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Abstract

We show that modulating the gain in magnetic undulators can control the spec-
tral properties of a SASE x-ray free-electron laser, producing one or several spec-
tral lines within a single few femtosecond pulse. By varying the magnetic field
along the undulator and the electron beam transport line, the system we pro-
pose can tailor the X-ray spectrum to optimally meet numerous experimental
requirements such as spectral narrowing, broadening, or multi-color operation.
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Figure 1: Schematics of a gain-modulated FEL.

The x-ray free-electron laser (xFEL) is the brightest source of coherent radiation in the
nanometer and subnanometer wavelength regime. i Operational xFEL facilities such as
LCLS [1], SACLA [2] and FLASH [3] have already shown remarkable scientific capabilities
in biology, chemistry, material science, atomic and molecular physics as well as many other
disciplines (see e.g. Refs. [4, 5, 6]). These existing xFEL facilities operate in the self-
amplified spontaneous emission (SASE) mode, and as a result, their spectrum is extremely
noisy with a bandwidth of the order of the FEL parameter ρ [7], typically about 0.001. Such
pulse may be nearly diffraction limited but they are certainly not Fourier limited given typical
temporal profiles composed of several uncorrelated spectral spikes [8]. Several methods have
been proposed to improve the FEL temporal (longitudinal) coherence using external laser
seeding [9, 10, 11] or self-seeding [12, 13]. More recently, however, it has been shown that
near Fourier limited pulses can be obtained by delaying the electron bunch with respect to
the radiation pulse in a controlled way, a technique known as iSASE [14] which follows ideas
originally developed in the context of mode-locked FELs [15].

Two-color operation of x-ray FELs has recently been the subject of intense research
at x-ray user facilities because of its high desirability for coherent diffraction bio-imaging,
condensed matter x-ray spectroscopy, and even multiphoton x-ray processes in atomic and
molecular systems. First observed with an infrared FEL oscillator [16], two-color operation
of a high-gain x-ray free-electron laser has been recently demonstrated in the soft x-ray
regime in Ref. [17] and also for a seeded FEL in Ref. [18]. In contrast to Ref. [17], however,
the so called gain-modulated FEL reported here can achieve two-color pulses within one
slippage length, allowing for near simultaneous emission within a time delay much less than
the few femtosecond pulse duration. We therefore report the generation of single xFEL
pulses comprized of two narrow spectral lines whose photon energy separation can be tuned
by as much as 2% of the average photon energy.

The gain-modulated FEL technique shown in Fig. 1 uses periodic modulation of the
undulator field to produce either a single narrow x-ray spectral line or multiple lines with
controlled, tunable photon energy separation. As we will see below, this technique is analo-
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gous to gain-modulation in solid state lasers. In the case of an FEL, the modulation of the
magnetic field of an undulator in an FEL was first explored theoretically for a simple bi-
harmonic undulator [19]. In this Letter we show that a periodic modulation of the undulator
field is equivalent to introducing a sequence of delays for two different resonant wavelengths
. As the electron bunch propagates, the sequence of resonance-delay sections developes
an interference pattern that gives rise to multiple spectral lines. Each line has a narrower
bandwidth than pure SASE radiation but multiple lines can be distributed over a spectral
range that is wider than the intrinsic SASE bandwidth. We present a universally scaled
one-dimensional theory of this new mode of operation and present its first experimental
demonstration at the Linac Coherent Light Source (LCLS).

A free-electron laser operating in the self-amplified spontaneous emission (SASE) mode,
amplifies the beam shot-noise derived microbunching and generates coherent radiation at a
central wavelength of:

λr = λu
1 + K2

2

2γ2
, (1)

where λu is the undulator period, γ is the beam energy normalized to the rest energy mc2,
and the undulator parameter K is related to the peak magnetic field of the undulator by:

K = eBuλu
2πmc2

. The gain bandwidth is of the order of the FEL parameter ρ =
(
K
4

λwωp
2cπ

)1/3
[7], where c is the speed of light and ωp = 4πe2n0

mγ3
is the relativistic beam plasma frequency,

with n0 being the beam volume density and m the electron energy. The FEL parameter
also defines the energy transfer at saturation from the electron beam to the photon pulse.
In the SASE mode, the spectrum is composed of several uncorrelated spikes distributed
within the amplification bandwidth and the temporal profile is given by several spikes with
a characteristic length of λr/ρ. In a typical SASE FEL, the undulator parameter K is
constant during the amplification process, except for a small linear taper (on the order of
1% over the entire undulator beamline) that is used to compensate beam energy losses due
to spontaneous radiation and wakefields.

The gain-modulated FEL, as shown in Fig. 1, is analogous to gain-modulation in solid
state lasers e. g. quantum cascade lasers [20] where a periodic modulation of the active
medium gives rise to discrete energy bands that are determined entirely by the geometry of
the medium. In the context of FELs, gain modulation is achieved by a series of undulator
sections with alternating peak magnetic fields, with periodicity Lu. This allows for nearly
simultaneous generation of two colors in a single pulse, as required by the class of experi-
ments mentioned above. By producing two distinct values of the undulator parameter K1,2,

two resonant wavelengths λ1,2 = λw
1+K2

1,2

2γ2
are aternately amplified as the beam travels along

the undulator. This undulator configuration allows both colors to be simultaneously ampli-
fied, allowing for a time separation smaller than the slippage in a single modulation period
λrLu/λw. We note that the separation of the two resonant wavelengths can be even larger
than the gain width, if 2λ1−λ2

λ1+λ2
� ρ. This type of configuration can be easily implemented in

all existing x-FEL facilities, since typical X-FEL undulators are divided into many sections,
and each section has a tunable strength parameter K.

The evolution of the system in an undulator section can be described with a simple one-



dimensional model. We use the formalism introduced in [8], in which the FEL dynamics
is described in terms of three universally scaled collective variables. The radiation electric
field Erad. is normalized to the saturation power as A = Erad./(4πρPb)

1/2, where Pb =
γn0mc

2 is the electron beam power density. The electron beam bunching factor is given by
B = 1

Nλ

∑
j e

−i(ku+kr−1,2)zj−ikct with the sum performed over the Nλ electrons contained in a

region of length λ1,2 and kr−1,2 = 2π/λ1,2 is the resonant wavenumber and ku = 2π/λu. The
energy modulation is then given by P =

∑
j
ηj
ρ
e−i(ku+kr−1,2)zj−ikct which is normalized to ρ

where ηj is the relative energy deviation of the j-th particle. Assuming the linear growth
regime, the FEL evolves according to the following [8]

∂A

∂τ
+
∂A

∂ζ
= B

∂B

∂τ
= P

∂P

∂τ
= iA

(2)

where the interaction time is normalized to the FEL gain-length as τ = ct/Lg with Lg =
λu/4πρ. The scaled position along the electron bunch is ζ = c(z/vz − t)/Lc where vz is
the electron velocity along the z-axis and Lc = Lgλr/λu is the cooperation length. We
consider only the case of zero initial energy spread and a bunch length much larger than the
cooperation length. Introducing the Fourier transform with respect to the bunch variable
we have:

∂A

∂τ
+ iδA = B

∂B

∂τ
= P

∂P

∂τ
= iA

(3)

where δ = (λr − λ)/2λrρ is the normalized detuning and λr is the resonant wavelength in
each module. In a gain-modulated FEL, for a given wavelengthλ, δ has a different value in
each undulator module.

The solution of the linear system 3 can be expressed in compact form in terms of a
transfer matrix:  B

P
A

 = Mτ (δ)

 B0

P0

A0

 , (4)

where

Mτ (δ) = I +
3∑
j=1

i (exp(iµjτ)− 1)

3µ2
j − 2δµj


i
µj

1
µ2j

−i
−1 i

µj
µj

iµj 1 −iµ2
j

 . (5)

The eigenvalues µj are the solution of the cubic dispersion equation:

µ3 − δµ2 + 1 = 0. (6)



Equations 4 and 5 represent the evolution of the beam collective variables in the linear regime
through one undulator module.

In a gain-modulated FEL, the undulator is composed of a series of sections with al-
ternating magnetic field which allows for two resonant wavelengths λ1,2. We define the
average resonant wavelength as λr = (λ1 + λ2)/2. For a given wavelength we define an
average detuning parameter δ = (λr − λ)/2λrρ and the normalized frequency separation
∆ = (λ2−λ1)/2λrρ. The FEL dynamics is then described by the following evolution matrix: B

P
A

 =
Nu∏
n=1

Mτu(δ + (−1)n∆)

 B0

P0

A0

 , (7)

where τu is the normalized length of an undulator section, Nu is the total number of sections
and B0, P0, A0 are the initial values of the collective variables and the normalized radiation
field. For small values of the effective detuning δ = δ+(−1)n∆, the undulator is resonant and
the FEL is in the exponentially growing regime. For large values of the detuning parameter,
instead,the single undulator transfer matrix can be approximated as:

M '

 1 τu 0
0 1 0
0 0 e−iδτu

 . (8)

Equation (8) describes the evolution of the system in a non-resonant interaction regime. The
microbunching grows linearly as a function of time, B = B0+P0τu, since the finite undulator
dispersion transforms the electron beam energy modulation P0 into density modulation. The
electron bunch slips behind the radiation field to produce a delay term e−iδτu . For large
detuning, the induced slippage in the detuned undulator increases the effective cooperation
length [14, 15] and thus reducing the spectral bandwidth of each color. Incidentally, this
very same physical principle is employed in an improved SASE (iSASE) FEL [14] whereby
the delay is induced by magnetic chicanes placed between undulator sections such that the
bandwidth can be reduced to very near Fourier limit. Therefore, a gain modulated FEL can
be described as a two-color iSASE scheme where each resonant wavelength λ1,2 alternates
between an exponential growing section and a delay section.

We define the gain function Gf as the amplitude of the field variable divided by the
initial bunching factor Gf = |A|/|B0| starting from the following condition P0 = 0, A0 = 0.
The gain function is the average spectral power gain in a gain-modulated FEL starting
from shot-noise. Figure 2 shows the amplitude squared of the gain function as a function
of the detuning parameter δ and the normalized wavelength separation ∆ for τu = 1/

√
3,

corresponding to an undulator periodicity of two power gain-lengths. The spectral power
gain is also shown for three different values of ∆. The spectral power gain exhibits several
peaks, corresponding to the condition δτu = Nπ, where N is an integer number. In physical
units, the relative wavelength separation of these peaks corresponds to the periodicity of
the undulator modulation divided by the undulator frequency, i.e. dλ/λ = λw/2Lu. At the
average detuning value corresponding to the spectral peaks, the average phase advance in
every undulator modulation period is exactly 2δpkτu = 2Nπ, corresponding to a constructive
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Figure 2: Gain curve (logarithm of the gain function Gf ) as a function of the average
detuning δ and the undulator detuning ∆ (upper image). The lower image shows a linear
plot of the gain function for three different values of ∆.
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Figure 3: Average intensity as a function of beam energy and photon energy for an undulator
periodicity of 2 undulator sections (upper plot). The lower plot shows the average intensity
as a function of photon energy fora beam energy of 4336 MeV.

interference between the radiation emitted in two consecutive resonant undulators. The way
the power density is distributed among the spectral peaks depends on the relative position
of the peaks with respect to the undulator detuning ∆. While the exact power density
distribution has a rather strong dependence on τu and ∆, the structure of the spectrum
roughly follows the following trend: the configurations corresponding to ∆τu ' Nπ favor
the generation of two strong spectral peaks around δ ' ±∆, while for ∆τu ' (N + 1/2)π
the spectral power density is distributed over 4 peaks. Intermediate values of the undulator
detuning show a variety of spectral structures with two, three or four dominant peaks. Since
the FEL detuning curve is asymmetric, the radiation power is not evenly distributed along
the resonant peaks, even in cases where four colors are emitted.

The generation of multicolor pulses with a gain-modulated FEL has been demonstrated
experimentally at LCLS. The experimental beam parameters are: energy Eb = 4.77GeV ,
peak current Ip = 2kA, normalized transverse emittance εx,y ' 0.34µm. The average photon
energy was tuned to Eph ' 838eV , corresponding to a wavelength of λr = 1.5nm. The pulse
duration is limited to 20fsec full width at half maximum (FWHM) by use of an emittance
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Figure 4: Average intensity as a function of beam energy and photon energy for an undulator
periodicity of 6 undulator sections (upper plot). The lower plot shows the intensity as a
function of photon energy for a beam energy of 4334 MeV.

spoiler [21]. The spectrum is measured with a soft-x-ray grating spectrometer [22] The LCLS
undulator is composed of sections of 110 periods each, which limits the undulator modulation
periodicity to multiples of 220 λu undulator periods. Figure 3 shows the average spectrum
as a function of beam energy for a configuration with undulator periodicity of two undulator
sections (i.e., alternating the K value at every undulator section), corresponding to a side-
band separation of δλ/λ ' 0.44%. The data has been binned in energy to deconvolve the
effect of shot-to-shot beam energy fluctuations. The spectrum clearly shows the appearance
of three lines, spaced by multiples of the normalized undulator periodicity. The measured
pulse energy Epl ' 15µJ is roughly one tenth of the SASE pulse energy for the same beam
conditions.

By increasing the periodicity of the undulator modulation, the spectral separation of the
emission peaks decreases. Figure 4 shows the spectral intensity as a function of photon energy
and beam energy for a configuration with a modulation periodicity of six undulators. In this
case, the sidebands merge into one dominant peak and the two emitted colors correspond to
the resonant wavelengths in the alternating undulators. Note that the saturation length of



the FEL is not normally a multiple of the modulation period, which means that typically one
color contains a larger number of photons. For certain scientific applications, however, it is
important that the two colors have the same intensity. This problem can be easily overcome
by adding a few extra undulators to boost the emitted photons in one of the two colors.
Balancing of the two colors is achieved in this case by adding five undulators tuned to the
low-energy photon pulse close to the saturation point. The pulse energy in this case was
roughly Ep = 18µJ , with a pulse duration of 10fsec determined by the emittance spoiler
aperture.

In conclusion, in this Letter we introduce the concept of gain-modulated FELs. In this
new mode of operation, the magnetic field of the undulator is modulated periodically by
alternating the undulator parameter K with a certain periodicity. The spectrum of a gain-
modulated FEL is composed of several lines. Each line has a bandwidth smaller than that of
SASE but their separation can be larger than the SASE bandwidth itself. We discuss a simple
universally scaled model of this process and present the first experimental demonstration at
the LCLS. The results presented in this Letter extend the capabilities of x-ray free-electron
lasers by allowing the generation of a single x-ray pulse with multiple spectral lines with
tunable photon energy separation.

The authors would like to acknowledge Z. Huang and M. E. Couprie for useful discussions
and suggestions.
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