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CHAPTER 1
INTRODUCTION

The phenomenon of superconductivity 1is perhaps one of
the wost interesting and certainly one of the most puzzling
of the properties of matter at extremely low temperatures,
such as are attained only with the aid of liquid helium.
Sinee its original discovery by Onnes in 1811 superconducs
tivity has been the subject of a great number of experiments,
first and mainly at Leyden, then at Toronto where & cryogenic
laboratory has been operated sinee 1924, and recently in
other laboratories, Hany ﬁh&araiiéal physiecists have at-
tempted to find aﬂ:&xylén&ﬂiaa4fmr-tha phencmenon, until
recently with very little success, and from the theoretical
point of view the problem is still far from an adequate
3alutian;l

Heasurements of rasistéacas at low temperatures are
more diffieult to carry out than at high temperatures,

Such ﬁe&suraman%s huve been made by H., K. Onnes, Leyden,
Holland; Meissner, Charlottenburg, Germany; and J. C, MeLennan

and C, D« Niven, Toronto, Canada.,” Kumerous elements and

;B* &., Smith and J. O« Wim@lmﬁ b"l;";‘"""‘":"‘—
VII (1985) 228,

dagazine, IV (august, 1827) 21.
l
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alloys were tested and the resulis showed that the usual
statement that resistivity is proportional to the absolute
temperature is far from true in most cases. In some ine
stances the resistance sbruptly vanishes at a few degrees
above the absolube temperature of zero. This extremely
low resistance, or extremely high conduetivity, at these
very low temperatures has been e¢alled Ysuperconductivity®
by Onnes, The resistance of lead ig so very e¢lose to zero
when in this state that when a current of eleectricity is
generated in a lead ring by induction it continues to flow
for more than & day with no additional supply of energy.

No satisfactory theory to aceount for this phenomenon has
‘yet been advanced, It could 5@ that "at these low temperaw
tures the crystal lattices of certain wmetals so arrsnge
themselves as to leave free channels, with no retarding
fields, for electronie flow, and so very little energy is
lost. 1o Yet, it 1s not conclusively established that there
is no change In erystal strueture, although any such change
must be of a secondary nature since there is no ahang@ in
volume., There i3 no evidence of any aﬁruyt change in the
soefficient of thermal expansion, There is no change in
the phat@gla@trie effecty from which it may be concluded

that there is no change in the surface work functiongé

5Varnan.a. Suydam, ity and Elect

“smith and Wilhelm, ops eit., p. 240,
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Other properties which have been found to be unchanged
are the absorption of & «particles and slow electrons,
and the torsion constant.®
From all this it may be coneluded that the transition
to the superconducting state is one which affects only the
conducting electrons in the interlor of the metal and that
changes in the metallic lattlce are entirely secondary.
The whole mechanism of conduction and resistance is obscure

and zo affords room for research,

ﬁm* P+ 240,



CHAPTER II

SOME OF MAXWELL'S
AND LOWDON!'S BECGUATIONS

Assume & very small parallelepiped of volume dx dy d3
in a space defined by the coordlnate axes x; y, and a. Let
it contain electrielty with a volume density of O charges
per cubic centimeter, Let the dielectric constant be # .
Then into the fece dyd; slong the x-axis, if the field be b
along x, there will enter #&, dyd; 1lines of force. For if
éx be the field in the absence of a dielectric, the infin-
itesimal volume will have # &, lines per square centimeter
entering (and/or emerging from) it. Oinece there are charges
inside, the lines of force may inecrease in number from # 6y
at the left«hand face %o £ (@-/—3% c/x) at the other end of
dr dyd; 4 dx centimeters eway, for the rate of increase
of field is %% « Hence the inersese in number of lines of
foree running along the x dire¢tion between the neayr and
far sides of the volume will be

£ A48 dx) dy d5— £6 dy ds= 452 dx dy ds (1)
Likewise along the yeaxis we can write this change as
7@%% dvdy d3 , and similarly along the z-axis it is rep
resented by 75 96‘3’ dx 0/9/ C/j » Hence the ehange in the

4



number of lines entering and leaving the wvolume along all
three axes is

%(£L+a@+,§§dxdﬂg (2)
Now this must egual the number of new lines created in
dx dyds as the result of the charge density po , namely,
47ip dxrdyds « Bence we can write

c’—&wés +,4 e (3)

which is called the aivergenca ef E, written cﬁu<§=5§?3
or, more simply, V-6 , The equation merely states that the
lines of force emerging from = region in space c¢an come
only from charges, and if there 1ls any change in field inw
tensity along x, ¥y and z in dxdydz, it is ceused by
charges in the apount given.

Now in & magnetic field in a volume elemﬁﬁt drcﬂ,dg
carrying p poles per cubie centimeter, since the magnetice
induction B-uf where £ 1is the permeability, it can be
shown in complete analogy with the above dielectric case,
that 4f H., H, and H, are the components of the magnetic
field along x; y and Zy

Iy 1), 456 . p |
ox T +§?}"fé‘£-7# (4)

where L 1s now the density of magnetic pﬂl@sal Thig
equation is merely the magnetic analogue of the electrical
field equation 'and states that a wagnetic field ls changed

only by the presence of poles. In a space free from matter

.. B, Loeb, 508,




there are ne poles and -0 ¢ The eguation then states that

any linas leeve as enter the reglon, ¥here no poles

exist, v ¥ = 0, snd sinilsrly 1f no free charges oxist
in spaes div ¥ = 0.

is Tirst diseoversd %y'ﬁar%tﬂﬁg & mugnetie field always
aocompenies an eleckrie currents 4 carvent flewing in &
stralght wire is seid to form circles of magnetic fiux avoud
the wire with their plsnos perpendioular to it, in any ocue
of these ¢ireles the direction of § hes the right hind scerew
pelation to the direction of the current, The field burs s
not irrotational, the line integral |

f Hg ds (8)

ynnt being zere for & path surrcunding the wvire, Survers
have shown So the familar roader thet the value of the line
integral iﬁréirﬂﬁﬁxy'ﬁfﬁﬁﬁﬁt&ﬁnﬁl %é the currehid threading
the path of integration, IF the faotor @f sreportionalily
15 written %in the form & 4” s then all physiesl reswlés rwu
lating to the fleld discovered by Oarsted, ave susmarised
in the gpuation

FHds- L (6)

where the path »f integration encireles the eurrent in the
right handed screw ﬁ&n&&‘%% The eurrent Tlowing soroszs the

ﬁlﬁ&ﬁﬁt of sres 468 ie J:Lhds s bhen

wﬁ*x &W&m& M&ﬁ Hae Backer P ipasies
S LR o ik R SETELLCR R R tronsls ﬁ%"&i [y o




fHds - 1,ds (7)

where n denotes the direction normal to the plane of the
area 48, BStokes's Theorenm states thet the line integral of
the tangential component of a vector ¥ around & closed path
is egual to the surface integral of the normal component of
curl ¥ over the surface enclosad by the path. In symbols,
the statement of the theorem as applied to the above eguation
becomes :

j(ys ds icunln H-ds (8)
or, written in full

fﬁ—/x cos (x,s) + Hy cos(y,s) + Hy cos(3, S)] ds-

f[(aigs~s)_'ix) cos(x, n}+(§ﬂx~§—34) cos (LJ;“)‘/" |

—Hv) cos (3, n)] do (e)

8ince cos (x $)-9% 4 cos(y,s)- g,q and cos (3,8)- 93 = .
1t is obvious that the line integral in the left-hand member
can be written as

f(}/x'du Hy dy+ Hy dl3). (10}
Letting cos(x,n)= I 4 cos(y,n): 4 and cos(3,m) - % 5
then the rightwhmd mmbar becomes

//aLx 3y og/_dg /VxH ds (11)
H, )

where m@ determinant is theﬂ definition of curl " or Vx4 ,

Summarizing, we readily write

4// : jg;/ ds f7,<H ds fcunl i ds (12)
[:-u;zl 7‘/ C’S* i I,L' dS

cond H = i'*’ L



or conl 7= J (13)

where J is the current density, sometimes called the conw
duction current., We have diffleculty when we try to apply

the last equation to nonstationary eases. Suppose we have

a eurrent flowing in an open elreuit, as in the discharge

of a oondenser, The ecurrent sterts at the positively charged
plate, whose charge diminishes as the current flows to the
negatively charged plate and annuls the charge there, Thus
wg can look upon the condenser plates as sources or sinks

of current, Now, if we take the divergence of the last
equation, we have .
dew cunld H - icﬂ' div J =0 (14)
since the divergence of any curl is zero, which means that
the current is always closed and there are no sources or
sinks, Thus we are led to a contradiction.

Maxwell coneluded from thisg that the last equation of
curl B must be incomplete, and that to the term T must be
added another term, such that the sum of the two has no
divergence, We can determine the,yalua of this term from
the equation of continuity fqg%thé flow of current, The
divergence of ¥ measures the‘flux/éﬁtWard over the surface
of unit volume, If there is current flowing outward, the
charge within the unit volume must be decreasing, the flux

equalling the rate of decrease of charge in unit volume,



Thus we have
o J = - 28 (15)
Taking the charge density equivalent to the divergence of

the displacement veetor Di®

dw D= 41Tip (18)
we may rewrite the continuity eguation, div ¥, ag
duw (47 J+92)<0 (17

In other words, al%haugh div T is not zero, the divergence
of the guantity 4uJ4 is always zere, so that this
quantity can mathamati@ally be placed egual to a curl.
Maxwell made the assumption that the last equation of curl H
should preparly'be replaced by
cond - LT J4498 (18)

The last factorg%;is called the "displacement current® to
distinguish it from T,%

Substituting U = kE, where k is the dislectrie constant,

we have %

cunl 7-/:- J+4 3—%"
VXﬂ:“C‘(ll—ﬁJ—wL{é) (18)
After Cerstedts discovery it was natural to look for
the production of an eleetric field by some magnetic means,
The phenomencon of slectromagnetic induction was disecovered

by Earaday in bﬂﬁﬂ&ﬂ and Henry in Albeny, New York. They

'313;;&&, p. 143,
43. C, Blater and N, H. Frank,
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showed that if the flux of magnetic induetion through a
loop of wire ié changed, & transient current will flow in
the wire, This discovery was included in a mathematical
formulation of the theory of eleetromagnetic induction by
o Ee Neumann about ten years later, According to his
fsrmﬁlatiam,ﬁ | |
TR--¢ 4 (B.ds (20)

In this sguation, I is the current which flows in the wire,
measured in electrostatie units, F is the resistance in the
same units, while ¥ is the magnetic induction measured in
slectromagnetic wnite and ¢ is a constant which conneets
the two sets of units.

Now the product of the current fiowing in a wire by
the reslstance between two points of the wire is the differ~
ence of potentisl between those two points, but it is evident
that in the case of a ¢losed loop of wire there can be no
difference of potentisl around the whole wire, The effect
of the change of the magnetic induction must then be
deseribed as an electromotive foree, This electromotive
force is the integral of an electriec field which, however,
cannot be represented as the gradient of a potential, If
E represents the strength of this induced al%ctria4fiald,
the above equation ther shows that

JE-dT (21)
5%& V. Houston, Princi Lo 5

p. B2%.
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Since this eguation 1s trus for every loop of wire, and
sinee the tangentlal component of the electrie field is
continuous when going from one substance to another, the
above eguation may be regserded as referring to a line intew
gral around & cloged curve cutside the loop of wire and net'
only around the wire itself. It is then & naturaliganaralim
zation to treat this last eguation as valid when the line
integfél is taken arownd any closed curve whatover, When

this is done mccording to Stokes's theorem, we have

fé;?‘ a/j cunld g-dé’
- g

(23)
This is sometimes ealled Faraday's law of induection. Here
it apyears in the differential form where Z . is the symbol
for the derivative of B with respect to time, 6ince
B %/AE; then

curnd & .—/Eé H (24)
Thus Maxwell's egnat;ans in Gaussien g@ins are
Cunlg:-z,’—E div B:-0
cunl H= £ (47 J+D) iy D=477p

sdvancement of the first electromagnetic theories of
superconductivity was founded on the phencmenon of persise

tent eurrents in lead rings, as previously stated; by



H.o K. Onness On this foundation it wag assumed that the
conducting electrons are fré@; elaszgieal particlez under the
influence solely of the slectric field, making ¥ and E pro-
portional, According to this ides, the Maxwell equztions for
the fields are to be supplemented by the Newtonilasn force
ecuation for each eleetron. It is assumed that the dieleetrie
constant and the maghetle suscepltibllity are wnity, since

this 1s very pearly true for the wmetals in thelr normelly

conducting states. The equations are then:

7<H- 4L it 8 7-&:p (z6)
Vxé:-é 7—7 _ 7-7:[=O (2‘36}
m(d Vi fdt)z-e& (27)

The summation of the Newtonlan egustlion, the last equation,

over ¥ conducting electrons per unit volume gives the

macroscopie agu&tianﬁ
- -— 23 7,
é‘: /‘{ J LU/IE/ZG/{: A“/t,é"'g = 7/v2- ). /0 C‘m2~ (38)

At present it is not clear how N is to be interpreted in
terms of an Weffaetive“iﬁﬁmber of free electrons &s used
in the electronic theory of metals, We may~eénsidar €4 118 -
tion (28) as the definition of W7 This eguetion is in
agrecment with the experimental finding that e.n.f.'s are
required not only to maintain a current bub te change one.
Ites substitution in the second Maxwell egustlion results in
ﬁ—(ﬁ+/‘t7x J)=0

aﬁmmry Cook, Physical Beview, LVIIT (August, 1840), 357,
¥, London, Reviews of Modern Physics, XVII (1946), 31l.
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or A4 A &xd=H,(x) ~(29)
where 4,(x) s independent of the tiwe, Now, since A is

very sm&kl,'?]&gf)—ﬂc(x) is practicelly zero (unless the
derivetives of 7 are extremely large) so that a field H.(x),
present in the medium vhen it becomes supereonducting, is
theoretically frozen in for all time., But an internal fleld
different from zero is cuntrary to the Meissner effect,®
The normal component of the magnetic field on the surfece of
an ideal superconductor is always zeroj no penetration of
‘the external field 1s ever observed, To obtain this sxperi-
mental result, F. London aﬂd H. London arbitrarily sssumed

that the integration constant vanishes,

H(x)= o (SMPIRICALY,
and bused their theory on the stronger wmagnetle c@nﬁiti@n@
HiAcFxJ=0 (80)

together with the acceleration condition of the previocusly
stated masroscoplc equation and the Maxwsll equationsg,.

We c¢an next eliminate T and T between

z?:-ACVxJ and IV
He-Xo(Px=<3)
H=-Xe[-r. vdir(7-J)]
But -J-o
80 pefis-Ac(Pi)- £H §

85ee Chapter 111 for the Meissner effect,

&‘E, F., Burt;an, He G, bmm, and J, 0 m}.nelm,
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2J i J (1)
ESIP TN Wi A
ox? +<3L—J +c)g /\c (a2)

If T had been eliminated instead of H the last eguation
would be of the same type except H would be the veetor pre~
sent, Thls equation gives then elther the distribution
current or the penetration of the magnetic field within the
superconductor, both decreasing approximately exponentially
from the surface, |

From the eguations
H=Qcpxd, PxH-= 47J# é‘ and &- 1 J

we can eliminate H ard B, We have shown

—

VXQ:RCVLJ ,
2= WOT o A
Then /ICVJ:TJ+EQ
2T A 4T T
V‘Jf){clgzkc‘ll J.
e ad .0y 98
but since & - ldi.z

_ 513 4T T
v Q d1* T AC
The solutions of this equation for the stutionary state

we write

are of the exponential type.

This theory is different from the ordinary electro-
magnetic theory in one other respect: the chances of any
superficial charge or current denasity is excluded, being
replaced by volume densities in a thin layer at the surface,
This is & necessary condltion for complete continuity of
both components of E and ¥ at the surface instead of

simply the normal component of H and tangential component
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of T, fThese conditions shall be used in the solutions of
the examples in the follewing chapters.



CHAPTER III

DIAMAGHETISM OF THE SUPERCONDUCTING STATE
ARD THE MEISSNER EFFECT

One of the most important experimental developments of
the years 1833 to 1838 concerned the effect of & supercon
ductor upon the distribution of an external magnetic field,

A very simple corollary of Haxwell's law of induetion,

conl Gt w4
first noticed by Maxwell hiwmself, is that the normal component
of magnetic induction B wust vanish at the boundsry of a
perf@ét conductor, for the tangential component of the elecw
trie field T must vanish, and so must the normal component
of ecurl E&l From this it follows that in genwyal a magnetic
field cannot penetrate a superconductor, but dus to any
change in the extermal magnetic field, induced currents
will be set up in the surface layers so that the normal
component of induction remains zero., Or, 1f a magnetic field
previously existed within the body, it cannot be altered by
any change in the external field. Obviously this aprlies to

a suparaandﬁeting metal anly as long as the external fileld

Helius, 7. 289,

i8
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is less than the thxashold fielﬁ.a An alternative statement,
useful in the discussion of experimental results, is that
a superconducting body acts as if it had an effective magnetic
parm@abilitg/&w 0, that 1s, acts as a perfect diamagnetic
substanee, | | |

The effect of this on the distribution of magnetic
field was applied by von Lauag in an attempt to explain the
results of de Hass and Voogd on the magnetic interruption
of superconductivity in transverse fields, In this experi.
ment, when the magnetic field is parallel to the wire; the
normal component is already zero, end the distribution of
field is practically unaffected. However, with a trans-
verse magnetic field, the problem is effectively that of a
cylinder with magnetle 9arma&bilit§/cﬂ G, and the distri-
bution of field becomes that of a eylinder "wedged®" between
the lines of force., WAt & point on the surface of the wire
the magnetic fleld is taug@nﬁial and is given by

VAV ARV R

where H, is the applied field at a distance,n? Supercondug«
tivity would then begin to be interrupted along the sides

2{ sy Ps 1031 AL any glven temperature the magnetic
field which brings the resistance back to one<half the value
for the pormal metal was originally defined as the !threshold
field! for that temperature, denoted by H,. However, H, is
now usually taken to be the fileld strangtﬁ in which the
resistance attains its normal value.® ’

%, G. Smith and J, 0. Wilhelm, Reviews of Modern
Physies, VII (October, 1938), 243, '

4Ibid,, pe 244,




of the wire as soon as H, = $H, where Hy is the threshold
field, According to de Hass and v@agd, the resistance
actually began to reappear when the applied field was a
little more than .

This explanation cannot be consldered as entirely satw
igfactory in the partlceular case to which it has been
applied; for one cannot understand why it should apply to
the case of a single e¢rystaly In fact one would expect
that even when the magnetic field starts to penetrate the
body at the sides there would stlll remain 2 e¢ylinder of
elliptical eross section where the magnetic field is less
than H,. The observed reslstance would remain zero es long
as any such cylinder still existed, and actually there should
be no difference between the'ieagitudinal and tracsverse
cases under the conditions of the ordinary experiment on
the threshold field.

However, this discussion served to drsw attention to
the diamagnetie properties of superconductors. It may now
be considered as definitely eztablished &xyarim&ataily that
when a body is actually in the superconducting state it acts
toward any change in a small magnetic fleld as if its
magnetic permeability war& Zero, or as a diamagnetic sub-
stance with susceptibllity -5 7 .° It is unnecessary to
discuss in dekail the many confirmations of this statement;

Ibid., p. 244,
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a3 most of them have been ineldental to the experiments
considered,

It would be eﬁyeated that a superconductor would act
as & perfect diasmagnetic as long as the magnetic field at
the surface nowhere exceeds the threshold field Hy. For
larger fields the superconducting state is destroyed; and,
gince none of the ferromagnetic metals are known to be super
conductors, the permeabllity may be taken egual to wnity.
This is true at least for the superconducting elements, Pb,
8n and Hg when fairly pure, snd is probably true for most
of the pure metals. It is not the case for certain alloys,
or for tantalum, which have beén shown® to depart from the
ideal perfeet dismagnetism under magnetle fields very much
smaller than the threshold fields We shall designate as
. & "normal superconductor® one for which the limiting fleld
in the present sense coinecides with the thresghold field for
the reappearance of resistance. _

A elear distinetion must be drawn between the diamag-
neti¢ properties daﬁaribadaabave; where the body remains
throughout in the superconducting state, and those dlamage
netie effects whiah.appaar when & metal passes from the
nermal to the supercondueting state in the presence of an

. exbernal fleld., The latter case may ococur eiﬁh&rt?

;E“ F. Burton, H. G. Smith and J, O. Wilhelm, op, cit.,
Ps 307, :
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(a) when the body is cooled through its trane
sition poimt in a steady magnetic field (as in the
original experiments on persistent currents)j or

(B) when the temperature is kept constant
and the field strength is reduced from a value
greater than the thresheld field.
Bince the deduction of the diamagnetic effect from
Maxwell's equations applies only to changes in the mag-
netic field we should expect, as shown by ﬁﬁf%ﬁt:ta

 In case As No change in the distribution
of magnetic field. -

~ In case By The effect of superposing on &

uniform field Hy an opposing fleld equal to -H,

at a great distance, but distribubed about the

- body as if the latter were a perfec¢t diamagnetic,

The body ought to become permanently magnetized,

with a magnetic moment equal to that aequired by

& perfect diamagnetic in a fleld ~Hi.

The simple form of the Melssner effect is shown in
ease A, in & spontensous readjustment of the magnetic
field distribution, This diamagnetic effeet; thersfore,
cannot be due o elestromagnetlic induction of surface
currents, but must be the result of some characteristic

property of the supercenducting metal,




CHAPTER 1V
LAW OF CONSTANT MAGHETIC FLUX

B8ince the discovery of the Meissner effect and othey
magnesic effects associated with superconductivity, there
has been some guestion as to the real nature of the 5o«
called "persistent current? which can be set up in a super
conducting ring, Until recently these currents have always
been studied by measuring the magnetic moment of the ring
with & magnetometer, and it was found by Onnes that almost
ag large a magnetlc moment ¢ould be obtained with an open
ring in which a naryrow slot had been cut, In the latter
case at least it is more appropriste to speak of permanent
magnetization, rather than of persistent current,

However, P, and H. Lanﬂanl have pointed out that there
18 an essential difference between siwmply and multiply cone
nected bodies (in the mathematical sense), They give the
law that for a multiply connected superconductor {(ring or
closed cireult) the flux through the non<supercondueting

region must be gonstant and equal to the flux at the instant
when the body became superconducting, regardless «f the

Meissner effect, If L i3 the self-inductance of the

lp, and H, London, Physiea, II (1835), 34l.

2l
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superconducting circuit, this leads at once to the eguation
[:0-4.

where ¢ is the magnetic flux through the cirecuit due to the
external field, and ¢. is the amount of this flux before the
transition to the superconducting state, The current i is
then actually & macroscopie eirculation of charge around
the eircult, whieh we may descridbe as a "frue eurrent® as
opposed to the unknown airgulati@n %hieh causes the magnetic
moment in the czse of a simﬁi& corinected body.

This result is identical with that obtalned by classlical
econsideration of a resistanceless circult, that the e.u.f.
is always zero, or

d é di
S+ -Lgi=o0



CHAPTER V
SPHERE IN UNIFORM HAGHNETIC FIELD

Let the current density be J, and the density of
charge P » these being given ‘fmaticms of position and of
the time., Confining these to the case of propagation of
field in empty space, so t\haga@:/u:/ « The field is there~
fore defined by the equationsz

cund i+ —Zl,jj/ég (a) curl é:é H (e} a)
dw . tTp ()  dwh-o @)

From (a) and (b) it follows in the first place that T and
cannot be quite arbitrarily prescribed, but that the equa-
tion of centinuity
dows Jo-pp (1e)
must be satisfled everywhere gnd always, Ve can satisfy
(34) identically by introducing the vector potential % and
the scalar potential ¢ as in all vector apalysis, so that
H=curl Q (2)
With this value of H, (le) states that &+3 Q is irrota-

tional, Hence this eguation is satisfied if we put

é:: _él (—Z'-“?flad ¢ (Z}}
When we insert these values of E and ¥ in (la,b) they be-
gome cund curl C?Jc—é ﬁ%é?ﬂacl ¢:fc_f~7”7’

2%
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snd L a-vr'¢-+7p
How (la) only specifies the curl of the vector A, Its
sources are stlll at ocur disposal. Ve define them by lay-
ing down the condition
dey CZ-CL ) (4)

The distribution of & magnetic fleld whieh is uniform
et greet distances shall be found about a superconductor
“as an example of the type of solution cne gets in stationary
problems. By the London theory the vector potential & and
the sealar potentlasl ¢ mey be selected s0 that thé§ are
proportional to the current dénsiti&s and charge, respectively,
as willi be seen by equations (}ﬁ) and (18). A

We have shown equation (30) on page 13 and it follows
that its differential form is

Aconl J--4H (5)
From this we obtain by integration between limits
- = / — — '
CUJZZ(J—JO):-X—E.(:‘/—HO) . . (8)

where J and H are the current density and field when the
body was still above its transition point, and can be put
egqual to zerc in many cases. .
By eliminating T between equation (13) page 8 and
equation (30) page 13 in their differential forms and using
dev J= 0 and A, :%?Z~Z

we obtain with complete generality

ri(J-J)- F5 (-1) )
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and similarly
vi(A-R)-TE(5-A,) (8)
We shall refer to this eleetrodynamical treatment as
the "ageceleration theory® efrsugﬁraanduc%ivity‘ It probably
leads to the corrsct results as regards any changes in
current or magnetic field, which take place after the body
has passed into the superconducting state. However, it is
definitely in diaagreament with experiment, in general,
" when the transition takes place in the presence of an ex-
ternal megnetic fileld or an internal ecurrent. For accorde
‘ing to eguations (7) and (8) the original current density
T and field ¥ should remain nnalﬁered through the transition,
which 1s contrayy to the experimental evidence of the
Melssner @freet.l
In view of this discrepancy F. and H. London have de-
veloped & new systém,af @laetrom&gﬁatia equations for superw

conductors, in which they abandon the fundamental eguation

E=1J (9)
of the acceleration theory, but retain the result (8) in
the stronger farml _

7iH ;{% H (10)

This now applies to the whole field, including that
present before the transition, and agrees with the experi-

ments on the Meissner effect (at least for "normal®

lp o - | N
Hy G, Bmith and J. O, Wilhelm, Reviews of Nodern
ssics. VI (October, 1935) 264,
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superconductors)., This, and the equation

2y 4T 7
AN (11)

which necessarily accompanies it, can be considered to
arise by assuming the general truth of the equatlon
H-=-Ac curd J (12)
in place of equation (f) which applies only to the time
derivatives of these vectors. Wow, however, equation (9)
holds only in the differential form
C'wzl(xij—g): e, or AJ-& :g}zad Y | (13)
“where V 43 an mdaftemined function, If we put Vs /\c‘/a -
equation (13) becomes
E-A(J-cigradp) , (14)
which is taken as & second fundamental eguation.
Eliminating H from the equations () and (12) we have
H-cord Q=-2c curl J |
Q-_AcJ (15)
Substituting equations (1e) and (4) in (15) after
taking the divergenée of both gides, we have
Fa--Ac . J.
¢ ¢ A
¢:-Acp (186)
Suppese a sphere of radius Q 1s taken in & homogeneous
magnetic field 4, directed along the polar axis (using
spherical coordinates K , 6, ¢ )« The vector potential &
due to a uniform magnetic fleld is



Q=% £ St © Ly (L I, s i,y 8re the unit vectors)
as will be shown,

This particular vector potential is that of a uvniform
field Hy in the z-direction (polar axis is spherical coordi-
nates), Thus we seek a vector L, such that ¥ = H,E = cwrl I,
¥ being the wnit vector in the z-direction. It is much easier
to solve this problem in rectangular coordinates rather than
spherical ¢oordinates, and then to transform to spherical
goordinates, Thus we seek a solution to the get of eguatlons

H =o0= 3% _ 34,

dy 97

= :S‘ﬁr- \éa.z
Hy =0 2 dx
- H,=9a )
Hz" "/o C)X‘]—-éai}.

with the additional condition that

- Jd,
dIUCZ:JY +C§'Lé“2’+%%z:0

The specification of the curl and divergence of "ii’ determines
% uniquely except for an additive constani which is unimportant,
{(In the London theory % is determined uniquely by setiing it
proportional to the current density J.)

The only way this set of equations has becn solved here
is by inspection, Thus if we let Gp=-4°y ,0,~f-x and @, =0
then we see that the two conditions are satisfied, and that
is all we need to know., Thus

/ = —g'/"é/ [z%/zf-/o XZ—/L/
in rectangular coordinates, In spherical coordinates
Y= nstne ser ¢

X = 225in e Cos
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Ly: Stne cosg I, 4cose cos iy-sm g iy

Ly= stcnesing 1+cose s IG# cos ¢ I¢
411 the T's given above are the unit vectors in the direc-
tion denoted by the subsceript. Substituting these eguations
into the expression for X, we obtain
/‘?:—gﬁjzs:nequ - amn

Qf course the salﬁtiﬁn was first written in rectangulsar
coordinates; however, one would expect the solution to be
ensier in rectangular coordinates since the symmetry of
the field is destroyed somewhat by writing the equations in
spherical coordinate form. They are simple enough in |
'réetangul&r coordinates to warrant solution by trial aﬁd
error methods. | |

Now to aceount for the disturbance due to the prescence
of a sphere let us first consider the case of a normal sphere
in a uniform magnetic field:. The field produced by a wni«
formly magnetized sphere can be obtained easily by elementary
methods. Consider concentric spheres of egual radii a
one of which has a uniform volume density p. of positive
magnetic charge and the other an egual volume density of 5
negative charges If the first is displaced a small diétanee
/! velative to the second, every element of positive charge
| is displaced a distance I from the negative charge with
whieh it originally coincided, forming therewith an slemenw
tary magnetic dipole, By this displacement we have arrived
at‘a unifornly magnetiszed sphere of intensity of magneti-
zation I=pl
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Now the field at outside points due to & spherical
distribution of magnetie charge is the same as if the entire
charge were concentrated at the center of the sphere, Con-
sequently the magnetiec fleld at some point P outside the
two spheres is that produced by a dipole of moment

M:tiapl-27a’l | (18)
located at the origin,

vIn terms of its magnetic moment the potentisl (out-
side the sphere) is

$- HCose (19)
The compenents of the field in the direction of increase

ing , and-¢ are"s

Y- df 2Mcos©
2" dn " n3 -
503
y7; :__i’_g . M sino . (2 )
e xde T a3

wﬁera H designates ths magnetim moment, the pradaﬂt~/u/
(Fige 1), and 4 4s considerably larger thmm,/ .

S

- 4/ =m

Fig. ly»-Components of magnetic field at
point P distance r from center of an elementary
magnetie bar,

2L Page and N. I.: Adams, Principles of Ei
pe 189,




Po find the field inside the sphere we must remember
that the magnetic intensity at a point distant /1 from the
center of a sphere which has a uniform distribution of mﬁg»
netic charge is that produced by the charge inside a gphere
of this radius, so that

:75;‘“
As H is directed zlong the radius vector, the vector flelds
ﬁi and T, due to the positive and negative spheres are pro
portional to the vector dishaneag’?i and ?é from their rew
Qpeetiva centers, the first being directed along ?i and the
second, since the charge is negative; in the direction oppo«
site to T . But the vector sum of T and «F, is -/, the
separation of the two spheres. Therefore the resultant
field is in the negative z direction and has the magnitude

Heo-2do-Frplefnl (21)
This field is wiforn throughout the interior of the
sphere, Being in the oppasiﬁa direction to I it tends to
weaken the magnetization of the sphere, It iz known as the
demagnetizing field,

8o far we have been considering a permanent meégnet in
the f@rm‘mf a uniformly magnetized sphere, such as a spherw
fcal steel magnet, Let us now consider a paramagnetic
gphere of p@rmeability);L placed in a2 uniform external {ield
H, parallel to the z axis. As the field H, 1ls wniform, the
elementary dipoler in the Interior of the sphere will be in
eguilibrium if the sphere becomes uniformly nagnetized by
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induction so as to produce a wniform field H of its own of
precisely the same character as that of the permanent sphepw
ical magnet just econsidered. The total field 1z the resulte
~ant of H, and H, The components of the latter at points
outside the sphere are given by (20), Therefore the resulte
ant field is

il 73 3 .
%:/,{,cos@#%f’;g Cos & (22)
in the direction of the radius veetor, and
77 3 p
Hy=~H, stn-o + 6;/;%] Stn o (23)

et right angles thereto in the direction of increasing -6,
 Insdde the sphere the field is in the 3 direction snd
equal to the sum of H, and the internal field (21). It is
Ho=H- 272 (24)
When we pass from one magnetic metium to another the
components of B normal ﬁu the surface of separation and the |
components of H parallel to the surface are the same in the
two media, Setting Bféfzﬁ, and sinee & = y here, we have
from {22) and (24)

0/0./—‘9?7;—'1)003 e%ﬂ-%ﬂ)cose

for the normal components of B, or
I-(1- 251 )4, (25)
Ecuation (25), then, specifies the intensity of magnetiza=
tion produced in the paramagnetic sphere by the lmpressed
Substituting (28) in (24) the resultant fleld in the



interior of the sphere is seen to be

Ho=(1-1 A, (28)
which is less than H, 1{//L is greater than wnity, due to
the faet that the induced poles on the surface of the sphere
give rise to a field in the interior opposed to Ha* The
field is the demagnetizing field,

The magnetic induction inside the sphere is

- _ Su _ 3 (o
5‘ /“’Z'/uz /'{"Zz;i: : ( )

which ig greater or less than Ha aceording as s ié greater
or less than wnity. Therefore lines of induction are crowded
together in a parameagnetic sph@r@{/L;/ s and in a diamagnetie
syheret/u</ s the lines of induetlon are spread apart.

In the ideally pure superconductor the magnetic induce
tion 1s ecual to zero as long as the external magnetic
field at the surface is less than the threshold field strength.
This is the same thing as saying that a superconductor in &
magnetic fileld acts as if 1ts magnetie permeabllity were
agual to gero, ?hus,‘equatimn (27) becomes zero and egua-
tion (26) becomes

3 ¢
=z H, (28)

Z



CHAPIER VI

TRANSHIBSION THROUGH
A THIN SHYET AT NORBAL INCIDENCE

The development of the preceding theory has been
for the stationary state; no attention has been given to
problems of the nanwstatiaﬁ&ry type, In aceordance with
the London equations the effeect of inereasing the frequency
of an electromagnetie wave is to increase the penetration
depth of the fields, wuntil at frequencies above a "eritical
freqguency®, the wave will be propagated through the supere
conductor undamped, This theory does not take into account
two factorsy

(1) 'The bound electremns, The effect due to the buﬁnﬁ
electrons is nagligible exeept at frequencies in the range
of the resonant frequencies of the atoms.

(2) The normal aandﬁctiﬁg electrons: The experiments
-of de Hass and Brammerl'shawing a sudden diminution in the
thermal conductivity upon passing from the rLon-supercone
dueting to the superconducting state when &nhaxtsrﬁal nagnetic

field is re&u&eﬁ to below the trangitiﬂn value indieate that

lW 3. de Hass and E, Bremaer,

te Amsterdam, XXXIV (1831), 328,
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only a ¢ertain fraction of the conducting eleetrons pass over
into the superconducting phase, the number increasing with a
decresse in temperature, Since nothing gquantitative is known
about this effect, we shall assume, for simplicity, that all
the eonducting electrons pass over into the superconducting
phase. ,

One ef.tha best ways to detect any freguency effects
is to study the transmission of electromagnetic waves
through a thin sheet of supercondueting material. Let an
infinite, thin sheet of supereonducting material of thickness
ol be imbedded in a medium characterized by the propagation
factor 4{ and permﬁ&bility//u,, and let the propagation factor
of the superconductor according to the London theory be 4{.
Let a plane wave bé of normal inecidence on the sheet from the
left in the z direction, as shown in the following figure®

S

E;, E s
L Bs, Bs .
Eﬁg Eﬂ' S ——— E # Hf

e / ?
k, ///k:,

220 ) z

Fig., 8~-Reflectlion and transmission of plane
waves by a plane sheet at normal incidence.

This development is given by Stratton as applied to a

%Jn A Stl‘aht%, Bie GXY s P ﬁllg

L




wormad conductor bub Ls applisd hers o Lhe superconductors

Por norsal incidencs we newd only consider she magnitudes

of the field vectors, sad so for the faoldent wnd reflected
waves ab the i‘i&uﬁ. baundary w6 o6h write”
)  z2-jwl
& =6e

- Rz -fwl /;:.
§.-&e ez, &
the equation for ¥ being obtained from the relation
U&= L ]-7

Sines we huve & wave transpitsed at the first bDoundary and

4 wave reflectod ab whe pecond boundary, we wust have foy
the rield within the %mw»

[éﬂ‘ :/‘gzé‘- -1 zi) fa’t
F/s (& %e 2 o o7 ‘Z}%—c‘e'“"t

where 67 wnd 6 Wym,nm. the axternal aad intergal flelds
ruspeebively

yuspecbively, and for the ransmilbbed wave
) 7z-jat
G, =& e?

Cunsidering she boundary condiiicng ane 18 4ed Lo Ubaess
Taur ayuabionsy

¢"¢¢”-

~/u,'€(é”(oi)
é"e"g‘{é' /'{‘dé‘eﬂ;(/
f-éd é
cfl"e”éi(é; 4 f’%é‘e 144

2

Assuming the wmedius on oithisr side o be fyee space ihe

probles will be conalderadiy %ﬁ:@iiﬁw& s and yeb will give
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the most significant results, In this caze we have
2 Cuz 2 __.a__‘.l 2
ﬂ{ = 75 =23

Transmission and reflection coefficients T and R

are given by the sqguare of the absolute value of the ratlos
< >
s and z respectively. BSolving for these ratios from

the baundary eguations, we get

(14 ;tf)( 2/"4)

G‘; ) /~(% f)z 24 R d

& W) 4 A

Two eases become apparent, determined by the conditions
éﬁ and 47 2‘, In the first case 7& is imaginary,
while in the secd case it is real, while é, is always real.
Let the notatlon < and > be use»d to distinguish between
these two cases., If we let &= /5C and oP_-/d’c[ s then

after c¢alculations we have

_ #a- CC)] WR I,
kk-zc &n#ﬁﬂrﬂ /€>~/¢mnqyﬁﬁﬂ
nh i} - a)] S/Dz///f/ﬁ/’)/ -
e g SO U .
<l Zeas «’) ’(4@2(@’1/}

Here it is immediately seen that in both cvases R+7T 2 1,
which 1s in keeping with the London theory, showing that

Joule heat can only be produced &t the surface of a
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superconduetor where a normal component of current density
neets & charge density, which is not the case here,

Curves showing T as a function of & for several
values of the parameter 4 are shown on the following page,
The theory may not be valid in the region of the "eritiecal
frequency® (-/ ) and above, but it is of theoretical interest
to see how T varies in this region. At low Ireguencies the
wave is highly damped, so to speak, since the field falls
off exponentially within the superconductor. In this region
practically allytha energy 1s reflected and transmission
through the sheet is negligible except for thicknesses of
the order of the penetration depth. However, above the
eritical polnt a wave passes through the sheet undamped
and the trahsmissianvis determined mainly by interference
effects due to the boundary surfaces.

It is possible to obtain thin films of thickness 10+6
centimeters, One can obtain the value Y:-I ex@erim@ntallyq{
This curve shows considerable transmission in the lower
regions of the spectrum, where one might sssume the validity
of the London theory. It shows & transmission of around
50% for values of (C as low as 0,05, which corrssponds to a
wave length of about ;%y, A caleulation of this transmise
sion through a copper sheet of this thickness for the same
frequency, using the statlic value of its conductivity, shows
s negligible transmission because of Jouls heating, This
suggests an experiment to check the validity of the London
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theory by comparing the transmission at ordinary temperatures
of a metal known to be a superconductor with the transmission
at temperatures below the transition temperature. However,
experiments performed at Teranteg indicate thaet there is @
minimum thieckness for the exiztence of normal superconducw
tivity, which 1s given to be aroundgyu. If this is the

case, then information about the nature of superconductors
cannot be obtained by measuring the transmission through

thin films, sinece 1t 1s negligible for thicknesses of §%L

and above,

E. F, Burton J* O ﬁ&lhelm and 4, D, ﬁisener,
ngsctions &m;%, geisty of Capada, XXVII (wm) 653
‘ an N 'h«,;? ons, Royal
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