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ABSTRACT 

A detailed study of angular distributions arising from 

* * * D D, and D D production at IS= 4.028 GeV is 

* made, including the subsequent decays +Dn- and D + Dy. 

* * The production amplitudes are unique except for the DD 

case, where there are two p-wave amplitudes (S = 0, 2) and 

one small f-wave amplitude (S = 2). It is shown that observations 

of the angular distributions and correlations of the TI
0

's and 

y's from the D* + DTI0 and + Dy decays an effec-

tive way of measuring the p-wave amplitudes. These amplitudes 

are a reflection of the underlying hadronic interactions among 

the charmed and uncharmed quarks. 

I. IN"TRODUCTION 

Just above the threshold for charmed particle creation in electron­

positron collisions are several resonance peaks which serve as "factories" 

* for production of the charmed mesons D and D . Angular distribution 

measurements made at the 3.772 GeV and 4.028 GeV peaks have already 

* yielded evidence on the D and D spins. New measurements promise 

to reveal the det~ils of the resonant production process itself. A 

confrontation between theories of charmed particle production in 

collisions and experiment will then become possible. 

+ -
e e 

In this paper we focus on the resonance at 4.028 GeV, where both 

* D and D are produced. We obtain expressions for the angular 

distributions and correlations which may be measured, in terms of the pro­

dlction :pin anpli tudes. li1 Section II, we give the production angular distributions 

* and D polarization distributions for the three final states which 

l * * * dominate at 4.028 GeV: D D , D IT (or , and DIT. In Section III, 

* * the single pion angular distributions from D IT or 

production followed by decay to DTI are found. So too are the 

analogous single photon distributions corresponding to the alternative 

decay n* + Dy. Section IV presents the correlated angular distributions 

for two pions, two photons, or a pion and a resulting from a 

production and decay sequence such as + - * * e e + DTI + (DTI) Thesingle-

and two-particle distributions from are collected inAppendix A 

As we shall see, the two correlations lli1d single 

distributions depend quite differently on the spin 

tudes . 1hus , the correlations an:! distributions could prove to be a very 

effective way to determine the amplitudes accurately. Tb.e various 
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distributions and their usefulness are discussed in Section V. 

The 4.028 GeV resonance is only barely above the threshold 

*-* * 
for production of a DD pair. In fact, at 4.028 GeV the D in 

such a pair will have velocity 6 < 0.1, and to a good approximation 

production and decay may be treated non-relativistically. It 

is not so obvious that a non-relativistic analysis is also valid for 

* DD production and decay, or for DD production, at this same 

energy, since < ' and 6 = 0.27 for a accompanied by a 

and S = 0.38 for the members of a DD Consequently, in 

Appendix B we give a fully relativistic treatment of the processes 

or DD , and show explicitly that the relativistic 

effects are negligible. Armed with this result, we present in the 

main of the paper an analysis which is non-relativistic throughout. 

Past experiments carried out at the "factories" at 4.028 GeV and 

3.772 GeV support the conventional spin-parity assignments of 0 for 

D and 1 for 2
•
3 We shall assume that these assignments are 

correct. However, in Section VI the evidence for them is reviewed 

and a further test which could be carried out at 3.772 GeV is suggested. 

II. PRODUCTION A~LITUDES 

The production amplitudes for 
+ - - *-- J e e _,. DD,DD, D D, are *~"' and D D 

easily described in non-relativistic language. We assume the conven-

ional assignments: = 0-, = 1-. The DD production 

is purely p-wave with an 

where n is the * y 

wp 
DIT 

polarization vector and p 

of the D in the center of mass frame. If the + 
e 

(1) 

is the three momentum 

and e are 

3 

unpolarized, the coupling to the virtual gives transverse 

.4 

2: 
pol 

c'iij- (2) 

A + 
where n is the e or e beam direction. From Eqs. (1) and (2), 

we see that the angular distribution of D's from DD is 

&~no co 
1 - 2 (3) 

For or we have s = 1. To get the correct 

parity we need L odd, and since J = 1, L,;;; 2. Thus L = 1. The 

amplitude is of the form 

"'n • p X E 
~ --;v, 

where n and p are defined as before, and E is the 

vector of the , obeying 

2: 
pol 

EiE:j c'iij 

the sum over the photon polarizations, 

dN *- co DD 
A 2 2 

1 - (p • S) - [ S • (ll X 

* 

(5) 

(6) 

In particular, if the polarization of the D is not observed, the 

angular distribution is 

dND*n 1 
A A 2 

(n • p) (7) 
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If, on the other hand, the direction of the D is not observed, we 

* have a correlation between the beam direction and the D spin: 

A 2 
dND*D oc l + (n•s) . (8) 

* * For D D production, S = 0,1, and 2 are possible. However, 

since P = an~ C = (-l)L+S, L is odd and S is even. If 

S = 0 , then L = l. If S = 2 , then L = l or 3 • Since the 

*-* <J;(4028) is so near the D D threshold, we ignore the £-wave 

Then the production amplitude may be written as 

- 1-1- 1-
= A s•s p·n + A(- s•p s•n+ ~ s•ns•p-- s•sp•n), 

0- - - - 2 2 - - - - £ - -- - 3 - -- -
(9) 

where A
0 

is the s = 0 and is the s = 2 amplitude 

* with L = l. The ~(~) is the D polarization vector and 

* the D three-momentum in the center of mass frame. 

The most general expression for the observables is obtained 

summing over the photon polarizations to obtain 

* 1
2 - 2 [ A A 2] dN*,.,cc (s•s) tl-(n·p) 

D u - -

* - A- A j_ _ 
+ s·s [s·p s•p- -s·s 

- - - - 3 
- A A 1 A - A 

~·~ n·p-z~·n~·p 
1 A -z ':. P ':. 

21 A2 l-A2 1 
+ I P) + 4 c ~ ·p) + 9 c ~ 2 1 2 A 2 

- (s• 
4 -

1- Az 2 1 2 A 
- - (s • p) (s - - (s•S) (n • 

4 - - 9 - -
2 1 - - s. s 

6 - -
s 

1 _A A A A 

+-s·sn·PS•Ds·n 
3 - - - '· 

1 A • 

+ 3 E'E n. p ~. n ~. p 

l - AJ z~·p s·p ~·n ~·n. 

p s • p 

(10) 

-e is 

5 

This cumbersome expression yields useful results upon further 

-* reduction. Suppose for example, that the and D polarizations 

are not observed. Then using Eq. (5), 

2 A 2 
dND *r( "' 3iAo I [l - (n • l 

1 12 A 2 + 6 [7 (n • l (11) 

The relative normalization of and A2 is clarified by averaging 

over p or n, 
A A l 
PiP- -r.;_o3 .. 

J lJ 

full rate, 

or ->-

12 + ~ j2 
9 

l 
3'\j' to obtain the 

(12) 

The ratio J can be obtained by measuring the a'1gular 

* distrihution of n 's lll 
+ -

e e ->- Actually, after the decay 

* ->- Dn, the D has nearly the same direction as its parent D 

so it is possible to use identified D's 

From Eq. (11) we see that 

cJND*u* <X 1 + a cr;: • 

where I 
2 

a = -

18 + 7IA /A ~-2 
. 2 0 

* in the place of D 's. 

2 
' 

(13) 

(14) 

Thus a is constrained by -1 E;; a E;;- l/7 in our approximation 

is, ignoring f-wave 5 Reference 2 a= -0.30 ± 0.33 

as deduced from the angular distribution of D's in + - *-* e e + D D ->- DX. 

If this result is as showing 0 . > -0.63, the conclusion is 

1 L gs. 
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An alternative measuring A2/A
0 

its phase) is to 

-* use the information carried by the spins of the and D, even with-

out measuring their momenta. This can be done by observing the 

* * rr' s and y' s from the decays D -> Drr and D -> L'y. If the direction 
p is averaged over, Eq. (10) becomes 

22 -2 * 1 - 1- A 

dN *-* cc I - (c • c) + ZReA A ( - c • c - - c • n c • n) c • c DD 3-- o2 9--3-- --

2 -2 1 2 1- A 2 
+ IA21 + 54 c: . :) - 12 (~ • rzC~ • n) 

1 - A -

+rs~·~~·n~· 

(15) 

As we shall see in Sections, the c and 2 will be 

* replaced observable momenta when the decays + Drr or D + Dy 

* occur. If one decay (say that of the D ) is Eq. (15) is 

further simplified using 2i cj _,. oij. Then we obtain 

2 2 *[1 lA ~ '""· 3 lAo I + 2ReAoA2 9 - . 9 

2 
2 [ 4 7 - 21 • ~) J + I 1o8 

III. SINGLE PARTICLE DISTRIBUTIONS 

* The D decays in tD Drr or Dy. Each decay has 

amplitude. For * D + Drr we write 

D*_,. Drr "'~·s 

only a single 

(17) 

7 

* where ~ is the D polarization vector and g is the three momentum. 

For the photonic decay we have the Ml amplitude 

D*+Dy o:(~. ~ X • B) (18) 

where k is the y direction, and E and B represent the s 

electric and magnetic polarization vectors. If the s 

is not measured, we have the summation relations 

z; 
pol 

A A 
E.E. 

l J 
:2: 

pol 
0·. - k.k. 
lJ l J 

(19) 

Because of the simple forms of Eqs. (17) and (18), the distributions 

of Section II may be easily translated into distributions for final state 

rr's or y's. Summing over the of the decaying is 

equivalent to replacing 2 q for + Drr and to replacing 2 by 

A * B for D + Dy. For example, using Eq. (8) we determine the distribution 

of pions relative to the beam axis in e+e- + n*rr + (Drr) IT: 

* A A 2 dND D o: 1 + (n • q) . (20) 

For + * * ee +DD + , using Eq. (16), we have 

dND *rr* "' } J

2 
+ 2ReA0A; ~ [1 - 3 (n · 2

] 

~ 12 1 A 2 · • rfrgi 4 7 - 21 (n • J . 
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This distribution is again of the form 1 + a(ri o q) 2, where a is 

a function of the complex number A
0

/A2. Since our concern is with 

the resonance at 4.028 GeV, we expect and A2 to have approxima~ly 

the same (resonant) phase, assuming both the S = 0 and S = 2 

channels couple strongly to the resonance. If one channel is effectively 

decoupled, its amplitude will be small and the relative phase between 

the amplitudes will be unimportant. We thus expect A
0
/A2 to be 

nearly real, but its sign must be determined by measurements. 

The angular distributions of photons relative to the beam axis 

may be determined in a similar fashion. For the process 

+ - * e e + D IT+ we have by analogy with Eq. (20) 

dN * 1 ~ A 2 D IT 0: 3 [1 + (D 0 h) l 

Using Eq. (19), this becomes 

1 A A 2 
dND *n o: 1 - 3 (k • n) . 

(22) 

(23) 

Similarly, for e+e- + n*IT* + the single photon distribution is 

dNn*rt o: ~ IA
0
!2 

+ ZReA
0
A; ~ - 1 + 3(n • 1:)

2
J 

I 1
2 1 A A2 

+ • 108 [ 73 + 21 (n • k) ] . (24) 

IV. TWO PARTICLE CORRELATED fu\IGULAR DISTRIBUTIONS 

Processes like e+e- + + or (Drr) are very 

powerful analyzers of the production amplitudes_ The angular 

9 

distributions are obtained from the formulae of Section II by the 

replacements ~ -> , q2 , or ~ -> B, etc. Thus for example, 

using Eq. (15), we have for the final state CDn- 2) 

2 A 2 2 *A A 

~ *n* cc j . q2) I + 2ReAoA2ql • q2 
l(A A A A A 
9ql.q2-3qs.n qirjl 

2{1 1 A A 2 ] AA2 1 AA2 1 A AA AA 

+ IA2I 6 + 54Cqi qz) - 1zCC!j_·n) - I2(9z"n) + 18 q2q1·n q2· 

(25) 

If the beam direction is ignored, the correlation is 

** 2 A A 21 2 11 12[ (q A 2j dND Ii 0: 3 (ql·q2) + 27 Az 3 + ql·qz) · (26) 

+ - * * The analogous form for e e + D IT -+ (Drr) is 

dN *-*"'~ 1 1
2 [1 - 1<ll 1 - lcqA·1:) 2- lcqA·n) 2

+ l 
DD 3 9 3 3 

I 1
2[ 29 1 2 1 A A 2 1 <;'_ A 2 1 A AA 

+ A2 IDS- 54 - 9 (q•n) + u-(K•n) - 18 

(27) 

where q and k are the directions of the pion and Similarly, 

for the final state 

d..JIJ *-* 0: 2 
D D 3 

we have 

12 [ 1 + k2) 2l 

+ 1 2 
3 ! 1<1-k2.kl.fi 

+ I 12 1 22 + l z+ 1 
l 54 54 

+ 2ReA
0
A; [- ~ + ~ (ki i<2f 

2+ ;; kz-
The angular distributions and correlations of pions and photons 

from and decay are summarized in Appenidix A. 
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V. DISCUSSION 

Among the dominant charmed meson production processes at 4.028GeV, 

only the reaction e+e- ~ D*n* has more than one invariant amplitude. 

Dropping the f-wave, this freedom is characterized by the parameter 

z = A
0
/A

2
. From the angular distribution for this reaction, as inferred 

+ - *-* from that for e e ~ D D ~ DX, there is some weak evidence that 

jzj < 0.7 (see paragraph following Eq. (12) and Ref. 2). More definitive 

* information may come from the pions and photons resulting from the D 

* and IT decays. 

Being easier to study, the inclusive single TI and y distributions 

will be obtained before the tW)~article correlations. 

+ - *-* Eq. (21), the angular distribution of from e e ~ D D ~ 
A A 2 

will be 1 + aTI(z) (q • n) , where 

a (z) 
TI 

Similarly, from Eq. (24), the 

-* 
-r ~ (Dy)D will be 

(z) 

The functions aTI(z) and 

- 21 - 72Re z 

4 7 + 24Re z + n 1~1 

angular distribution of photons 
A 2 

1 +a (z) (k • , with 
y 

21 + 72Re z 
z 73 - 24Re z + 1441 z j 

are plotted for real z in 

From 

(29) 

from 

(30) 

Figures 1 and 2. From the Figures, we see that if z is real as 

expected, aTI and ay must lie in the intervals -0.74 <an(z)<0.54 

and -0.21< <Yy(z) < 0.59. Furthermore, a given value of either a 

corresponds in general to two values of z. This ambiguity cannot 

be resolved by measuring both and Indeed, = - (2 + , 

so the two z- values which correspond to a value of one a also 

ll 

correspond to a common value of the other. The ambiguity~ be 

resolved by studying the two-particle correlations. The TITI correlatio~ 

1 + (} + 6jzj 2) • q2) 2 (see Eq. (A2)), is particularly 

sensitive to lzl 2. From this expression and Fig. 1, we see that 

a measurement of aTI(z) and of the TITI correlation would make 

possible a rather precise determination of z. 

To measure an(z), one must be able to separate single pions due 

+- *-* -* to e e -> D D -> (Drr)D from those due to 
+ -

ee-> -> 

This can, to a large extent, be done. At 4.028 GeV, neutral 

from production must have 138 MeV < E < 14 7 MeV, while those 

from production can have 135 MeV< E < 160 MeV, where E 

the pion's laboratory energy. Since the total rates for and 

D *rr production are comparable1
, the slow pions (E <141 MeV) will 

*-*6 7 8 be mostly from D D ' ' . 

What does one expect theoretically for the structure of 

- * * -> D IT at a resonance peak? One popular approach to this 

3 -views the resonance at 4.028 GeV as a s1 cc state. Its decay 

to charmed mesons entails the creation of a light quark-antiquark 

from the vacuum, and it is assumed that there is no correlation 

between the quark spins and those of the c and c. This 

is 

picture predicts that the production amplitudes for all the allowed 

D*n* helicity states have the same magnitude10 Using Eq. (9), one 

12 easily finds that this implies that z = - ' From Eqs. (29), 

, , (A6) and (A9), we see that this picture then predicts that 

the one-pion distribution will be 
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dl.T * * CC 1 l (A A 2 'D D - 5 q • n) , 

the one-photon distribution 

~ *-* cc 1 + ~Ck · 
D D "' 

the pion-pion correlation 

1 A A 2 
~ *-* cc l + -(q • q ) 

DD 2 1 2 ' 

the pion-photon correlation 

1 A A 2 
~ *-* a: 1 - - (q ·k) 

D D 5 ' 

and the photon-photon correlation 

d!\ln*rl 
1 A 2 

a: 1 + 9 (kl·k2) . 

(31) 

(32) 

(33) 

(34) 

(35) 

However, we note from Figures 1 and 2 that and vary extremely 

rapidly with z around z = - 1/6. Thus, if there is a small error 

in the theoretically predicted z, the true single-pion and -photon 

angular distributions could look very differ~t from the predicted ones. 

It has been argued13 that the apparent large rise in 

* * production at 4.028GeV, so close to D D threshold, may mean that 

an s-wave final state is involved. 
* * * + y ->- D D , it was 

This being impossible for 

that this process is in 

reality dominated e + e- ->- where is a meson 

* which is degenerate in mass with D , and decays exclusively to 

DTI. To accommodate the relative and 

at 
14 4.028GeV, the must then decay mostly to Dy. 

rates seen 

the methods of the previous Sections, we can easily show that in 

13 

this heretical scheme, the slow pions resulting from 

d • • h h d" "b • 1 2 cA A) 2 pro uct1on w1ll ave t e angular 1str1 ut1on -s q.n . 

Here s is a small number, the distribution being dominated by 

+ - **-* an isotropic part from e e ->- D D->- (Dn)(Dy). Clearly this 

scheme would be ruled out by an observed pion distribution which 

grows with 2 However, an observed distribution consistent 

with the prediction of the canonical Eq. , would probably 

also be consistent with this unorthodox picture. One could then 

try to eliminate the latter by studying the two-pion correlation. 

In the unorthodox scheme, one would expect less correlation than 

* * ** * **-** when D D is the two-pion source, because now D D and D D are the 

major sources, and neither mode leads to any correlation. 15 

VI. SPIN-PARITY OF D AND 

We have been taking for granted that (D) 0 and = 1-. 

Here we briefly review the evidence for this assignment, a~d propose 

a further test based on two-body correlations. 

What is known is that if (J (D) + ) < 2, then the D(l865) 

* * is spinless, the D (2007) has spin one, and the D - D relative 

* parity is even. The possibility that both D a11.d D have spin one, 

or that some higher spins are involved, has not really been considered. 

* The D and D mesons cannot both be spinless because of any 

* one of the following obervations: (a) D + , 
+ - *­e e->- D D 

(c) the angular distribution for e+e-_,_ is inconsistent with 

1 - 2 2 If one then assumes that one of these mesons is 

sptnless and the other has one, it follows from the occurrence 

of + Dn that they have the same , conventionally taken 

to be negative. Given the relative parity, Jackson has predicted the 
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joint production-decay distribution for e+e-+ n*rr followed 

- 16 2 by the weak decay D -> Krr. The result, expressed in terms of 

the D * production angle ® = cos -l (p ·n) and the spherical angles 

8 and ¢ of the K in the D helicity frame17 is 

dcos ® dcose d¢ 

2 + cos if 
J(D(l86S)) = 0, 

(36a) 
(2007) )= 1. 

J(D(l86S)) = 1, 
2 + cos if 

* J(D (200())= 0. 

(36b) 

For the conventional spin assignment, this result is just our Eq. (7) 

* for D TI production. There can be no dependence on the kaon angles 

in this case because the parent IT is spinless. For J(D) = l, 

= 0, the result may be obtained by the amplitude 

of Eq. (4) for by that of Eq. (17) for decay of a 

spin-one particle (here to rwo spinless ones (here K and n). 

Summing over the D polarizations gives the amplitude n • r::_x 

where q is now the momentum of the K. Squaring and 

* over the y polarizations then yields the distribution 

ll? x <1 12 
- 1v x q · :r1 12 

as in Eq. (36b). 

sin2e (cos 2
¢ + 2 . 2 .) cos Sln qJ , 

A number of experimental tests performed near 4.03GeV have 

found the distribution ofEq.(36a) to be consistent with the data, 

and that of Eq. (36b) to be inconsistent. 2 Furthermore, as stated 

* * after Eq. (14), the D D production angular distribution, 

l +a(~· p) 2
, is found to have a= 0.30 ± 0.33. 2 This value of a 

15 

is two standard deviations away from -1, which from Eq. (3) is the 

value required for productiorl of a pair of spinless mesons. The 

assignment J(D) = 1, J = 0 has been ruled out. 

Now could one rule out the possibility that both D and 

* D have spin one, as would be the case if, for example , they were 

different radial excitations of a 3s 
l 

quark-antiquark bound state? 

If J(D) = J 1 and the D - relative parity is even, then 

near threshold the angular distribution for e + would be what 

we calculated for * * +nIT 1 + 2 
' 

with 1 -l,;;a,;;;_7 

(see Eqs. (13) and (14)). If the relative parity is odd, then the 

*-D D final state would be predominantly s-wave, and the angular 

distribution isotropic. The data taken near 4. are somewhat 

inconsistent with both of these possible distributions, but not 

conclusively so. 18 

Evidence concerning the spin of the D has come from the 

study of + DD at the 3 772 GeV resonance. It is found 

that the angular distribution for this process is 1 - 2 3 

If the D is spinless, such a angular distribution is 

required (see (3)), as is an isotropic distribution for any 

particle created in the subsequent decay of the D or D. However, 

this same production a~gular distribution is also possible if the 

D has spin one. Indeed, from Eqs. and (14), we see that a 

of spin-one mesons will have this distribution if the amplitude 

for S = 0 happens to dominate. Furthermore, if 

dominates, then kaons and pions resulting from e+e- ~ DD~ 

will be isotropically distributed, just as if ,D were spinless. This 

may be seen from Eq. (21) , if we read as D and D1T as Kn. 
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To distinguish l.ffiambiguously between a spin-one and a spin-zero 

- + - - -
D, one should measure the K - K correlation in e e -;.. DD _,_ (K11:ll (K11;i . 

If the D is truly spinless, there will be no correlation. Suppose, 

however, that the D 

distribution cr 1 -

Eq. (26} (with 

will be cr ' 
2 

is spin-one, but has a production angular 

(n • 2 Then A must dominate, and from 
0 

read as D) we see that the K - K correlation 

rather than isotropic. We observe that 

in the K - K (or 111 -112) correlation, there is a big difference 

between a spinless D and its spin-one imposter. When the D has 

spin one and is produced with S (DD) = 0, the D and IT spins 

are correlated (antiparallel) , even though each spin may point with 

equal in any direction. Since the distribution of decay 

kaons from a D or IT will reflect the spin of the parent (see 

Eq. (17)), the kaons from, say, the D will be isotropic, but will 

be correlated with those from the IT. 19 
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APPEJ\IDIX A: COLLECTED ANGULAR DISTRIBUTIONS 

We list here the angular distributions for pions and photons 

produced in the processes + - *-* -e e->- D D + (Drr
2
), (Drr) ' and 

(5¥2). Both and inclusive one-particle distributions 

are given. The beam direction is n. Pion momenta are denoted q, 

and photon momenta by k. The ratio of amplitudes A
0
/Az = z is 

expected to be nearly real. 

dN 
-j 

d3qld q2 

l<'A2 1AA2 l0 2 lA 
cr 1 + 9 (qf q2) - 2 n) - 2 (qi + 3 

+ 
2AAAA AA.A A 

(2Rez) 3 q2 q2 - 3q1• n q2 • n) 

+ 
2 A A 2 

lz I 4 q2) ' 

dN 1 A 2 
lz!

2 
6 (A2) -- cr 1 + 3" q2) + 

' 
q2) 

dN 
1 

21 ~)2 + (2Rez) ~~ [ 1 - 3(n·q)
2J cr -47 . n) 

2 72 +I zj 47 ' (A3) 

9 2 
N cr 1 + 5 I zj ' 
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-~ QO 1 - 2 k) 2 12 (A A 2 9 2 6 A A A A A A 

J3qd3k 29 - 29 q·n) + 29 - 29q·n n•k k·q 

+ (2Rez) - ¥cq•k)2- 36(q•r:!)2+ 36 A n•K 
2~ 29 29 

+ I z I 2 ~ r 1 - 1, (AS) 

~ "' 1 l 2 
+ I z I 2 1:.§_ t 1 - 21 

d(q•k) 7 7 ' 

dN cr; 
---A--r;-

d 
1 + 21 

73 
A 2 + lz 2 144 + ( 2Rez) !_g + 36 (k·~)21, 

73 I 73 73 J 
(A7) 

dN 2 2 2 3 A A A A{' A 

3 3 + + + 22 kl·k2kl·nK2•n 
d k1d k2 

6 3 A A 2 9 9 f'- 2 9£' A 

+ (2Re:z) + 11 (k1·k2) + rrC"-z·fi)- IJ:K1·k2 

2 18 A 2 
+ I z I IT 1 + k2) l , (AS) 

d_N l 2 ' 2 18 A 2 
1 + 13 + I z[ 13 ! l + k2) J • (A9) 

A k2) 
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APPENDIX B: RELATIVISTIC CALGJLATIONS 

+ - -e e + DD 

For the Lorentz-invariant amplitude we have 

DIT"' -

* where n is the y polarization vector, and Pn and PJ) 

* are the D and IT momenta. In the y rest frame 

(B 1) 

reduces 

to 2~ ·p, which is just the non-relativistic result, and gives 

the same angular distribution. 

+ - *-e e + D D 

\IT'-' first consider just the production process. The Lorentz-

invariant amplitude is of the form 

<X 

(B 2) 

* where Q is the y momentum, p the momentum, and € the 



* D polarization. In the 
+ -

e e 
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center-of-mass frame this is 

n*n 0: rs n. P x s - - ' (B 3) 

where rs is the center-of-mass energy. This agrees with the non-

relativistic amplitude of Eq.(4), except that now s must be 

understood to be properly boosted from the rest frame to the 
+ -

e e c.m. frame. However, Eq. (B 3) states that the production 

amplitude vanishes unless s is transverse to ~ (that is, unless 

the n* helicity is ± 1). A vector transverse to £ will 

not be affected by a boost along p. Thus, the relativistic 

production amplitude is identical to the non-relativistic one, 

and gives the same angular distribution. 

+ - *- -e e 7 D D->- (DTI)D 

For sequential processes such as this, the non-relativistic methods 

useJ in the main text give the approximate distribution, but 

not the energy distribution, for the outgoing pion or Indeed, 

those methods are accurate and useful when the speed B of the 

in the e+e- c.m. is sufficiently small, relative to that of the 

* 1T or y in the D restfr~so that the 1T or y energy in the 

e+e- c.m. is sharply determined, and there is no energy distribution 

to be predicted. By contrast, the relativistic calculation we 

report here gives the joint distribution in angle and energy for 

the outgoing particle. To obtain this distribution, it is convenient 

to represent e+e- + + (Drr)D by a Feynman 

as a virtual particle. 

For n*+ Drr, the vertex is 

tP (q - r) p 

* , with the D 

(B 4) 
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where q and r are, respectively, the 1T and D momenta. 

From (B 2) and (B 4), we find that, apart from an overall constant, 

*-the invariant for e ->- D D + is 

~I J. ( 
lJ o "!? X q 

(B 5) y--z . 
p - m,.., * + lf *M * v D D 

Here the three vectors are to be evaluated in the c.m., and 

* lv!n* and are the D mass and width. Except for the 

propagator, this amplitude is just what one would get non-relativistically 

by replacing ~ with g in Eq. (4). The integration 2 

from (B 5) over final state phase space is tedious but straightforward. 

In performing it, we use the fact that the propagator is very 

sharply peaked. For the normalized pion distribution in 

q•n and energy E, we find 

+2 2 dN (X [ (1 + [ dE q (1 - ) l . (B 6) 

In this expression, the cosine of the angle between the 1T and its 

* parent D is related to the pion energy by 

q•p 
2FE * - ri* + m

2 
~ D D 1T 

(B 7) 

2lql 

where MD and 

energy in the 

are the D and 1T masses, and is the (fixed) 
+ -

e e c.m. frame. 

We see that the energy and angular distributions factorize, and 

that the relativistic m1gular distribution agrees precisely with 

the non-relativistic one. The energy distribution is new information, 
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but it can easily be understood in non-relativistic tenns, at 

least in part. Namely, the factor (1 - 2) simply reflects 

* the fact that the D is with ±1, so that its 

decay to D'IT is forbidden when q lies along p. 
+ - *- -e e -+ D D ->(Dy)D 

* This process involves the DDy described (B 2), 

twice. Apart from an overall constant, the invariant amplitude 

for the process is found to be 

(p X ri) • Ck X E - 13p X E) 
En*w -

- M~* + ifD*Mn* 
(B 8) 

A 

Here w, k, and E are, respectively, the energy, direction, and 

electric polarization vector of the outgoing and 13 is the 

speed of the in the 
+ -

e e c.m. The first term in the numerator 

of Eq.(B 8) is the non-relativistic amplitude obtained by substituting 

B("' k x E) for s in Eq. (4). However, we see that there is an 

additional_ tenn, of order 13 relative to the first, so that the 

outgoing distribution in angle and energy will involve order 

13 and order 132 corrections to its non-relativistic limit. The 

summation f from Eq. (B 8) 
A 

over the polarizations E and n, 

and its integration over final state phase space, is an extremely 

involved calculation. However, it is and we shall 

quote only the result. For the arbitrarily normalized outgoing 
A A 

distribution in direction cosine k • n a.11d energy w, we find 
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A 2 A A 2 2 {'_ 2] 
di\1 "' • n)w dw - (k • n) ) + • (K • 

A A A 2 A 2 A A2] 
- 13 k • p - (k • ) - (1 - 3 (k • ) (k • p) 

2 
+ ~ + (k • fi) 2) 

A 2 A 

+ 2 (1 - (k • ) (k • 2 A l 
- (1 - ?(k • • r 

(B 9) 
A 

Here k • p is given in tenns of w 

k•p 
2wED* -

(B 10) 

The maximum and minimum values of w may be found 
A 

f-rom Eq. (B 10) setting k •p ±1, corresponding to photons 

* emerging parallel or to their parent D mesons. At 

4.028 GeV, the allowed photon energy range is 103 MeV< w<l82 MeV. 

In an experiment where this is a large interval compared to the 

energy resolution, and where there are statistics, one may 

compare Eq. (B 9) to the data directly. one may wish 

to study only the average angular distribution obtained by integrating 

over w To integrate Eq. (B 9) over w we require the integrals 

A 

(k 
A n 2 

w dw; n = 0, ... ,4. (B 11) 

These can be done analytically. 
2 -~ 

In tenns of 13, Y =c1 - 13 ) , and 

a = lpl they are 



Jz 

J3 

2 3 6 4 2 
3 a y 13 (3 + f:i) 

8 3 6135 
3ay 

i a\6
13

4
(1 + 313

2
) 
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~ a\6 
(3 - 813

2 
+ 913

4
) 

3 

(B 12) 

2 3 6 
3ay - 3213

2 
+ - 313

6 
-

6 ! £n i : ~ J 

At 4.028 GeV, 13 0.27, so that the = ( ~ a\6134) 
3 

are: 

n 

0 

1 

2 

3 

4 

3.07 

1.08 

1. 22 

0.67 

0.78 

Using these values, we find from Eq. (B.9) that the energy-averaged 

a.n.gular distribution is 

A r A 2] clN cr • n) Ll - 0.3l(k • . (B 13) 

This is amazingly close to the non-relativistic result, (1- ick·~) 2 ), 

of Eq. (23). In practice they are 

To understand why the agreement is so close, note first that 

the leading term in Eq. (B 9), 
A A 2 A 

[ (1 - (k • n) ) + 2 (k • 
A A 2 

(k • p) l , 
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does agree with the non-relativistic result for ~~ /d(k • • p) 
which one would obtain from Eqs. (4) and (18). Secondly, despite 

appearances, for small 13,j 0 2 4 ~ 1 and j 1 3 ~ 13 . Finally, 
, ' ' 

for small 13, j differs from the non-relativistic average of 
~ (k . 2 over all directions of 1 by a tenn of order p, namely 3' 

132. Thus , from Eq. (B 9) we see that all of the many corrections to 

the leading energy-averaged angular distribution are actually of 

order s2 
"' 0. 07. We then indeed expect the ~ 7% change in the 

distribution . 
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FIGURE CAPTIONS 

Fig. 1. The function (z) versus z( = A
0

/A2). The angular 

distribution of Tr~S from + - *-* e e ~ D D ~ (Drr) is 

proportional to 1 + a~(z}(q • 
2 A 

, where q is the 

pion direction and ;:; is the beam direction. See Eq. (29). 

Fig. 2. The function (z) versus z( = A/A2). The angular 
+ - *-* -* distribution of y's from e e -+ D D _,. (Dy} D is 

proportional to 1 + k A 2 (z)( • n) , where k is the 
A 

photon direction and n is the beam direction. See Eq. 
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