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ABSTRACT

The entropy viscosity method [4] has been successfully applied to hyperbolic systems of equations such

as Burgers equation and Euler equations. The method consists in adding dissipative terms to the

governing equations, where a viscosity coefficient modulates the amount of dissipation. The entropy

viscosity method has been applied to the 1-D Euler equations with variable area using a continuous
finite element discretization in the MOOSE framework and our results show that it has the ability to

efficiently smooth out oscillations and accurately resolve shocks. Two equations of state are considered:

Ideal Gas and Stiffened Gas Equations Of State. Results are provided for a second-order time implicit

schemes (BDF2). Some typical Riemann problems are run with the entropy viscosity method to

demonstrate some of its features. Then, a 1-D convergent-divergent nozzle is considered with open

boundary conditions. The correct steady-state is reached for the liquid and gas phases with a time

implicit scheme. The entropy viscosity method correctly behaves in every problem run. For each test

problem, results are shown for both equations of state considered here.

Key Words: Euler equations, entropy production, entropy viscosity, shock tubes.

1. INTRODUCTION

Solving non linear hyperbolic systems of equations numerically with a high degree of accuracy remains an

arduous task. High-order schemes are known to produce spurious oscillations in shocks and a large body of

work was carried out in order to solve this problem [1]. The current state-of-the art numerical techniques

employ flux limiting [2]. This technique is well understood on a uniform grid for scalar equations in one

dimension. Generalization to multi-dimension remains a challenge. A true two-dimensional

non-oscillatory reconstruction was developed and seems to work for any unstructured mesh but for only the

piecewise linear case [3]. Additional work needs to be carried out to obtain an extension to higher degree

polynomials, but this task does not seem to be evident.

This paper aims at giving an overview of the entropy viscosity method [4]. In contrast to flux-limiting

approaches, the entropy viscosity method can be used with continuous finite elements and thus be applied

seamlessly to high-order approximation in complex geometry. The technique consists in adding dissipative

terms in the governing equations with a viscosity coefficient that modulates locally the amount of

dissipation. Generally speaking, entropy is produced at discontinuities and shocks; as a result, oscillations

can occur in numerical schemes. Using the entropy viscosity method, these oscillations can be controlled

and removed by adding adequate dissipative terms. We propose to demonstrate the method with two

equations of state for typical test cases (Sod shock tube) and a 1D converging-diverging nozzle to test the
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effect of low and medium Mach limit conditions. The scope of this paper is to introduce the entropy

viscosity method with its main features and to show that it can effectively be employed with 1-D Euler

equations with variable area in the MOOSE framework, using first order piece-wise linear polynomial and

a second-order implicit scheme (BDF2). This paper is organized as follows: first the 1-D Euler equations

and equations of state are recalled. Then the main features of the entropy viscosity method are explained.

In the last section, numerical results are presented for two equations of state (ideal gas and stiffened gas). A

typical shock tube problem is computed as well as a 1-D convergent-divergent nozzle.

2. THE 1-D EULER EQUATION WITH VARIABLE AREA

In this section, the 1-D Euler equations with variable cross-sectional area are given. Further information

regarding the corresponding compatibility equations and eigenvalues can be found in [5]. The equations of

state (EOS) that are required in order to close the system are discussed as well. It is assumed here that the

fluid obeys the 1-D Euler equations with variable area:

⎧⎨
⎩

∂t (ρA) + ∂x (ρuA) = 0

∂t (ρuA) + ∂x
[(
ρu2 + P

)
A
]
= P∂xA

∂t (ρEA) + ∂x [u (ρE + P )A] = 0,

(1)

where ρ, u, P and E are the fluid density, velocity, pressure and specific total energy, respectively. The

flow cross sectional area is denoted by the variable A and is only a function of the spatial variable x. The

terms ∂t and ∂x represent the partial derivatives with respect to time and space, respectively. Under the

assumption that the cross sectional area A (or variable area) is constant, the regular 1-D Euler equations are

retrieved. The cross sectional area function has to be specified. The system of equations given by Eq. (1)

contains four unknowns and, therefore, a closure relation in the form of an Equation Of State (EOS) is

needed. The EOS is usually used in order to compute the pressure from the density and the internal energy.

In this paper, only two EOS will be considered: the Ideal Gas (IGEOS) and the Stiffened Gas (SGEOS)

Equation Of State. These two EOS are gamma laws with constant heat capacity at constant volume Cv.

The SGEOS are generally used for liquid and gas phases at high pressure [6]. A generic expression for the

two EOS is given in Eq. (2):

P = (γ − 1)ρ(e− q)− γP∞ and ρ =
P + P∞

(γ − 1)CvT
, (2)

where e and T are the fluid specific internal energy and the temperature, respectively. The specific heat

ratio, denoted by γ, is assumed to be constant. The parameters q and P∞ are fluid-dependent and are given

in Table I for water. In the case of liquid water, the P∞ constant is very large compared to typical pressure

Table I: Stiffened Gas Equation Of State parameters for liquid water and its steam [6].

Phase γ Cv (J · kg−1 ·K−1) P∞ (Pa) q (J · kg−1)

Liquid 2.35 1816 109 −1167.103

Steam 1.43 1040 0 2030.103

found in nuclear reactors (PWR and BWR). As a result, (i) the variation in the density, given by Eq. (2),

will be very small which characterizes an almost incompressible behavior, and (ii) the liquid pressure can

take negative values in some particular test cases (Section 4.2.1) if phase change is not permitted.
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From Eq. (2), the Ideal Gas EOS can be retrieved by simply setting the parameters q and P∞ to zero and

recalling that Cv = Rs
γ−1 where Rs is the specific gas constant. Further information relative to the

derivation of the SGEOS or the physical meaning of the parameters q and P∞ can be found in [6]. For

convenience, the definition of the speed of sound c is recalled:

c2 =
γ (P + P∞)

ρ
. (3)

3. THE ENTROPY VISCOSITY METHOD

With the entropy viscosity method [4], the approach to stabilize the numerical solution of a hyperbolic

system is radically different than those used with Godunov-type schemes [7]. Limiters and non-oscillatory

reconstructions are not used. Instead, dissipative terms are added to the system of equations, and a local

viscosity coefficient is computed in order to obtain a smooth solution. This section has the objective of

answering the following questions: How to track the discontinuities? How to derive the dissipative terms?

And how to add the proper amount of viscosity? The main results are just recalled but the reader can refer

to [8] for more detailed explanations and derivations.

3.1 How to track the discontinuities?

In this section, we now recall some aspects of the theory related to shocks. Entropy is produced in shocks.

This entropy production can be measured by computing the entropy residual De:

De(x, t) = ∂t (AS) + ∂x (uAS) , (4)

where S is an entropy function and u is the fluid velocity. As long as the solution does not experience any

sharp discontinuities, the entropy residual is almost zero (or at least very small from a computational point

of view). However, in discontinuities, entropy is produced and the entropy residual becomes positive. The

variations of the entropy residual can be summarized in a single inequality given in Eq. (5):

De(x, t) = ∂t (AS) + ∂x (uAS) ≥ 0 . (5)

The above statement is of great importance for the definition of an adequate viscosity term since it allows

the tracking of discontinuities in the computational domain by simply evaluating the entropy residual at

any point x and time t.

3.2 Derivation of the dissipative terms:

Let us focus on the reasoning used in the derivation of the dissipate terms for the 1-D Euler equations only.

We start with the 1-D Euler equations with variable area given earlier in Eq. (1). The 1-D Euler equations

satisfy the entropy minimum principle [9]:

∂t (s) + u∂x (s) ≥ 0 (6)

where s is the specific entropy and is assumed to satisfy the following equation:

Tds = de+ Pd

(
1

ρ

)
, (7)
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which can be easily obtained by applying the second thermodynamic law with reversibility assumed. The

inequalities Eq. (6) holds for any EOS as long as the entropy function satisfies Eq. (7). When dissipative

terms are added, as shown in Eq. (8), the inequalities given in Eq. (6) must still hold. Therefore,

inequalities Eq. (6) is analyzed to derive conditions that the dissipative terms must satisfy. After some

algebraic manipulations [8], it is found that the inequality holds with the dissipative terms if and only if the

entropy function s is convex as a function of the specific volume v = 1
ρ and the internal energy e. This

statement yields a condition on the EOS since it is used to compute the specific entropy function using

Eq. (7). For instance, when the specific entropy s is derived from the Ideal Gas Equation Of State

(IGEOS), it is convex. Other EOS yield convex entropies as a function of specific volume and internal

energy, e.g., Stiffened Gas (SGEOS) or Tait equations Of State (TEOS) [14]. However, the Van der

Waals Equation Of State does not yield a convex entropy and should not be used with Euler equations.

⎧⎪⎪⎨
⎪⎪⎩

∂t (ρA) + ∂x (ρuA) = ∂x (Af)

∂t (ρuA) + ∂x
[(
ρu2 + P

)
A
]
= ∂x (Ag) + P∂xA

∂t (ρEA) + ∂x [u (ρE + P )A] = ∂x [A (h+ ug)]
P = f(ρ, e),

(8)

where f , g and h are dissipative terms given in Eq. (9):⎧⎪⎨
⎪⎩

f = k 1
ρ

(ρe
P + 1

)−1
∂xρ

g = μρ∂xu+ uf

h = κρ∂xe− u2

2 f + ug,

(9)

where μ and κ are positive viscous coefficients that will be defined later in Section 3.3.

From a theoretical point of view, this set of dissipative terms should effectively smooth out oscillations for

the IGEOS and the SGEOS. This requires only that the specific entropy be a convex function of the

specific volume and the internal energy.

3.3 Derivation and definition of the viscous coefficients μ and κ:

Once the functional form of the dissipative terms is known, it remains to define the viscous coefficients μ
and κ introduced in Eq. (9). Recall here that we only wish to add viscosity in the cells with significant

entropy production. Therefore, from a theoretical point of view, the viscous coefficients should be equal or

close to zero far from the shocks/discontinuities and large enough in the shocks/discontinuities to smooth

out the oscillations.

When defining the viscous coefficients the boundedness of viscosity must be addressed. By definition, the

viscous coefficients are positive: μ ≥ 0 and κ ≥ 0. Adding too much viscosity could affect the numerical

solution since the dissipative terms could dominate all of the other terms in Eq. (8). Therefore, an upper

bound, referred to as μmax, needs to be set. As derived in [4], μmax for the Euler equations is taken as:

μmax = Cmax (|u|+ c)
Δx

p
, (10)

where Cmax is a constant close to 0.5. Δx is replaced by Δx
p to account for high order schemes (p =

polynomial order of the FEM basis functions) . The quantity (|u|+ c) Δx
p is related to the CFL number

since a wave cannot travel more than a certain number of nodes when using a time explicit scheme.

The viscous coefficient κ is computed by introducing a Prandtl number Pr such that:

κmax = Pr · μmax, (11)

4/12



1-D Euler equations and entropy viscosity method.

where Pr ∈ [0, 1]. The upper bound for κmax and μmax are given in Eq. (10) and Eq. (11), respectively.

If the first order viscous coefficients are used in Eq. (8), too much viscosity will be added throughout the

entire computational domain and the shocks may not be sharply resolved. The objective is to remove the

oscillations and resolve the shocks at the same time. To do so, we introduce the viscosity μe that will be

computed from the entropy residual since it allows the tracking of discontinuities and shocks as explained

in Section 3.1. The coefficient μe has to be proportional to the entropy residual De and should have the

same units as the first order viscosity μmax. A definition that meets these requirements is given in Eq. (12):

⎧⎨
⎩

μe = Ce

(
Δx
p

)2 |De|
max|S−S̄|

κe = Pr · μe

(12)

where S̄ is the mean value of the entropy and Ce is a constant usually equal to 1. The term max
∣∣S − S̄

∣∣ is

used here to normalize the entropy residual De. This is done for two reasons: (i) for dimensionality

purposes (by normalizing, the definition is now independent of the units of entropy), and (ii) small

variations of the entropy residual will be enhanced by the normalization. Then, the constant Ce should be

of order 1. With this definition, the entropy viscosity should be large in the discontinuities and very small

elsewhere.

The entropy viscosity μe and κe are not bounded and can take very large values in the discontinuities. As

discussed earlier, the viscosity employed in the numerical scheme should not exceed the linear viscosity

μmax and κmax because these are sufficient to smooth the oscillations. Finally, we define two viscosity

coefficients noted μ and κ that meet the following requirements and correspond to the ones defined in

Eq. (9):

• the viscosity should not exceed the linear viscosity μmax and κmax: μ ≤ μmax and κ ≤ κmax

• the viscosity added to the system should be very small far from the discontinuities.

The above requirements are met by the viscosity coefficients μ and κ when defined as follows:

{
μ = min (μe, μmax)
κ = min (κe, κmax)

(13)

The viscosity coefficients μ and κ defined in Eq. (13), when used in Eq. (9), should add just enough

dissipation to smooth oscillations and sharply resolve shocks and discontinuities in the computational

domain.

Remark: the objective of the entropy viscosity method is to control the amount of viscosity added to the

system. Therefore, the use of low order spatial and temporal schemes give inaccurate results because the

artificial (entropy viscosity method) and numerical (scheme) viscosities sum. Thus, at least second order

schemes are preferred in order to minimize the numerical dissipation introduced by the temporal and

spatial schemes.

4 NUMERICAL RESULTS USING THE MOOSE MULTIPHYSICS SOFTWARE

This section presents results obtained with the entropy viscosity method applied to the 1-D Euler equations

with variable cross sectional area. Both the ideal and stiffened gas equations of state are tested. Typical

shock tube tests are performed to evaluate the ability of the entropy viscosity method to accurately resolve
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shocks. Another set of simulations are also performed with compressible fluid flowing through a

convergent-divergent nozzle to test steady-state solution capability. Simulations are carried out using the

MOOSE framework [10]. MOOSE can run time explicit and implicit schemes through the input file

(further modifications are required in each function). Results are provided for two temporal integrators:

forward Euler (time explicit scheme) and BDF2 (second order time implicit scheme). For each test, the

initial conditions are provided along with the parameters used for the equations of state and the entropy

viscosity method.

4.1 Sod shock tube problem:

Shock tube problems are typically performed in order to test stabilization methods. Through the study of

system eigenvalue and characteristic equation forms of the 1-D Euler equations with constant area, exact

solutions can be derived. Numerical solutions can be compared against exact solutions to verify the

accuracy of the method.

In this section, a Sod shock tube problem is considered. The computational domain is initially divided in

two parts separated by a membrane. The pressure and density variables are set to 3 and 1 in the left and

right hand-side, respectively. The initial velocity is uniform and equal to zero. The coefficients for the

entropy viscosity methods are set to the following values for all of the results provided in this section:

Cmax = 1
2 , Ce = 1 and Pr = 0.01. At t = 0 s, the membrane is removed. The simulation is stopped

before the waves reach the boundaries (tfinal = 0.2s). As such, Dirichlet boundary conditions can be used

for all of the variables.

Results are shown in Fig. 1 for a second order time implicit scheme (BDF2). The simulation used 400
elements with first order continuous FEM basis functions. The constant time step is set to 5 · 10−4s and the

Jacobian matrix is used as a preconditioner. Results are shown at t = 0.2 s. The ideal gas equation of state

is used in this simulation with Rs = 1 J/ (mol ·K). In Fig. 1, the rarefaction, contact and shock waves are

well resolved. The viscosity, density and pressure profiles do not show oscillations. The entropy viscosity

profile (Fig. 1d) is as expected: the viscosity is peaked in the shock and the contact waves. Anywhere else,

the entropy viscosity is very small compared to the first order viscosity.

4.2 Convergent-divergent nozzle:

In this section, solutions to the 1-D Euler equations with variable area are performed. The geometry

consists of a 1-D converging-diverging nozzle given by the equation A(x) = Ao(1 + 0.5cos(2πx)) with

A0 = 1m2. Stagnation (inlet) and static (outlet) pressure boundary conditions [11] are used. The

stagnation pressure Po and temperature To are set to 1 MPa and 453 K, respectively. The static pressure Ps

at the outlet is set to 0.5MPa. This test is performed separately for two fluids: steam and liquid water. The

two fluids are described by the Stiffened Gas equation of state parameters given in (Table I). The initial

conditions consist of a pressure step (Pleft = 1 MPa and Pright = 0.5 MPa) and uniform velocity

(vleft = vright = 0) and temperature (Tleft = 453 K and Tright = 453 K) with a membrane located at

x = 0.5 that is removed at t = 0 s.

Through the 1-D nozzle, the fluid experiences a transient before reaching a steady-state. Because of the

initial step condition, all the waves are triggered: rarefaction, contact and shock waves. Once the fast waves

reach the boundaries, the velocity increases at the inlet and at the outlet. The pressure decreases at the inlet

since the stagnation pressure is set. For the steam phase, the mach number increases rapidly to reach a final

value around 2. Therefore, a shock is forming at steady-state. For the liquid phase, the mach number

remains smaller than 1 and thus, no shock is forming. A steady-state is also reached and all profiles are

smooth. The purpose of this simulation is to assess whether the entropy viscosity method can accurately
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(a) Velocity profile as a function of space at t =
0.2s.

(b) Pressure profile as a function of space at t =
0.2s.

(c) Density profile as a function of space at t =
0.2s.

(d) First order (red) and entropy (black) viscos-

ity profile as a function of space at t = 0.2s
.

Figure 1: Solution profiles at t = 0.2s using IGEOS with a second order time implicit scheme (BDF2).

resolve the shocks at the beginning of the transient and at steady-state (using realistic fluid parameters

rather than more academic Sod shock tube problems). During the transient, the numerical solution is

smooth and, therefore, the amount of viscosity added to the system should be small for both phases.

Simulations are performed with a second order time implicit scheme (BDF2) for steam and a first order

time implicit scheme (backward Euler) was run for the liquid phase. The pressure, velocity, density and

viscosities (κ and μ) profiles are monitored at different times of the transient. The final steady state is

compared with the results from [12].

4.2.1 Numerical results for the steam phase

The steam experiences a transient before reaching a steady state around t = 0.026 s. The entropy viscosity

method parameters Cmax, Ce, and Pr are set to 0.5, 1 and 0.1, respectively. The simulation was run with

200 cells and the full Jacobian matrix is used in the Newton’s solver. In order to take full advantage of the

implicit scheme, an adaptive time step algorithm updates the time step size.

In this section, results at t = 4 · 10−4s and at steady-state for the second order implicit scheme are
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presented (BDF2). The velocity, pressure, density and viscosity profiles are shown at t = 4 · 10−4s
(Fig. 2b, Fig. 2c and Fig. 2d) and at steady-state (Fig. 3b, Fig. 3c and Fig. 3d). From the Fig. 2 and 3, it is

(a) Velocity profile as a function of space for

the steam phase at t = 4 · 10−4..

(b) Pressure profile as a function of space for

the steam phase at t = 4 · 10−4.

(c) Density profile as a function of space for the

steam phase at t = 4 · 10−4.

(d) First order (red) and entropy (black) vis-

cosity profile as a function of space the steam

phase at t = 4 · 10−4.

Figure 2: Solution profiles at t = 4 · 10−4 using SGEOS (steam) for a second order time implicit scheme

(BDF2).

clear that the entropy viscosity method resolves correctly the shocks during the transient and at

steady-state. The velocity, density and pressure profiles do not exhibit oscillations. The first order (or

linear) and entropy viscosities are shown in Fig. 2d and Fig. 3d. We can clearly note that the entropy

viscosity is equal to the first order viscosity in the discontinuities and does not saturate to such a value

elsewhere: that is, the entropy viscosity adapts itself to the solution and is able to track the discontinuities.

It was noted, during the simulations, that computational efficiency is lost as the time step size gets larger

than 10−5 s (the convergence is no longer quadratic). The Jacobian matrix is computed for each new

non-linear iteration and is, therefore, time consuming. Nevertheless, the implicit time step is about hundred

times larger that the explicit time step computed from the CFL condition.

For the BDF2 scheme, the correct steady-state is reached as compared to [12]. The entropy viscosity

method behaves correctly with either scheme for the steam phase.
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(a) Velocity profile as a function of space for

the steam phase at steady-state.

(b) Pressure profile as a function of space for

the steam phase at steady-state.

(c) Density profile as a function of space for the

steam phase at steady-state.

(d) First order (red) and entropy (black) vis-

cosity profile as a function of space for steam

phase at steady-state.

Figure 3: Solution profiles at steady-state using SGEOS (steam) for a second order time implicit scheme

(BDF2).

4.2.2 Numerical results for the liquid phase

The initial and boundary conditions for the liquid phase are the same as for the steam. Thus, at the

beginning of the transient a shock has to be resolved. Then, during the transient, the solution becomes

smooth. A steady-state is reached around t = 0.56s but has no shock because of the low Mach number.

The entropy viscosity parameters Cmax, Ce and Pr were set to 10−2, 1 and 5 · 10−8, respectively. The

coefficient Cmax is not equal to 0.5, as it should be (e.g. Section 3.3), but to a lower value. When the code

is run with Cmax = 0.5, too much dissipation is added to the system and the correct steady-state is not

obtained: the code does converge to a steady-state that is not the same as in [12]. This has to do with the

low Mach number condition [13] that causes some dissipative terms to be ill scaled. This issue is currently

under investigation.

Only results run with a first order time implicit method are shown (Backward Euler). Again, the density,

velocity, pressure and viscosity profiles are provided for t = 4 · 10−4 s during the transient and at

steady-state. In Fig. 4c, it is observed that the discontinuity in the density profile is well resolved. The
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(a) Velocity profile as a function of space for

the liquid phase at t = 4 · 10−4..

(b) Pressure profile as a function of space for

the liquid phase at t = 4 · 10−4.

(c) Density profile as a function of space for the

liquid phase at t = 4 · 10−4.

(d) First order (red) and entropy (black) viscos-

ity profile as a function of space for the liquid

phase at t = 4 · 10−4.

Figure 4: Solution profiles at t = 4 · 10−4 using SGEOS (liquid water) for a first order time implicit scheme

(Backward Euler).

velocity and pressure profiles are smooth. In Fig. 5, the velocity, density, pressure and viscosity profiles at

steady-state are presented. The same steady-state as in [12] is reached. Nevertheless, the entropy viscosity

saturates to the first order viscosity at steady-state even though the numerical solution is smooth (Fig. 5d).

Such a behavior is not expected and clearly shows that the entropy viscosity method as defined in

Section 3.3 does not seem to behave correctly for low Mach number conditions. As stated earlier in this

section, when the coefficient Cmax is set to 0.5, the code does not converge to the correct steady-state.

Further work is necessary in order to adapt the definition of the first order viscosity and to make it a

function of the Mach number. In [13], some preconditioning techniques were proposed in order to correctly

scale these artificial viscosity terms. The objective of future work is to examine a similar approach in order

to derive a first order viscosity term that is function of the Mach number.
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(a) Velocity profile as a function of space for

the liquid phase at steady-state.

(b) Pressure profile as a function of space for

the liquid phase at steady-state.

(c) Density profile as a function of space for the

liquid phase at steady-state.

(d) First order (red) and entropy (black) viscos-

ity profile as a function of space for the liquid

phase at steady-state.

Figure 5: Solution profiles at steady-state using SGEOS (liquid water) for a first order time implicit scheme

(Backward Euler).

5. CONCLUSIONS

In this paper we presented the entropy viscosity method, applied with continuous finite element

discretization to compressible flow problems, and demonstrated that it can accurately resolve shocks and

discontinuities for hyperbolic systems with various geometries and using the MOOSE framework. Tests

performed with Sod shock tubes yielded correct solution for a time implicit scheme. Results for liquid and

gas phases using a 1-D nozzle geometry yield the correct transient and steady-state when a time implicit

scheme is employed. However, for the simulation with the liquid phase, the coefficient Cmax had to be set

to a 10−2 instead of 0.5, in order to get the correct steady-state; we believe that a low-Mach correction to

the definition of the first-order viscosity definition is needed for the liquid phase results to be accurate. The

viscosity coefficients μ and κ show the correct behavior: they saturate to the first-order viscosity in the

discontinuities and are close to zero anywhere else. Results were obtained with a unique set of dissipative

terms that works for both EOS. Future work is required in order to adapt the definition of the first order and

entropy viscosities to the low Mach number limit (liquid phase).
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