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We present a modified Lanczos algorithm to diagonalize lattice Hamiltonians with dramatically
reduced memory requirements. The lattice of size N is partitioned into two subclusters. At each
iteration the Lanczos vector is projected into a set of nsvd smaller subcluster vectors using singular
value decomposition. For low entanglement entropy See, (satisfied by short range Hamiltonians),

we expect the truncation error to vanish as exp(−n1/See
svd ). Convergence is tested for the Heisenberg

model on Kagomé clusters of up to 36 sites, with no symmetries exploited, using less than 15GB of
memory. Generalization to multiple partitioning is discussed.

PACS numbers: 05.30.-d, 02.70.-c, 03.67.Mn, 05.50.+q

Numerical (”Exact”) diagonalization (ED) of quan-
tum many-body Hamiltonians on finite clusters is of-
ten used to advance our understanding of larger lattices.
For example, Contractor Renormalization [1–3] uses ED
to compute the short range interactions of the effective
hamiltonian. Approximation schemes, mean field theo-
ries and variational wavefunctions, are routinely tested
on small clusters by comparisons to ED. ED also yields
short wavelength dynamical response functions[4] and
Chern numbers for computing Hall conductivity [5].

Lanczos algorithms [6, 7] are particularly efficient for
sparse Hamiltonians, such as the Hubbard and Heisen-
berg models. Much effort has been devoted to speeding
up Lanczos convergence, and avoiding error accumula-
tion. However, for a lattice of size N , with m states
per site, the dimension of the Lanczos vectors (which are
stored in the dynamical memory) goes as mN . There-
fore, increasing ED to larger lattice sizes is prevented
primarily by memory limitations, rather than processor
speed.

The central idea of this paper is to significantly re-
duce the dynamical memory cost of ED. The lattice is
divided into two subclusters. We use singular value de-
composition (SVD) to reduce ”large” vectors to a set
of nsvd ”small” subcluster vectors. High accuracy can
be guaranteed if the truncation error is a rapidly de-
creasing function of nsvd. Significant memory compres-
sion is achieved when nsvd << mN/2, which in turn
depends on having low entanglement entropy See [8] of
the target eigenstates. Indeed, many of the interesting
short range models in one and two dimensions [9–12] are
known to have low entanglement entropy. This explains
the remarkable success of density matrix renormalization
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FIG. 1. Partitioning Kagomé clusters for application of the
Lanczos-SVD algorithm

group [13], matrix product states [9, 14] , and multiscale
entanglement renormalization approaches [15] for these
models. In higher dimensions d, the area law scaling
See ∼ cN (d−1)/d is expected [8]. This allows us to choose
See << log(nsvd) << N/2 log(m) and still obtain a small
truncation error, as we shall demonstrate below.

The paper is organized as follows. The SVD projection
of a large vector into small vectors is defined. The con-
vergence of the truncation error as a function of nsvd and
See is obtained for a generic model of entanglement spec-
trum. We describe a Lanczos-SVD iteration step with its
orthonormalizations and diagonalizations. We test the
Lanczos-SVD algorithm for the spin half Heisenberg an-
tiferromaget on the Kagomé clusters of 24 and 36 sites,
which are depicted in Fig. 1. The results agree with our



2

estimate of the truncation error. The ground state energy
of 36 sites converges to a relative error of ≈ 7× 10−5 as
compared to the exact result [16], where we use a desktop
computer with less than 15GB of memory and no lattice
symmetries. Finally, we discuss a possible extension of
this approach to multi-partitioning, and estimate the op-
timal reduction in memory cost that could be achieved.

The SVD projection. Any state |ψ〉 of the full cluster
can be represented in a unique SVD form as

|ψ〉 =
∑
α

λα|α〉1|α〉2,∑
α

λ2α = 1, 〈α|α′〉i = δαα′ , (1)

where the λα are positive, and |α〉i are ”small” basis
vectors of subclusters i = 1, 2. Truncating the sum into
the largest nsvd terms defines the SVD projector,

Psvd|ψ〉 =

nsvd∑
α=1

λα|α〉1|α〉2, (2)

which introduces a wavefunction error ε = ||(Psvd −
1)|ψ〉||2.

To get an idea of how ε(nsvd) converges, we must know
the ”entanglement spectrum” {sα} defined by λ2α ≡ e−sα .
A generic density of states can be modelled by a power
law form

ρp(s) =
∑
α

δ(s− sα) =
sp

Γ(p+ 1)
, p > −1, (3)

which describes the many-body density of states of a clas-
sical gas with constant (Dulong-Petit) specific heat [20].
p counts with the number of entangled degrees of free-
dom. The corresponding entanglement entropy is easy to
evaluate,

See = −
∑
α

λ2 log(λ2) =

∫ ∞
0

dssρp(s)e
−s = p+ 1. (4)

Choosing a cut-off exponent sc such that nsvd =∫ sc
0
dsρp(s), we arrive at the error estimate at large nsvd,

ε ∼ e−n
1/See
svd . (5)

Hence a choice of nsvd > eSee will ensure an exponentially
small truncation error.

Lanczos-SVD step. Lanczos-SVD economizes on the
storage space by applying an SVD projection after each
application of the Hamiltonian on the Lanczos vector,

|ψ〉′ = PsvdH|ψ〉. (6)

The projection entails the following computational steps.
H can be written as a sum of products of the two sub-
cluster operators,

H = H0
1 ⊗ I2 + I1 ⊗H0

2 +

M∑
µ=3

Hµ
1 ⊗H

µ
2 . (7)

For example, a nearest neighbor Heisenberg model
(
∑
ij Si·Sj) with K bonds connecting the two subclusters

has M = 2 + 3K terms.
Acting with H on |ψ〉 produces a new state,

H|ψ〉 =

nsvdM∑
ν=1

|ν)1|ν)2, (8)

where the new (non orthonormal) small vectors are la-
belled by |ν)i = Hµ

i |α〉i. To project the new state by
Psvd, we must first orthonormalize |ν)i. We diagonalize
the two Hermitian overlap matrices (of row dimensions
nsvdM)

〈ν′|ν〉i =
(
V †i DiVi

)
νν′

i = 1, 2

|β〉i =
∑
ν

(
D
− 1

2
i Vi

)
βν

|ν)i, (9)

where Di are diagonal and positive semidefinite, and Vi
are unitary. |β〉i, i = 1, 2 are orthonormal sets in their
respective spaces. Thus, the new vector is given by

H|ψ〉 =

nβnβ′∑
ββ′

Cββ′ |β〉1|β′〉2

C =
√
D1V

∗
1 V
†
2

√
D2. (10)

Now we perform an SVD on the matrix C,

C = ν2cU
t
1Λ′U2, (11)

where νc is the normalization. U t1, U
†
2 are unitary matri-

ces which diagonalize the Hermitian products CC† and
C†C respectively. After computing Λ, U1, U2 we obtain
the SVD form of the new state. Λ is diagonal and nor-
malized to TrΛ2 = 1 with positive eigenvalues λ′α. We
keep only the nsvd largest λ′α and obtain

PsvdH|ψ〉 =

nsvd∑
α=1

λ′α|α〉′1|α〉′2, (12)

where the new small vectors of i = 1, 2 are,

|α〉′i =

nsvdM∑
ν=1

(
UiD

− 1
2Vi

)
αν
|ν)i. (13)

Convergence to eigenstates The Lanczos algorithm ro-
tates a set of basis states |ψn〉 into the lowest energy
eigenstates with which the basis has a finite overlap. If
we choose ε to be much smaller than the lowest relative
energy gap, the Lanczos-SVD vectors converge to a states
which are within ε distance from the SVD projection of
the corresponding exact eigenstate.

ED of Kagomé clusters. We test the convergence of
the Lanczos-SVD algorithm for the spin-half Heisenberg
antiferromagnet

H =
∑
〈ij〉

Si · Sj (14)
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FIG. 2. Lanczos-SVD truncation errors, for the 24 sites
Kagomé cluster. nsvd is the number of retained products in
the SVD representation of the ground state (1). ε is the wave-
function error Eq. (2) and following text). ∆E0/E0 is the
relative error in the the Lanczos-SVD ground state energy as
compared to the exact result. The low entanglement entropy
of the subclusters (See = 1.510) is the reason for the rapid
decay of the errors in the regime nsvd << 212.

on Kagomé clusters of N=24,36 sites, as depicted in
Figs.1 . The Lanczos-SVD routine proceeds as follows:
We initialize |ψ〉(0) as a direct product of the two sub-
cluster states. We compute (PsvdH)n|ψ(0)〉 = |ψ(n)) as
described above. Since our method is economical in mem-
ory, we can afford to retain L sequential Lanczos vectors
|ψ(n)), |ψ(n+1)), . . . |ψ(n+L)), which speeds up the conver-
gence with iteration number considerably. (If memory is
scarce, one could use the slower method of keeping only
two Lanczos vectors).

Now, we compute the overlap matrix and orthonormal-
ize this set of Lanczos vectors. This produces a ”rotating
basis” of dimension L

|ϕ(i)〉 =

n+L∑
n′=n

Ain′ |ψ(n′)〉, 〈ϕ(i)|ϕ(j)〉 = δij , (15)

where A are the coefficients determined by diagonalizing
the overlap matrix (see e.g. Eq. (9)).

Subsequently, we compute the matrix elements of the
reduced Hamiltonian,

Hij = 〈ϕ(i)|H|ϕ(j)〉, i, j = 1, . . . L. (16)

The reduced Hamiltonian matrix is diagonalized. Its
lowest eigenvalue and eigenvector yield the best varia-
tional approximations to the ground state energy and
wavefunction at this level of iteration [17].

Finally, we bring the resulting wavefunction to the
SVD form truncated into nsvd terms. This provides the
new initial state |ψ(n+L+1)〉 for further Lanczos steps.

Results. For 24 sites, we compare standard Lanczos to
Lanczos-SVD in order to investigate the dependence of
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FIG. 3. Lanczos-SVD convergence of the ground state energy
of the 36 site Kagomé cluster. ∆E0(i) is difference between
the energy at iteration i and the ED result of Ref. [16]. We
used nsvd = 100, and L = 4 Lanczos vectors.

truncation error on nsvd. The ground state entanglement
entropy is See = 1.51. In Fig.2 we plot the wave function
and ground state energy errors versus nsvd, and find that
they decrease exponentially as expected by Eq. (5). We
also verified that the SVD projection Psvd does not slow
down the energy convergence with iteration number.

The 36 site Kagomé cluster was split into two 18 site
clusters as shown in Fig. 1. The Hamiltonian has 7 in-
terconnecting bonds, which implies M = 23. The num-
ber of retained small vectors before orthonormalization is
therefore 2Mnsvd. In Fig 3 we plot ground state energy
of Lanczos-SVD versus iteration, using nsvd = 100, and
L = 4, and compare it to the exact ground state energy as
determined by standard Lanczos E0(36) = −14.859397
[16]. The entanglement entropy was measured to be
See ≈ 2.5. The calculation converges to relative energy
accuracy of 10−4, and an SVD truncation error of similar
magnitude.

Comparing ε and See of 36 sites and 24 sites for the
same nsvd = 100 is consistent with the errors being 3.8×
10−8 and 6.6×10−5 respectively, as expected by Eq. (5).

Extension to larger lattices. The Lanczos-SVD com-
presses the memory requirement by a single division of
the cluster into two subclusters i = 1, 2. This idea could
be extended to recursive partitioning. Consider that each
small vector (e.g. |α〉i in Eq. (1) gets further decomposed
into nsvd products of even smaller subcluster vectors. If
the SVD is thus iterated p times, one obtains a represen-
tation in terms of small vectors of P = 2p subclusters.
|ψ〉 is thus stored in terms of a set of the smallest vec-
tors. Let us estimate the memory cost of storing such a
decomposition and applying to it the Hamiltonian.

For concreteness, consider a two dimensional disk of
radius R >> 1, containing N ' πR2 sites of spin half,
divided into P equal sections as shown in Fig.4. The sec-
tions are labelled by a binary number i = (i1, i2, . . . ip),
ik = 0, 1. The recursive SVD decomposition yields the
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FIG. 4. Multiple subclusters

expression

|ψ〉 =
∑

α1,α2...αp

λα1
λi1α1,α2

· ·λi1,...ip−1
α1,...αp

∏
i

|α1, . . . αp〉i.

(17)
The SVD weights λi are labelled according to the bound-
aries they describe, as shown in Fig. (4). Each αi runs
over nsvd numbers, which means that each section i is

represented by npsvd vectors of dimension 2N/P . By the
”area law” See ∝ R on each boundary. As shown before,
we must retain nsvd ∼ ecR terms in each SVD, where
c(ε) > 1 in order to achieve a desired truncation error ε.

After applying H to |ψ〉, we generate a factor of M ≈
6R more small vectors. Thus we should store 6PRn

p)
svd

small vectors in the memory. Thus the memory cost is

Mc ≈ 6PR exp

(
cR log(P ) +

πR2 log(2)

P

)
. (18)

Minimizing Mc(P ) one finds the optimal partitioning
P opt, and the optimal memory cost Mopt at large N to
scale as

P opt ≈ π log(2)R

c
, Mopt

c ∼ Ne
c
2

(√
N/π log(N/π)−2

)
.

(19)
This would amount to a significant compression of mem-
ory as compared to standard Lanczos M∼ 2N . The re-
maining challenge is to speed up the significantly larger
computational time needed to orthonormalize and SVD
large sets of small vectors.

Acknowledgements We thank Dan Arovas, Yosi Avron,
Sylvain Capponi, Steve Kivelson, Israel Klich and Ne-
tanel Lindner for conversations. AA acknowledges sup-
port from israel Science Foundation, and US Israel Bina-
tional Science Foundation, and the hospitailty of Aspen
Center For Physics.

[1] C. J. Morningstar, M. Weinstein Phys.Rev. D 54, 4131
(1996); Marvin Weinstein Phys.Rev. B63, 174421 (2001);
M.Stewart Siu, Marvin Weinstein Phys. Rev. B 77,
155116 (2008).

[2] E. Altman and A. Auerbach, Phys. Rev. B 65, 104508
(2002); E. Berg, E. Altman, and A. Auerbach, Phys. Rev.
Lett. 90, 147204 (2003); R. Budnik and A. Auerbach
Phys. Rev. Lett. 93, 187205 (2004).
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