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Abstract

With the advent of X-ray Free Electron Lasers (FELs), new methods have been
developed to extend capabilities at short wavelengths beyond Self-Amplified Spon-
taneous Emission (SASE). In particular, seeding of a FEL allows for temporal con-
trol of the radiation pulse and increases the peak brightness by orders of magnitude.
Most recently, Gennady Stupakov and colleagues at SLAC proposed a new tech-
nique: Echo-Enabled Harmonic Generation (EEHG). Here a laser microbunches
the beam in an undulator and the beam is sheared in a chicane. This process is
repeated with a second laser, undulator and chicane. The interplay between these
allows a seeding of the X-ray laser up to the 100th harmonic of the first laser. Af-
ter introducing the physics of FELs and the EEHG seeding technique, we describe
contributions to the experimental effort. We will present detailed studies of the ex-
periment including the choice of parameters and their optimization, the emittance
effect, spontaneous emission in the undulators, the second laser phase effect, and
measurements of the jitter between RF stations. Finally, the status and preliminary
results of the Echo-7 experiment will be outlined.
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1 Introduction

1.1 History of synchrotron radiation

In science and especially in physics, fundamental theoriescan still have new applications more
than one century after their discovery. A famous example arethe classical laws of electromag-
netism, which were synthesized by J. C. Maxwell in 1873. Thesehave enabled light source
facilities as we know now, thus revolutionizing many other fields of science such as medicine,
solid state physics, biology, over the past decades.

These developments started from the four Maxwell’s equations described by Eqs. (1), (2), (3),
and (4), with E the electric field,B the magnetic field,ρ the charge density, andJ the vector
current density. Maxwell predicted that a change of charge density and electric currents would
create radiation [1].

∇ ·E = 4πρ, (1)

∇× E = −1

c

∂B

∂t
, (2)

∇ ·B = 0, (3)

∇× B =
4π

c
J +

1

c

∂E

∂t
. (4)

Five years later in 1887, H. Hertz demonstrated the existence of this radiation by measuring
its wave properties [2]. This was followed by the discovery of retarded potentials, also known
as the Líenard-Wiechert potentials. In 1898, the French scientist A. Liénard was the first to
study the electric and magnetic fields produced by an electric point charge moving on an arbi-
trary path [3]. His work has been complemented by E. Wiechert in 1900, who studied seismic
waves [4].

Finally, these major breakthroughs led to the work of G. A. Schott on electromagnetic radiation,
describing, among other examples, the case of radiation coming from the energy losses of an
electron traveling in a circular orbit [5]. This process is now called synchrotron radiation.

Experimentalists, working together with theoreticians, led to the construction of a new machine:
the betatron. In 1940, D. Kerst completed the first one at the University of Illinois. One year
later, the General Electric Research Laboratory interestedin this technology, hired him to build
a new one. He was assisted by W. F. Westendorp. This betatron was able to accelerate electrons
up to an energy of20 MeV.

Over the next five years, physicists and engineers managed toimprove the energy of betatrons by
a factor of five. In 1946, J. P. Blewett’s betatron reached an energy of100 MeV. Nevertheless,
due to an opaque vacuum chamber, physicists were not able to measure visible synchrotron
radiation.
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The betatron, being technically limited in energy, was surpassed by the synchrotron, invented
by E. McMillan and V. Veksler in 1945. This new accelerator allowed detection of synchrotron
light in the optical wavelength range. The first observationwas made with the70 MeV General
Electric synchrotron in 1947 (Fig.1). One can see synchrotron light coming out from the
chamber.

Figure 1: Synchrotron light at GE Research Laboratory [6].
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1.2 Synchrotrons

During the last 50 years, the number of synchrotrons has greatly increased to about 60 ring
sources on almost every continent. Another measure of success are the 60 000 facility users
coming from all different disciplines. The first generationof light sources we previously de-
scribed, was not only dedicated for synchrotron radiation,but also for other high energy physics
programs. New facilities have since been built with the solepurpose to produce synchrotron ra-
diation used by other experiments. This second generation of synchrotrons was not designed
for low emittance. Finally, third generation facilities optimized for low emittance replaced the
previous ones. One representative of the third generation is the Swiss Light Source located
at the Paul Scherrer Institut in Zürich (Switzerland). It was commissioned in 2001 after ten
years of research and construction. An aerial photograph ispresented in Fig.2. One can see
the2.4 GeV storage ring at the bottom right of the picture.

Figure 2: The Swiss Light Source at the Paul Scherrer Institut [7].

The effectiveness of a synchrotron is defined by its brightness. Brightness is proportional to the
ratio between the flux and the source area times the angular divergence. Since E. McMillan and
V. Veksler’s synchrotron, it has been considerably increased by twelve orders of magnitude.
A major consequence of this improvement is the increase of the number of photons which
can be focused on a small sample. As a result one can analyze smaller objects down to the
submicrometer, a human cell being between4 µm and130 µm.
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The light produced by synchrotrons has a multitude of advanced applications for medicine,
solid state physics, biology and others. One of the best known ones is protein crystallogra-
phy1). It consists of illuminating a sample with X-rays in order todeduce its structure from
its diffraction patterns. Synchrotron radiation is also useful for medical imaging. For exam-
ple, micro-tomography, which can be performed with synchrotron X-rays, is studying the brain
blood vessels in three dimensions in order to understand Alzheimer disease. Another applica-
tion is X-ray phase contrast imaging. This technique is usedto study the skeletons of small dead
animals, such as spiders, dust mites, with a better resolution compared to conventional X-ray
radiography [8]. The comparison between these two methods for a fish is presented in Fig.3.

Figure 3: Comparison between the conventional X-ray transmission image of a fish a), and the
differential phase-contrast image for the same fish b). Details are presented in c) to h) [9].

1) Protein crystallography has led to three Nobel Prizes since 1997. The first one obtained by
J. E. Walker for the structure of F1-ATPase. The second one has been attributed in 2003 to R. McK-
innon for his discovery of the structure of cellular ion channels. Finally, R. D. Kronberg received the
third one four years ago for the structure of the RNA polymerase [8]

6



1.3 Free Electron Lasers

The next step to third generation is providing light sourceswith extreme brightness. One of the
goals is to time resolve chemical reactions, like complex dynamical changes of large groups
of atoms in disordered materials such as polymer diffusion,crystalline phase transitions. Stan-
ford University has a great tradition to time resolve physical processes. In 1878 E. Muybridge
tracked motion of an horse by recording a movie on the actual campus. A good century later,
a new light source has been commissioned here again to study the evolution of a molecule
during a Coulomb explosion. This new generation of light sources has to move from rings to
linear accelerators, thus a new machine has been developed:the Free Electron Laser (FEL),
pioneered by J. Madey in 1976 at Stanford University. The first FEL in operation in the hard
X-ray regime2) is the LCLS commissioned last year at SLAC.

The basic principle of a FEL is the interaction between a beamof relativistic electrons moving
through an undulator or wiggler, and the light they produce.An undulator or wiggler consists of
a periodic sequence of dipole magnets with alternating poles (Fig.4). The difference between
an undulator and a wiggler is the size of the undulations compared to the opening angle of the
radiation, small for an undulator, large for a wiggler.

Figure 4: Basic schema of a Free Electron Laser.

2) X-rays are electromagnetic radiation with a wavelength between0.01 nm and10 nm. They are split
into two categories. Soft X-rays have a wavelength between0.1 nm and10 nm; hard X-rays between
0.01 nm and0.1 nm.
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The light produced at the end of the undulator has a fixed resonant wavelength we will derive
now. With s being the flight direction of an electron, andx andy its transverse displacements
respectively in the horizontal and vertical planes (Fig5), the trajectory of an electron in an
undulator or a wiggler, is described by the Lorentz force laws:

ẍ =
d2x

ds2
=

e

γm0c
(By − ẏBs), (5a)

ÿ =
d2y

ds2
=

e

γm0c
(ẋBs − Bx). (5b)

The assumption of small angular deflections has been made, i.e. ẋ ≪ 1 andẏ ≪ 1. The sym-
bol e corresponds to the elementary electrical charge,m0 is the rest mass of the electron,γ the
Lorentz factor,Bx,By andBs represent the three components of the magnetic field at the loca-
tion of the electron. In general, a planar undulator only deflects the electrons in one plane. Let’s
assume in the horizontal plane, thereforeBx = Bs = 0. Eq. (5) is reduced to:

ẍ =
eBy

γm0c
, (6a)

ÿ = 0. (6b)

Figure 5: Trajectory of an electron in the undulator.

Forx = 0, the vertical magnetic field of the undulator can be considered sinusoidal with:

By(s) = −B0 sin

(

2πs

λu

)

, (7)

whereλu is the undulator period, andB0 the magnetic peak field. The horizontal deflection
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angleẋ is determined by integrating Eq. (6):

ẋ(s) = −
∫

B0e

γm0c
sin

(

2πs

λu

)

ds

=
B0e

γm0c

λu
2π

cos

(

2πs

λu

)

. (8)

The deflection parameterK, which is proportional to the maximum deflection angle of an elec-
tron is defined by:

K =
B0e

m0c

λu
2π
. (9)

Typically for an undulator,K < 1, whereas for a wigglerK ≫ 1. Finally, Eq. (8) can be
rewritten as:

ẋ(s) =
K

γ
cos

(

2πs

λu

)

. (10)

Using the approximation that∆s = c∆t for small displacements, one has

∆x

∆s
=

∆x

c∆t
=

1

c

dx

dt
. (11)

The relative transverse velocityβx is given by:

βx =
dx/dt

c

=
K

γ
cos

(

2πs

λu

)

. (12)

With β2 = β2
x + β2

s , and approximating that the energy of the electron is constant, the relative
longitudinal velocity can be expressed as:

β2
s = β2 − β2

x (13a)

= β2 − K2

γ2
cos2

(

2πs

λu

)

(13b)

= β2 − K2

γ2

(

1

2
+

1

2
cos

(

4πs

λu

))

(13c)

= β2

[

1− K2

β2γ2

(

1

2
+

1

2
cos

(

4πs

λu

))]

. (13d)

The trigonometric identitycos(2ϕ) = 2 cos2(ϕ)− 1 has been applied in Eq. (13c). Performing
the Taylor expansion:

(1− x)a ≈ 1− ax, (14)

Eq. (13d) can be approximated as:

βs ≈ β

(

1− K2

4β2γ2
− K2

4β2γ2
cos

(

4πs

λu

))

. (15)
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Averaging the relative longitudinal velocity overs results in:

β̂s ≈ β − K2

4βγ2

≈ 1− 1

2γ2
− K2

4βγ2
. (16)

The magnetic field produced by the undulator forces the electrons to follow a sinusoidal path.
They emit synchrotron radiation around their direction of motion, by transferring a part of their
energy to a co-propagating electromagnetic wave. In order to obtain some light at the end of
the undulator, constructive interference needs to occur between all the wave-fronts emitted by
one electron (Fig5). The distanced between two wave-fronts emitted with an angleθ is:

d =
λu

β̂s
− λu cos θ. (17)

An electron travels one full period of the undulator inT = λu/cβ̂s. During this timeT , the
first wavefront of the co-propagating electromagnetic wavehas traveledλu/β̂s. One condition
required for constructive interference, is that the distance between the first wavefront and the
electron has to be equal to a whole number of wavelengths overone period:

nλ =
λu

β̂s
− λu cos θ. (18)

Using Eqs. (14) and (16), the condition for constructive interferences is now:

nλ ≈ λu

(

1 +
1

2γ2
+

K2

4βγ2

)

− λu cos θ (19a)

≈ λu(1− cos θ) +
λu
2γ2

+
λuK

2

4βγ2
(19b)

≈ λuθ
2

2
+

λu
2γ2

+
λuK

2

4βγ2
(19c)

≈ λu
2γ2

(

1 +
K2

2
+ θ2γ2

)

, (19d)

where the trigonometric identity1− cos(ϕ) = 2 sin2(ϕ/2) was used in Eq. (19c). The assump-
tion of small angles was made, i.e.sin(ϕ) ≈ ϕ. Eventually, the resonant wavelengthλ is given
by:

λ =
λu

2nγ2

(

1 +
K2

2
+ θ2γ2

)

. (20)

One major consequence of Eq. (20) is the possibility of continuously tuning the light produced
by a FEL. The resonance wavelengthλ depends on the deflection parameterK, which is propor-
tional to the magnetic fieldB0 of the undulator. This field can be easily adjusted in undulators
by increasing or decreasing the gap between magnets. Moreover, the wavelengthλ changes to
the observation angleθ, as shown below.
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In a FEL, the combination of the field produced by the undulator and the co-propagating electro-
magnetic wave self-bunches the beam. This resulting wave has a frequencyω and a wavenum-
berk + ku, with k = 2π/λ andku = 2π/λu. Its phase velocity is given byω/(k + ku), which
is less than the speed of light. The phaseψ of this wave is given by [10]:

ψ = (k + ku)z − ωt̄, (21)

wheret̄ is the average arrival time of the electrons. The evolution of the phase along the undu-
lator is found by taking the derivative of Eq. (21) with respect toz:

dψ

dz
= (k + ku)−

ω

v̄z
, (22)

with v̄z = dz/dt̄ the average axial velocity of the electron. If one only considers the on-axis
case and uses the rms undulator parameterau = K/

√
2 instead of the peak parameterK, this

velocity is then:

v̄z = c

(

1− 1 + a2u
2γ2

)

. (23)

Therefore Eq. (22) is now:

dψ

dz
≈ (k + ku)−

ω

c

(

1 +
1 + a2u
2γ2

)

(24a)

≈ ku − k
1 + a2u
2γ2

(24b)

≈ ku − ku
γ2R
γ2
. (24c)

Using a Taylor expansion, Eq. (24a) is derived from Eq. (22), where(1+ a2u)/(2γ
2) is assumed

to be small. The on-axis resonance condition described by Eq. (20) with θ = 0, is transformed
for wavenumber ask = 2kuγ

2
R/(1 + a2u), whereγR is the resonant energy. This new con-

vention allows to rewrite Eq. (24b) as Eq. (24c). The relative energy difference being small
such that∆γ/γR ≪ 1, the second term of Eq. (24c) can be rewritten using the approximation
that(γr/γ)2 ≈ 1− 2∆γ/γR, therefore:

dψ

dz
≈ 2ku

(

∆γ

γR

)

. (25)

The phase of an electron inside the undulator depends on its energy. Inversely, the energy loss
or gain of an electron is related to its phase. The energy exchange rate in the bunch of electrons
can be expressed as [10]:

dγ

dt
= −eE

0
sau

γm0c
sinψ, (26)

with E0
s the transverse electric field at the entrance of the undulator. There are two different

configurations. First, electrons with a phase being between−π and 0 gain energy,dγ/dt > 0,
they are accelerated and so move to the front of the bunch. Otherwise, if the phase of electrons
is between 0 andπ, they lose energy,dγ/dt < 0, so they are delayed in the bunch and shifted to
the back of the bunch. Electrons are always kept in phase withthe radiation field. Therefore the
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beam is divided into different buckets, each one separated from the others by a distance equal
to the resonant wavelength. This process is called microbunching and is illustrated in Fig.6.
The z − y configuration space is plotted, from the left to the right, atthe undulator entrance,
at half-way saturation, and at full saturation. This modulation of the relativistic beam density
exponentially increases the intensity of the emitted light. Waves radiated by the electrons are in
phase, hence this coherent emission yields a field intensityproportional to the squared number
of electrons [11].

Figure 6: Microbunching of a beam inside of an undulator [8].
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1.4 Linac Coherent Light Source

Around the world, many facilities are planned to be commissioned in the next years, SCSS-
SPring8 in Japan, the European XFEL project in Germany, and SwissFEL in Switzerland. In
the United States of America, the Linear Coherent Light Source (LCLS) was commissioned last
year at SLAC3).

Figure 7: Photograph of the LCLS undulator hall. In the foreground, an undulator covered by a
protective shield can be seen on its two pedestals [12].

LCLS uses the last kilometer of the3 km SLAC linear accelerator complex to produce an elec-
tron beam at an energy of13.6 GeV. This beam is then guided through 33 undulators each
3.4 m long; the undulator hall is170 m long (Fig.7). At the end of the undulators, light with a
wavelength of15 nm is emitted in pulses of100 fs duration. This wavelength can be compared
to the size of a DNA helix, or carbon nanotubes. Three X-ray instruments are located in the
Near Experimental Hall (NEH), and three others in the Far Experimental Hall (FEH).

For LCLS, X-ray pulses are obtained using the Self-Amplified Spontaneous Emission (SASE)
technique. The name of this technique comes from the fact that the initial shot-noise of the
beam emits incoherent spontaneous radiation4). The random energy distribution of the electrons
generates radiation with jitter around the central wavelength.

3) Located in Menlo Park (California), the SLAC National Accelerator Laboratory is operated by Stan-
ford University for the U.S. Department of Energy (DOE).

4) Coherence of a wave measures its ability to produce interference effects. Coherence can be spatial
or temporal. A wave is incoherent when its phase amplitude or phase vary tooquickly to produce
interference effects.
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1.5 Seeding techniques for FELs

A major advantage of SASE is that radiation starts only from noise, no external stimulations
are required. However, even if it has an excellent spatial coherence, the temporal coherence is
small. The radiation wavelength is much smaller than the beam size, therefore many parts of
the bunch of electrons amplify the spontaneous radiation independently from each other. SASE
is more adapted for bunches with a short length.

An improvement is to seed the FEL using a laser. This method has been implemented in the
High-Gain Harmonic Generation (HGHG) scheme. The beamlineis composed of two undula-
tors and one dispersion section, mathematical derivationswill be presented in Sec.2. Inside the
first undulator, a laser interacts with the electron beam to modulate its energy at the laser wave-
length. The dispersion section then converts this energy modulation to a density modulation.
The last undulator enables the beam of electrons to radiate.All the electrons are modulated
in energy by the laser; therefore the benefit of this technique is temporally coherence of the
generated light. Moreover, the FEL requires shorter undulators to reach saturation [13], so the
space needed to build the FEL is reduced, as well as its final cost. Harmonics of5 ∼ 10 can
be generated by the short bunchlets. To achieve higher harmonics, people consider cascade
HGHG.

Another mechanism was proposed in 2009 by Gennady Stupakov at SLAC [14]: the Echo En-
abled Harmonic Generation (EEHG) concept. Here, like the cascaded HGHG technique, the
beam is modulated two times in energy and compressed by a chicane. Firstly, the compres-
sion takes place before the second undulator with a large dispersion, and then after the second
undulator with a smaller one. This leads to light with higherharmonics than the HGHG tech-
nique, called the echo signal. The two modulators5) and the two chicanes (Fig.8) are followed
by a third undulator, also called a radiator, where the harmonically bunched beam of electrons
bunched, emits light. This light is useful to demonstrate the efficiency of the EEHG method
compared to the HGHG method.

Figure 8: Schema of the EEHG concept [15].

This technique became a focus of interest and several proof-of-principle experiment are cur-
rently being executed in different laboratories, for example at Shanghai Synchrotron in China
and at SLAC in the USA.

5) An undulator coupled with a laser is called a modulator.
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2 Theoretical basis of the EEHG concept
An introduction to the different mathematical concepts of the EEHG technique is presented
here. First, the modulation of the beam energy by a laser inside an undulator is explained in
details. This is followed by the theoretical working of a chicane in order to understand how it
affects the beam phase space. Finally, the different processes occurring during the conversion
of an energy modulation into a density modulation are explained.

2.1 Energy modulation in the first undulator

At the entrance of the first undulator, the beam profile is assumed to follow a Gaussian distribu-
tion, withE0 the mean energy andσE its standard deviation. The energy deviation of a single
particle of energyE, is given byp = (E − E0)/σE. In the longitudinal direction, the initial
phase space distribution is given by:

f(p) =
√
2πN0 exp

(

−p
2

2

)

, (27)

with N0 the number of electrons per unit length of the beam. An example of this initial phase
space distribution is shown in Fig.9. This plot has been produced by a 1D computer simulation
code. For the sake of clarity, a uniform distribution of the energy is used. The longitudinal
direction is represented byz, andλ corresponds to the wavelength of the laser used in the first
modulator. The two different colors, red and black, are onlyindicators.

Figure 9: Initial phase space withλ the laser
wavelength, andp the energy deviation.

Figure 10: Modulation of the beam energy in
the first undulator by the laser.

The next step is the modulation of the beam energy. Laser pulses with the duration on the order
of the bunch length are sent into the first undulator. An interaction occurs between the elec-
tromagnetic field from the laser and the electrons of the bunch. Similar to the microbunching
process, electrons gain or lose energy depending of their relative phase given here by2πz/λ.
The new energy deviation of the electrons is modeled by:

p′ = p+ A1 sin(k1z), (28)
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with A1 = ∆E1/σE, ∆E1 being the amplitude of the modulation, andk1 = ω1/c. The other
coordinates are kept unchanged. The modulated phase space distribution is shown in Fig.10.
The transfer of energy between the laser field and an electronduring this interaction in the
undulator is described by [11]:

dγ

dt
=

e

mc
Exβx, (29)

whereEx is the laser field polarized in the horizontal plane. The mathematical derivations are
presented in AppendixA. Here the laser beam is assumed to have a Gaussian profile. The
undulator lengthLu is considered small compared to the Rayleigh lengthZr of the laser, as
well as the horizontal and vertical beta functionsβx andβy of the electrons. The amplitude of
energy modulation for an electron located at the radial position r ≪ σr is [16]:

∆γ(r) =

√

PL

P0

KuLu

γσr

[

J0

(

K2
u

4 + 2K2
u

)

− J1

(

K2
u

4 + 2K2
u

)]

exp

(

− r2

4σ2
r

)

, (30)

wherePL is the peak laser power,P0 = IAmc
2/e with IA the Alfvén current,J0 andJ1 are

the Bessel functions of the zeroth and first order, andσr is the rms laser spot size in the un-
dulator. Small changes in laser and electron beam sizes during the interaction are neglected.
Definingζ = k1z, the new distribution function after the interaction is:

f(ζ, p) =
N0√
2π

exp

[

−(p− A1 sin ζ)
2

2

]

. (31)
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2.2 Beam dispersion in a chicane section

After the undulator, the modulated beam has to be dispersed in order to create energy strips
in phase space. This can be realized by a chicane. This element is a bunch compressor, it
rearranges the electrons in the longitudinal direction. A chicane is typically composed of four
bending magnets, all having the same size and the same strength. The bending angle of the first
and fourth magnet is+θ; for the second and third one, the angle is−θ (Fig. 11).

Figure 11: Magnet configuration of a chicane (courtesy of Michael Dunning).

In a chicane, the path length of an electron is dependent on its energy. Larger momentum
electrons have a shorter path length, whereas smaller momentum particles have a longer path
length. If the bunch is chirped in a linac, the tail of a bunch is composed of high momentum
particles, therefore they will move forward. As a result, the bunch is compressed. Using the
notationδ = pσ0/E0, the longitudinal coordinate is transformed in a chicane as:

z′ = z +R56δ +R51x+R52
dx

ds
+ T566δ

2 + T511x
2 + T521x

dx

ds

+T522
dx

ds

2

+ T533y
2 + T543y

dy

ds
+ T544

dy

ds

2

+ . . . (32)

TheR51 andR52 terms stem from the field errors and misalignment of the dipoles. In a perfect
chicane, only terms up to the second orderT566(≈ −3R56/2) term contribute:

z′ = z +R56δ + T566δ
2. (33)

The energy deviation remains unchanged. In the linear approximationT566δ ≪ R56, Eq. (33) can
be rewritten in a matrix formalism:

(

z′

δ′

)

=

(

1 R56

0 1

)(

z
δ

)

. (34)

The momentum compaction factorR56 is determined by the following integral [17]:

R56 =

∫

η

ρ
ds, (35)

whereη is the dispersion andρ is the instantaneous bending radius. For the symmetric four
dipoles chicane Eq. (35) becomes [17]:

R56 = 2θ2
(

LM +
2

3
LB

)

, (36)
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with θ the absolute angle of the bending magnets,LB their length, andLM the distance between
two of them.

For the EEHG method, the first chicane has a largeR
(1)
56 , which creates energy strips in the

phase space (Fig.12).

Figure 12: Compression of the bunch by the first chicane.

The new distribution function after this first chicane is:

f(ζ, p) =
N0√
2π

exp

[

−(p− A1 sin(ζ − B1p))
2

2

]

, (37)

whereB1 = R
(1)
56 k1σE/E0.

By combining Eqs. (28) and (33), the longitudinal coordinate of an electron, in the first undula-
tor and the first chicane, is given by:

z′ = z +R
(1)
56 δ +R

(1)
56 A1 sin(k1z) + 2T

(1)
566δA1 sin(k1z) + T

(1)
566A

2 sin2(k1z) (38)

in second order ofδ.
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2.3 Density modulation after the first modulation section

In order to convert the energy bands as seen in Fig.12 into a density modulation, another
undulator and a second chicane are used. This second undulator modulates the energy of the
electrons as follows:

p′ = p+ A2 sin(k2z + φ), (39)

whereφ is the relative phase of the second laser compared to the firstone. The wavelength
of the second laser does not need to be the same as the first laser. The resulting phase space
distribution is shown in Fig.13. One notices that for a given positionz, particles are originating
from different initial wavelength ranges, seen here in different colors.

Figure 13: Modulation of the energy by the
second undulator.

Figure 14: Conversion of the energy modula-
tion into a density modulation by the second
chicane.

Eventually, these energy structures are rotated by the second chicane with a weaker dispersive
strength ofR(2)

56 compared to the first chicane. The resulting phase space distribution is shown
in Fig. 14. The separated energy bands are now upright. The final distribution function is:

ff (ζ, p) =
N0√
2π

exp

[

−1

2
(p− A2 sin(Kζ −KB2p+ φ)− A1 sin(ζ − (B1 + B2)p

+ A2B1 sin(Kζ −KB2p+ φ)))2
]

, (40)

whereB2 = R
(2)
56 k1σE/E0, andK is the ratio between the two wave vectorsk2 andk1.
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A projection of the phase space on thez-axis gives the current distribution after the second
chicane, as shown in Fig.15. The current has been clearly modulated from a flat distribution,
it results in a bunched beam in the longitudinal direction. One notices the presence of distinct
peaks in one wavelength of the second laser.
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Figure 15: Current distribution after the second chicane.

Finally, a third undulator, called a radiator, is used to generate coherent attosecond X-ray pulses.
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3 The Echo-7 experiment
Some design considerations of the Echo-7 proof-of-principle experiment are explained here.
Calculations of the configuration parameters for the two undulators, their lasers and the two
chicanes are performed. Errors coming from the bend angles of the two chicanes are studied
and their angles are optimized in second order. Then the smearing effect due to the emittance
of the beam is analyzed by computer simulation. During the installation stage, calculations
to determine the spontaneous emission in the two undulatorshave been performed and are
summarized here. Studies on the effect of the second laser phase relative to the first are detailed.
Eventually, the jitter in the RF structures is measured.

3.1 Choice of the parameters

The Next Linear Collider Test Accelerator6) (NLCTA) at SLAC has been modified to build
a proof-of-principle experiment for the EEHG effect: the Echo-7 experiment. It is the most
suitable place at SLAC to build such an experiment. The Echo-7 experiment has been designed
and optimized to generate radiation tuned at the seventh harmonic of the second laser. Lower
and higher harmonics are still achievable. Parameters havebeen calculated for operation at the
fourth, fifth, and fifteenth harmonics as well. A photograph of the beamline is shown in Fig.16,
where two chicanes are visible (undulators were not installed at that time). Modifications in the
current beamline of the NLCTA are minor, only three chicanes7) and three undulators had to be
installed. It will produce an energy modulation with a spacing of 224 nm, from an electrons
beam of120 MeV.

Figure 16: Photograph of the Echo-7 experiment during its installation at the NLCTA.

Parameters for the two undulators and their laser (A1, A2), and for the two chicanes (B1, B2)
have to be chosen in order to generate the seventh harmonic. AFourier transform of the current
distribution (Fig.15) can give the spectrum of the light radiated by the final undulator. However
an easier and more accurate way to look at the amplitude of thekth harmonic, is to compute
directly the bunching factorbk. This is the ratio between the average and the peak density ofthe
beam.

6) Physicists at the NLCTA are in charge of the accelerator R&D to develop newtechnologies for the
International Linear Collider (ILC).

7) The zeroth chicane is necessary to bend the beam in order to send laser pulses inside of the first
undulator.
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For thekth harmonic, it is defined as follows:

bk =
1

N0

|〈e−ikζN(ζ)〉|, (41)

whereN0 is the number of electrons in the bunch. The beam densityN(ζ) is computed by
integrating Eq. (40):

N(ζ) =

∫ +∞

−∞

ff (ζ, p)dp. (42)

Averaging over the coordinateζ yields:

〈f〉 = lim
L→+∞

1

2L

∫ +L

−L

f(ζ)dζ. (43)

The bunching factor is nonzero if the following condition isfulfilled [18]:

k = n+Km, (44)

with n,m ∈ Z, andK = k2/k1. Multiplying Eq. (44) by k1 gives the echo wavenumberkE of
the final modulation:

kE = nk1 +mk2. (45)

Using the condition of Eq. (44), the bunching factor transforms to:

bk =

∣

∣

∣

∣

exp

(

−(nB1 + (Km+ n)B2)
2

2

)

× Jm[−(Km+ n)A2B2]

× Jn[−A1(nB1 + (Km+ n)B2)]

∣

∣

∣

∣

, (46)

whereJm,n are Bessel functions of the first kind defined by:

Jn(z) =
1

2πi

∮

exp

(

z(t− 1)

2t
t−n−1

)

dt. (47)

A necessary condition to maximize the bunching factor isn = ±1. For our following studies,
n is arbitrarily fixed to−1. Eq. (46) now reads:

bk =

∣

∣

∣

∣

exp

(

−(−B1 + (Km− 1)B2)
2

2

)

× Jm[−(Km− 1)A2B2]

× J1[−A1(−B1 + (Km− 1)B2)]

∣

∣

∣

∣

, (48)

where the following property of the Bessel functions were used:

Jn(z) = (−1)nJn(z). (49)
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One has to choose the four parametersA1, A2, B1 andB2 to maximize Eq. (48). BothA1 and
A2 are related to the energy modulation in the two undulators. At the NLCTA, the wavelength of
the first laser is fixed atλ = 795 nm. In order to avoid having two resonances for the bunching
factor too close to each other for differentm, the ratio between the wavelengths of the two lasers
is chosen to beK = 1/2. Other properties of the lasers are listed in Tab.1.

λ P w0

Laser 1 795 nm 7.4 MW 1.8 mm
Laser 2 1590 nm 3.8 MW 1.8 mm

Table 1: Parameters of the two lasers for Echo-7.

Hereλ is the wavelength of the laser,P represents the peak power,w0 its spot size at the waist.
For the two undulators, the material of choice is Nd-Fe-B: their parameters are listed in Tab.2.

N λu K B0 Gap
Undulator 1 10 3.3 cm 1.80 0.58 T 12.4 mm
Undulator 2 10 5.5 cm 2.07 0.40 T 25.0 mm

Table 2: Parameters of the two undulators for Echo-7.

The symbolN is the number of periods,λu is the period,K is the deflection parameter defined
by Eq. (9), andB0 is the undulator peak field. With these parameters, energy modulations can
be computed. In the first undulator∆E1 = 30 keV, and in the second∆E2 = 40 keV. The
NLCTA electron beam has a charge between20 pC and40 pC, an energyE0 of 120 MeV, and
a slice energy spreadσE of 10 keV. Therefore, we obtainA1 = 3 andA2 = 4.

To determine the configuration of the two chicanes (B1, B2), Eq. (44) has to be solved, with
K = 1/2. One findsm = 9 for the seventh harmonic, i.e.kE = 3.5 with respect to the
first laser. For a largem, the first part of Eq. (48) is maximized when its argument is equal
to m + 0.81m1/3. The value of the Bessel functionJm is now0.67/m1/3 [19]. The necessary
condition for the parameterB2 is the following:

(Km− 1)A2B2 = m+ 0.81m1/3. (50)

For Echo-7, one obtainsB2 = 0.7632. The next step is to find the corresponding value for the
parameterB1. To maximize the second part of Eq. (48), a new variableξ = B1−(Km−1)B2 is
introduced. The productexp(ξ2/2)× J1[A1ξ] is differentiated with respect toξ, and set to zero
to find the value ofξ which maximizes it. The condition onB1 is:

A1(J0[A1ξ]− J2[A1ξ])− 2ξJ1[A1ξ] = 0. (51)
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This equation has an infinite number of solutions. Four of them are plotted in Fig.17 in the
rangeξ ∈ [−2,+2]. Solutions can be numerically found thanks to a script written inPython.
For our studies, three roots have been selected. Final solutions are listed in Tab.3.

A1 A2 B1 B2

Solution 1 3 4 0.76 1.06
Solution 2 3 4 0.76 2.14
Solution 3 3 4 0.76 3.20

Table 3: Parameters for the lasers and the chicanes.
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Figure 17: Four solutions of Eq. (51) in the
rangeξ ∈ [−2,+2].

Figure 18: Comparison of the bunching fac-
tor for different solutionsB1 optimized for
the seventh harmonic.

A 1D simulation code has been developed inPython to study these three different solutions.
A bunch of2× 105 macro-particles is generated with a Gaussian distribution. Electrons inside
of the two modulators and the two chicanes are tracked using electron coordinates(z, p). In
the longitudinal direction, electrons are kept in the rangeof [−3λ1,+3λ1] to increase the speed
of simulations, withλ1 the wavelength of the first laser. The EEHG method uses two lasers to
modulate the beam energy. These pulses overlap the beam on a distance more than6λ. At the
end of the entire process, particles from the rear and from the front of bunch will be present in
the initial range of[−3λ1,+3λ1]. Therefore periodic boundary conditions have to be applied
here.
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Bunching factors for the three solutions for theB1 parameter are shown in Fig.18, for harmonic
numbers between 1 and 19. These results are also compared in Tab.4 to the analytical solutions
derived from Eq. (48). The solution forB1 = 1.06 does not give a resonance at the seventh har-
monic,b7 = 1.1%, therefore this one can be eliminated from the set of possible configurations
for the first chicane. For the two other solutions,B1 = 2.14 andB1 = 3.20, there is a peak at
the seventh harmonic andb7 ≈ 16%. These results are confirmed by theory. One can notice that
peaks at other harmonics are also present for the bunching factor. For the following studies, we
keepB1 = 2.14 andB1 = 3.20 solutions for the first chicane. For the second chicane,B2 is
fixed at 0.7632.

1D simulation Theory
B1 = 3.20 15.3% 15.4%
B1 = 2.14 16.0% 15.4%
B1 = 1.06 1.1% 2.6%

Table 4: Comparison ofb7 between 1D simulation and theory for differentB1.
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3.2 Optimization of the parameters for the two chicanes

The configuration parameters for the two chicanes have to be optimized with computer simula-
tions closer to reality. The 6D tracking codeelegant8) (ELEctron Generation ANd Tracking)
has been chosen for this task. This code generates and tracksparticles in the different elements
composing the beamline of an accelerator.

For our studies, the entire beamline of the Echo-7 experiment has been modeled. More de-
tails about the magnets composing this beamline are listed in AppendixB. Parameters for the
simulations are listed in Tab.5. For the two undulators, the non-adaptive Runge-Kutta method
over 100 steps has been chosen to improve accuracy of the integration.

Number of macro-particles 2× 105

Initial distribution Gaussian
Total bunch charge 25 pC
Central momentum βγ 234.8 MeV/c
Fractional momentum spread δ 83.3 eV/c
Horizontal emittance ǫx 8 µm ·mrad
Vertical emittance ǫy 8 µm ·mrad
Bunch length σs 4 µm
Initial horizontal beta function βx 6.8
Initial vertical beta function βy 2.0

Table 5: Parameters used for computer simulations.

The two chicanes used for this experiment are composed of four bending magnets with a
lengthLB = 11.2 cm, and a distance between them ofLM = 30 cm. In elegant, the order
of the matrices and the edge matrices is fixed at 2. For the solutions found in Sec.3.1, R56 and
the corresponding bending anglesθ of these two chicanes are listed in Tab.6.

R
(1)
56 θ1 R

(2)
56 θ2

B1 = 3.20 4.80 mm 80.1 mrad 1.14 mm 39.1 mrad
B1 = 2.14 3.20 mm 65.4 mrad 1.14 mm 39.1 mrad

Table 6: Momentum compaction factor and angles for the two chicanes.

For the chicanes, one source of possible errors is the magnetic field variation of the different
magnets due to their misalignment. This can modify theB1 parameters and therefore reduce the
bunching factor at the end of the experiment. The magnetic field inside of a chicane is related
to the bend angleθ of the four bending magnets. This is changed for the four magnets at the
same time by a fixed percentage between -5% and +5%. The results for the bunching factor of
the seventh harmonic,b7, are shown in Fig.19 for the two chicanes.

8) Binaries and documentation are available here:
http://www.aps.anl.gov/AcceleratorSystemsDivision/OperationsAnalysis/software.shtml#elegant.
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The two red curves represent the dependence of the bunching factor b7 on magnet angle for
the first chicane. For both solutionsB1 = 2.13 andB1 = 3.20, the bunching factor is
maximized when the bend angleθ is shifted by +1% from its initial value found by solving
Eqs. (50) and (51). For the second chicane, plotted in blue, the optimized value for the an-
gle θ is shifted by -1% from the analytical solution.
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Figure 19: Dependence of the bunching factor on the magnet bend angle for the two chicanes.

The optimized angles at the first order, and their correspondingR56 are listed in Tab.7.

R
(1)
56 θ1 R

(2)
56 θ2

B1 = 3.20 4.90 mm 80.9 mrad 1.12 mm 38.7 mrad
B1 = 2.14 3.26 mm 66.1 mrad 1.12 mm 38.7 mrad

Table 7: Optimized parameters in first order for the two chicanes.

The bunching factor is also weaker withelegant simulations, around 12%, than the 16%
estimated with the 1D code. This stems from the fact that inelegant, the laser is modeled
with a finite beam size. Particles on the outside of the bunch are receiving less energy than those
close to the center. This effect, as well as the emittance effect, are not modeled here.
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The stability of the solutions presented in Tab.7 are studied. Newton’s method was used for this
task. This method is also useful to optimize these solutionsin second order with few iterations.
This algorithm enables one to find the maximum of the bunchingfactor as a function of the
bend angles of the two chicanesθ1 andθ2.

The starting point is the vector~θ0 = (θ1, θ2). The gradient∇b7(θ1, θ2) is calculated as follows:

∇b7(θ1, θ2) =
(

∂

∂θ1
b7(θ1, θ2),

∂

∂θ2
b7(θ1, θ2)

)

. (52)

Then the Hessian matrixHf(θ1, θ2) defined by

Hf(θ1, θ2) =

(

∂2

∂θ2
1

b7(θ1, θ2)
∂2

∂θ1∂θ2
b7(θ1, θ2)

∂2

∂θ2∂θ1
b7(θ1, θ2)

∂2

∂θ2
2

b7(θ1, θ2)

)

, (53)

is computed. The bunching factor functionb7(θ1, θ2) being continuous on its domain of defini-
tion, gives the following condition:

∂2

∂θ1∂θ2
b7(θ1, θ2) =

∂2

∂θ2∂θ1
b7(θ1, θ2). (54)

Therefore, the Hessian matrix is symmetric. The point~θk+1 is computed recursively from the
previous one~θk, starting at~θ0, by using the following relation:

~θk+1 = ~θk −∇b7(~θk)[Hf(~θk)]−1, (55)

where[. . . ]−1 represents the inverse of the matrix, here for a2× 2 matrix:
(

a b
c d

)

−1

=
1

ad− bc

(

d −b
−c a

)

. (56)

The new angles are then computed. This iterative scheme is stopped when the gradient is smaller
than a threshold value. For more stability, change of the angles for each step is upper limited to
avoid large gaps. Derivatives are approximated by the following finite differences:

∂

∂θ1
b7(θ1, θ2) ≈ b7(θ1 + h, θ2)− b7(θ1, θ2)

2h
, (57a)

∂

∂θ2
b7(θ1, θ2) ≈ b7(θ1, θ2 + h)− b7(θ1, θ2)

2h
, (57b)

∂2

∂θ21
b7(θ1, θ2) ≈ b7(θ1 + h, θ2)− 2b7(θ1, θ2) + b7(θ1 − h, θ2)

2h
, (57c)

∂2

∂θ22
b7(θ1, θ2) ≈ b7(θ1, θ2 + h)− 2b7(θ1, θ2) + b7(θ1, θ2 − h)

2h
, (57d)

∂2

∂θ1∂θ2
b7(θ1, θ2) ≈ b7(θ1 + h, θ2 + h)− b7(θ1 + h, θ2 − h)

4h2

+
−b7(θ1 − h, θ2 + h)− b7(θ1 − h, θ2 − h)

4h2
, (57e)

∂2

∂θ2∂θ1
b7(θ1, θ2) ≈ b7(θ1 + h, θ2 + h)− b7(θ1 + h, θ2 − h)

4h2

+
−b7(θ1 − h, θ2 + h)− b7(θ1 − h, θ2 − h)

4h2
. (57f)
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A script has been written inPython to implement the Newton’s algorithm. It automatically
runselegant simulations, and analyzes the results. The factorh is equal to0.5 mrad. The
stopping condition is||∇f || < 0.5, and the upper limit for the angle change is3 mrad. To study
the convergence of this method, three different starting points have been chosen. The first one
is ~θ = (θ1, θ2) coming from Eqs. (50) and (51); the second one is~θ = (θmax

1 , θ2), whereθmax
1 is

the maximized angle in first order for the first chicane comingfrom Tab.7; eventually the last
point is~θ = (θ1, θ

max
2 ), with θmax

2 is the maximized angle in first order for the second chicane.

ForB1 = 3.20, evolution of the iterative vector~θk is shown in Fig.20 from the three different
starting points. The algorithm converges quickly, usuallywith six to eight iterations. At the end
of this process, the optimized angles in second order areθ1 = 80.9 mrad andθ2 = 39.1 mrad.
For these, the bunching factor for the seventh harmonic isb7 = 12%.
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Figure 20: Newton’s algorithm forB1 =
3.20, starting from three different points.

Figure 21: Newton’s algorithm forB1 =
2.14, starting from three different points.

The same calculations were performed forB1 = 2.14, see Fig.21. The bunching factorb7 is
also equal to 12% forθ1 = 66 mrad andθ2 = 39 mrad. However this time, the algorithm does
not converge to a maximum when starting from the maximum ofθ2; even if the angle shift is
limited, Newton’s method converges to a minimum of the bunching factor.
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3.3 Smearing effect due to the emittance

One of the most significant advantages of the EEHG method compared to HGHG is the possi-
bility to produce a light with higher harmonics. This is the result of the density modulation of
the beam created by the two undulators and the two chicanes. The most important step of this
process happens in the first chicane. There, the beam is over-compressed due to the largeR56,
and energy strips are produced. After the second chicane, one can notice that these energy
bands are now upright in phase space (Fig.14). The harmonic produced is directly related to
the spacing between two consecutive bands, and so determines the properties of the light at the
end of the radiator. In the projection on thez-axis (Fig.15), the spacing between two different
peaks corresponds to the space between two different energybands in phase space.

The challenge of the EEHG technique is to preserve this fine structure up to the radiator. A
decrease of the spacing between two bands, or even worst the overlapping of two of them, will
completely reduce the efficiency of the EEHG method to obtainhigh harmonics. There are
many other processes which can destroy this structure, and so to wash out the energy bands.
Some of them have already been studied, for example the misalignment of the dipoles or the
geometric aberration.

The role of the emittance has to be studied in order to analyzeits effect on the bunching fac-
tor. Computer simulations have been performed using theelegant code. The beamline has
been set up for two different configurations of the chicanes.The first one is the solution with
B1 = 2.14, the second one withB1 = 3.20. These two solutions are optimized for the seventh
harmonic of the second laser. Other parameters are the same as in previous simulations. The
emittance varies between0.1 mm ·mrad and15 mm ·mrad. Both horizontal and vertical emit-
tances are changed at the same time. This range corresponds to the real values we can expect
from the beamline at the NLCTA, taking into account the different elements between the gun
and the beginning of the Echo-7 experiment. Results have beenprocessed by the SDDS toolkit
to extract thez coordinate of each electron. Then they have been analyzed with a Python
script to compute directly the bunching factor for the seventh harmonic. The results are pre-
sented in Fig.22.
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Figure 22: Effects of the emittance on the bunching factor for two different values ofB1.

The relation between the emittance of the beam and the bunching factor is clearly not linear for
both chicane configurations. These two curves can be split into two different parts, with a knee
at ǫx,y = 4 mm ·mrad. For emittances lower than this value, the bunching factorb7 reaches the
limit at 14.4% forB1 = 3.20, and 15.4% forB1 = 2.14. In this range of values, the second
chicane configuration is more appropriate to obtain a high bunching factor. For horizontal and
vertical emittances higher than4 mm ·mrad, the bunching factor linearly decreases with an
increase of the emittance. For bothB1 solutions, the slope is0.6 %/(mm ·mrad).
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ForB1 = 3.20, the phase space after the second chicane is extracted by theSDDS toolkit from
elegant simulations. Results forǫx,y = 6 mm ·mrad are shown in Fig.23, and in Fig.24
for ǫx,y = 15 mm ·mrad. Thex-scale represents the time, which is inverted compared to plots
provided by the 1D code. These two plots illustrate the process of washing out the fine structure
of the beam by an increase of the emittance. In Fig.23, energy strips are preserved after the two
modulations and the two dispersion of the beam. However whenthe emittance is increased to
15 mm ·mrad, these energy strips are no longer separated, and overlap each other (Fig.24).
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Figure 23: Phase space after the second chi-
cane forǫx,y = 6 mm ·mrad, andB1 =
3.20.

Figure 24: Phase space after the second chi-
cane forǫx,y = 15 mm ·mrad, andB1 =
3.20.

As a result of these studies, we calculated that the emittance has to be smaller than8 mm ·mrad
in order to derive a result measured bunching factor of around 11%.
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3.4 Spontaneous emission in the undulators

Installation of the Echo-7 experiment was started in Fall 2009 when the chicanes were installed
in the beamline. In February 2010, the two first undulators were received and installed. A
picture of the second one is shown (Fig.25). During commissioning, collinearity of electron
beam and laser light has to be established. This requires interaction between electrons and the
laser. This interaction occurs when the beam and the laser pulses overlap in time and space. By
placing an OTR screen9) before and after the undulator, one can check if the electrons and the
laser are following the same trajectory inside the undulator.

Figure 25: The second undulator after installation in beamline.

For the time overlap, one has to keep in mind that electrons can spontaneously emit light in
an undulator, even if there is no coupling to a laser. The firstundulator is33 cm long, and
the second55 cm, both having ten periods. These characteristics enable microbunching with
a high gain, as previously described in Sec.1.5. Therefore for the time overlap, one measures
both laser and spontaneous undulator radiation. In order tobe compared with the electron
beam, they have to be converted into a time-resolved electrical signal. This is performed by
a fast photodiode. The two electrical signals are then sent to an oscilloscope in order to be
synchronized. A laser delay line is adjusted until the two signals overlap in time. Photodiodes
require a minimum number of photons to produce an electricalsignal. Therefore one has to
know how many photons are produced by the undulators to choose the appropriate photodiode.
The number of photons produced bt OTR cannot be estimated accurately because the quantum
efficiency of the screen material is not known.

9) Optical transition radiation (OTR) is emitted when a beam of relativistic particles crosses a material
with a different dielectric constantǫ, in this case a thin aluminum foil. The radiation is detected by a
CCD camera. This element is useful to determine the electron beam position.
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The number of photons produced by one electron inside of an undulator can be computed the-
oretically. The flux of photons spontaneously emitted is confined to a central cone in thez-
axis. This can be approximated by a Gaussian profile with a standard deviationσr =

√

λ/L.
With Ṅγ the number of photons produced per second, the flux per solid angleΩ is given by:

dṄγ

dΩ
=
dṄγ

dΩ

∣

∣

∣

∣

∣

θ=0

exp

(

− θ2

2σ2
r

)

. (58)

The angleθ corresponds to the angle between thez-axis and the light received by the observer.
By integrating over all angles, one gets (mathematical proofs are demonstrated in [20]):

Ṅγ = 1.43× 1014NIbQn(K), (59)

for a bandwidth∆ω/ω = 0.1%. HereN = 10 for the two undulator periods,K = 1.80 for the
first, andK = 2.07 for the second undulator. The currentIb = 1.6× 10−19 A for one electron
per second inside of the undulator. The functionQn(K) is the following for thenth harmonic:

Qn(K) =
1 + K2

2

n
Fn(k), (60)

whereFn(K) is defined by:

Fn(K) =
n2K2

(

1 + K2

2

)2 (J(n+1)/2(Y )− J(n−1)/2(Y ))2. (61)

WhereY = nK2

4(1+K2/2)
. The coherent spectral bandwidth is∆ω/ω = 1/(nN). For the first

harmonic, one gets 10%. For the second undulator, due to its configuration, infrared radiation
is emitted, therefore one has to look at higher harmonics too. The flux are listed in Tab.8.

Undulator Harmonic Nγ for onee− Nγ for 40 pC
1 1 0.019 4.8× 106

2 1 0.020 5.0× 106

2 3 0.010 2.5× 106

Table 8: Flux of spontaneous emission for the two undulators.

Finally the chosen photodiode has a2 GHz bandwidth with a300 ps rise time. Used with
a2.5 GHz bandwidth oscilloscope, a50 ps resolution can be achieved.
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At the exit of the undulators, photodiodes are used to acquire light from the combination of
undulator spontaneous emission and laser pulses. However this can be contaminated by other
light sources as well, which deteriorates the electrical output signal of the diode. A solution
is to install a band-pass filter upstream of the OTR screen. Its cutoff frequencies have to be
chosen to keep only undulator spontaneous emission and laser pulses. The laser wavelength is
known by design, and can be easily measured. However the spectrum of undulator spontaneous
emission has to be determined.

On thez-axis, the spectrum corresponds to a sinc function defined by: sinc(x) = sin(πx)/(πx),
centered at the resonant wavelength. Here, the photodiodesacquires a flux not only on thez-
axis, but also confined to a central cone. The resonant wavelength depends on the angleθ from
Eq. 20. This fact has to be taken into account to compute the power spectrum of undulator
spontaneous emission. Inside the cone, the angular power density is given by [20]:

d2P

dΩdω/ω
∝ L

(

N∆ω

ω

)

Fn(K)× exp

(

− θ2

2σ2
r

)

. (62)

The functionFn(K) is given by Eq.61. When the flux is off-axis, theY parameter is expressed
as:

Y =
nK2

4A
, (63)

with A = 1 +K2/ + θ2γ2. For θ = 0 mrad, Y = 0.309, and forθ = 100 mrad, Y = 0.303.
This justifies the approximation of smallY . The difference between the two Bessel functions
for n = 1 in Eq.61 is then reduced to:

J1(Y )− J0(Y ) ≈ −1 +
Y

2
+
Y 2

4
. (64)

In Eq.62, the functionL(N∆ω/ω) is defined by:

L

(

N∆ω

ω

)

=
sin2

(

Nπ∆ω
ω

)

N2 sin2
(

π∆ω
ω

) (65)

The total spectrum is found by integrating Eq.62 over the cone for differentω. This was
performed numerically using the softwareMaple. Maximum anglesθ are chosen between
1 mrad and100 mrad. Results are presented in Fig.26 for the first undulator. The absolute
value of the intensity is not important, so they are normalized for the different cases in order to
compare them. Forx-scale, the variableλ is used instead ofω. The bandwidth of band-pass
filters are expressed in wavelength units.

35



For the on-axis case, i.e.θ = 1 mrad, one obtains a sinc function as predicted. When the flux
is confined to a cone, forθ > 10 mrad, the power peak is shifted to the right. For the first
undulator, one has a resonance atλ = 821 nm, which is an offset of 3.3% from the on-axis
resonance wavelengthλ = 795 nm. The shape of the spectrum is also different, it is not a sinc
function anymore. For wavelengths higher than the peak value, the tail is a polynomial function.
The spectrum bandwidth is no longer 10% like the on-axis case. It is estimated by calculating
numerically the Full Width Half Maximum (FWHM) of the function. One obtains162 nm for
the first undulator. The new spectrum bandwidth we have to take into account for the choice
of the band-pass filter is 19.7%. Same calculations have beencomputed for the second undu-
lator (Fig. 27). One findsλ = 1642 nm and a FWHM of320 nm which gives a bandwidth
of 19.5%.
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Figure 26: Spontaneous emission spectrum
for the first undulator, observed for different
cone anglesθ.

Figure 27: Spontaneous emission spectrum
for the second undulator, observed for differ-
ent cone anglesθ.

Using these results, the more appropriated band-pass filters have been selected.
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3.5 Second laser phase effect

For the EEHG effect, the beam energy is modulated separatelyby two lasers. Physical processes
occurring in the undulators are modeled by Eq.28for the first one, and by Eq.39for the second
one. The properties of these two lasers are different, in general they do not have the same power
and the same wavelength, resulting in a different modulations of the beam. Another parameter,
which influences the bunching factor, is the relative phase differenceφ between the two lasers.

After the first chicane, we have previously seen that horizontal energy strips are created in
phase space (Fig.12). These are directly responsible for the harmonic generation when the
energy modulation is converted into a density modulation. In order to obtain higher harmonics,
more than the fifth, a large modulation amplitude coupled with a large dispersion is needed.
These conditions can be rewritten as a function of the modulation amplitudeA1 and of the
momentum compaction factorB1 normalized in energy, asA1B1 ≫ 2π. On the other hand,
when the beamline is designed for smaller harmonics, less than the fifth harmonic,R56 of the
first chicane is reduced. This stems from solutions of Eq.51. In this case,A1B1 . 2π.

For this case, after the first chicane, energy strips are not horizontal anymore. They are of the
same order as the first laser wavelength, and the sinusoidal shape in phase space is still visible.
When the beam goes through the second undulator, these structures can be canceled or at least
their amplitude is reduced by the second laser. This occurs if the two modulations are off phase,
such that the peaks of the second modulation corresponds to the valleys of the first one.

Due to technical reasons, this phenomena will be illustrated for the fourth harmonic of the
second laser. The same calculations in Sec.3.1, have been performed to deduce parameters for
the two undulators, their lasers, and the two chicanes. Laser parameters are kept unchanged.
In order to findB1 andB2, Eqs.50 and51 are solved. There are still an infinite number of
solutions for theB1 parameter; two of them are listed in Tab.9. For the fourth harmonic, the
conditionA1B1 . 2π is fulfilled.

A1 A2 B1 B2

Solution 1 3 4 1.34 0.93
Solution 2 3 4 2.40 0.93

Table 9: Parameters for the fourth harmonic.

Generation of smaller harmonics increasesR56 for the first chicane, but decreases it for the
second one. Solutions close to theB1 currently used for the Echo-7 experiment, hereB1 = 2.14,
are privileged. These avoid large changes in the configuration of the beamline, especially for
the magnetic field of the chicanes.

Solution 2 is chosen for the following studies. In order to illustrate the second laser phase
effect on the fine structure of the beam,elegant simulations are run. Phase spaces before and
after the second modulator are presented in Figs.28 and29, for the relative phasesφ = 0 and
φ = π/2.
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Figure 28: Phase space before the second
modulator forφ = 0 andφ = π/2.

Figure 29: Phase space after the second mod-
ulator forφ = 0 andφ = π/2.

Before the second modulator, the two phase spaces overlap. One notices that whenA1B1 . 2π,
the energy strips are no more horizontal, but have an angle of45◦ with thez-axis. The energy
modulation was not completely sheared by the first chicane. The structure has still a period of
the same order of the first laser wavelength.

After the second modulator, the energy of the beam has been modulated in both cases. As
expected, whenφ = 0, the phase undergoes a shift of+π/2 compared toφ = 0. Thep-scale
is in the same arbitrary units for the two curves, they can then be compared. The maximum
amplitude of the modulation forφ = π/2 is 8, and forφ = 0 is 10. The power of the second
laser is the same for these two simulations. The only variable parameter is the phase of the
second laser. Therefore the amplitude of each energy modulation depends on this phase, they
can be either decreased or increased. The fine structure of the beam being modified, it will
affect the bunching factor for the optimized harmonic. Thiseffect is analyzed by doing a scan
of the phase.

This phase dependence highlighted by the study of the fourthharmonic is first analyzed in
details for the Echo-7 experiment. The same configuration ofthe beamline listed in Tab.3
is used. Solutions 2 and 3 give respectivelyA1B1 = 6.42 ∼ 2π andA1B1 = 9.60 > 2π.
The first solution is close to the condition to have a phase dependence of the bunching factor.
Solution 3 should be independent ofφ. For these two configurations, 1D simulations are run
for different relative phases of the second laser withφ ∈ [0, 2π]. The bunching factor for the
seventh harmonic is computed, and results are shown in Fig.30.
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Figure 30: Bunching factor of the sev-
enth harmonic as a function of the phase of
the second laser for two configurations from
1D simulations.

Figure 31: Bunching factor of the sev-
enth harmonic as a function of the phase of
the second laser from elegant simulations.

For both cases, the bunching factor of the seventh harmonicb7, evolves periodically with the
phase of the second laser. It follows a quasi-sinusoidal shape. ForA1B1 = 9.60, the amplitude
of the oscillations are relatively small, there is only a difference of 5.3% between the maximum
and the minimum ofb7. However, whenA1B1 = 6.42, amplitude of the oscillations is larger,
up to 8% of the initial value. The bunching factor is maximized for φ = 0 andφ = π; and
minimized whenφ = π/2 andφ = 3π/2. This periodicity is explained by the ratio between the
wavelength of the second and the first laser, which is two.

In order to confirm these results, 6D computer simulations were run with elegant. For
A1B1 = 6.42, relationship between the bunching factor and the phase of the second laser is
shown in Fig.31. The same phenomena is observed,b7 is maximized whenφ = 0 andφ = π;
and minimized whenφ = π/2 andφ = 3π/2. Our 1D simulations are benchmarked by the 6D
code. Theoretically, the bunching factor for thekth harmonicbk is given by Eq.48. Introducing
the second laser phaseφ in this formula gives [21]:

bk =

∣

∣

∣

∣

exp

(

imφ− (−B1 + (Km− 1)B2)
2

2

)

× Jm[−(Km− 1)A2B2]

× J1[−A1(−B1 + (Km− 1)B2)]

∣

∣

∣

∣

, (66)

Analytical bunching factors for the seventh harmonic are computed for different phases. Results
are shown in Fig.32. They are compared to the 1D simulation, where the bunching factor for
each phase point is the average over five runs, and its error isthe rms. These fluctuations are
also confirmed by the analytical solution.
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ing factor calculated from the analytical so-
lution, and from 1D simulations.

Figure 33: Comparison of the phase depen-
dence between Echo-4, Echo-7 and Echo-15.

A consequence of this effect is the choice of the harmonic when designing a proof-of-principle
experiment for the EEHG technique. A comparison of the phasedependence between Echo-4,
Echo-7 and Echo-15 is shown in Fig.33. The vertical scale represents the relative difference
of the resonant bunching factor∆b with respect tob(φ = 0). Configuration parameters of the
beamline for these three different cases are listed in Tab.10.

Harmonic A1 A2 B1 B2

4th 3 4 1.34 0.93
7th 3 4 2.14 0.76
15th 3 4 4.24 0.64

Table 10: Parameters for the Echo-7 experiment, for different harmonics.

As expected, 1D simulations show that for low harmonics, oscillations are much larger than for
higher ones. For Echo-4, the difference betweenb4 atφ = 0 and atφ = π/2 is more than 40%.
It is only 6% forb7 in Echo-7, and less than 4% inb15 for Echo-15.

For the Echo-7 experiment at the NLCTA, this phase effect should not be a major factor in
achieving an adequate bunching factor. However, at lower harmonics,φ has to be well defined
in order to achieve the highest possible bunching factor.
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3.6 Measurement of the jitter in the RF structures

At the NLCTA, the beam is produced by a RF photocathode gun. A laser heats the cathode in
order to extract electrons. These are are then accelerated up to the energy of60 MeV by a X-
band RF structure10), called station 0. Different experiments at the NLCTA uses this beam. For
Echo-7, the beam is boosted to120 MeV by another X-band RF structure, here called station 2.

A difficult challenge for the Echo-7 experiment is the time overlapping between the beam and
the lasers in the two undulators. For this task, one needs to know accurately the relative timing
jitter between station 0 and station 2. One has to look at their phase difference. A so called phase
mixer is used. It is composed of three different ports: the radio frequency (RF) port, the local
oscillator port (LO), and the intermediate frequency (IF) port. The phase mixer multiplies the
RF signal by the LO signal. ConsideringVRF = A1 cos(ω1t+φ1), andVLO = A2 cos(ω2t+φ2),
the voltage at the IF port is:

VIF = G
A1A2

2
[cos(ω1 + ω2)t+ (φ1 + φ2)) + cos((ω1 − ω2)t+ (φ1 − φ2)], (67)

with G the gain. In our case, signal for the radio frequency (RF) portcomes from station 2 and
from station 0 for the local oscillator (LO) port. For both stations, angular frequencies are the
same,ω1 = ω2, therefore Eq. (67) becomes:

VIF = G
A1A2

2
[cos(2ω1)t+ (φ1 + φ2)) + cos(φ1 − φ2)]. (68)

Theω1 +ω2 term is on the order of22 GHz. A low-pass filter with a1 GHz cutoff frequency is
installed after the phase mixer in order to remove the high frequency term . Therefore, Eq. (68)
is now:

VIF = G
A1A2

2
cos(φ1 − φ2). (69)

In the linear regime,φ1 − φ2 is close toπ/2. A trombone phase shifter11) is use before the RF
port to changeφ1. Whenφ1 ≈ φ2 + π/2, Eq. (69) can be expressed as:

VIF ≈ G
A1A2

2
(φ1 − φ2). (70)

10) In this regime, RF structures are energized by klystrons at a frequencybetween 8 and12 GHz.

11) A trombone phase shifter is a mechanical analog phase shifter, changing the phase with a variable
length transmission line.
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The resulting IF signal is proportional to the phase difference between the two stations. The
voltageVIF is read by an oscilloscope using a trigger locked to the RF generating source. A
scheme of the connections is shown in Fig.34, and a photograph of the entire set-up is shown
in Fig. 35. The trombone phase shifter is blue.

Figure 34: Sktech of the connections of the RF two stations, phase shifter and the phase mixer.

Figure 35: Photograph of the phase shifter
before the RF port.

Figure 36: Photograph of the phase mixer
with LO signal from station 0, and RF sig-
nal from station 2.
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The phase shifter has to be calibrated in order to compute theG × A1A2/2 factor of Eq. (70).
This is done by performing a phase scan over2π with the shifter and measuring the change in
the voltage. Here the range of the phase shifter changes from0◦ to 360◦ of 11.424 GHz. Data
from the oscilloscope is retrieved byLabView code, and analyzed with theRoot data analysis
framework. More details of the phase mixer are shown in Fig.36.

The calibration result is shown in Fig.37. The symbolU represents the voltage read at the
oscilloscope. Data is fitted by a sine function. In the lineardomain, whenU ≈ 0 andU ′ is max-
imized,1 mV represents0.65◦. For X-band,1◦ corresponds to0.25 ps of time delay. Therefore,
1 mV on the oscilloscope is equal to0.16 ps.

Figure 37: Calibration of the phase shifter in
voltage by scanning the phase.

Figure 38: Background noise from the dif-
ferent electrical components.

The background noise of these different electrical components was measured to determine the
resolution. For this task, RF amplitudes for station 0 and station 2 are set to zero, but with
modulators were still pulsing. Data are acquired, see Fig.38. The rms of this noise level is only
0.296 µV, which corresponds to a time delay of4.74 as. This background noise is negligible
compared to the signal.
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In order to measure the phase jitter between station 0 and station 2, data are acquired during one
minute intervals while both stations were turned on (Fig.39). The deviation isσ = 1.35 mV, it
corresponds to a timing jitter of0.34 ps.

Figure 39: Measurement of the timing jitter
between station 0 and station 2.

Figure 40: Measurement of the drift between
station 0 and station 2.

Finally, the phase drift between the two stations is measured by acquiring data over a full
hour (Fig.40). A linear regression is performed on the points in order to deduce its trend.
The timing drift is0.61 ps/h.
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4 Status of the Echo-7 experiment

4.1 Current results obtained

Installation of the Echo-7 experiment started Fall 2009 at the NLCTA, after the design and
development stages. End of March 2010, the three chicanes, the two modulators and the radiator
were in place on the beamline. Commissioning of the experiment began in April 2010; first
results are now described here.

The initial goal of this EEHG proof-of-principle experiment is to produce the fourth harmonic
of the second laser. For a low harmonic, it is easier to preserve the fine structure of the beam. In
order to reduce the bend angle errors of each chicane, the four bend magnets are powered by the
same power supplies. In addition, trim windings are used forequalizing the magnetic fields. An
emittance of5 mm ·mrad has been achieved at the beginning of the Echo-7 beamline. Position
jitter of both the electron beam and the lasers has been measured and is smaller than the rms
size of the beam and lasers. Therefore the spatial overlapping of the lasers and the beam in the
two undulators was observed [15].

To measure the timing overlap, a fast scanning delay stage was used to synchronize the electron
bunches with the laser pulses. Due to microbunching in the first modulator and chicane as
described in Sec.1.5, an enhancement of the COTR radiation was observed downstream of the
first chicane on April 22. This verifies the laser-beam interaction; for the second undulator, it
was observed on May 8. The COTR radiation as a function of the laser timing for the second
undulator is shown in Fig.41. At a time delay of67.5 ps, the signal is increased.

Figure 41: Laser-beam interaction in the second undulator enhances the COTR signal.

At the exit of the radiator, when the beam had interacted withthe lasers in each undulator, co-
herent undulator radiation was observed. A CCD camera acquired the signal. In order to know
if the fourth harmonic of the second laser was generated, a band-pass filter with a frequency of
395± 10 nm was installed. A signal was observed, confirming that the fourth harmonic was
generated.

Due to the small energy spread of the beam and the low harmonicnumber chosen, the signal
can stem not only from the EEHG but also from the HGHG effect. Some additional analysis
had to be performed to distinguish these two possible contributions. These are ongoing and not
part of this thesis.
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4.2 A possible outlook: Echo-15

An advantage of the EEHG technique over the HGHG method is thepossibility to produce
higher harmonics more efficiently. Currently, investigation of the fourth and fifth harmonics
is under way. To study the seventh harmonic and possibly the fifteenth, the radiator needs to
be retuned, which will happen at a later stage. For the fifteenth, the signal detection has to be
upgraded to a UV CCD camera. The same calculations as in Sec.3.1were performed in order
to compute the configuration parameters of the chicanes and the undulators. Different solutions
for B1 can give this resonant harmonic (Fig.42). In Sec.3.5, the solution forB1 = 4.24 was
chosen for the second laser phase effect studies. The other parameters are presented in Tab.10
in Sec.3.5.

Harmonic number
2 4 6 8 10 12 14 16 18

B
un

ch
in

g 
fa

ct
or

 (
)

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

 harmonicth15

 = 5.301B
 = 4.241B
 = 3.161B

Angle error (%)

-4 -2 0 2 4

 (
)

15b

0

0.02

0.04

0.06

0.08

0.1

0.12

First chicane

Second chicane

Figure 42: Bunching factor for differentB1

solutions.
Figure 43: Optimization of the bend angles
of the chicanes from elegant simulations.

This solution has been optimized at first order for the bend angles of the two chicanes (Fig.43).
From elegant simulations, the maximum bunching factor achievable for the fifteenth har-
monic is 12%. A second order optimization has been made usingthe Newton’s algorithm.
Results are presented in Fig.44. Optimization of the initial parameters do not converge. This
may stem from the presence of a local minimum. When the recursive algorithm starts from
the the maximum angles found in Fig.43, the bunching factor converges to 12.3%, with the
following bend anglesθ1 = 94 mrad andθ2 = 35 mrad.
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Figure 44: Optimization of the bend angles
of the chicanes at second order with the New-
ton’s algorithm.

Figure 45: Dependence of the bunching fac-
tor on the emittance for the fifteenth har-
monic.

The effect of the emittance on the bunching factor has been studied also for theB1 = 5.30
solution. For the seventh harmonic, there was a knee atǫx,y = 4 mm ·mrad; for the fifteenth
harmonic, the emittance decrease occurs atǫx,y = 2 mm ·mrad (Fig. 45). A challenge will be
to achieve this emittance with the NLCTA beamline, the current emittance in both planes being
5 mm ·mrad.
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5 Conclusion
The generation of light at high harmonics by the EEHG method has been proposed in 2009.
This method needs two separate stages where a beam is modulated by a laser in an undulator
and sent to a chicane to generate density modulations of the beam. A proof-of-principle ex-
periment has been established at the NLCTA in order to demonstrate this mechanism for the
seventh harmonic. It is called Echo-7 and is currently in thecommissioning stage.

Following the theoretical description, the necessary parameters of the two undulators and the
two chicanes have been computed in order to design the experiment at this chosen harmonics.
For the first chicane, the bend angle has been optimized up to the second order using 6D com-
puter simulations, in order to obtain the maximum bunching factorb7. Two important factors
which have a negative effect on the bunching factor have beenstudied in detail: the emittance
of the beam and the phase of the second laser with respect to the first. Values for both of these
parameters have been determined to maximizeb7. Finally, the timing overlap of the beam with
the laser in each undulator is a challenge for this experiment. In order to manage the laser-beam
interaction, the spontaneous emission in the undulators has been measured, as well as the timing
jitter between the two RF structures used to accelerate the beam up to120 MeV.

First data has been acquired and analyzed. An EEHG signal hasbeen observed for the fourth
harmonic of the second laser. However more studies are needed in order to understand if this
signal comes from EEHG or HGHG. Upgrades will be necessary for the Echo-7 beamline to
overcome these challenges. For instance, one idea is to increase the laser pulse length in order
to mitigate the timing jitter.
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A Electron-laser interaction
In the following section, the interaction between a laser and an electron beam inside an undu-
lator is described [22]. The relative transverse and longitudinal velocities of an electron are
described by:

βx = −K
γ
sin(kuz), (71a)

βz = 1− 1

2γ2

(

1 +
K2

2

)

+
K2

4γ2
cos(2kuz), (71b)

whereku = 2π/λu. By integrating Eq. (71a) overz, and Eq. (71b) over t = z/c, one obtains
the following equations of motion:

x(z) = x0 +
K

kuγ
cos(kuz), (72a)

z(t) ≈ ct− 1

2γ2

(

1 +
K2

2

)

ct+
K2

8kuγ2
sin(2kuz). (72b)

Inside of the undulator, an energy transfer will take place between the electron and the laser.
With Ex the polarized laser field in the horizontal plane, the relativistic factor of the electron
will evolve as:

γ

dt
=

e

mc
Exβx. (73)

For the laser field, as an example, we choose the Hermite-Gaussian TEM10 mode [23]:

Ex =
E0

1 + (z/z0)2
2
√
2x

ω0

sin(k(c− t) + ψ)× exp

[

−(z/c− t+ s/c)2

4σ2
τ

]

, (74)

with E0 the field amplitude,k the wave vector,z0 = kω2
0/2 the Rayleigh length,ω0 the waist

size in the center of the undulator,s the electron coordinate in the bunch,στ the rms width of
the laser pulse intensity. The phase of the wave is defined by:

ψ = ψ0 − 2 tan−1

(

z

z0

)

. (75)

Hereψ0 = ks is the phase of the wave at the entrance of the undulator, andR = (z2 + z20)/z.
For Eq. (74) and Eq. (75), the assumption ofσx,y ≪ ω0 has been made. Then, by combining
Eq. (71), Eq. (73) and Eq. (74), one gets:

dγ

dt
=

eE0K

mcγ(1 + (z/z0)2)

2
√
2

ω0

× sin(kuz) sin(k(z − ct) + ψ)

× exp

[

−(z/c− t+ s/c)2

4σ2
τ

](

x0 +
K

kuγ
cos(kuz)

)

. (76)

The third term can be simplified using the resonant condition

γ2r =
k

2ku

(

1 +
K2

2

)

, (77)
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and Eq. (72), one gets:

k(z − ct) = −kuct
γ2r
γ2

− ξ

2
sin(2kuz), (78)

whereξ = K2/(2 +K2). Rewritten Eq. (78) with first kind Bessel functions results in:

2 sin(kuz) sin(k(z − c) + ψ) ≈
(

J0

(

ξ

2

)

− J1

(

ξ

2

))

cos

[

kuct

(

1−
(

γ

γr

)2
)

+ ψ

]

(79)

with J0 andJ1 the Bessel functions at the zeroth and the first order. By averaging Eq. (76) over
one undulator period, one obtains:

〈

dγ

dẑ

〉

=
2
√
2x0
w0

eE0KLu

2mc2γ
{JJ}cos(2πνẑ − 2 tan−1(qẑ) + ks)

1 + (qẑ)2

× exp

[

−
(

ẑ

2σ̂τ
− s

2cστ

)2
]

, (80)

with ẑ = ct/Lu, ν = N2δγ/γr, q = Lu/z0, σ̂τ = στ/τ0 andτ0 = 2πN/kc. For the Bessel
functions, the following expression is used:

{JJ} = J0

(

ξ

2

)

− J1

(

ξ

2

)

. (81)

The parameters of the laser are its pulse energyAL, and its peak power defined by:

PL =
AL√
2πστ

=
E2

0πw
2
0c

8π
(82)

Then, Eq. (80) can be rewritten as:

〈

dγ

dẑ

〉

= kx0q
2K

γ

√

PL

P0

{JJ}cos(2πνẑ − 2 tan−1(qẑ) + ks)

1 + (qẑ)2

× exp

[

−
(

ẑ

2σ̂τ
− s

2cστ

)2
]

(83)

whereP0 = IAmc
2/e, andIA the Alfvèn current. Using the Panofsky-Wenzel theorem and

Eq. (81), the change of horizontal momentum of an electron in the undulator is given by:

〈

dx′

dẑ

〉

= q
2K

γ2

√

PL

P0

{JJ}sin(2πνẑ − 2 tan−1(qẑ) + ks)

1 + (qẑ)2

× exp

[

−
(

ẑ

2σ̂τ
− s

2cστ

)2
]

, (84)
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wherex′ ≈ px/mcγ. Eventually, the electron angular kick∆x′, and the change of energy of the
electron due to the interaction with the laser∆γ, are given by:

∆γ

γ
=

2K

γ2

√

PL

P0

{JJ}kx0f(q, ν, σ̂τ , s)× cos(ks+ ϕ), (85a)

∆x′ =
2K

γ2

√

PL

P0

{JJ}f(q, ν, σ̂τ , s)× sin(ks+ ϕ), (85b)

wheref is defined by:

f(q, ν, σ̂τ , s) = q

∫ 0.5

0.5

cos(2πνẑ − 2 tan−1(qẑ))

1 + (qẑ)2
× exp

[

−
(

ẑ

2σ̂τ
− s

2cστ

)2
]

. (86)
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B Echo-7 beamline
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Figure 46: Beamline of the Echo-7 experiment at the NLCTA.
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