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Abstract

Traditional alloy theory models have been applied relative to the three solid phases of
uranium: alpha (orthorhombic), beta (tetragonal), and mainly gamma (body centered
cubic)[1]. The Darken-Gurry and Miedema models, with modifications based on con-
cepts of Waber, Gschneidner, and Brewer have been used to predict the behavior of four
types of solutes: 1) Transition associated with alloying in and containment of the ura-
nium fuel 2) Transuranic elements in the uranium 3) Rare earth fragmentation elements
(lanthanides) 4) Transition metals and other fragmentation elements. Using these solute
map criteria, elemental behavior have been predicted as highly soluble, marginally sol-
uble, or immiscible (intermetallic phase formers) and have been used to compare solute
effects during uranium phase transformations. The overlapping of these solute maps are
convenient first approximation tools for predicting alloy behavior.

Introduction

An investigation is in progress to determine the role of various solute elements on size and
shape of the γ phase field range for uranium to optimize the burning and material process-
ing of nuclear fuel is in progress. Traditional alloy theory models based on correlations
to elemental electronic and crystal properties are used to predict solubility and micro
structural formation. The effectiveness of this model is based on microstructure prop-
erty correlations. Darken and Gurry, and Miedema models, with modifications based on
concepts of Waber, Gschneidner, and Brewer, models have been used to describe solute
solubility with respect to uranium based the on correlation between elemental electronic
structure and uranium phases. The alpha (orthorhombic), beta (tetragonal), and gamma
(body centered cubic) phases have different solubilities for specific alloy additions as a
function of temperature. Using the method of Waber, ellipse diagrams classified those
solutes that should have broad solubility in the allotropes of uranium[2]. The predictive
diagrams are made from four different correlations:

1. Transition metals associated as contaminant with alloying in and containment of
the uranium fuel

2. Transuranic elements in the uranium



3. Rare earth heavy fission fragment elements (lanthanides)

4. Light fission fragment elements such as, alkaline earth, and some light transition
metals and other (Figure 1)

Figure 1: Thermal fission yield diagram of U235 indicates the ranges for atomic weights of
fission fragment elements on the left light fission elements and on the right heavy fission
fragment elements (http://www.world-nuclear.org/education/phys.htm

Analytical Practice

Using graphical alloy modeling schemes advanced by Hume-Rothery and Darken-Gurry
and qualified by Gsniedener and Waber it is possible classify a specific solute element
addition as highly soluble, marginally soluble, or immiscible elements. The diagrams will
indicate whether a specific elemental solute addition will go in solution into the various
solid phases of uranium or have been rejected. The Miedema plots exhibit the heat of
mixing of solute elements into solvent with the heat of mixing much greater than zero
promoting eutectic or eutectoidal microstructure and potential segregation and liquia-
tion or a heat of mixing much less than zero forms an intermetallic phase[3-7]. Thus the
Darken-Gurry model distinguish solubility effects during uranium phase transformations.
The Miedema model will predict the potential microstructural evolution associated with
the immiscible elements. Waber refined the ellipsoid by tightening the boundaries by
about fifty percent to emphasize the elements that are predicted to have extensive sol-
ubility from micro soluble situations. This modeling is most effective in the Henrian
solubility range and for the lower temperature phases since the models are primarily
enthalpy (bonding) based and do not address the entropy term (-TΔS). Overlapping
of these solute maps are convenient as a first approximation tools for predicting alloy
behavior.[2]



Gschneidner Rules as Applied to Darken-Gurry Diagrams

Gschneidner used elemental electron configurations of solutes and solvents to establish a
criteria for the selection of solute-solvent combinations which have been acceptable for
this modeling scheme due to issues of elements that have “d” and “f” bands. The elements
were classified as “d-shell” which included the transition metals, rare earth’s, and actinide
metals and an “sp-shell” element which include alkali, alkaline earth, aluminum and
silicon groups.

1. If both solute and solvent are “d-shell” elements, the Darken-Gurry method may
be applied. Here uranium would be classified as “d-shell.” No major distortion
of electronic bands occur. No large change in energy of the system occurs and
small differences in electronic nature of two elements. The factors of size and
electronegativity become dominant.

2. If both solute and solvent elements are “sp” elements, the Darken-Gurry method
is valid only if the solvent and solute have the same crystal structure. Darken-
Gurry method does not apply if “sp” solute and solvent have different crystal
structures. Limited or not solid solution is expected. If different crystal structures
or if the electronic configuration are sufficiently different causes impurity atoms
in the matrix to raise the total energy high enough that solid immiscibility or
compound formation occurs. Atomic size and electronegativity have no bearing
on the solid solution. These factors play a role in determining stoichiometry and
crystal structure of the second or mixed phase.

3. If the solvent is “d-shell” and the solute is an “sp” element, the Darken-Gurry
method is valid only if one of the common metallic crystal structures. Here the
uranium would be classified as “d-shell.” The electronic structures can be different.
“d-shell” solvents have available “d” orbitals which are electronically tolerant of
“sp”solute impurities. If crystal structures of the “sp” element is not one of the
common metallic structures then solid solution is unlikely to occur or if it does,
solid solution will occur at less than 5 wt. pct. In this case, Gschneidner rules do
not need to be invoked.

4. If the solvent is “sp” and the solute is a “d-shell” element, only limited solid solu-
tion have been observed regardless of their crystal structures. The Darken-Gurry
criteria are not needed. “sp-shell” solvent has no tolerance for a “d-shell” element
impurity and the lack of empty “d-shell” levels in the matrix. This situation is
true even if, both have common metallic crystal structures.[8]

Miedema Heat of Mixing Correlations

The Mediema Method of analysis will predict heat of mixing of solutes in uranium
to assist in understanding whether solutes that are immiscible will form a eutectic or
eutectoidal microstructures and potential segregation and liquiation, or inter-metallic
phase. The Miedema-Chelikowsky use different electronic properties that Darken-Gurry
and achieve similar results. Thus correlation enhances the credibility of these models.



Miedema-Chelikowsky analyses produce a similar ellipsoid to compare solubilities of ele-
ments in metallic solvents which have been used in this paper [5]. Miedema also applied
graphically his heat of mixing assessment on to a solvent-solute property data plot of
elemental work function and electron concentration of the Weitner-Seitz cell[7]. This
overlay distinguishes those solute atoms have a heat of mixing greater than zero from
those that having a negative heat of mixing values. This distinction tells whether the
solute element is going to report as segregation such as seen in eutectic and eutectoidal
segregation behavior from the solute elements or it is going to promote intermetallic
phases.

Uranium Phase Descriptions and Modeling Data

Alloy theories account for structural effects and valency of the three alloptropes of ura-
nium, α, β, and γ. α uranium forms partially and covalent bonds and electrons and do
not usually represented with whole number valence electrons. The valence of α uranium
is 3.8 to 4 and is plotted on the (Darken-Gurry) diagram as UIV (Figure 2). Covalent
bonding restricts the formation of solid solutions in α uranium even though atomic sizes
and valence may be favorable. [11]

Beta uranium (β) has a valence of 5 and have been plotted on the Hume-Rothery
diagram as UV. Beta uranium has a unique structure and only limited solid solubility is
possible. If β uranium has a valence of 5, elements that are pentavalent such as vanadium,
niobium, and tantalum should stabilize β uranium. If present in the right solute contents,
vanadium, niobium, chromium, and molybdenum are capable of retaining the β phase
during quenching. Gamma uranium, γ, is the most metallic of the three allotropes
and has a valence of six (5.8-6)[11]. The size of metal atoms depends on the number
of electrons given up or that have changed energy levels; the diameter is not easily
determined[9-10]. The size of a solute atom depends on the number of electrons the
atom has given up or the number that have changed energy levels and is used in the
Gordy’s formula for electronegativity is expressed as[2]:

en = 0.31
V + 1

r
+ 0.50 (1)

where en is electronegativity and V is the valence of the atom. The electronegativity is
a modeling parameter for the Darken-Gurry diagram.

Miedema analysis use the endothemicity or exothermicity of mixing to determine
whether or not an intermetallic or eutectic is formed[3-7]. If an intermetallic is formed,
the element will have a negative sign; if eutectic may form the sign have been positive.
The equation describing the positive and negative sign convention is as follows[4]:

ΔH = −Pe(Δφ)2 +Qo(Δn
1
3
ws)2 −R (2)

where P and Qo are constants, e is the elementary charge, Δφ is the change in chemical
potential with respect to uranium, Δnws is the change in change in density of elec-
trons with respect to uranium, and R is a constant added for liquid and solid alloys[4].
Chelikowsky further extended Miedema’s models by incorporating an ellipsoid that en-
compassed substitutional elements within a specific range about a solvent element. The
equation determining the position of the ellipsoid is as follows[5]:



ΔHf (o, t) = ΔHf (s) +N(o, t) (3)

N(o, t) =
2∑

i=1

ai,j(o, t)XiXj +
2∑

i=1

bi(o, t)Xi + c(o, t) (4)

where aij, bi, and c are coefficients described in [5].

X1 = φ(A)− φ(U) (5)

X1 = n
1
3
ws(A)− n

1
3
ws(U) (6)

The ellipsoid calculations were corroborated with phase diagram information.

Modeling Diagrams for Uranium

Figure 2 shows the electronegativities and ionic radii of the phases α, β, and γ. The γ
phase being the most electronegative and the α phase being the least electronegative.
This shift is in agreement with Gschneidner rule 2 which states that the Darken-Gurry
method is useful for “sp” elements in uranium if they have the same crystal structure.
So the shift between α, β, and γ phase uranium may reflect increased solubility of
certain elements based on crystal structure. Figure 2 illustrates that the electronegativity
changes with valence but the ionic radius is assumed to be constant for this study.
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Figure 2: Darken-Gurry diagram illustrating changes in electronegativity with phase
change for uranium. Note: In future diagrams the phase changes of uranium have been
displayed as α, β, and γ for the orthorhombic, tetragonal, and body centered cubic
crystal structures. The models have been updated with more refined ionic radius data
in future publications.



Figure 3 shows the γ solubility ellipse to distinguish the potential alloying elemental
solutes and additions that may be immiscible or compound forming and not suitable for
alloy addition.
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Figure 3: Darken-Gurry diagram representing potential elements for solubility in ura-
nium fuel

Figure 4 is a Darken-Gurry diagram illustrating the light fission fragment elements
of uranium. Many of the fission fragment elements fall outside of the γ ellipsoid and
suggest a potential solubility issue within the fuel after a significant amount of fuel has
decayed or burned. Elements of potential concern are yttrium, strontium, and rubidium.

Figure 5 represents heavy fission fragment products of uranium. Again, many if not
all of the fission fragment elements fall outside the ellipsoids. These elements do not go
into solution with uranium. They are predicted to be compound formers or immiscible
in uranium as a solvent and become inter metallic phases. Two elements that will go
into solution with uranium are tellurium and antimony.

Figure 6 represents the lanthanide elements. Again, these elements fall outside the
ellipsoids and suggest potential issues within the fuel and should not be considered as a
solute element using uranium as a solvent.

Figure 7 represents the Miedema diagrams using a Chelikowsky ellipsoid to indicate
substitutional elements in solution or are highly soluble with uranium as the solvent
element. Elements falling outside the ellipse either are partially soluble, immiscible,
or potential inter metallic compounds (PI), or undergo potential eutectic segregation
(PES). A slower look shows that there are few differences between what is predicted with
Darken-Gurry diagrams and applying Gschneidner rules versus the Miedema diagram
using Chelikowsky solubility ellipsoid.
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Figure 4: Darken-Gurry diagram illustrating the heavy fragment elements of U235 from
atomic mass 139 to 175 amu

Figure 8 illustrates positive and negative heats of mixing as predicted by Miedema.
The plot has a surface enthalpy of mixing overlaying a plot of change in charge density,
Δnws as a function of the change in chemical potential, Δφ with respect to uranium as
the solvent.
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Figure 5: Darken-Gurry diagram illustrating the light fragment elements of U235 from
atomic mass 80 to 110 amu.
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Figure 6: Darken-Gurry diagram illustrating lanthanide solubility. The diagram suggests
immiscibility in uranium as a solvent because the elements sit outside the ellipsoids.

The surface representing enthalpy has been shifted to accommodate uranium as the
solvent element. A solubility box has been constructed about the surface at the lines
representing ± 20 kcal

g−at
. Any element located inside the box about uranium is highly

soluble with respect to uranium as a solvent element. This relationship follows the pre-
diction made by both Darken-Gurry diagrams and the extension to the Miedema model
by adding Chelikowsky’s ellipsoid. Elements with positive sign with respect to enthalpy
of mixing forms potential eutectic and potential segregation liquiation. Elements with
negative signs form potential inter metallic compounds.

Table 1 represents a list of elements and their potential solubility. The data is from
phase diagrams and indicates percent solubility, compound formation and type, and if
a potential eutectic or inter metallic have been formed upon mixing solute and solvent.
The phase diagram information agrees with both Darken-Gurry diagrams and Miedema
diagrams for most elements with in the solubility region in Figure 8. Some discrepancies
exist between Darken-Gurry, Miedema, and phase diagram information. Table 1 also
describes how well the models of Darken-Gurry and Miedema fit the data relative to
phase diagram information. The phase diagram information predicts solubility where
the Darken-Gurry plot and Miedema diagram may suggest a poor fit as a solute for
uranium. For example, zirconium is 100 percent soluble in the gamma phase but is
a misfit in the Darken-Gurry plot. Zirconium have been soluble in β phase uranium
which is a lower temperature phase. This correlation suggests that the data used for
elements may be low temperature. Zirconium is an excellent candidate for alloy addition
using Miedema analysis. Using Darken-Gurry Rule 1 listed above, both uranium and
zirconium have unfilled d-shell orbitals and in addition uranium has an unfilled f-shell
orbital. Using Rule 1, zirconium should fit within Waber ellipse on the Darken-Gurry
diagram. Other highly soluble elements such as copper and molybdenum are also misfits
using Darken-Gurry plots but are excellent candidates for Miedema and correlate well



with phase diagram analysis.
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Figure 8: Miedema diagram using enthalpy of mixing overlay to determine substiutional
solutes, potential intermetallic solutes, and eutectic solutes for uranium as the solvent.



Table 1: Table of Alloying Factors

Max. Solubility in γU, a/o Compound1 Model Fit Grade2

Zr 100 UZr2 MC-E, DG-MF
Ti 100 U2Ti MC-E, DG-E
Hf 100 HS MC-E, DG-MF
Nb 100 HS MC-E, DG-MF
Pu 100 HS MC-E, DG-M
Cu 83 HS MC-M, DG-MF
Mo 42 HS MC-E, DG-E
V 12 HS MC-E, DG-E
Al 4 UAl2, UAl3, UAl4 MC-MF, DG-MF
Cr 4 HS MC-E, DG-M
Ta 3 HS MC-MF, DG-MF
Be 2 No MC-M, DG-E
Fe < 1 U6Fe,UFe2 MC-MF, DG-MF
W < 1 PI MC-MF, DG-E
Co < 1 PI MC-E, DG-MF
Mn 3 U6Mn,UMn2 MC-E, DG-MF
Ni 2 PI MC-M, DG-MF
Os < 1 PI MC-MF, DG-MF
Ir < 1 PI MC-MF, DG-MF
Pt 5 UPt,UPt2,UPt3,UPt5 MC-MF, DG-MF
La < 1 PES MC-MF, DG-MF
Ce < 1 No MC-MF, DG-MF
Pr < 1 No MC-MF, DG-MF
Nd < 1 No MC-MF, DG-MF
Sm < 1 No MC-MF, DG-MF
Eu < 1 No MC-MF, DG-MF
Gd < 1 No MC-MF, DG-MF
Tb < 1 No MC-MF, DG-MF
Dy < 1 No MC-MF, DG-MF
Ho < 1 No MC-MF, DG-MF
Er < 1 No MC-MF, DG-MF
Tm < 1 No MC-MF, DG-MF
Yb < 1 No MC-MF, DG-MF
Lu < 1 No MC-MF, DG-MF
1HS-Highly Soluble, PI-Potential Intermetallic, PES-Potential Eutectic Segre-
gation;
2MC-Miedema-Chelikowsky, DG-Darken-Gurry, E-Excellent, M-Marginal, MF-
Misfit;

Another point of interest is that the solubility box in Figure 8 also contains zir-
conium. The solubility box was expanded to 20 kcal

g−at
from 1.2 kcal

g−at
. The expansion

was performed to account for potential entropy contributions at temperatures where the
gamma phase exists for uranium and potential alloys. The phase diagrams also provide



information as to compound formation. The various compounds formed are listed in Ta-
ble 1. Table 1 was updated with data from ASM Alloy Phase Diagrams Center website
(http://www1.asminternational.org/asmenterprise/apd/).

Conclusion

The results of graphical analyses provided by Darken-Gurry, Gschneidner, Miedema, and
Chelikowsky models correlate well. Zirconium is an outlier on the Darken-Gurry diagram.
It appears to be immiscible with uranium as the solvent element. Phase diagram data and
Chelikowsky-Miedema diagrams suggest that zirconium should be 100 percent soluble in
γ-uranium. Figure 8 supports the fact that zirconium should be soluble in uranium also
based on information obtained from phase diagrams. The discrepancy may lie in the
lack of accounting for entropy (-TΔS) during heat of mixing calculations for Miedema
calculations. An adaptation to the equations describing these models should enhance
the temperature dependence.
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