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ABSTRACT 
 

Sensitivity analysis and uncertainty quantification is an important part of nuclear safety analysis. 
In this work, forward sensitivity analysis is used to compute solution sensitivities on 1-D fluid 
flow equations typical of those found in system level codes. Time step sensitivity analysis is 
included as a method for determining the accumulated error from time discretization.  The ability 
to quantify numerical error arising from the time discretization is a unique and important feature 
of this method. By knowing the relative sensitivity of time step with other physical parameters, the 
simulation is allowed to run at optimized time steps without affecting the confidence of the 
physical parameter sensitivity results. The time step forward sensitivity analysis method can also 
replace the traditional time step convergence studies that are a key part of code verification with 
much less computational cost. One well-defined benchmark problem with manufactured solutions 
is utilized to verify the method; another test isothermal flow problem is used to demonstrate the 
extended forward sensitivity analysis process. Through these sample problems, the paper shows 
the feasibility and potential of using the forward sensitivity analysis method to quantify 
uncertainty in input parameters and time step size for a 1-D system-level thermal-hydraulic safety 
code.  
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1. INTRODUCTION 
 
Sensitivity analysis and uncertainty quantification has long been an area of interest in the nuclear 
engineering community [1]. In sensitivity analysis, the response of the solution to perturbations 
in input parameters is quantified. Once known, the solution sensitivity can be used to quantify 
uncertainty through error propagation equations. Uncertainty quantification done in this manner 
is inherently local and only accurate for parameter perturbations within some range of their 
nominal values.  
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The two most popular sensitivity analysis methods are the forward method [2, 3] and the adjoint 
method [4, 5]. In the forward method, the governing equations are differentiated with respect to a 
parameter of interest, generating an auxiliary system of equations the same size as the original 
system. The solution sensitivity is obtained by solving this system of equations. The forward 
method requires that a new system of equations is solved for each input parameter of interest. In 
a systems level code with thousands of input parameters, it is desirable to construct the 
sensitivity equations automatically and solve them in parallel. Several authors have successfully 
applied the forward sensitivity analysis method to heat conduction and radiation diffusion 
problems. [6, 7, and 8] Forward sensitivity analysis can be extended to include time step 
sensitivity and potentially grid size sensitivity as an alternative way to perform convergence 
studies. [9, 10] The extended forward sensitivity analysis provides a systematic method to 
evaluate the parameter sensitivity effects on solution, along with time and space convergence 
information. This “extended forward sensitivity analysis” method had only been demonstrated in 
single equation diffusion problems in previous papers. In this paper, we apply the method to 1-D 
isothermal single-phase flow problems, which are described by a two-equation hyperbolic 
system.  
 
In the adjoint method, an additional system of equations, adjoint to the original equations, is 
formed and solved for each system response of interest. Once the adjoint solution is found, it can 
be used to compute sensitivities for all input parameters. Since the number of additional systems 
of equations is not dependent on the number of input parameters, the adjoint method is desirable 
when the number of input parameters is larger than the number of system responses. While there 
are examples of the adjoint method applied to simplified problems [11], the authors are unaware 
of successful applications to large-scale time-dependent nonlinear equations such as those that 
must be solved when analyzing a LOCA (Loss of Coolant Accident).  
 
The most common method of uncertainty quantification is the Monte Carlo method. In the 
Monte Carlo method, the computer code is treated like signal generator. It is run many times 
while perturbing the input parameters. The results are analyzed and statistical methods are used 
to infer confidence bounds on the solution. It is attractive because it is a “black box” method 
requiring no changes to existing code. Its major disadvantage is the high computational cost. For 
further review of uncertainty quantification methods in nuclear engineering and other disciplines, 
readers are directed to the above-mentioned references. 
 
 

2. OVERVIEW OF FORWARD SENSITIVITY ANALYSIS 
 
For completeness, the general equations describing forward sensitivity analysis will be 
summarized below. Consider a general time-dependent partial differential equation given by 
  

, (1)

 
where  is the state vector,  is time, and  is an input parameter. We solve this equation with a 
Jacobian-free Newton-Krylov method (JFNK). In the JFNK method, Newton iteration is used for 
solving the nonlinear equations and a Krylov subspace method, usually the generalized minimal 
residual method (GMRES), is used as the linear solver.  
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(2)
  

 (3)
 
In the above equations, the  subscript refers to the Newton iteration number,  is the Newton 
update, and  is the Jacobian matrix defined below: 
 

 . (4)

 
The matrix-vector product of the Jacobian and the Krylov vector required by the Krylov solver is 
approximated with a finite difference:  
 

 (5)
 
where  is the Krylov vector and  a perturbation parameter. This approximation removes the 
need to explicitly calculate and store the Jacobian. For a more detailed review of the JFNK 
method, readers are directed to Knoll and Keyes. [12] 
 
In order to calculate the solution sensitivity, Eq. 1 is differentiated with respect to . 
 

  (6)

 
Exchanging the order of differentiation on the first term by assuming  is first-order smooth 
about  and , applying the chain rule of differentiation to the second term, and making the 
following substitution 
 

  (7)

 
yields the final form of the equation for the , the solution sensitivity with respect to : 
 

. (8)

 
In order to complete the systems of equations, the boundary conditions must be differentiated in 
the same manner.  
 
One strength of the first-order forward sensitivity analysis is that Eq. 8 is linear and can be 
solved after the solution to Eq. 1 is found. The linear nature of the sensitivity equation means it 
will require less computational effort to solve than the governing nonlinear equation. This is 
important due to the large number of sensitivity equations that need to be solved – one for each 
input parameter of interest. Furthermore, the Jacobian of Eq. 1 is identical to the Jacobian for Eq. 
8. Dunker [13] proposed an efficient solution method where, for each time step, Eq. 1 is solved 
via the Newton method and the Jacobian from the final Newton step is re-used to solve the 
sensitivity equation. In this work we solve Eq. 1 with a JFNK method and do not form the 
Jacobian; however, Dunker’s method suggests that the physics preconditioner could be used for 
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the sensitivity solve. Indeed, previous authors have taken this approach. [3] Forming an effective 
preconditioner is the primary challenge of the JFNK method, so being able to re-use the physics 
preconditioner is a significant advantage. 
 
Once the solution sensitivities are known, they can be used to quantify uncertainty using the 
following equation: 
 

 . (9)
 
The accuracy of Eq. 9 comes into question when Eq. 1 is strongly nonlinear. One goal of this 
work is to determine the accuracy of this uncertainty quantification method for fluid flow 
equations typically solved in system-level thermal hydraulics codes. 
 
There are several strategies for generating the discrete form of Eq. 8. Eq. 1 can be analytically 
differentiated and the resulting equation discretized. [2] Alternatively, the discretized form of Eq. 
1 can be differentiated, perhaps by an automatic differentiation tool. The equivalence of these 
two approaches is not clear when complex discretizations such as upwinding are used. Both of 
these methods involve finding the Jacobian of Eq. 1, making them non-synergistic with JFNK 
methods which do not require forming the Jacobian matrix. Instead of analytical differentiation, a 
finite difference can be used to numerically differentiate the discretized form of Eq. 1, 
 

, (10)

 
where is  a numerical differencing parameter. When used with a JFNK method, there will be 
two levels of finite differencing going on – the  matrix-vector multiplication approximated by 
Eq. 5 and the evaluation of the sensitivity residual given by Eq. 10. It may be necessary to split 
Eq. 10 into two differences if  and  have significantly different magnitudes. [3] 
 

  (11)

  

  (12)

 
As discussed in the introduction, forward sensitivity analysis can be extended to time step 
sensitivity. When a PDE is discretized, the equation that is effectively being solved is the original 
PDE plus a truncation error term. In this work, we consider the truncation error arising from time 
discretization: 
 

  (13)

 
where  is the local truncation error. Differentiating this equation with respect to  yields 
 

, (14)
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where  is the solution sensitivity to time step size. For simple time discretization schemes, the 
analytic form of the local truncation error can be derived. To demonstrate this method, we use 
the first order backward Euler scheme whose local truncation error is given by the following 
equation: 
 

 . (15)

 
Differentiating with respect to t yields 
 

 . (16)

 
3. APPLICATION TO FLUID FLOW EQUATIONS 

 
A simplified model of an isothermal 1-D compressible fluid was setup using the following 
conservation equations: 
 

,  (17)

  
, (18)

 
where  is density,  fluid velocity,  the space coordinate,  pressure,  a dimensionless 
friction factor, and  hydraulic diameter. A barotropic equation of state was used to close the 
system: 
 

   (19)
 
where  and  are the pressure and density evaluated at a reference value and  is the square 
of sound speed. 
 
These equations were solved within the RELAP-7 computer code. RELAP-7 is a nuclear reactor 
system safety analysis code under development at Idaho National Laboratory (INL) [14]. It is 
built on top of MOOSE [15], a multi-physics finite element analysis framework also developed 
at INL. MOOSE leverages open-source software such as PETSC and LibMesh to provide the 
numerical methods used by RELAP-7. The equations used in this work are a small subset of 
those already implemented in RELAP-7. 
 
Before using the RELAP-7 framework to perform sensitivity analysis on real problems, the 
method of manufactured solutions (MMS) was used to verify that the forward sensitivity method 
implemented in the modified code was working properly. The problem was spatially discretized 
using the continuous Galerkin method with linear elements and temporally discretized using the 
backward Euler scheme. Therefore, the expected accuracies for space and time were second-
order and first-order, respectively. A solution of the following form was assumed:  
 

,  (20)
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. (21)

 
Matlab was used to generate the following forcing functions:  
 

,  (22)
  

. 

(23)

 
The above source terms are inserted into the left hand side of Eqs. 17 and 18, respectively. Table 
I shows the values of , , , , , , and  used. Figures 1 and 2 show that the spatial and 
temporal convergence rates match the orders according to the theory. Figure 3 shows the 
solutions for the benchmark problem with the left plot showing the wave shaped momentum 
solution and the right plot showing the corresponding time step sensitivity.  The time integration 
error on momentum can be estimated according to Eq. 9 by the multiplication of the time step 
sensitivity for momentum and the time step. Note that the time step sensitivity for momentum in 
this case strongly depends on location, and both positive and negative errors can be obtained. 
 

Table I. MMS problem parameters 
 

A 0.001
B 1x106

C 10
D 100
T 4
dh 0.01
a2 1x107

 

 
Figure 1. Illustration of the spatial convergence rate. On the x-axis, nx refers to the number 
of elements used to discretize the problem. A perfect 2nd order line is plotted for reference. 

A t of 1x10-3 was used for these calculations. 
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Figure 2. Illustration of the temporal convergence rate. A perfect 1st order line is plotted 

for reference. These results were generated using nx=400. 
 
 

 
 
Figure 3. Isothermal 1-D flow momentum solution (left) and time step sensitivity for 
momentum (right) at t = 0.01 with t = 0.01, x = 0.000625. 
 
 
A test problem was then setup to model isothermal fluid flow in a straight pipe. The problem 
parameters and initial conditions are given in Table II and Eq. 24. The fluid begins at steady state 
with zero velocity. A transient is generated by adjusting the inlet pressure. The simulation was 
run for a sufficient amount of time such that a new set of steady state conditions were reached 
before the end of the simulation.  
 

 (24)
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Table II. Test problem – parameters and initial conditions 
 

Parameters
dh 0.01 [m]
f 0.1
p0 105 [Pa]
a2 107 [m2/s2]

0 103 [kg/m3]
xleft 0 [m]
xright 1.0 [m]
tstart 0 [s]
tend 1.0 [s]

Initial Conditions at tstart
 1000 [kg/m3]
u 0 [kg/(m2s)]

P 105 [Pa]
Boundary Conditions

pleft Eq. 24 [Pa]
pright 105 [Pa]

 
One hundred linear elements were used to ensure that the spatial discretization was not 
introducing significant error into the problem. The sensitivities of  to  and  were 
calculated; however, no  sensitivities were calculated because the flow was nearly 
incompressible. The residuals for friction factor sensitivity were evaluated numerically using Eq. 
10, while the residuals for time step sensitivity were evaluated using Eqs. 14 and 16. Figure 4 
illustrates the effectiveness of the method at predicting 10% perturbations in the friction factor. 
Solid lines represent traditional direct calculations while the dotted lines show the values of  
predicted by the uncertainty quantification equation (Eq. 9). 
 
 

 
Figure 4. Predicted and actual values of  at t=1.0 for a 10% perturbation of . 

Simulations were run with t=1x10-3. 
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While friction factors are well known for isothermal flow, they are a significant source of 
uncertainty when modeling multi-phase flow. Figure 5 illustrates the accuracy of the forward 
sensitivity method over a wide range of  perturbations. 
 

 

 
Figure 5. Maximum percent error in  for a range of  perturbations. Simulations were 

run with t=1x10-3. 
 
 
Figures 6 shows the results for time step sensitivity at t=0.5. A large time step is used to show 
the effectiveness of the method at predicting when the time step size should be decreased. 

 
 

 
Figure 6. Predicted and actual values of  at t=0.5 for a 90% perturbation of . 

 
  
In order for physical parameter sensitivity analysis to be meaningful, the discretization error in 
the problem must be small. Time step sensitivity analysis allows us to quantify the error arising 
from the time discretization and verify that it is small relative to error introduced by parameter 
uncertainties. Figures 7 and 8 show the comparison between uncertainties due to the physical 
parameter f and time integration numerical error. As long as the order of calculated time step 
sensitivity is correct, this information can be used to compare against uncertainties from physical 
parameters. We need to choose proper time and space steps so that the numerical errors are 
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orders smaller than the uncertainty caused by the interested physical parameters, i.e. 
 

. (25)
 
 

 
Figure 7. Comparison of time discretization error to the error arising from uncertainty in 

the friction factor at t=0.5. The nominal case was run with t=0.01. 
 
 

 
Figure 8. Comparison of time discretization error to the error arising from uncertainty in 

the friction factor at x=0.5. The nominal case was run with t=0.01. 
 
 

Proper choice of the differencing parameter in Eq. 10 is key to the success of the method. 
Choosing too large of a value will degrade the accuracy of the numerical difference, while 
choosing too small of a value will lead to numerical errors polluting the estimation. Figure 9 
illustrates this phenomenon as  converges to a value of approximately 1300 before 
diverging as  shrinks too small. While a manually-chosen fixed-size  works for this test 
problem, it is expected that  will need to be sized dynamically in more complex problems. 
Additionally, the interplay between the sizes of the JFNK perturbation parameter  and  in the 
sensitivity difference requires further investigation. 
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Figure 9. The effect of  size on . 
 

 
4. CONCLUSIONS 

 
In this work, we demonstrate the feasibility of using the forward sensitivity analysis method to 
quantify uncertainty in input parameters and time step size for a 1-D isothermal fluid flow 
problem. Furthermore, we believe that the forward sensitivity method will be a viable method of 
uncertainty quantification for a systems-level thermal-hydraulic safety code. While a large 
number of sensitivity equations will need to be solved for a system, the sensitivity residuals can 
be evaluated numerically without extra work by the analyst. The sensitivity equations are linear 
and can be solved with the same framework as the physics equations. The ability to quantify 
error arising from the time discretization is a unique and important feature of this method. Many 
accident scenarios studied with nuclear safety codes take place over a long period of time; thus 
there is significant benefit in sizing the time step such that a sufficiently accurate solution can be 
obtained without expending unnecessary computational effort. 
 
In order to use this method in safety analysis codes, all physical models must be smooth; 
otherwise, we end up with infinite large sensitivity at the non-smooth point. Non-smooth models 
often appear in closure models such as flow regime changes and control systems in traditional 
system analysis codes, which ignore the fact that each physical process has intrinsic time and 
length scales. These non-smooth models are one of major obstacles limiting forward sensitivity 
analysis application in system analysis codes. Smooth models with correct time and length scales 
not only allow modern numerical methods such as JFNK to be effectively used, but also can 
potentially reduce the large uncertainties associated with many safety transient simulations. This 
is an area warranting further investigation. 
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