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Abstract 

Density-functional theory previously used to describe phase equilibria in U-Zr alloys [A. 

Landa, P. Söderlind, P.E.A. Turchi, J. Alloys Comp. 478 (2009) 103-110] is extended to 

investigate the ground-state properties of U-Mo solid solutions. We discuss how the heat 

of formation in both alloys correlates with the charge transfer between the alloy 

components, and how the specific behavior of the density of states in the vicinity of the 

Fermi level promotes the stabilization of the U2Mo compound. Our calculations prove 

that, due to the existence of a single -phase over the typical fuel operation temperatures, 

-U-Mo alloys should indeed have much lower constituent redistribution than -U-Zr 

alloys for which binodal decomposition causes a high degree of constituent redistribution.  
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1. Introduction  

 Recently Kim et al. [1] published a paper suggesting some advantages of U-TRU-

Mo fuels over U-TRU-Zr in TRU-burning advanced fast nuclear reactors (the 

abbreviation TRU states for „trans-uranium‟): U-Pu-Mo fuels have higher thermal 

conductivity, lower thermal expansion, and higher melting points than U-Pu-Zr fuels 

resulting in advantages from a safety point of view; Mo is preferable to Zr because it is a 

stronger -stabilizer that provides stable swelling behavior in the case of U-Pu-Mo fuels; 

the higher density in U-Pu-Mo alloys allows for a somewhat more compact core design; 

and Mo has a lower reaction potential with the cladding (Fe) compared to Zr. However, 

the main advantages of U-TRU-Mo fuels lies in a much lower constituent redistribution, 

including migration of minor actinides (MA) and lanthanides (LA) toward the cladding 

due to the existence a single -phase with body centered cubic (bcc) structure over typical 

fuel operation temperatures (according to Ref. [2], U-Pu-Mo alloys exist in the single -

phase field in the temperature range 550-950 
o
C). In contrast, U-Pu-Zr alloys extend over 

poly (three) phase fields in the temperature range 580-750 
o
C [2, 3]. The difference in 

thermochemical properties between the adjoining phases in U-Pu-Zr fuels causes large 

chemical potential differences that originate from constituent redistribution (migration) 

and zone formation, although in U-Pu-Mo fuels only the radial-temperature gradient, 

which is much smaller than the chemical-potential gradient in U-Pu-Zr fuels, is 

responsible for this kind of migration. One should also remember that if MA Np is more 

uniformly distributed, much like Pu, in U-Pu-Zr alloys, MA Am redistribution is similar 

to that of Zr with tendency to precipitate to the center and near the fuel surface (cladding) 

where large pores are observed [2-4]. As was mentioned in Ref. [4], the reaction of MA 
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with the cladding leads to wall thinning and reduction of cladding melting point. If MA 

reacts with cladding, the cladding must be subject to reprocessing that increases the fuel 

cost [2-4]. All arguments presented so far indicate that replacing Zr with Mo in U-TRU-

Zr fuels should bring significant benefits [1].  

 Low-enriched uranium alloys with 6 to 12 wt. % of Mo are under consideration 

by the Global Threat Reduction Initiative (GTRI) program [5] as very high density fuels 

(8-9 gU/cm
3
 and 15-17 gU/cm

3
 for dispersion-type and monolithic-type, respectively [6-

8]) that allow nuclear research and test reactors conversion from use of highly-enriched 

uranium (HEU) to low-enriched uranium (LEU) fuels. LEU fuels are considered to be ~ 

20 % enriched (only one in every five uranium atoms is fissile U-235 and the remaining 

four atoms are non-fissile U-238) that requires a large increase in fissile uranium per unit 

volume (the uranium density) to compensate for the reduction in enrichment [6, 9-12]. U-

Mo alloys are considered as the most prominent candidates for advanced research and 

test reactors because these alloys exhibit more stable irradiation performance when 

compared to other high density uranium alloys and compounds [10, 12-14]. According to 

the U-Mo phase diagram [15], Mo exhibits a high solubility (~ 35 at. %) in -U (bcc) but 

below 560 
o
C the equilibrium state corresponds to a mixture of -U (orthorhombic) and 

so-called `-phase, which is the U2Mo compound with the C11b (MoSi2 prototype) 

structure. However, by rapid cooling from the -phase a metastable -state can be 

retained up to room temperature. For example, in order to reliably quench the -phase to 

room temperature, a minimum of 6 wt. % Mo is needed, which bounds the lower Mo 

content [7]. There were numerous experimental studies performed on different U-Mo 

alloys, e.g., with 5.4 wt. % Mo [16], 7 wt. % Mo [17, 18], 8 wt. % Mo [7], and 10 wt. % 
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Mo [13, 14, 19, 20]. Some studies even found formation of metastable ordered phases, 

e.g., U22Mo3 with P4/nbm structure, after quenching the -phase from the  region 

temperatures [7, 16, 19].  

 Many experimental studies have been dedicated to U-Mo-Al(Si) alloys that serve 

as the basis for dispersion-type fuels. In these fuels the fuel material (U-Mo) is broken up 

into very small pieces that are dispersed into a matrix material (Al) [6]. The study of fuel-

aluminum interactions, including interdiffusion, becomes an important issue in the 

analysis of the irradiation behavior, e.g., the fuel swelling, as well as the growth rate and 

activation energy for the growth of reaction U-Mo/Al layers and their concentration 

profiles, and also the study of the structure and properties of the ordered phases, e.g., 

UAl2, UAl3, and UAl4, that are formed in these layers. [18, 21-25]. In order to reduce the 

interdiffusion and thus the interaction layer growth, an addition of some amount of Zr to 

the fuel and Si to the matrix have been recommended [26-29].  

 In spite of numerous experimental studies on U-Mo fuels very few theoretical 

efforts have been made to understand their behavior. According to Hofman et al. [30], the 

activation energy of nucleation during the decomposition of the metastable -U-Mo phase 

to -U and U2Mo compound is proportional to the negative of the enthalpy of formation 

of the -U-Mo solid solutions. The excess thermodynamic functions of -U-Mo solid 

solutions were assessed from the experimental data available for this system by 

Vamberskiy et al. [31] but their results were presented only graphically. Later, the 

integral quantities for U-Mo alloys, plotted in Ref. [31], have been summarized and 

tabulated in Ref. [32]. As one can note from Fig. 11 of Ref. [31], the enthalpy of 

formation of -U-Mo solid solutions is positive in a larger fraction of the composition 
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interval of the U-Mo phase diagram but changes its sign from positive to negative when 

uranium concentration exceeds ~ 85 at. %. One should note that the assessment [31] was 

performed at a very high temperature, T = 1100 K. Parida et al. [33] compiled 

experimental data on the excess thermodynamic functions of the quenched (below the 

temperature of the stable -region) U0.823Mo0.177 and U0.94Mo06 alloys and presented the 

measured enthalpy increment values in a polynomial form in the temperature range from 

299 to 820 K. 

 So far there has only been one attempt [34] to perform ab initio study of the 

formation energy of -U-Mo solid solutions. Using the cluster expansion technique 

within the Ising Hamiltonian formalism with a set of effective cluster interactions (ECI) 

defined by the direct inversion Connolly-Williams (CW) method from the total energies 

of 16 bcc-based ordered structures calculated by the full-potential linearized augmented-

plane-wave (FP-LAPW) method, these authors calculated the formation energy of the 

disordered -U-Mo solid solutions as well as the U2Mo (C11b) compound. These 

calculations proved that the U2Mo compound is stable (has a negative formation energy) 

and the disordered -U-Mo solid alloys should be stable on the uranium rich side of the 

phase diagram (the formation energy of -U-Mo solid solutions changes the sign from 

positive to negative when uranium composition exceeds ~ 70 at. %). However, the 

temperatures of the calculated by the Cluster Variation Method (CVM) phases equilibria 

appeared to be excessively high, e.g., the calculated temperature of disordering of the 

U2Mo (C11b) compound is ~ 2000 
o
C that is much higher that the experimental value of ~ 

600 
o
C [15]. This failure indicates that a more accurate ab initio technique should be 

selected to study phase equilibria in U-Mo system. 
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 Semi-empirical model calculations [35], supported by experimental observations, 

indicate that the excess enthalpy of solution of -U-Zr phase controls the constituent 

redistribution process in U-Zr fuels. This statement encouraged us to perform very 

successful SR-KKR-ASA (see Sections 3 for details) calculations of the heat of formation 

of -U-Zr solid solutions as well as to study the nature of the formation of the -U-Zr2 

(C32) compound [36, 37]. We later expanded our study to the ternary U-Pu-Zr system 

[38], which is considered as a candidate metallic nuclear fuel for fast breeder reactors, as 

well as to the bcc alloys that uranium forms with neptunium and MA (americium and 

curium) [39]. In the present study we report similar calculations for U-Mo alloys and 

compare our results with previous results obtained for U-Zr alloys. The purpose of this 

study is not only to provide theoretical estimation of the main thermodynamic 

characteristics of U-Mo alloys but also to bring to light the nature of the difference in 

constituent redistributions in U-Mo and U-Zr fuels. 

 For our calculations we employ two complementary computational techniques: (i) 

the exact muffin-tin orbital method (EMTO) and (ii) the full-potential linear muffin-tin 

orbital method (FPLMTO). Pertinent details of the computational methods are described 

in Section 2. Results of the density-functional calculations of the ground-state properties 

of U-Zr and U-Mo solid solutions are presented in Section 3. We provide discussion in 

Section 4. Lastly, concluding remarks are presented in Section 5. 

 

2. Computational details 

 The calculations we have referred to as EMTO are performed using the scalar-

relativistic (SR) Green‟s-function technique based on the improved screened Korringa-
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Kohn-Rostoker (KKR) method, where the one-electron potential is represented by 

optimized overlapping muffin-tin (OOMT) potential spheres [40, 41]. Inside the potential 

spheres the potential is spherically symmetric, and it is constant between the spheres. The 

radii of the potential spheres, the spherical potentials inside the spheres, and the constant 

value in the interstitial region are determined by minimizing (i) the deviation between the 

exact and overlapping potentials, and (ii) the errors caused by the overlap between the 

spheres. Within the EMTO formalism, the one-electron states are calculated exactly for 

the OOMT potentials. As an output of the EMTO calculations, one can determine the 

self-consistent Green‟s function of the system and the complete, non-spherically 

symmetric charge density. Finally, the total energy is calculated using the full charge-

density technique [42]. The calculations are performed for a basis set including valence 

spdf orbitals. For the electron exchange and correlation energy functional, the generalized 

gradient approximation (GGA) is considered [43]. Integration over the Brillouin zone is 

performed using the special k point technique [44] with 506 points and 1470 points in the 

irreducible wedge of the Brillouin zone for the bcc and C11b structures, respectively. The 

moments of the density of states, needed for the kinetic energy and the valence charge 

density, are calculated by integrating the Green‟s function over a complex energy contour 

(with a 3.0 Ry diameter) using a Gaussian integration technique with 40 points on a semi-

circle enclosing the occupied states.  

  To treat compositional disorder the EMTO method is combined with the coherent 

potential approximation (CPA) [45, 46]. The ground-state properties of the chemically 

random U-Mo alloys are obtained from SR-EMTO-CPA calculations that include the 

Coulomb screening potential and energy [47-49]. The screening constants are determined 
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from supercell calculations using the locally self-consistent Green‟s-function (LSGF) 

method [50] for a 1024 atoms supercell that models the random equiatomic alloy. The  

and  screening constants (see Refs. [47, 48] for details) are found to be 0.725 and 1.088 

for U-Mo alloys. The equilibrium atomic density of U-Mo alloys is obtained from a 

Murnaghan fit to the total energy versus lattice constant curve [51]. 

For the elemental metals, the most accurate calculations are performed using a 

full-potential (no geometrical approximations) approach. These are fully relativistic in the 

sense that spin-orbit interaction is accounted for through the conventional perturbative 

scheme [52] that has the accuracy of solving the Dirac equation for the light actinides 

[53]. Although unable to model disorder in the CPA sense it provides important 

information for the metals, and also serves to confirm the CPA calculations mentioned 

above. For this purpose we use a version of the FPLMTO [54] and the “full-potential” 

(FP) in FPLMTO refers to the use of non-spherical contributions to the electron charge 

density and potential. This is accomplished by expanding the charge density and potential 

in cubic harmonics inside non-overlapping muffin-tin spheres and in a Fourier series in 

the interstitial region. We use two energy tails associated with each basis orbital, and for 

U‟s semi-core 6s, 6p states and valence states (7s, 7p, 6d, and 5f) these pairs are different. 

With this „double basis‟ approach we use a total of six energy tail parameters and a total 

of 12 basis functions per atom. Spherical harmonic expansions are carried out up to lmax= 

6 for the basis, potential, and charge density. As in the case of the EMTO method, GGA 

is used for the electron exchange-correlation approximation. Finally, a special quasi-

random structure (SQS) method, utilizing a 16-atom supercell, was used to treat the 

compositional disorder within the FPLMTO formalism [55].  
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3. Ground-state properties of U-Zr and U-Mo solid solutions 

Figure 1a shows results of our previous SR-KKR-ASA-CPA calculations of the 

heat of formation of -U-Zr solid solutions at T = 0 K [37]. The abbreviation KKR-ASA 

implies a Green‟s function technique based on the KKR method within the atomic sphere 

approximation (ASA) [56-59]. The heat of formation, that shows a positive deviation 

from the energy associated with a mixture of the pure elements, agrees well with the 

existence of a miscibility gap in the U-Zr phase diagram. Notice that the calculated heat 

of formation of -U-Zr solid solutions is in excellent agreement with data derived from a 

CALPHAD assessment [60-62] of the experimental thermodynamics and phase diagram 

information, which validates the ab initio approach. Note that to have a consistent 

comparison between the ab initio and CALPHAD results, the heat of formation within 

CALPHAD is extrapolated at T = 0 K. For comparison, we also show the heats of 

formation for U75Zr25, U50Zr50, and U25Zr75 bcc alloys, calculated within the FPLMTO-

SQS technique that agrees pretty well with both SR-KKR-ASA-CPA and CALPHAD 

assessment results. 

Figure 1b show results of present SR-EMTO-ASA calculations of the heat of 

formation of -U-Mo solid solutions at T = 0 K. The calculated heat of formation is 

positive in a broad region of the composition interval of the U-Mo phase diagram but 

changes it sign from positive to negative when uranium composition exceeds ~ 80 at. %. 

For comparison, we also show the heats of formation for U75Mo25, U50Mo50, and U25Mo75 

bcc alloys, calculated within the FPLMTO-SQS technique that agrees pretty well with 

SR-EMTO-CPA results. This plot also shows results of calculations of the heat of 
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formation of the U2Mo (C11b) compound relative to the bcc-based U and Mo 

components, and these results are almost identical for both SR-EMTO and FPLMTO-

SQS methods. A good agreement between the results derived by different methods 

suggests a robustness of the ab initio approaches, especially of the SR-EMTO-CPA 

method that is selected to treat disordered -U-Mo solid solutions. 

Figures 2a and 2b shows results of calculations of the equilibrium atomic volume 

versus composition of the bcc U-Zr and U-Mo alloys at T = 0 K. There is a positive 

deviation from Vegard‟s law for -U-Zr alloys (results of SR-KKR-ASA-CPA 

calculations [37]) that is in accord with the positive heat of formation in this system. 

Results of SR-EMTO-CPA calculations for -U-Mo alloys, shown in this Figure, indicate 

a slight positive deviation from Vegard‟s law with a visible inflection around the U2Mo 

compound stoichiometry. 

In the Figure 3 we compare the results of the present SR-EMTO-CPA calculations 

of the heat of formation of -U-Mo solid solutions with those obtained in Ref. [34] using 

the cluster expansion technique based on the ECI derived from the direct inversion CW 

method. The formation energies of the U2Mo (C11b) compound relative to bcc U and Mo 

metals, calculated with these two methods, are also compared. From this Figure it is 

clearly seen that comparison of the present SR-EMTO-CPA and the cluster expansion 

[34] results shows that the results of the SR-EMTO-CPA calculations for the disordered 

-U-Mo solid solutions show smaller variation and magnitude, and the absolute value of 

the heat of formation of the U2Mo (C11b) compound is almost twice smaller than the one 

calculated with the cluster expansion technique [34]. This comparison encourages us to 
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believe the SR-EMTO database should allows us to reproduce the U-Mo phase diagram 

with a much higher accuracy that was done in Ref. [34].  

 

4. Discussion 

Within the EMTO formalism [40, 41], the total-energy, Etot, can be expressed as 

the sum of two contributions: Etot = Eb + EM, where Eb consists of all “local” (band-

structure) contributions, Eb = Es + Eintra + Exc, such as the kinetic energy of non-

interacting electron gas, Es, the intra-cell electrostatic energy, Eintra, which is due to the 

electron-electron and electron-ion Coulomb interactions and also includes the screened 

Coulomb interactions in the case of the density-functional-theory-CPA calculations, and 

the exchange and correlation energy, Exc. The remaining contribution, EM, is the inter-cell 

Madelung energy. 

In Figure 4 we compared the results of our calculations of the heat of formation of 

bcc U-Zr and U-Mo solid solutions. The insert shows the charge transfer from U atoms, 

QU, calculated by the LSGF method [50] for a 1024 atoms supercell that models the 

random equiatomic alloy. According to Ref. [48], the Madelung energy contribution to 

the formation energy of the disordered alloy is proportional to (

2
ΔQ

-
S

ws

), where  is 

the screening constant and SWS is the Wigner-Seitz radius, which is related to the atomic 

volume, , through W S

3
4 S

.
3

 Thus, as the absolute value of the charge transfer from 

U atoms is significantly larger in the case of U-Mo alloys than for U-Zr alloys (U has a 

larger Wigner-Seitz radius than Mo but smaller one than Zr), the heat of formation of the 
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equiatomic U-Mo solid alloy is significantly smaller that for the equiatomic U-Zr solid 

alloy. The difference in the charge transfer between the alloy components explains why 

one has a decomposition in the case of -U-Zr alloys that causes much higher constituent 

redistribution in U-TRA-Zr fuels than in U-TRA-Mo fuels where a single -phase field 

exists. 

In order to explain why the disordered -U2Mo alloy is unstable with respect to 

the ordering to the U2Mo (C11b) structure, we plot the total electronic density of states 

(DOS) for this disordered and ordered U2Mo alloy (Figure 5). One can see that there is a 

significant drop of the DOS in the vicinity of the Fermi level (EF) in the case of the 

ordered (C11b) compound that causes a decrease of the band structure contribution (Eb) to 

the total energy. Figures 6a and 6b show the partial contributions to the total DOS from U 

and Mo, respectively. For both components of U-Mo alloys a similar drop of the partial 

DOS is also observed. In order to understand which electrons contribute to this 

phenomenon, we show contributions to the partial DOS of U and Mo in Figures 7a and 

7b, respectively. It is not surprising that the f- electrons play a major role in the 

distinctive behavior of the U-partial DOS and the d- electrons play a similar role in the 

Mo-partial DOS behavior when ordering and formation of the C11b structure takes place. 

The s- and p- contributions to the partial DOS of U and Mo are negligible in the vicinity 

of the Fermi level and not shown in Figures 7a and 7b. 

 

5. Conclusion 

 In the present paper ab initio results are obtained for U-Mo alloys to understand 

the effectiveness of the first-principle methods in describing these very promising fuels 
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for TRU-burning fast reactors. We believe that the calculated heats of formation for the -

U-Mo solid solutions and the U2Mo (C11b) compound are based on an electron behavior, 

which is well understood, and can be used for future calculations of the U-Mo phase 

diagram. We also established the physical origin of a very week constituent redistribution 

in -U-Mo fuels in comparison with their -U-Zr counterparts as well as the nature of 

formation of the U2Mo ordered compound. In the future we plan to perform similar 

calculations for U-Mo fuels doped with some amount of Al, Si, and Zr in order to study 

interdiffusion process [21-29] in U-Mo-based dispersion fuels. Ab initio calculations for 

U-Mo-Zr alloys could be also important for estimation of a Zr diffusion barrier recently 

studied in U-Mo-based monolithic fuels [8]. These ab initio results will be used to build a 

thermodynamic database with important input from first-principles theory that will be 

directly comparable to the results obtained solely from experimental data on 

thermodynamic properties and phase diagrams.  
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Captions 

Figure 1. The heat of formation versus composition calculated at T = 0 K for: (a) -U-Zr 

[37] and (b) -U-Mo alloys; and (b) the heat of formation calculated at T = 0 K for the 

U2Mo (C11b) compound relative to bcc U and Mo. 

Figure 2. The atomic volume versus composition calculated at T = 0 K for (a) -U-Zr [38] 

and (b) -U-Mo alloys. 

Figure 3. The heat of formation versus composition calculated at T = 0 K for -U-Mo 

alloys and the heat of formation calculated at T = 0 K for the U2Mo (C11b) compound 

relative to bcc U and Mo. 

Figure 4. The heat of formation versus composition calculated at T = 0 K for -U-Zr and 

-U-Mo alloys. The insert shows the charge transfer from U atoms, QU, calculated by 

the LSGF method [50] for a 1024 atoms supercell that models the random equiatomic 

alloy. 

Figure 5. The DOS versus energy calculated for U-Mo system (the Fermi energy is 

selected as zero energy). 

Figure 6. The partial DOS versus energy of (a) U and (b) Mo calculated for U-Mo 

system. 

Figure 7. The contributions to the partial DOS versus energy of (a) U and (b) Mo 

calculated for U-Mo system. 
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 22 

 

 
 

 

Figure 2a. 

 

 

 

 

 

 

 

 

 

 

 

 

 



 23 

 
 

Figure 2b. 
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 27 

 

 
 

Figure 6a. 
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Figure 6b. 
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Figure 7b. 


