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We propose a simple method to significantly enhance the temporal coherence and spectral bright-
ness of a self-amplified spontaneous emission (SASE) free-electron laser (FEL). In this purified
SASE (pSASE) FEL, a few undulator sections (called slippage-boosted section) resonant at a sub-
harmonic of the FEL radiation are used in the middle stage of the exponential growth regime to
amplify the radiation while simultaneously reducing the FEL bandwidth. In this slippage-boosted
section, the average longitudinal velocity of electrons is reduced, which effectively increases the FEL
slippage length that allows the radiation fields initially far apart to create phase relation, leading to
n times increase in FEL cooperation length, where n is the ratio of the resonant wavelength of the
slippage-boosted section to that of the original FEL radiation. The purified radiation, as a seed with
improved temporal coherence, is further amplified to saturation in the undulator sections tuned to
the FEL wavelength. Using the linac coherent light source II (LCLS-II) parameters as an example,
we show that with the proposed configuration the temporal coherence and spectral brightness of a
SASE FEL can be significantly enhanced. This scheme may be applied to many SASE FEL light
sources to enhance the FEL performance.

PACS numbers: 41.60.Cr

I. INTRODUCTION

High-gain free-electron lasers (FELs) working in the
self-amplified spontaneous emission (SASE) mode [1, 2]
have been successfully operated in the x-ray wavelengths
[3–5], which marked the beginning of a new era of x-
ray science. Starting from shot noise in the initial beam
longitudinal density distribution, the output of a SASE
FEL typically has rather limited temporal coherence with
spiky spectrum. Improving the FEL temporal coherence
has been a topic of recent interest, and various seeding
techniques in which a coherent seed is introduced to dom-
inate over the shot noise have been proposed to reach
this goal [6–12]. Seeding with external lasers typically
suffer from limited frequency up-conversion efficiency,
which together with noise amplification (see, for example
[13–15]) in harmonic generation process make it difficult
to reach sub-nanometer wavelengths. While self-seeding
technique has been demonstrated at hard x-ray wave-
lengths [16], it requires roughly twice the undulators to
reach saturation and it appears to be a challenging task
to reduce the FEL power fluctuations due to the intrin-
sic fluctuation of the monochromatized seed and electron
beam energy jitter.

It is well-known that the temporal structure of a SASE
FEL output consists of many spikes with a full temporal
width of about 2πlc, where lc is the cooperation length
that equals to the slippage length within one gain length
[17]. The number of temporal spikes is roughly N ≈
lb/2πlc, with lb being the full width of the electron beam.
Accordingly, the spectrum of a SASE FEL is similarly
noisy with ∼ N spikes, each having a frequency spread

c/lb and the overall frequency spread of the FEL pulse
is approximately c/2πlc, where c is the speed of light.
This spiky output is a result of the fact that in an FEL
the radiation only propagates through a fraction of the
electron bunch such that radiation fields with distance
larger than 2πlc evolve independently and therefore are
uncorrelated in phase.

In this paper, we propose a simple method to increase
the coherence length by speeding up the slippage in an
undulator tuned to a sub-harmonic of the FEL radiation,
i.e. λ 1

n
= nλ0 with λ0 being the FEL radiation wave-

length and n is an odd number larger than one (n =3,
5, 7, 9, . . . ). Such an undulator, called slippage-boosted
section, is used to amplify the SASE radiation in the
exponential growth regime while simultaneously reduc-
ing the radiation bandwidth to realize a purified SASE
(pSASE) FEL. In this slippage-boosted section, the av-
erage longitudinal velocity of electrons is reduced, which
effectively increases the FEL slippage length that allows
the radiation fields initially far apart to create phase rela-
tion, leading to n times increase in FEL coherence length.
Therefore, the number of spikes in FEL temporal profile
is reduced by a factor of n, leading to significant enhance-
ment in FEL spectral brightness.

Using the LCLS-II parameters as an example, we show
that even with conservative parameter sets, the FEL
bandwidth can be reduced by a factor of 5 with the pro-
posed pSASE scheme. This method will also enable FEL
single spike operation [17–19] (namely reducing the num-
ber of spikes to one) with a relatively long bunch. We
believe this pSASE configuration can be used in many
future SASE FEL light sources to enhance the FEL per-
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formance.

II. METHODS

In an FEL with planar undulator, the wavelength of
the on-axis radiation that can resonantly interacts with
the electron beam is,

λn =
1 + K2/2

2nγ2
λu , (1)

where K is the dimensionless undulator strength related
to the undulator period λu and undulator peak field B
as K = 0.934λu[cm]B[T], γ is the relativistic factor of
the beam, and n is an odd number. Given the beam
and undulator parameters, an FEL may operate either
in the fundamental wavelength (n = 1) or in the har-
monic lasing mode (n > 1) [20–24]. In the 1D limit
where the beam transverse emittance and energy spread
are neglected, the ratio of the power gain length for the
radiation at high harmonic L

(n)
1D to that at the fundamen-

tal wavelength L
(1)
1D is [20, 22, 24–26],

L
(n)
1D

L
(1)
1D

=
( A2

1

nA2
n

)1/3
, (2)

where An is the coupling factor for the nth harmonic,

An(K) = J(n−1)/2

( nK2

4 + 2K2

)−J(n+1)/2

( nK2

4 + 2K2

)
. (3)

The gain length ratio for various undulator strengths
is shown in Fig. 1, where one can clearly see that the
ratio is always larger than 1. Because the interaction be-
tween radiation and electron beam is most efficient for
n = 1, most of the FELs work in the fundamental mode.
To access shorter radiation wavelength with a beam lim-
ited in energy, an FEL may alternatively operate in the
harmonic lasing mode, for which case the suppression
of the growth of the fundamental radiation is required.
This can be achieved by using phase shifters (e.g. mini-
chicanes) to disrupt the interaction between the electron
beam and the fundamental radiation while maintaining
the interaction between the electron beam and the har-
monic radiation field. For instance, the growth of the ra-
diation power at the fundamental wavelength λ1 can be
suppressed by shifting the radiation by λ1/3 after each
undulator section. In contrast, the growth of the radi-
ation power at the 3rd harmonic is unhindered, for the
phase shift is just 2π [20, 24].

While the main purpose of harmonic lasing is to ex-
tend the FEL operation to shorter wavelength regime,
it has also been realized that harmonic lasing also in-
creases the FEL coherence length [27], compared to the
case when undulator K value is retuned to produce an
FEL pulse having the same wavelength with fundamental
lasing mode, because the total slippage length is n times
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FIG. 1: Ratio of power gain length L
(n)
1D/L

(1)
1D for various un-

dulator K values.

longer. However, in order to let the nth harmonic lase
to saturation, all the interaction at longer wavelengths
need to be suppressed, because their gain lengths are
shorter, as can be seen in Fig. 1. For instance, to achieve
lasing at the 7th harmonic, one has to suppress the las-
ing at the fundamental, 3rd and 5th harmonics, which
might make harmonic lasing at very high harmonics dif-
ficult to implement. Furthermore, the saturation power
of an FEL operating in the harmonic lasing mode is lower
than the nominal case when undulator is retuned to pro-
vide the same wavelength in the fundamental lasing mode
[20, 22]. It’s worth mentioning that one may also use
mini-chicanes (if available) between undulator sections to
shift the radiation field forward to increase the slippage
length, which will also improve the SASE FEL temporal
coherence [28–30].

In this paper, we study a new configuration in which
neither the phase shifter to disrupt the lasing at the fun-
damental and lower harmonics, nor the mini-chicanes to
shift the radiation forward with respect to the electron
beam, is needed, yet it still provides an FEL pulse with
significantly purified spectrum, compared to the FEL
working in the standard SASE mode.

The schematic layout of this pSASE FEL is illustrated
in Fig. 2. The proposed pSASE FEL consists of 3 undula-
tor sections, U1, U2 and U3. The first undulator section
U1, resonant at the target FEL wavelength (λ1 = λ0), is
used to produce a standard SASE radiation pulse with
central wavelength at λ0. The length of U1 is chosen in
such a way that the FEL process is in the middle stage
of the exponential growth regime, where the power of

FIG. 2: Schematic layout of a pSASE FEL.
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the SASE radiation is much higher than the spontaneous
radiation while the energy spread growth from FEL in-
teraction is negligible. The SASE radiation and the elec-
tron beam then enters the second undulator section U2
which is resonant at the sub-harmonic of the target FEL
wavelength (by increasing λu and/or K), i.e. λ1 = nλ0

and λn = λ0. In U2 (called slippage-boosted section) the
SASE radiation is amplified through the harmonic inter-
action with its bandwidth simultaneously reduced. This
is because the average longitudinal velocity of electrons
(vz/c = 1−λ1/λu) in U2 is reduced, which effectively in-
creases the FEL slippage length that allows the radiation
fields initially far apart to create phase relation, leading
to n times increase in FEL cooperation length. The pu-
rified radiation is then further amplified to saturation in
the last undulator section U3 which is again resonant
at the FEL radiation wavelength (λ1 = λ0). With this
configuration a pSASE FEL reaches saturation at a sim-
ilar power level as that of a standard SASE FEL, with
significantly enhanced temporal coherence and spectral
brightness.

The length of U2 should be properly chosen to make
sure the FEL power at the fundamental wavelength λ1 =
nλ0 is much smaller than that at the harmonic wave-
length λn = λ0 such that phase shifters are not needed to
suppress the lasing at fundamental. This is made possible
because the radiation at nλ0 starts from shot noise while
the radiation at λ0 is seeded by the radiation produced
in U1. Typically after a few gain length, the growth rate
of the FEL power at λ0 slows down in U2, because the
gain length at harmonic wavelength is more sensitive to
energy spread growth.

Take the LCLS-II under construction at SLAC as an
example, we assume the beam peak current is 2.5 kA,
normalized transverse emittance is 0.6 µm and rms en-
ergy spread is 1 MeV. LCLS-II uses variable-gap undu-
lator of which the undulator period length is λu = 5.5
cm and the K value can be tuned from about 1 up to
about 10 [31]. Assuming the beam energy is 6 GeV and
the FEL target wavelength is λ0 = 0.6 nm, there are
several options to produce intense radiation at 0.6 nm,
i.e. through fundamental lasing with K = 2 (λ1 = 0.6
nm), 3rd harmonic lasing with K = 4 (λ3 = 0.6 nm),
5th harmonic lasing with K = 5.29 (λ5 = 0.6 nm), 7th
harmonic lasing with K = 6.32 (λ7 = 0.6 nm), . . . , up
to 17th harmonic lasing with K = 10 (λ17 = 0.6 nm).
The 3D gain lengths (assuming average beta function of
10 m) at 0.6 nm with various lasing scenarios for various
beam energy spreads found by Xie’s formula [24, 32] are
shown in Fig. 3.

In the cold beam limit where beam energy spread is
negligible, the harmonic lasing mode is more efficient
than the fundamental lasing. This is because the effective
momentum compaction of the undulator (R56 = 2Nuλ1,
where Nu is the number of periods of the undulator)
is larger for harmonic lasing, which speeds up the mi-
crobunching, similar to the distributed optical klystron
technique (see, for example [33]). However, as the beam
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FIG. 3: Power gain length at λ0 = 0.6 nm as a function of
beam energy spread with LCLS-II parameters for various las-
ing scenarios: fundamental lasing with K = 2, 3rd harmonic
lasing with K = 4, 5th harmonic lasing with K = 5.29 and
7th harmonic lasing with K = 6.32.

energy spread increases, the debunching effect from the
larger momentum compaction starts to degrade the FEL
gain. As a result, the power gain length quickly grows
for FEL operating in the harmonic lasing mode as the
beam energy spread increases, as shown in Fig. 3. This
also leads to reduced saturation power for FEL work-
ing in the harmonic lasing mode, since the FEL power
growth stops at smaller energy spread [22]. To maintain
the same saturation power while reducing the FEL band-
width, in the proposed pSASE scheme, the length of U2
is relatively short so that the energy spread growth is
not significantly increased. The main purpose of U2 is to
purify the SASE radiation generated in U1 to prepare a
seed with improved temporal coherence for further am-
plification in U3. Operating U3 at the same wavelength
as U1 makes the saturation power of a SASE FEL es-
sentially the same as the standard SASE configuration,
which allows one to increase the spectral brightness of
the FEL radiation.

III. SIMULATION

In this section we present simulation results for a typi-
cal pSASE FEL to support our analysis in section above.
In our simulation we assume a flat-top beam with peak
current of 2.5 kA, full width of 40 fs (corresponding beam
charge is 100 pC), beam energy spread of 1 MeV, trans-
verse emittance of 0.6 µm, similar to that obtained in
start-to-end simulation for LCLS-II. With variable-gap
undulator, the LCLS-II soft x-ray beam line will cover
a broad range of x-ray energies from about 200 eV to 2
keV. In the baseline design of LCLS-II [31], the soft x-ray
undulators have 18 sections with a break of 1 m between
each undulators. The number of periods per section is
61 and the undulator period is 5.5 cm.
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In our simulation we focus on generating x-ray radia-
tion at 0.6 nm in LCLS-II soft x-ray beam line using a 6
GeV beam. Following Fig. 2, in our study the first un-
dulator section U1 consists of 9 undulators with the fun-
damental wavelength of the SASE radiation at λ1 = 0.6
nm (corresponding K value is 2). The SASE radiation
generated in U1 is purified in U2 which consists of 3 un-
dulators resonant at λ1 = 4.2 nm. The corresponding un-
dulator strength for U2 is K = 6.32, which can be read-
ily achieved by reducing the gap of the undulator. The
SASE radiation is purified and amplified in U2 through
the seventh harmonic interaction. Finally the radiation
with improved temporal coherence is further amplified to
saturation in U3 which consists of 6 undulators resonant
again at λ1 = 0.6 nm (K = 2).

After 9 undulator sections, the FEL power and spec-
trum obtained with GENESIS code [34] at the exit of U1
are shown in Fig. 4. The average power of the radiation
is about 60 MW and the energy spread growth from FEL
interaction is negligible. The radiation power profile con-
sists of ∼ 40 spikes, each having a full width of about 1
fs.
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FIG. 4: FEL power (a) and spectrum (b) at the exit of U1
with 9 undulator sections.

The radiation field and particle distribution are first
dumped at the exit of U1, and then further imported in
GENESIS code for simulation of the 7th harmonic inter-
action in U2 which is resonant at 4.2 nm. The evolution
of the radiation power profile and spectrum in U2 are
shown in Fig. 5, where one can clearly see that the radi-
ation bandwidth is gradually reduced in U2 through the
slippage-boosted filtering effect. After 3 undulator sec-
tions, the number of spikes in the radiation power profile
is reduced to ∼ 10 (Fig. 5e), and the bandwidth is accord-
ingly reduced by about a factor of 4 (Fig. 5f). Further
sending the beam through two more undulator sections
leads to a smoother temporal profile with only 7 spikes
(Fig. 5g), but the spectrum (Fig. 5h) is quite similar to
that after just 3 undulators (Fig. 5f). So in our simula-
tion, U2 only has 3 undulators resonant at 4.2 nm.

Note, since U2 is relatively short, and the harmonic
radiation is seeded by that produced in U1, it is not nec-
essary to use phase shifters to suppress the growth of the
fundamental radiation at 4.2 nm. In our simulation, the
average power of the 0.6 nm radiation at the exit of U2 is
about 300 MW while that of the fundamental radiation
(4.2 nm) at the exit of U2 is only about 1 MW.

Once again the radiation field and particle distribution
are dumped at the exit of U2, and finally they are im-

ported for simulation in U3 which is resonant at 0.6 nm.
With the FEL interaction in U2, the beam energy spread
is increased to about 1.3 MeV at the exit of U2. As can
be seen in Fig. 3, at this energy spread level the power
gain length of the 7th harmonic lasing mode exceeds that
of the fundamental lasing mode. By sending the purified
radiation and electron beam to U3 that operates in fun-
damental lasing mode, the efficiency of FEL interaction
is maximized and the saturation power for this pSASE
FEL will be similar to that in a standard SASE FEL.

The purified radiation is amplified to saturation in U3
after 6 undulators. The radiation power profiles and
spectra for an FEL working in the standard SASE mode
and pSASE mode are shown in Fig. 6. For a fair compar-
ison, the same beam parameters and initial shot noise are
used in the simulation. The only difference is that for the
pSASE FEL, the undulator K value for the 10th, 11th
and 12th undulators are set at K ≈ 6.32. The average
power for both modes is similar, but the bandwidth of
the pSASE FEL is significantly smaller than the standard
SASE FEL.

Note, the bandwidth reduction factor in a pSASE FEL
is approximately nL

(n)
3D/L

(1)
3D, where n is the harmonic

number in the slippage-boosted section, L
(n)
3D and L

(1)
3D

are the 3D gain lengths of the radiation at the FEL wave-
length λ0 in U2 and U1, respectively. Therefore, one can
either increase the harmonic number (e.g. by increasing
the K value and/or λu) or increase the power gain length
(e.g. by increasing the average beta function) in U2 to
further reduce the FEL bandwidth.

To quantify the bandwidth reduction factor, we per-
formed 10 simulations with different initial shot noise
distributions and the averaged radiation spectra are
shown in Fig. 7. The relative FWHM bandwidth of
the radiation produced in standard SASE mode is about
1.5 × 10−3, while that produced in pSASE mode is
about 3 × 10−4. The bandwidth is reduced by approxi-
matly a factor of 5, in good agreement with the theory
(nL

(n)
3D/L

(1)
3D ≈ 6 for our simulation parameters).

It should be pointed out that in our simulation we
conservatively chose K = 6.32 in the slippage-boosted
section. Actually for LCLS-II undulator, the undulator
strength can be tuned up to about K = 10, which in
principle allows one to use the 17th harmonic interaction
in U2 to further reduce the FEL bandwidth. However, at
such a high harmonic number, the FEL performance may
be more sensitive to field errors, beam energy spread, etc.
It is worth mentioning that reducing the FEL bandwidth
also increases the taper efficiency of a saturated FEL [35].
Since the number of longitudinal modes in a pSASE FEL
is reduced, one can eventually extract more power from
the electron beam in a pSASE FEL compared to a stan-
dard SASE FEL. Therefore, adding tapered undulator
sections to a pSASE FEL may lead to further enhance-
ment in FEL performance.
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FIG. 5: SASE radiation power and spectrum at the exit of the 1st undulator in U2 [(a) and (b)]; at the exit of the 2nd undulator
in U2 [(c) and (d)]; at the exit of the 3rd undulator in U2 [(e) and (f)]; at the exit of the 5th undulator in U2 [(g) and (h)].
The spectrum brightness (P (λ)) is normalized to the radiation peak spectral brightness at the exit of U1 (Fig. 4b).
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FIG. 6: Representative radiation power profiles and spectra for a standard SASE FEL [(a) and (b)] and a pSASE FEL [(c)
and (d)]. The average power for both cases is about 7 GW and in the simulation the beam parameters, lattice functions and
initial shot noise are all the same. The spectral brightness is normalized to the peak spectral brightness at the exit of U1.

IV. SUMMARY AND DISCUSSIONS

We have studied a simple scheme to significantly en-
hance the temporal coherence and spectral brightness of
a SASE FEL. In this pSASE FEL, a few undulator sec-
tions resonant at a sub-harmonic of the FEL radiation
are used in the middle stage of the exponential growth
regime to amplify the radiation while simultaneously re-
ducing the FEL bandwidth. In this slippage-boosted sec-
tion the FEL slippage length is increased, which allows

the radiation fields initially far apart to create phase re-
lation, leading to significant increase in FEL cooperation
length. The purified radiation is further amplified to sat-
uration in the undulator sections tuned to the FEL radi-
ation wavelength. With this configuration a pSASE FEL
reaches saturation at a similar power level as that of a
standard SASE FEL, with significantly enhanced tempo-
ral coherence and spectral brightness.

Using the LCLS-II parameters as an example, we show
that even with conservative parameter sets, the FEL
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FIG. 7: Spectrum of the FEL radiation produced in the stan-
dard SASE (a) and the pSASE mode (b). Thin lines refer to
single shot realizations and the bold line refers to the average
over 10 realizations.

bandwidth can be reduced by a factor of 5 with the pro-
posed scheme. It is worth mentioning that the parame-
ters used in our simulations and calculations are repre-
sentative rather than fully optimized design sets. A more
careful optimization might lead to further improvements
of the scheme. Furthermore, a higher bandwidth reduc-
tion factor may be achieved with a larger n and longer
gain length in the slippage-boosted section. However, it
is likely that the performance of a pSASE FEL with an
extremely large n will be more sensitive to a lot of un-
wanted effects and at some point the disadvantages will
outweigh the benefits. These concerns will be addressed

in our future work.
For SASE FELs with variable-gap undulators (such as

LCLS-II and European XFEL [36]), it is straightforward
to reconfigure it to pSASE mode by increasing the K
value of part of the undulators with no additional cost.
For SASE FELs with fixed-gap undulators, since only a
relatively short section (with a length comparable to ∼ 3
gain lengths) is needed to purify the radiation spectrum,
one may replace several existing undulator sections with
variable-gap undulators (at a moderate cost) to enable
the pSASE operation. Similarly, for SASE FELs with
short-period undulators (such as SACLA [5] and Swiss-
FEL [37]) where it may be difficult to increase the undu-
lator K value to significantly increase the slippage length
in the slippage boosted section, one may replace several
existing undulator sections with large-period variable-
gap undulators to enable the pSASE operation. The
pSASE operation mode may be particularly suited for
high-repetition rate FELs where the heat load associated
with the high rep-rate beam may pose potential damages
to the monochromator required for self-seeding, and the
pSASE scheme may be a very promising alternative for
generation of radiation with narrow bandwidth. In gen-
eral this scheme may be applied to many SASE FEL light
sources to enhance the FEL performance.
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