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Abstract.

A synthetic magnetic diagnostics code for fusion equilibria is presented. This code

calculates the response of various magnetic diagnostics to the equilibria produced by

the VMEC and PIES codes. This allows for treatment of equilibria with both good

nested flux surfaces and those with stochastic regions. DIAGNO v2.0 builds upon

previous codes through the implementation of a virtual casing principle. The code is

validated against a vacuum shot on the Large Helical Device (LHD) where the vertical

field was ramped. As an exercise of the code, the diagnostic response for various

equilibria are calculated on the LHD.
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1. Introduction

The calculation of synthetic magnetic diagnostics for three dimensional magnetic fields

in fusion devices is important for both stellarator and tokamaks with non-axisymmetric

field coils. The single helicity state in reverse field pinches also requires a 3D treatment

[1]. Simulation of magnetic signals for two-dimensional toroidal configurations is a well

treated problem in magnetically confined fusion. This has allowed for the development

of codes which fit magnetic equilibria to various plasma diagnostics [2, 3]. Three

dimensional fields require significantly larger computational efforts to achieve similar

goals. Thus only devices which had inherently three-dimensional fields (stellarators

and heliotrons) required these more computationally expensive codes. It has now

been recognized that otherwise axisymmetric configurations can benefit from three-

dimensional fields [4, 5] motivating the development of computational tools capable

of handling such configurations. Recent work on edge localized modes suggest that

3D physics plays an important role in future fusion devices such as ITER. The code

presented in this paper, DIAGNO v2.0, interfaces with both the VMEC [6] and PIES [7]

codes to calculate the magnetic diagnostic response to their three dimensional equilibria.

The VMEC code assumes that a set of nested flux surfaces fill the plasma volume. The

PIES code make no such assumption and calculates the location of islands and stochastic

regions through field line following. This allows these 3D equilibrium codes to be used

for reconstruction purposes. This code also allows for the examination of magnetic

diagnostic response to islands and stochastic regions. Previous diagnostic codes were

only coupled to equilibrium codes which did not posses such features (VMEC) or lacked

the ability to simulate the total diagnostic response (EXTENDER) [7].

The development of this code was necessitated by limitations present in the original

DIAGNO code [8] and the development of more generalized methods for treating

problem of calculating the plasma response from a given equilibrium. The DIAGNO

code calculated the plasma response of the magnetic field (external to the plasma)

using three pieces of information (from VMEC): a potential on the equilibrium surface,

a current placed on the magnetic axis, and the vacuum field on the surface (via

Biot-Savart’s law). The scalar potential placed on the plasma boundary limited the

applicability of the method to the VMEC code. The use of Biot-Savart’s law made the

calculation grow as the size of the field coil detail. Recently a code was developed which

utilized a virtual casing principle [9, 10] allowing for the calculation of the external

magnetic field with only the specification of the plasma boundary and the magnetic

field on that boundary (EXTENDER). As DIAGNO could already handle the details of

calculating various diagnostic responses, the decision to modify the DIAGNO code to

calculate external fields using a virtual casing principle was made. Here the diagnostic

response is calculated via a surface integral over the plasma boundary as opposed to

codes which conduct a volume integral over plasma currents (V3FIT [11] and JDIA

[12, 13]). The utility of virtual casing greatly extends the applicability of DIAGNO to

multiple codes. Any code which outputs a magnetic field on a surface (at the plasma
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edge or outside the plasma) can now be interfaced to DIAGNO.

This paper discusses the DIAGNO v2.0 code along with providing a benchmark

against a vacuum shot on the Large Helical Device (LHD). The LHD is a ten field period

helical fusion device with superconducting coils which has been in operation in Japan

since 1998 [14]. The major radius of the device is 3.9 [m] with average minor radius of

0.6 [m], with volume average plasma betas (< β >) of up to 5%. The set of magnetic

diagnostics on LHD, previously calibrated using the JDIA code, provides an excellent

test case for the DIAGNO v2.0 code [15]. Section 2 discusses the methodology of the

code. Details of it’s calculation of the field on the equilibrium boundary are provided for

both VMEC and PIES equilibria. Section 3 compares the calculations against a vacuum

shot on LHD and examines the diagnostic response to finite β equilibria. Section 4

summarizes the results.

2. Method

The DIAGNO v2.0 code employs a virtual casing principle to calculate the fields external

to a given plasma equilibrium. This allows the calculation of the magnetic plasma

response with only the knowledge of the total magnetic field on the boundary, providing

a very simple interface to many existing codes. Additionally, the code can also do a

direct Biot-Savart calculation of the diagnostic response due to field coil energization.

This allows for a calculation of a mutual inductance matrix for all diagnostics. The Biot-

Savart calculation is performed using a method utilized in many other fusion codes [16].

This method utilizes a compact expression for the Biot-Savart magnetic field and vector

potential which is singular only on the line segment. The code is currently designed

to calculate the diagnostic response of magnetic field probes, flux loops, diamagnetic

loops, segmented Rogowski coils, and Mirnov arrays.

The previous version of the code did not have such utility. The original version

of DIAGNO utilized quantities calculated by the free boundary solver in VMEC.

This implied that the code could only be used with free boundary runs of VMEC.

Additionally, as VMEC was upgraded and modified, the necessary VMEC output was no

longer available. The original code could not calculate mutual inductances between the

coil system and diagnostics. The methodology by which plasma response was calculated

also limited it to interfacing with the VMEC code alone. These limitations have been

removed through modification of the code and utilization of a virtual casing principle

for the calculation of plasma response. As a by-product, for machines with detailed coil

sets, the execution time of the code has been drastically reduced.

At the numerical boundary between the plasma and vacuum the magnetic field

must obey

n̂×
(

~Bout − ~Bin

)

= µ0
~Ksurf , (1)

where n̂ is the surface normal vector pointing from the boundary (in) to the vacuum

region (out), ~B is the total magnetic field, µ0 is the permeability of free space, and ~K is
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a surface current density. If this surface is a flux surface then the solenoidal constraint

is identically satisfied (∇ · ~B = 0). This is true of codes such as VMEC. There a set of

nested flux surfaces is assumed to fill the volume of the plasma. For codes in which the

boundary is not a flux surface, such as PIES, a dipole moment density (σdipole) must also

be included. The PIES code calculates flux surface location through field line following

on a background coordinate grid. Plasma response is then calculated on this background

grid. The radial coordinate grid no longer represents a flux surface allowing for a finite

normal component of the magnetic field. This requires a dipole moment density to be

present at the boundary. This scalar quantity can be calculated from
(

~Bout − ~Bin

)

· n̂ = µ0σdipole. (2)

As we are concerned with only the plasma response, the external field may be assumed

to be zero (Bout = 0). This is the superconducting shell argument. The source terms

for the external field (due to the plasma) become

~Ksurf =
1

µ0

~Bsurf × n̂ (3)

and

σdipole = − 1

µ0

n̂ · ~Bsurf . (4)

The surface current ( ~K) and dipole density (σdipole) are then integrated over the

plasma surface to find either the magnetic field

~B (~x) =
µ0

4π

∫ ~K ′ × (~x− ~x′)

|~x− ~x′|3
dA′ +

µ0

4π

∫ σ′

dipole (~x− ~x′)

|~x− ~x′|3
dA′ (5)

or vector potential

~A (~x) =
µ0

4π

∫ ~K ′

|~x− ~x′|dA
′ +

µ0

4π

∫ σ′

dipole

|~x− ~x′| n̂dA
′ (6)

at some point in space (~x). In both equations the prime (′) denotes quantities on

the boundary surface and integration is carried out over the entire surface. The

diagnostic response of line integrated signals (flux loops and Rogowski coils) are handled

by a variety of line integrated options including multi-step midpoint rule, Bode, and

Simpson’s rule integration methods.

The DIAGNO v2.0 codes performs these calculations on a gridded mesh on the

plasma surface. The VMEC and PIES codes provide Fourier representations of the

surface, and fields which are converted into cartesian coordinates. This provides a

simple method for specifying the location and orientation of the diagnostics relative to

the plasma. The user may specify the number of poloidal and toroidal (per field period)

grid points to use in the representation of the surface. The user may also specify the

methodology they wish to use for integrated quantities (such as the flux loops response
∫ ~A · ~dl). Available integration methods include midpoint, Simpson and Bode. For

the flux loops of the LHD little difference between methods is present. Sensitivity to

integration method will depend detail of the diagnostic coil description. The user may
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Figure 1. Saddle loops on the Large Helical Device. One of two saddle loop arrays

on the LHD (blue lines). A sample equilibrium plasma surface is depicted in red. The

multi-layer helical coils is depicted in yellow, blue, and green. Coils providing vertical

field are depicted in red, teal, and pink.

specify the number steps to take per line segment for the given integration method. This

addresses the integration needs for coils which lack sufficient detail in their description

as a set of points in space.
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Figure 2. Comparision of DIAGNO v2.0 calculated flux loops responses and analytic

estimates. The fluxloop response due to a current carrying ring of radius 1.0 [m] is

evaluated for a series of flux loops, concentric with the field ring. Comparison with

analytic theory shows errors less than 0.003%.

3. Results

The LHD provides an excellent geometry in which to test the DIAGNO v2.0 code.

The helical plasma and 24 saddle type flux loops provide a highly three dimensional

configuration (Figure 1). A vertical field ramp (with no plasma) provides a test of the

codes ability to calculate diagnostic signals. Tests were conducted between the code

and EXTENDER where the field was computed at various points in space for a series

of equilibria. These tests show the codes agreed to within a few percent at finite β. A

series of equilibria at varying β and net toroidal current were calculated for the LHD.

These equilibria provide a gauge of the sensitivity of the DIAGNO v2.0 code to plasma

parameters.

The analytic field of a current carrying loop of wire was used to benchmark the

ability of the code to calculate mutual inductances between the coils and diagnostics.

The diagnostic response of a set of flux loops in the plane of a circular field loop were

calculated. Here the vector potential can be expressed (in spherical coordinates) in term
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Figure 3. Vacuum shot coil currents on the LHD. The vertical field coils (Outer,

Shaping, Inner) indicate a ramp in current around 2.0 [s] into the shot. The helical

coil shows some signs of ramping during this time as well. The outer helical coil shows a

significant amount of noise when compared to the other coils. However, the calculated

mutual inductances indicate a greater sensitivity to the noise in the outer vertical field

coil.

of elliptic integrals with the form:

Aφ (r, θ) =
µ0

4π

4Ia√
a2 + r2 + 2ar sin θ

[

(2− k2)K (k)− 2E (k)

k2

]

(7)

where a is the radius of the coil, µ0 is the permittivity of free space, I is the coil current,

K is the complete elliptic integral of the first kind, E is the complete elliptic integral of

the second kind, and the argument k is defined as

k2 =
4ar sin θ

a2 + r2 + 2ar sin θ
. (8)

Figure 2 shows good agreement between analytic theory and the calculated flux loop

response for these loops. This test provides an analytic benchmark of the codes ability

to calculate the diagnostic responses.

A vertical field ramp was performed in the LHD with no plasma present. This

vertical field ramp moved the magnetic axis from a position of ∼ 3.55 [m] to ∼ 3.60 [m]

along the major radius, no vertical movement was indicated. The measured currents

in the superconducting coils can be seen in Figure 3. Here the ramp in vertical field

coils is clear around 2.0 [s] into the shot. The DIAGNO v2.0 code was utilized the

calculate the mutual inductance matrix (between each field coil and each saddle loop).

Each saddle loop shows a significantly larger sensitivity to the outer vertical field coil
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Figure 4. Measured (dashed line) and calculated flux (solid line) through six of the 24

saddle loops on the LHD. Good agreement between calculated and measured signals

indicates that the integration of the diagnostic signal around the flux loops is correct.

when compared to the others. A direct calculation of the vacuum flux through each loop

is plotted against the measured change in flux (Figure 4). General agreement between

measured and calculated change in flux can be seen in the plot. The other 18 saddle

loops show similar features. High frequency noise in the outer vertical field coil and

outer helical coil were present in the measured coil currents. This contributes to the

majority of noise seen in the calculated response. The experimentally measured flux

does not posses this noise signal as the integration averages over the high frequency

noise. Calculation of the error arising from the noise in the coil currents are of the order

of the initial offset between calculated and measured fluxes. This capability of the code

to calculate mutual inductance also allows for calibration of flux loop signals.

As the DIAGNO v2.0 code was under development, tests were performed to verify

the integrity of the virtual casing principle. The code was debugged through comparisons

with the EXTENDER code (which also employs a virtual casing principle, but does

not calculate diagnostic response). The field produced by the plasma was evaluated

at 29 points around the machine (Figure 5), which correspond to the locations of

various magnetic field probes around the LHD, at various volume averaged plasma

betas (< β >). A comparison of the ẑ component of the field is shown in Figure 6.

This component was chosen as DIAGNO v2.0 outputs the cartesian components of the

field and EXTENDER outputs the cylindrical components of the field. This allows for

a direct comparison of values output by the codes. Even at low β (and thus low plasma

response) both codes agree well within typical measured experimental accuracies. In



A Magnetic Diagnostic Code for 3D Fusion Equilibria 9

Figure 5. Location of magnetic probes used to benchmark the DIAGNO v2.0 and

EXTENDER codes (black dots). The plasma of the LHD at finite β, as calculated by

the VMEC code, is shown in grey.

these cases the surface of the plasma was represented by 360 points in the poloidal

direction and 360 points in the toroidal direction (over the whole plasma). Comparisons

between the original DIAGNO code (at zero net toroidal current) and the new version

also show good agreement. Here the speedup associated with the virtual casing principle

was clearly evident as the original code ran for 10 minutes and the new code runs in

20 seconds on a single CPU. This is associated with not having to calculate the total

field on the surface of the plasma from the field coils. The evaluation of the field due

to the coil system scales as the detail of the coil system. For the LHD coil system over

750, 000 data points are evaluated to get the field at a point in space.

A benchmark with the PIES code was also preformed. Here an LHD equilibria

at finite β (∼ 1%) and toroidal current (∼ 40 [kA]) was calculated with VMEC and

utilized as an initial condition for the PIES code. The response of the magnetic probes

were calculated to benchmark the DIAGNO v2.0 against PIES equilibria. This validates

the surface dipole term necessary when calculating the response of PIES equilibria (due

to finite normal field on the boundary). Good agreement between EXTENDER and

DIAGNO v2.0 can be seen in Figure 7. As a point of interest the diagnostic response
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Figure 6. Comparison between vertical magnetic field components (BZ) calculated

by DIAGNO v2.0 and EXTENDER. Agreement between the codes is good even for

relatively low < β > plasmas (low plasma response).

of the initial VMEC equilibria was also calculated with DIAGNO v2.0. While not all

probes detected significant differences in the vertical component of the field, a response

associated with the breaking of flux surfaces is clearly evident. It can be noted that

differences in the simulated magnetic field (∼ 50%) are large enough to discern against

experimental noise. It should be noted that the HINT2 code [17, 18] and the JDIA code

have also been interfaced allowing similar calculations to be preformed with different

techniques. A more detailed study of the plasma response due to islands and stochastic

regions is left to future work.

Parameter sweeps were performed of the plasma < β > (volume averaged plasma

beta) and net toroidal current. The first test involved calculating a series of equilibria

on the LHD where the toroidal current was fixed at zero and plasma β was varied. In

the second test, the plasma β on axis was held fixed (βaxis ∼ 1%, < β >∼ 0.6%) and

the toroidal current was varied. In each case the profiles were assumed to be of a form

f (Φ) = f0 (1− Φ)2 (here Φ is normalized toroidal flux). In these these tests a high field

coil energization was assumed (maximum current in each field coil). This provides a

method for examining the contribution to diagnostic responses due to finite β and net
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Figure 7. Comparison between vertical magnetic field components (BZ) calculated

by DIAGNO v2.0 and EXTENDER for a PIES equilibria (left) and Poincaré plot for

the PIES equilibrium (right). The colocation of the open circles and crosses indicates

good agreement between the two codes. Triangles indicate the response associated

with the VMEC equilibria used to initialize the PIES run. A dashed line is drawn at

the VMEC boundary on the Poincaré plot showing a significant stochastic region at

the plasma edge.

toroidal current effects. This is important as the highly three dimensional structure of

the plasma and diagnostics makes a-priori assumptions difficult. Additionally, DIAGNO

has already been interfaced to equilibrium reconstruction codes. Thus a sensitivity study

of the magnetic diagnostics to variations in equilibrium parameters is useful.

The plasma beta on axis (βaxis) was varied from vacuum to 0.05 and equilibria were

calculated with VMEC. Figure 8 shows the variation in the pressure driven toroidal

currents for two choices of β. Here we see that even for modest choices of plasma β

current densities on the order of 50 [kA/m2] are generated. As < β > is increased the

inboard currents become more localized in the poloidal direction while the outboard

currents become more radially localized. Strong Pfirsch-Schlüter resonances in the

toroidal current are present in the high β case (radially localized current sheets toward

the edge of the plasma) along with significant distortions of the plasma boundary shape.

This suggests the presence of islands and stochastic regions in the plasma. The plasma

response in the saddle loops are indicated in figure 9. The simulated diagnostic responses

are of the order of those measured during experimental campaigns. The response in

the saddle loops is nearly linear for all 24 loops. Additionally, a significant amount

of redundancy is present in the saddle loop system, as is evident by the overlap of

measurements and 10 distinct responses. Comparisons against varying toroidal current
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Figure 8. Toroidal current for βaxis = 0.01 (left) and βaxis = 0.05 (right). Pressure

driven current densities on the order of 50 [kA/m2] are present for the βaxis = 0.01

case. The βaxis = 0.05 shows pressure driven current densities on the order of a 1

[MA/m2]. Thin radially localized current sheets are present at the rational surfaces

in the plasma.

at finite β were made next.
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Figure 9. LHD saddle loop response to volume averaged plasma beta (< βtotal >).

Equilibria were calculated under the assumption of no net toroidal current and a high-

field configuration. All 24 loops show a sensitivity to changes in plasma β. These

changes are on the order of those recorded in experimental results. As only 10 distinct

line are visible in this plot, a significant amount of redundancy is present in the LHD

saddle loop diagnostics.
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Figure 10. Torodial current for net toroidal current of −50 (left) and 50 [kA] (right)

at fixed β. The distribution of toroidal current is clearly modified. Note that positive

values are in the negative φ direction.

The toroidal current was varied holding the pressure profile fixed (βaxis = 0.01).

Figure 10 shows the effect of the toroidal current on current densities at −50 and 50

[kA]. The currents associated with finite β are clearly being modified by the net toroidal

current. Plots of the diagnostics response show signals (Figure 11) on the order of those

generated by finite β effects alone (over a range of −100 to 100 [kA]). This equates

to the total toroidal current accounting for up to ∼ 40% of the diagnostic signal at

a plasma β of ∼ 0.01. This indicates that the saddle loops are much more sensitive

to the pressure driven currents (and thus β) than net toroidal currents in the plasma.

Additionally, the redundancy in the saddle loops for detection of net toroidal current

at finite β is even worse with ∼ 5 distinct responses in the saddle loop system. Such

redundancy can provide valuable information regarding error fields when utilized for

equilibrium reconstruction.
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Figure 11. LHD saddle loop response to toroidal current (at finite β). Values have

had the finite β signals removed. Equilibria were calculated under the assumption of

a plasma β on axis of 1%. Changes in diagnostic signal due to plasma currents are

on the order of diagnostic signals due to finite β effects. Redundancy in the saddle

loop signals is present as the response of all 24 saddle loops are plotted with only ∼ 5

distinct responses (lines).
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4. Discussion

A new code, DIAGNO v2.0, has been developed for the calculation of magnetic

diagnostic response to 3D equilibria. This code is capable of treating both equilibria

generated by the VMEC and PIES codes through a virtual casing principle. This

allows for calculation of the effects of islands and stochastic regions on magnetic

signals (through PIES equilibria). The virtual casing principle has the added benefit

of significant speed enhancements for some magnetic configurations (as compared to

the previous code). The code no longer requires a costly evaluation of the vacuum

field on the plasma surface. The utility of the code is further extended through it’s

ability to calculate magnetic signals directly from the field coils. The DIAGNO v2.0

code allows for development of equilibrium reconstruction capabilities for magnetically

confined plasmas with 3D fields and extends the reconstruction effort to codes which

allow for the formation of magnetic islands and stochastic regions. Finally, the virtual

casing principle employed allows for interface with any code which outputs the magnetic

field on a toroidal 3D surface. This includes many transport and equilibrium codes

currently available.
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