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The exact treatment of nuclei starting from the constituent nucleons and the fundamen-
tal interactions among them has been a long-standing goal in nuclear physics. In addition
to the complex nature of nuclear forces, one faces the quantum-mechanical many-nucleon
problem governed by an interplay between bound and continuum states. In recent years,
significant progress has been made in ab initio nuclear structure and reaction calculations
based on input from QCD employing Hamiltonians constructed within chiral effective field
theory. In this contribution, we present one of such promising techniques capable of de-
scribing simultaneously both bound and scattering states in light nuclei. By combining the
resonating-group method (RGM) with the ab initio no-core shell model (NCSM), we comple-
ment a microscopic cluster approach with the use of realistic interactions and a microscopic
and consistent description of the clusters. We discuss applications to light nuclei scattering,
radiative capture and fusion reactions.

§1. Introduction

Nuclei are quantum many-body systems with both bound and unbound states.
One of the major challenges for theoretical nuclear physics is to provide a unified
description of structural and reaction properties of nuclei that is based on the fun-
damental underlying physics: the constituent nucleons and the QCD-based realistic
interactions among them. A predictive theory of reactions of light nuclei is needed
for many reasons.

First, it would greatly help our understanding of nuclear reactions important
for astrophysics. Some of the outstanding light-nucleus uncertainty sources in as-
trophysics applications include: reactions leading to the nucleosynthesis of 8B (and
the production of the solar neutrinos measured in terrestrial experiments) such as
the 7Be(p, γ)8B and 3He(α, γ)7Be radiative capture rates; the thermonuclear reac-
tion rates of α capture on 8Be and 12C nuclei during the stellar helium burning;
and fusion reactions that affect the predictions of Big Bang nucleosyntesys for the
abundances of light elements, such as the 3He(d,p)4He.

Furthermore, nuclear reactions are one of the best tools for studying exotic
nuclei, which have become the focus of the next generation experiments with rare-
isotope beams. These are nuclei for which most low-lying states are unbound, so
that a rigorous analysis requires scattering boundary conditions. In addition, much
of the information we have on the structure of these short-lived systems is inferred
from reactions with other nuclei.
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Finally, low-energy fusion reactions represent the primary energy-generation
mechanism in stars, and could potentially be used for future energy generation on
earth. Examples of these latter reactions include the d+3H→ n+4He fusion used at
ITER1) and at the National Ignition Facility (NIF).2) Even though there have been
many experimental investigations of the cross sections of this reaction, there are
still open issues. A first-principles theory based on accurate two-nucleon (NN) and
three-nucleon (NNN) forces will provide the predictive power to reduce the uncer-
tainty in the reaction rate at very low temperatures; provide an understanding of the
reaction rate dependence on the polarization induced by the strong magnetic fields
(characteristic of both inertial and magnetic confinement); and clarify the influence
of non-local thermal equilibrium in plasma environments.

In this contribution, we describe the recently introduced ab initio many-body
approach to reactions on light nuclei3) that combines the resonating-group method
(RGM)4) with the ab initio no-core shell model (NCSM).5) In Sec. 2, we briefly
present the NCSM/RGM formalism. In Sect. 3, we discuss examples of calculations
relevant for nuclear astrophysics, 7Be(p,γ)8B radiative capture and calculations of
the d-3He and d-3H fusion reactions relevant for energy generation. We also present
preliminary results of our 3He-4He scattering calculations. Conclusions are given in
Sect. 4.

§2. Ab initio NCSM/RGM

The ab initio nuclear reaction approach that we are developing is an extension
of the ab initio no-core shell model (NCSM).5) The innovation which allows us to
go beyond bound states and treat reactions is the use of cluster basis states in the
spirit of the resonating-group method,

|ΦJπT
νr 〉 =

[

(

|A−aα1I
π1
1 T1〉 |aα2I

π2
2 T2〉

)(sT )
Yℓ (r̂A−a,a)

](JπT ) δ(r − rA−a,a)

rrA−a,a
, (2.1)

in which each nucleon cluster is described within the NCSM. The above translational
invariant cluster basis states describe two nuclei (a target and a projectile composed
of A − a and a nucleons, respectively) whose centers of mass are separated by the
relative coordinate ~rA−a,a and that are traveling in a 2sℓJ wave or relative motion
(with s the channel spin, ℓ the relative momentum, and J the total angular momen-
tum of the system). Additional quantum numbers characterizing the basis states are
parity π = π1π2(−1)ℓ and total isospin T . For the intrinsic (antisymmetric) wave
functions of the two nuclei we employ the eigenstates |A−aα1I

π1
1 T1〉 and |aα2I

π2
2 T2〉

of the (A−a)- and a-nucleon intrinsic Hamiltonians, respectively, as obtained within
the NCSM approach. These are characterized by the spin-parity, isospin and energy
labels Iπi

i , Ti, and αi, respectively, where i = 1, 2. In our notation, all these quantum
numbers are grouped into a cumulative index ν = {A−aα1I

π1
1 T1; aα2I

π2
2 T2; sℓ}.

Finally, we note that the channel states (2.1) are not antisymmetric with respect
to exchanges of nucleons pertaining to different clusters. Therefore, to preserve the
Pauli principle one has to introduce the appropriate inter-cluster antisymmetrizer,
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schematically

Âν =

√

(A−a)!a!

A!



1 +
∑

P 6=id

(−)pP



 , (2.2)

where the sum runs over all possible permutations of nucleons P different from the
identical one that can be carried out between two different clusters (of A − a and
a nucleons, respectively), and p is the number of interchanges characterizing them.
The operator (2.2) is labeled by the channel index ν to signify that its form depends
on the mass partition, (A− a, a), of the channel state to which is applied.

The channel states (2.1), fully antisimmetrized by the action of the antisym-
metrization operator Âν , are used as a continuous basis set to expand the many-body
wave function,

|ΨJπT 〉 =
∑

ν

∫

drr2 Âν |Φ
JπT
νr 〉

[N−1/2χ]J
πT

ν (r)

r
, (2.3)

where χJπT
ν (r) represent continuous linear variational amplitudes that are deter-

mined by solving the orthogonalized RGM equations:

∑

ν′

∫

dr′r′ 2[N− 1
2HN− 1

2 ]J
πT

νν′ (r, r′)
χJπT
ν′ (r′)

r′
= E

χJπT
ν (r)

r
. (2.4)

Here N JπT
νν′ (r, r′) and HJπT

νν′ (r, r′), commonly referred to as integration kernels, are
respectively the overlap (or norm) and Hamiltonian matrix elements over the anti-
symmetrized basis (2.1), i.e.:

N JπT
ν′ν (r′, r) =

〈

ΦJπT
ν′r′

∣

∣ Âν′Âν

∣

∣ΦJπT
νr

〉

, HJπT
ν′ν (r′, r) =

〈

ΦJπT
ν′r′

∣

∣ Âν′HÂν

∣

∣ΦJπT
νr

〉

(2.5)

where H is the microscopic A−nucleon Hamiltonian and E is the total energy in the
center of mass (c.m.) frame. The calculation of the above many-body matrix ele-
ments, which contain all the nuclear structure and antisymmetrization properties of
the system under consideration, represents the main task in performing RGM calcu-
lations. Details on how the integration kernels are calculated and the NCSM/RGM
equations solved are given in Refs.6), 7) In the applications presented in Sec. 3 we
employ SRG-evolved 8), 9) chiral N3LO10) NN potentials (SRG-N3LO).

§3. Applications

3.1. The 7Be(p,γ)8B radiative capture

The 7Be(p, γ)8B radiative capture is the final step in the nucleosynthetic chain
leading to 8B and one of the main inputs of the standard model of solar neutrinos.
Recently, we have performed the first ab initio many-body calculation,11) of this
reaction starting from the SRG-N3LO NN interaction with Λ = 1.86 fm−1. Using
p-7Be channel states including the five lowest Nmax = 10 eigenstates of 7Be (the 3

2

−

ground and the 1
2

−
,72

−
, and first and second 5

2

−
excited states), we solved Eq. (2.4)
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first with bound-state boundary conditions to find the bound state of 8B, and then
with scattering boundary conditions to find the p-7Be scattering wave functions.
Former and latter wave functions were later used to calculate the capture cross
section, which, at solar energies, is dominated by non-resonant E1 transitions from
p-7Be S- and D-waves into the weakly-bound ground state of 8B. All stages of the
calculation were based on the same harmonic oscillator (HO) frequency of ~Ω = 18
MeV, which minimizes the g.s. energy of 7Be. The largest model space achievable
for the present calculation within the full NCSM basis is Nmax = 10. At this basis
size, the 7Be g.s. energy is very close to convergence as indicated by a fairly flat
frequency dependence in the range 16 ≤ ~Ω ≤ 20 MeV, and the vicinity to the
Nmax = 12 result obtained within the importance-truncated NCSM.12), 13) The choice
of Λ = 1.86 fm−1 in the SRG evolution of the N3LO NN interaction leads to a single
2+ bound state for 8B with a separation energy of 136 keV quite close to the observed
one (137 keV). This is very important for the description of the low-energy behavior
of the 7Be(p, γ)8B astrophysical S-factor, known as S17. We note that the NNN
interaction induced by the SRG evolution of the NN potential is repulsive in the
Λ-range ∼ 1.8-2.1 fm−1, and, in very light nuclei, its contributions are canceled to a
good extent by those of the initial attractive chiral NNN force (which is also SRG
evolved).14), 15)

The resulting S17 astrophysical factor is compared to several experimental data
sets in Figure 1. Energy dependence and absolute magnitude follow closely the
trend of the indirect Coulomb breakup measurements of Shümann et al.,16), 17) while
somewhat underestimating the direct data of Junghans et al.18) The resonance,
particularly evident in these and Filippone’s data, is due to the M1 capture, which
does not contribute to a theoretical calculation outside of the narrow 8B 1+ resonance
and is negligible at astrophysical energies.19), 20) The M1 operator, for which any
dependence upon two-body currents needs to be included explicitly, poses more
uncertainties than the Siegert’s E1 operator. We plan to calculate its contribution
in the future. The shape is also quite similar to that obtained within the microscopic
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Fig. 1. Calculated 7Be(p,γ)8B S-factor as function of the energy in the c.m. compared to data and

the microscopic cluster-model calculations of Ref.21) with the Minnesota (MN) interaction (a).

Only E1 transitions were considered. Initial-state partial wave contributions are shown in panel

(b). Calculation as described in the text.
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three-cluster model21) (see the dashed line in Fig. 1 (a)) used, after scaling to the
data, in the most recent S17 evaluation.20) The contributions from the initial 1−, 2−

and 3− partial waves are shown in panel (b) of Fig. 1.
The convergence of our results with respect to the size of the HO model space

was assessed by means of calculations up to Nmax = 12 within the importance-
truncation NCSM scheme12), 13)with (due to computational limitations) only the first
three eigenstates of 7Be. The Nmax = 10 and 12 S-factors are very close. As for the
convergence in the number of 7Be states, we explored it by means of calculations
including up to 8 7Be eigenstates in a Nmax = 8 basis (larger Nmax values are
currently out of reach with more then five 7Be states). Based on this analysis,
we conclude that the use of an Nmax = 10 HO model space is justified and the
limitation to five 7Be eigenstates is quite reasonable. Finally, our calculated S17(0) =
19.4(7) MeV b is on the lower side, but consistent with the latest evaluation 20.8 ±
0.7(expt)±1.4(theory).20)

3.2. The 3H(d, n)4He and 3He(d, p)4He fusion reactions

The 3H(d, n)4He and 3He(d, p)4He fusion reactions have important implications
first and foremost for fusion energy generation, but also for nuclear astrophysics,
and atomic physics. Indeed, the deuterium-tritium fusion is the easiest reaction to
achieve on earth and is pursued by research facilities directed at reaching fusion
power by either inertial (e.g., NIF) or magnetic (e.g., ITER) confinement. Both
3H(d, n)4He and 3He(d, p)4He affect the predictions of Big Bang nuclosynthesis for
light-nucleus abundances. In addition, the deuterium-3He fusion is also an object of
interest for atomic physics, due to the substantial electron-screening effects presented
by this reaction.

In the following we present the first ab initio many-body calculations22) of these
reactions starting from the SRG-N3LO NN interaction with Λ = 1.5 fm−1, for which
we reproduce the experimental Q-value of both reactions within 1%. We adopted
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HO model spaces up to Nmax = 13 with a frequency of ~Ω = 14 MeV. The channel
basis includes n-4He (p-4He), d-3H (d-3He), d∗-3H (d∗-3He) and d′∗-3H (d′∗-3He)
binary cluster states, where d∗ and d′∗ denote 3S1-

3D1 and 3D2 deuterium excited
pseudostates, respectively, and the 3H (3He) and 4He nuclei are in their ground state.

Figure 2 presents the results obtained for the 3He(d, p)4He S-factor. The deuteron
deformation and its virtual breakup, approximated by means of d pseudosates, play
a crucial role. The S-factor increases dramatically with the number of pseudostates
until convergence is reached for 9d∗ + 5d′∗. The dependence upon the HO basis
size is illustrated by the 3H(d, n)4He results of Fig. 3. The convergence is satis-
factory and we expect that an Nmax = 15 calculation, which is currently out of
reach, would not yield significantly different results. The experimental position of
the 3He(d, p)4He S-factor is reproduced within few tens of keV. Correspondingly, we
find an overall fair agreement with experiment for this reaction, if we exclude the
region at very low energy, where the accelerator data are enhanced by laboratory
electron screening. The 3H(d, n)4He S-factor is not described as well with Λ = 1.5
fm−1. Due to the very low activation energy of this reaction, the S-factor (particu-
larly peak position and height) is extremely sensitive to higher-order effects in the
nuclear interaction, such as three-nucleon force (not yet included in the calculation)
and missing isospin-breaking effects in the integration kernels (which are obtained
in the isospin formalism). To compensate for these missing higher-order effects in
the interaction and reproduce the position of the 3H(d, n)4He S-factor, we performed
additional calculations using lower Λ values. This led to the theoretical S-factor of
Fig. 3 (obtained for Λ = 1.45 fm−1), that is in overall better agreement with data,
although it presents a slightly narrower and somewhat overestimated peak. This
calculation would suggest that some electron-screening enhancement could also be
present in the 3H(d, n)4He measured S factor below 10 keV c.m. energy. However,
these results cannot be considered conclusive until more accurate calculations using
a complete nuclear interaction (that includes the three-nucleon force) are performed.
Work in this direction is under way.

3.3. The 3He-4He scattering

Recently, we have extended the NCSM/RGM formalism from the single-nucleon
and two-nucleon (deuteron) projectile to the three-nucleon projectile, i.e., 3H and
3He. Calculations of 3He-4He and 3H-4He are now under way with the ultimate goal
to study the 3He(α, γ)7Be and 3H(α, γ)7Li radiative capture. In Fig. 4, we present
our preliminary 3He-4He phase shift results using two SRG-N3LO NN potential
that we employed in the 7Be(p,γ)8 and 3He(d, p)4He calculations discussed in the
previous subsections. The virtual breakup of 3He (3H) plays an important role.
We take it into account via excited pseudostates of the A = 3 projectile. The
shown calculations, performed with the Nmax = 13 HO basis expansion, included
four pseudostates in the 1/2+ channel. Pseudostates in other channels may be also
important, however. Presented results required runs with up to 64,000 cores on the
Oak Ridge National Laboratory (ORNL) Jaguar23) supercomputer. The softer NN
potential provides more binding of the 3/2− and 1/2− bound states and places the
7/2− and 5/2− resonances to a lower energy, closer to experiment (∼2.98 MeV and
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∼5.14 MeV, respectively). At the same time, the S-wave phase shift demonstrates an
unexpected behavior becoming positive at low energies. Calculations that include
virtual excitations of the A = 3 projectiles in additional channels are now under
way. Eventually, we will utilize the bound and scattering wave functions obtained in
these calculations to calculate 3He(α, γ)7Be and 3H(α, γ)7Li radiative capture cross
sections that are of astrophysical interest.

§4. Conclusions and Outlook

We gave an overview of the NCSM/RGM, an ab initio many-body approach ca-
pable of providing a unified description of structural and reaction properties of light
nuclei, by combining the RGM with the use of realistic interactions, and a micro-
scopic and consistent description of the nucleon clusters, achieved via the ab initio
NCSM. Since the publication of the first results,3), 6), 24) obtained for nucleon-nucleus
collisions, the NSCM/RGM has grown into a powerful approach for the description of
light-ion fusion reactions. The formalism has been extended to include two-nucleon
(deuteron) projectiles,7) as well as complex reactions with both nucleon-nucleus and
deuteron-nucleus channels,22) based on realistic NN interactions. The treatment
of three-nucleon (3H and 3He) projectiles has also been included in the formalism.
Further extensions of the approach to include the three-nucleon components of the
nuclear interaction and three-cluster channel states are under way.

To apply the present formalism to heavier target nuclei, i.e. heavy p-shell nu-
clei and beyond, it becomes necessary to utilize the recently developed importance-
truncated NCSM.12), 13) This gives us the ability to use large Nmax model spaces, that
in the NCSM/RGM approach are of vital importance not just for the convergence
of the target and projectile eigenstates but also for the convergence of the localized
parts of the integration kernels.24)

We are also working on a unification of the original NCSM with the NCSM/RGM
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approach presented here. This can be accomplished by coupling the NCSM/RGM
basis, consisting of binary-cluster channels with just a few lowest excited states
of projectile and target, with the NCSM eigenstates of the composite system as
outlined in Ref.25) An implementation of this unified approach that we call the
no-core shell model with the continuum (NCSMC) is at an advanced stage with
promising preliminary results.

Acknowledgements

Computing support for this work came from the LLNL institutional Comput-
ing Grand Challenge program, the Jülich supercomputer Centre and Oak Ridge
Leadership Computing Facility at ORNL.23) Prepared in part by LLNL under Con-
tract DE-AC52-07NA27344. Support from the U. S. DOE/SC/NP (Work Proposal
No. SCW1158), LLNL LDRD grant PLS-09-ERD-020, U. S. DOE/SC/NP (Work
Proposal No. SCW0498), the NSERC Grant No. 401945-2011, and from the U. S.
Department of Energy Grant DE-FC02-07ER41457 is acknowledged. This work is
supported in part by the Deutsche Forschungsgemeinschaft through contract SFB
634 and by the Helmholtz International Center for FAIR within the framework of
the LOEWE program launched by the State of Hesse. W.H. was supported by the
Special Postdoctoral Researchers Program of RIKEN.

References

1) ITER URL http://www.iter.org
2) NIF URL https://lasers.llnl.gov
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