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In this paper, we study the unsteady motion of inhomogeneous incompressible viscous fluids. We

present the results corresponding to Stokes’ second problem and for the flow between two parallel

plates where one is oscillating.
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1. Introduction

One of the main areas of interest in fossil energy related
applications, such as power plants, atomization, biomass, alter-
native fuels, etc., is the use of slurries, specifically coal–water or
coal–oil slurries, as the primary fuel. Some studies indicate that the
viscosity of coal–water mixtures depends not only on the volume
fraction of solids, the mean size, and the size distribution of the
coal, but also on the shear rate, since the slurry behaves as a non-
Newtonian fluid (see Massoudi and Phuoc [1]). At the same time,
there are studies which indicate that preheating the fuel results in
better performance (see Gupta and Massoudi [2]) and as a result of
such heating, the viscosity changes. The non-linear time-depen-
dent response of complex fluids (such as drilling fluids, coal–water
slurries, electro-rheological fluids, and polymers) constitutes an
important area of mathematical modeling of non-linear fluids.

Exact (or analytical) solutions to the steady or unsteady flow of
a fluid play a significant role not only in understanding the
behavior and the response of the fluid, but also in helping the
design of experiments to measure material properties. Further-
more, exact solutions establish benchmark examples to test the
accuracy and validity of the numerical schemes used in studying
the more sophisticated models or more complicated geometries.
Most of the exact solutions to the full Navier–Stokes equations
and to the simplified boundary layer equations are given in
Ltd.

. Massoudi),
classical textbooks on fluid mechanics, such as Batchelor [3],
White [4], and Schlichting [5], and in review articles by Boulanger
et al. [6], and Wang [7]. For many non-linear fluids such exact
solutions either do not exist, depending on the model, or are rare
and not as easily obtainable [8–12].

Rajagopal [11] obtained exact solutions for a class of unsteady
unidirectional flows where the fluid was assumed to behave as an
incompressible second grade fluid. These solutions correspond to
(a) the flow due to an oscillating rigid plate in its own direction
(also known as Stokes’ second problem), (b) the flow between two
parallel plates one of which is oscillating, (c) the flow between
two rigid walls one of which is suddenly set into motion, and
(d) the time periodic Poiseuille flow where there is an oscillating
pressure gradient.

In this short paper, we study the unsteady motion of inhomo-
geneous incompressible viscous fluids, where the viscosity varies
spatially. We present the results corresponding to Stokes’ second
problem and for the flow between two parallel plates where one
is oscillating.
2. Governing equations

In the absence of thermo-chemical and electro-magnetic
effects, the governing equations of motion are the conservation
of mass and linear momentum equations. These are (see Truesdell
and Noll [13])

Conservation of mass:

@r
@t
þdivðruÞ ¼ 0 ð1Þ
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where r is the density of the fluid, @/@t is the partial derivative
with respect to time, and u is the velocity vector. For an isochoric
motion we have

divu¼ 0

Conservation of linear momentum:

rdu

dt
¼ divTþrb ð2Þ

where b is the body force vector, T is the stress tensor, and d/dt is
the total time derivative, given by

dð:Þ

dt
¼
@ð:Þ

@t
þ gradð:Þ
� �

u

The balance of the moment of momentum in the absence of
body couples indicates that the stress tensor is symmetric. In the
next section, we will discuss, very briefly, a class of fluids whose
constitutive relations can be classified as inhomogeneous viscous
fluids.

3. Constitutive relations

The concept of a homogenous (or non-homogenous) body is
not as simple as one would think. For example, Malvern [14, p. 2]
in his excellent book, Introduction to the Mechanics of a Continuous

Medium, defines a homogeneous material as one which ‘‘has
identical properties at all points.’’ This definition, however, does
not make a distinction between the properties at all points in the
reference configuration and the properties at all points in the
present configuration. In fact, more accurately, a body is inhomo-
geneous if its properties in the reference configuration are not
constant. And if indeed there is a configuration in which the body
could have constant properties, then the body is not inhomoge-
neous. That is, whether a body is inhomogeneous or not is not
decided by the fact that the body’s properties, in our case the
fluid, in the current or for that matter any specific configuration
are different.1 This implies that there could be a homogenous
fluid which is a shear-thinning (or thickening) fluid, i.e., its
viscosity is a function of the shear rate. That is, inhomogeneity
of the fluid cannot be decided on the basis of its properties being
different at different locations in the current configuration, as
many popular definitions may imply.

Truesdell [15] defines a material homogenous if there exists a
reference placement (configuration) vk such that the response
function of the material, in this case the stress tensor, is inde-
pendent of the reference position X. In fact, as emphasized by
Anand and Rajagopal [16]: ‘‘The point is, in general, that an
Eulerian description cannot be used to determine whether a body
is homogenous, it is a notion that is inherent to the abstract body
B and not its present configuration, or for that matter any specific
configuration.’’

We consider a constant density fluid whose viscosity changes
from point to point in its reference configuration. For such an
inhomogeneous incompressible fluid, we assume

m¼ mðX,tÞ ð3Þ

For such a fluid we assume that the Cauchy stress tensor is
given by

T¼�p1þmðX,tÞA1 ð4Þ

where p is the indeterminate part of the stress due to the
constraint of incompressibility, 1 is the identity tensor, and m is
the coefficient of viscosity. The kinematical tensor A1 is defined
1 We are grateful to the reviewer for bringing this very important point to our

attention.
through

A1 ¼ LþLT
ð5aÞ

L¼ gradu ð5bÞ

where u is the velocity vector and grad the gradient operator. In
general, the form of the function for viscosity is based on some
experimental observation. We suggest two reasonably simple, yet
general, functions which can be used: (i) one a linear dependence
on Y and (ii) the other an exponentially decaying function, while
assuming no dependence on time. Thus,

Case (i):

_mðYÞ ¼_mðyÞ ¼ m0�ðm0�mhÞ
y

h
where _mð0Þ ¼ m0, _mðhÞ ¼ mh ð6Þ

Case (ii):

_mðYÞ ¼_mðyÞ ¼ m1�ðm1�m0Þe
�lh where _mð0Þ ¼ m0, _mð1Þ ¼ m1

ð7Þ

where ‘‘h’’ is some characteristic length, such as the distance
between two plates, and subscripts 0 and N represent two datum
points, where the viscosity is known, for example at the wall or
far away from the wall.

Anand and Rajagopal [16] use a quadratic function for _mðYÞ;
they also introduced a parameter e which can be thought of as a
measure of the inhomogeneity of the fluid. They suggested a few
equations of the following type:

_mðYÞ ¼_mðyÞ ¼ m0 1þe 6y2

h2
�

1

2

� �� �
ð8Þ

In this paper, we will only consider Case (i). In the next section,
we will look at two simple problems whose solutions for the
standard homogeneous Navier–Stokes model, i.e., with constant
viscosity, are well known and are given in many textbooks.
4. Simple boundary value problems

For a unidirectional unsteady flow, the motion has the form
(see Anand and Rajagopal [16])

x¼ XþuðYÞt, y¼ Y , z¼ Z ð9Þ

And it follows that

u¼ uðy,tÞi ð10Þ

where m¼_mðyÞ.
Now, with (10) and in the absence of body forces and for

isochoric motions, Eq. (2) reduces to

r @u

@t
¼ divT ð11Þ

Substituting Eqs. (4) and (10) in (11) we have

r @u

@t
¼�

@p

@x
þ
@

@y
_mðyÞ @u

@y

� �
,

@p

@y
¼ 0,

@p

@z
¼ 0 ð12a2cÞ

To eliminate the pressure term, we differentiate (12a) with
respect to y. Thus

r @2u

@y@t
¼

@2

@y2
_mðyÞ @u

@y

� �
ð13Þ

which, as mentioned by Rajagopal [11], suggests the possibility of
solutions similar to the Newtonian case where the solution is of
the separable form. That is, we can assume

uðy,tÞ ¼UðyÞTðtÞ ð14Þ
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Using the above in Eq. (13) and rearranging, we obtain the
separated form of the PDE as

@T=@t

T
¼
@2=@y2½

_mðyÞð@U=@yÞ�

rð@U=@yÞ
ð15Þ

This implies that the solution of the kind given by Eq. (14) is
possible so long as

@U

@y
a0, Ta0 ð16Þ

The separation of variables suggests that Eq. (15) has a
solution given in the form

@T

@t
¼ gT ) T ¼ T0egt ð17aÞ

@2=@y2½
_mðyÞð@U=@yÞ�

rð@U=@yÞ
¼ g ð17bÞ

where g is in general, a complex parameter depending upon the
speed of the moving boundary (or frequency in case of an
oscillation).
c1 ¼�

ffiffiffiffiffiffi
b0

2

r _
UK0½ð2=b0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ig0ða0þb0hÞ

p
�

I0½ð2=b0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ig0ða0þb0hÞ

p
�K0½ð2=b0Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
ig0a0

p
��I0½ð2=b0Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
ig0a0

p
�K0½ð2=b0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ig0ða0þb0hÞ�

p ð27Þ

and

c2 ¼

ffiffiffiffiffiffi
b0

2

r _
UI0½ð2=b0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ig0ða0þb0hÞ

p
�

I0½ð2=b0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ig0ða0þb0hÞ

p
�K0½ð2=b0Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
ig0a0

p
��I0½ð2=b0Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
ig0a0

p
�K0½ð2=b0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ig0ða0þb0hÞ�

p ð28Þ
We now study the flow due to a rigid plate oscillating in its
own plane. If we assume @p=@x¼ 0, then Eq. (12) reduces to

r @u

@t
¼
_mðyÞ @

2u

@y2
þ

d_m
dy

@u

@y
ð18Þ

We can see that the classical solution for the Navier–Stokes
fluid where m¼ constant can easily be obtained from the above
equation. Let us seek solutions of the form

uðy,tÞ ¼UðyÞeiot ð19Þ

where ‘‘i’’ is the imaginary number ( i¼
ffiffiffiffiffiffiffi
�1
p

) and o is related to
the frequency of oscillation. Then, Eq. (18) implies

_mðyÞU00 þ d_m
dy

U0�iroU ¼ 0 ð20Þ

where prime denotes differentiation with respect to y.
Let us consider the flow of inhomogeneous fluids between two

horizontal parallel plates subject to the boundary conditions

Uð0Þ ¼
_
U as y¼ 0, U ¼ 0 as y¼ h ð21a;bÞ

In the limit as h-N (or as y/h-1) we retrieve the case of
the standard (unbounded) Stokes’ second problem. Now, we use
Case (i) above where the viscosity varies linearly with respect
to y, i.e.,

_mðyÞ ¼ a0þb0y where a0 ¼ m0, b0 ¼�
ðm0�mhÞ

h
ð22a2cÞ

If we now define g0 ¼ ro and consider the transformation

z¼
2

b0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ig0ða0þb0yÞ

q
ð23Þ
then we have

dU

dy
¼

2ig0

b0z

dU

dz
,

d2U

dy2
¼

4g0
2

b0
2z3

dU

dz
�

4g0
2

b0
2z2

d2U

dz2
ð24a;bÞ

As a result of this transformation, Eq. (20), after some manip-
ulation, becomes

z2U00ðzÞþzU0ðzÞ�z2UðzÞ ¼ 0 ð25Þ

where now, the prime denotes differentiation with respect to z.
Eq. (25) is commonly referred to as the Hyperbolic Bessel’s

equation or the modified Bessel’s equation and has independent
solutions I0ðzÞ,K0ðzÞ which are referred to as the modified Bessel’s

functions of the first andsecond kind, respectively (see Abramowitz
and Stegun [17]). Using these functions, we can construct a
general solution to our problem which is given by

UðzÞ ¼ c1I0ðzÞþc2K0ðzÞ

¼
c1ffiffiffiffiffiffiffiffiffiffiffi
b0=2

p I0
2

b0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ig0ða0þb0yÞ

q� �
þ

c2ffiffiffiffiffiffiffiffiffiffiffi
b0=2

p K0
2

b0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ig0ða0þb0yÞ

q� �

ð26Þ

where c1 and c2 are constants to be determined by the boundary
conditions. Using Eqs. (21a,b), we therefore have
5. Comments and remarks

It is noted that in general, Eq. (18) can be made dimension-
less and the results can be given in terms of appropriate
dimensionless numbers. In this paper, however, we do not use
the non-dimensional form of Eq. (18). In conclusion, the solution
corresponding to the problem (20) along with boundary
conditions (21a,b) is given by

uðy,tÞ ¼ Re½T0eiotUðyÞ� ð29Þ

where ‘‘Re’’ designates the real part of the solution. Both of the
viscosity correlations suggested in this paper, i.e., Eqs. (6) and (7),
imply that the viscosity varies spatially only with Y, the direction
normal to the direction of the flow. Of course, this is an assump-
tion, and more general correlations can be used. Furthermore, we
have also assumed that the viscosity is not a function of time.
From an engineering point of view, especially those engineers
interested in measuring viscosity, this approach presents special
difficulties, since pointwise measurement of viscosity, if possible,
is much more difficult than pointwise measurement of velocities,
pressure, or temperature which are often preformed to obtain
their values at any given point in the flow.

It is also noted that the solution provided in this paper goes
beyond simply Stokes’ second problem. We can have several
different physical scenarios depending upon the nature of the
parameter g0: (i) when g0 is real and positive, we have the case of
an accelerating boundary, (ii) when g0 is real and negative, it
refers to a decelerating boundary and finally (iii) when g0 is
purely imaginary, we have the case of an oscillating boundary
which is also referred to as Stokes’ second problem. The solutions
to Cases (i) and (ii) of the accelerating and decelerating bottom
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plate is obtained using

uðy,tÞ ¼ T0e7ot Re½UðyÞ� ð30Þ

where UðyÞ is similar to Eq. (26) but with io replaced with 7o.
Our primary contribution has been in obtaining exact solutions to
a large class of unsteady non-linear problems, both for bounded
and unbounded domains. The obvious question that arises now is
whether this solution presented here is stable; the non-linearity
of the governing equations naturally leads to questions of exis-
tence, uniqueness and stability. These issues along with more
generalizations will be discussed in our forthcoming papers on
this subject.
Acknowledgments

We are very thankful to the reviewer whose comments
clarified certain conceptual difficulties with the notion of
inhomogeneity.

References

[1] M. Massoudi, T.X. Phuoc, Fully developed flow of a modified second grade
fluid with temperature dependent viscosity, Acta Mech. 150 (2001) 23–37.

[2] G. Gupta, M. Massoudi, Flow of a generalized second grade fluid between
heated plates, Acta Mech. 99 (1993) 21–33.
[3] G.K. Batchelor, An Introduction to Fluid Dynamics, Cambridge University
Press, Cambridge, 1967.

[4] F.M. White, Viscous Fluid Flow, McGraw-Hill Inc., New York, 1974.
[5] H. Schlichting, Boundary-Layer Theory, 7th Ed, McGraw-Hill, New York,

1979.
[6] Ph. Boulanger, M. Hayes, K.R. Rajagopal, Some unsteady exact solutions in the

Navier–Stokes and the second grade fluid theories, Stab. Appl. Anal. Cont.
Media 1 (1991) 185–204.

[7] C.Y. Wang, Exact solutions of the steady-state Navier–Stokes equations,
Annu. Rev. Fluid Mech. 23 (1991) 159–177.

[8] R. Bandelli, Unsteady unidirectional flows of second grade fluids in domains
with one finite dimension, Int. J. Non-Linear Mech. 30 (1995) 817–839.

[9] R. Bandelli, K.R. Rajagopal, Start-up flows of second grade fluids in domains
with heated boundaries, Int. J. Non-Linear Mech. 30 (1995) 263–269.

[10] M.E. Erdogan, On the unsteady unidirectional flows generated by impulsive
motion of a boundary or sudden application of a pressure gradient, Int. J.
Non-Linear Mech. 37 (2002) 1091–1106.

[11] K.R. Rajagopal, A note on unsteady unidirectional flows of a non-Newtonian
fluid, Int. J. Non-Linear Mech. 17 (1982) 369–373.

[12] T.W. Ting, Certain non-steady flows of second-order fluids, Arch. Ration.
Mech. Anal. 14 (1965) 1–26.

[13] C. Truesdell, W. Noll, The Non-Linear Field Theories of Mechanics, Second
edition, Springer, New York, 1992.

[14] L.E. Malvern, Introduction to the Mechanics of a Continuous Medium,
Prentice-Hall, Inc., Englewood Cliffs, NJ, 1969.

[15] C. Truesdell, A First Course in Rational Continuum Mechanics, 2nd edition,
Academic Press, San Diego, CA, 1991.

[16] M. Anand, K.R. Rajagopal, A note on the flows of inhomogeneous fluids with
shear-dependent viscosities, Arch. Mech. 57 (2005) 417–428.

[17] Milton Abramowitz, Irene A. Stegun (Eds.), Handbook of Mathematical
Functions with Formulas, Graphs, and Mathematical Tables, Dover Publica-
tions, New York, 1972.


	Unsteady flows of inhomogeneous incompressible fluids
	Introduction
	Governing equations
	Constitutive relations
	Simple boundary value problems
	Comments and remarks
	Acknowledgments
	References




