab

1

16π

∫
d cos θ∗

2p∗√
sab
|M(ab→ cX)|2 ,

(2.57)

where cos θ∗ and p∗ are the scattering angle and the momentum in the cX center of

mass frame.

The decomposition of the amplitude is illustrated in Fig. 2.6(a). The kinematics
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can again be described by variables yij and zi obeying the relations (2.1) to (2.4).

Now the vectors kA, ka kB, kb have negative timelike component, and the vector

Q = kA + kB = ka + kb + kc is also negative timelike, with Q2 > 0. The phase space

for this region covers the quadrant shown in Fig. 2.5(b), with za, zb > 1. Again,

the region of integration is infinite, but the integral is cut off by the behavior of the

parton distribution functions. The line za > 1, zb = 1 corresponds to the region of

initial state radiation with c parallel to a. The line za = 1, zb > 1 corresponds to

the region of initial state radiation with c parallel to b. An antenna shower should

give an accurate description of the dynamics in the two regions |yac| < |ybc| < 1,

|ybc| < |yac| < 1 that are shaded in the figure. Again, the limit 1 here corresponds to

constraints |sac|, |sbc| < |Q2|, which are stronger than the constraints that these two

invariants are less than |sab|.

In the ab→ cX process, the system X must recoil with some nonzero transverse

momentum. Thus, it is not possible to choose kA and kB to be parallel to ka, kb.

The invariants for the ab → cX scattering process satisfy s + t + u = Q2. Since

t = Q2(1 − zb), u = Q2(1 − za), this means that s = Q2(za + zb − 1). Alternatively,

s = xaxb · 2PA · PB. We would like to choose the longitudinal fractions of A and B,

xA and xB, to satisfy the relation

xAxB · 2PA · PB = Q2 . (2.58)

To make this possible, we must write

xa = zaxAC , xb = zbxBC , (2.59)

with2

C2 =
za + zb − 1

zazb
(2.60)

The function C(za, zb) approaches 1 when either za or zb goes to 1; that is C ≈ 1 in

both collinear regions.

2Compare eq. (5.15) of [37].
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Also, t+ u = Q2(2− za − zb) = Q2zc, so

t = Q2(1− zb) =
1

2
Q2zc(1− cos θ∗) . (2.61)

We can now use (2.59) and (2.61) to change variables from (xa, xb, cos θ∗) to (xA, za, zb),

holding xB fixed at the value xB = Q2/xA2PA ·PB. The Jacobian of this transforma-

tion is

J =
∂(xa, xb, cos θ∗)

∂(xA, za, zb)
=

2xB
zc

= xB
Q2

sab

√
sab
p∗

. (2.62)

Then

σ(pp→ cX) =

∫
dza
z2
a

dzb
z2
b

1

C4

∫
dxAdxB f(zaxAC)f(zbxBC) xBδ(xB −Q2/xA2PA · PB)

· 1

sAB

1

8π
|M(aX → cb)|2 . (2.63)

This is an exact rewriting of (2.57). Now apply the approximation analogous to

(2.43) or (2.47) and group terms to form

σ(AB → X) =
1

2sAB
2πδ(Q2 − xAxB2PA · PB)|M(AX → B)|2 . (2.64)

This gives, finally,

σ(pp→ cX) ≈
∫
dza
z2
a

dzb
z2
b

1

C4

∫
dxAdxB f(zaxAC)f(zbxBC)σ(AB → X)·αsNc

4π
S(za, zc, zb) .

(2.65)

To test this formula, consider the case of qq annihilation with the emission of

a gluon collinear with the quark a. The sum of spin-dependent splitting functions

for this case is again (2.54). In the collinear region of interest, za = 1/w, zb ≈ 1.

Repeating the step that led to (2.56), we find

σ(pp→ cX) ≈
∫
dxAdxB

∫
dw

w
f(
xA
w

)f(xB)σ(AB → X) · αsNc

4π

1 + w2

(1− w)
log

Q2

µ2
,

(2.66)

which is the correct limit.
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2.7 Comparison to previous results

In the Introduction, we made reference to a number of previous definitions of the

antenna splitting functions. We noted that these definitions agree, as they must, in

the singular soft and collinear limits. However, these prescriptions differ widely away

from the boundaries of phase space. In this section, we will compare our prescription

to those of ARIADNE [19, 20] and Gehrmann-De Ridder, et al. [29–31].

We will make this comparison over the natural phase space discussed in the pre-

vious section–the entire (za, zb) plane above the line za + zb = 1. In order to describe

antenna showers for initial- as well as final-state emissions, the splitting functions

should extend into the region za, zb > 1. Depending on the details of how the shower

is constructed, their use might be restricted to a polygon around za = zb = 1, or the

expressions might be used for arbitrarily large values of za and zb.

We note again that the IF regions include the lines za = 0 and zb = 0. Expressions

for the splitting functions that are well-behaved near za = zb = 1 can possibly have

a singularity on this line, though such a singularity in the middle of the phase space

would be unphysical. We used this criterion in Section 4 to exclude factors of 1/za

and 1/zb from appearing in (2.28). The antenna functions of Duhr and Maltoni [28]

are typically singular along this line and so cannot be used in parton shower models

in all regions.

The ARIADNE and Gehrmann-De Ridder antenna functions give expressions

summed over final polarizations. To compare our splitting functions to these, we

must sum over a row in Table 2.1. Our summed expressions are independent of the

initial polarization in the soft and collinear limits, but they depend on the polar-

izations of A and B in the interior of the (za, zb) space. The comparison to our

expressions thus also reveals where this dependence on polarization is an important

effect.

The first antenna splitting functions were put forward by the ARIADNE group

[19]. Their approach started from the spin-averaged cross section for the simple

splitting process qq → qgq in e+e− annihilation. They then guessed the expressions

for the qg → qgg and gg → ggg splittings, so that these would have a similar form to
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the qq → qgq case,

S =
zna
a + znb

b

yacybc
, (2.67)

where na, nb = 2 for emission from a quark and 3 for emission from a gluon.

Our philosophy, explained in Section 2, is that each individual antenna should

reproduce the collinear limit predicted by QCD. These expressions are symmetric

under interchange of identical particles, while (2.67) does not have this property, so

we would obtain the complete splitting function by symmetrizing (2.67). This gives

qq antenna: S =
z2
a + z2

b

yacybc
,

gg antenna: S =
z3
a + z3

b

yacybc
+
z3
a + z3

c

yabybc
+
z3
b + z3

c

yabyac
,

qg antenna: S =
z2
a + z3

b

yacybc
+
z2
a + z3

c

yabybc
. (2.68)

The summed terms are each positive in the FF kinematic region. To obtain the

ARIADNE splitting functions in the other regions, we analytically continue these

formulae into the regions where za or zb is greater than 1.

The analytic continuation of the ARIADNE and, below, the Gehrmann-de Ritter

results brings in the issue of the positivity of these expressions, similar to the pos-

itivity issue for our splitting functions discussed in Section 6. For the ARIADNE

and Gehrmann-De Ridder antenna functions, the expressions given are summed over

spins, and the individual pieces are not independent of one another. So, if they be-

come negative, that is a problem for the complete, spin-summed, expression. For

the Gehrmann-de Ridder functions, it can be seen that this happens only the regions

za < 0 and zb < 0, so this is not a serious problem. However, the ARIADNE function

involve z3
c , which is negative in the whole region za + zb > 2. This problem cannot

be resolved by replacing zc with |zc|, since this leads to expressions that do not agree

with the Altarelli-Parisi factorization along the lines separating the IF regions from

the II region. Fortunately, the ARIADNE functions do not become actually become

negative until za or zb becomes very large (za or zb ∼ 12). However, the idea that

the ARIADNE functions are sums of positive and negative terms in the initial-state
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regions goes against the intuition used to propose these expressions.

We are now in a position to compare the ARIADNE function to our proposal. For

the qq antenna, the expression above coincides with the sum of row 5 of Table 2.1.

For the gg and gq cases, the ratio of the above ARIADNE functions to those defined

in Table 2.1 are illustrated in Figs. 2.7, 2.8, and 2.9. The notation in the figures is

the following: Each figure represents the ratio of the ARIADNE splitting function

to our results for a specific initial set of polarized partons, summed over final state

polarizations. The ratio goes to 1 on the lines za = 1 and zb = 1, which correspond

to the collinear limits. Away from these lines, the contours on which the ratios are

1.2, 1.5, 2.0, 3.0, and 5.0 (toward the + symbol), and the inverses of these numbers

(toward the − symbol) are shown. The qg antenna function are asymmetric between

partons a and b. The IF region in the lower right is that in which the quark is in the

intial state and the gluon is in the final state. The IF region in the upper left is that

in which the gluon is in the initial state and the quark remains in the final state.

The ARIADNE authors gave a different interpretation to the formulae (2.68).

They took the philosophy that the collinear limit need not result from a single antenna

but rather should be the result of summing over the possible antennae that would

lead to a specific final state. A three gluon final state could result from any pair of

the gluons radiating the third and so should be the sum of three antennae. Then the

second line of (2.68) would be interpretated as the sum over these three antennae.

This is a reasonable point of view for the FF kinematics considered in [19]. However,

in the IF and II regions, at least one of the zi will be negative and so some of the terms

in the last two lines of (2.68) will become negative. Such terms cannot be interpreted

as independent radiators, each emittting a gluon with positive probability. It is

tempting to revise the formula in (2.68) by taking the absolute values of the negative

terms. However, one can readily check that no such prescription gives the correct

Altarelli-Parisi limit along the lines za = 1 and zb = 1 at the boundaries of the IF and

II regions. Thus, we believe, the ARIADNE formulae can be used in the IF and II

regions only by using the formulae (2.68) as written and accepting that some negative

signs will appear3.

3The problematical terms appear to have been simply omitted in the parton shower model of
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Figure 2.7: Visualization of the ratio of the ARIADNE antenna function to our antenna
functions for the processes gg → ggg. The figures on the left and right are the comparison
of the ARIADNE antenna function to our spin-summed antenna functions from row 1 and
row 2 in Table 2.1, respectively. The boundaries of phase space for the different kinematic
regions are marked in blue. The contours are plotted at ratios of 1.2, 1.5, 2.0, 3.0, and 5.0,
with + indicating a region in which the ratio is greater than 1.
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Figure 2.8: Visualization of the ratio of the ARIADNE antenna function to our antenna
function for the process q−q− → qgq. Our antenna function for the process q−q+ → qgq
coincides with the ARIADNE result and so is not included. The notation is as in Fig. 2.7.

Figure 2.9: Visualization of the ratio of the ARIADNE antenna function to our antenna
functions for the processes qg → qgg. The figures on the left and right are the comparison
of the ARIADNE antenna function to our spin-summed antenna functions from row 7 and
row 8 in Table 2.1, respectively. The notation is as in Fig. 2.7.
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Gehrmann-De Ridder, Gehrmann and Glover [29–31] studied 2 → 3 splitting

from Feynman diagrams to develop an antenna subtraction program for NNLO cal-

culations. In doing so, they were able to extract unpolarized antenna functions for

the processes gg → ggg, qg → qgg and qg → qqq. To calculate the gluon-gluon

antenna function, they used the effective Higgs coupling to gluons

L = −λ
4
hF µνFµν . (2.69)

This is essentially the same procedure that we used in Section 3, and it yields the

same result as the sum of row 1 in Table 2.1. In our language, their antenna function

for the gluon-gluon dipole is4

S =
y2
ac + y2

bc + y2
ab + y2

acy
2
bc + y2

aby
2
bc + y2

aby
2
ac

yabyacybc
+ 4 . (2.70)

The comparison of this antenna function to the sum of row 2 of Table 2.1 is illustrated

in Fig. 2.10.

This splitting function for gg → ggg is, however, not precisely the form of the

splitting function that is used in the VINCIA parton shower [21]. They use the

‘global’ form of the Gehrmann-De Ridder antenna function, which in our language is

S =
1

2

[
2y2

ab + y2
aby

2
ac + y2

aby
2
bc

yabyacybc
+

8

3

]
. (2.71)

To implement this antenna function, a similar procedure is used as with the ARI-

ADNE antenna functions. That is, emissions from overlapping antenna are summed.

When the three antennae contributing to gg → ggg are summed together, one recov-

ers the result (2.70). This prescription works well in the FF kinematics. However, as

in the ARIADNE case, it might require negative contributions in splitting functions

for some antennae in the IF and II kinematics.

To construct the antenna functions involving quarks, Gerhmann-De Ridder, et al.,

[22]. We thank Jan Winter for an extensive discussion of this point.
4This expression actually differs from the one given in [29–31] by a factor of 1/3, which comes

from allowing any gluon to become collinear with any other gluon. Since we have identified the
radiated gluon, we remove this factor.
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Figure 2.10: Visualization of the ratio of the Gehrmann-De Ridder antenna function to
our antenna function for the process g−g+ → ggg. The antenna function for the process
g+g+ → ggg coincides with the Gehrmann-De Ridder result and so is not included. The
notation is as in Fig. 2.7.

calculated the decay of a neutralino χ to a gluon and a gluino ψ through the effective

operator

L = iηψσµνχFµν + h.c. (2.72)

In principle, our results should agree for case of a spin 1
2

initial state. However, our

choices (2.26) and (2.28) for handling ambiguous momentum products, produce some

differences. In our language, their antenna functions involving quarks are

qg → qgg : S =
2y2

ab + 2y2
ac + yaby

2
bc + yacy

2
bc + 2y2

acy
2
ab

yabyacybc
+ 2 + 2yac + 2yab ,

qg → qqq : S =
(yac + yab)

2yacyab − 2y2
acy

2
ab

yabyacybc
+ yab + yac . (2.73)

The comparison to our antenna functions is illustrated in Figs. 2.11 and 2.12. For

qg → qgg, our result for the spin 1
2

case is indeed very close to the above expression

in the FF region. For qg → qqq, our prescription (2.28) gives us an extra factor of za

near za = 0.
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Figure 2.11: Visualization of the ratio of the Gehrmann-De Ridder antenna functions to
our antenna functions for the processes qg → qgg. The figures on the left and right are
the comparison of the Gehrmann-De Ridder antenna function to our spin-summed antenna
functions from row 7 and row 8 in Table 2.1, respectively. The notation is as in Fig. 2.7.

In summary, we have shown that the antenna splitting functions represented by

(2.7) and Table 2.1 give a physically sensible prescription for the construction of

antenna showers. These splitting functions can be used with the formulae (2.45),

(2.53), (2.65) to generate antenna splittings in all three relevant kinematic regions.

We hope that this formalism will provide a firm foundation for the construction of

new parton showers based on the antenna concept.
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Figure 2.12: Visualization of the ratio of the Gehrmann-De Ridder antenna functions to
our antenna functions for the processes qg → qqq. The figures on the left and right are
the comparison of the Gehrmann-De Ridder antenna function to our spin-summed antenna
functions from row 9 and row 10 in Table 2.1, respectively. The notation is as in Fig. 2.7.



Chapter 3

Antenna Splitting Functions for

Massive Particles

3.1 Introduction

The modeling of physics at high energy colliders relies heavily on our under-

standing of QCD. Quarks and gluons – collectively, partons – that are produced in

high energy reactions are observed as jets of hadrons. The structure of each jet is

determined by the pattern of radiation of additional partons from the original one

produced in the central hard scattering reaction. For this reason, much attention

has been given the past few years to the development of methods for creating parton

showers, systems of partons created with the distributions predicted by QCD.

The traditional approach to the generation of parton showers is based on splitting

off partons through a 1 → 2 branching process. This philosophy is incorporated in

the widely used event generator programs PYTHIA [14] and HERWIG [15]. The

construct of building a shower from 1 → 2 branching, often called a ‘dipole shower’,

omits an important aspect of the physics. The longitudinal momentum distribution

in the 1→ 2 splitting is given by the Altarelli-Parisi splitting functions [16]. In QCD,

partons are emitted coherently from the two legs of a color dipole. The emission

amplitude is then enhanced inside the dipole and, more importantly, cancels outside

the dipole. In the 1980’s, Marchesini and Webber argued that this effect could be

46
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incorporated into dipole showers by imposing angular ordering of emissions [18]. Thus,

HERWIG is built around an angular-ordered parton shower, and PYTHIA, though

it uses a different ordering scheme to choose its branchings, vetos emissions that are

out of angular ordering.

Alternatively, one might build up a parton shower directly from the color dipoles,

using the 2 → 3 process of emission of a parton by a dipole as the basic branching

process. This construct is called an ‘antenna shower’. The scheme was realized in the

program ARIADNE, by Andersson, Gustafson, Lönnblad, and Pettersson [20] and,

more recently, by the program VINCIA, by Giele, Kosower, and Skands [21]. The

approach is of interest both in creating new parton shower codes for the purpose of

matrix element-parton shower matching and because of its promise to yield a more

accurate treatment of color dynamics in parton showers.

Recently, there has been much interest in the tagging of boosted heavy particles

such as the top and Higgs observed as exotic jets [10]. Since tagging methods rely

heavily on color flow, it is interesting to have a variety of approaches to the simulation

of color flow in parton showers in order to test the robustness of these algorithms.

We have been engaged in providing a well-defined foundation for antenna show-

ers, giving explicit calculations of the splitting functions that generate these showers

and generalizing previous work to spin-dependent formulae. In a previous paper,

we presented the complete set of spin-dependent antenna splitting functions needed

to describe quark and gluon parton showers [39]. In this paper, we continue our

study of this approach by presenting the spin-dependent antenna splitting functions

for showers with massive particles. In constructing a shower for massless particles,

spin-dependence is a convenience, especially for matching with full QCD amplitudes.

For massive particles, it is more important to preserve spin information, because the

decays of heavy particles such as the top quark are spin-dependent and so the exper-

imental acceptance for the heavy particles varies significantly with their longitudinal

polarization.

The formalism presented here has the same strengths and weaknesses as our pre-

vious work. We will calculate in the kinematics of final-state showers, using effective
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operators of definite spin to represent the 2-particle color dipole state before the split-

ting. We will work in the limit of a large number of colors in QCD for which the

concept of a color dipole is strictly defined. Within this approximation, we will derive

formulae for splitting functions with any ratio m/Q between the mass of the parti-

cle and the mass of the two-particle system. These formulae will necessarily be less

simple than those found in [39] for the massless case. We will see, though, that we

can make use of spinor product formalism [33, 40] to write these splitting functions

relatively compactly. The simplicity of these expressions is connected to their relation

to the Maximally Helicity Violating amplitudes of QCD. This point was originally

made for the massless case in [28] and is discussed in some detail in [39].

The formalism of QCD antennae was originally developed as a tool for the sub-

traction of infrared divergences in higher-order QCD calculations. This approach

to QCD calculation was pioneered by by Kosower [25, 41]. Gehrmann-De Ridder,

Gehrmann, Glover, and their students have developed this approach into a sophisti-

cated method applicable to NLO and even NNLO computations [31, 37]. Using this

formalism, Gehrmann-De Ridder, Gehrmann, and Glover have proposed forms for the

spin-summed antenna splitting functions of massless quarks and gluons [29, 30]. Our

previous paper reviews this latter work and compares the results from our method to

theirs. There is no universal form for antenna splitting functions. The behavior of the

splitting functions is prescribed in the soft and collinear limits but, away from those

limits, different expressions are possible, depending on the framework used in the

derivation. The systematic differences between the different proposals are explored

in [39].

Following the methods of [29, 30], splitting functions for massive, spin summed

antennae were constructed in [42–44]. Again, our expressions agree with these in

having the correct soft and quasi-collinear behavior but differ away from these limits.

The addition of mass greatly complicates both the expressions for the splitting func-

tions and the precise specification of the boundaries of phase space. Because of this,

we do not present a detailed comparison to other massive splitting functions here.

The outline of this paper is as follows: In Section 2, we will analyze the case

of gluon radiation from an antenna composed of a massive spin-1
2

fermion (Q) and
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a massless spin 1
2

fermion (q) in a configuration of zero helicity. All of the new

complications that arise when we deal with massive particles can be illustrated in

this context. We will write expressions for the splitting functions in terms of spinor

products of lightlike vectors associated with the massive vectors of the particles before

and after the splitting. In Section 3, we will discuss the kinematics of these massive

splittings and the evaluation of the the spinor product expressions.

With this introduction, we can go systematically through the various cases of

antennae composed of massive and massless particles. In Sections 4 and 5 we will

analyze in turn the cases of antennae with spin 0 and spin 1
2

massive particles recoiling

against quarks and gluons in which the antennae emits another quark or gluon. In

Section 6, we discuss the analysis of the general case of a pair of massive particles,

spin 0 or spin 1
2
, radiating gluons. In Section 7, we discuss antennae that create a

pair of massive particles. Section 8 gives some conclusions. We collect the complete

set of massive antenna splitting functions derived in this paper in Appendix A.

3.2 The spin zero fermion-quark antenna

The simplest case of a splitting function with massive particles arises in the system

of a massive and a massless fermion created by a spin 0 operator. In this section,

we will work out the spin-dependent splitting functions for this case following the

prescriptions in [39]. We will then discuss the interpretation of these formulae and

their comparison to the standard Altarelli-Parisi splitting functions for a massive

quark [45].

In [39], each case of a spin-dependent splitting is associated with a gauge-invariant

operator that creates the antenna. For this case, the required operator is

O = QLqR (3.1)

where q is an ordinary quark whose mass can be ignored and Q is a massive quark.
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This operator creates a 2-particle state

QLqL (3.2)

with total spin zero about the production axis. Antennae with overall opposite helicity

or with antiquarks have the same splitting functions, by the P and C invariance of

QCD.

In [39], we wrote the basic formula for final-state antennae splitting of massless

particles in the following way: Notate the splitting as AB → acb, with

(A+B)2 = sAB = Q2 . (3.3)

Throughout this paper, for any 4-vectors i, j, we will define

sij = (i+ j)2 = m2
i + 2i · j +m2

j . (3.4)

Let za, zb, zc be the momentum fractions of a, b, and c relative to their maximum

value,

za =
2Q · q
Q2

, etc. za + zb + zc = 2 . (3.5)

Then the probability of a splitting is given by∫
dProb = Nc

αs
4π

(
Q

2K
)

∫
dzadzb S(za, zb, zc) . (3.6)

where Nc = 3 is the number of colors in QCD and K is the momentum of the partons

in the center of mass system of the original 2-particle antenna. In the massless case,

Q/2K = 1. The distribution S is the splitting function. In [39], we computed this

function as the ratio of 3- to 2- body amplitudes of an appropriate local operator,

S = Q2
∣∣∣M(O → acb)

M(O → AB)

∣∣∣2 . (3.7)

This formula is still correct for the massive particle antennae discussed in this paper.

We will discuss the kinematics of these antennae in more detail in Section 3.



3.2. THE SPIN ZERO FERMION-QUARK ANTENNA 51

In the limit in which c becomes collinear with a or b, the antenna splitting functions

reduce to the Altarelli-Parisi functions P (z) that describe 1 → 2 splittings. For this

limit, the formulae are not as simple in the massive case as they are in the all-massless

case. We will present the explicit formulae and check them for the spin zero antenna

later in this section.

To compute the amplitudes in (3.7), we use the spinor product formalism for

massive particles of Schwinn and Weinzierl [46]. For a massless particle, the states

of definite helicity are well-defined and Lorentz invariant. For a massive particle, the

spin states depend on the frame chosen to evaluate them. In the Schwinn-Weinzierl

formalism, a massless reference vector q is used to define that frame. The spinors for

an outgoing massive fermion of mass m are written

uL(p) =
[q(p+m)

[qp[]
uR(p) =

〈q(p+m)

〈qp[〉
, (3.8)

where the flatted vector p[ is defined by

p[ = p− m2

2q · p
q (3.9)

A particularly useful choice for q is the lightlike vector in the opposite direction from

p. Rotating coordinates so that

p = (E, 0, 0, p) with E2 = p2 +m2 , (3.10)

let

p] =
1

2
(E + p)(1, 0, 0,−1) , (3.11)

Then if we set q = p], the flatted vector is

p[ =
1

2
(E + p)(1, 0, 0, 1) . (3.12)

This is very convenient. With this choice of q, the spinors defined in (3.8) are just

the usual spinors of definite helicity. Using the basis of Dirac matrices where γ5 is
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diagonal, it is easy to see that (3.8) reduces to

uL = (
√

E−p
2

√
E+p

2
)⊗ ( 0 1 )

uR = (
√

E+p
2

√
E−p

2
)⊗ ( 1 0 ) . (3.13)

Using these conventions, we can easily compute the 2 particle matrix elements of

the operator (3.1). Denote the momenta of the initial-state heavy quark and light

antiquark as A and B, respectively. Then

M(QLqL) =
[qAB〉
[qA[]

= 〈A[B〉

M(QRqL) =
m〈qB〉
〈qA[〉

(3.14)

The helicity of the q must be L, but the heavy quark created by (3.1) could be in

either spin state. However, with the usual definition of helicity, the production of

QRqL from a spin 0 operator would be forbidden by angular momentum. Indeed,

when we set q = A],

M(QRqL) ∼ 〈A]B〉 = 0 , (3.15)

because A] is a lightlike vector parallel to B. The only nonzero matrix element is

then

M(QLqL) = 〈A[B〉 ; (3.16)

this gives the denominator in (3.6). It is convenient that

|〈A[B〉|2 = Q2 −m2 = 2QK , (3.17)

with K as in (3.6).

It is straightforward to work out the numerator of (3.6) for the four possible spin

states of the 3-particle system QgqL. As in [39], we label the three final-state momenta

as (a, c, b), with the emitted particle as c. The results, using a general reference vector
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q in (3.8), are

M(QLgLqL) = − 1

[qc]

{〈ca[〉[qQb〉
sac −m2

+
[qQa[〉

[bc]

}
M(QLgRqL) = − 〈a[b〉[cQb〉

〈bc〉(sac −m2)

M(QRgLqL) = − m

[a[c]〈qa[〉

{〈cq〉[a[Qb〉
sac −m2

+
[a[Qq〉

[bc]

}
M(QRgRqL) = − m〈qb〉[cQb〉

〈bc〉〈qa[〉(sac −m2)
(3.18)

We have omitted the overall factor of (gT a). When we put q = a], we can recognize

the simplification

[a]Qa[〉 = [a[Qa]〉 = 0 . (3.19)

This follows from the fact that the 4-vector Q is a linear combination of the two

lightlike vectors a[ and a]. Now square these expressions and combine with (3.17) to

evaluate (3.7). This gives

S(QLgLqL) =
Q

2K

∣∣∣〈a[c〉[a]Qb〉
[a]c][cac〉

∣∣∣2
S(QLgRqL) =

Q

2K

∣∣∣〈a[b〉[cQb〉〈bc〉[cac〉

∣∣∣2
S(QRgLqL) =

m2Q

2K

∣∣∣ 〈a]c〉[a[Qb〉〈a]a[〉[a[c][cac〉

∣∣∣2
S(QRgRqL) =

m2Q

2K

∣∣∣ 〈a]b〉[cQb〉〈a]a[〉〈bc〉[cac〉

∣∣∣2 (3.20)

In the all-massless case, we managed to produce antenna splitting functions that

were simple rational functions of the za [39]. Here, the antenna splitting functions

are more complicated, but not excessively so. The main complications come from the

denominators (sac−m2) = [cac〉, which do not factorize simply, and from the multiple

lightlike vectors needed to characterize the state of the massive quark. In this case,
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it is not so difficult to write the splitting functions in terms of 4-vector products:

S(QLgLqL) =
Q

K

sa[c(2a
] ·Qb ·Q− a] · bQ2)

sa]c(sac −m2)2

S(QLgRqL) =
Q

K

sa[b(2b ·Qc ·Q− b · cQ2)

sbc(sac −m2)2

S(QRgLqL) =
m2Q

K

sa]c(2a
[ ·Qb ·Q− a[ · bQ2)

sa]a[sa[c(sac −m2)2

S(QRgRqL) =
m2Q

K

sa]b(2b ·Qc ·Q− b · cQ2)

sa]a[sbc(sac −m2)2
(3.21)

However, the structure of the expressions is more clearly visible in the form (3.20).

The expressions (3.20) contain exact tree-level matrix elements for the transition

of the operator O to a three-particle state. They are correctly used in a parton

shower for any values of m/Q and pT/Q among the final-state particles, as long as the

virtuality at the previous and successive branchings of the shower are well separated

from Q. In the all-massless case discussed in [39], we made approximations to the

splitting functions valid in the soft and collinear limits. It is less obvious here which

approximations are appropriate, and, in any case, we did not see how to achieve much

further simplification. So we will stop at this point for this set of splitting fuctions

and for all of the massive particle splitting functions quoted in this paper.

To evaluate expressions of the type of (3.20), we find it easiest not to convert the

expressions in (3.20) into 4-vector products or dimensionless scalars built from these

but, rather, to directly evaluate the spinor brackets. We will discuss a strategy to

evaluate these brackets in the next section.

Finally, we must discuss the collinear limits and the connection to the the Altarelli-

Parisi splitting functions. For the spin zero antennae, this connection is easiest to

discuss for the limit c ‖ b, where only massless particles are involved. We must still

take account of the fact that, because b and c recoil against a massive particle, their

maximum momentum is limited. To account for this, let

z̃b,c =
zb,c

(1−m2/Q2)
. (3.22)
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so that z̃b and z̃c run from 0 to 1 and, in the limit c ‖ b, z̃b + z̃c = 1. Then, in this

collider limit, S has the singularity

S ∼ δa,A
Q2

sbc
PB→c(z̃c) . (3.23)

The expressions in (3.20) satisfy this relation. The splitting functions to QRgL,R must

have no collinear singularity. This follows from the fact that [a[Qb〉 and 〈a]b〉 vanish

when b becomes opposite to a. The cases of QLgL,R do have singularities proportional

to s−1
a]c

and s−1
bc , with the correct coefficients to match (3.22).

In the limit c ‖ a, where the 1 → 2 splitting involves a massive particle, the

limit is slightly more complicated. For the splitting of a massive particle, the usual

Altarelli-Parisi formula for the collinear splitting is conventionally rewritten as∫
dProb = Nc

αs
2π

∫
dz

∫
dp2

T

(p2
T + z2m2)

P (z, pT ) . (3.24)

We divide the usual expressions for P (z, pT ) by 2 so that these functions give the

contribution from one of the two antennae that contribute to a collinear singularity.

Mass-suppressed terms can contain an additional factor of (p2
T + z2m2) in the de-

nominator; this is why we have allowed the Altarelli-Parisi function to depend on pT .

With this formalism, for c becoming parallel to a,

S(za, zb, zc)→
Q2

sac −m2
A

P (z̃c, pT ) (3.25)

where sac = (a + c)2. Here again, the parameter z̃c must be scaled to equal 1 at its

maximum value, as in (3.22). For the present case in which the (ac) system recoils

against a massless parton, z̃c = zc.

To discuss the limits c ‖ a, we first need to recall the Altarelli-Parisi functions for

splitting of a gluon from a massive fermion. The Altarelli-Parisi functions are defined

in the limit of not only collinear but also high energy emission. For a particle of

energy E splitting to particles with transverse momentum pT and finite masses mi,

these functions describe the regime pT ∼ mi � E. For a splitting Q → gQ, as we
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have in this case, the spin-summed splitting function is [45]

P (z) =
1 + (1− z)2

z
− m2

a · c
(3.26)

This expression becomes clearer when it is written as a set of spin-dependent Altarelli-

Parisi functions. In the convention defined by (3.24),

P (QL → QLgL) =
p2
T

p2
T + z2m2

1

z

P (QL → QLgR) =
p2
T

p2
T + z2m2

(1− z)2

z

P (QL → QRgL) =
m2

p2
T + z2m2

z4

z

P (QL → QRgR) = 0 (3.27)

The sum of these terms does reproduce (3.26). The placement of the factors of z

implements the dead cone in which soft radiation from a massive particle is suppressed

within a cone of size 1/γ, where γ is the boost of the heavy particle [47, 48].

We can now compare the c ‖ a limits of our antenna splitting functions to (3.27).

In the collinear limit,

sac −m2 =
p2
T + z2m2

z(1− z)
. (3.28)

Using this formula and the collinear limits of the spinor products, we find that (3.20)

does satisfy (3.25) with (3.27), up to corrections of relative orderm2/Q2. In particular,

in the limit c ‖ a, a] becomes collinear with b. Then the vanishing of 〈a]b〉 with no

compensatory vanishing in the denominator gives the zero in the last line of (3.27).

The spin-dependent splitting functions in the remaining sections of this paper also

satisfy these checks on the collinear limits. For convenience, we list the complete set

of mass-dependent, spin-dependent Altarelli-Parisi splitting functions that are needed

for these checks in Appendix B.
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3.3 Kinematics of massive antennae

The splitting functions computed in the previous section were written in terms

of spinor products of massless vectors associated with the massive 4-vectors of the

antenna. One should ask, how are these massless vectors computed? A similar

question arises in the context of the formula (3.6) for the antenna splitting probability.

This equation is easily written down as the ratio of a cross section to produce a 3-

body final state, integrated over 3-body phase space, to the cross section to produce a

2-body final state, without a radiated parton, integrated over 2-body phase space. In

particular, the integral
∫
dzadzb is an integral over 3-body phase space. One should

ask, what is the boundary of the region of integration for these variables, and how

does one sample points in the interior of this region?

For massless antenna, the answers to these questions are straightforward. For

antenna with both radiators in the final state (FF antennae in the notation of [39]),

the complete phase space region is the triangle

0 < za, zb < 1 za + zb > 1 (3.29)

and the region well described by the radiation process AB → acb, with c soft, is the

smaller region where

0 < zc < za < 1 and 0 < zc < zb < 1 (3.30)

To create an additional radiated particle in a state with N massless particles, we

choose a color-connected pair of particles AB, boost so that A and B are of equal

length and back-to-back, choose (za, zb) as a random point in the region (3.30), replace

the 2-particle system AB by the chosen 3-particle system acb, and, finally, reverse

the boost to bring acb back into the original frame. The corresponding phase space

regions and algorithms for antennae including initial-state particles are described in

[39]. In this paper, however, we will only discuss final-state showers.

We believe that these 4-vector configurations for massless particles provide a good

starting point for constructing 4-vector configurations that include massive particles.
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Given a point {`i} in the phase space of of N massless particles, one can obtain a

point {ki} in the phase space of N massive particles by rescaling

~ki = λ~̀i (3.31)

where λ obeys

∑
i

Êi = ECM , with Êi = (|λ~̀i|2 +m2
i )

1/2 . (3.32)

Conversely, every point of the massive phase space can be constructed uniquely in

this way. The scale factor λ is close to unity unless one of the massive particles is

nonrelativistic. The relation of the phase space measures for the massive and massless

variables is [49]

dΠN(k) = dΠN(`) · λ2N−4
∏
i

|λ~̀i|
Ei

∑
i |λ~̀i|∑

i |λ~̀i|2/Ei
. (3.33)

We will refer to the massless vectors {`i} as the backbone of the massive configuration.

We now have a strategy for the constructing the N particle phase space of a parton

shower that involves massive particles. Starting with a system of 2 massless particles,

construct a shower of massless vectors according to the procedure described above.

In each antenna, let the momentum fractions of the (massless) final particles a, b be

wa, wb. Rescale within the antenna by λ and use the massless vectors and this value

of λ to compute the splitting probabilities. For example, for the splitting described

in the previous section with particle a massive, the equation for λ is

Ea + λ(|~̀b|+ |~̀c|) = Q . (3.34)

The splitting probability is given by∫
dProb = Nc

αs
4π

(
Q

2K
)

∫
dwadwb ·λ2 · (λwa

Ea
)

λ

|λwa|2Q/2Ea + λ(wb + wc)
S . (3.35)

To evaluate the splitting function S we need the flatted and sharped vectors a[ and
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a]. The first of these is given by

a[ =
1

2
(Ea/λ|~̀a|+ 1)λ`a , (3.36)

and a] is the massless vector of the same length pointing in the opposite direction.

Once the configuration is chosen, the three new massless vectors are boosted back to

the frame of the shower, and we are ready to generate the next antenna. When the

shower is completed, the entire backbone must be rescaled to put the final massive

particles on shell. In this prescription, the recoil due to emissions is done locally

in each antenna to the extent that the particles are relativistic, but the recoil for

nonrelativistic massive particles is distributed over the whole shower.

There is one more complication that should be discussed. For a massless particle,

the spin state is determined by the helicity in a way that is independent of frame. For

a massive particle, a change of frame can rotate the spin. The helicity is preserved by

rotations and by boosts along the direction of motion. Other boosts, at an angle to

the direction of motion, change the spin orientation. In the massive particle shower

described here, we ignore this effect. In any event, it is unimportant when the mas-

sive particles are relativistic, and this accounts for most of the radiation from these

particles.

3.4 Antennae with a massive spin 0 particle

We are now ready to put together a catalogue of the antenna splitting functions

that describe the emission of quarks and gluons in the showering of massive particles.

We begin with the case of a spin 0 massive particle S recoiling against a quark or a

gluon.

In the quark case, the antenna is described by an operator

O = S† 〈2| qR (3.37)

where 〈2| is a spin-1
2

spurion that controls the quark polarization. Here and in the

rest of the paper, we will analyze a subset of the various discrete choices from which
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the rest can be derived using the P and C symmetries of QCD. Here, for example,

the two cases

SqL → SgLqL and SqL → SgRqL (3.38)

considered below suffice to provide all of the possble spin-dependent splitting functions

for Sq → Sgq and Sq → Sgq.

The 2-particle matrix element of the operator (3.37) is

M(O → SqL) = 〈2B〉 . (3.39)

Then, for the 2-particle antenna SqL with S moving the 3̂ direction, 2 should be a

massless fermion moving parallel to S. In the following, we will set 2 = A[. This choice

follows the methods used in [39]. In that paper, the polarization vectors associated

with operators O with nonzero spin are built from massless vectors 1 and 2, chosen

in the directions of B and A, respectively. With this choice, the denominator of the

expression (3.7) for the splitting function is again evaluated as (3.17).

The 3-particle matrix elements of (3.37) are

M(O → SgLqL) =
〈A[(b+ c)ac〉

[cac〉[bc]

M(O → SgRqL) = −〈A
[b〉〈bac]

[cac〉〈bc〉
(3.40)

Here again, we strip off the factors of g and color matrices. The final results are

surprisingly compact.

For an antenna containing a massive scalar and gluon, we need to find an operator

that defines an antenna whose initial state includes a gluon of a definite polarization.

For the antenna with a left-handed gluon, we may choose [39]

O =
i√
2
S† 〈2|σ · F |2〉 (3.41)

where

σ · F =
1

2
σmσnFmn . (3.42)
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This operator projects onto anti-self-dual gauge fields or left-handed physical gluons.

The corresponding operator σ · F can be used to define the antenna with an initial

right-handed gluon. The two-particle matrix elements of (3.41) are

M(O → SgL) = 〈2B〉2 M(O → SgR) = 0 . (3.43)

The zero for a gR is just as one should have expected. As above, we set 2 = A[.

There are two types of 3-particle matrix elements of (3.41). First, the antenna

can radiate a gluon. The corresponding matrix elements are

M(O → SgLgL) =
1

[bc]

[〈A[b〉2[bac〉
[cac〉

+ 2〈A[c〉〈A[b〉+
〈A[c〉2[cab〉

[bab〉

]
M(O → SgRgL) = −〈A

[b〉2〈bac]
[cac〉〈bc〉

M(O → SgLgR) = −〈A
[c〉2〈cab]

[bab〉〈bc〉
M(O → SgRgR) = 0 , (3.44)

following the pattern established in (3.40). Second, the gluon may split into a quark-

antiquark pair. For this, we need the matrix elements

M(O → SqRqL) = −〈A
[b〉2

〈bc〉

M(O → SqLqR) =
〈A[c〉2

〈bc〉
. (3.45)

The splitting functions derived from these matrix elements using (3.7) are listed

systematically in Appendix A.

3.5 Antennae with a massive spin 1
2 particle

In the same way, we can construct operators that correspond to the initial states

of antennae involving a massive Dirac fermion Q with a quark or gluon. The massive
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fermion can have helicity ±1
2
. Because the Q is massive, an initial left-handed Q can

flip over after radiation to a right-handed Q, or vice versa. We have seen this already

in the special case considered in Section 2. In this section, we will recall the results

from Section 2 and compare them to those of the other three possible antennae of

this type.

The antennae with an initial state containing F and a quark can be arranged in

a state with total spin about the axis of motion |J3| equal to 0 or 1. The spin 0 case

was considered in Section 2. The appropriate operator O is

O = QqR . (3.46)

The matrix elements of this operator between two-particle Fq states are

M(O → QLqL) = 〈A[B〉 M(O → QLqR) = 0 (3.47)

in our convention that A] should be used as the reference vector for Q. The three-

particle matrix elements are then readily computed. If we use a] from the beginnning

as the reference vector for Q, (3.18) gives

M(QLgLqL) = −〈ca
[〉[a]Qb〉

[a]c][cac〉

M(QLgRqL) = −〈a
[b〉[cQb〉
〈bc〉[cac〉

M(QRgLqL) = −m 〈ca]〉[a[Qb〉
[a[c]〈a]a[〉[cac〉

M(QRgRqL) = −m 〈a]b〉[cQb〉
〈bc〉〈a]a[〉[cac〉

. (3.48)

The antenna splitting function can be constructed from these elements in the manner

described in Section 2.

The spin 1 case can be treated in the same way. As described in [39] and at the

beginning of Section 4, we introduce lightlike vectors 1 and 2 in the direction of B
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and A, respectively. Then an appropriate operator to define this antenna is

O = Q 1〉[2 qL . (3.49)

The two-particle matrix elements of this operator are

M(O → QLqR) = 〈A[1〉〈2B〉 , M(O → QRqR) = 0 , (3.50)

Thus, this operator does correctly represent the initial situation. We will set 2 = A[

and 1 = B in the following expressions.

The splitting function for the antenna to radiate a gluon is computed from the

three-particle matrix elements of this operator to Fgq final states. These are

M(QLgRqR) = −〈a
[B〉[A[(b+ c)ac]

〈cac]〈bc〉

M(QLgLqR) = − [A[b]

〈cac][bc][a]a[]

{
[a]ac〉[bQB〉+m2〈cB〉[a]b]

}
M(QRgRqR) =

m〈a]B〉[A[(b+ c)ac]

〈a]a[〉〈cac]〈bc〉

M(QRgLqR) =
m[A[b]

〈a]a[〉〈cac]〈bc〉

{
〈a]B〉〈cab] + 〈a]c〉〈Bcb]

}
. (3.51)

The splitting functions derived from these formulae and those in (3.48) are catalogued

in Appendix A.

For the antennae with Q and a gluon, we again use the operator σ · F to define

the initial state as containing a gluon of definite left-handed polarization. There are

two cases, with total spin 1
2

and 3
2
. For the spin 1

2
case, the appropriate operator is

O = − i√
2
Qσ · F |2〉 . (3.52)

The dominant two-particle matrix element of this operator is

M(O → QLgL) = 〈A[B〉〈2B〉 . (3.53)



64 CHAPTER 3. MASSIVE ANTENNAE

Figure 3.1: Feynman diagrams for the computation of the Fg → Fgg splitting functions [39].

If we recall that the vector 2 is identified with A[, we see that this puts the initial

Q and g into just the correct orientation. The matrix elements to QLgR, QRgL, and

QRgR all vanish if 1 is taken parallel to B.

The splitting functions for the radiation of a gluon from this antenna are given by

the matrix elements of (3.53) to Qgg final states. As in [30] and in [39], these matrix

elements are given by the computation of the set of diagrams shown in Fig. 3.1. The

last diagram in the figure comes from the two-gluon vertex of the operator σ ·F . The

third diagram is required to make the computation gauge-invariant. Its origin is most

easily seen by thinking of the Q as a color octet. Then this diagram is obviously an

essential contribution to the radiation from the Qg dipole.

With this observation, we find for the three particle matrix elements of (3.53)

M(QLgLgL) =
1

[bc][a]a[]

{〈A[b〉
〈cac]

(Q2[a]ac〉 −m2[a]Qc〉) +
〈A[c〉
〈bab]

(Q2[a]ab〉 −m2[a]Qb〉)
}

M(QLgRgL) =
〈a[b〉〈A[b〉〈bac]
〈cac]〈bc〉

M(QLgLgR) =
〈a[c〉〈A[c〉〈cab]
〈bab]〈bc〉

M(QLgRgR) = 0

M(QRgLgL) =
m

〈a]a[〉[bc]

{〈A[b〉
〈cac]

(〈a]aQc〉 −Q2〈a]c〉) +
〈A[c〉
〈bab]

(〈a]aQb〉 −Q2〈a]b〉)
}

M(QRgRgL) =
m〈a]b〉〈A[b〉〈bac]
〈a]a[〉〈cac]〈bc〉

M(QRgLgR) =
m〈a]c〉〈A[c〉〈cab]
〈a]a[〉〈bab]〈bc〉
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M(QRgRgR) = 0 . (3.54)

The case of a Qg antennae in the spin 3
2

state is treated similarly. The operator

that defines the initial state is

O = − i√
2
Q 1] 〈2|σ · F |2〉 . (3.55)

The two-particle matrix elements of this operator are

M(O → QRgL) = 〈1A[〉〈2B〉2 (3.56)

and all other matrix elements are equal to zero for the choice of 1 parallel to B. We

will set 2 = A[ and 1 = B in the expressions that follow.

The three-particle matrix elements of (3.55) to Qgg final states are

M(QRgLgL) = − [a[B]

[bc]

{〈A[b〉〈A[(b+ c)ac〉
〈cac]

+
〈A[c〉〈A[(b+ c)ab〉

〈bab]

}
M(QRgRgL) = − 〈A

[b〉2

〈cac]〈bc〉

{
[a[c]〈bQB] +m2 〈a]b〉

〈a]a[〉
[cB]

}
M(QRgLgR) = − 〈A

[c〉2

〈bab]〈bc〉

{
[a[b]〈cQB] +m2 〈a]c〉

〈a]a[〉
[bB]

}
M(QRgRgR) = 0

M(QLgLgL) = − m[a]B]

〈a]a[〉[bc]

{〈A[b〉〈A[(b+ c)ac〉
〈cac]

+
〈A[c〉〈A[(b+ c)ab〉

〈bab]

}
M(QLgRgL) = −m〈A

[b〉2

[a]a[]

([a]B]〈bac] + [a]c]〈bcB])

〈cac]〈bc〉

M(QLgLgR) = −m〈A
[c〉2

[a]a[]

([a]B]〈cab] + [a]b]〈cbB])

〈bab]〈bc〉
M(QLgRgR) = 0 . (3.57)

The splitting functions for Qg → Qgg that are derived from these expressions and

those in (3.54) are catalogued in Appendix A.
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The Qg antennae can also radiate by gluon splitting to a pair of quarks. For the

spin 1
2

case, the relevant matrix elements are

M(QLqRqL) =
〈a[b〉〈A[b〉
〈bc〉

M(QLqLqR) = −〈a
[c〉〈A[c〉
〈bc〉

M(QRqRqL) =
m〈a]b〉〈A[b〉
〈a]a[〉〈bc〉

M(QRqLqR) = −m〈a
]c〉〈A[c〉

〈a]a[〉〈bc〉
(3.58)

For the spin 3
2

case, the matrix elements are

M(QRqRqL) =
[a[B]〈A[b〉2

〈bc〉

M(QRqLqR) = − [a[B]〈A[c〉2

〈bc〉

M(QLqRqL) =
m[a]B]〈A[b〉2

[a]a[]〈bc〉

M(QLqLqR) = −m[a]B]〈A[c〉2

[a]a[]〈bc〉
(3.59)

The splitting functions for Qg → Qgg that are derived from these expressions are

catalogued in Appendix A.

3.6 Antennae of a pair of massive particles

After a pair of massive scalars or fermions are produced, their first emission of

a gluon is described by an antenna in which the two massive particles both appear.

For a complete description, we need the splitting functions for these antenna as well.

These formulae are somewhat more complicated than those derived above, since some

of the simplifications that are possible when the particle b is massless no longer apply.
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There is little additional complexity in the cases in which the two massive particles

have different masses, so we will write the formulae for that more general situation.

The case of a pair of scalars is relatively straightforward. The scalar particles

themselves are spinless, so there is only one case, described by the spin-0 operator

O = S†1S2 . (3.60)

The matrix element of this operator to create the state S1S2 is simply 1. The matrix

elements for gluon emission are

M(S1gLS2) =
1

[a[c]

{ [a[ac〉
[cac〉

− 〈a
[bc]

〈cbc]

}
M(S1gRS2) = − 1

〈a[c〉

{〈a[ac]
〈cac]

− 〈a
[bc]

〈cbc]

}
. (3.61)

Each expression can be brought down to one term using the Schouten identity

〈caf ]〈dbg]− 〈daf ]〈cbg] = −〈cd〉[fabg] . (3.62)

This identity is valid when a and b are massive vectors, possibly with different masses;

c, d, f , and g must be massless. To prove the identity, write a as a linear combination

of a[ and a]. Using (3.62),

M(S1gLS2) = − 〈cabc〉
〈cac][cbc〉

M(S1gLS2) =
[cabc]

[cac〉〈cbc]
. (3.63)

The splitting functions are readily assembled from these expressions.

For the antenna of a massive fermion and a massive scalar, the general case is

described by the spin 1
2

operator

O = Q1 1〉S2 . (3.64)
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The two-body matrix elements of this operator are

M(Q1LS2) = 〈A[1〉 (3.65)

and zero for Q1R. If we take 1 = B[ following the prescriptions above,

|〈A[1〉|2 = (E1 +K)(E2 +K) , (3.66)

where E1, E2, and K are the two energies and the momentum in the antenna center

of mass frame.

The matrix elements for the operator (3.64) to create QgS states is given by the

expression

M = −gT
a

√
2
u(a)

[ε/(c)(a/+ c/+m)

[cac〉
1〉 − 1〉2b · ε(c)

[cbc〉

]
, (3.67)

where ε(c) is the polarization vector of the gluon. A convenient way to treat this is

to manipulate

ε/(c)(a/+ c/+m) = 2a · ε(c) + ε/(c)c/ (3.68)

plus a term proportional to (a/ −m) that gives zero when applied to u(a). The first

term in (3.68) combines with the last term in (3.67) to give an amplitude proportional

that of the scalar-scalar case, (3.61) or (3.63) above. The term with ε/(c) vanishes

for gR and gives a simple but nonzero term for gL. The final results for the two

amplitudes, after dropping the factor of (gT a), are

M(QLgRS) =
〈a[1〉〈cabc〉
〈cac][cbc〉

M(QRgRS) =
m1〈a]1〉〈cabc〉
〈a]a[〉〈cac][cbc〉

M(QLgLS) = −〈a
[1〉[cabc]

[cac〉〈cbc]
+
〈a[c〉〈c1〉

[cac〉

M(QRgLS) = − m1

〈a]a[〉

[〈a]1〉[cabc]
[cac〉〈cbc]

− 〈a
]c〉〈c1〉
[cac〉

]
. (3.69)

Here m1 is the mass of the fermion Q1. The formulae apply for any values of the
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masses of the fermion and scalar, as long as the 4-vectors a and b are properly on

mass shell.

The decomposition of the gluon coupling to a massive fermion given in (3.68) is

equivalent the representation of this coupling by the second-order Dirac equation, in

which the fermion is replaced by a field with a scalar-type coupling and a magnetic

moment coupling. The single-gluon magnetic moment coupling has a chiral structure

and vanishes for specific combinations of the fermion and gluon spin. This second-

order Dirac formalism is discussed in more detail in [50].

For massive fermions, there are two cases, corresponding to total spin 0 and 1

along the antenna axis. For the spin 0 case, we could use the operator QLQL to

create the antenna, similarly to the choices in Sections 2 and 5. However, in the case

in which both fermions are massive, that operator creates both QLQL and QRQR

states. We will avoid that problem here by taking the operator that creates an initial

state of QLQL to be

O = Q1 1〉〈2Q2 (3.70)

The two-body matrix elements of this operator are

M(Q1LQ2L) = 〈A[1〉〈2B[〉 , (3.71)

and zero for the other three helicity states. Similarly, for the spin 1 case, we will use

the operator

O = Q1 1〉[2Q2 . (3.72)

to create an initial state of QLQR. The two-body matrix elements of this operator

are

M(Q1LQ2R) = 〈A[1〉[2B[] , (3.73)

and zero for the other three helicity states. The QgQ matrix elements of these

operators are easily computed using the methods presented earlier in this section.

The results for the splitting functions are tabulated in Appendix A.
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Figure 3.2: The single Feynman diagram for the computation of the gg → gFF splitting
function [39].

3.7 Antennae with massive particle production

There is one more situation that we must consider. At very high energies, massive

particles can be produced by gluon splitting. At the LHC, for example, parton-parton

scattering can give quark-gluon and gluon-gluon collisions with center of mass energies

well above 1 TeV. Final state gluon antennae in these collsions can produce pairs of

top quarks. The pair production amplitudes are relatively simple, since each requires

only one Feynman diagram, as shown in Fig. 3.2 for the gg → gtt case. The final pair

of heavy particles must have equal mass and equal spin. However, there are a large

number of cases to enumerate. The massive scalar or fermion pair can be formed

from a spin 1
2

or a spin 3
2
qg antenna or from a spin 0 or spin 2 gg antenna.

For scalar pair production, the formalism is actually quite simple. The spin 1
2

and

spin 3
2
qg antennae can be represented by the operators

O1/2 = − i√
2
q σ · F |2〉

O3/2 = − i√
2
q 1] 〈2|σ · F |2〉 . (3.74)

If the gluon splits to a pair of scalars, both cases involve the operator σ · F dotted

with the gSS vertex. This product is

1

2
[(b/+ c/)γµ − γµ(b/+ c/)](b− c)µ ≡ [b, c] (3.75)
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so that the relevant three-particle matrix elements are

M(qLSS) = −〈a[b, c]2〉
sbc

(3.76)

for the spin 1
2

case and

M(qRSS) =
[a1]〈2[b, c]2〉

sbc
(3.77)

for the spin 3
2

case.

Similarly, the spin 0 and spin 2 gg antennae, corresponding to the gLgL and gRgL

initial states, can be represented by the operators

O0 =
1

2
tr[(σ · F )2]

O2 = [1|σ · F |1] 〈2|σ · F |2〉 . (3.78)

The manipulation (3.75) again gives a simple form for the three-particle matrix

elements. The corresponding splitting functions are given in Appendix A.

For the case of massive fermion pair production, this formalism is necessarily more

complex. With the choice of helicity states that we have used throughout this paper,

the vertex to create a pair of massive fermions is a Dirac matrix. For the case of a

final-state QRQL, for example, this matrix has the form

V = c[]〈b[ − m2

〈c]c[〉[b[b]]
b]]〈c] (3.79)

Then the matrix element of σ · F contains the structure

〈R1 [(b+ c), V ]R2〉 (3.80)

with a commutator bracketed between reference vectors R1 and R2. However, the

frame-dependent choice of the vectors b], c] makes it difficult to simplify this expres-

sion further. It is true that (b+c) = Q−a, where a is now massless. In some cases, we

have R1 = a, in which case the a term cancels. In other cases, we have R1 = 2 = A[,

so that the a term vanishes if a is collinear with A. We list the full expressions for
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these splitting functions in Appendix A.

3.8 Conclusion

In this paper, we have provided new materials for the construction of parton

showers that include massive spin 0 and spin 1
2

particles. We hope that this formalism

we have presented will be useful in describing the QCD dynamics of the top quark

and other heavy particles at LHC.
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Chapter 4

Angular Scaling in Jets

4.1 Introduction

Over the past years, experimental and theoretical advances have made it possible

to ask increasingly detailed questions about jets. Recently, there has been consider-

able interest in jet substructure [10–12]. Much work has focused on identifying jets

initiated by boosted heavy objects such as the Higgs boson and the top quark. A

variety of techniques have been proposed to identify and characterize substructure on

a jet-by-jet basis. It is natural to draw upon these techniques to motivate interesting

observables for the study of QCD. In this paper we explore an observable defined on

ensembles of jets.

A natural candidate for such an observable is the ensemble average of the angular

structure function introduced in Ref. [13]. We will see that this ensemble average has

a clear physical interpretation in terms of an average scaling exponent. Its leading or-

der behavior can be found from a napkin-sized computation. Below we will argue that

this ensemble average provides an interesting observable for at least three different

reasons. First, it is an infrared and collinear safe observable that, in the perturbative

regime, measures the extent to which QCD jet dynamics is scale invariant. Second,

because it is formulated in terms of two-particle correlations, it asks a particularly

detailed question about jet substructure. We find that different Monte Carlo event

74
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generators give significantly different predictions. Consequently measuring this en-

semble average could give valuable feedback on the performance of the Monte Carlo,

with any disagreements pointing towards the need for additional tuning or improve-

ment of the physics modeling. Finally, the ensemble average has a simple dependence

on uncorrelated radiation, such as might be expected from underlying event (UE)

or pile-up (PU) contributions to jets. This suggests that measurements of the en-

semble average could yield useful information about the average contribution of the

underlying event and pile-up to hard perturbative jets. More broadly, contributions

to the ensemble average with different scaling behaviors will be more or less impor-

tant at smaller or larger angular scales. In this sense the ensemble average exhibits

a characteristic sensitivity to both perturbative and non-perturbative physics, with

the former dominating at small angular scales and the latter becoming important at

large angular scales.

The outline of this paper is as follows. In Sec. 4.2 we review the definition of the

angular structure function and introduce its ensemble average. In Sec. 4.3 we compute

the leading order behavior of the ensemble average in the collinear approximation

and discuss expectations for corrections to the leading order result. In Sec. 4.4 we

investigate the sensitivity of the ensemble average to the underlying event and pile-up,

formulating a procedure for measuring the average density of uncorrelated radiation

for a given ensemble of jets. In Sec. 4.5 we gain additional insight into the physics

of the ensemble average by considering ensembles of soft radiation in the transverse

regions of the detector. In Sec. 4.6 we discuss our results and present our conclusions.

4.2 Average angular structure function

It has long been appreciated that jets have a fractal-like structure. This point of

view emerges naturally from the description of the parton shower as a probabilistic

Markov chain. The authors of Ref. [51] have computed the fractal dimension of a jet,

while Ref. [52] advocates the use of the fractal phase space introduced in Ref. [53] as

a useful diagnostic tool for complex events.

Correlation functions provide a convenient language for studying fractal systems.
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In particular they can be used to define fractal dimensions through their limiting

behavior at small scales. With this in mind, let us review the pair of correlation func-

tions introduced in Ref. [13]. The first is the ‘angular correlation function,’ defined

as1

G(R) ≡
∑
i 6=j

pT ipTj∆R
2
ijΘ(R−∆Rij) (4.1)

where the sum runs over all pairs of constituents of a given jet and Θ(x) is the Heav-

iside step function. Here pT i is the transverse momentum of constituent i, and ∆Rij

is the Euclidean distance between i and j in the pseudorapidity (η) and azimuthal

angle (φ) plane: ∆R2
ij = (ηi − ηj)

2 + (φi − φj)
2. Infrared and collinear safety and

z-boost invariance fix this as the unique form for a two-particle angular correlation

function defined on the constituents of a jet, with the only remaining freedom being

that the exponent of ∆Rij in Eq. 4.1 is arbitrary so long as it is positive. G(R) is the

contribution to a jet’s mass from constituents separated by an angular distance of R

or less. It is worth emphasizing that R does not mark the distance with respect to

any fixed center.

In the context of fractals, a correlation function c(R) gives rise to a corresponding

correlation dimension Dc defined as [54]:

Dc ≡ lim
R→0

log c(R)

logR
(4.2)

There is of course an immediate obstacle to using Eq. 4.1 and Eq. 4.2 to define the

correlation dimension of a jet: the finite resolution of the detector makes the small

R limit inaccessible. In addition, the fractal-like structure of a jet does not continue

down to arbitrarily small scales, since, for a jet with transverse momentum pT , the

parton shower is cutoff at an angular scale Rmin & ΛQCD/pT . A sensible alternative

to Eq. 4.2 is to instead define an ‘angular structure function’ ∆G(R) via a logarithmic

1In Ref. [13] G(R) is normalized so that G(R) → 1 at large R; however, for the purposes of this
paper it is convenient to leave G(R) unnormalized with dimensions of mass squared.
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derivative:

∆G ≡ d log G
d logR

=
R

G
dG
dR

= R

∑
i 6=j

pT ipTj∆R
2
ijδ(R−∆Rij)∑

i 6=j
pT ipTj∆R2

ijΘ(R−∆Rij)
(4.3)

For a jet with a finite number of constituents, the δ-function in Eq. 4.3 results in a

noisy function of R. A convenient way to obtain a smooth version of ∆G(R) is to

replace the δ-function by a gaussian with a fixed width dR:

δ(x)→ δdR(x) =
exp

(
−x2/2dR2

)
√

2πdR
(4.4)

In order to maintain the leftmost equivalence in Eq. 4.3 the Θ-function must also be

replaced by an error function ΘdR with the same width dR.

The angular structure function ∆G(R) encodes the scaling of the angular correla-

tion function at a particular value of R. In particular if G(R) ∼ Rβ then ∆G(R) = β.

In this sense ∆G(R) recovers a scaling exponent analogous to the correlation dimen-

sion in Eq. 4.2. On a jet-by-jet basis ∆G(R) exhibits dramatic peaks at prominent

angular scales corresponding to separations between hard substructure in the jet.

This property of ∆G(R) is exploited in Ref. [13] to construct an efficient top tagging

algorithm. In order to clearly observe scaling exponents, however, we will need to

average over large ensembles of jets, since the number of final state particles in a

single jet is too few to clearly observe fractal structure. Such an ensemble average

will be the subject of the rest of this paper.

We use the angular correlation function as our basic object, defining its ensemble

average as

〈G(R)〉 ≡ 1

N

N∑
k=1

G(R)k (4.5)

where N is the size of the ensemble and G(R)k is the angular correlation function of

the kth jet. From this average, we define the average angular structure function:

〈∆G(R)〉 ≡ R

〈G(R)〉
d

dR
〈G(R)〉
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= R

∑N
k=1 G ′(R)k∑N
k=1 G(R)k

= R

∑N
k=1

∑
i 6=j pTk,ipTk,j∆R

2
ijδdR(R−∆Rij)∑N

k=1

∑
i 6=j pTk,ipTk,j∆R

2
ijΘdR(R−∆Rij)

(4.6)

where δdR(R) and ΘdR(R) are the gaussian and error functions with width dR, respec-

tively. Note that the ensemble average is not defined as an average over N angular

structure functions ∆G(R)k:

〈∆G(R)〉 6= 1

N

N∑
k=1

∆G(R)k (4.7)

We make this choice for at least two reasons. First, the definition in Eq. 4.6 lends

itself more easily to analytical computation and makes possible its interpretation as an

average scaling exponent. Second, on an event-by-event basis, the angular structure

function is quite noisy. Consequently, the ensemble average in Eq. 4.7 is significantly

noisier than that in Eq. 4.6.

Throughout this paper we will set dR = 0.04. Although nonzero dR sculpts the

ensemble averages somewhat, especially near R = 0, for dR = 0.04 the effect is small

enough that we need not consider it when calculating 〈G(R)〉 analytically.

4.3 Calculating the average

As we will now show, a striking property of 〈∆G(R)〉 is that its leading order

behavior can be understood from a simple computation. This is in contrast to, e.g.,

the integrated jet shape Ψ(R) [55], which requires a detailed calculation even for

its leading order behavior [56]. This section is organized as follows. In Sec. 4.3.1

we compute the leading order behavior of 〈∆G(R)〉 in the collinear approximation.

While it would be rewarding to perform a NLO computation of 〈∆G(R)〉, in the

subsequent sections we limit ourselves to exploring some of the features we expect to

emerge from a more complete calculation. This task will be made easier thanks to the
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clear physical interpretation of 〈∆G(R)〉 as a scaling exponent. First, in Sec. 4.3.2

we discuss the qualitative effect of the running of the strong coupling. Second, in

Sec. 4.3.3 we explore higher order effects with an emphasis on the expected difference

between quark and gluon jets. Finally, in Sec. 4.3.4 we briefly touch upon whether

〈∆G(R)〉 could be amenable to factorization.

4.3.1 Collinear approximation

To begin we compute the average value of the angular correlation function 〈G(R)〉
in the collinear approximation. To first order in αs, 〈G(R)〉 can be computed from

〈G(R)〉 ' αs
2π
p2
T

∫ R2
0

0

dθ2

θ2

∫ 1

0

dz P (z)z(1− z)θ2Θ(R− θ) (4.8)

where R0 is the radius of the jet algorithm and P (z) is the appropriate Altarelli-Parisi

splitting function. Notice that, as discussed at the end of Sec. 4.2, for the purposes of

this section it is enough to set dR = 0, although dR > 0 will be needed for any actual

measurement. Since we are interested in the interior of the jet, in all of the following

expressions we will assume that R < R0. This prevents us from making predictions

about edge effects in 〈G(R)〉, but we do not expect the collinear approximation to be

a good approximation at larger R anyway. From Eq. 4.8 we find:

〈G(R)〉 =
αs
2π
p2
TR

2


3
4
CF quark jets

7
10
CA + 1

10
nFTR gluon jets

(4.9)

We thus have the leading order result that the angular correlation function for

QCD jets goes like R2. Consequently, for both quark and gluon jets, we have that

〈∆G(R)〉 = 2. Note that this holds for any jet algorithm.

Some interpretation of this result is in order. The average angular structure func-

tion 〈∆G(R)〉 is a measure of how energy is distributed within a jet. A typical QCD

jet has a hard core with the structure of emissions in and around the core controlled

by the soft and collinear singularities. The fact that for QCD jets 〈∆G(R)〉 = 2 at

leading order tells us that QCD has a collinear singularity of strength dΘ2/Θ2. By
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contrast, if the energy were distributed uniformly over the entire cone of the jet, we

would expect 〈G(R)〉 ∼ R4 and 〈∆G(R)〉 ' 4, at least up to edge effects.

4.3.2 Running coupling

The qualitative effects of including a running coupling are straightforward to un-

derstand. We proceed by evaluating the strong coupling at a characteristic energy

scale Q2 = p2
T θ

2g(z), where g(z) is a function of the momentum fraction z that is

regular for 0 ≤ z ≤ 1. Typically, Q is taken to be the jet mass (g(z) = z(1 − z)) or

transverse momentum of the emitted gluon (g(z) = 1− z), but for our purposes what

is most important is that Q2 is proportional to θ2. This implies that at small angles

the strong coupling increases resulting in more radiation in the small angle region of

phase space. Effectively, this increases the strength of the collinear singularity with

respect to the fixed coupling expectation. Thus, we expect that the effect of a running

coupling is to lower the value of 〈∆G(R)〉 with respect to the fixed coupling result.

A simple calculation confirms this picture. Now including a running coupling we

have:

〈G(R)〉 ' p2
T

∫
dθ2

θ2

∫
dz P (z)z(1− z)

αs(p
2
T θ

2g(z))

2π
θ2Θ(R− θ) (4.10)

To lowest order the running coupling is

αs(Q
2) =

α0

log
(
p2T θ

2g(z)

Λ2
QCD

) (4.11)

where α0 = 2π/β0 and β0 is the leading coefficient of the QCD beta function. In the

limit that pTR � ΛQCD, the precise forms of g(z) and P (z) are irrelevant, and we

find that

〈G(R)〉 ∝ R2

log
(

pTR
ΛQCD

) (4.12)

with the result that

〈∆G(R)〉 ' 2− 1

log
(

pTR
ΛQCD

) (4.13)
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As expected, including the running coupling decreases the average angular structure

function. To first order in 1/ log
(

pTR
ΛQCD

)
, Eq. 4.13 is true for both quark and gluon

jets. This effect is not negligible. For example, for pT = 200 GeV, R = 1.0, and

ΛQCD = 300 MeV, we have that 1/ log
(

pTR
ΛQCD

)
' 0.15.

4.3.3 Higher order effects

We can get an idea of the nature of the higher order corrections to the O(αs) fixed

coupling result by continuing the calculation of Sec. 4.3.1 to O(α2
s). The kinematic

identifications of the three parton final state are illustrated in Fig. 4.1, which depicts

the longitudinal momentum fractions and angles associated to each splitting. We

impose angular ordering so that θ1 ≥ θ2. The expression for the O(α2
s) contribution

to 〈G(R)〉 is then given by:

〈G(R)〉α2
s
'

(αs
2π

)2

p2
T

∫ R2
0

0

dθ2
1

θ2
1

∫ θ21

0

dθ2
2

θ2
2

∫ 1

0

dz

∫ 1

0

dy P1(z)P2(y){
z2y(1− y)θ2

2Θ(R− θ2)

+z(1− z)y

∫ 2π

0

dφ

2π

[(
(1− y)2θ2

2 + θ2
1 − 2(1− y)θ1θ2 cosφ

)
×Θ
(
R−

√
(1− y)2θ2

2 + θ2
1 − 2(1− y)θ1θ2 cosφ

)]
+z(1− z)(1− y)

∫ 2π

0

dφ

2π

[(
(y2θ2

2 + θ2
1 + 2yθ1θ2 cosφ

)
×Θ
(
R−

√
y2θ2

2 + θ2
1 + 2yθ1θ2 cosφ

)]}
(4.14)

Using unpolarized splitting functions and setting cosφ = 0 results in a simple analytic

formula given by

〈G(R)〉q =
αs
2π
p2
TR

2

{
3

4
CF +

αs
2π

(
−25

16
C2
F +

49

120
CACF +

7

120
nFTRCF

)(
1 + log

R2
0

R2

)}
(4.15)

for quark jets and

〈G(R)〉g =
αs
2π
p2
TR

2

{
7

10
CA +

1

10
nFTR
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1

2
z

1 - z

zy

z(1 - y)

!1

!2

Figure 4.1: Splitting diagram for the O(α2
s) contribution to 〈G(R)〉.

+
αs
2π

(
− 49

100
C2
A −

91

300
CAnFTR −

1

30
n2
FT

2
R +

7

20
CFnFTR

)(
1 + log

R2
0

R2

)}
(4.16)

for gluon jets. From these expressions we can calculate 〈∆G(R)〉 to O(αs), finding

〈∆G(R)〉q ' 2− αs
π

(
−25

12
CF +

49

90
CA +

7

90
nFTR

)
+O(α2

s)

' 2 + 0.95
αs
π

(4.17)

for quark jets and

〈∆G(R)〉g ' 2− αs
π

(−49
10
C2
A − 91

30
CAnFTR − 1

3
n2
FT

2
R + 7

2
CFnFTR

7CA + nFTR

)
+O(α2

s)

' 2 + 2.44
αs
π

(4.18)

for gluon jets, where we have set nF = 5 in evaluating the color factors. Notice that,

since
d

d logR
log
[
R2(1 + ε log(R2))

]
= 2 + 2ε+O(ε2) (4.19)

〈∆G(R)〉q/g remain flat in R to this order in αs. In particular Eq. 4.19 implies that

the α2
sR

2 terms in Eq. 4.15 and Eq. 4.16 do not contribute to Eq. 4.17 and Eq. 4.18

at O(αs). These terms do contribute to the normalization of the angular correlation

function, but we do not expect them to be correctly given by the collinear approxima-

tion. We suspect, however, that the R2 log
R2

0

R2 terms are robust as far as the scaling

exponent is concerned.
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(a) Pythia8
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Figure 4.2: Average angular structure functions for ensembles of jets with pT > 200 GeV
and no underlying event or initial state radiation. Red curves denote quark jets and blue
curves denote gluon jets. These are anti-kT jets with jet radius R0 = 1.0 as generated with
Pythia8 (left) and Herwig++ (right). See Appendix C for more details about the Monte
Carlo.

The increase of 〈∆G(R)〉 with respect to the leading order result can be loosely

interpreted as resulting from a relative increase in the amount of energy radiated

away from the center of the jet. This increase is largest for gluon jets as a result of

the large associated color factors.

Putting together the results from Sec. 4.3.1, Sec. 4.3.2, and Sec. 4.3.3 our ex-

pectations for the form of 〈∆G(R)〉 for quark and gluon jets are as follows. Apart

from edge effects, we expect both 〈∆G(R)〉q and 〈∆G(R)〉g to be approximately flat

in R as in the leading order result. Furthermore, if the effects of a running coupling

are dominant then we also expect that 〈∆G(R)〉q/g . 2. In addition we expect that

〈∆G(R)〉q < 〈∆G(R)〉g. Note that, even in the case when 〈∆G(R)〉q/g are separately

flat, an ensemble average over an admixture of quark and glue jets will in general not

be flat.

In Fig. 4.2 and Fig. 4.3 we plot 〈∆G(R)〉 for both quark and gluon jets as ob-

tained from Pythia8 and Herwig++ dijet events. The ensembles are composed of

anti-kT jets with R0 = 1.0 and pT > 200 GeV. Initial state radiation (ISR) and

the underlying event have been turned off. The Monte Carlo is roughly in accord

with our expectations. Not surprisingly, our expectations are more in line with the

angular ordered shower in Herwig++, where the expected difference between quark
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(a) Quark jets
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(b) Gluon jets
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Figure 4.3: Average angular structure functions for three different ensembles of jets with
pT > 200 GeV and no underlying event or initial state radiation. These are anti-kT jets
with jet radius R0 = 1.0 as generated with Pythia8 (solid) and Herwig++ (dashed). See
Appendix C for more details about the Monte Carlo.

jets and glue jets, i.e. 〈∆G(R)〉q < 〈∆G(R)〉g, is unambiguous. The differences be-

tween the predictions for 〈∆G(R)〉 given by Pythia8 and Herwig++ are striking (see

Fig. 4.3), with 〈∆G(R)〉 being substantially higher for Herwig++ over a large range

in R. This difference2, which persists when the underlying event and initial state

radiation are included (see Fig. 4.4(c)), should be measurable and motivates making

the measurement. It would be interesting to have a detailed understanding of how

this qualitatively different behavior emerges from the two codes; doing so, however,

lies outside the scope of this paper.

2 We have also performed Monte Carlo calculations of 〈∆G(R)〉 for an ensemble of jets pro-
duced in the process e+e− → qq. In this case the differences between Pythia8, Herwig++, and
Pythia8+Vincia (showering done with Vincia 1.0.26 [57]) are small compared to the differences in
Fig. 4.3(a).
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4.3.4 Factorization

Before moving on we would like to draw a connection to a recent analysis on

the factorizability of jet substructure observables in soft-collinear effective theory

(SCET) [58]. Walsh and Zuberi determined necessary conditions for jet substructure

observables to be factorizable in the sense that any such observable can be computed

as a direct product of universal terms up to power corrections. A central result of

their analysis is that in order for factorization to hold an observable must not demand

that soft modes individually resolve collinear modes. Because the angular correlation

function is a two-particle correlation function, one might worry that it mixes soft and

collinear modes in a way that upsets factorization. However, to leading power soft

modes contributing to 〈G(R)〉 do not resolve individual collinear modes:

∑
C,S

pTCpTS∆R2
CSΘ(R−∆RCS) = pTJ

∑
S

pTS∆R2
SJΘ(R−∆RSJ) (4.20)

Here the sum runs over collinear (C) and soft (S) modes and J refers to the jet.

This suggests that the ensemble average of the angular correlation function should

be factorizable in SCET.

4.4 Effect of uncorrelated radiation

In the previous section we discussed the shape of 〈∆G(R)〉 as determined by the

perturbative final state shower. At a hadron collider the colored initial state means

that the dynamics of jets cannot be understood separately from the underlying event

and initial state radiation. For convenience in the following we will often collectively

refer to any radiation that is not associated with the hard, perturbative final state as

the “underlying event.” In particular what we have in mind is comparably soft radia-

tion that is uncorrelated with the hard scatter and which is approximately uniformly

distributed in pseudorapidity and azimuth with transverse momentum density ΛUE.



86 CHAPTER 4. ANGULAR SCALING IN JETS

4.4.1 Background

We would like to ask how this UE affects 〈∆G(R)〉 for an ensemble of jets of a

given pT . Since by assumption ΛUE � pT , we can neglect correlations of order Λ2
UE.

Furthermore, since most of the energy of the final state shower is localized in a hard

core at the center of the jet, we can write the O(ΛUE) contribution to 〈G(R)〉 as

〈G(R)〉ΛUE
= pTΛUE

∫ 2π

0

dφ

∫ R

0

R′dR′R′2 =
π

2
pTΛUER

4 (4.21)

This ansatz neglects edge effects due to the finite size of the jet, but these are expected

to be small away from R = R0 for the approximately circular3 anti-kT jets used

throughout this paper. The range of R for which this ansatz is valid will be smaller

for other sequential jet algorithms (e.g. Cambridge/Aachen and kT ) that yield more

irregularly shaped jets. Thus we have:

〈G(R)〉 = 〈G(R)〉pert +
π

2
pTΛUER

4 (4.22)

Since the perturbative piece goes approximately like R2, at large R the UE contri-

bution is increasingly important. In the absence of the perturbative piece we would

have 〈∆G(R)〉 ' 4. Thus the inclusion of UE has the effect of increasing 〈∆G(R)〉
from its perturbative value of near 2 at small R towards the value of 4 characteristic

of uniform radiation at large R. This behavior is evident in Fig. 4.4. Going to the

average angular structure function, we can rewrite Eq. 4.22 as:

〈∆G(R)〉pert =
R d
dR
〈G(R)〉 − 2πpTΛUER

4

〈G(R)〉 − π
2
pTΛUER4

(4.23)

Provided that we have some sort of estimate of the perturbative piece 〈∆G(R)〉pert,

the distinctive R-dependence of Eq. 4.23 can be used to fit for ΛUE. In the remainder

of this section we will investigate a procedure for doing so.

3See, e.g., Fig. 7 in Ref. [59] for ‘typical’ jet shapes as generated by different algorithms.
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(a) Pythia8
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(b) Herwig++
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(c) Pythia8 vs. Herwig++

Figure 4.4: Average angular structure functions for ensembles of jets with pT > 200 GeV.
The black curves have no underlying event nor any ISR. In contrast to the previous section,
here underlying event and ISR are turned on for the colored curves. On the LHS, the
Pythia8 samples make use of tune 4C, with the red curve having twice as much UE activity
as the blue curve. On the RHS, the purple curve corresponds to Herwig++ tune LHC-UE7-
2. For comparison, the bottom figure overlays the Pythia8 and Herwig++ curves. These
are anti-kT jets with jet radius R0 = 1.0. See Appendix C for more details about the Monte
Carlo.
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Figure 4.5: ΛUE(R) curves as extracted via the procedure detailed in Sec. 4.4.2. The solid
curves correspond to the Pythia8 samples in Fig. 4.4, while the dashed curve corresponds
to the Herwig++ sample. The dotted curve corresponds to the same Herwig++ sample as
the dashed curve, the difference being that the power law of the underlying event ansatz is
changed from R4 to R3.3. The matching was done at Rmin = 0.25.

4.4.2 Procedure

One possible procedure for extracting ΛUE for a given ensemble of jets works from

the assumption that 〈∆G(R)〉pert is approximately flat in R. We have seen some

tentative evidence for this hypothesis in Sec. 4.3. We can estimate 〈∆G(R)〉pert by

measuring 〈∆G(R)〉 at small R. Specifically we assume that the perturbative piece is

exactly flat and given as

〈∆G(R)〉pert = 〈∆G(Rmin)〉 ≡ C (4.24)

where Rmin � 1. We choose Rmin = 0.25. With this ansatz, we can invert Eq. 4.23

to solve for ΛUE as a function of R:

ΛUE(R) =
2〈G(R)〉
πpTR4

〈∆G(R)〉 − C
4− C

(4.25)

The flatness of ΛUE(R) over a wide range of R can then justify the ansatz a posteriori,

and ΛUE(R) can be averaged over a range in R to obtain ΛUE. Summarizing, the

procedure would be:
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1. Measure C ≡ 〈∆G(Rmin)〉 and take this as an ansatz for the perturbative con-

tribution to 〈∆G(R)〉 for all R.

2. Construct Eq. 4.25 for a range of R with R > Rmin.

3. Then ΛUE, the average value of ΛUE(R) over a range in R, gives a measure of

the average density of UE in the ensemble of jets.

An additional sanity check on the extracted scales could be to measure ΛUE as a

function of the number of primary vertices nPV. If the above procedure makes sense,

ΛUE should exhibit a clear linear dependence on nPV, since pile-up will contribute

uncorrelated radiation to the ensemble of jets in an amount proportional to nPV − 1.

4.4.3 Results

Curves ΛUE(R) as extracted from Monte Carlo data via this procedure are plotted

in Fig. 4.5. For Pythia8, ΛUE(R) is approximately flat over a broad range in R,

justifying the ansatz in Eq. 4.22. Note that the scale of the red curve is about twice

that of the blue curve. This is as expected, since the red sample has twice as much

UE activity as the blue sample (but the same amount of ISR). The dashed Herwig++

curve, by contrast, is not flat and has an unambiguous downward slope. Changing the

UE power law ansatz from R4 to R3.3 results in a ΛUE(R) curve that is much flatter,

though still at a similar scale. That is to say that for Herwig++ the underlying event

is not uniformly distributed, instead being clustered somewhat around the center of

the hard, perturbative jet. This points to the possibility of fitting for the exponent

in the UE ansatz of Eq. 4.22, but we do not explore this possibility any further.

The average UE densities ΛUE defined from the extracted curves ΛUE(R) are listed

in Table 4.1. These are defined by averaging ΛUE(R) in the range from R = 0.4 to

R = 0.8, with the perturbative contribution to 〈∆G(R)〉 matched at Rmin = 0.25.

Also listed are the average transverse momentum densities ΛTrans in the transverse

region (for the definition of which see Sec. 4.5). For all the samples we see that ΛUE

tracks ΛTrans as expected, although it tends to be somewhat larger. For the three

Pythia8 samples we see how, as we scale the amount of UE activity, ΛTrans and ΛUE

rise linearly and in tandem.
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Monte Carlo Sample ΛTrans ΛUE

Pythia8 Tune 4C 3.2 GeV 2.8± 0.3 GeV
Pythia8 Tune 4C′ 4.6 GeV 5.0± 0.7 GeV
Pythia8 Tune 4C′′ 6.0 GeV 7.2± 1.1 GeV
Herwig++ Tune LHC-UE7-2 3.3 GeV 3.7± 1.0 GeV
Herwig++ Tune LHC-UE7-2 (R3.3 ansatz) 3.3 GeV 3.2± 0.4 GeV

Table 4.1: Table of extracted UE densities. ΛTrans is the average pT density in the trans-
verse region and ΛUE is extracted from 〈∆G(R)〉. The ‘error’ bars quoted for ΛUE are the
maximum difference of the function ΛUE(R) from its average, which is computed in the
range from R = 0.4 to R = 0.8. Tunes 4C′ and 4C′′ differ from tune 4C in that they have
twice and thrice as much UE activity, respectively. See Appendix C for more details about
the Monte Carlo.

We can ask how sensitive the extraction of ΛUE is to deviations from the flatness

assumption. The largest dependence on the perturbative ansatz C in Eq. 4.25 is

through the term 〈∆G(R)〉−C. A large overestimation (underestimation) of C gives

a large underestimation (overestimation) of the average UE density. For example,

if for Pythia8 Tune 4C we let C be given by the 〈∆G(R)〉 obtained from Pythia8

in the absence of UE/ISR, we find an O(100%) correction to ΛUE. In contrast the

corresponding correction for Herwig++ is only O(20%).

The validity of the procedure explored in this section depends on a number of as-

sumptions, and an assessment of its usefulness would require a detailed experimental

study with a particular emphasis on the systematic uncertainties involved. In addi-

tion, a better theoretical understanding of the perturbative contribution to 〈∆G(R)〉
would be needed to determine the degree to which the flatness assumption is war-

ranted. Nevertheless, as the luminosity (and eventually the center of mass energy)

continues to rise at the LHC, the increasing importance of UE and PU motivates the

study of additional experimental handles on the impact of UE and PU on hadronic

final state reconstruction. While something like the “jet-area/median” method intro-

duced in Ref. [60] is much more ambitious, since it provides a handle on fluctuations

in UE and PU, the procedure proposed here might be a useful complement to this

and other methods.
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Figure 4.6: Definition of the transverse region.

4.5 Angular correlations in the transverse region

To gain more intuition for the scaling information encoded in the average angular

structure function, it is interesting to consider a qualitatively different ensemble of

jets. Unlike many traditional jet shape observables, 〈∆G(R)〉 is a meaningful observ-

able for regions of the detector populated with soft, diffuse radiation. In the following

we will focus on the transverse region of dijet events, as traditionally employed in un-

derlying event studies. We will explore three different models for the underlying

event: (i) the analytically tractable Feynman-Wilson gas; (ii) a toy Monte Carlo that

describes uniformly distributed mini-jets; and (iii) full Pythia8 simulation.

The transverse region is defined with respect to the direction of the hardest jet

or hardest charged track (φ ≡ 0), with its two halves extending between φ = ±π/3
and φ = ±2π/3 and η = −ηmax and η = ηmax (see Fig. 4.6) [61]. We choose to define

the transverse region with respect to the hardest jet and set ηmax = 2.0. The two

transverse regions are further distinguished by their total activity. The region with

the largest scalar sum pT is denoted as the trans-max region and the other is the

trans-min region. Historically, underlying event studies have often focused on these

two regions, since they are less sensitive to contamination from the hard perturbative

scattering [62]. In the following ensemble averages will always be defined on charged

tracks in the trans-min region, although other variations are possible.

The most commonly used models of the underlying event are based on a picture

of hadronic collisions in which multiple parton interactions (MPI) contribute to the
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soft activity in each event [63]. These models proceed by extrapolating the 2 → 2

QCD matrix element to semi-perturbative energies. Spectator partons that are not

involved in the hard collision are allowed to scatter, resulting in an approximately

uniform population of low pT jets, at least up to moderate pseudorapidities.

4.5.1 Feynman-Wilson Gas

Following the MPI hypothesis, we will make a number of simplifying assump-

tions and see what sort of 〈∆G(R)〉 we would expect to measure in the trans-min

region. To begin with consider a model for the underlying event along the lines of the

Feynman-Wilson gas [64]. We assume that the number of underlying event particles

is distributed with a probability distribution ρ(n) that depends only on the number

of particles n. Typically this is taken to be Poissonian. Also, we will assume that the

transverse momentum of the underlying event particles has a distribution pT (n) that

is uniform in η and φ.

In this case the average angular correlation function can be calculated from

〈G(R)〉 =
∞∑
n=2

ρ(n)
∑
i<j≤n

pT (n)pT (n)∆R2
ijΘdR(R−∆Rij) (4.26)

For fixed n, the sum over the pairs of constituents breaks up into
(
n
2

)
identical terms

so that we can write

〈G(R)〉 =
∞∑
n=2

(
n

2

)
ρ(n)pT (n)pT (n)

∫
[dηdφ] ∆R2

12ΘdR(R−∆R12) (4.27)

where [dηdφ] ≡ dη1dη2dφ1dφ2. Since all the R dependence is in the integral, taking

the logarithmic derivative yields the simple expression:

〈∆G(R)〉 ≡ d log〈G(R)〉
d logR

= R

∫
[dηdφ] ∆R2

12δdR(R−∆R12)∫
[dηdφ] ∆R2

12ΘdR(R−∆R12)
(4.28)

That is, assuming that the underlying event is uniformly distributed, we can compute

〈∆G(R)〉 without knowing the pT or particle number distributions. The average

angular structure function becomes purely geometric.
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Figure 4.7: 〈∆G(R)〉 in the trans-min region. The black curve corresponds to the Feynman-
Wilson gas. The purple curve corresponds to Pythia8 dijet events with pT jet > 200 GeV.
The red curve corresponds to the toy Monte Carlo, described below. Finally, the blue curve
corresponds to an ensemble of single “DLA mini-jets” as employed in the toy Monte Carlo.
See Appendix C for more details about the Monte Carlo.

For a rectangle of size ∆η × ∆φ, 〈∆G(R)〉 can be computed for dR = 0. For

example, for R < min(∆η,∆φ) we have:

〈∆G(R)〉 =
2π∆η∆φ− 4(∆η + ∆φ)R + 2R2

π
2
∆η∆φ− 4

5
(∆η + ∆φ)R + 1

3
R2

= 4− 8

5π

∆η + ∆φ

∆η∆φ
R +O(R2) (4.29)

The corresponding 〈∆G(R)〉 over the full range of R with dR = 0.04, ∆φ = π/3, and

∆η = 4.0 is plotted as the black curve in Fig. 4.7. Edge effects quickly bring 〈∆G(R)〉
down to zero for R & 1. At small but nonzero R, 〈∆G(R)〉 approaches the value of 4

that is obtained in the infinite-plane limit ∆η,∆φ → ∞. As R → 0 the smoothing

pulls 〈∆G(R)〉 down from near 4, as would be the case for dR = 0 (see Eq. 4.29).

4.5.2 Toy Monte Carlo

With Monte Carlo we can explore the 〈∆G(R)〉 that results from underlying event

models more complicated than the simplest Feynman-Wilson gas. In particular we

would like to understand the 〈∆G(R)〉 that results from MPI models. We use the

following toy Monte Carlo to test whether we understand the key physics ingredients
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Figure 4.8: 〈∆G(R)〉 for ensembles excluding events where the pT of the hardest charged
particle in the trans-min region exceeds a given pTmax. 〈∆G(R)〉 for the Feynman-Wilson
gas is shown in black, while the colored curves correspond to Pythia8 dijet events with
pT jet > 200 GeV. The purple curve has no pT cut, while the blue, green, orange and red
curves correspond to pTmax of 16 GeV, 8 GeV, 4 GeV and 1 GeV, respectively. See Appendix
C for more details about the Monte Carlo.

entering into the form of 〈∆G(R)〉 obtained from Pythia8. First, we generate n mini-

jets, where n is selected from a Poisson distribution with mean 〈n〉 = 0.30 per unit

area of azimuth/pseudorapidity. We choose the transverse momenta of the mini-jets

from the distribution

ρ(pT ) ∼ dp2
T

p4
T

Θ(p2
T − λ2) (4.30)

where λ = 1 GeV. To generate the emissions that make up each mini-jet we employ

a sort of double logarithmic approximation (DLA) scheme that mimics the parton

shower. That is, for each mini-jet we generate a fixed number of emissions, Ng = 10,

where each “gluon” is generated according to the distribution

w(θ, z, φ) ∼ dθ

θ

dz

z

dφ

2π
(4.31)

where θ is the angular separation between the gluon and the center of the mini-jet, z

is the energy fraction of the gluon, and φ is the azimuthal angle around the mini-jet

axis. The θ and z distributions are cut off at finite values, with 0.1 < z < 1.0 and

0.01 < θ < 1.2.
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The 〈∆G(R)〉 for an ensemble of single “DLA mini-jets” is plotted as the blue

curve in Fig. 4.7. By construction, for R < θmax = 1.2 DLA mini-jets have an average

angular structure function near the perturbative value of 2. Since MPI models are

dominated by two scaling behaviors, (i) the perturbative R2 scaling of the substruc-

ture of the mini-jets at small R and (ii) the Feynman-Wilson scaling at large R, we

expect our toy model to yield a 〈∆G(R)〉 between the limiting 〈∆G(R)〉 curves of (i)

and (ii). This is what we see in Fig. 4.7, where the red curve interpolates between the

blue and black curves, with a smooth transition between the two regimes at interme-

diate R. Furthermore, we see that the toy Monte Carlo does a good job of describing

the average angular structure function obtained from Pythia8.

4.5.3 Emergence of jets

In Fig. 4.8 we illustrate the effect on 〈∆G(R)〉 when the ensemble is defined to

exclude events where the pT of the hardest charged particle in the trans-min region

exceeds a given pTmax. The Feynman-Wilson curve is shown for comparison in black.

As the cut is decreased from infinity, 〈∆G(R)〉 approaches the Feynman-Wilson curve

at small R. This is because the pT cut has the effect of removing events with harder

(and therefore jettier) structure in the transverse region. The soft events that remain

are composed of soft mini-jets whose substructure is less jetty due to the smaller

dynamical range of the parton shower. This effect should be measurable in data.

4.6 Discussion and conclusions

The angular correlation function provides a direct probe into the scaling behavior

of QCD. Because it is formulated in terms of two-particle correlations, it asks a

particularly detailed question about jet substructure. Many jet shape observables

(the integrated jet shape, angularities, etc.) are linear in the momenta of the jet

constituents and are explicitly defined with respect to the jet center, i.e. they are radial

moments of one kind or another. In this sense they can be thought of as accessing

one-particle correlations, and the measurement of 〈∆G(R)〉 would be expected to

provide orthogonal information about the substructure of jets.
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This comment is especially relevant to the observed differences in 〈∆G(R)〉 be-

tween Herwig++ and Pythia8. If these event generators are being tuned to exper-

imental data for observables like the integrated jet shape, then it is not surprising

that they should give different predictions for two-particle correlations. Understand-

ing these differences will be important if measurements of 〈∆G(R)〉 are to be used

for improving Monte Carlo tunes. For example, the evolution variable of the par-

ton shower affects both the structure of emissions in the jet as well as the scale at

which the running coupling is evaluated. In addition, numerous other effects such as

hadronization, color reconnections, and the details of the UE model will enter into

the prediction for 〈∆G(R)〉. One would also like to understand how matched samples

of jets, with their different treatment of hard, wide-angle radiation, affect the form

of 〈∆G(R)〉.

An especially interesting property of 〈∆G(R)〉 is that it can be interpreted as an

average scaling exponent. This makes the leading order result 〈∆G(R)〉 = 2 partic-

ularly simple to understand and provides useful intuition for the higher order effects

explored in Sec. 4.3. It also forms the basis of the two applications of 〈∆G(R)〉 exam-

ined in Sec. 4.4 and Sec. 4.5. In the first case, reliable extraction of ΛUE will require

a better theoretical understanding of the perturbative contributions to 〈∆G(R)〉. In

particular it remains to determine to what degree the flatness assumption made in

Sec. 4.4.2 is warranted. In the second case, forming the ensemble average in the trans-

verse region provides additional insight into the physics encoded in 〈∆G(R)〉. We find

that MPI models predict a quasi-universal form for 〈∆G(R)〉 with 〈∆G(R)〉 ' 2 at

small R and the large R form following the Feynman-Wilson gas. Although the jetty

nature of UE is already well established, a measurement of 〈∆G(R)〉 in the transverse

region has the nice property that it exhibits both the perturbative substructure and

the uniform distribution of mini-jets.

In this paper we have argued that the ensemble average of the angular structure

function makes for a particularly interesting jet shape observable. From a theoretical

point of view its interpretation as a scaling exponent is especially compelling. From

an experimental point of view the possibility of measuring the average contribution of

the underlying event and pile-up to hard perturbative jets is intriguing. To go further
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will require experimental input, and we hope that 〈∆G(R)〉 might be measured at

the LHC.



Appendix A

Catalogue of massive antenna

splitting functions

In this appendix, we catalogue the various antenna splitting functions for massless

particles derived in this paper. Antenna splitting functions not listed are equal to

cases listed below that are related by the P and C symmetries of QCD.

A.0.1 Splitting functions with one massive scalar

A.0.1.1 Spin 1
2
antenna: initial dipole SqL

S(SgLqL) =
Q

2K

∣∣∣〈A[(b+ c)ac〉
[cac〉[bc]

∣∣∣2
S(SgRqL) =

Q

2K

∣∣∣〈A[b〉〈bac]
[cac〉〈bc〉

∣∣∣2 (A.1)

A.0.1.2 Spin 1 antenna: initial dipole SgL

S(SgLgL) =
1

(2K)2

∣∣∣ 1

[bc]

[〈A[b〉2[bac〉
[cac〉

+ 2〈A[c〉〈A[b〉+
〈A[c〉2[cab〉

[bab〉

]∣∣∣2
98
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S(SgRgL) =
1

(2K)2

∣∣∣〈A[b〉2〈bac]
[cac〉〈bc〉

∣∣∣2
S(SgLgR) =

1

(2K)2

∣∣∣〈A[c〉2〈cab]
[bab〉〈bc〉

∣∣∣2
S(SgRgR) = 0

S(SqRqL) =
1

(2K)2

[bA[b〉2

[bcb〉

S(SqLqR) =
1

(2K)2

[cA[c〉2

[bcb〉
(A.2)

Note that the last two expressions are already squared and evaluate to values that

are real and positive for the case of a final-state antenna. For example,

S(SqRqL) =
1

(2K)2

(2b · A[)2

2b · c
.

A.0.2 Splitting functions with one massive fermion

A.0.2.1 Spin 0 antenna: initial dipole QLqL

S(QLgLqL) =
Q

2K

∣∣∣〈a[c〉[a]Qb〉
[a]c][cac〉

∣∣∣2
S(QLgRqL) =

Q

2K

∣∣∣〈a[b〉[cQb〉〈bc〉[cac〉

∣∣∣2
S(QRgLqL) =

m2Q

2K

∣∣∣ 〈a]c〉[a[Qb〉〈a]a[〉[a[c][cac〉

∣∣∣2
S(QRgRqL) =

m2Q

2K

∣∣∣ 〈a]b〉[cQb〉〈a]a[〉〈bc〉[cac〉

∣∣∣2 (A.3)

A.0.2.2 Spin 1
2
antenna: initial dipole QLgL

S(QLgLgL) =
1

(2K)2

∣∣∣〈A[b〉(Q2[a]ac〉 −m2[a]Qc〉)
[a]a[]〈cac][bc]

+
〈A[c〉(Q2[a]ab〉 −m2[a]Qb〉)

[a]a[]〈bab][bc]

∣∣∣2
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S(QLgRgL) =
1

(2K)2

∣∣∣〈a[b〉〈A[b〉〈bac]〈cac]〈bc〉

∣∣∣2
S(QLgLgR) =

1

(2K)2

∣∣∣〈a[c〉〈A[c〉〈cab]〈bab]〈bc〉

∣∣∣2
S(QLgRgR) = 0

S(QRgLgL) =
m2

(2K)2

∣∣∣〈A[b〉(〈a]aQc〉 −Q2〈a]c〉)
〈a]a[〉〈cac][bc]

+
〈A[c〉(〈a]aQb〉 −Q2〈a]b〉)

〈a]a[〉〈bab][bc]

∣∣∣2
S(QRgRgL) =

m2

(2K)2

∣∣∣〈a]b〉〈A[b〉〈bac]〈a]a[〉〈cac]〈bc〉

∣∣∣2
S(QRgLgR) =

m2

(2K)2

∣∣∣〈a]c〉〈A[c〉〈cab]〈a]a[〉〈bab]〈bc〉

∣∣∣2
S(QRgRgR) = 0

S(QLqRqL) =
1

(2K)2

[ba[b〉[bA[b〉
[bcb〉

S(QLqLqR) =
1

(2K)2

[ca[c〉[cA[c〉
[bcb〉

S(QRqRqL) =
m2

(2K)2

[ba]b〉[bA[b〉
[a]aa]〉[bcb〉

S(QRqLqR) =
m2

(2K)2

[ca]c〉[cA[c〉
[a]aa]〉[bcb〉

(A.4)

As in A.1.2, the last four expressions here are already squared and evaluate to

real, positive values.

A.0.2.3 Spin 1 antenna: initial dipole QLqR

S(QLgRqR) =
1

(2K)2

∣∣∣〈a[B〉[A[(b+ c)ac]

〈cac]〈bc〉

∣∣∣2
S(QLgLqR) =

1

(2K)2

∣∣∣ [A[b]([a]ac〉[bQB〉+m2〈cB〉[a]b])
[a]a[]〈cac][bc]

∣∣∣2
S(QRgRqR) =

m2

(2K)2

∣∣∣〈a]B〉[A[(b+ c)ac]

〈a]a[〉〈cac]〈bc〉

∣∣∣2
S(QRgLqR) =

m2

(2K)2

∣∣∣ [A[b](〈a]B〉〈cab] + 〈a]c〉〈Bcb])
〈a]a[〉〈cac]〈bc〉

∣∣∣2 (A.5)
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A.0.2.4 Spin 3
2
antenna: initial dipole QRgL

S(QLgLgL) =
m2Q2

(2QK)3

∣∣∣ [a]B]

[a]a[][bc]

{〈A[b〉〈A[(b+ c)ac〉
〈cac]

+
〈A[c〉〈A[(b+ c)ab〉

〈bab]

}∣∣∣2
S(QLgRgL) =

m2Q2

(2QK)3

∣∣∣〈A[b〉2([a]B]〈bac] + [a]c]〈bcB])

[a]a[]〈cac]〈bc〉

∣∣∣2
S(QLgLgR) =

m2Q2

(2QK)3

∣∣∣〈A[c〉2([a]B]〈cab] + [a]b]〈cbB])

[a]a[]〈bab]〈bc〉

∣∣∣2
S(QLgRgR) = 0

S(QRgLgL) =
Q2

(2QK)3

∣∣∣ [a[B]

[bc]

{〈A[b〉〈A[(b+ c)ac〉
〈cac]

+
〈A[c〉〈A[(b+ c)ab〉

〈bab]

}∣∣∣2
S(QRgRgL) =

Q2

(2QK)3

∣∣∣ 〈A[b〉2〈cac]〈bc〉

{
[a[c]〈bQB] +m2 〈a]b〉

〈a]a[〉
[cB]

}∣∣∣2
S(QRgLgR) =

Q2

(2QK)3

∣∣∣ 〈A[c〉2〈bab]〈bc〉

{
[a[b]〈cQB] +m2 〈a]c〉

〈a]a[〉
[bB]

}∣∣∣2
S(QRgRgR) = 0

S(QLqRqL) =
m2Q2

(2QK)3

[Ba]B〉[bA[b〉2

[a]aa]〉[bcb〉

S(QLqLqR) =
m2Q2

(2QK)3

[Ba]B〉[cA[c〉2

[a]aa]〉[bcb〉

S(QRqRqL) =
Q2

(2QK)3

[Ba[B〉[bA[b〉2

[bcb〉

S(QRqLqR) =
Q2

(2QK)3

[Ba[B〉[cA[c〉2

[bcb〉
(A.6)

As in A.1.2, the last four expressions here are already squared and evaluate to

real, positive values.
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A.0.3 Splitting functions with two massive scalars

A.0.3.1 Spin 0 antenna: initial dipole S1S2

S(S1gLS2) = Q2
∣∣∣ 〈cabc〉〈cac][cbc〉

∣∣∣2
S(S1gRS2) = Q2

∣∣∣ [cabc]

[cac〉〈cbc]

∣∣∣2 (A.7)

A.0.4 Splitting functions with a massive fermion and a massive scalar

A.0.4.1 Spin 1
2
antenna: initial dipole Q1S2

S(Q1LgLS2) =
Q2

(E1 +K)(E2 +K)

∣∣∣〈a[B[〉〈cabc〉
〈cac][cbc〉

− 〈a
[c〉〈cB[〉
〈cac]

∣∣∣2
S(Q1RgLS2) =

m2
1Q

2

(E1 +K)(E2 +K)

∣∣∣ 1

〈a]a[〉

{〈a]B[〉〈cabc〉
〈cac][cbc〉

− 〈a
]c〉〈cB[〉
〈cac]

}∣∣∣2
S(Q1LgRS2) =

Q2

(E1 +K)(E2 +K)

∣∣∣〈a[B[〉[cabc]
[cac〉〈cbc]

∣∣∣2 .
S(Q1LgRS2) =

m2
1Q

2

(E1 +K)(E2 +K)

∣∣∣ 1

〈a]a[〉
〈a]B[〉[cabc]

[cac〉〈cbc]

∣∣∣2 (A.8)

A.0.5 Splitting functions with two massive fermions

A.0.5.1 Spin 0 antenna: initial dipole Q1LQ2L

S(Q1LgLQ2L) =
Q2

((E1 +K)(E2 +K))2

∣∣∣〈a[B[〉〈cabc〉〈A[b[〉
〈cac][cbc〉

−〈a
[c〉〈cB[〉〈A[b[〉
〈cac]

− 〈a
[B[〉〈A[c〉〈cb[〉

[cbc〉

∣∣∣2
S(Q1LgLQ2R) =

m2
2Q

2

((E1 +K)(E2 +K))2

∣∣∣ 1

〈b[b]〉

{〈a[B〉[〈cabc〉〈A[b]〉
〈cac][cbc〉
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−〈a
[c〉〈cB[〉〈A[b]〉
〈cac]

− 〈a
[B[〉〈A[c〉〈cb]〉

[cbc〉

}∣∣∣2
S(Q1RgLQ2L) =

m2
1Q

2

((E1 +K)(E2 +K))2

∣∣∣ 1

〈a]a[〉

{〈a]B〉[〈cabc〉〈A[b[〉
〈cac][cbc〉

−〈a
]c〉〈cB[〉〈A[b[〉
〈cac]

− 〈a
]B[〉〈A[c〉〈cb[〉

[cbc〉

}∣∣∣2
S(Q1RgLQ2R) =

m2
1m

2
2Q

2

((E1 +K)(E2 +K))2

∣∣∣ 1

〈a]a[〉〈b]b[〉

{〈a]B[〉〈cabc〉〈A[b]〉
〈cac][cbc〉

−〈a
]c〉〈cB[〉〈A[b]〉
〈cac]

− 〈a
]B[〉〈A[c〉〈cb]〉

[cbc〉

}∣∣∣2
S(Q1LgRQ2L) =

Q2

((E1 +K)(E2 +K))2

∣∣∣〈a[B[〉[cabc]〈A[b[〉
〈cac][cbc〉

}∣∣∣2
S(Q1LgRQ2R) =

m2
2Q

2

((E1 +K)(E2 +K))2

∣∣∣ 1

〈b[b]〉
〈a[B[〉[cabc]〈A[b]〉
〈cac][cbc〉

∣∣∣2
S(Q1RgRQ2L) =

m2
1Q

2

((E1 +K)(E2 +K))2

∣∣∣ 1

〈a]a[〉
〈a]B〉[[cabc]〈A[b[〉
〈cac][cbc〉

∣∣∣2
S(Q1RgRQ2R) =

m2
1m

2
2Q

2

((E1 +K)(E2 +K))2

∣∣∣ 1

〈a]a[〉〈b]b[〉
〈a]B[〉[cabc]〈A[b]〉
〈cac][cbc〉

∣∣∣2 (A.9)

A.0.5.2 Spin 1 antenna: initial dipole Q1LQ2R

S(Q1LgLQ2L) =
m2

2Q
2

((E1 +K)(E2 +K))2

∣∣∣ 1

〈b[b]〉

{〈a[B[〉〈cabc〉[A[b]]
〈cac][cbc〉

− 〈a
[c〉〈cB[〉[A[b]]
〈cac]

}∣∣∣2
S(Q1LgLQ2R) =

Q2

((E1 +K)(E2 +K))2

∣∣∣〈a[B[〉〈cabc〉[A[b[]
〈cac][cbc〉

− 〈a
[c〉〈cB[〉[A[b[]
〈cac]

}∣∣∣2
S(Q1RgLQ2L) =

m2
1m

2
2Q

2

((E1 +K)(E2 +K))2

∣∣∣ 1

〈a]a[〉[b[b]]

{〈a]B[〉〈cabc〉[A[b]]
〈cac][cbc〉

− 〈a
]c〉〈cB[〉[A[b]]
〈cac]

}∣∣∣2
S(Q1RgLQ2R) =

m2
1Q

2

((E1 +K)(E2 +K))2

∣∣∣ 1

〈a]a[〉

{〈a]B[〉〈cabc〉[A[b[]
〈cac][cbc〉

− 〈a
]c〉〈cB[〉〈A[b[〉
〈cac]

}∣∣∣2
S(Q1LgRQ2L) =

m2
2Q

2

((E1 +K)(E2 +K))2

∣∣∣ 1

[b[b]]

{〈a[B[〉[cabc][A[b]]
〈cac][cbc〉

− 〈a
[B[〉[A[c][cb]]

[cbc〉

}∣∣∣2
S(Q1LgRQ2R) =

Q2

((E1 +K)(E2 +K))2

∣∣∣〈a[B[〉[cabc][A[b[]
〈cac][cbc〉

− 〈a
[B[〉[A[c][cb[]

[cbc〉

∣∣∣2
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S(Q1RgRQ2L) =
m2

1m
2
2Q

2

((E1 +K)(E2 +K))2

∣∣∣ 1

〈a]a[〉[b[b]]

{〈a]B[〉[cabc][A[b[]
〈cac][cbc〉

− 〈a
[B[〉[A[c][cb]]

[cbc〉

}∣∣∣2
S(Q1RgRQ2R) =

m2
1Q

2

((E1 +K)(E2 +K))2

∣∣∣ 1

〈a]a[〉

{〈a]B[〉[cabc][A[b[]
〈cac][cbc〉

− 〈a
[B[〉[A[c][cb[]

[cbc〉

}∣∣∣2(A.10)

A.0.6 Splitting functions with pair production of scalars

A.0.6.1 Spin 0 antenna: initial dipole gLgL

S(gLSS) =
1

Q2

∣∣∣〈a[b, c]a〉
sbc

∣∣∣2 (A.11)

A.0.6.2 Spin 1
2
antenna: initial dipole qLgL

S(qLSS) =
1

Q2

∣∣∣〈a[b, c]A〉
sbc

∣∣∣2 (A.12)

A.0.6.3 Spin 3
2
antenna: initial dipole qRgL

S(qRSS) =
1

Q4

∣∣∣ [aB]〈A[b, c]A〉
sbc

∣∣∣2 (A.13)

A.0.6.4 Spin 2 antenna: initial dipole gRgL

S(gRSS) =
1

Q6

∣∣∣ [aB]2〈A[b, c]A〉
sbc

∣∣∣2 (A.14)

A.0.7 Splitting functions with pair production of fermions

A.0.7.1 Spin 0 antenna: initial dipole gLgL

S(gLQLQL) =
m2

Q2s2
bc

∣∣∣〈aQb]]〈c[a〉
[b[b]]

+
〈aQc]]〈b[a〉

[c[c]]

∣∣∣2
S(gLQLQR) =

1

Q2s2
bc

∣∣∣〈aQc[]〈b[a〉+
m2

[b[b]]〈c[c]〉
〈aQb]]〈c]a〉

∣∣∣2
S(gLQRQL) =

1

Q2s2
bc

∣∣∣〈aQb[]〈c[a〉+
m2

〈b[b]〉[c[c]]
〈aQc]]〈b]a〉

∣∣∣2
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S(gLQRQR) =
m2

Q2s2
bc

∣∣∣〈aQc[]〈b]a〉
[b[b]]

+
〈aQb[]〈c]a〉

[c[c]]

∣∣∣2 (A.15)

A.0.7.2 Spin 1
2
antenna: initial dipole qLgL

S(qLQLQL) =
m2

4Q2s2
bc

∣∣∣〈aQb]]〈c[A〉
[b[b]]

+
〈aQc]]〈b[A〉

[c[c]]

+
〈A(Q− a)b]]〈c[a〉

[b[b]]
+
〈A(Q− a)c]]〈b[a〉

[c[c]]

∣∣∣2
S(qLQLQR) =

1

4Q2s2
bc

∣∣∣〈aQc[]〈b[A〉+
m2

[b[b]]〈c[c]〉
〈aQb]]〈c]A〉

+〈A(Q− a)c[]〈b[a〉+
m2

[b[b]]〈c[c]〉
〈A(Q− a)b]]〈c]a〉

∣∣∣2
S(qLQRQL) =

1

4Q2s2
bc

∣∣∣〈aQb[]〈c[A〉+
m2

〈b[b]〉[c[c]]
〈aQc]]〈b]A〉

+〈A(Q− a)b[]〈c[a〉+
m2

〈b[b]〉[c[c]]
〈A(Q− a)c]]〈b]a〉

∣∣∣2
S(qLQRQR) =

m2

4Q2s2
bc

∣∣∣〈aQc[]〈b]A〉
[b[b]]

+
〈aQb[]〈c]A〉

[c[c]]

+
〈A(Q− a)c[]〈b]a〉

[b[b]]
+
〈A(Q− a)b[]〈c]a〉

[c[c]]

∣∣∣2 (A.16)

A.0.7.3 Spin 3
2
antenna: initial dipole qRgL

S(qRQLQL) =
m2

Q4s2
bc

∣∣∣[aB]
{〈A(Q− a)b]]〈c[A〉

[b[b]]
+
〈A(Q− a)c]]〈b[A〉

[c[c]]

}∣∣∣2
S(qRQLQR) =

1

Q4s2
bc

∣∣∣[aB]
{
〈A(Q− a)c[]〈b[A〉+

m2

[b[b]]〈c[c]〉
〈A(Q− a)b]]〈c]A〉

}∣∣∣2
S(qRQRQL) =

1

Q4s2
bc

∣∣∣[aB]
{
〈A(Q− a)b[]〈c[A〉+

m2

〈b[b]〉[c[c]]
〈A(Q− a)c]]〈b]A〉

}∣∣∣2
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S(qRQRQR) =
m2

Q4s2
bc

∣∣∣[aB]
{〈A(Q− a)c[]〈b]A〉

[b[b]]
+
〈A(Q− a)b[]〈c]A〉

[c[c]]

}∣∣∣2 (A.17)

A.0.7.4 Spin 2 antenna: initial dipole gRgL

S(gRQLQL) =
m2

Q6s2
bc

∣∣∣[aB]2
{〈A(Q− a)b]]〈c[A〉

[b[b]]
+
〈A(Q− a)c]]〈b[A〉

[c[c]]

}∣∣∣2
S(gRQLQR) =

1

Q6s2
bc

∣∣∣[aB]2
{
〈A(Q− a)c[]〈b[A〉+

m2

[b[b]]〈c[c]〉
〈A(Q− a)b]]〈c]A〉

}∣∣∣2
S(gRQRQL) =

1

Q6s2
bc

∣∣∣[aB]2
{
〈A(Q− a)b[]〈c[A〉+

m2

〈b[b]〉[c[c]]
〈A(Q− a)c]]〈b]A〉

}∣∣∣2
S(gRQRQR) =

m2

Q6s2
bc

∣∣∣[aB]2
{〈A(Q− a)c[]〈b]A〉

[b[b]]
+
〈A(Q− a)b[]〈c]A〉

[c[c]]

}∣∣∣2 (A.18)



Appendix B

Spin-dependent Altarelli-Parisi

functions for massive particles

In this Appendix, we present the spin-dependent Altarelli-Parisi splitting functions

for massless and massive particles. The massless cases were derived in the original

paper of Altarelli and Parisi [16]. Spin-summed Altarelli-Parisi functions for the cases

with massive particles arise in NLO QCD calculations for supersymmetric particle

production. They have been catalogued by Catani, Dittmaier, and Trócsányi in [27].

The spin-dependent functions can be worked out by textbook methods. Here we

present these functions in a representation convenient for comparison to the antenna

splitting functions derived in this paper. We omit the overall color factor of Nc and

divide by 2 so that the splitting accounts the contents of an individual antenna.

Note that, since we work at the leading order in Nc and normalize to a single

antenna, there is no difference between the splitting function for a heavy quark or a

gluino to radiate a gluon. Thus, there are only two cases, the cases of a heavy scalar

S or a heavy quark Q radiating a gluon. The cases of a heavy particle splitting to a

heavy particle by radiating a gluon are given by the same expressions with z → (1−z).

For S → gS,

P (S → SgLS) =
p2
T

p2
T + z2m2

1− z
z
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P (S → SgRS) =
p2
T

p2
T + z2m2

1− z
z

(B.1)

For Q→ gQ,

P (QL → QLgL) =
p2
T

p2
T + z2m2

1

z

P (QL → QLgR) =
p2
T

p2
T + z2m2

(1− z)2

z

P (QL → QRgL) =
m2

p2
T + z2m2

z4

z

P (QL → QRgR) = 0 (B.2)



Appendix C

Monte Carlo

Here we give details of how the various Monte Carlo samples were generated for the

study in Chap. 4. Throughout Herwig++ refers to Herwig++ v. 2.5.1 [65–68], and

Pythia8 refers to Pythia8 v. 8.150 [14, 70, 71]. To cluster jets, we use the FastJet

v. 2.4.2 [72] implementation of the anti-kT algorithm [9]. Note that the final state

shower in Herwig++ is angular-ordered, while Pythia8 has a pT -ordered shower. We

simulate pp collisions at a center of mass energy of ECM = 7 TeV. No attempt is made

to model detector effects, with particle-level information being used in all cases. In

Sec. 4.3, the samples have been generated with MPI and ISR turned off. In Herwig++

this is done via the flags

ShowerHandler:MPIHandler NULL

SplittingGenerator:ISR No

while in Pythia8 it is accomplished via the flags

PartonLevel:MI = off

SpaceShower:QCDshower = off

Also, in Sec. 4.3 we use ensembles composed of either quark or gluon jets. These are

obtained by choosing the hardest jet in each event from samples generated with pure

quark or glue final states, i.e. gg → qq and qq → qq in the case of quark jets and

gg → gg and qq → gg in the case of gluon jets. For the event samples in Sec. 4.4

109



110 APPENDIX C. MONTE CARLO

MPI and ISR are again turned on. For the underlying event Herwig++ makes use

of tune ‘LHC-UE7-2’ [69] and Pythia8 makes use of tune ‘4C’ [71, 73]. In all cases

we have checked that the pT distributions are similar between corresponding Pythia8

and Herwig++ samples. Also, in Sec. 4.4 we use two Pythia8 event samples (tunes

4C′ and 4C′′) in which MPI activity has been increased by factors of 2.0 and 3.0. This

is done by dialing the parameter MultipleInteractions:Kfactor.

Finally, in Sec. 4.5 the ensemble averages over the trans-min region come from a

dijet sample where the pT of the leading jet is greater than 200 GeV. The dijet sample

is generated with Pythia8 using tune 4C, and the ensemble averages only make use

of charged particles. Because of the large angular separations between charged tracks

that can occur in the trans-min region, the ensemble average is modified to include

a Rmin prescription. That is, a given event only contributes to the numerator and

denominator of 〈∆G(R)〉 in Eq. 4.6 for R ≥ Rmin, where Rmin is the minimal angular

separation between charged tracks in the trans-min region of that particular event.
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