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 Computational chemistry lies at the intersection of chemistry, physics, mathematics, and 

computer science, and can be used to explain the behavior of atoms and molecules, as well as to 

augment experiment. In this work, computational chemistry methods are used to predict structural 

and energetic properties of small molecules, i.e. molecules with less than 60 atoms.  

 Different aspects of computational chemistry are examined in this work. The importance 

of examining the converged orbitals obtained in an electronic structure calculation is explained. 

The ability to more completely describe the orbital space through the extrapolation of energies 

obtained at increasing quality of basis set is investigated with the use of the Sapporo-nZP-2012 

family of basis set. The correlation consistent Composite Approach (ccCA) is utilized to compute 

the enthalpies of formation of a set of molecules and the accuracy is compared with the target 

method, CCSD(T,FC1)/aug-cc-pCV∞Z-DK. Both methodologies are able to produce computed 

enthalpies of formation that are typically within 1 kcal mol-1 of reliable experiment. This 

demonstrates that ccCA can be used instead of much more computationally intensive methods (in 

terms of memory, processors, and time required for a calculation) with the expectation of similar 

accuracy yet at a reduced computational cost.  The enthalpies of formation for systems containing 

s-block elements have been computed using the multireference variant of ccCA (MR-ccCA), 

which is designed specifically for systems that require an explicit treatment of nondynamical 

correlation. Density functional theory (DFT) has been used for the prediction of the structural 

properties of a set of lanthanide trihalide molecules as well as the reaction energetics for the 

rearrangement of diphosphine ligands around a triosmium cluster. 
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1 

The research presented in this dissertation focuses upon the utilization of computational 

chemistry approaches to predict energetic and structural properties of small molecules, where 

small is defined here as a molecule containing less than 60 atoms. Concepts such as the 

convergence of energies at increasing quality of basis sets are considered, as well as the application 

of computational chemistry to chemical problems, like the determination of structural properties 

or the computation of energetics to investigate reaction mechanisms. In addition, the question of 

accuracy is addressed as well: how can the accuracy of computed chemical properties be gauged? 

Balancing the accuracy of computed properties against the size of the system under investigation 

and the time required to complete the calculation is the first challenge a computational chemist 

must take into account 

Computational chemistry lies at the intersection of chemistry, physics, mathematics, and 

computer science, and can be used to explain the behavior of atoms and molecules, as well as to 

augment experiment. Computational chemistry includes a broad range of methods including 

molecular dynamics, molecular mechanics, and electronic structure methods. Molecular 

mechanics uses classical mechanics to predict properties, while electronic structure calculations 

employ quantum mechanics. Semi-empirical, ab initio, and density functional theories fall into 

this latter class. These theories have been developed to describe ground-state or excited state 

properties, as well as stationary states or those that evolve with time. Each theory has a different 

level of attainable accuracy and computational cost. In this work, the computational cost refers to 

the amount of memory, disk space, and time required to complete a calculation. Semi-empirical 

methods incorporate empirical parameterization into the calculation in order to reduce the cost of 
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property determination or to mitigate the effect of approximations made in the simplified 

description of the underlying physics. Semi-empirical calculations are generally performed on 

larger molecules, up to ~1000 atoms, and often have a large error in the computed properties, 

which in this work is the difference between the calculated value and the experimental value. The 

error in calculating relative energies, such as enthalpies of formation, can be in excess of 20-40 

kcal mol-1.1 

Ab initio methods and density functional theory, covered in more detail in Chapter 2, are 

known to be more accurate than semi-empirical calculations, but have a higher computational cost. 

Methods that are classified as ab initio, which is Latin for “from the beginning”, use no empirical 

parameterization within the formulation. Hierarchies of ab initio methods can be used to 

systematically improve the accuracy of a computed result. Density functional theory, or DFT, uses 

the electron density for the calculation of properties. The constraint on the size of the system is 

dependent on the level of theory being utilized. Some of the simpler DFT functionals can be 

applied to systems with hundreds of atoms, while some of the less approximate ab initio methods 

can only be applied to systems contained 10 or fewer non-hydrogen atoms. The accuracy varies as 

well. Some DFT functionals can yield errors far in excess of 20 kcal mol-1 in the calculation of 

energetic properties such as enthalpies of formation, while others are within 2 or 3 kcal mol-1 of 

experimental results.1 Some ab initio methods are capable of sub-kJ mol-1 accuracy (for example, 

Full Configuration Interaction) while others that are more approximate such as Hartree-Fock can 

have large deviations from experimental results.1 

In Chapter 3, the importance of scrutinizing the converged wavefunction is discussed. It 

has long been known that there are multiple solutions to the self-consistent Hartree-Fock 

equations. This can be problematic if careful attention is not given to the orbital occupation and 
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electronic state of the converged wavefunction. Possible difficulties with convergence such as 

optimization to an excited state are demonstrated through the calculation of potential energy curves 

for a selection of diatomic molecules using ab initio and DFT methods. Problematic areas in the 

potential energy curves are discussed, as well as possible approaches to avoid these pitfalls. 

The convergence behavior of the Sapporo-nZP-2012 basis set family is examined in 

Chapter 4.  The convergence behavior is well known for families of systematically developed basis 

sets such as the correlation consistent basis sets. However, there are some families of basis sets 

that are hierarchical in nature, yet the convergence behavior of these sets is unknown. It is shown 

that total atomic energies obtained using Sapporo sets of increasing quality converge to a limit. 

Several schemes are used to determine these limits and comparisons are made to numerical 

Hartree-Fock energies and to limits obtained with the correlation consistent sets. The systematic 

nature of the Sapporo-nZP-2012 sets may provide a reasonable alternative when the correlation 

consistent basis sets are not available. 

Many strides have been made in attempting to circumvent the high computational cost of 

ab initio methods, some of which are addressed in Chapter 2. One such approach is the idea of 

model chemistries, or composite methods. In Chapters 5 and 6, the correlation consistent 

Composite Approach (ccCA) and the multireference variant (MR-ccCA) are used to calculate 

thermochemical properties of small molecules. It is important to ensure that model chemistries do 

indeed achieve their target level of accuracy. A common way to do this is to compare computed 

energetic properties such as enthalpies of formation, ionization potentials, and electron affinities 

to that of readily available compilations of reliable experimental data. Many such data sets have 

been compiled and are available in the literature. In Chapter 5, enthalpies of formation have been 

calculated for 147 molecules of the G2/97 data set using ccCA to assess the ability of this approach 
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to achieve its presumed level of accuracy. In Chapter 6, the utility of the MR-ccCA method was 

assessed when applied to s-block compounds. Some single reference-based composite methods 

have had difficulties in producing accurate enthalpies of formation for small compounds 

containing s-block elements. It is of interest to determine if a multireference-based composite 

method is able to accurately predict energetic properties for these molecules, especially if it can 

be done with no modifications to the current methodology. 

In Chapter 7, ab initio and density functional methods are used in the prediction of the 

structures of lanthanide trihalides. A variety basis sets are utilized, from all-electron sets to small-

core and large-core effective core potentials. As there is a limited amount of experimental data 

available for these molecules, the possibility of using ab initio methods to calculate structural 

properties to be used to supplement the current experimental data is investigated. 

DFT is employed in Chapter 8 to determine the energetically-favored mechanism for the 

rearrangement of disphosphine ligands around a triosmium cluster. Proposed mechanisms include 

a “merry-go-round” mechanism, in which all motion happens in a concerted fashion and a step-

wise mechanism that begins with the conrotatory motion of a pair of ligands. The ligands include 

both electron withdrawing and electron donating groups, as well as sizes varying from hydrides to 

phenyl rings, in order to gauge the impact of steric hindrance and electron withdrawing or donating 

strength on the energetics of the mechanism. 
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The primary equation which the field of quantum mechanics is based upon is the 

Schrödinger equation1-4 

   tRrHtRr
t

i ,,ˆ,, 



  (2.1) 

Ψ is the wavefunction as a function of the electronic coordinates, r, nuclear coordinates, R, and 

time, t, while Ĥ is the Hamiltonian operator. In atomic units the Hamiltonian for a system with N 

electrons and M nuclei is 
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In Eqn. 2.2, the first and second terms represent the kinetic energy of the electrons and nuclei, 

respectively. The remaining terms are potential energy terms: the third term is the Coulomb 

attraction between the electrons and the nuclei, the fourth is the repulsion between electrons, and 

the fifth is the repulsion between nuclei. As there is no time dependence in the Hamiltonian and 

by making the assumption that the wavefunction can be written as a product of separable 

wavefunctions, Schrödinger’s equation can be simplified into the time-independent equation, 

dependent only on the electronic and nuclear coordinates 

   RrERrH ,,ˆ  (2.3) 

Eqn. 2.3, like Eqn. 2.1, is an eigenvalue equation, where the eigenfunction Ψ(r,R) is the stationary 

state solution to Schrödinger’s equation. 

In Eqn. 2.3, the nuclear and electronic motions are coupled together through the 

Hamiltonian. Eqn. 2.3 can be simplified through the use of the Born-Oppenheimer (BO) 

approximation.5 Within the BO approximation, it is assumed that since the nuclei are so much 
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more massive than the electrons that the nuclei are effectively fixed with respect to electronic 

motion. This allows for the decoupling of Schrödinger’s equation into the electronic portion and 

the nuclear portion, which, as before, rests on the assumption that the wavefunction can be written 

as a product of the electronic and nuclear functions. In the field of electronic structure calculations, 

the electronic Hamiltonian is generally used in which the kinetic energy term for the nuclei is zero 

and the nuclear potential energy term is constant: 
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Use of the electronic Hamiltonian gives the electronic equation 

elecelecelec EH ˆ (2.5) 

Solving Eqn. 2.4 results in the electronic wavefunction, Ψ(r). The eigenvalue for Eqn. 2.4 is the 

electronic energy of the system. When the potential energy of the nuclei is added to the electronic 

energy, as in Eqn. 2.5, this results in the total, non-relativistic energy of the system. 
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The wavefunction can be separated into a spatial component [ψ(r)] and a spin component 

describing the two possible spin states for an electron, generally denoted as α(ω) and β(ω) for spin 

up and spin down, respectively. As the electronic Hamiltonian is only dependent on the spatial 

coordinates (r) of the electrons, using the spin function allows for a complete description of the 

electron. Therefore, the spin orbital, χ(x), can be written as either ψ(r)α(ω) or ψ(r)β(ω), where 

x={r,ω}, the spatial and spin coordinates.  As such, the N-electron wavefunction can be written as 

a product of single-electron wavefunctions, Ψ={χi(x1)χj(x2)…χk(xN)}. 

Because electrons are fermions, the wavefunction is required to be antisymmetric with 

respect to electron exchange such that if the spin or spatial positions of two electrons are 
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interchanged, the wavefunction will change sign but otherwise stay the same, i.e. Ψ(1,2) = -Ψ(2,1). 

This is the antisymmetry principle, which is a general statement of Pauli’s exclusion principle that 

ensures that no two fermions can possess the same set of quantum numbers in a given system.6 

Slater determinants can be used to enforce the antisymmetry requirement of a fermionic 

wavefunction.7 A Slater determinant for an N-electron system has the following form: 
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In Eqn. 2.7, the factor in front of the determinant is a normalization factor. The rows of the 

determinant define the electrons while the columns are the spin orbitals, with both spatial and spin 

coordinates, for each electron. Interchange of any two row or of any two columns changes the sign 

of the wavefunction thereby satisfying the antisymmetry requirement of fermions.  Furthermore, 

if two or more rows or columns are identical, then the Slater determinant becomes zero thereby 

satisfying Pauli’s exclusion principle. 

As the exact form of the wavefunction for a many-electron system is not known a priori, a 

good first approximation is to construct the wavefunction as a product of one-particle functions, 

or orbitals, known as the Hartree product, a . The orbitals, and therefore the entire 

wavefunction, can be refined through the variational principle, which states that the calculated 

energy from an approximate wavefunction will be the upper bound to the energy calculated with 

the exact wavefunction. As such, any improvement to the wavefunction will approach the exact 

energy from above. A self-consistent iterative procedure can be used to optimize the wavefunction, 

such as the Hartree-Fock (HF) approximation.8,9  
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2.1 Wavefunction Methods 

2.1.1 Hartree-Fock  

Hartree-Fock (HF) theory is an approximation to the Hamiltonian and generally forms the 

basis for more advanced theories. It is also referred to as mean-field theory, in which each separate 

electron is modeled as though it was moving through an average potential field generated by the 

other electrons in the system. Using the antisymmetrized Hartree product a  as the first 

approximation to the exact wavefunction, the HF equations can be written as  

aaaf        (2.8) 

In Eqn. 2.7, f̂ is the Fock operator. The Fock operator contains the one-electron Hamiltonian 

operator and the effective one-electron potential, referred to as the HF potential, vHF. 
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In Eqn. 2.8, ĥ  is the core Hamiltonian that encompasses all of the one-electron terms, bĴ is the 

Coulomb operator and bK̂  is the exchange operator, both of which encompass the two-electron 

terms, in Eqns. 2.10 and 2.11 respectively. 

 
 1

12

2

2 2ˆ rdxJ bb       (2.10) 

          12211ˆ 1

12

*

2 babab rdxK  
    (2.11) 

bK̂  does not have a simple classical explanation as bĴ does and so is defined by its effect when 

operating on a spin orbital, χa. There are many valid solutions to the HF equations, but the ground 

state wavefunction is the solution with the lowest energy obtainable, as per the variational 

principle.  
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Different variants of HF can be selected, depending on whether or not the system has any 

unpaired electrons. Restricted HF (RHF) restricts each occupied orbital to be doubly occupied and 

is used for closed-shell molecules. For open-shell molecules, either restricted open-shell HF 

(ROHF)10 or unrestricted HF (UHF)11 can be used. With ROHF, the doubly occupied orbitals are 

subject to the same restriction as RHF, namely that α and β electrons are constrained such that they 

span the same space. With UHF, there are no spatial restrictions made on the orbitals. UHF will 

result in a total energy that is always lower than or equal to the RHF or ROHF energy, as the 

breaking of spin symmetry increases the number of variational parameters.12 However, as it is not 

an eigenfunction of the S2 operator, it is subject to spin contamination within the wavefunction, 

which is the mixing of wavefunctions of higher spin states in order to variationally lower the 

energy of the system. 

HF typically recovers approximately 99% of the total energy of the system.13,14 The 

difference between the HF energy and the exact energy is termed the correlation energy, or the 

energy resulting from the interactions of the electrons within the system that are not accounted for 

with the mean field approximation. In order to recover the correlation energy, a higher-level 

electron correlation method must be used, the most popular of which are described in the next 

sections. 

 

2.1.2 Configuration Interaction (CI) 

Electron correlation can be recovered through the expansion of the reference wavefunction 

to a linear combination of all possible determinants, subject to some constraint such as the 

excitation level. These determinants are formed when an electron is promoted from an occupied 
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orbital to a virtual orbital. When one electron is promoted, the excited determinant so formed is 

said to be singly excited. Promoting two electrons forms the doubly excited determinant, etc.  

 

Figure 2.1 Examples of Single and Double Excitations from the HF determinant 

When all possible excited determinants are included within the wavefunction, it is called 

the full CI wavefunction.15-17 
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In Eqn. 2.10, the first term is the reference wavefunction. The second term represents the singly 

excited determinants, where one electron is taken from occupied orbital r and placed in virtual 

orbital a. The second term includes the doubly excited determinants, showing one electron 

promoted from r to a, and one promoted from s to b, etc. If the full CI wavefunction is used, then 

the exact non-relativistic solution to the many-electron problem can be found, within the limits of 

the finite basis set used.18 

However, the full CI expansion quickly becomes computationally intractable. With K basis 

functions, there are 2K possible orbitals, with N occupied orbitals and 2K - N virtual orbitals. The 

total number of N-electron Slater determinants that can be constructed is13 
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Because of this factorial scaling, it is common to truncate the CI wavefunction after a 

certain number of excitations. Including the ground state wavefunction and the singly excited 

determinants is called CI Singles (CIS); including the doubly excited determinants as well is CI 

Singles and Doubles (CISD), etc. Although truncated forms of CI are more computationally 

feasible, when truncating the full CI the method loses an important feature known as size-

consistency. A method is considered size-consistent when the calculated energy of two fragments 

at infinite separation is the same as the sum of the energy calculated for each fragment separately. 

Without size consistency, the energy for the entire system will be larger than that of the individual 

fragments.14 

 

2.1.3 Coupled Cluster 

Another approach for recovering the correlation energy of a system is to use the coupled 

cluster (CC) approach.19,20 In this approach, rather than including all types of corrections (i.e. 

singles, doubles, triples, etc) up to a certain order, all corrections of a given type are used.  

The coupled cluster wavefunction can be written as  

   0
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 T

CC e       (2.14) 
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T̂ is an excitation operator, defined as NTTTTT ˆˆˆˆˆ
321   . The iT̂  operator acting on the 

reference wavefunction generates all ith excited Slater determinants, e.g. 1T̂ generates all singly 

excited determinants, 2T̂  generates all doubly excited determinants, etc. The exponential of the 

coupled cluster wavefunction can be expanded as  
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The first term gives the reference wavefunction, the second gives the singly excited states. The 

next group of terms gives all the possibilities for the doubly excited states, the next the triply 

excited states, etc. Within this cluster operator, there are two different types, referred to as 

connected or disconnected. An example of a connected operator is 
2T̂ , in which two interacting 

electrons are being excited simultaneously. A disconnected operator is one such as 2

1T̂ , which is 

referring to the excitation of two non-interacting electrons. Because of the inclusion of these 

disconnected operators, formed by the products of excitation operators, coupled cluster theory is 

size-consistent. 

Using nth order coupled cluster for a system of n electrons results in a wavefunction that 

is equal to the full CI wavefunction. As with CI, coupled cluster must be truncated at some level 

to ensure that the calculations are computationally feasible. As more excitations are included, i.e. 

singles, doubles, triples, quadruples, etc., the results become more exact, albeit more 

computationally expensive. The lowest truncation level that contributes to the total energy is CCD, 

or coupled cluster with double excitations. Brillouin’s theorem states that singly excited 

determinants will not interact directly with the ground state determinant; as such, CCS is equal to 

the HF energy of a system.13 For approximately the same computational cost as CCD, CCSD can 

be used, coupled cluster with singles and doubles. 

While increasing the level to CCSDT does generally increase the accuracy of the 

calculations, the computational cost increases to the point of severely restricting the system size. 

A common method includes single and double excitations and accounts for the triple excitations 

in a perturbative fashion, yielding CCSD(T).21 In CCSD(T), contributions from single and double 
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excitations are accounted for with the 
1T̂  and 

2T̂  operators. The connected triples contribution is 

included in a perturbative manner, so as to include the important contribution from the connected 

triples without the increase in computational cost caused by moving to CCSDT. CCSD(T) scales 

roughly as N7, in comparison to the N8 scaling demonstrated by CCSDT. 

 

2.1.4 Perturbation Theory 

Another way to account for electron correlation is to apply a perturbation to a system, such 

as through the use of many-body perturbation theory (MBPT).22,23 In this approach, it is assumed 

that the problem under consideration is only slightly different from a problem that has already been 

solved, either approximately or exactly; secondly, that because of this, the solution being sought 

is close to the known solution. 

In order to solve the Schrödinger equation using this approach, a Hamiltonian is defined as 

HHH  ˆˆˆ
0       (2.17) 

In Eqn. 2.14, λ is a parameter between 0 and 1; H0 is the reference, or unperturbed, Hamiltonian; 

and H’ is the perturbation to the system. When the reference Hamiltonian is chosen to be a sum 

over the Fock operators and the HF wavefunction serves as the reference wavefunction, the Møller-

Plesset perturbation series (MPn) results.24 MPn theory includes the average electron-electron 

repulsion twice and the perturbation then becomes 

eeee VVH 2ˆ       (2.18) 

As with CI, the HF wavefunction is used as the reference wavefunction for MPn and the zeroth-

order energy is the sum of the molecular orbital energies 

  



elecelec N

i

i

N

i

iFHW
1

0

1

00000
ˆ     (2.19) 



14 

The first order correction to the energy is then 

  eeeeee VVVHW  2ˆ
001     (2.20) 

Because of the Brillouin theorem, as with CCS and CIS, MP1 (Eqn. 2.17) does not 

contribute to the total energy beyond the HF energy.13 Therefore, to calculate electron correlation 

energy with this method, at least second order corrections must be used. The second order 

correction to the energy is a sum over all doubly excited determinants for a system.  
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MP2 formally scales as N5. It also recovers up to 90% of the correlation energy for a system 

and is size-extensive, yet not variational.14 MP3, which includes triply excited determinants, 

formally scales as N6 and MP4 as N7.  

 

2.1.5 Multiconfigurational Self-Consistent Field Theory 

The previous methods described are all referred to as single-reference methods, in that they 

are based upon a single Slater determinant to form the reference wavefunction. However, there are 

situations in which using a single Slater determinant does not accurately describe the system under 

investigation. Some common examples of this are when bonds are breaking or forming, transition 

states, diradicals, or unsaturated d and f shells. These are situations in which the orbital energies 

are very close together, leading a near-degeneracy. More than one reference determinant is needed 

to adequately describe these systems, leading to a multireference wavefunction. 

The multiconfigurational self-consistent field theory is the multireference analogue to 

Hartree-Fock. Instead of using a single Slater determinant 0  to describe a single electron 
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configuration, a linear combination of determinants is used, each describing a different electron 

configuration, ΦK. 
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Unlike the HF wavefunction, in which only the basis function expansion coefficients (cμi) 

are optimized, an MCSCF wavefunction requires that both the basis function expansion 

coefficients and the determinant mixing coefficients (AK) be variationally optimized.25 

Identifying the important determinants to include in the MCSCF wavefunction can be 

challenging.14 The most common approach is to take optimized orbitals from a single reference 

method and partition them into the subspaces: core, active, and virtual, as shown in Fig. 2.2 This 

approach is referred to as the complete active space SCF method (CASSCF),26 or the fully 

optimized reaction space (FORS) method.27  

 

Figure 2.2 Representation of an active space with 2 electrons distributed through 2 orbitals 

The inactive subspace can have either virtual or occupied orbitals, but the occupation must 

be either 0 or 2, which corresponds to either completely empty (virtual) or completely filled (core). 
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The active subspace usually will contain orbitals that can have partial occupation, e.g. any value 

between 0 and 2. Within this active space, every possible configuration of electrons is taken into 

account. Determining the molecular orbitals that should be included within this active space can 

also be challenging, depending on chemical intuition and the type of chemical problem being 

studied. Generally the simplest approach is to use the valence electrons and orbitals within the 

active space, although this should generally be considered a first approximation to the most 

appropriate active space. The highest energy occupied molecular orbitals and the lowest energy 

unoccupied molecular orbitals from a HF calculation also may be used as a first guess of the best 

active space, yet this can suffer when the HF wavefunction does not provide an adequate 

description of the system. Additionally, natural orbitals can be used, which are the orbitals that 

result from the diagonalization of the density matrix. The eigenvalues of the density matrix are the 

occupation numbers of the orbitals, so those that deviate significantly from 0, an orbital that is 

empty, and 2, an orbital that is doubly occupied, generally should be placed within the active 

space.14 

The number of determinants included within the active space can be calculated by  
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In Eqn. 2.20, Nα and Nβ are the number of active electrons with α and β spin, respectively, 

and m is the number of active orbitals. This shows that the number of determinants included within 

the calculation will rise dramatically as the number of electrons and orbitals included increase. 

Because of this, MCSCF jobs are generally restricted to about 16 electrons in 16 active orbitals.28 

There are two commonly seen notations to indicate the number of electrons and orbitals included 

within the calculations: [n,m]-CASSCF or CAS(n,m) where n is the number of electrons and m is 

the number of orbitals. 
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2.1.6 Beyond MCSCF 

MCSCF recovers static correlation, but generally requires additional correction through 

higher level multireference electron correlation theories to recover a significant portion of the 

dynamic correlation.25 As with single reference methods, there are higher-level multireference 

electron correlation methods, such as multireference second order perturbation theory, 

multireference configuration interaction (MR-CI),18,28  or multireference coupled cluster (MR-CC) 

methods. These methods loosely following the same hierarchy as seen in the single reference 

analogues.  

Due to the popularity of coupled cluster methods, it might be expected that a multireference 

variant would enjoy the same popularity and expected accuracy. However, MR-CC codes are still 

under development with large restrictions on their applicability. Instead, a more computationally 

efficient theory like perturbation theory, such as the commonly available CASPT2 method, may 

be used.29-32 Utilizing the less approximate, but computationally more expensive, MR-CI approach 

allows for the recovery of more correlation energy within a system. MR-CI is similar to single 

reference CI, yet is based off a multireference wavefunction, generally CASSCF. Truncated MR-

CI, such as MR-CISD that includes all single and double excitations, is slightly more 

computationally intensive than the analogous single reference truncation, but still computationally 

simple in comparison to other multireference correlated methods.18 A posteriori corrections can be 

added to overcome the lack of size-consistency that comes with truncation of CI. One such 

correction is the Davidson correction, indicated by “+Q”, which approximates the quadruples 

correction.14,28 The Davidson correction is generally of the form 

  MRCIQ EaE  2

01      (2.24) 
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In Eqn. 2.25, a0 is the coefficient for the reference wavefunction and ΔEMRCI is the 

calculated correlation energy.14 Alternatively, ACPF (averaged coupled pair functional) and 

AQCC (averaged quadratic coupled-cluster) can be used,33,34 in which the size consistency 

problems seen in MR-CISD are avoided, a priori, by using an energy functional 
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In Eqn 2.26, Ψ0 is the zeroth-order wavefunction and Ψc represents the correlation for the 

system. Ψc can be decomposed into two separate parts: Ψa (which includes all CSFs with the same 

orbital occupations as the references) and Ψe (which includes all other CSFs). In ACPF, ga=1 and 

ge=2/ne (the number of electrons). In AQCC, ga=1 and ge=1 - (ne – 3)(ne – 2)/[ne(ne – 1)].33,34 

 

2.1.8 Diagnostics 

It is not always simple to determine if a multireference wavefunction is required to describe 

a molecular system. To that end, diagnostics have been suggested for use as a guideline to whether 

multireference treatment might be warranted. The most commonly used diagnostic is the T1 

diagnostic, introduced by Lee and Taylor.35 The T1 diagnostic is the Frobenius norm of the vector 

of t1 amplitudes of the closed-shell CCSD wavefunction, beginning with a restricted HF 

wavefunction, and normalized by the number of correlated electrons: 
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Lee and Taylor suggested that a T1 value of 0.02 or larger might indicate that a 

multireference treatment is warranted. The diagnostic has since been extended to open-shell 

system as well.36  
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Often reported in conjunction with the T1 diagnostic is the D1 diagnostic proposed by 

Janssen and Nielsen.37 The D1 diagnostic is the matrix 2-norm of the matrix T, where the elements 

of T are the elements t1 amplitudes from a CCSD wavefunction. 

21 TD       (2.27) 

A D1 value greater than 0.05 indicates that the system might benefit from a multireference 

treatment. Jiang and co-workers evaluated a large series of transition metal compounds and 

determined that loosening the criteria to a T1 value greater than 0.05 or a D1 value above 0.15 was 

a more accurate indication of multireference character for transition metal species.38 

Another multireference diagnostic is the weight of the reference HF configuration in a 

CISD wavefunction (C0
2). If C0

2 is smaller than 0.90, then the molecule might be multireference 

in nature. Conversely, the weight of the leading CSF in a CASSCF wavefunction may also be 

utilized to determine multireference nature. Both of these approaches have drawbacks: using the 

weight of the reference HF wavefunction is based on canonical HF orbitals, which might be 

problematic in a chemical system with very large multireference character, whereas using the 

weight of the CASSCF wavefunction may not include correlation between the valence orbitals and 

low-lying virtual orbitals.  All of the diagnostics can give an indication that multireference 

treatment might be necessary, but should be treated as a guideline rather than an absolute. 

 

2.2 Density Functional Theory 

An alternative to wavefunction-based electronic calculations is density functional theory, 

or DFT. This theory is dependent on the relation between the electron density and the ground state 

energy of a molecule, as laid out by the two Hohenberg and Kohn theorems.39 The first theorem 

states that there exists a one-to-one mapping between the exact electron density ρ(r) and an external 
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potential, Vext(r). Since this potential determines the exact ground-state wavefunction, there exists 

a functional that relates the system energy to the electron density. However, the exact functional 

defining this relationship is not known. The second theorem defines a variational principle such 

that the electronic energy of a trial density is always higher than the total energy obtained with the 

exact density.  

In 1965, Kohn and Sham stated that there existed a non-interacting reference system with 

the exact same electron density by construction as the real, interacting system.40 This led to the 

formation of the Kohn-Sham equations. The total energy of a system in Kohn-Sham theory is 

represented by  

            xcNes EJETE     (2.28) 

In Eqn. 2.29, Ts[ρ] is the kinetic energy of the non-interacting reference system, while ENe is the 

attraction between the nuclei and the electrons and J is the Coulomb repulsion. Exc contains the 

remainder of the electronic interactions and is referred to as the exchange-correlation functional. 

Exc is usually split into separate exchange, Ex[ρ], and correlation, Ec[ρ], functionals.  The exact 

functional form is known for all but the exchange and correlation functionals.  

Different models for these functionals have been suggested and implemented over the 

years. These models fall into several different classes, which Perdew termed “Jacob’s ladder” of 

functional approximations.41 The first rung of the ladder utilizes the local density approximation 

(LDA), which is only dependent on the local electron density. The second rung is the generalized 

gradient approximation (GGA), which incorporates both the electron density and its gradient in 

order to describe deviations from the homogeneous non-interacting electron gas assumption. The 

third rung includes meta-GGA functionals, those depending on the electron density and its 

gradient, as well as the gradient of the kinetic energy density. The fourth rung includes hybrids, 
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which generally use a percentage of exact exchange, i.e. Hartree-Fock exchange. The fifth rung 

includes double-hybrids. These functionals include a portion of exact exchange from HF 

calculations as well as a portion of correlation energy calculated at the MP2 level of theory.  

DFT is much less computationally expensive than many previously mentioned ab initio 

correlated methods. The computational cost is roughly the same as HF for the Kohn-Sham 

implementation, yet DFT can recover correlation energy that HF does not.14 However, there are 

some drawbacks to using DFT. Many of the functionals currently in use have been parameterized 

using either experimental data or high level calculations. For example, Becke’s B3 exchange 

functional was parameterized against the G1 molecule set of Pople and coworkers, which includes 

only molecules containing first and second row elements.42 In addition, currently, DFT has not 

been able to accurately describe charge transfer, long-range interactions, or systems that contain a 

high degree of multireference character, though developments to address these challenges are 

underway.43,44 Finally, DFT is not a systematically improvable theory. Increasing the complexity 

of the functional does not necessarily increase the accuracy of the results.41 

 

2.3 Basis Sets 

A basis function is a mathematical function used to define an orbital. These functions can 

be separated into a radial term (R) and an angular term (Y).  

      ,,, ,,,,, mllnmln YrRr      (2.29) 

The angular term, or spherical harmonic term, is defined by the angular and magnetic quantum 

number l and m, and as such determines the shape of the orbital (i.e. s-type, p-type, d-type, etc). 

The radial function is dependent on the distance from the nucleus, r. It takes the general form of  
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 The radial function can be represented by Slater Type Orbitals (STOs)45 or Gaussian Type 

Orbitals (GTOs).46 STOs have the functional form  

      rn

mlmln erNYr 
   1

,,,, ,,,     (2.31) 

STOs are able to reproduce the hydrogenic orbitals exactly, but the two-electron integrals cannot 

be solved analytically. Conversely, the GTOs have the functional form 
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While the r2 dependence in Eqn 2.30 allows for analytic solutions of the two-electron integrals, it 

also leads to incorrect description of the orbital in the region close to the nucleus as well in the 

“tail” region, as shown in Fig 2.3.  

 

Figure 2.3 A 1s Slater type orbital (STO) approximated by a linear combination of 3 Gaussian type 

orbitals (GTO).14 

 

As r approaches zero in the area close to the nucleus, the GTOs have a zero derivative, 

instead of the cusp, or discontinuity, demonstrated by the STO. As r goes to infinity, the r2 

dependence in the exponential causes the GTO to decay too quickly. However, a linear 
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combination of GTOs is able to better reproduce the STO than a single GTO, which is referred to 

as a primitive function. The more GTOs included within the combination to model a STO, the 

closer the representation. The coefficients of contraction in the linear combinations of GTOs can 

be optimized to reproduce the atomic orbitals. These functions are then used as the initial guess 

for the wavefunction. 

In addition to modifications of the coefficients of contraction, the exponent can be 

optimized and fixed as well. The ζ value helps determine the area is being described: a large 

exponent corresponds to a tight function, describing the area closer to the nucleus, whereas a 

smaller exponent corresponds to a diffuse function, describing the area away from the nucleus. 

Diffuse functions are important to describe long range interactions such as van der Waals 

interaction, hydrogen bonding, and anionic species.47 

A minimal basis is one that utilizes the least number of functions to describe the occupied 

orbitals. For example, a minimal basis for carbon would require two s-type functions for the 1s 

and 2s orbitals, and one set of p-type functions for the 2p orbitals. However, using a minimal basis 

to describe the atomic orbitals does not allow for the distortion in orbital shape seen in molecular 

orbitals. In order to reproduce this phenomenon, additional functions of higher angular momenta 

are required. For example, including some p-type character into the s-type orbitals of hydrogen 

allows for the distortion seen in the molecular orbital of H2. These additional functions are called 

polarization functions.  

Using more functions allows for greater flexibility in the wavefunction. While a minimal 

basis only uses one function to describe each orbital, multiple functions with different exponents 

can be used to improve the description and allows for greater variational flexibility. Using two 

functions, either contracted or primitive, per orbital type results in a double-ζ (DZ) basis, three 
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functions in a triple-ζ (TZ) basis, etc. A complete basis set (CBS) is one that describes all space 

with an infinite number of functions. While a basis set of this size is impossible, certain basis set 

families, such as the correlation consistent family of basis sets developed by Dunning and co-

workers49-54 or the  atomic natural orbital (ANO) sets of Almlöf and Taylor,48 extrapolations of 

energies and other properties to the CBS limit can be performed, discussed in greater detail in 

Chapter 4.  

 

2.3.1 Correlation Consistent Basis Sets 

The correlation consistent basis sets were developed in a systematic fashion to enable a 

systematic recovery of correlation energy of a molecule. These basis sets are designated as 

correlation consistent polarized valence n-tuple zeta, or cc-pVnZ, where n = D, T, Q, 5, 6 … 

(double, triple, quadruple, etc). The correlation consistent basis sets were built upon a set of HF 

primitive functions, then shells of additional functions were added. It was noticed that the 

additional functions could be separated into distinct groups based on the amount of additional 

correlation energy recovered. For example, the second d function and first f function added to the 

triple-ζ set each recovered approximately the same amount of correlation energy. As such, the 

additional functions could be included in sets, i.e. the double-ζ set (cc-pVDZ) for first-row atoms 

contains 3s2p1d functions, the triple-ζ set (cc-pVTZ) contains 4s3p2d1f functions, and the 

quadruple zeta set (cc-pVQZ) contains 5s4p3d2f1g functions. The basis sets of higher ζ-levels are 

constructed in an analogous manner, through quintuple-ζ (cc-pV5Z) and even larger sets.  

The addition of diffuse functions creates augmented basis sets denoted aug-cc-pVnZ.50,53  

Core-valence basis sets were developed, denoted cc-pCVnZ, by including additional polarization 

functions to help describe core-core and core-valence correlation.52,54 The core-valence sets were 
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developed for use when correlating more than just the valence electrons, as the original set was 

optimized for valence interactions only. For second-row atoms (Al-Ar), inclusion of an additional 

tight-d function in the basis set is needed to account for a deficiency in the original correlation 

consistent basis sets. These revised basis sets are denoted cc-pV(n+d)Z and are the recommended 

sets for second-row systems.55-58 The correlation consistent family of basis sets covers much of 

the periodic table, with all-electron sets available for s-block, p-block through Xe, and the 3d and 

4d transition metals, as well as Th and U.53,59-63 

As the ζ level increases (from double to triple to quadruple, etc), the amount of correlation 

energy recovered increases. This systematic increase allows for extrapolation of the correlation 

energies to the complete basis set (CBS) limit, the limit at which no further improvement to the 

basis set can improve the amount of correlation energy recovered. There are two main sources of 

error in electronic structure calculations: the error associated with determination of the 

wavefunction, i.e. the electronic structure method utilized, and the error associated with the use of 

a finite basis set. Extrapolating to the CBS limit removes the error that arises from the finite basis 

set, leaving only the error intrinsic to the method being used.50,64 

 

2.3.2 Effective Core Potentials (ECPs) 

The correlation consistent sets described so far are referred to as “all-electron” basis sets, 

in that they have functions to explicitly describe each of the individual electrons. However, as the 

atomic number of the element increases, so does the number of electrons that must be described. 

As the core electrons are generally less chemically important than the valence electrons, the core 

electrons can be modeled by a function, referred to as an effective core potential (ECP). 

Additionally, high nuclear charges increase the significance of relativistic effects.65 ECPs are 

generally created by fitting a potential to the orbitals obtained with a fully relativistic method such 
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as Dirac-Hartree-Fock (DHF). Since the bulk of relativistic effects are expressed in the core, 

especially scalar relativistic effects, ECPs can be used to account for a degree of relativity without 

having to depend on fully relativistic methods.66 

ECPs are generally fit one of two ways: either the potential is modeled such that shape of 

the core orbital is maintained, or such that energy difference between the potential and the original 

orbital is minimized. The former type is referred to as “shape-consistent” ECPs, while the latter 

are “energy-consistent” ECPs. The ECPs utilized in this work are energy-consistent.  

 The size of the core included within the potential can also vary. A larger core leads to 

lower calculation times, yet the accuracy can suffer.67 Small-core ECPs treat the (n-1)s2(n-

1)p6(n)sn(n-1)dm electrons explicitly with a valence basis set. Large-core ECPs include only the 

outermost s and d electrons explicitly [e.g. (n)sn(n-1)dm]. Use of the ECP for the core orbitals and 

a basis set for the valence electrons allows for quantitative calculations for elements with 

increasing numbers of electrons (i.e. 4d transition metals and lower p-block elements). 

 

2.4 The correlation consistent Composite Approach (ccCA) 

For the calculation of energetic properties such as enthalpies of formation, binding 

energies, ionization potentials, and electron affinities to within chemical accuracy, or within 1 kcal 

mol-1 of reliable experiment, correlated methods such as CCSD(T) are needed, along with large 

basis sets and at times inclusion of the subvalence electrons in the correlation space.68,69 This can 

lead to very computationally demanding calculations. To circumvent this at times high 

computational cost, model chemistries, or composite methods, were developed.70 Once such 

composite method is the correlation consistent Composite Approach, developed by Wilson and 

co-workers.71 Extrapolation of the correlation consistent basis sets to the CBS limit is used with 
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the ccCA methodology, as well as incorporation of additive contributions from higher-level 

calculations.  

Geometry optimizations, harmonic frequency calculations, and zero point energies (ZPE) 

are obtained at the DFT level of theory, utilizing the B3LYP functional and the cc-pVTZ basis 

set.71-73 The frequencies are scaled by 0.989 to account for anharmonicity.71-73 A series of single 

point calculations is carried out at the MP2 level of theory, using the aug-cc-pVnZ (n = D, T, Q) 

basis sets. Previous studies have demonstrated that HF and MP2 converge to a limit at different 

rates, and as such have suggested that the HF and correlation energies be extrapolated 

separately.72,74,75 The HF energies are extrapolated to the CBS limit using the two-point 

extrapolation scheme of Feller:76-78 

)63.1exp( nAEEx         (2.33) 

The MP2 correlation energies are then extrapolated using one of the following 

extrapolation schemes: the Peterson extrapolation (P), a three-point mixed exponential/Gaussian 

formula79  

     2
1exp1exp   nBnAEEx     (2.34) 

In Eqn. 2.34, n is the ζ level of the basis set being used, and B and C are fitting parameters. 

Additionally, the work of Schwartz,80 Caroll et al.,81 and Hill,82 inverse cubic (Eqn. 2.35, S3) and 

inverse quartic (Eqn. 2.36, S4) schemes are also used to extrapolate the correlation energy 

Ex = E¥ +A lmax( )
-3

           (2.35) 

  4

max 2
1



  lAEEx      (2.36) 

As Eqn. 2.34 tends to converge too quickly and Eqn. 2.35 tends to converge too slowly, an average 

of the two schemes is also utilized, referred to as the PS3 scheme. 
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A series of corrections are then computed to account for effects beyond MP2 theory and 

added to the total extrapolated energy. Higher-order electron correlation is accounted for using a 

CCSD(T) calculation at the triple zeta level: 

]/2[]/)([)( pVTZccMPEpVTZccTCCSDECCE     (2.37) 

Correlation effects from the interaction between the core and valence electrons are 

accounted through an MP2 calculation with the core-valence correlation consistent basis sets at 

the triple-ζ level: 

]/2[]/)1(2[)( pVTZccaugMPEpCVTZccaugFCMPECVE   (2.38) 

In Eqn. 2.38, FC1 indicates that the valence and subvalence electrons are included in the 

correlation space. So for first-row atoms, all electrons are correlated, while for second-row atoms, 

all electrons except the 1s electrons are correlated. A correction for scalar relativistic effects is also 

calculated at the MP2 level using the second order spin-free Douglas-Kroll-Hess Hamiltonian83-85  

and corresponding DK-contracted basis sets:49,50,54,55,58,86 

]/2[]/2[)( pVTZccMPEDKpVTZccDKMPESRE    (2.39) 

Atomic spin-orbit coupling constants [∆E(SOa)] are included within the atomic energies. 

These can be taken from experimental work or theoretical calculations. The final ccCA energy is 

then 

ZPESOESRECVECCECBSMPEccCAE a  )()()()(]/2[)(  (2.40) 

The ccCA method has been applied to nearly two thousand molecules, containing main 

group, s-block, and transition metal compounds. ccCA has also been successfully applied to third 

row main group elements87 and 3d and 4d transition metals, achieving “transition metal chemical 

accuracy”, which is defined as within 3 kcal mol-1, due to the higher experimental uncertainties 

associated with the molecule set.88-91 Variations of ccCA have since been developed, including a 
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QM/QM multilayer approach (ONIOM-ccCA),92 a variant specifically formulated for transition 

metals (ccCA-TM),88-90 a multireference variant (MR-ccCA),93-96 and a more computationally 

efficient variant based on use of the resolution of the identity approximation and local methods 

(RI-ccCA)97 as well as utilizing explicitly correlated methods within the methodology (ccCA-

F12).98 
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3.1 Introduction 

In the early days of computational chemistry, it was routine to check the stability of the 

optimized Hartree-Fock (HF) wave function. As the field of computational chemistry has grown 

to include more non-users utilizing a theoretical approach in the course of research, however, this 

practice has fallen into disuse. This can be problematic in the prediction of the structural and 

energetic properties of the systems under investigation, especially when determination of the 

correct electronic state is essential to achieve results that are even qualitatively correct. 

It is known that there is more than one solution to the Hartree-Fock equations.98-100 In fact, 

within a finite basis there can be O(3N) solutions for a closed-shell system, where N is equal to the 

number of basis functions used.98 Most HF algorithms populate the initial orbitals based on the 

aufbau principle, wherein the lowest energy orbitals subject to the initial guess of LCAO 

coefficients are populated to determine the lowest energy solution and thus the ground state of the 

molecule.1,101,102 There are cases, however, when the algorithm can produce an excited state 

determinant rather than the ground state as has been noted in the literature.100,103,104 Optimization 

to an excited state can happen when there is a small HOMO-LUMO gap, when there are nearly 

degenerate determinants, or in other cases where a multireference treatment is more appropriate 

such as when bonds are broken or formed. Even multireference calculations depend upon single-

reference methods as the source of the initial orbitals from which an active space is chosen, and 

this is often reflected in the rate of convergence of the multireference wave function. 

                                                 
* This entire is reprinted from R. Weber, G. Schoendorff, and A. K. Wilson, “The Importance of Orbital Analysis.” In 

Frontiers in Quantum Methods and Applications in Chemistry and Physics; Progress in Theoretical Chemistry and 

Physics, Vol. 29; Springer International Publishing: Switzerland; pp. 3-28, with permission from Springer Publishing. 

The multireference calculations on FeO presented in this chapter were carried out by G. Schoendorff. 
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Optimization of an excited state determinant with Hartree-Fock orbitals forms the basis of 

extended Hartree-Fock theory for excited states.105 However, it has been shown that for a closed 

shell system, an electron in a virtual orbital does not experience the full interaction of the 2N 

electrons, and so a modified Fock operator should be employed to obtain a well-defined excited 

state in terms of a single determinant of Hartree-Fock orbitals. When the excited states are obtained 

unintentionally through population based on orbital energies, the Fock operator is not modified to 

account for the missing electronic interactions. Therefore, while the excited states obtained may 

be representative of the dominant configuration of a multiconfigurational excited state wave 

function, they do not include the entire mean field correlation. 

It is imperative that the optimized Hartree-Fock wave function be scrutinized to ensure that 

the correct state has been determined. While there are some systems for which optimization to an 

excited state determinant is not detrimental to geometry optimizations (e.g. situations in which the 

potential energy curves (PEC) are mostly parallel, such as with Ln(III)-halide bonds),106 this 

frequently is not the case. The optimized orbitals need to be investigated to ensure that the 

appropriate orbitals are being populated, a process that generally can rely on chemical intuition.  

A condition of Hartree-Fock convergence is that the orbital gradient is zero, i.e. ∂E/∂Ci=0. 

However, as this condition can be met at several places on the orbital potential energy surface, the 

stability of the solution may need to be tested through the calculation of the orbital Hessian 

matrix.13 Negative eigenvalues indicate that there is still a lower energy solution that can be 

reached; essentially, this indicates that a saddle point in the potential energy surface has been 

found, rather than a minimum. Such a situation could be remedied in a black-box manner by 

performing a Hartree-Fock instability test. However, this is only beneficial when the Hartree-Fock 

solution is a saddle point on the orbital potential energy surface.  
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Often testing the stability of the wave function based on the orbital Hessian matrix can be 

unnecessary due to the optimization technique employed. One such situation is when a Newton-

Raphson (NR) optimization technique is used. This technique depends on the calculation of both 

the orbital gradient and orbital Hessian at each step as shown in Equation 3.1.  



Ci,n1 Ci,n 

E

Ci,n
2E

Ci,n
2

      (3.1) 

The orbital Hessian is used as in the denominator of the second term of Eq. 3.1, and thus, 

the NR method ensures that a local minimum on the orbital potential energy surface is located 

rather than a saddle point. However, the NR method only determines the nearest minimum rather 

than the global minimum. There exists a basin of attraction that is bounded by saddle points on the 

orbital potential energy surface. Only the minimum in this region is located and there is no 

knowledge of any other minima outside the basin of attraction. Each local minimum on the orbital 

potential energy surface corresponds to a unique single determinant solution of the Hartree-Fock 

equations, i.e. a unique electronic state. Thus, the NR method guarantees convergence to a local 

minimum as long as ∂E/∂Ci≠0 at the initial guess.  

Due to the expense involved in the computation of the full orbital Hessian, other 

convergence aides such as an approximate NR method or direct inversion of iterative subspace 

(DIIS) is frequently employed.107 Approximate NR methods frequently use an exact orbital 

gradient with an approximate orbital Hessian. Even the approximate orbital Hessian is often 

sufficient to ensure both convergence and convergence to a minimum, but the minimum will be 

the nearest minimum in the same basin of attraction.   DIIS achieves convergence in an entirely 

different manner. An error vector is used to determine convergence as shown in Equation 3.2.  



e FDSSDF      (3.2) 
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The error vector is constructed from the Fock matrices (F), density matrices (D), and 

overlap matrices (S) from previous SCF iterations. Convergence is reached when the DIIS error 

goes to zero. However, the error vector is related to the orbital gradient and not the orbital Hessian. 

So with DIIS, there may occasionally be a need to test the stability of the Hartree-Fock solution 

since it converges to the nearest stationary point rather than the nearest minimum on the orbital 

potential energy surface.



  

For ease of both convergence and the determination of the correct ground state, a good 

initial guess of the LCAO coefficients used to construct the molecular orbitals is essential. The 

initial guess is the only control anyone has over which solution is obtained since this determines 

the basin of attraction. There are several different options for the initial guess within each 

commonly available software package. One popular method is the diagonalization of a Fock matrix 

that contains only the one-electron terms, referred to as the core Hamiltonian matrix.  Within this 

paper, this is referred to as the Hcore guess, following the nomenclature in GAMESS.108 While this 

initial guess is usually fairly poor, it has the advantage of being implemented in most 

computational codes.1 Another common approach is to use the guess generated by a semi-

empirical procedure such as Extended Hückel Theory (referred to in this paper as the Hückel 

guess) and projected onto the current basis. The initial guess provided by Hückel theory is 

generally superior to that provided by Hcore, yet can still have difficulty assigning the initial 

electronic configuration based on the orbital population.108 Another approach that can be useful, 

especially when calculating a potential energy curve, is to use the optimized orbitals from a nearby 

point on the potential energy surface, as is done automatically during a gradient driven geometry 

optimization.  
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As Hartree-Fock does not account for electron correlation beyond mean field correlation, 

a myriad of correlated electron methods have been developed that are based upon a Hartree-Fock 

reference wave function. Configuration interaction (CI), coupled cluster (CC), and many body 

perturbation theory are examples of such theories designed to recover electron correlation energy. 

Full CI calculations do not depend on the quality of the reference wave function, yet full CI with 

an appropriately large basis set quickly becomes computationally intractable. Because of this 

increase in computational cost (in terms of memory and CPUs required for the calculation), more 

approximate methods are used. An example of a more approximate method would be coupled 

cluster including single and double excitations, with perturbative triples [CCSD(T)]. Although 

truncated, CCSD(T) has been shown to calculate ground state properties such as heats of 

formation, at times achieving more accurate results (i.e. closer to results achieved by full CI) than 

less approximate methods such as CCSDT.109  

However, the accuracy of truncated correlated methods can be sensitive to the choice of 

the reference wave function. CCSD(T) is a single reference post-Hartree-Fock method, generally 

based upon a HF wave function. If the reference wave function as determined by HF corresponds 

to an excited state determinant, truncated correlated methods are not necessarily able to produce 

the correct ground state.  Even single reference theories such as the completely renormalized 

coupled cluster method, including singles, doubles, and perturbative triples [CR-CC(2,3)] that 

have been shown to treat some multireference problems110,111  (i.e. bond breaking, singlet-triplet 

gaps in biradical systems, and other systems with strong static correlation) still are subject to the 

limitations of the reference wave function. Furthermore, while it is possible to converge to a 

ground state wave function while using an excited state reference, the amplitudes can be much 

more challenging to converge.  
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There are other single-reference methodologies that use more than one determinant within 

their formulation, for example the spin flip method.112,113 The spin flip method and its variants use 

multiple determinants (the reference state and additional excited states that result from a spin flip 

of an electron) and are able to better describe events such as bond breaking. The description of the 

reference state can increase to higher correlated methods, yet this would increase the 

computational cost involved within the calculation. Additionally, for the simplest version of the 

spin-flip method, Hartree-Fock is used to describe the reference system, so there is still some 

dependence on HF being able to determine the correct electronic configuration. 

Multireference methods such as the multiconfigurational self-consistent field (MCSCF)28 

and complete active space perturbation theory, second order (CASPT2),114 among many others, 

are designed specifically to recover non-dynamical correlation energy. However, there are 

drawbacks to these methods.25,29 The scaling of these methods is such that it is generally limited 

to systems of no more than sixteen active electrons within sixteen active orbitals.28 Furthermore, 

the selection of an appropriate active space can be system dependent and ensures that these 

methods are by no means “black box”. The HF wavefunction generally serves as the reference 

wavefunction for these methods as well and can be used to help determine the orbitals that should 

be included within the active space. A wavefunction that has converged to the wrong state can lead 

to very slow convergence or to completely inappropriate orbitals included within the active space.  

Another popular approach to incorporate some degree of electron correlation is density 

functional theory (DFT). It has found use in the calculation of ground state properties for organic 

and inorganic molecules.42 DFT has the benefit of including correlation within the calculation 

beyond the mean field correlation that is included within Hartree-Fock, yet the computational cost 

is on par with a Hartree-Fock calculation. DFT generally achieves a reasonable balance between 
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computational cost and accuracy.42  However, as a single reference method, it may suffer from 

some of the same limitations as Hartree-Fock theory. 

The molecules included in this study were chosen for illustrative purposes only. While the 

molecules all have been the focus of prior extensive theoretical and experimental studies, our goal 

is not to provide a broad review of the literature, but rather to illustrate some of the problems that 

can manifest when the optimized orbital occupancy is not considered. 

 

3.2 Computational methods 

The diatomic molecules chosen for this study were O2, F2, Cl2, Br2, LiF, NaCl, CaO, MgO, 

ScO, FeO, TiO, YO, and ZrO. These molecules cover many parts of the periodic table including 

main group diatomics with light and heavy atoms, diatomics containing s-block elements, and 

diatomics containing transition metals.  Additionally, both closed shell and open shell species are 

included. All molecules studied were the neutral species. The experimental bond lengths were 

taken from the NIST Chemistry WebBook (http://www.webbook.nist.gov).115 

To gauge the possible multireference character of the molecules, T1 and D1 diagnostic 

values were calculated.34-36 The T1 and D1 diagnostic values are related to the magnitude of the 

oscillator strength of single excitations and thus are frequently used to estimate the multireference 

character of a molecule. A T1 value of 0.02 and a D1 value of 0.05 are considered the multireference 

thresholds for main group and s-block containing molecules, while the more recently proposed 

thresholds of T1 greater than 0.05 and D1 greater than 0.15 are used for transition metal-containing 

compounds.89 

Calculations were performed using GAMESS.108 Restricted Hartree-Fock (RHF or ROHF) 

calculations were performed for all of the molecules.  Unrestricted HF (UHF) calculations also 
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were performed for O2 and FeO as UHF can describe multireference character arising from bond 

breaking, albeit with the disadvantage of producing wave functions that are not spin 

eigenfunctions. CR-CC(2,3) calculations also were performed to examine the impact of the 

Hartree-Fock reference on a correlated wave function method. The Sapporo-2012 triple-ζ all-

electron basis sets were used for all calculations.116 The Sapporo-2012 basis sets were chosen 

because they cover most of the periodic table and are generally more compact than other 

correlation consistent basis sets.  Potential energy curves (PECs) for each diatomic were calculated 

from about 1.4 Å to about 3.5 Å in 0.1 Å increments, then decreased to 0.01 Å and then 0.001 Å 

around the minimum of the curve, when possible in order to determine the equilibrium bond length 

accurate to 10-3 Å. Restricted open-shell (RO) DFT also was used to calculate PECs for FeO using 

four popular DFT functionals: B3LYP,41,117 PBE0,118,119 M06,120 and M11.121 All calculations 

were restricted to C2v symmetry. 

When single point energy calculations resulted in an excited state for FeO, the full excited 

state potential energy curves were constructed using the Maximum Overlap Method (MOM) of 

Gilbert, Besley, and Gill.99 In this approach, excited state solutions to the Hartree-Fock equations 

are determined by populating the orbitals that overlap the most with the previously occupied 

orbitals in contrast to occupation according to the aufbau principle, in which the lowest energy 

orbitals are always populated first. Using this approach keeps the wave function from collapsing 

to the lowest energy solution.  

 

3.3 Results and Discussion 

The calculated ground state of each molecule, the experimental bond lengths, and the 

equilibrium bond lengths based on the computed potential energy curves at both the HF and CR-
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CC(2,3) levels of theory are shown in Table 3.1. Bond lengths computed using both the Hcore and 

Hückel guesses are reported, as well as the mean signed deviation (MSD), mean absolute deviation 

(MAD), and root-mean-square deviation (RMSD).  

Table 3.1  Equilibrium bond distances (Å), determined from experiment (req) and from the potential energy 

curves (rPEC). All experimental values came from the NIST Chemistry WebBook. Mean signed deviation (MSD), 

mean absolute deviation (MAD), and the root-mean-squared deviation (RMSD) are reported. 

Molecule 

Calc. 

Ground 

State req 

rPEC 

ROHF CR-CC(2,3) 

Hcore Hückel Hcore Hückel 

O2 
3A2 1.208 -0.057 -0.056 +0.004 +0.004 

F2 
1A1 1.412 -0.084 -0.084 +0.003 +0.006 

Cl2 
1A1

 1.988 -0.012 -0.012 +0.022 +0.021 

Br2 
1A1 2.281 -0.017 -0.017 +0.016 +0.022 

LiF 1A1 1.564 -0.005 -0.005 +0.018 +0.020 

NaCl 1A1 2.361 +0.027 +0.027 +0.040 +0.034 

MgO 1A1 1.749 -0.012 -0.012 +0.015 +0.014 

CaO 1A1 1.822 -0.005 -0.005 +0.134 +0.140 

ScO 2A1 1.668 -0.020 -0.020 +0.036 +0.042 

FeO 5A1 1.626 +0.054 - -  -  

TiO 3A1 1.620 -0.025 -0.020 0.000 +0.031 

YO 2A1 1.790 -0.022 -0.022 +0.050 +0.053 

ZrO 3A1 1.712 -0.010 -0.010 +0.059 +0.082 

 MSD -0.014 -0.020 0.033 0.039 

 MAD 0.027 0.024 0.033 0.039 

 RMSD 0.035 0.033 0.048 0.054 

 

On average, HF underestimates the bond lengths by 0.014 Å and 0.020 Å, while CR-

CC(2,3) overestimates the bond lengths by 0.033 Å and 0.039 Å for the Hcore and Hückel guesses, 

respectively, as accounting for electron correlation tends to make the electron density more 

diffuse.122,123 Two notable exceptions from this trend are NaCl and FeO. The HF calculated 

equilibrium bond length for NaCl is 0.027 Å too long using either guess. In the case of FeO, the 

HF calculated bond length using the Hcore guess is 0.054 Å too long, while the Hückel guess is 

unable to produce a smooth curve in the region of equilibrium, so an estimation of the equilibrium 

bond length cannot be made. The bond length for CaO calculated with CR-CC(2,3) is significantly 
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too long with a deviation greater than 0.1 Å. Finally, HF produces the same equilibrium bond 

lengths for each molecule, regardless of initial guess. Overall, the equilibrium bond lengths 

calculated with CR-CC(2,3) vary between the different initial guesses, as each method populates 

the orbitals in a slightly different manner. Generally, the deviation between guesses is not large 

(e.g. 0.001 Å between the Hcore and Hückel guess for Cl2). However, in some cases, the deviation 

can be quite large, as for ZrO with a deviation of 0.023 Å between the two guesses.  

 

 

3.3.1 Main group diatomics 

The main group diatomics that were included within this study are O2, F2, Cl2, and Br2. The 

T1/D1 diagnostic values are shown in Table 3.2. The halide diatomics are well-behaved systems, 

in that they have low multireference character and the curves that are calculated are smooth and 

continuous at all points considered. This is to be expected, given that they are all closed shell 

singlets. The multireference character of the molecule increases as the bond is stretched, yet ROHF 

still optimizes to a single state wave function for each molecule. Of the main group diatomics, 

triplet O2 exhibits the most multireference character throughout the entire calculated PEC. Even at 

equilibrium, the T1/D1 values for triplet O2 approach the multireference threshold, while the CCSD 

amplitudes do not even converge further towards dissociation (i.e. 3.5 Å). This is indicative of 

significant multireference character in this area of the curve due to the breaking of the bonds and 

demonstrates that the single reference wave function determined with HF is not a suitable 

reference. The multireference character is manifested by the oscillation between different states 

throughout the entire curve (see Figure 3.1).  
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Table 3.2  T1/D1 diagnostics for the main group molecules.   

 r (Å) 

O2 1.1 1.3 2.1 3.3 

T1 0.011 0.017 0.037 - - 

D1 0.031 0.047 0.097 - - 

F2 1.1 1.3 1.8 2.5 

T1 0.008 0.009 0.018 0.030 

D1 0.016 0.023 0.059 0.105 

Cl2 1.6 2.0 2.7 3.5 

T1 0.008 0.009 0.014 0.022 

D1 0.017 0.022 0.045 0.080 

Br2 1.8 2.3 3.0 3.7 

T1 0.007 0.008 0.013 0.020 

D1 0.014 0.019 0.041 0.071 

For O2 at 3.3 Å, the CCSD amplitudes did not converge, which is an indication of either significant multireference 

character or a poor reference wavefunction. 

 

 

Figure 3.1 Points calculated for O2 at the ROHF level of theory, using the Hcore and Hückel initial guess. The 

point at 2.7 Å using the Hcore guess did not converge. 



41 

Both initial guesses produce vastly different results at large internuclear distances. Near 

the equilibrium region, a 3A2 state is found which is a direct product of B1 and B2 orbitals in the 

C2v point group. These orbitals correspond to the π* antibonding orbitals that result from the linear 

combination of 2px atomic orbitals and 2py atomic orbitals, respectively. In the region of 

intermediate internuclear distances (IID, the area of the potential energy curve between 

equilibrium and dissociation) the points fall on a curve belonging to a state of 3A1. This state results 

from the direct product of two singly occupied B1 orbitals corresponding to the π and π* orbitals 

from the overlap of px atomic orbitals. This gives an overall bond order of 1, which is clearly on a 

different PEC than the ground state. As the internuclear distance grows, the curve resulting from 

the Hückel initial guess begins to oscillate drastically between different states. The upper state 

produced by the Hückel guess leads to homolytic dissociation, while the lower state leads to a 

heterolytic dissociation. 

The triplet O2 PEC also was calculated via UHF, as the unrestricted formalism should be 

able to better describe the bond breaking region of the curve (see Figure 3.2).  

 

Figure 3.2 Points calculated for O2 at the UHF level of theory, using the Hcore and Hückel initial guesses. The 

difference between the calculated <S2> and the <S2> for the pure spin state (<S2>calc - <S2>exact) are inset. 
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It is important to note that the ROHF wave function is an eigenvalue of the S2 operator 

while the UHF wave function is not.12 This means that UHF suffers from spin contamination, as 

contributions from higher spin states are included in the wave function.  The <S2>calc expectation 

value is used as a measure of the spin contamination within an unrestricted calculation. The 

<S2>exact for a spin pure state is Sz(Sz+1). As increasingly higher spin states are included <S2>calc 

increases. <S2>calc for each curve is compiled in Table 3.3. 

 

Table 3.3 <S2>calc - <S2>exact at 0.1 Å increments along the UHF curve for triplet O2. 

O2 Hcore guess Hückel guess 

r (Å) <S2>calc - <S2>exact <S2>calc - <S2>exact 

1.0 0.026 0.026 

1.1 0.034 0.034 

1.2 0.043 0.043 

1.3 0.051 0.051 

1.4 0.058 0.058 

1.5 0.065 0.065 

1.6 0.070 0.070 

1.7 0.074 0.074 

1.8 0.076 0.076 

1.9 0.078 0.078 

2.0 0.079 0.079 

2.1 0.078 0.078 

2.2 0.010 0.078 

2.3 0.010 0.077 

2.4 0.010 0.076 

2.5 0.010 0.074 

2.6 0.010 0.073 

2.7 0.010 0.071 

2.8 1.011 0.070 

2.9 1.013 0.069 

3.0 0.010 0.067 

3.1 1.015 0.066 

3.2 1.015 0.065 

3.3 0.010 0.064 

3.4 1.016 0.064 

3.5 0.009 0.063 
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The UHF curve calculated from Hückel guess produces one smooth, continuous curve in 

the 3A1 state. <S2>calc indicates that, although there is slight mixing of higher spin states, 

particularly in the IID region, the same state is found throughout the entire curve. The Hcore guess, 

however, does not remain in one state throughout the curve. At 2.3 Å, a lower energy state is found, 

with an even lower energy state appearing at 2.8 Å. While each state has 3A1 symmetry, the <S2>calc 

indicates increasing spin contamination. 

 

3.3.2 s-block diatomics 

The s-block diatomics included in this study are LiF, NaCl, CaO, and MgO. The T1/D1 

diagnostic values are listed in Table 3.4.  

As expected, the multireference character increases as the bond breaks when the 

internuclear separation increases. LiF and NaCl are well-behaved with both Hcore and Hückel 

guesses producing the same smooth PECs. MgO and CaO both exhibit some multireference 

character throughout the entire potential energy curve as indicated by the T1/D1 diagnostics, even 

near the equilibrium bond length. However, with the exception of the large internuclear distances 

for MgO (see Figure 3.3), ROHF optimizes to a single state wave function for each of these 

molecules. 

Although MgO is significantly multireference throughout the entire curve with T1 and D1 

values greater than 0.02 and 0.05, respectively, ROHF produces a smooth, continuous curve 

describing both the equilibrium region and most of the non-equilibrium region quite well. There 

is only a small discrepancy between the results from the two initial guesses as the bond length is 

increased.  
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Table 3.4  T1/D1 diagnostics for the s-block-containing molecules. 

 r (Å) 

LiF 1.4 1.6 2.5 3.5 

T1 0.013 0.015 0.023 0.040 

D1 0.024 0.027 0.049 0.108 

NaCl 2.0 2.4 3.3 4.0 

T1 0.005 0.006 0.009 0.011 

D1 0.010 0.011 0.021 0.029 

MgO 1.4 1.7 2.5 3.5 

T1 0.069 0.043 0.115 0.087 

D1 0.191 0.107 0.308 0.245 

CaO 1.5 1.8 2.5 3.5 

T1 0.022 0.050 0.089  -  

D1 0.044 0.132 0.181  -  

For CaO at 3.5 Å, the CCSD amplitudes did not converge, which is an indication of either significant multireference 

character or a poor reference wavefunction. 

 

 

 

Figure 3.3 Points calculated for MgO at the ROHF level of theory, using the Hcore and Hückel initial guesses. 

 

3.3.3 Transition metal diatomics 

The transition metal diatomics in the test set are ScO, FeO, TiO, YO, and ZrO. The T1/D1 

diagnostic values are listed in Table 3.5. All of the molecules exhibit some multireference character 

throughout the PECs, although with the exception of FeO, all of the molecules have low diagnostic 

values around the minimum of the curve. As will become evident throughout the discussion of 
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transition metal diatomics, the possible multireference character and the initial guess of the bond 

length can affect the convergence of geometry optimizations.  

Table 3.5  T1/D1 diagnostics for the transition metal-containing molecules. 

 r (Å) 

ScO (2A1) 1.4 1.6 2.5 3.5 

T1 0.026 0.035  -   -  

D1 0.043 0.056  -   -  

FeO (5A2) 1.3 1.7 2.4 4.0 

T1 0.049 0.090 0.026 0.179 

D1 0.097 0.188 0.060 0.665 

TiO (3A1) 1.4 1.6 2.4 3.5 

T1 0.034 0.046 0.029 0.059 

D1 0.058 0.075 0.058 0.104 

YO (2A1) 1.6 1.8 2.5 3.5 

T1 0.025 0.033 0.088 0.076 

D1 0.040 0.054 0.175 0.155 

ZrO (3A1) 1.5 1.7 2.5 3.5 

T1 0.026 0.035 0.126  -  

D1 0.044 0.060 0.258  -  
For ScO and ZrO, the HF wavefunction did not converge, as ROHF is a high-spin theory. At this point on the curve, 

the low-spin case is enforced on the system. 

 

3.3.3.1 ROHF Results 

Both ScO and YO are doublets with one unpaired electron (2A1 ground states). For these 

diatomics, the calculated PECs are well-behaved around the minimum of the curves (see Figures 

3.4 and 3.5, respectively).  

Problems arise as the bond distance increases to the intermediate internuclear distances 

(IID) between equilibrium and dissociation. While the lowest energy state for ScO is still a 2A1 

state, it is 21.4 kcal mol-1 lower in energy than the rest of the curve (see Figure 3.4). The PECs for 

YO exhibits state switching, beginning at 2.6 Å (see Figure 3.5). This is the area of the PEC that 

has the highest multireference character, with a T1 value of 0.088 and a D1 of 0.175, and the 
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multireference character manifests itself in the inability of ROHF calculations to find one ground 

state at each point of the curve. 

 

 

Figure 3.4 Points calculated for ScO at the ROHF level of theory, using both the Hcore and Hückel initial 

guesses. 

 

Figure 3.5 Points calculated for YO at the ROHF level of theory, using both the Hcore and Hückel initial guesses. 

The initial guess for the wave function, either the Hcore or the Hückel guess, had little impact 

on the smoothness (or lack thereof) on the PECs for ScO. The Hückel guess for YO was able to 

determine a single state as the bond length was increased, whereas the Hcore guess produced 

oscillations between two distinct states near dissociation. 
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The ground state for ZrO is 3A1 (see Figure 3.6) along with a degenerate 3A2 state, yet at 

2.6 Å, the lowest energy state is found to be 3B2 when the Hcore initial guess is used. When using 

the Hückel guess, at 2.4 Å, the PEC jumps to a 3B1 state, which is the direct product of A1 and B1 

singly occupied orbitals. Then at 2.6 Å the calculation settles to a 3A1 state. However, this A1 state 

results from the direct product of two B1 orbitals instead of two A1 orbitals, as with the ground 

state around the minimum of the curve. This is a direct result of different d-orbital occupation. TiO 

is also a triplet and the PECs show that the initial guess for the wave function can have an effect 

as well (see Figure 3.7).  

With either initial guess, the ground state near equilibrium is 3A1, which results from the 

direct product of two A1 orbitals (an s and a dx2 orbital) localized on Ti. Yet at 2.1 Å,  the Hcore 

guess finds the lowest energy state for TiO as 3B1 resulting from the combination of a px orbital of 

B1 symmetry localized on O and an s orbital with A1 symmetry localized on Ti. The tail of the 

PEC oscillates between the 3A1 and 3B1 states. As is shown in Figure 3.7, when using the Hcore 

initial guess, it is not obvious that the wave function has changed states. The Hückel guess, 

however, falls into the higher energy 3B1 state around the minimum of the curve, which can be 

problematic for gradient-driven optimizations. Even given an initial geometry close to the 

equilibrium bond length, HF could still optimize to an excited state resulting in an incorrect 

geometry, especially if the ground and excited PECs are not parallel. Non-parallel PECs can be 

problematic as a bad initial guess can result in an incorrect optimized geometry, especially when 

a gradient-driven optimization algorithm is used. In this case the two different initial guesses 

produce PECs with two different equilibrium bond lengths, 1.595 Å for the Hcore guess and 1.600 

Å for the Hückel guess, indicating that the curves resulting from the two different guesses are not 

parallel. While this is only a 0.005 Å difference in the calculated bond length, there could be a 
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greater difference for other molecules.  Fortuitously, the initial guesses had no effect on the 

calculated bond length for the rest of the molecules investigated in the present work. 

 

 

Figure 3.6 Points calculated for ZrO at the ROHF level of theory, using both the Hcore and Hückel initial 

guesses. 

 

 

Figure 3.7 Points calculated for TiO at the ROHF level of theory, using the Hcore and Hückel initial guesses. 

The points between 2.1 and 2.3 Å on the Hückel curve do not converge. 

FeO is an open shell quintet. Unsurprisingly, the T1/D1 diagnostics indicate that FeO 

exhibits multireference character at all internuclear distances. Notably, the area that shows the 

least multireference character according to the T1/D1 diagnostic is at 2.4 Å, firmly in the IID region 
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of the curve, an area that is typically the most multireference due to bond breaking. The ROHF 

reference curves using the Hcore and Hückel initial guesses demonstrate this quite clearly (see 

Figure 3.8).  

 

Figure 3.8 Points calculated for FeO at the ROHF level of theory, using the Hcore and Hückel initial guesses. 

The point at 3.4 Å on the Hcore curve and 3.2 Å on the Hückel curve do not converge. 

The Hcore guess is able to produce a smooth curve close to the minimum, yet there is an 

excited state found at distances just short of equilibrium. The curve also quickly degenerates into 

several different states in the IID region. The Hückel guess, however, is unable to produce a 

smooth curve around the minimum. The lowest energy state between 1.4 Å and 1.66 Å is 5A2, 

while the lowest energy state from 1.67 Å is 5A1. The orbital occupation for the 5A2 has some 

mixing between the Fe 3d and O 2p orbitals with the 3d and 4p orbitals singly occupied, while 

only the 3d orbitals are singly occupied in the 5A1 state. 

An attempt was made to calculate the separate ROHF curves for FeO using the Maximum 

Overlap Method (MOM) approach99 beginning from an Hcore initial guess, yet even this was unable 

to isolate the different states towards dissociation (see Figure 3.9). Around equilibrium, two 

distinct states are produced, yet the IID region shows several different states. The different curves 
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have different equilibrium bond lengths as well. The 5A1 ground state produces an equilibrium 

bond length of 1.68 Å, while the higher 5A2 state has a bond length of 1.79 Å.   

 

Figure 3.9 Ground state (5A1) and excited state (5A2) curves for FeO, using the Maximum Overlap Method 

(MOM), calculated at the ROHF level of theory. The optimized orbitals from a point on the excited state curve were 

used as the initial guess for subsequent points. Orbital rotations were restricted to attempt to stay in the same electronic 

state. The curves are smooth and continuous around the minima, yet are unable to stay on the same curve as the bond 

length increases. These curves also demonstrate that the ground state and excited state curves are not always parallel, 

as the equilibrium bond distance for the ground state is 1.680 Å and for the excited state is 1.790 Å. 

The inability to produce a smooth potential energy curve is a basis set independent 

phenomenon. The Dunning-style correlation consistent polarized valence triple-ζ basis sets48,58 

were also utilized with ROHF to calculate the potential energy curves for FeO as shown in Figure 

3.10.  

As ROHF tends to enforce heterolytic dissociation, UHF was also utilized to calculate 

points on the potential energy curve for FeO (see Figure 3.11). The Hückel initial guess identifies 

the ground state as 5A1. Notably, the curve is much smoother around the minimum, which is the 

region that ROHF was unable to describe. At 2.0 Å, the calculation converges to an excited 5A1 

state. The Hcore initial guess in conjunction with UHF is unable to produce a smooth curve at 

equilibrium. There is oscillation between the 5B1 ground state and an excited 5B1 that is noticeably 

not parallel to the ground state curve. This demonstrates that even a reasonable initial guess of the 

geometry for FeO can result in the incorrect state and a different equilibrium bond length. 



51 

 

 

Figure 3.10 Points calculated for FeO at the ROHF level of theory, using the Hcore and Hückel initial guesses 

and cc-pVTZ basis sets. The points at 2.4 and 3.1 Å on the Hcore curve and 2.5, 2.9, 3.2, and 3.5 Å on the Hückel curve 

do not converge. 

 

Figure 3.11 Points calculated for FeO at the UHF level of theory, using the Hcore and Hückel initial guesses. The 

difference between the calculated <S2> and <S2> for the pure spin state (<S2>calc  - <S2>exact) are inset. 

The spin contamination for the points on the calculated PEC are shown by the inset graph 

of Figure 3.11 and in Table 3.6. When the calculation converges to an excited state curve, there is 

an accompanying increase in the <S2> value.  
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It is clear that calculation of the FeO potential energy curve will benefit from a 

multireference treatment. This is a result of near degeneracies arising from the 4s and 3d orbitals 

in addition to the breaking of the Fe-O bond at long internuclear distance. Thus, any active space 

employed must account for both sources of multireference character. A sensible active space 

would then include the Fe 4s and 3d orbitals and the O 2p orbital set. While only two O 2p orbitals 

may take part in bonding to Fe, the full set should initially be included due to the degeneracy of 

the O 2p orbital set.  Given this initial (12,9) active space, it may be possible to truncate the active 

space if it can be shown that occupation of any orbitals remains constant (doubly occupied or 

unoccupied) for all internuclear distances. It is known that the ground state term of FeO is 5∆ with 

A2 symmetry,[21] while there also is a low-lying 5Σ+ state with A1 symmetry known.124,125 If it is 

assumed that FeO exists as Fe2+O2-, then Fe exists in the 5D state with a valence configuration of 

4s03d6. Thus, it may be possible to cut the 4s orbital out of the active space if it is shown to have 

negligible occupation at all internuclear distances, i.e. Fe is Fe(II) at all internuclear distances. This 

would allow for a reduced active space of (12,8). The smooth potential energy curve with this 

active space is shown in Figure 3.12. 

 

Figure 3.12 Points calculated for FeO at the CASSCF level of theory, using a (12,8) active space. 
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3.3.3.2 CR-CC(2,3) Results 

 If the ROHF wave function providing the reference for correlated calculations is 

not correct, then the correlated calculations may be incorrect as well. The exception to this would 

be full CI calculations, or coupled cluster or many-body perturbation theory calculations that 

converge to full CI in the full expansion. These results are independent of the reference wave 

function, yet a good reference will speed up convergence. This is demonstrated by the PECs for 

O2, YO, and FeO (see Figures 3.13-3.15).  

Table 3.6 <S2>calc - <S2>exact at 0.1 Å increments along the UHF curve for FeO. 

FeO Hcore guess Hückel guess 

r (Å) <S2>calc - <S2>exact <S2>calc - <S2>exact 

1.40 0.471 0.471 

1.50 0.666 0.666 

1.60 0.773 0.773 

1.70 0.833 0.833 

1.75 0.970 0.854 

1.80 0.871 0.871 

1.90 0.896 0.896 

2.00 0.913 0.944 

2.10 0.925 0.925 

2.20 1.005 0.935 

2.30 1.008 0.942 

2.40 1.015 0.948 

2.50 1.046 0.953 

2.60 1.186 0.957 

2.70 0.885 0.960 

2.80 0.919 0.963 

2.90 0.943 0.966 

3.00 0.960 0.969 

3.10 1.416 0.971 

3.20 0.983 0.984 

3.30 1.028 0.976 

3.40 1.047 0.979 

3.50 1.013 0.321 
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The PECs for O2 show the same oscillating behavior between the homolytic and heterolytic 

dissociation states, yet the Hcore guess produces only the heterolytic curve (see Figure 3.13). The 

ROHF PEC for YO using the Hcore initial guess (Figure 3.5) has some oscillation between states 

beginning in the IID region of the PEC, extending out towards dissociation. This same problem is 

evident for CR-CC(2,3) as shown in  Figure 3.14. The calculations based on the Hückel guess 

result in a smoother curve, although still not in one single state, as evidenced by the small “kink” 

in the curve at 2.7 Å. 

The PECs for FeO exhibit much less oscillation between two different states, yet the curve 

resulting from the Hückel guess has a discontinuity between 1.7 and 1.8 Å (see Figure 3.15). From 

1.4 to 1.7 Å, the curve calculated using the Hückel guess follows the higher energy 5A2 state, and 

then at 1.8 Å shifts to the lower energy 5A1 state. 

 

Figure 3.13 Points calculated for O2 at the CR-CC(2,3) level of theory, using the Hcore and Hückel initial guesses. 

The point at 2.7 Å using the Hcore guess did not converge. 
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Figure 3.14 Points calculated for YO at the CR-CC(2,3) level of theory, using the Hcore and Hückel initial 

guesses. 

 

Figure 3.15 Points calculated for FeO at the CR-CC(2,3) level of theory, using the Hcore and Hückel initial 

guesses. The point at 2.6 Å using the Hcore guess and the points at 3.2, 3.4, and 3.5 Å using the Hückel guess do not 

converge. 

 

3.3.3.3 DFT Results 

 PECs for FeO were calculated using RODFT with the B3LYP, PBE0, M06, and 

M11 functionals (Figures 3.16-3.19, respectively). Using B3LYP and the Hcore initial guess, a 

smooth curve is computed for the region between 1.4 Å and 2.2 Å, with a ground electronic state 

of 5A1 resulting from the direct product of an A1 orbital, an A2 orbital, a B1 orbital, and a B2 orbital, 

all of which are d orbitals on iron. However, B3LYP calculations are unable to converge to any 
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state after 2.2 Å (Figure 3.16). The Hückel guess produces two electronic states close to 

equilibrium. The ground state is a 5A1 state that results from single occupation of an A1 orbital, an 

A2 orbital, a B1 orbital, and a B2 orbital, all of which are also iron d orbitals. The other electronic 

state is found at 1.7 Å, which is a 5A2 state that results from a combination of an s orbital and a dz2 

orbital localized on iron with A1 symmetry, a B2 orbital, and a B1 orbital, both of which are d 

orbitals. The 5A2 excited state is 83 kcal mol-1 higher than the ground state. Beyond 2.0 Å, the 

calculations that utilize the Hückel guess do not converge. 

 

Figure 3.16 Points calculated for FeO at the B3LYP level of theory, using the Hcore and Hückel initial guesses. 

The calculations do not converge past 2.0 Å using the Hückel guess or 2.2 Å using the Hcore guess. 

PBE0 does not perform much better (Figure 3.17) than B3LYP. Around the minimum of 

the curve, the Hcore guess produces a smooth curve corresponding to a 5A2 state. This state is a 

combination of a B1 orbital, a B2 orbital, and two A1 orbitals, all of which are d orbitals. At 2.1 Å 

the calculation optimizes to an excited 5A1 state, which results from a combination of two d orbitals 

localized on iron with B1 and B2 symmetry, and the 2px and 2 py orbitals, with B1 and B2 symmetry 

respectively, localized on oxygen. Past 2.1 Å with the Hcore guess and 2.0 Å with the Hückel guess, 

PBE0 is also unable to converge to any state. The Hückel guess once again lands in an excited 

state at 1.7 Å that is 86 kcal mol-1 above the ground state. The ground state is a 5A1 and the excited 
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state found at 1.7 Å is a 5A2 state. The ground 5A1 state is a combination of an A2 orbital, an A1 

orbital, a B1 orbital, and a B2 orbital, all of which are d orbitals on iron. The excited state 5A2 

results from the occupation of two A1 orbitals, a B2 orbital, and a B1 orbital, similar to the 

population of the excited state calculated with B3LYP. 

 

Figure 3.17 Points calculated for FeO at the PBE0 level of theory, using the Hcore and Hückel initial guesses. 

The calculations do not converge past 2.0 Å using the Hückel guess or 2.1 Å using the Hcore guess. 

Although the M06 functional was fairly broadly parameterized in the course of its 

construction, problems still arise when calculating a potential energy curve for FeO (Figure 3.18). 

Using the Hcore initial guess, only the points between 1.7 and 2.0 Å converged successfully. From 

this point, however, the optimized orbitals from a converged point were used as the initial guess 

for the next point on the curve with orbital rotations restricted. Similar to the MOM method, this 

does ensure that the calculated curve is constrained to one electronic state. However, with the 

exception of a converged point at 2.6 Å, the points for the remainder of the curve past 2.2 Å do 

not converge. Using the Hückel initial guess results in only two points that converged, at 1.8 and 

2.0 Å. With the optimized orbitals from these two points, points at 1.7 and 1.9 Å were converged. 

For the remainder of the curve, however, even utilizing the optimized orbitals as an initial guess 

did not provide a good enough starting guess for the calculations to converge. 
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Figure 3.18 Points calculated for FeO at the M06 level of theory, using the Hcore initial guess. The calculations 

do not converge past 2.2 Å using the Hcore guess. Only four points on the curve converged using the Hückel guess. 

The M11 functional performed by far the best of the tested functionals in calculating the 

potential energy curve for FeO (Figure 3.19). Using the Hcore initial guess a curve was produced 

that was mostly smooth around the minimum with the exception of a point at 1.55 Å. The 

calculated electronic state is 5A1, a state that results from a combination of an A2, A1, B2, and B1 

orbitals, all of which are iron d orbitals. The Hcore initial guess was sufficient for the points to 

converge from 1.4 Å to 1.64 Å. At 1.65 Å, the optimized orbitals were used for the starting guess, 

but it was not necessary to restrict orbital rotations to reach convergence until points in the IID 

region of the curve (specifically, 2.2, 2.3, 2.5, 3.2, and 3.3 Å). The point at 2.5 Å is a 5A2 electronic 

state, from the occupation of a B1, B2, and two A1 orbitals, all of which are still iron d orbitals. At 

2.6 Å, there is a discontinuity in the curve and a lower energy electronic state is followed for the 

remainder of the curve. This electronic state is 5B2, from the occupation of a B1 orbital that is a 

combination of an iron d orbital and an oxygen p orbital, and A1, B2, and B1 orbitals, all of which 

are iron d orbitals. This is a limitation inherent in using a restricted open shell formulation to 

describe dissociation.  
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Figure 3.19 Points calculated for FeO at the M11 level of theory, using the Hcore and Hückel initial guesses. 

The Hückel initial guess is sufficient for points to converge from 1.4 to 2.1 Å, however the 

curve is not continuous, especially beginning at 2.0 Å. From 2.2 to 2.5 Å, the optimized orbitals 

had to provide the initial guess in order for the calculation to converge, and from 2.6 Å orbital 

rotations had to be restricted as well. The calculated electronic ground state at the minimum is a 

5A1 state. The occupation is in iron d orbitals of symmetry A2, A1, B2, and B1. At 2.0 Å, the 

electronic state changes to 5B1 (the direct product of B2, A1, A2, and A1 orbitals), with an oxygen 

px orbital included within the singly occupied orbitals. The excited state at 2.2 Å results from the 

occupation of an iron s orbital as well as an oxygen px orbital and is a 5A1 state. At 3.0 Å, the 

electronic state is still a 5A1 state, yet this is a result of a combination of oxygen px and py orbitals 

being populated. The potential energy curve generated by the Hückel guess demonstrates that, 

although the calculations converged to an answer fairly easily, inspection of the singly occupied 

orbitals shows that an excited state has been determined to be the ground state. 

In addition to determining the equilibrium bond length from the minimum of the calculated 

potential energy curve, gradient-drive geometry optimizations were performed using the M11 

functional as well, beginning with both the Hcore and Hückel initial guesses. The optimized bond 



60 

length determined using the Hcore initial guess was 1.607 Å, the same as the bond length determined 

from the minimum of the potential energy curve. The optimized bond length resulting from the 

Hückel initial guess was 1.643 Å, 0.036 Å longer than the bond length at the bottom of the potential 

energy curve (also 1.607 Å). The experimental bond length is 1.626 Å, as seen in Table 3.1. The 

Hcore-optimized bond length and the PEC-determined bond lengths are all 0.019 Å too short, while 

the optimized bond length from the Hückel guess is 0.017 Å too long.  

These calculated curves demonstrate that DFT is not immune to the excited state 

optimization problems either. While using a combination of DFT and the Hcore initial guess, along 

with an initial bond length close to equilibrium, a correct bond distance can be computed. 

However, using the Hückel guess can result in optimization to the wrong state and neither method 

is able to produce good initial orbitals at large internuclear distances. 

 

3.4 Conclusions 

 Potential energy curves for a set of diatomic molecules were calculated using 

Hartree-Fock, CR-CC(2,3), and DFT with the B3LYP and PBE0 functionals. For some systems, 

HF erroneously converged to an excited state instead of the ground state of the molecule. 

Inspection of the optimized orbitals is imperative to determine that the calculation has converged 

to the intended state. While optimization techniques such as the Newton-Raphson method will 

converge to a local minimum with respect to the orbital coefficients, the initial orbital guess must 

be correctly populated as the Newton-Raphson method finds the nearest minimum rather than the 

global minimum. The initial guess can be generated through several commonly used options within 

computational chemistry software packages, but care must still be taken that the correct orbitals 

are being populated. This requires analysis of the converged orbitals.  
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In situations that contain parallel potential energy curves, convergence to an excited state 

during a geometry optimization will not impact the optimized geometry. Not every system has 

parallel potential energy curves, however, and large deviations in the optimized geometries can be 

observed. 

 Even in cases of relatively small multireference character, such as for TiO, HF can have 

difficulty converging to a single state. For molecules with significant multireference character such 

as FeO, it is clearly more reasonable to use multireference methods of calculation. However, the 

SCF wave function provides a basis for a multireference calculation as well, and the convergence 

rate of the multireference calculation may depend on the quality of the SCF orbitals used. For this 

reason, it is of utmost importance to review the optimized wave function and ensure that the 

calculation has converged to the correct state. 

It is notable that all molecules examined here possess a high degree of spatial symmetry.  

Issues with optimization to any of the multiple low-lying excited states may be less severe if less 

symmetry or no symmetry were present as this lifts many of the degeneracies that exasperate the 

problem of multiple stable solutions to the Hartree-Fock equations (i.e. Löwdin’s symmetry 

dilemma).126 
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4.1 Introduction 

The solution of the Schrödinger equation in electronic structure calculations requires a 

number of approximations. Commonly, a finite basis set is used, resulting in an error in the 

calculated energy in comparison to that of an infinite (theoretical), or complete, basis set. This 

error can be referred to as the basis set incompleteness error. Hierarchies of basis sets have 

emerged, however, which result in systematic convergence in properties such as bond distances or 

energies with respect to increasing basis set size to a limit, typically referred to as the complete 

basis set (CBS) limit. Extrapolation of these properties can minimize the basis set incompleteness 

error. In principle, when this error is reduced to zero, then the complete basis set (CBS) limit is 

obtained. This limit is the point at which no further improvement in the basis set will improve upon 

or change the property prediction, and the remaining error in the approximations can be attributed 

to the choice of method utilized.127 These characteristics make the CBS limit a useful reference for 

approaches such as ab initio composite methods, as well as provide insight about the performance 

of computational methods. 

In principle, the CBS limit can be obtained from calculations performed using only a 

double-ζ and triple-ζ basis set (though larger basis may be needed) and this can eliminate the need 

for larger, more computationally expensive  (i.e., computer time, memory, and disk space 

requirements) calculations. Systematic behavior from hierarchical basis sets has been well 

                                                 
† This entire chapter is reprinted from Chemical Physics Letters, Vol. 637, R. Weber, B. Hovda, G. Schoendorff, A. 

K. Wilson, “Behavior of the Sapporo-nZP-2012 basis set family,” pp. 120-126, 2015, with permission from Elsevier. 

Parts of the work presented in this chapter were carried out by B. Hovda and G. Schoendorff.  
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established46,63,78,128,129 for the correlation consistent basis sets,48,49,52,58,60 with recent advances 

designed for density functional theory (DFT) calculations.130,131 

While there are many families of basis sets for which smooth convergence to the CBS limit 

does not occur for properties, there are a number of sets for which this unique characteristic has 

not yet been well studied. Particularly for areas of the periodic table for which cc-pVnZ basis sets, 

for example, have not yet fully emerged, considering the possibility of convergent behavior for 

properties with other basis sets is important. One hierarchical basis set family is the Sapporo-nZP-

2012 family.116,132 The Sapporo sets are compact segmented basis sets, designed to recover the 

correlation energy of a system efficiently. These basis sets were based on the original NOSeC-nZP 

sets (n = D, T, Q),133 which were designed to represent the space spanned by atomic natural orbitals 

(ANOs) as determined by configuration interaction (CI) calculations. The Sapporo sets improve 

upon the NOSeC-nZP basis sets by including important core-valence correlation through 

correlation of the subvalence electrons [i.e. the n and (n-1) shell of electrons, n being the primary 

quantum number].  

The nZP sets are based upon the primitive sets of Huzinaga, et al.134 which were extended 

by adding higher angular momentum functions and used to determine a set of accurate natural 

orbitals (NOs). The nZP sets were created by truncating the NOs derived from non-relativistic CI 

calculations.‡ For the transition metal atoms, the ns and (n-1)s, p, and d electrons were included 

within the correlation space. The sizes of the nZP sets were determined using cc-pVnZ sets as a 

guide, e.g. the size of the double-ζ set for scandium (Sc) is [6s4p3d1f], beginning from a minimal 

basis of [4s3p1d]. To determine the core correlating functions, the HF sets of Tatewaki and Koga 

were used.135-138 The n and (n-1) shells of orbitals were decontracted and the valence correlating 

                                                 
‡ For the relativistic variant of the basis sets, the 3rd order Douglas-Kroll Hamiltonian was used for relativistic CI 

calculations. 
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functions from the NOSeC-nZP sets were added. If the numbers of the decontracted s and p 

primitives included were found to be lacking, then additional primitives were added. The functions 

were optimized to reproduce the ANO’s, and were optimized for computational efficiency. 

Because of small energetic contributions, the authors removed one s-type, p-type, and d-type 

function each from the quadruple-ζ sets for fourth and fifth row atoms, thereby reducing the size 

of the basis set. In CI calculations, the Sapporo sets have been shown to recover more than 90% 

of the atomic correlation energy compared to using ANOs.116 The Sapporo sets have fewer 

contracted basis functions than the corresponding correlation consistent sets. For example, for 

titanium, the Sapporo-TZP-2012 basis set results in 69 contracted basis functions, while the 

corresponding correlation consistent triple-ζ set (cc-pwCVTZ) results in 102 contracted functions.  

While the Sapporo sets were designed to provide a hierarchy of efficient basis sets, limited, 

if any, attention has been given to the possible convergence of properties with respect to increasing 

basis set size for these sets. In part, this may be due to construction, particularly as the cc-pVnZ 

sets are available for so much of the periodic table, and are explicitly designed to address a 

systematic accounting for the correlation energy. In considering transition metal and heavier p-

block systems, the correlation consistent family of sets includes all-electron and effective core 

potential (ECP)-based sets for heavy p-block61 and ECP-based sets for transition metals and all-

electron sets for some of the transition metals.58,59,73,139 

For the heaviest of elements, there are fewer basis set options than for lighter elements. A 

basis set option that is available for the heaviest of elements is the Dyall correlation consistent 

family of basis sets designed for four-component relativistic calculations.140 While these sets can 

be uncontracted for use in calculations, another approach is to utilize an ECP-based approach for 

basis set development, as has been recently utilized by Peterson for uranium and thorium.62 Despite 
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these and likely continuing developments, the Sapporo-nZP-2012 sets already exist across the 

periodic table and provide a series of sets worth considering for possible convergence of properties 

towards the CBS limit. Having routes to achieve CBS limits for the heaviest of elements will 

enable a greater understanding of methodological needs for molecules including such elements. 

Though our interest is in the heaviest of elements, the behavior of the sets for lighter 

elements can be considered, as there are other useful sources for comparison, including the cc-

pVnZ sets. As well, numerical Hartree-Fock (HF) calculations can be utilized as an excellent 

reference, particularly as numerical HF is a basis set independent method. Prior work has 

demonstrated that the numerical HF energy can be considered the HF limit, given a sufficiently 

large grid size.141-144 In fact, numerical HF energies have been utilized as the HF limit in studies 

of the convergence behavior of different basis set families.77,143-146 The efficacy of various 

extrapolation schemes for estimating the HF limit may be tested by comparing the extrapolated 

energies to the numerical HF energy. 

In this study, the convergence behavior of the total atomic energies calculated at the 

nonrelativistic HF level of theory using the Sapporo-nZP-2012 basis sets is investigated by 

comparing computed energies to nonrelativistic numerical HF energies. Convergence of the 

correlation energy has also been considered. 

 

4.2 Extrapolation Schemes 

For cc-pVnZ, many schemes have been proposed for extrapolation of energies to the CBS 

limit, including utilizing an exponential form, an inverse power form, or a combination of the two 

to describe the asymptotic behavior of the total energy.75,78,79,129,147-149 Previous work has 

demonstrated that an exponential function better describes the convergence behavior for HF 
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energies obtained with the cc-pVnZ sets than the power form, which is generally utilized for 

correlation energies.77,144,146,150 It should be noted that the extrapolation schemes utilized in this 

study have originally been identified for use with the correlation consistent basis sets. Therefore, 

it is important to consider different functional forms for the extrapolations in this work, as what is 

effective in extrapolating correlation consistent energies may not work well with the Sapporo sets. 

As such, three exponential schemes and three inverse power schemes have been considered in this 

study as possible routes to extrapolation. 

The exponential extrapolation scheme originally proposed by Feller (Eqn. 4.1) is an 

approach that has been shown to perform well with the correlation consistent basis sets.75,77,146 

   )exp( BnAEEx       (4.1) 

In Eqn. 4.1, Ex is the energy at each level of basis set, where n = D (2), T (3), and Q (4); 

E∞ is the limit of the HF energy; A and B are fitting parameters; and n is the quality of basis set. 

Eqn. 4.1 is generally used as a three-point extrapolation. A value of 1.63 for B has been shown to 

provide the lowest mean absolute deviation (MAD) for main group diatomics in comparison to 

numerical HF when using correlation consistent basis sets, enabling a reduction in parameters from 

a three point to a two point extrapolation scheme.77 A subsequent study demonstrated that, while 

optimizing the parameter B for transition metal diatomics does reduce the MAD from numerical 

HF energies, overall it is a negligible error reduction. Therefore, Eqn. 4.1 with a B value of 1.63 

is suggested for use in the extrapolation of HF energies for both main group and transition metals 

and will be tested with the Sapporo-2012 basis sets as well.146 The second extrapolation formula 

is an exponential form proposed by Jensen144 and modified by Karton and Martin149 (Eqn. 4.2) and 

is utilized within the W4 composite method.74  

   maxmax 9exp1 llAEEx       (4.2) 
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In Eqn. 4.2, Ex is the energy at each level of basis set; E∞ is the energy at the CBS limit; 

lmax is the maximum angular moment included within the basis set; and A is a fitting parameter. 

Another extrapolation scheme is the widely used three-point mixed Gaussian/exponential scheme 

of Peterson and co-workers (Eqn. 4.3).78 

     2
1exp1exp   nBnAEEx    (4.3) 

In Eqn. 4.3, Ex and E∞ are the energies at the basis set level and limit, respectively; A and 

B are fitting parameters; and n is the ζ-level of the basis set. Previous studies on the cc-pVnZ 

family have demonstrated that of the exponential extrapolation schemes listed here, Eqn. 4.1 with 

a B value of 1.63 results in the lowest mean absolute deviation (MAD) for energies in comparison 

to numerical HF.76,77,146 A variant of the Peterson extrapolation is proposed in which the (n-1) term 

is replaced by the  maxlC  term from the Karton and Martin extrapolation (Eqn. 4.2), in which C 

was optimized to 1.544. 

    




 

2

maxmax 544.1exp544.1exp lBlAEEx
   (4.4) 

Additionally, a combination exponential scheme is also proposed that combines aspects of 

the Feller and Karton and Martin schemes (Eqn. 4.5). 

 nBnAEEx 4exp)63.1exp(       (4.5) 

Based on work by Schwartz,79 Caroll et al.,80 and Hill,81 inverse cubic (Eqn. 4.6) and 

inverse quartic (Eqn. 4.7) schemes have shown to be successful for extrapolations to the CBS limit 

for the cc-pVnZ basis sets. 

Ex = E¥ +A lmax( )
-3

           (4.6) 

  4

max 2
1



  lAEEx      (4.7) 
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Another scheme dependent on a series of inverse power functions was determined by 

Wilson and Dunning to be very effective in extrapolating MP2 energies (Eqn. 4.8).129 

   5max

4

max 11 



 

l

B

l

A
EEx      (4.8) 

In Eqns. 4.6-4.8, Ex and E∞ are the energies at the basis set level and limit, respectively; A and B 

are fitting parameters; and lmax is the maximum angular momentum in the basis set. 

While extrapolation to the CBS limit is possible in principle, the fact that there are 

numerous extrapolation schemes that produce varying results suggests that even the extrapolation 

methods are approximate.146,148,151 All of the extrapolation schemes minimize the basis set 

incompleteness error such that they recover the “CBS” limit. In a previous study, several different 

extrapolation schemes, including some that were considered in this study (i.e. F, P, S3, S4), were 

used to estimate the HF limit of 3d transition metal-containing systems utilizing the correlation 

consistent basis sets.146 Using the cc-pVTZ and cc-pVQZ energies and the F scheme with varying 

B values, a range of 300-800 µEh from the numerical Hartree-Fock limit was obtained. Inclusion 

of diffuse functions within the basis sets reduced this error to 200-400 µEh. Utilizing the cc-pVQZ 

and cc-pV5Z sets within the extrapolation, the range of the results was much reduced to about 20 

µEh, yet the error from the numerical HF was still on the order of almost 200 µEh. This 

demonstrates that the incompleteness error present from the basis sets is not completely eliminated, 

yet the deviation from the numerical HF limit is so small that the CBS limit is effectively obtained. 

Previous studies with cc-pVnZ sets have advocated separately extrapolating the HF and 

correlation energies.71,73,74  In this work, extrapolations of the total energies and the separate 

energies obtained with the Sapporo-2012 sets are performed.  

While certainly there are many other equation forms that could be considered for the 

calculation of CBS limits, the equations that have been examined in this work may enable the use 
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of convergent behavior of properties determined with the Sapporo-nZP-2012 basis sets to a limit 

and how this limit compares with the numerical HF limit for HF calculations to be ascertained.   

 

4.3 Computational Methods 

All calculations were performed using the NWChem software package.152 The 4s13dn and 

4s23dn-1 states of the 3d transition metal atoms were calculated using restricted open-shell Hartree-

Fock (ROHF) with the Sapporo-nZP-2012 (n = D, T, Q) basis sets. The ROHF energies were 

compared to ROHF energies obtained using the cc-pVnZ (n = T, Q, 5) basis sets (previously 

published by Balabanov and Peterson)58 and nonrelativistic numerical Hartree-Fock energies that 

are accurate to at least 1 μEh.
141,142 Although a double-ζ energy can provide a useful anchor in 

extrapolations,54,55 the cc-pVDZ basis sets for Sc – Zn were not developed in a correlation 

consistent fashion§ and so were not considered in this study. If required, orbitals were rotated to 

the desired (i.e. lowest energy) occupation and the Maximum Overlap Method (MOM)99 was 

utilized to maintain occupation of the selected electronic state. The electronic states of the atoms 

are the same states utilized by Balabanov and Peterson during the creation of the 3d correlation 

consistent sets. The final energies were obtained with no symmetry restrictions to ensure a 

positive-definite solution on the orbital potential energy surface. Relativistic effects were not 

included in the atomic calculations as the numerical HF energies did not include relativistic effects. 

The atomic energies were calculated for each level of basis set and then extrapolated using the 

schemes described below. The following abbreviations are used herein for the extrapolation 

schemes: F indicates the Feller extrapolation (Eqn. 4.1); KM indicates the Karton and Martin 

                                                 
§ Beginning with the cc-pVTZ set, the last atomic natural orbital (ANO) contraction was removed from the s, p, and 

d shells, as well as the g function. The two f functions in the cc-pVTZ set were contracted to one function. Otherwise, 

the sets are the same. Ref. 58 
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extrapolation (Eqn. 4.2); P indicates the Peterson extrapolation (Eqn. 4.3); P+KM is the 

combination of the Peterson and KM schemes (Eqn. 4.4) and F+KM is the combination of the 

Feller and KM schemes (Eqn. 4.5); S3 and S4 denote the inverse cubic and quartic schemes of 

Schwartz (Eqns. 4.6 and 4.7, respectively); WD denotes the Wilson and Dunning inverse power 

series (Eqn. 4.8). The quality of the basis set included within the extrapolation appears in 

parentheses after the abbreviation. For example, F(DTQ) corresponds to a three-point 

extrapolation utilizing the Feller extrapolation with the energies from the double-ζ, triple-ζ, and 

quadruple-ζ basis sets. 

Additionally, CCSD(T) single point calculations were performed on the ground states of 

each atom using the Sapporo-nZP-2012 (n = D, T, Q) and cc-pwCVnZ (n = T, Q, 5) basis sets. 

The valence and subvalence electrons were included within the correlation space when the core-

valence basis sets are used. The same extrapolation schemes were utilized for the correlation 

energies as were used for HF energies. 

 

4.4 Results and Discussion  

Shown in Table 4.1 are deviations between ROHF/cc-pVnZ and numerical HF energies, in 

mEh, of the ground and excited states as the size of the cc-pVnZ set is increased from triple-ζ to 

quintuple-ζ. The absolute energies at each basis set level were obtained from Balabanov and 

Peterson (Ref. 58) and are reproduced in Appendix A. At the quadruple-ζ level, the mean absolute 

deviation (MAD) from numerical HF in the calculated atomic energies is less than 0.1 mEh. At the 

quintuple-ζ level, the MAD is less than 0.02 mEh, and so can be considered converged at this point. 

The MADs resulting from exponential schemes are smaller than those obtained using an inverse 

power scheme, as is expected with the correlation consistent basis sets. (The results from all 
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extrapolation schemes can be found in Appendix A.) All of the exponential extrapolations utilized 

have an accuracy of 10-3 mEh in comparison to numerical HF energies, with the KM extrapolation 

resulting in the lowest MAD.  

Table 4.1  Deviation from the numerical Hartree-Fock (NHF) energies for the ground and excited states of the 

3d transition metals (mEh) calculated at the ROHF/cc-pVnZ (n = T, Q, 5) level of theory using C1 symmetry. The 

mean absolute deviation (MAD) from NHF is also reported in mEh. F indicates the Feller extrapolation; KM indicates 

the Karton and Martin extrapolation; P indicates the Peterson extrapolation; the letters in parenthesis indicate which 

basis set levels were included within the extrapolation. The atomic energies are from Ref. 58; the extrapolations have 

been performed for this work. 

Atom Electronic State TZ QZ 5Z F(TQ5) F(Q5) KM(Q5) P(TQ5) 

Sc [Ar]4s23d 2D 0.268 0.034 0.004  0.000 -0.003 -0.002 -0.008 

 [Ar]4s3d2 4F 0.359 0.047 0.005 -0.002 -0.005 -0.004 -0.013 

Ti [Ar]4s23d2 3F 0.386 0.039 0.005  0.001 -0.003 -0.002 -0.006 

 [Ar]4s3d3 5F 0.469 0.051 0.006  0.001 -0.005 -0.003 -0.010 

V [Ar]4s23d3 4F 0.504 0.045 0.007  0.004 -0.002 -0.001 -0.003 

 [Ar]4s3d4 6D 0.582 0.055 0.007  0.002 -0.005 -0.003 -0.007 

Cr [Ar]4s3d5 7S 0.698 0.060 0.012  0.008  0.000  0.002  0.002 

 [Ar]4s23d4 5D 0.749 0.069 0.009  0.003 -0.006 -0.003 -0.008 

Mn [Ar]4s23d5 6S 0.880 0.061 0.008  0.004 -0.005 -0.003  0.001 

 [Ar]4s3d6 6D 0.970 0.076 0.013  0.008 -0.002  0.000  0.002 

Fe [Ar]4s23d6 5D 1.108 0.076 0.016  0.012  0.001  0.004  0.011 

 [Ar]4s3d7 5F 1.209 0.091 0.016  0.011 -0.002  0.001  0.004 

Co [Ar]4s23d7 4F 1.353 0.079 0.012  0.008 -0.004 -0.002  0.011 

 [Ar]4s3d8 4F 1.466 0.098 0.012  0.006 -0.009 -0.006  0.001 

Ni [Ar]4s23d8 3F 1.658 0.098 0.020  0.016  0.001  0.004  0.022 

 [Ar]4s3d9 3D 1.737 0.122 0.021  0.014 -0.004  0.000  0.009 

Cu [Ar]4s3d10 2S 1.814 0.126 0.015  0.007 -0.012 -0.008 -0.001 

 [Ar]4s23d9 2D 1.414 0.088 0.012  0.007 -0.007 -0.004  0.007 

Zn [Ar]4s23d10 1S 1.465 0.095 0.016  0.011 -0.003  0.000 -0.010 

 [Ar]4s3d104p1 3P 1.669 0.152 0.045  0.037  0.019  0.023  0.025 

          

  MAD 1.038 0.078 0.013  0.008  0.005  0.004  0.008 
 

 

To help assess if the Sapporo-2012 HF set is able to describe the occupied orbitals 

adequately, the radial distribution functions were computed for the Zn 1s, 2s, 2p, 4s, and 3d orbitals 

and compared to those obtained with the cc-pVTZ set in Figure 4.1. The curves obtained using 

each basis set family are almost identical for each orbital type. This indicates that the Sapporo-
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2012 HF set is able to describe the spatial extent of the orbitals on par with the correlation 

consistent HF set. However, the orbital energies are different. For example, the Sapporo-TZP-2012 

energy of the Zn 1s orbital is -353.289 Eh, while the cc-pVTZ Zn 1s orbital energy is -353.304 Eh. 

The larger number of functions in cc-pVTZ allows for greater variational flexibility in the wave 

functions and the additional tight functions, allows a better description of the core orbitals and the 

nodal structure of the valence orbitals, which results in a lower energy. 

As is expected with energies that converge to a limit, the largest improvement in energy 

recovered with the Sapporo-nZP-2012 sets is upon increasing the basis set from double-ζ to triple-

ζ. Typically the MAD from numerical HF can be used as a good metric of the basis set quality for 

the HF energy, as for the correlation consistent sets. Yet even visual inspection of the convergent 

behavior of the Sapporo-2012 sets, as reflected by the deviations in Table 4.2, indicates that the 

asymptotic limit of these sets is higher in energy than the numerical HF energy. Instead, to 

determine the quality of the functional fit to the data, a metric by which to judge the “best” 

extrapolation scheme for the Sapporo sets is the root-mean-squared deviation (RMSD) of the 

functional fit to the computed energies at each ζ level. 

When a two-point extrapolation was performed, the two highest quality basis sets were 

used (e.g. the triple-ζ and quadruple-ζ sets). The double-ζ and triple-ζ energies were also tested in 

the two-point extrapolations, but this routinely led to higher extrapolated energies than an 

extrapolation using triple-ζ and quadruple-ζ energies (see Appendix A) and so will not be discussed 

further. 
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Figure 4.1 Radial distribution functions for the Zn 1s, 2s, and 2p orbitals (top graph) and 4s and 3d orbitals 

(bottom graph), using the cc-pVTZ and Sapporo-TZP-2012 basis sets. The distributions obtained from each basis set 

family are almost completely identical, making it appear as though there is only one line. 
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Table 4.2 Deviation from the numerical Hartree-Fock energies for the ground and excited states of the 3d 

transition metals (mEh) calculated at the ROHF/Sapporo-2012-nZP (n = D, T, Q) level of theory using C1 symmetry. 

The mean absolute deviation (MAD) from numerical HF is also reported. 

Atom Electronic State DZ TZ QZ 

Sc [Ar]4s23d 2D 18.97 18.03 17.41 

 [Ar]4s3d2 4F 19.37 18.30 17.60 

Ti [Ar]4s23d2 3F 21.09 19.54 19.25 

 [Ar]4s3d3 5F 21.42 20.35 19.80 

V [Ar]4s23d3 4F 23.22 21.82 21.64 

 [Ar]4s3d4 6D 23.23 21.77 21.60 

Cr [Ar]4s3d5 7S 26.81 25.72 25.61 

 [Ar]4s23d4 5D 25.49 23.46 23.09 

Mn [Ar]4s23d5 6S 30.23 29.08 28.62 

 [Ar]4s3d6 6D 25.13 23.48 23.19 

Fe [Ar]4s23d6 5D 28.88 27.14 26.55 

 [Ar]4s3d7 5F 28.82 27.64 27.30 

Co [Ar]4s23d7 4F 32.63 31.31 30.71 

 [Ar]4s3d8 4F 32.35 30.94 30.56 

Ni [Ar]4s23d8 3F 36.32 34.92 34.26 

 [Ar]4s3d9 3D 35.55 33.62 33.04 

Cu [Ar]4s3d10 2S 41.50 40.25 39.73 

 [Ar]4s23d9 2D 40.56 38.39 37.55 

Zn [Ar]4s23d10 1S 42.46 41.36 40.61 

 [Ar]4s3d104p1 3P 115.36 81.67 80.81 

      

  MAD 33.47 30.44 29.95 

MAD w/o Zn excited state 29.16 27.75 27.27 

 

As the extrapolation schemes used in this project were originally intended for use with the 

correlation consistent basis sets, additional functional forms as well as reoptimization of 

parameters were considered to determine if a better fit could be obtained. Reoptimization of the 

parameters generally leads to an extrapolated energy that is clearly lower than the asymptotic limit, 

so the extrapolation schemes are used as proposed originally, i.e. the unmodified extrapolation 

techniques. (More information on additional functional forms considered is provided in Appendix 

A.) 
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Table 4.3 The root-mean-squared deviation (RMSD) is reported for each extrapolation scheme when used to 

extrapolate the ground state energies for the 3d transition metals. The energies are calculated at the ROHF/Sapporo-

nZP-2012 (n = D, T, Q) level of theory. The following abbreviations are used: F = Feller, KM = Karton and Martin, 

P = Peterson, WD = Wilson and Dunning, S3 = Schwartz 3, S4 = Schwartz 4, PS3 = average of P and S3, P+KM = 

combination of P and KM, F+KM = combination of F and KM. 

Scheme Functional Form RMSD 

Feller (B = 1.63) Exponential 1.96 x 10-4 

Feller (B = 1.0577) Exponential 1.28 x 10-4 

KM Exponential 2.65 x 10-4 

Peterson Mixed Gaussian/exponential 1.59 x 10-9 

WD Inverse power 6.14 x 10-13 

S3 Inverse power 1.27 x 10-4 

S4 Inverse power 1.34 x 10-4 

P+KM Mixed Gaussian/exponential 1.75 x 10-12 

F+KM Sum of exponentials 9.25 x 10-13 

 

The RMSDs for each extrapolation scheme are shown in Table 4.3. P, WD, P+KM, and 

F+KM have the lowest RMSDs, indicating the functional forms fit the calculated data well. Yet 

visual inspection of the graphs of the calculated and extrapolated energies of Cr and Ni in Figure 

4.2 indicates that, while the WD and the F+KM schemes fit the calculated data well, the 

convergence behavior of the Sapporo energies is not always well described. The P and the P+KM 

schemes both fit the calculated data well and also have the correct asymptotic behavior at the limit.  

The extrapolated energies obtained with the Sapporo sets are between 16 and 40 mEh (10 

– 25 kcal mol-1) above the numerical HF limit for the ground state energies. The excited state 

energies converge to limits that are 16 to 80 mEh (10 – 50 kcal mol-1) above the numerical HF 

limit. This is in comparison to the range of 0.014 mEh for the ground state energy limits and 0.017 

mEh for the excited state energy limits obtained using cc-pVnZ sets. The energies obtained with 

the Sapporo basis sets clearly do not converge to the numerical HF energies, yet they do converge 

to a limit. Because of this, the incompleteness of extrapolated energies should largely cancel out 

when relative energies are computed. If extrapolation of HF energies obtained with the Sapporo-
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2012 family of basis sets is needed, then use of either the Peterson three-point extrapolation or the 

P+KM extrapolation is suggested. 

 

 

Figure 4.2 Total atomic energy (Eh) of Cr (top graph) and Ni (bottom graph), calculated at the ROHF/Sapporo-

nZP-2012 (n = D, T, Q) level of theory. The squares indicate the double-ζ, triple-ζ, and quadruple-ζ energies. The 

following extrapolation schemes are used: P+KM is a combination of aspects of the Peterson form and the Karton and 

Martin form; F+KM is a combination of the Feller and Karton and Martin extrapolations; P is the Peterson 

extrapolation; WD is the Wilson and Dunning extrapolation. 

Chromium SCF Energy 

Nickel SCF Energy 

Basis Set Quality  

Basis Set Quality  

Sapporo-DZP-2012 

Sapporo-TZP-2012 

Sapporo-QZP-2012 

Sapporo-QZP-2012 

Sapporo-TZP-2012 

Sapporo-DZP-2012 
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The lowering of the calculated energy as the basis set quality is increased is small when 

using the Sapporo-2012 sets, with a decrease of approximately 2 mEh from double-ζ to quadruple-

ζ. In comparison, the energies from the correlation consistent sets decrease by roughly an order of 

magnitude with each increase in basis set quality. This small change can be attributed to the small 

changes in the Sapporo basis sets as the quality is increased. For example, when comparing the 

Sapporo-TZP and Sapporo-QZP sets for Mn, the HF set is essentially unchanged. Most of the 

differences in the basis sets come from the correlating functions.  

Table 4.4 The root-mean-squared deviation (RMSD) is reported for each extrapolation scheme when used to 

extrapolate the ground state energies for the 3d transition metals. The energies are calculated at the 

CCSD(T,FC1)/Sapporo-nZP-2012 (n = D, T, Q) level of theory. The following abbreviations are used: F = Feller, KM 

= Karton and Martin, P = Peterson, WD = Wilson and Dunning, S3 = Schwartz 3, S4 = Schwartz 4, PS3 = average of 

P and S3, P+KM = combination of P and KM, F+KM = combination of F and KM. 

Scheme Functional Form Energy RMSD 

Feller (B = 1.63) Exponential Total 3.18 x 10-2 

  Correlation 3.17 x 10-2 

Feller (B = 1.0577) Exponential Total 1.68 x 10-2 

  Correlation 1.67 x 10-2 

KM Exponential Total 6.93 x 10-2 

  Correlation 4.15 x 10-2 

Peterson Mixed Gaussian/exponential Total 1.12 x 10-12 

  Correlation 7.04 x 10-16 

WD Inverse power Total 4.21 x 10-13 

  Correlation 2.19 x 10-16 

S3 Inverse power Total 1.60 x 10-2 

  Correlation 1.60 x 10-2 

S4 Inverse power Total 1.94 x 10-2 

  Correlation 1.93 x 10-2 

P+KM Mixed Gaussian/exponential Total 8.04 x 10-13 

  Correlation 4.72 x 10-16 

F+KM Sum of exponentials Total 7.96 x 10-13 

  Correlation 8.87 x 10-16 

 

The correlation energy was calculated using CCSD(T) to see if the energy recovered by 

the Sapporo-2012 sets was comparable to that recovered by the cc-pVnZ sets. Overall, there is a 

much larger decrease in energy as the Sapporo-2012 basis set quality is increased compared with 
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the cc-pVnZ sets; the decrease in energy is generally over 200 mEh. Most of the decrease in the 

total energy results from the amount of correlation energy recovered. The RMSDs for each of the 

extrapolation schemes are listed in Table 4.4. Extrapolation schemes have been applied to both the 

total energies and the correlation energies. As the F and KM schemes were originally formulated 

for HF energies, it is not surprising that the RMSDs for these schemes are much higher than the 

others, indicating that the schemes do not fit the calculated data very well. The S3 and S4 schemes 

also are not appropriate for use with the Sapporo-2012 sets, which is reflected by the large RMSDs. 

The P, WD, P+KM, and F+KM schemes again result in the lowest RMSDs, both when 

extrapolating total energies and correlation energy alone. The fact that the 3-parameter schemes 

fit the calculated data well for HF energies, correlation energies, and total energies is due to the 

flexibility given by the additional parameter. Each of these four schemes has a very low RMSD 

and the shapes of the curves have the correct shape as well, although the Peterson extrapolation 

converges too quickly, as shown in Figure 4.3. Because of this and the clearly incorrect behavior 

demonstrated by the F+KM and WD schemes when extrapolating HF energies, use of the P+KM 

scheme is suggested when extrapolating the energies from the Sapporo-nZP-2012 basis set family. 
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Figure 4.3 Correlation energy (Eh) of Ni (top graph) and total atomic energy of Ni (bottom graph), calculated 

at the CCSD(T,FC1)/Sapporo-nZP-2012 (n = D, T, Q) level of theory. The squares indicate the double-ζ, triple-ζ, and 

quadruple-ζ energies. The following extrapolation schemes are used: P+KM is a combination of aspects of the 

Peterson form and the Karton and Martin form; F+KM is a combination of the Feller and Karton and Martin 

extrapolations; P is the Peterson extrapolation; WD is the Wilson and Dunning extrapolation. 

 

 

 

Basis Set Quality 

Basis Set Quality 

Sapporo-DZP-2012 

Sapporo-TZP-2012 

Sapporo-QZP-2012 

Sapporo-DZP-2012 

Sapporo-TZP-2012 

Sapporo-QZP-2012 
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4.4 Conclusions 

The convergence behavior of the Sapporo-nZP-2012 family of basis sets was investigated 

using different functional forms for the extrapolation. Focus was on the 3d elements (Sc – Zn), as 

they can be more challenging to calculate than main-group elements due to the increased number 

of valence electrons, the near degeneracy of the 3d and 4s orbitals, and the often partially occupied 

3d shell. As well, both Sapporo and correlation consistent sets are widely available for comparison.   

As the Sapporo-nZP-2012 basis sets have been built in a hierarchical fashion, with 

increasing angular momentum, an increase in the amount of energy recovered is observed when 

improving the quality of the Sapporo basis set. As such, extrapolations of the energies may be 

possible to minimize the basis set incompleteness error intrinsic of any finite basis set. This work 

demonstrates that the energies from the Sapporo basis sets can be extrapolated to a limit, though 

do not converge to the numerical Hartree-Fock limit in contrast to the correlation consistent basis 

sets, which nearly reach the numerical HF limit. The limits from the Sapporo sets are 16-40 mEh 

above the numerical HF energy, whereas the cc-pVnZ basis set limits deviate by ~0.005 mEh from 

the numerical HF energy. As the correlation consistent basis sets include a larger number of 

functions than the corresponding Sapporo basis set, there is a greater variational flexibility within 

the wave function, allowing for a lower calculated energy when utilizing the correlation consistent 

sets. The extrapolated energies obtained with the Sapporo basis sets, however, do minimize the 

basis set incompleteness error and the remaining error associated with the incompleteness of the 

basis set may cancel out when computing relative energies.  

Extrapolation schemes utilizing three parameters, such as the Wilson and Dunning inverse 

power scheme or the Peterson mixed Gaussian/exponential scheme, fit the calculated energies well 

as reflected by the low RMSD. Two new extrapolation formulas have been proposed: a mixed 
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Gaussian/exponential scheme based on the Peterson and Karton and Martin formulas, and a 

combination of the Feller and Karton and Martin exponential formulas. Of the functional forms 

considered in this study, the combination of the Peterson and Karton and Martin schemes (P+KM) 

is recommended for extrapolation of energies for the Sapporo-nZP-2012 basis set family. The 

(P+KM) extrapolation form yielded total atomic energies that improved upon the quadruple-ζ level 

of theory (the highest quality set available within the Sapporo family) by 100 to 250 mEh, 

demonstrating the benefit of extrapolating the energies obtained by using the Sapporo-nZP-2012 

basis sets. 

Overall, the Sapporo-nZP-2012 basis sets may provide a reasonable alternative when other 

hierarchical basis sets, such as the correlation consistent basis sets, that demonstrate convergent 

behavior for energetic properties with respect to increasing basis set size may not be available. 
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5.1 Introduction 

The coupled cluster with single, double, and perturbative triple excitations [CCSD(T)] 

method has been widely accepted as the “gold standard” of ab initio electronic structure 

methods.153 In fact, CCSD(T) has been shown to achieve energetic properties such as enthalpies 

of formation, binding energies, ionization energies, and electron affinities to within chemical 

accuracy (1 kcal mol-1 of reliable experiment), on average, for hundreds of main group 

species.68,154-156 However, to predict energetic properties to this level of accuracy, large basis sets 

such as sextuple-ζ or septuple-ζ level may be needed.67,68 For example, it has been shown that the 

dissociation energy (De) of N2, even at the CCSD(T)/cc-pV6Z level of theory, correlating only the 

valence electrons, there is still a deviation from experiment of 2 kcal mol-1.157 In order to compute 

De for N2 to within 1 kcal mol-1 of experiment (specifically, achieving a deviation of 0.1 kcal mol-

1 from experiment), the authors determined it necessary to include core-valence electron 

interactions through correlation of the valence and subvalence electrons (which, for first row 

atoms, is the correlation of all electrons; for second row atoms, is the correlation of all but the 1s 

electrons, etc.), as well as extrapolation of the energies to the complete basis set (CBS) limit. In 

fact, a 2001 study by Feller and Dixon determined that, at least for hydrocarbons, including the 

valence and subvalence electrons within the correlation space can account for up to 1 kcal mol-1 

per carbon atom.155  

                                                 
** This entire chapter is reprinted from Computational and Theoretical Chemistry, Vol. 1072, R. Weber, A. K. Wilson, 

“Do composite methods achieve their target accuracy?,” pp. 58-62, 2015, with permission from Elsevier. 
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CBS extrapolations can account for errors arising from basis set incompleteness through a 

series of systematically converging basis sets, such as the correlation consistent family of basis 

sets by Dunning and co-workers, covered in detail in Chapter 2.46,129 The design of this family of 

basis sets results in a hierarchical family that has the property that the systematic increase in energy 

converged to the CBS limit.75,78 Using energies obtained from a series of basis sets (e.g. double, 

triple, and quadruple-ζ quality sets), the energy of the system could be extrapolated to the CBS 

limit. 

Using large basis sets and correlating the valence and subvalence electrons greatly 

increases the computational cost of using CCSD(T) in terms of memory, CPU, and time required. 

This is due to the high scaling of CCSD(T), as it scales as O(nocc
3+nvirt

4), where nocc is the number 

of occupied orbitals and nvirt is the number of virtual orbitals within a calculation. Even with a 

moderate-sized basis set, such as a triple-ζ quality set, the size of molecule that can be investigated 

can be restricted by this steep computational scaling. As such, there has been much work done to 

reduce the computational cost via developments such as explicitly correlated,158 local,159,160 and 

composite methods.  

Composite methods, or model chemistries, combine modest levels of theory with larger 

basis sets and more robust theories with smaller basis sets to approximate the results obtained at a 

much higher level of theory, albeit one with a much larger computational cost, as discussed in 

detail in Chapter 2.69 Some commonly used composite methodologies include the Gaussian-n (Gn) 

methods,69,161-164 Weizmann-n (Wn) methods,74,165,166 the Feller-Peterson-Dixon (FPD) 

procedure,155,167,168 HEAT method,169 the multi-coefficient methods of Truhlar and coworkers,170 

and the correlation consistent Composite Approach (ccCA), developed by Wilson and 

coworkers.70-72,88,90-92,96,97,171 ccCA includes extrapolation of energies to the CBS limit and the 
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addition of core-valence electron interactions within the methodology to account for important 

effects that may not be computationally feasible to recover in a single point calculation.  

The success of composite methods rests on the assumption that important electronic effects 

can be calculated and used as additive terms to a reference energy, which is the “additivity 

assumption” established and demonstrated by the authors of the Gn methods.163,164,172 In principle, 

an additive approach approximates the energy that could be achieved by the best overall theoretical 

method and the largest basis set utilized in any of the steps of the composite approach. For 

example, within the G4 methodology, CCSD(T) is used in a single point calculation to recover 

dynamic correlation energy beyond the MP2 level of theory; all electrons are included within the 

correlation space in an MP2-level calculation to account for important core-valence electron 

interactions (indicated by Full); and the G3LargeXP basis set, which is a 6-311G(3df,2p) set with 

additional polarization functions, is used in a single point MP2(Full) calculation to help account 

for larger basis set effects not recovered when smaller basis sets are utilized. Because of this, the 

effective accuracy of the G4 methodology should be comparable to a single 

CCSD(T,Full)/G3LargeXP calculation. In fact, when used to determine enthalpies of formation 

(ΔHf’s) for the 125 small main group molecules in the G2-1 molecule set, G4 theory achieves an 

absolute deviation of 0.65 kcal mol-1 as compared to the 0.78 kcal mol-1 absolute deviation 

achieved by the targeted method.163 Other studies have also shown that G2 and G3 each perform 

as well as or better than the effective level of theory that the model chemistries are designed to 

emulate.163,164,172  

It is important to verify the accuracy and utility of any method, especially a model 

chemistry that combines different levels of theory and basis sets. To gauge the utility of 

computational approaches, established sets of molecules/molecular properties such as the 
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Gaussian molecule/property sets (G2-1, G2/97, G3/99, and G3/05)161,173-175 have proven useful 

(see, e.g., Refs. 70, 71, 175). The sets include experimental energies (e.g., ionization energies, 

electron affinities, enthalpies of formation, and proton affinities) with experimental uncertainties 

of less than one kcal mol-1 and represent a wide variety of elements and bonding types.164  

These molecule sets have been used as a gauge for variants of ccCA in earlier work.70-

72,88,90-92,96,97,171,176 ccCA is routinely able to achieve a mean absolute deviation (MAD) of less than 

1 kcal mol-1, on average, in the calculation of energetic properties (i.e., ΔHf’s, ionization potentials, 

and electron affinities) for the molecules in these sets. Further, ccCA has been utilized to study 

nearly two thousand molecules, covering a large portion of the periodic table, and properties 

including pKa’s,171 reaction barriers,177 and potential energy curves for ground and excited state 

species,92-95 in addition to the energetic properties mentioned earlier.178-182  

In principle the ccCA methodology was designed to emulate CCSD(T,FC1)/aug-cc-

pCV∞Z-DK (where FC1 indicates that the subvalence shell of electrons are included within the 

correlation space) yet at a much reduced computational cost. As ccCA has been successful in 

energetic calculations, including the predictions of energetic properties that have yet to be 

measured experimentally,180 the methodology is compared to the targeted accuracy to ensure that 

it is indeed comparable. In this study, ΔHf’s from the G2/97 molecule set173 were used to compare 

the performance of ccCA to energies produced at the target level of theory, CCSD(T,FC1)/aug-cc-

pCV∞Z-DK. The G2/97 molecule set includes 29 radicals, 35 nonhydrogen systems, 22 

hydrocarbons, 47 substituted hydrocarbons, and 15 inorganic hydrides, including atoms from H to 

Cl. It should be noted that COF2 has not been included in this data set, as it has been recommended 

for remove due to uncertainties associated with the experimental enthalpy of formation.174,183-185 
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5.2 Computational Methods 

All calculations were carried out using MOLPRO 2010.186 The optimized geometries and 

frequencies of molecules in the G2/97 set were obtained at the B3LYP/cc-pVTZ level of theory. 

Frequencies were scaled by 0.989 to obtain the ZPE,71 which was then used for both ccCA and 

CCSD(T)-calculated ΔHf’s.  The ccCA methodology was utilized as described in Chapter 2 of this 

work. The CCSD(T,FC1) energies were calculated at the aug-cc-pCVnZ-DK level of theory, with 

n = D, T, Q, and 5.48,49,53,54,57,85 The second order spin-free Douglas-Kroll Hamiltonian was utilized 

to account for relativistic effects.82-84  

Two of the extrapolation schemes discussed in the previous chapter have been included 

within the ccCA methodology to extrapolate atomic and molecular energies to the CBS limit71 and 

are utilized in this study for ccCA and CCSD(T). As correlation energies converge at a slower rate 

than HF energies, the SCF and correlation energies are extrapolated separately. The two-point 

extrapolation of Feller (Eqn. 4.1) was used for extrapolation of the HF energies, while the 

correlation energies were extrapolated by an average of two extrapolation schemes: the Peterson 

(Eqn. 4.3) and the Schwartz-3 (Eqn. 4.6), referred to as PS3 (which has previously been shown to 

perform quite well within the ccCA methodology and is recommended for use within ccCA).71 

Eqn. 4.3 has been previously shown to converge more rapidly and therefore underestimates the 

CBS limit, while Eqn. 4.6 converges more slowly and therefore overestimates the CBS limit.71,72 

As such, an average of these two schemes is utilized, a concept that has been utilized in the 

literature.156,187-189 The same extrapolations have been used for the CCSD(T) energies. 
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5.3 Results and Discussion 

The ΔHf’s for each molecule of the G2/97 set were calculated using ccCA and CCSD(T) 

and compared to experiment. The resulting mean absolute deviations (MADs), mean signed 

deviations (MSDs), and root-mean-squared deviations (RMSDs) are reported in Table 5.1 and 

shown graphically in Figure 5.1.  

 

Table 5.1 Deviation from experiment for ccCA and CCSD(T), in kcal mol-1, for the ΔHf’s of the G2/97 

molecule set. FC1 indicates that the valence and subvalence electrons were correlated. The CCSD(T)/CBS limit is 

estimated by extrapolation of the aug-cc-pCVnZ-DK basis sets, n = D, T, Q, 5. 

 ccCA CCSD(T, FC1)/CBS 

Mean signed deviation (MSD)   

Enthalpies of formation (147) -0.26   0.16 

Nonhydrogens (34) -0.31   0.07 

Hydrocarbons (22) -0.82   0.18 

Substituted hydrocarbons (47) -0.23   0.14 

Inorganic hydrides (15)  0.55   0.83 

Radicals (29) -0.27 -0.08 

   

Mean absolute deviation (MAD)   

Enthalpies of formation (147) 0.80  0.87 

Nonhydrogens (34) 0.88  1.14 

Hydrocarbons (22) 0.92  0.68 

Substituted hydrocarbons (47) 0.76  0.75 

Inorganic hydrides (15) 0.89  0.95 

Radicals (29) 0.64  0.85 

   

Root-mean-square deviation (RMSD)   

Enthalpies of formation (147) 1.08  1.26 

Nonhydrogens (34) 1.17  1.48 

Hydrocarbons (22) 1.24  0.90 

Substituted hydrocarbons (47) 1.10  1.05 

Inorganic hydrides (15) 0.96  1.67 

Radicals (29) 0.83  1.08 
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Figure 5.1 Mean absolute deviation (MAD) from experiment for the calculated ΔHf’s of the G2/97 molecule 

set, calculated with ccCA and CCSD(T,FC1)/CBS. FC1 indicates that the valence and subvalence electrons were 

included within the correlation space. The CBS limit for the CCSD(T,FC1) calculations is estimated by extrapolation 

of the aug-cc-pCVnZ-DK energies, where n = D, T, Q, 5. 

  

In comparing the MADs obtained using CCSD(T) to the MADs obtained from ccCA, 

CCSD(T) results in an MAD of 0.87 kcal mol-1, while ccCA results in an MAD of 0.80 kcal mol-

1. The MSD for CCSD(T) is 0.16 kcal mol-1, indicating a slight bias towards overestimation of the 

calculated ΔHf’s. The MSD for ccCA is -0.26 kcal mol-1, indicating that ccCA slightly 

underestimates the ΔHf’s, as has been seen in previous studies.71,72. It is possible that this 

underestimation of the experimental values results from use of the different extrapolation schemes. 

The Peterson extrapolation tends to converge more rapidly and therefore underestimates the CBS 

limit, while the Schwartz-3 scheme tends to converge more slowly and therefore overestimates the 

CBS limit. Using an average of these schemes would cancel out these effects, but not entirely. In 

addition the ΔCC correction is the largest within the methodology and at the triple-ζ level, 

CCSD(T,FC1) underestimates the ΔHf’s as well. When higher quality basis sets are used, the bias 

observed in the coupled cluster calculations is significantly reduced.155 ccCA improves upon the 
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accuracy obtained by CCSD(T) by more than 1 kcal for 19 molecules within the G2/97 set. For 

example, the CCSD(T) ΔHf for Si2H6 is 3.97 kcal mol-1 from experiment, while the ccCA ΔHf is 

1.08 kcal mol-1 from experiment. Conversely, there are 22 molecules of the 147 molecules included 

within the G2/97 set for which CCSD(T) exceeds the accuracy obtained by ccCA by more than 1 

kcal. 

ccCA has a lower absolute deviation from experiment for nonhydrogens, inorganic 

hydrides, and radical species than does CCSD(T). However, for hydrocarbons and substituted 

hydrocarbons, CCSD(T) outperformed ccCA. The subset of the G2/97 set with the largest absolute 

deviation from experiment for ccCA was found to be the 22 hydrocarbons at 0.92 kcal mol-1. (This 

finding corroborates a previous study that the calculated ΔHf’s for hydrocarbons show the largest 

deviation from experiment when using ccCA.182) The smallest deviation of ccCA-calculated ΔHf’s 

occurred for the subset of 29 radical molecules, with a deviation of 0.64 kcal mol-1. The ccCA 

ΔHf’s are underestimated for each subgroup of the molecule set, with the exception of the inorganic 

hydrides, for which the signed deviation is 0.55 kcal mol-1. For the CCSD(T) ΔHf’s, the subgroup 

with the largest deviation occurs for the 34 nonhydrogen species in the molecule set, with an 

absolute deviation of 1.14 kcal mol-1, compared to 0.88 kcal mol-1 resulting from ccCA. Larger 

errors for the ΔHf’s of inorganic molecules in the G2/97 molecule set when using CCSD(T) has 

also been previously noted, as shown by the signed deviation of 0.83 kcal mol-1 for the subgroup.155 

Notably, the subgroup with the lowest absolute deviation for CCSD(T) occurs for the 

hydrocarbons at 0.68 kcal mol-1. The absolute deviations for the substituted hydrocarbons is 0.75 

and 0.76 kcal mol-1 for CCSD(T) and ccCA, respectively.  

To provide further comparison of ccCA with CCSD(T,FC1)/aug-cc-pCV∞Z-DK, the total 

time required to calculated the total energy for 1-chloropropane using ccCA is just 5% of the total 
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time required for the CCSD(T) calculations. The percentage of the total calculation taken by each 

step is listed in Table 5.2.  

Table 5.2 Percentage of time required and number of basis functions for the energy calculation of 1-

chloropropane, for each step of ccCA and CCSD(T,FC1)/CBS. 

 ccCA 

 % Basis Functions 

MP2/aVDZ   0.2 164 

MP2/aVTZ   3.3 354 

MP2/aVQZ 72.0 651 

MP2/VTZ   0.6 227 

MP2/aCVTZ   7.6 418 

MP2-DK/VTZ-DK   0.6 354 

CCSD(T)/VTZ 15.7 227 

 

 CCSD(T) 

 % Basis Functions 

CCSD(T,FC1)/aCVDZ-DK       0.03 180 

CCSD(T,FC1)/aCVTZ-DK    0.8 418 

CCSD(T,FC1)/aCVQZ-DK   9.3 788 

CCSD(T,FC1)/aCV5Z-DK 89.8 1325 

 

For this calculation, the computational bottleneck of ccCA is the MP2/aug-cc-pVQZ step, 

which represents 62% of the total time required for the calculation of the ccCA energy. The 

bottleneck for all of the CCSD(T) calculations is the aug-cc-pwCV5Z-DK calculation, which is 

90% of the required calculation time needed to compute the steps to reach the CCSD(T,FC1)/aug-

cc-pCV∞Z-DK energy. CCSD(T, FC1)/aug-cc-pCVnZ-DK calculations take so much more time 

because of the high computational scaling of the method and on the basis set, as previously 

discussed.. The CCSD(T)-computed enthalpy of formation is 1.21 kcal mol-1 from experiment, 

while the ccCA-computed enthalpy of formation is within 0.36 kcal mol-1 of experiment. Even for 

molecules such as AlF3, furan, and pyridine, in which the CCSD(T) ΔHf’s are up to 2 kcal mol-1 
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closer to experiment than those calculated by ccCA, the ccCA calculations take 5%, 6%, and 1% 

of the time required for the single point CCSD(T) calculations, respectively.  

 

5.4 Conclusions 

Although CCSD(T) is able to predict energetic properties for molecules that are within 1 

kcal mol-1 of experiment, overall, for main group species, the high computational cost of the 

method can restrict its use to smaller molecules. The correlation consistent Composite Approach 

is, by construction, comparable in accuracy, on average, to CCSD(T,FC1)/aug-cc-pCV∞Z-DK, in 

which the valence and subvalence electrons are included within the correlation space and the 

energies have been extrapolated to the CBS limit. ccCA was utilized to calculate the ΔHf’s for the 

147 molecules included within the G2/97 data set and compared to the target accuracy. Overall, 

ccCA-PS3 achieved an MAD of 0.80 kcal mol-1 from experiment, while CCSD(T,FC1) with the 

PS3 extrapolation scheme achieved an MAD of 0.87 kcal mol-1. The MAD between ccCA and 

CCSD(T,FC1)/aug-cc-pCV∞Z-DK is 0.84 kcal mol-1, with an MSD of 0.40 kcal mol-1, indicating 

that ccCA does result in energies that are near those of the targeted approach.  
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6.1 Introduction 

Molecules containing s-block elements are found in places such as antacids (magnesium 

oxide), caustic soda (sodium hydroxide), and in the atmosphere (sodium oxide radicals), as well 

as being some of the strongest known gas phase bases. For example, alkali metal compounds can 

form from the precursors used in added biofuels and other additives, leading to fouling, corrosion, 

erosion, and agglomeration processes in power plants, inhibiting stable operation of coal-fired 

power plants.190 Experimental gas-phase data for s-block compounds is difficult to obtain due to 

their low volatility and high reactivity in the gas phase.191 Furthermore, due to these difficulties, 

existing experimental information can be associated with large uncertainties.192 Because of this 

dearth of reliable data, theoretical calculations can provide an alternative method for obtaining 

gas-phase thermochemical information.  

To date, calculation of the thermochemical properties of s-block compounds has shown to 

be challenging for the standard composite methods,190-196 which are model chemistries designed 

to attain the same accuracy as the results determined by a less approximate method with a large 

basis set, yet at a lower computational cost. Composite methods are based on a reference energy, 

utilizing additions to the reference energy in order to account for effects such as higher-order 

electron correlation or relativistic effects.197 A variety of composite methods have been developed, 

such as the Gaussian-n (Gn) methods of Pople and coworkers,69,161-163,172,175,198-202 the Weizmann-

n (Wn) methods of Martin and coworkers,74,165,166,203-206 both of which are described below, and 
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the correlation consistent Composite Approach (ccCA) developed by Wilson and 

coworkers,70,71,87,90-93,96,207,208 described in Chapter 2, among many others. 

 

6.1.1 Model Chemistries 

6.1.1.1 Gaussian-n methods (Gn) 

The first of the composite methods was the Gaussian-1 method, by Pople and co-workers.69 

The goal of the Gn methods was to be able to calculate energetic properties with a mean absolute 

deviation of ±2 kcal mol-1 (0.1 eV) from reliable experimental data. As the methodology was 

refined, the accuracy goal was changed to within 1 kcal mol-1 of reliable experiment, or chemical 

accuracy.163 

The Gn methodology calls for geometries optimized at the MP2 or DFT/B3LYP levels of 

theory. Higher-order electron correlation effects are accounted for with single point energy 

calculations at the optimized geometries at the MP4 and QCISD(T) level of theory. Basis set 

effects such as contributions from diffuse functions and higher polarization effects are accounted 

for through a series of MP2 or MP4 calculations. Finally, a higher level correction (HLC) is 

included to account for any remaining basis set deficiencies. The HLC was originally formulated 

such that the correct energies for H and H2 are obtained: 

 nnHLC 95.519.0       (6.1) 

In Eqn. 6.1, nα and nβ are the number of α and β electrons, respectively. 

Over the course of the following two decades, the G1 method was modified and refined, 

with the G2 method in 1991,161 G3 in 1998,162 and G4 in 2007.163 There have also been variants 

of the different methods released as well. For example, G2(MP2) uses MP2 instead of MP4 

energies for computational time savings198 and G3(B3LYP) uses B3LYP geometries and 



94 

frequencies instead of HF or MP2.200 G4, the most recent of the Gn methods, uses B3LYP 

geometries and frequencies and incorporates a two-point linear extrapolation with Dunning’s 

correlation consistent basis sets (specifically aug-cc-pVQZ and aug-cc-pV5Z) to extrapolate the 

energy to the HF limit. The QCISD(T) correction was replaced with CCSD(T) for the correction 

for correlation effects beyond what is recovered by the MP4 level of theory. Reduced basis sets 

were implemented throughout the methodology, such as 6-31G in the place of 6-311G, with the 

additional diffuse and/or polarization functions. The G4 HLC was changed to include six 

parameters rather than two, in an effort to reduce the mean absolute deviation from experimental 

values.163  

Although the HLC in G1 had a physical foundation, in subsequent versions of the Gaussian 

method it became a semi-empirical parameter, intended to simply scale the results based on the 

number of paired and unpaired electrons included within the correlation space.  Of the G2-1 test 

set,161 which is comprised of enthalpies of formation for first- and second-row compounds, using 

the G1 methodology without the HLC to predict enthalpies of formation results in only five 

systems within the target accuracy of 2 kcal mol-1. Not including the HLC from G3(B3LYP) results 

in a MAD of almost 5 kcal mol-1, while using the HLC results in a MAD of within the accuracy 

goal of 2 kcal mol-1. Thus the accuracy of the Gaussian methods depends heavily on the use of the 

HLC.70 

 

6.1.1.2 Weizmann-n methods (Wn) 

The Weizmann family of composite methods (Wn method) were developed by Martin and 

co-workers with more stringent accuracy goals in mind.165 The accuracy goal for later versions of 

the Wn methods was within 0.25 kcal mol-1 from extremely reliable experiment, with little to no 
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reliance on empirical parameters, while still being somewhat cost-effective. This accuracy goal 

was attained by the inclusion of effects such as explicit treatment of inner-shell electron correlation 

and scalar relativistic effects. Two initial variants were introduced, W1 and W2. W1 is the more 

cost effective variant, although it accomplishes this through use of one molecule-independent 

empirical parameter. W2 is more computationally expensive, but includes no empirical 

parameters.165 

The original methodologies call for geometry optimizations and harmonic frequencies 

using either B3LYP with a triple zeta basis (W1) or CCSD(T) at the quadruple zeta level (W2). 

With the optimized geometry, the SCF valence contribution is calculated with cc-pVnZ or aug-cc-

pVnZ (n=D, T, Q, 5, 6), and then extrapolated to the HF limit. CCSD and CCSD(T) are used to 

account for the connected triple excitations, while the effects of connected quadruple excitations 

and higher were accounted for with a small basis full CI calculation in W2. Inner-shell correlation 

effects were considered by using the difference between valence-only and all-electron CCSD(T) 

calculations, using basis sets developed to recover core correlation. Scalar relativistic effects are 

also accounted for at the ACPF level using first-order Darwin and mass-velocity terms of the Breit-

Pauli Hamiltonian used for relativistic effects.165 

W3 was published in 2004,166 with W4 following in 2006.74 As the sophistication of the 

methodology increased, it also became more computationally demanding. By the advent of W4, 

the methodology called for the inclusion of calculations up to CCSDTQ5 at the double ζ level and 

CCSD up to the quintuple and sextuple ζ level. With W4 theory, atomization energies of selected 

species from the Active Thermochemical Tables (ATcT)209-212 are reproduced within 0.1 kcal mol-

1, while spectroscopic constants for 28 first- and second-row diatomics are reproduced to within 1 

cm-1, so-called “spectroscopic accuracy”.74 However, the W4 method is so computationally 



96 

demanding that even with contemporary computational resources available, its use is restricted to 

no more than a handful of heavy atoms. 

 

6.1.2 s-block Compounds 

 A 1999 study by Schulz et al. used the G2 methodology to calculate the enthalpies of 

formation for twelve alkali and alkaline earth metal oxides and hydroxides.191 In this study, it was 

determined that as formulated, G2 is incapable of calculating the enthalpies of formation within 

the stated accuracy of the method (within 2 kcal mol-1 of reliable experiment). In some cases, the 

G2 prediction yields errors greater than 20 kcal mol-1 (for Na2O, K2O, and CaO). After 

reformulation of the methodology, such as including diffuse functions within the basis sets, 

removing the additive approximations within the methodology, and replacing QCISD(T) with 

CCSD(T), the results improved. However, some deviations still remained in the 3-10 kcal mol-1 

range, even when using the above changes in conjunction with expensive all-electron calculations. 

In 2003, Sullivan and co-workers  revisited the same set of molecules using the G3, G3X, 

W1, and W2 methods, as well as modified versions of W1 and W2, labeled W1C, W2C, W2C//W2, 

and W2C//ACQ.193 Within this study, it was shown that the unmodified versions of W1 and W2 

resulted in dramatic failures, with errors near 60 kcal mol-1 for some molecules, when combined 

with the suggested correlation spaces, e.g. the valence and sub-valence shells for the s-block 

elements, with only the valence shell included for the main group species.193 After necessary 

modifications to the composite methodologies to include core-valence correlation basis sets, the 

calculated enthalpies of formations yield an MAD close to 1 kJ mol-1. Sullivan et al. suggest that 

G3 be modified in the same way as G2, that is replacing QCISD(T) with CCSD(T), removing the 

additive approximations, and including all electrons within the correlation space. Additionally, the 
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authors suggested use of a re-optimized higher level correction (HLC) and use of the aug’-cc-

pWCVQZ213  basis set to optimize the structures (aug’ indicating that augmented functions were 

included on all atoms except hydrogen; W indicates that this basis set is a member of specially 

constructed Weismann correlation consistent basis sets, not to be confused with the Dunning 

correlation consistent basis sets). For all of the molecules under investigation, Sullivan et al. 

recommended an enthalpy of formation to be used as the standard value for each molecule. This 

value was obtained as a weighted average of the W2C//ACQ and G3[CC](dir,full) values. 

A 2006 study by Ho and co-workers used ccCA to investigate the enthalpies of formation 

for eight s-block molecules and compared them to the recommended values from Sullivan’s 

study.194 Enthalpies of formation calculated with the ccCA method were also compared with those 

calculated using the unmodified versions of G2, G3, G3X, W1, and W2, as well as the recently 

modified versions. Of these methods studied, ccCA proved to be the most reliable of the 

unmodified methods, returning values within the uncertainties recommended by Sullivan et al. for 

all of the molecules.193 To compare, G3X predicted only two molecules within the recommended 

uncertainties, while W2 had only one. The ccCA method showed similar accuracy to the modified 

versions of the Gn and Wn methods, but at greatly reduced computational cost.194  

Based on this success, DeYonker and coworkers195 extended the study to include the 

enthalpies of formation of 39 s-block molecules found within the 600 molecule test set compiled 

by Cioslowski et al.214  For these molecules, the experimental uncertainties were as large as 5 kcal 

mol-1, as opposed to the 1 kcal mol-1 experimental uncertainty of the G3/05 test set.175 G3 and 

G3(B3LYP) results were also compared to the ccCA results. Overall, G3, G3(B3LYP), and ccCA 

resulted in MADs of 2.7, 2.6 and 2.2 kcal mol-1, respectively, from the experimental values. While 



98 

MADs for s-block calculations are twice as large as those of the G3/05 test set, the current s-block 

MADs are well within the experimental uncertainties reported for the molecule set.  

Mintz and coworkers applied the Wn methods to s-block compounds in 2009, studying 

alkali monoxide radicals, anions, and hydroxides.192 As previous studies have shown that some s-

block compounds show multireference character,215 two variants of a multireference Weizmann 

method were utilized (W2C-CAS-ACPF and W2C-CAS–AQCC), as well as W2C. The W2C 

formulation is the same as that of W2, except the cc-pWCVnZ core-valence basis sets are used.213 

In W2C-CAS-ACPF and W2C-CAS–AQCC, the multireference methods MR-ACPF and AQCC 

are used to replace the CCSD steps, respectively. Of the nine molecules under investigation, there 

is overall good agreement with the limited experimental enthalpies of formation that are available, 

but some large deviations still remain, most notably for the LiO. radical (5 - 7 kcal mol-1 deviation). 

The goal of the present study is to assess the utility of multireference ccCA (MR-ccCA) in 

calculating the optimized geometries and enthalpies of formation for the following 13 s-block 

compounds: LiH, LiO., LiO-, LiF, LiOH, Li2O, BeH., BeO, BeF., BeCl, NaO., MgO, and MgOH+.  

These molecules were selected with several factors in mind: availability and reliability of 

experimental data, previous inclusion within molecule sets, and size. While some of the molecules 

have well established experimental enthalpies of formation (e.g. LiH, BeH, and BeCl), others have 

several disputed values, such as MgO, with experimental values ranging from 4.1 kcal mol-1 to 

36.1 kcal mol-1. LiO and LiO- are examples of when theoretical investigations would be invaluable, 

as there are no reported enthalpies of formation or geometries for the different electronic states. 

As MR-ccCA is a multireference composite method, there are size restrictions that must be 

considered as well. The active spaces for the molecules remained under 14 electrons within 14 

orbitals. 
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6.2 Computational Methods 

This study utilizes MR-ccCA, the multireference variant of ccCA.92-94,181  Geometries were 

obtained at the CASPT2 level of theory using cc-pVTZ basis sets. Frequencies were also computed 

at this level, in order to obtain the zero-point vibrational energies (ZPE). Single-point CASPT2 

energies were extrapolated to the complete basis set (CBS) limit using aug-cc-pVnZ (n = D, T, Q) 

basis sets,48,49,51,53,54,57,60 with one of two extrapolation schemes, either the three point mixed 

Gaussian/exponential of Peterson and co-workers (Eqn. 4.3) or the two point extrapolation scheme 

based in the inverse quartic scheme of Schwartz, Carroll, and Hill (Eqn. 4.7). 

Additional terms were then combined with the CASPT2/CBS reference energy to account 

for higher-order electron correlations, core-valence correlations, and treatment of scalar-

relativistic effects beyond the CASPT2 level. The g3 variant of the modification to the zeroth-

order Hamiltonian as proposed by Andersson31 was used to ensure balanced treatment of open-

shell and closed-shell wavefunctions within CASPT2. Higher-order electron correlation effects 

[∆E(MR-CC)] were included at one of three levels of theory: MR-CI+Q, ACPF, or AQCC, 

utilizing the cc-pVTZ basis set. Scalar relativistic effects [∆E(MR-DK)]  were included at 

CASPT2-DK/-cc-pVTZ-DK, using the spin-free, one-electron Douglas-Kroll-Hess 

Hamiltonian.83,84,216 The core-valence term [∆E(MR-CV)]  was included at the CASPT2/cc-

pCVTZ level of theory. 

The MR-ccCA energy of a molecule is then computed by 

E(MR-ccCA) = E0(MR-ccCA) + ∆E(MR-CC) + ∆E(MR-DK) +∆E(MR-CV)  (6.1) 

where  

∆E(MR-CC) = E(MR-CI+Q/cc-pVTZ) – E(CASPT2/cc-pVTZ)  (6.2a) 
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or 

E(MR-ACPF/cc-pVTZ) – E(CASPT2/cc-pVTZ)   (6.2b) 

or 

E(MR-AQCC/cc-pVTZ) – E(CASPT2/cc-pVTZ),   (6.2c) 

∆E(MR-DK) = E(CASPT2-DK/cc-pVTZ-DK) – E(CASPT2/cc-pVTZ)  (6.3) 

∆E(MR-CV) = E(CASPT2/cc-pCVTZ) – E(CASPT2/cc-pVTZ)  (6.4) 

As there are different extrapolation schemes and higher-order electron correlation methods 

being used, the variants denoted with the electron correlation method and the extrapolation scheme 

(e.g. ACPF(S4) indicates that ACPF is the electron correlation method used with the Schwartz 

extrapolation scheme). 

It has been shown that the combination of ACPF for the higher-order correlation correction 

and the Peterson extrapolation scheme produced the best results for thermochemical values.93 

Additionally, for all second-row atoms, the recommended tight-d functions are used within the 

correlation consistent basis sets.54 The recommended active spaces are utilized (e.g. the valence 

shell for main group elements, and the valence and sub-valence shell for s-block elements).217,218 

In addition, comparisons are made between correlating only the valence electrons for the molecule 

and correlating all electrons, where possible. 

All calculations were performed with Gaussian 09, Revision B.01,219 MOLPRO v. 

2010.1,220 and Molcas 7.6.221 

 

6.3 Results and Discussion 

The T1
34 and D1

35,36
 diagnostics for the s-block molecule set are reported in Table 6.1. 

Seven of the molecules are close to the T1 cutoff of 0.02, while four are over the limit and should 
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benefit from multireference treatment. These molecules are BeO, Li2O, MgO, and the 1Σ+ state of 

LiO-. The most significant T1 diagnostic is found for the 1Σ+ state of LiO- , with a value of 0.085. 

Table 6.1 T1/D1 values. T1 ≥ 0.02 or D1 ≥ 0.15 indicates that multireference treatment might be called for. 

Molecule Ground State T1 D1 

LiH 1Σ 0.010 0.015 

BeH 2Σ 0.017 0.024 

LiO 2Σ 0.016 0.032 

 2Π 0.017 0.030 

LiO- 1Σ+ 0.085 0.188 

 3Σ+ 0.018 0.034 

 3Π 0.017 0.034 

LiF 1Σ 0.016 0.028 

BeO 1Σ 0.044 0.106 

LiOH 1Σ 0.015 0.029 

BeF 2Σ 0.016 0.030 

Li2O  0.026 0.044 

NaO 2Σ 0.017 0.030 

 2Π 0.021 0.042 

MgO 1Σ 0.050 0.100 

MgOH+  0.014 0.025 

BeCl 2Σ 0.012 0.020 

 

It should be noted that even high T1 and D1 diagnostic values do not necessarily indicate 

that single-reference methods will fail, only that the molecules may benefit from multireference 

treatment. 

The optimized bond lengths and angles for the geometries of the s-block compounds are 

shown in Table 2. FC indicates that only the valence electrons are included within the active space, 

while FC1 indicates that the valence and subvalence electrons for the s-block element and the 

valence electrons for main group elements are included; Full indicates that all electrons are 

correlated, where possible. 
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Table 6.2 Optimized bond lengths (Å) and angles (degrees). FC indicates that frozen-core approximation is 

used; FC1 means that the valence and subvalence electrons were included in the correlation space; Full means that all 

electrons were correlated, when possible. 

Molecule State  Experimentala FC FC1 Full 

LiH 1Σ r(Li-H)   1.5957  1.6082 -   1.5975 

BeH 2Σ r(Be-H)  1.343 1.348 - 1.338 

LiOb 2Σ r(Li-O)  1.599 1.604 1.603 1.594 

 2Π r(Li-O)    1.6882   1.7021   1.7009   1.6928 

LiO-c 1Σ+ r(Li-O)  1.648 1.632 1.631 1.622 

 3Σ+ r(Li-O)  1.659 1.728 - - 

 1Π r(Li-O)  1.746 1.769 1.766 1.756 

 3Π r(Li-O)  1.746 1.768 1.765 1.755 

LiF 1Σ r(Li-F)    1.5639   1.5864   1.5859   1.5800 

BeO 1Σ r(Be-O)  1.331 1.339 1.337 1.334 

LiOHd 1Σ r(Li-O)    1.5816   1.5901   1.5832   1.5831 

  r(O-H)    0.9691    0.9496   0.9495   0.9479 

  a(Li-O-H)  180.0 180.0 180.0 180.0 

BeFe 2Σ r(Be-F)  1.361   1.376  1.371 1.367 

Li2O
f  r(Li-O)  1.606   1.632  1.635 - 

  a(Li-O-Li)  180.0 180.0 180.0 - 

NaOg 2Σ r(Na-O) 1.95 1.96 1.95 - 

 2Π r(Na-O)     2.0515     2.0068     2.0535 - 

MgO 1Σ r(Mg-O)   1.749   1.765   1.756 - 

MgOH+  r(Mg-O) -     1.7001     1.6924 - 

  r(O-H) -     0.9500     0.9491 - 

  a(Mg-O-H) -   180.0  180.0 - 

NaOHd  r(Na-O) 1.95   1.946   1.935 - 

  r(O-H)     0.9414     0.9525     0.9518 - 

  a(Na-O-H) 180.0 180.0 180.0 - 

BeCl 2Σ r(Be-Cl)   1.797  1.809    1.809e - 

a) Unless otherwise specified, all experimental values from Huber, K. P.; Herzberg, G. Molecular Spectra and 

Molecular Structure. IV. Constraints of Diatomic Molecules; Van Nostrand Reinhold Co.; New York, 1979.  

b) Yamada, C.; Fujitake, M.; Hirota, E. J. Chem. Phys., 1989, 91, 137. 

c) Mintz, B.; Chan, B.; Sullivan, M. B.; Buesgen, T.; Scott, A. P.; Kass, S. R.; Radom, L.; Wilson, A. K. J. Phys. 

Chem. A., 2009, 113, 9501. CCSD(T)/AA’WCV5Z calculated bond lengths 

d) Kuchitsu, K., Ed. Landolt-Bornstein: Group II: Molecules and Radicals; Volume 25/A: Structure Data of Free 

Polyatomic Molecules, Supplemented and Revised Edition, Inorganic Molecules; Springer: Berlin, Germany, 1998.  

e) Focsa, C.; Poclet, A.; Pnchemel, B.; Le Roy, R. J.; Bernath, P. F.; J. Mol. Spectrosc., 2000, 203, 330; Tai, G.; 

Verma, R. D. J. Mol. Spectrosc., 1995, 173, 1. 

f) Bellert, D.; Breckenridge, W. H. J. Chem. Phys., 2001, 114, 2871. 

g)2Π – Yamada, C.; Fujitake, M.; Hirota, E. J. Chem. Phys., 1989, 90, 3033. 2Σ – Huber, K. P.; Herzberg, G. In NIST 

Chemistry WebBook, NIST Standard Reference Database Number 69; Linstrom, P. J.; Mallard, W. G.; Eds.; National 

Institute of Standards and Technology: Gaithersburg, MD, 2009. 
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On average, the optimized geometries fall within 0.02 Å of the experimentally determined 

structures. Where experimental data is lacking, the MR-ccCA bond lengths are compared to the 

values calculated by Mintz et al. (using CCSD(T) with the aug-aug’-cc-pWCVnZ basis, where 

aug’ indicates that diffuse functions are not included on hydrogen atoms).92 There are no 

experimental bond lengths available for the different electronic states of LiO-. The different 

electronic states of LiO- show the largest difference in calculated structures, with bond lengths that 

are 0.0163, 0.0689, 0.0233, and 0.0217 greater than previously calculated for the 1Σ, 3Σ, 1Π, and 

3Π states, respectively.  

Calculated enthalpies of formation are shown in Tables 6.3, 6.4, and 6.5 (found at the end 

of the chapter). For some molecules, there are multiple experimental values that at times can vary 

widely, cf. MgO; these are listed at the bottom of the table. The electron correlation method is 

noted at the top of the table, with the extrapolation scheme indicated in parenthesis. The mean 

signed deviation (MSD), mean absolute deviation (MAD), and root-mean-squared deviation 

(RMSD) are reported as well.  

The performance of MR-ccCA is compared to the performance of the single-reference 

ccCA, as shown in Table 6.3. In ccCA, only the valence electrons are included within the 

correlation space. Overall, ccCA yields a lower MAD than all variants of MR-ccCA, with an MAD 

of 1.62 kcal mol-1 compared to ≥2 kcal mol-1. For four molecules, ccCA performs quite poorly, 

returning errors of -4.12 kcal mol-1 for LiO (2Π), 1.84 kcal mol-1 for NaO (2Σ), -3.65 kcal mol-1 for 

MgO and -4.92 kcal mol-1 for MgOH+. Using MR-ccCA(MRCI+Q,S4) reduces the errors for LiO 

and NaO to -2.02 kcal mol-1 and 0.99 kcal mol-1, respectively; however, the errors for MgO and 

MgOH+ actually increase to -4.26 and -6.38 kcal mol-1, respectively. Increasing the correlated 

electrons to the FC1 space drastically reduces the error for MgOH+ to -0.20 kcal mol-1 from the 
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experimental value. The error for MgO with the FC1 correlation space is -5.36 kcal mol-1; however, 

MgO is one of the molecules that have a wide range of experimental values, varying from 4.1 kcal 

mol-1 to 36.1 kcal mol-1. Sullivan et al.193 reported a recommended enthalpy of formation of 33.9 

kcal mol-1 (obtained from a weighted average of the results from the modified W2 methodology, 

indicated as W2C//ACQ, and the results from the modified G3 theory, noted as G3[CC](dir,full)). 

If this value is used in the place of the experimental value of 36.0 kcal mol-1, the error for the MgO 

enthalpy of formation calculated via MR-ccCA reduces to -3.26 kcal mol-1. 

The comparison of extrapolation schemes reveals that use of the two different extrapolation 

schemes (P and S4) does not have a significant effect on the MR-ccCA deviations, unless used in 

conjunction with MR-AQCC and the full correlation space, shown in Table 6.3, however, there is 

a 38% difference between the MADs returned by the two extrapolation schemes, with the Schwartz 

extrapolation returning an MAD 0.67 kcal mol-1 lower than the MAD from the Peterson 

extrapolation. The enthalpies of formation calculated when using MR-AQCC with the Peterson 

extrapolation and the full correlation space have greater deviations from experimental values than 

the other values in five of the ten calculations, indicating that this combination may not be suitable 

for thermochemical calculations on s-block molecules, especially those containing lithium.  

When comparing the MADs from each variant using the S4 extrapolation while using the 

different correlation spaces, ACPF performs the best with the FC correlation space, MRCI+Q with 

the FC1 correlation space, and AQCC when using the full space. As has been previously 

noted,192,213  using an increased correlation space is essential for accurate calculations of s-block 

molecules. The MAD from the FC1 correlation space with MRCI+Q is the smallest, 1.46 kcal mol-

1. For MR-CI+Q, the MSD is 0.18 kcal mol-1, indicating that MR-ccCA slightly overestimates the 

enthalpies of formation for s-block compounds. 
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Table 6.3 Deviation from experimental enthalpies of formation, in kcal mol-1, calculated using MR-ccCA using the frozen core approximation (FC). The method 

of electron correlation is indicated in the heading, with the extrapolation scheme in parentheses. ccCA-S4 utilizes the S4 extrapolation within the original ccCA 

methodology. 

Molecule  Expt MRCI+Q(P) MRCI+Q(S4) AQCC(P) AQCC(S4) ACPF(P) ACPF(S4) ccCA-S4 

LiH  33.6a  1.00  0.96  1.00  0.96  1.00  0.96 -1.16 

BeH.  81.7b -0.93 -0.94 -0.77 -0.78 -0.82 -0.83 -0.56 

LiO. 2Π 16.5c ±1.5  2.29  2.24   3.32  2.33  2.80  2.76 -4.12 

 2Σ 19.0c -2.17 -2.15 -1.16 -2.08 -1.66 -1.64 -- 

LiO- 1Σ+ 5.2c -1.23 -1.28 -0.27 -1.26  3.09  3.05 -2.14 

 1Π 2.7c -1.29 -1.34 -1.34 -0.78 -1.77 -0.94 -0.17 

 3Π 2.0c -1.66 -1.71 -1.15 -2.15 -1.32 -1.37   0.50 

BeO  30.8d ± 2.6 -0.63 -0.49   0.00 -0.79 -0.15  0.00 -0.29 

LiOH  -59.0c ± 0.7   1.73  1.51  3.08  1.77  2.49  2.27  0.70 

BeF.  -40.6b ± 2.0 -0.26 -0.17  0.49 -0.46  0.16  0.25  0.77 

Li2O  -37.5d ± 1.2   1.92  1.97  0.32  1.46  1.04  1.10 -- 

NaO. 2Σ 20.8c   0.95  0.99 -0.39  0.73  0.22  0.26  1.84 

 2Π 20.0c -3.68 -3.61 -5.00 -3.85 -4.40 -4.34 -- 

MgO  36.0d ± 5.0 -4.29 -4.26 -4.78 -3.66 -4.81 -4.78 -3.65 

MgOH+  146.0b ± 5.0 -1.14 -0.60 -2.81 -1.13 -2.12 -1.57 -4.92 

BeCl.  14.5b± 3.0  0.49  0.52 -0.44  1.50 -0.04 -0.01  0.21 

  MSD  0.07  0.14 -0.89  0.19 -0.64 -0.57 -1.00 

  MAD  1.95  1.93  1.83  2.01  1.87  1.83  1.62 

  RMSD  2.25  2.24  2.44  2.24  2.34  2.30  2.03 
a) Vasilu, M.; Li, S.; Peterson, K. A.; Feller, D.; Gole, J. L.; Dixon, D. A. J. Phys. Chem. A, 2010, 114, 4272. 
b) Cislowski, J.; Schimeczek, M.; Liu, G.; Stoyanov, V. J. Chem. Phys., 2000, 113, 9377. 
c) Mintz, B.; Chan, B. Sullivan, M. B.; Buesgen, T.; Scott, A. P.; Kass, S. R.l Radom, L.; Wilson, A. K. J. Phys. Chem. A, 2009, 113, 9501 (and references therein); LiO. 

(2Π): 20.1±5.0, 18.0±2.0; LiOH: -56.0±1.5, -54.7±1.2, -56.9, -54.3±1.2 from a); NaO. (2Π): 20.8±1.0, and 24.0±4.0, 24.9±1.0 from a) 
d) Sullivan, M. B.; Iron, M. A.; Redfern, P. C.; Martin, J. M. L., Curtiss, L. A.; Radom, L. J. Phys. Chem. A, 2003, 107, 5617 (and references therein); BeO: 32.6±3.1, 

28.0, 29.3, 33.1±3.4, 32.6±2.9; Li2O: -39.9±2.5, -38.4; MgO: 13.9±6.0, 36.1±5.0, 4.1, 7.7±2.4, 7.9±3.0  
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Table 6.4 Deviation from experimental enthalpies of formation, in kcal mol-1, calculated using MR-ccCA correlating the valence and subvalence electrons (FC1). 

The method of electron correlation is indicated in the heading, with the extrapolation scheme in parentheses. 

Molecule  Expt MRCI+Q(P) MRCI+Q(S4) AQCC(P) AQCC(S4) ACPF(P) ACPF(S4) 

LiO. 2Π 16.5a ± 1.5 -2.29 -2.24 -3.32 -2.33 -2.80 -2.76 

 2Σ 19.0a  2.17  2.15  1.16  2.08  1.66  1.64 

LiO- 1Σ+ 5.2a  1.23  1.28  0.27  1.26 -3.09 -3.05 

 1Π 2.7a  1.29  1.34  1.34  0.78  1.77  0.94 

 3Π 2.0a  1.66  1.71  1.15  2.15  1.32  1.37 

LiF  -80.1b -0.24 -0.14 -1.55 -0.41 -0.87 -0.76 

BeO  30.8c ± 2.6  0.63  0.49  0.00  0.79  0.15  0.00 

LiOH  -59.0a ± 0.7 -1.73 -1.51 -3.08 -1.77 -2.49 -2.27 

BeF.  -40.6b ± 2.0  0.26  0.17 -0.49  0.46 -0.16 -0.25 

MgO  36.0d ± 5.0 -5.27 -5.36 -6.32 -5.40 -6.26 -6.35 

MgOH+  146.0b ± 5.0 -1.14 -0.60 -2.81 -1.13 -2.12 -1.57 

BeCl.  14.5b ± 3.0  0.49  0.52 -0.44  1.50 -0.04 -0.01 

  MSD -0.25 -0.18 -1.17 -0.17 -1.08 -1.09 

  MAD  1.53  1.46  1.83  1.67  1.90  1.75 

  RMSD  2.01  2.00  2.51  2.11  2.51  2.43 
a) Vasilu, M.; Li, S.; Peterson, K. A.; Feller, D.; Gole, J. L.; Dixon, D. A. J. Phys. Chem. A, 2010, 114, 4272. 
b) Cislowski, J.; Schimeczek, M.; Liu, G.; Stoyanov, V. J. Chem. Phys., 2000, 113, 9377. 
c) Mintz, B.; Chan, B. Sullivan, M. B.; Buesgen, T.; Scott, A. P.; Kass, S. R.l Radom, L.; Wilson, A. K. J. Phys. Chem. A, 2009, 113, 9501 (and references therein); LiO. 

(2Π): 20.1±5.0, 18.0±2.0; LiOH: -56.0±1.5, -54.7±1.2, -56.9, -54.3±1.2 from a); NaO. (2Π): 20.8±1.0, and 24.0±4.0, 24.9±1.0 from a) 
d) Sullivan, M. B.; Iron, M. A.; Redfern, P. C.; Martin, J. M. L., Curtiss, L. A.; Radom, L. J. Phys. Chem. A, 2003, 107, 5617 (and references therein); BeO: 32.6±3.1, 

28.0, 29.3, 33.1±3.4, 32.6±2.9; Li2O: -39.9±2.5, -38.4; MgO: 13.9±6.0, 36.1±5.0, 4.1, 7.7±2.4, 7.9±3.0  
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Table 6.5 Deviation from experimental enthalpies of formation, in kcal mol-1, calculated using MR-ccCA correlating all electrons (Full), when possible. The 

method of electron correlation is indicated in the heading, with the extrapolation scheme in parentheses. 

Molecule  Expt MRCI+Q(P) MRCI+Q(S4) AQCC(P) AQCC(S4) ACPF(P) ACPF(S4) 

LiH  33.6a -2.41 -2.36 -2.40 -2.35 -2.41 -2.35 

BeH.  81.7b  0.05 -0.40  0.20 -0.25   0.13 -0.32 

LiO. 2Σ 16.5c ± 1.5 -5.38 -5.27 -6.45 -5.39 -5.93 -5.83 

 2Π 19.0c -1.42 -1.35 -2.47 -1.45 -1.97 -1.90 

LiO- 1Π 2.7c -1.57 -1.48 -2.21 -1.17 -2.03 -1.94 

 3Π 2.0c -1.19 -1.10 -1.83 -0.79 -1.64 -1.55 

LiF  -80.1b -3.96 -3.71 -5.29 -4.00 -4.61 -4.36 

BeO  30.8d ± 2.6   0.80  0.25 -0.04  0.35   0.17 -0.38 

LiOH  -59.0c ± 0.7 -1.81 -1.71 -2.83 -1.78 -2.35 -2.25 

BeF.  -40.6b ± 2.0  0.30 -0.14 -0.61 -0.02 -0.22 -0.66 

  MSD  -1.66  -1.73 -2.39 -1.68 -2.09 -2.15 

  MAD  1.89  1.78  2.43  1.76  2.15  2.15 

  RMSD  2.46  2.35  3.13  2.41  2.80  2.72 
a) Vasilu, M.; Li, S.; Peterson, K. A.; Feller, D.; Gole, J. L.; Dixon, D. A. J. Phys. Chem. A, 2010, 114, 4272. 
b) Cislowski, J.; Schimeczek, M.; Liu, G.; Stoyanov, V. J. Chem. Phys., 2000, 113, 9377. 
c) Mintz, B.; Chan, B. Sullivan, M. B.; Buesgen, T.; Scott, A. P.; Kass, S. R.l Radom, L.; Wilson, A. K. J. Phys. Chem. A, 2009, 113, 9501 (and references therein); LiO. 

(2Π): 20.1±5.0, 18.0±2.0; LiOH: -56.0±1.5, -54.7±1.2, -56.9, -54.3±1.2 from a); NaO. (2Π): 20.8±1.0, and 24.0±4.0, 24.9±1.0 from a) 
d) Sullivan, M. B.; Iron, M. A.; Redfern, P. C.; Martin, J. M. L., Curtiss, L. A.; Radom, L. J. Phys. Chem. A, 2003, 107, 5617 (and references therein); BeO: 32.6±3.1, 

28.0, 29.3, 33.1±3.4, 32.6±2.9; Li2O: -39.9±2.5, -38.4; MgO: 13.9±6.0, 36.1±5.0, 4.1, 7.7±2.4, 7.9±3.0  
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6.4 Conclusions 

The goal of this study was to assess the utility of the MR-ccCA method when applied to s-

block compounds. MR-ccCA can provide enthalpies of formation for s-block compounds with a 

deviation of less than 2 kcal mol-1 from experimental results. Using the combination of MRCI+Q with 

the Schwartz extrapolation within the MR-ccCA methodology returns the smallest deviation from 

experimental values, contrary to what has been shown in prior MR-ccCA studies.93 The enthalpies of 

formation calculated by ccCA for LiO, NaO, MgO and MgOH+ return the largest deviations from 

experiment, which is reduced when using MR-ccCA. The deviations for MgO and MgOH+ are further 

reduced when using the enthalpies of formation recommended by Sullivan et al. The MR-ccCA 

methodology is recommended for future studies of s-block compounds, using the combination of MR-

CI+Q with the Schwartz extrapolation.  
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7.1 Introduction 

Rare earth elements are found in many widely used consumer goods such as hybrid vehicles, 

rechargeable batteries, and flat panel displays for televisions and cell phones.222 They can also be 

found in such technologies as reversible hydrogen storage,223 in missile guidance systems and 

antimissile defense,222 non-contact optical temperature sensors,224 and biomedical applications such as 

MRI contrast agents225 as well as many others.226 Because of the heavy reliance upon rare earth 

elements and increasing world needs for them, there is much interest in recycling and better utilizing 

rare earth species, as well as identifying potential replacements by other elements of the periodic 

table.227,228 Understanding properties of rare earth elements such as bond dissociation energies and 

enthalpies of formation, as well as the methodologies to best describe these properties, will help 

provide insight towards the development of improved or new strategies for rare earth elements.   

The theoretical study of lanthanide chemistry is wrought with numerous challenges, one of 

which is the treatment of the large number of core electrons.  The electron count in a calculation is 

frequently reduced through the use of pseudopotentials such as effective core potentials (ECPs)229-232 

and model core potentials (MCPs).132,233-235 As well, the high nuclear charge of lanthanides 

necessitates the treatment of relativistic effects.  In addition to reducing the electron count, 

pseudopotentials often implicitly include scalar relativistic effects thereby alleviating the need to treat 

scalar relativistic effects explicitly.   

                                                 
†† Parts of the work presented in this chapter were carried out by S. Yuwono, C. Jeffrey, J. Ouyang, and G. Schoendorff. 

Parts of this work were also discussed in the master’s thesis of C. Jeffrey.  
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Another significant problem faced when investigating lanthanide chemistry is the 

multiconfigurational nature of the lanthanides due to the partially filled 4f shell. The degeneracies of 

the 4f orbitals lead to numerous low-lying excited states.106,236 However, many studies use single 

reference methods, such as coupled cluster with single, double, and perturbative triple excitations 

[CCSD(T)], second-order Møller-Plesset perturbation theory (MP2), and density functional theory 

(DFT).237-239 This is because use of multireference theories can be prohibitively expensive as the 

computational cost of the calculation increases binomially with the size of the active space, limiting 

the practical applicability of commonly used multireference methods to molecular systems containing 

about 10-15 correlated electrons in 10-15 orbitals.240 Ways to alleviate the computational cost of 

multireference methods include the restricted active space (RAS),241 general active space (GAS),242 

and occupationally restricted multiple active space (ORMAS) methods243,244 yet geometry 

optimizations with these methods can be complicated by the potential change in active orbitals as a 

function of molecular geometry. In addition, the dynamic correlation in the molecular system is 

generally only treated with doubles via perturbation theory or a coupled-pair approximation, and 

higher levels of electron correlation could be needed.236 Further complications result from the need 

for analytic derivatives and the increased computational cost of employing such an approach relative 

to single reference methods. However, use of single reference methods to calculate the energetic 

properties of compounds with unsaturated f or d shells such as lanthanide compounds can be 

problematic due to the density of low-lying excited states and therefore the increased likelihood and 

converging the wavefunction to the wrong state. Optimizing to the wrong electronic state can result in 

computed properties such as enthalpies of formation that are far from experiment. Even converging 

the wavefunction can be difficult using a single reference wavefunction. Yet density functional theory 

(DFT) has routinely been used successfully in theoretical investigations of organic and inorganic 
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molecules, especially in the determination of structural properties.42 Prior work has also justified the 

use of DFT over more expensive multireference calculations in structure determinations for 

lanthanide-containing molecules.229-232,245-249 

Although the prolific presence of low-lying excited states tends to indicate that multireference 

methods would be needed for accurate determination of properties, this is not always the case.250,251 

Potential energy curves of diatomic systems containing lanthanide atoms have recently been 

calculated,106,236 demonstrating the numerous low-lying excited states that are present in lanthanide 

systems. However, for systems containing lanthanide atoms formally in the 3+ oxidation state, the 

most common oxidation state for lanthanide atoms,250,251 the curves are roughly parallel to each other. 

This indicates that single reference theories such as DFT or MP2 can be used for the structural 

determination of lanthanide-containing systems. Even convergence to an excited state can still result 

in bond lengths within 0.005 Å of the ground state geometry. When the lanthanide is not in the 

common 3+ oxidation state, the potential energy curves are no longer parallel to each other, at which 

point the correct determination of the electronic ground state becomes essential for the prediction of 

geometries.236 

The lanthanide trihalides are particularly important as molten salts, used in extracting and 

refining lanthanides, as well as nuclear waste processing.226 There is some experimental geometric 

information available for these molecules and the series has been used as a test for computational 

methodologies. Experimental and computational data for the lanthanide trihalide series has been 

extensively reviewed by Hargittai in 1988 and 2000 and by Kovács and Konings in 2004.237-239  

More recent computational studies have investigated the effects of relativity on the computed 

structures. Tsukamoto and co-workers included relativity implicitly through the use of an MCP249 

while Weigand and co-workers used a quasirelativistic f-in-core pseudopotential.252 Xu, et al. 
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explicitly accounted for relativistic effects within the Hamiltonian through the use of the zeroth order 

regular approximation (ZORA).253 It has been shown that the implicit treatment of relativity produces 

structures that are generally as accurate as those determined with an explicit relativistic 

treatment.254,255 

Additionally, there have been studies focusing on the recovery of electron correlation and the 

effects of correlation on the geometries of lanthanide trihalides. In 1993, CISD and CASSCF were 

used with the relativistic ECPs of Hay and Wadt254 which explicitly define only the 5s, 5p, 5d, and 6s 

electrons to determine the structures of LaX3 (X=F, Cl).256 Inclusion of dynamic correlation increased 

the calculated bond length for LaF3 by 0.02 Å but had no effect on the calculated bond length for 

LaCl3, which were 2.656 and 2.642 Å for Hartree-Fock and CISD, respectively. In 2000, Hartree-

Fock, MP2, and CISD+Q were used in combination with the SBKJC ECP to calculate the structure of 

LaF3, with calculated bond lengths of 2.143, 2.133, and 2.133 Å, respectively, in D3h symmetry.257 

Accounting for dynamic correlation decreased the predicted bond length by 0.01 Å in this instance, in 

contrast to the increase seen in the 1993 study of di Bella and co-workers. In 2002, the structures of 

LaF3 and LaCl3 were computed with Hartree-Fock, MP2, and CCSD(T) using the Cao-Dolg small 

core ECP258 in which all electrons with a principal quantum number greater than 3 are treated 

explicitly.255 La-F bond lengths of 2.143, 2.141, and 2.141 Å were determined with the HF, MP2, and 

CCSD(T) levels of theory, respectively. The Hartree-Fock and MP2-predicted bond lengths for LaCl3 

were not reported, but a La-Cl bond length of 2.61 Å was determined with CCSD(T), while a previous 

study cited a Hartree-Fock calculated bond length of 2.66Å.256 Jansik and co-workers speculate that 

dynamic correlation does not have much effect on the calculated bond lengths of LaX3 in contrast to 

the results reported by the two previously mentioned studies. In 2004, Hartree-Fock, MP2, and 

CCSD(T), also utilizing the SBKJC ECP, were used to calculate the structural parameters of GdF3 and 
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GdCl3.
259,260 Upon inclusion of dynamic correlation effects, the Gd-F bond lengths did not noticeably 

change, i.e. the CCSD(T)-predicted Gd-F bond length is 0.008 Å shorter than the Hartree-Fock Gd-F 

bond length, while the Gd-Cl bond length decreased by 0.028 Å. Additionally, in 2005, the same 

authors published a study on LaF3, LuF3, LaCl3, and LuCl3, also using Hartree-Fock, MP2, and 

CCSD(T).261 The predicted bond length did not change appreciably for LaF3 when increasing the 

amount of dynamic electron correlation recovered, yet for the other three molecules, an decrease of 

0.1-0.2 Å was seen when increasing the treatment of dynamic correlation from Hartree-Fock to MP2 

to CCSD(T). It is worth mentioning that in each of the above studies, the bond lengths predicted by 

MP2 did not differ significantly, if at all, from those obtained using more sophisticated methods such 

as CCSD(T). These selected examples from the literature demonstrate that the importance of including 

higher levels of correlation still has not been conclusively determined. 

Another topic of debate has been the impact of the 4f orbitals on structural properties for 

lanthanide-containing systems. It is widely accepted that the 4f orbitals do not fully participate in 

chemical bonding. However, it has been shown that the 4f orbitals need to be included within the 

correlation space for correct geometry determination.262 Computed bond lengths were on average 0.04 

Å longer when the 4f orbitals were not included within the correlation space. In 2000, another study 

demonstrated that calculated bond lengths were shorter by an average of 0.04 Å when using a small 

core ECP that explicitly defined the 4f orbitals, although this was attributed to a better treatment of 

core polarization effects within the small core ECP.263 Because of this, the claim is made that the 4f 

orbitals can be counted within the core. Both Dolg and co-workers232,264 and Fujiwara, et al.,265 have 

published 4f-in-core pseudopotentials that are able to further reduce the computational expense of 

lanthanide calculations, allowing for studies to be conducted on larger molecules. However, this 

approximation introduces a slight decrease in accuracy in comparison to 4f-in-valence 
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pseudopotentials,232 indicating that although the 4f orbitals do not play a role in chemical bonding, 

they have some impact on the bonding and energetics of lanthanide systems.236 

In addition to the effects of explicit treatment of the 4f electrons, it has been argued that 

polarizing functions for both the lanthanide and the halides are important for the correct geometry 

determination for heavy metal compounds.248 The valence set for the SBKJC ECP is a double-ζ set 

without any polarization functions. When an f function was added to the valence set for the lanthanides, 

an average decrease of 0.018 Å, 0.038 Å, 0.030 Å, and 0.023 Å was observed in the PBE0-calculated 

bond lengths for trifluorides, trichlorides, tribromides, and triiodides, respectively. However, Cundari 

and coworkers did not see an increase in the accuracy of the predicted geometries when including 

polarization functions or higher quality description for the d and f orbitals within the valence set of the 

SBKJC ECP, although this could be attributed to the use of multireference methods in this study, for 

which the SBKJC ECPs were optimized.65 

With any study comparing to calculated structures to the experimentally determined structures, 

an important distinction to note is that there are two different experimental bond lengths that are 

typically used for comparison purposes: rg, the thermally averaged bond length as determined by gas-

phase electron diffraction experiments, and re, the equilibrium bond length of the motionless molecule 

as found at the bottom of the potential energy well. It is not technically correct to compare the 

calculated equilibrium bond length to the thermally-averaged bond lengths.238,266 The calculated bond 

lengths, without any kind of thermal corrections, are the equilibrium bond lengths at the bottom of the 

potential energy well, a theoretical motionless state.238 The electron diffraction experiments that 

determined the rg for the lanthanide trihalides occur in the gas phase and at temperatures in excess of 

1500 K. This ensures that most of the molecules are populating a thermally excited state, with 

elongated bonds. In order to correctly compare to the rg values, effects from anharmonicity, 
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temperature, and the inert-gas matrix used for the experiments must be taken into account.257 There is 

an approximate relation between re and rg: 

𝑟𝑔 ≈ 𝑟𝑒 +  〈∆𝑧〉 + 𝐾 +  𝛿𝑟     (1) 

In Eqn. 1, Δz is the parallel average displacement, K = (〈Δ𝑥2〉𝑇 +  〈Δ𝑦2〉𝑇)/2𝑟𝑒, which is the 

perpendicular vibrational correction at temperature T, and δr is a centrifugal distortion term. In order 

to determine re from rg, knowledge of several experimental parameters in the electron diffraction 

experiments is required, yet such information is not always included within the literature. Additionally, 

due to the anharmonicity of the potential energy well, the higher the experimental temperature, the 

more error that is introduced into the re. In order to more accurately compare calculated bond lengths 

with experimental bond lengths, previous studies have suggested that additional polarizing functions 

are needed within the lanthanide valence set, as well as taking into account effects from anharmonicity 

and temperature and inert-gas matrix effects.259-261  

Finally, it is important to note that, although there is some degree of experimentally determined 

geometric data available for the lanthanide trihalides, it is not complete. Post-HF ab initio methods, 

such as the completely renormalized coupled cluster with singles, doubles, and perturbative triple 

excitations [CR-CCSD(T)]110,111,267 can be used to fill in the data in a systematic and transparent 

fashion. To our knowledge, the present work is the only study that combines high-level single 

reference theory with various levels of basis sets (large core ECPs, small core ECPs, and an all-electron 

basis set) to determine bond lengths for the series of LnX3 (Ln=La – Lu; X = F, Cl, Br). Once bond 

lengths have been determined at using ab initio methods such as CR-CCSD(T) or MP2, less expensive 

methods such as density functional theory (DFT) can gauged for use as a computationally efficient 

method for the determination of structure. 
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7.2 Computational Methods 

All calculations were performed with the NWChem quantum chemistry software package.152 

The structures of the molecules were constrained to remain in D3h symmetry instead of C3v symmetry, 

as the barrier to inversion for these molecules is on the order of 1-2 kcal mol-1 or less.238,239,261,266 

Gradient-driven optimizations were performed using restricted DFT and MP2, while potential energy 

curves were constructed using CR-CCSD(T). The performance of six different functionals were tested: 

SVWN,268,269 B3YLP,41,117 PBE0,246 BP86,270,271 B97-1,272 and M06.273  Three different commonly 

available basis sets were used: an all-electron basis set, a small-core ECP, and a large-core ECP, in 

order to determine the minimum number of functions required to adequately describe the system. The 

all-electron calculations utilized the Sapporo-2012-TZP basis on all atoms.116,132,133,235,274,275 The 

small-core ECP calculations described the lanthanide with the small core Stuttgart ECP with a triple-

ζ valence set, which replaces 28 electrons with a core potential229 and the correlation consistent 

polarized valence triple-ζ (cc-pVTZ) sets of Dunning and co-workers were used for the fluorides and 

chlorides when an ECP was utilized, with the additional tight d function added to the chlorine basis 

set.48,49,54 For computational savings, bromine was defined using the large-core Stuttgart ECP.229 The 

large-core ECP combination used the large core SBKJC ECP with a double-ζ valence set, which 

replaces 46 electrons with a core potential,231 to define the lanthanide with the cc-pVTZ sets for 

fluorine and chlorine. The SBKJ ECP was utilized for bromine, as well.276 

When a pseudopotential was used all electrons not replaced by the potential were included 

within the correlation space for the ab initio calculations, while only the valence and subvalence 

electrons were correlated for the all-electron calculations, i.e. Ln 4f, 5s, and 5p and halide ns and np. 

Additionally, relativistic effects were included implicitly via the use of a relativistic pseudopotential 

or explicitly for the all-electron calculations through the use of the full third-order Douglas-Kroll 
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Hamiltonian including cross-product terms so that relativistic vector effects are included in addition 

to the scalar effects.82-84,277-279  

Calculated data is compared first to re and then to rg values where possible. A comparison to rg 

values is included for two reasons: 1) these are the values that are commonly used for comparison to 

in the literature; and 2) there are few experimentally determined re values for the lanthanide trifluorides 

and tribromides.  

 

7.3 Results and Discussion 

The experimental bond lengths (re and rg) are shown in Table 7.1.  

Table 7.1 Experimental r(Ln-F), Å. Both re (the equilibrium bond length from the bottom of the potential energy 

well) and rg (the thermally-averaged bond length from gas-phase electron diffraction) are included. 

 F3 Cl3 Br3 

Ln re
a rg

b re
a    rg

b re
a    rg

b 

La - 2.139c 2.560 2.589a,e 2.693 2.742a,e 

Ce - 2.127 2.569d 2.948     - 2.723 

Pr 2.056 2.091a 2.510 2.554a - 2.693e 

Nd - 2.090 -  - - 2.686 

Pm -  -  -  - - 2.673 

Sm - 2.065 2.495 2.511 - 2.661 

Eu - 2.054 -  - - 2.650 

Gd 2.016 2.053a 2.445 2.488a 2.590 2.640a 

Tb - 2.030 2.438 2.476a,e - 2.626 

Dy - 2.019 2.439 2.454f - 2.615f 

Ho 1.978 2.007a 2.425 2.462a - 2.604e 

Er - 1.997 2.393e 2.430e 2.561 2.593a 

Tm - 1.987 -  2.422e - 2.583 

Yb - 1.975 -  -  - 2.571 

Lu - 1.968 2.374 2.417a,e 2.516 2.506a 

a Zasorin, E. Z. Russ. J. Phys. Chem., 1988, 62, 441. 
b Hargittai, M. Coord. Chem. Rev., 1988, 91, 35-88. 
c Hargittai, M. J. Phys. Chem. A, 1999, 103, 7552-7553. 
d Krasnov, K. S. Molekulyarn’ie Postoyann’ie Neorganicheskikh Spedineinenii, Khimya, Leningrad, 1979. 
e Giricheva, G. V.; Firicheva, N. I.; Shlykov, S. A.; Zakhaov, A. V.; Krasnov, A. V.; Krasnova, O. G. In: XIX Austin 

Symposium on Molecular Science, 2002. 
f Hargittai, M. Chem. Rev., 2000, 100, 2233-2301. 
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7.3.1 Trifluorides 

The mean signed deviations (MSD) and mean absolute deviations (MAD) with respect to the 

re value for the lanthanide trifluorides are shown in Table 7.2. The difference in the deviations between 

the bond lengths produced with CR-CCSD(T) using the Stuttgart ECP and the all-electron Sapporo-

2012-TZ is only 0.001 Å, while there is no difference between the two at the MP2 level of theory. CR-

CCSD(T) and MP2 both overestimate the bond length with all of the basis sets employed, yet the bond 

lengths computed with MP2 are slightly closer to experimental equilibrium lengths when using the 

Stuttgart ECP or the Sapporo-2012 basis set. The tendency of CCSD(T) to have slightly longer bonds 

than MP2 has been noted before, with the explanation that coupled cluster describes the bond 

stretching portion of the potential energy curve slightly better than MP2, thereby giving a lower energy 

and a potential energy curve with different curvature.259 Because the bond lengths obtained with MP2 

are closer to experiment than CR-CCSD(T) while being less computationally expensive in terms of 

memory and processing time, the remainder of this study will focus on the MP2 and DFT results. 

Table 7.2 Mean absolute deviation (MAD) and mean signed deviation (MSD) of r(Ln-F) calculated with MP2 

and DFT using the SBKJC large core ECP, the Stuttgart relativistic small core ECP, and the Sapporo-2012 TZ all-

electron basis set in comparison to the experimental re, Å. All geometries has been constrained to D3h symmetry. 

  CR-CCSD(T) MP2 SVWN BP86 B3LYP B97-1 PBE0 M06 

SBKJC MSD 0.044 0.044 0.029 0.057 0.056 0.058 0.040 0.049 

 MAD 0.044 0.044 0.029 0.057 0.056 0.058 0.040 0.049 

Stuttgart MSD 0.019 0.011  -0.007 0.022 0.026 0.021 0.011 0.029 

 MAD 0.019 0.011 0.007 0.022 0.026 0.021 0.011 0.029 

Sapporo- MSD 0.018 0.011 -0.007 0.027 0.024 0.025 0.016 0.019 

2012 MAD 0.018 0.011  0.007 0.027 0.024 0.025 0.016 0.019 

 

For SVWN, BP86, B3LYP, and PBE0, there is little difference between the results obtained 

with the Stuttgart ECP and with the all-electron Sapporo-2012 basis set, i.e. there is less than 0.005 Å 

difference in the bond lengths produced with the two basis set choices. However, for M06 a much 

larger difference is seen. The deviation obtained with M06 with the Sapporo-2012-TZ set is 0.010 Å 
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smaller than the results obtained with the Stuttgart ECP. Almost all of the functionals systematically 

overestimate the re bond length, as was the case with the wavefunction-based methods. SVWN is the 

only functional tested that does not overestimate the bond length. In fact, when the SVWN functional 

is used in combination with the Stuttgart ECP, the bond lengths are underestimated, while the results 

obtained with the Sapporo-2012 basis set exhibit no systematic trend. Overall, the SVWN functional 

produces the smallest deviation in comparison with the different functionals that were tested regardless 

of the choice of basis set, although the bond length predicted for TbF3 is approximately 0.03 Å too 

short. There is some precedent for the idea that SVWN would perform well in conjunction with a small 

core ECP in structural determination for heavy metal compounds, albeit this was observed for actinides 

rather than lanthanides.280 PBE0 has the second lowest deviation for each of the basis sets used, 

indicating that either of these functionals would be preferable when determining geometric parameters 

for trivalent lanthanide compounds.  

Because of the lack of experimental information that is available for a true comparison with 

calculations, it is also important to demonstrate that the methods used to calculate the geometries of 

these compounds are able to reproduce the general trends as well. Specifically, there should be a 

decrease in bond length as the lanthanide atom becomes heavier. This contraction is important for 

separations of the lanthanide ions as it provides a means to differentiate between each of them based 

on their size. Because of the compact nature of the partially filled 4f shell, many of the chemical 

properties of the lanthanides are very similar, leaving separations based on size one of the few reliable 

methods of extraction for these molecules.238 Figure 7.1 shows the lanthanide contraction for MP2, 

SVWN, and PBE0 using the Stuttgart ECP. The same trend is demonstrated at each level of theory.  
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Figure 7.1 Calculated r(Ln-F) demonstrating the contraction of the lanthanide-fluoride bond, at the MP2, SVWN, 

and PBE0 levels of theory with the Stuttgart small core ECP as well as experimental re, Å. 

 

7.3.2 Trichlorides 

The MSDs and MADs for the calculated lanthanide-chloride bond lengths are in Table 7.3. 

There are more re data available for the chlorides than for either the fluorides or bromides.  

Table 7.3 Mean absolute deviation (MAD) and mean signed deviation (MSD) of r(Ln-Cl) calculated with MP2 

and DFT using the SBKJC large core ECP, the Stuttgart relativistic small core ECP, and the Sapporo-2012 TZ all-

electron basis set in comparison to the experimental re, Å. All geometries have been constrained to D3h symmetry. 

  MP2 SVWN BP86 B3LYP B97-1 PBE0 M06 

SBKJC MSD  0.056  0.028 0.060 0.060 0.050 0.041 0.116 

 MAD  0.052  0.037 0.060 0.060 0.055 0.045 0.117 

Stuttgart MSD -0.016  -0.014 0.056 0.061 0.025 0.014 0.051 

 MAD  0.027   0.019 0.057 0.061 0.027 0.018 0.055 

Sapporo-2012 MSD  0.026 -0.015 0.044 0.045 0.028 0.029 0.015 

 MAD  0.030  0.018 0.044 0.045 0.029 0.033 0.029 

 

The absolute deviation from experiment for MP2 using the Stuttgart ECP has increased to 

0.027 Å and MP2 on average underestimates the bond lengths by 0.016 Å, compared to the MAD and 
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MSD of 0.019 Å for the trifluorides compounds. However, as the ligand is increased in size from 

fluorine to chlorine, it becomes more polarizable and therefore a softer ligand. Although the electronic 

structure of the trifluorides compounds resemble that of the bare lanthanide ion because of the hardness 

of fluoride as a ligand, the same can not necessarily be said about the chlorides. This leads to more 

difficulty in converging the wavefunction to the specified electronic state as it possible that charge 

transfer has occurred from the lanthanide center to the ligands, resulting in a lanthanide in the 2+ 

oxidation state. The calculated bond length of EuCl3 using the PBE0 functional is an example of the 

lanthanide in the 2+ oxidation state, which results in a bond length that is approximately 0.1 Å longer 

than might be expected by the contraction of the lanthanide-halide bonds. When this occurs it is a clear 

sign of a breakdown of the ionic model of Ln-Cl binding.  It also results in more covalent interactions 

with the ligands via the 6s and 5d orbitals. It is likely that as a softer ligand is used, other models such 

as ligand field theory would break down as well. As the softness of the ligand increases, interaction 

with a hard ligand results more from charge transfer rather than a strictly ionic system. Because of 

this, there is more orbital mixing and degeneracies present, which might require multireference 

treatment in order to accurately describe the ground state of the molecule.  

The bond length predicted by MP2 for HoCl3 was consistently too short by about 0.1 Å. If this 

bond length is removed from the absolute deviation, then the MP2 MAD is 0.016 Å, which is 

comparable to the fluorine MAD and the lowest MAD of the methods used to optimize the structures. 

The Sapporo-2012-TZP with MP2 has an absolute deviation of 0.030 Å but is overestimating the bond 

length by 0.026 Å on average. As with the Stuttgart ECP, most of the error is a result of a bond length 

that is 0.1 Å too long for LaCl3. Removing this deviation from the analysis results in an MAD of 0.016 

Å, with a signed deviation of 0.014 Å. Use of the Sapporo-2012-TZP basis set still results in bond 

lengths that are slightly too long on average. 
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There is a larger difference between use of the Stuttgart small core ECP and the Sapporo-2012 

all-electron basis sets when applied to the trichlorides than seen with the trifluorides. The MP2 

calculations with each basis set result in comparable absolute deviations with or without the outliers, 

yet the signed deviation is different. Use of the Stuttgart small core ECP results in a bond length that 

is too short overall, while use of the all-electron set results in a bond that is generally too long. The 

Sapporo-2012 basis set, when used with DFT, results in a smaller absolute deviation than the Stuttgart 

ECP. M06 shows the most significant difference with an MAD of 0.055 Å and 0.029 Å for the Stuttgart 

ECP and the Sapporo-2012 set, respectively.  

Of the DFT functionals used with the Stuttgart ECP, SVWN and PBE0 still have the smallest 

absolute deviation with MADs of 0.019 and 0.018 Å, respectively. On average, SVWN is 

underestimating the bond length slightly more with the trichlorides than with the trifluorides 

compounds, i.e. 0.014 Å too short for the trichlorides as opposed to 0.007 Å too short for the 

trifluorides. The MAD for SVWN with the Sapporo-2012 basis set is essentially the same as with the 

small core ECP. PBE0 slightly overestimates the bond length by 0.014 Å when utilizing the small core 

ECP. When used with the Sapporo-2012 basis set, the average error increases to 0.035 Å, yet most of 

this error is due to the calculated bond length for TbCl3, which is 0.13 Å too long. The M06 functional 

has the smallest signed deviation when using the Sapporo-2012 basis set yet the mean absolute 

deviation is 0.029 Å from experiment. 

Figure 7.2 shows the graphed bond lengths for the trichlorides using MP2, SVWN, and PBE0 

with the Stuttgart ECP. The lanthanide contraction is demonstrated for the trichlorides as with the 

trifluorides, although there is much more variation, even with the experimental bond lengths. There 

are significant outliers such as EuCl3 and TbCl3 with the PBE0 functional and HoCl3 with MP2, but 
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as previously discussed, this can be caused by optimization to an incorrect oxidation state or the 

insufficiency of the single reference method being utilized. 

 

Figure 7.2 Calculated r(Ln-Cl) demonstrating the contraction of the lanthanide-chloride bond, at the MP2, SVWN, 

and PBE0 levels of theory with the Stuttgart small core ECP as well as experimental re, Å. 

7.3.3 Tribromides 

The MSDs and MADs for the calculated Ln-Br bond lengths are shown in Table 7.4. ECPs 

were used for bromine as well as the lanthanide center in order to reduce the number of electrons to 

be explicitly defined.  

Table 7.4 Mean absolute deviation (MAD) and mean signed deviation (MSD) of r(Ln-Br) in comparison to the 

experimental re, Å, calculated with MP2 and DFT using the SBKJC large core ECP, the Stuttgart relativistic small core 

ECP, and the Sapporo-2012 TZ all-electron basis set. All geometries have been constrained to D3h symmetry. 

  MP2 SVWN BP86 B3LYP B97-1 PBE0 M06 

SBKJC MSD  0.133  0.103 0.179 0.150 0.136 0.133 0.088 

 MAD  0.133  0.103 0.179 0.150 0.136 0.113 0.088 

Stuttgart MSD -0.013  0.008 0.048 0.048 0.041 0.025 0.042 

 MAD  0.024  0.010 0.048 0.048 0.041 0.025 0.042 

Sapporo-2012 MSD -  -0.007 0.040 0.042 0.034 0.022 0.026 

 MAD -   0.009 0.040 0.042 0.034 0.022 0.026 
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While the errors using the SBKJC ECP were fairly consistent between the trifluorides and 

trichlorides, the errors have increased substantially for the tribromide compounds. Although using a 

large core ECP in geometry determination would be the most computationally efficient approach, 

errors of 0.1 – 0.2 Å are unacceptably large. MP2 calculations with the Stuttgart ECP perform well, 

with a MAD of 0.024 Å. However, SVWN results in a much smaller absolute deviation of 0.011 Å 

and 0.009 Å when using the Stuttgart ECP or Sapporo-2012 basis set respectively. MP2 and PBE0 

perform comparably, although MP2 underestimates the bond length while PBE0 overestimates the 

bond length. Bromide ligands are softer than fluorides or chlorides, which contributes to difficulties 

in convergence, as previously discussed. Figure 3 contains the contraction of the lanthanide-bromide 

bond demonstrated with both SVWN and PBE0, as well as the experimental data. There is much less 

deviation with the lanthanide contraction with the tribromides than with the trichlorides. However, 

there are also deviations from the expected trend, especially in the too-long bond lengths predicted by 

SVWN for HoCl3 and ErCl3. 

MP2 calculations using the Sapporo-2012 basis set were not performed for the tribromides. As 

MP2 optimizations based on a restricted open shell reference are not possible within NWChem, the 

tensor contraction engine (TCE) would need to be used. This requires the symmetry to be lowered 

from D3h to Cs, the largest Abelian symmetry group possible. Between lowering the symmetry, the 

increased number of electrons included within the calculation, and the fully numeric derivatives, the 

calculations became prohibitively expensive.  

Figure 7.3 contains the lanthanide contraction demonstrated with both SVWN and PBE0, as 

well as the experimental data. There is much less deviation with the lanthanide contraction with the 

tribromides than with the trichlorides. 
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Overall, there are general trends that are present depending on the method or basis set chosen, 

independent of the halide. The bond lengths calculated using the SBKJC ECP tend to be longer, while 

the results from the Stuttgart ECP and the Sapporo-2012 all-electron basis set tend to be shorter and  

close to each other, regardless of the method used. This is generally to be expected, as the SBKJC 

ECP is a large core ECP that replaces 46 electrons by a potential. This trend demonstrates the well-

known fact that, while the subvalence shell of electrons has an impact on the structure of the trihalides 

as demonstrated by the trifluorides,236 explicit treatment of the core electrons has very little effect on 

the determination of the structure. 

 

 

Figure 7.3 Calculated r(Ln-Br) demonstrating the contraction of the lanthanide-bromide bond, at the SVWN and 

PBE0 levels of theory with the Stuttgart small core ECP as well as experimental re, Å. 
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7.3.4 Comparison to rg 

Table 7.5 shows the MSD and MAD for each of the methods in comparison to the experimental 

rg  for each Ln-X.  

Table 7.5 Mean signed deviation (MSD) and mean absolute deviation (MAD) in comparison to the experimental 

rg, Å, for MP2 and DFT using the SBKJC large core ECP, the Stuttgart relativistic small core ECP, and the Sapporo-2012 

TZ all-electron basis set. The CR-CCSD(T) data has been omitted as the bond lengths for the complete series were not 

calculated with each basis set. 

r(Ln-F)  MP2 SVWN BP86 B3LYP B97-1 PBE0 M06 

SBKJC 
MSD  0.008  0.000  0.029  0.021  0.034  0.009  0.025 

MAD  0.012  0.014  0.032  0.023  0.036  0.014  0.030 

Stuttgart RSC 
MSD -0.026 -0.040 -0.017 -0.007 -0.014 -0.023 -0.011 

MAD  0.025  0.041  0.021  0.009  0.015  0.023  0.012 

Sapporo-2012 

TZ 

MSD  -0.029 -0.041 -0.008  0.000 -0.010 -0.023 -0.014 

MAD  0.028  0.039  0.010  0.012  0.012  0.021  0.013 

 

r(Ln-Cl)  MP2 SVWN BP86 B3LYP B97-1 PBE0 M06 

SBKJC 
MSD  0.005  0.014  0.040  0.029  0.036  0.031  0.102 

MAD  0.054  0.031  0.040  0.029  0.037  0.034  0.102 

Stuttgart RSC 
MSD -0.040 -0.042 -0.001 -0.002 -0.013 -0.023 -0.010 

MAD  0.049  0.044  0.013  0.011  0.014  0.023  0.017 

Sapporo-2012 

TZ 

MSD -0.017 -0.038  0.008 -0.002 -0.015 -0.020 -0.017 

MAD   0.028  0.050  0.016  0.024  0.015  0.038  0.017 

 

r(Ln-Br)  MP2 SVWN BP86 B3LYP B97-1 PBE0 M06 

SBKJC 
MSD  0.091  0.042 0.162 0.098  0.065  0.045  0.037 

MAD  0.150  0.078 0.182 0.127  0.098  0.084  0.085 

Stuttgart RSC 
MSD -0.080 -0.029 0.019 0.013 -0.003 -0.017  0.000 

MAD  0.068  0.030 0.020 0.015  0.016  0.022  0.012 

Sapporo-2012 

TZ 

MSD -- -0.048 0.000 0.020 -0.005 -0.019 -0.016 

MAD --  0.048 0.016 0.030  0.012  0.023  0.021 

 

. In contrast to the previous comparisons, the SBKJC ECP has a much lower deviation in 

combination with MP2, SVWN, and PBE0 for the trifluorides. For the trichlorides and tribromides, 

the Stuttgart ECP with BP86, B3LYP, B97-1, and M06 have the lowest absolute deviations, although 

the Sapporo-2012-TZP results are very similar. The functionals with the largest MAD in comparison 
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to re now have the smallest MAD in comparison to rg. This suggests that combinations such as B3LYP 

with the Stuttgart ECP or BP86 with the Sapporo-2012-TZP set can be used to quickly determine an 

accurate rg value if the calculation of effects from anharmonicity, temperature, and inert-gas are not 

feasible.  

 

7.3.5 Outliers 

It is important to note some of the difficulties inherent in theoretical studies on lanthanide 

molecules, even those as relatively “well-behaved” as the lanthanide trihalides. The degree of spin 

contamination present in the optimized wavefunction is represented by the difference between the 

calculated expectation value of the Ŝ2 operator and the exact value of the Ŝ2 operator (i.e. <Ŝ2>calc - 

<Ŝ2>exact). Initially, an unrestricted reference was used and the spin contamination was tracked using 

this formula. Most of the values were less than 10%, with the notable exception of PmF3 using the 

SBKJC ECP (see the Supplementary Material). However, as the size of the ligand increased from 

fluoride to chloride to bromide, either spin contamination of the wavefunction became unacceptably 

large, in excess of 10%, or the wavefunction could not be converged. A restricted open-shell reference 

was then used, which also made inspection of the optimized orbitals for state determination much 

simpler. Optimization to an electronic state other than the one specified was the most common 

difficulty encountered during the geometry optimizations.  

Convergence proved to be consistently difficult for Pm, Sm, Eu, Ho, Tm, and Yb, regardless 

of the level of theory employed in the calculation. The bond lengths calculated using the SBKJC ECP 

for Pm and Tm were consistently too short, deviating significantly from the expected trend of the 

lanthanide contraction. For the trifluorides, optimizations for Sm and Eu, and to a lesser extent Yb, 

were only able to converge with a restricted open-shell (RO) wavefunction instead of an unrestricted 
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wavefunction. These are lanthanides that can be found in the 2+ oxidation state, instead of primarily 

the 3+ state. Even using the converged RO wavefunction as the initial guess of the orbital occupation 

for the unrestricted wavefunction led to either a bond length that was much too long because of 

covalency with the more diffuse 6s and 5d orbitals, or failure to converge the wavefunction at all due 

to the imposition of an ionic model. Additionally, there were molecules for which a DFT functional 

was unable to obtain a converged density without the optimized orbitals from another functional, e.g. 

the M06 functional in combination with the Sapporo-2012 TZ basis set was unable to converge the 

density until the orbitals from the B3LYP calculation were used as a starting guess for YbF3. Much of 

this convergence problem was alleviated when the symmetry was restricted to D3h, an approximation 

that was made since the barrier to inversion is generally on the order of 1-2 kcal mol-1. This leads to a 

relatively flat surface along the bottom of the potential energy well which can be problematic as very 

tight convergence of the energy is required.  The degree to which the energy must be converged is 

sensitive to integral screening as well as the integration grid used for computing the density. Another 

way in which the flat potential energy surface is demonstrated is by the initial guess for the bond length 

for the molecules. At times, beginning the geometry optimization for a bond length that is 0.01 Å 

different than the geometry from the prior attempt can make the difference between a successfully 

converged wavefunction and an unconverged wavefunction. A restricted wavefunction was required 

for most of the trichlorides and the tribromides in order to electronic state consistent with the 

assumption that the lanthanide is Ln3+. As the size of the ligand increased, Dy and Tm were difficult 

to converge as well, with no functional and basis set combination able to converge the density for 

TmBr3. This could be indicative of a reference wavefunction that is inadequate to describe the 

electronic state.  
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7.4 Conclusions 

In this study, CR-CCSD(T), MP2, and six DFT functionals were used in combination with a 

large core ECP, a small core ECP, and an all-electron basis set to determine an accurate and efficient 

combination for the determination of the structural parameters of lanthanide trihalides. Use of the 

SVWN or PBE0 functional with either the Stuttgart RSC ECP or the Sapporo-2012-TZ all-electron 

basis set resulted in the smallest deviation from experimental re values due to explicit accounting of 

the sub-valence electrons. SVWN, PBE0, and MP2 all were able to reproduce the lanthanide 

contraction trend for the fluorides and chlorides, while SVWN and PBE0 were able to reproduce the 

general trend for the lanthanide tribromides. For consistency with the halide ligands, the use of PBE0 

is recommended for geometry optimizations for lanthanide-containing compounds in conjunction with 

the Stuttgart RSC ECP for computational efficiency. For smaller compounds, MP2 calculations with 

the Stuttgart RSC ECP or the Sapporo-2012 basis set can be used as a reference when experimental 

data is unknown.   

Although determination of the correct electronic ground state is not as essential for structure 

determination as it is for accurate energetic calculations, care must still be taken that the converged 

wavefunction contains the proper orbital occupation. Restricted wavefunctions should be used to 

reduce the possible spin contamination in the wavefunction as well as being able to determine the 

electronic state or orbital occupation of the optimized structure. Generally, the lanthanide can be 

treated as if it maintains the electronic state of the bare 3+ ion, although this approximation tends to 

prove less true towards the end of the lanthanide series and with increasing polarizability of the 

ligands. 
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8.1 Introduction  

Since the 1960s, it has been demonstrated that CO, NO, RNC, and hydride ligands connected 

to polynuclear clusters are non-rigid and are able to move around the metal center.281-283 Ligand 

fluxionality occurs through either a dissociation/association process, i.e. a ligand comes off and 

another ligand takes its place, or by a path of terminal-bridging-terminal ligand for the migratory 

ligand, where the ligand, during at least one point in its movement, is coordinated to two metal atoms 

simultaneously. These ligands can also exist in many different coordination states from terminal (η1) 

to multidentate coordination (μ4). Tertiary phosphine and phosphite ligands have been assumed to be 

only terminal ligands, restricted to coordination to a single metal atom.284 However, studies have 

shown that this is not true.285,286 In 2000, Adams investigated the movement of the phosphine ligand 

around a metal cluster with variable temperature (VT) NMR.285 The VT NMR data eliminated the 

possibility of a dissociation/association reaction leading to the isomer. Instead, a mechanism was 

proposed involving a μ2-PMe2P intermediate where the phosphine ligand is coordinated to two metal 

atoms at once. 

Recently, Zhang, et al., published a study about the dynamic isomerization of different 

diphosphine ligands around a triosmium cluster core.287 This study focused on Os3(CO)10(dppen) 

(where dppen = (Z)-1,2-bis(diphenylphosphino)ethylene) and the kinetics of the isomerization 

reaction were investigated both experimentally and computationally. DFT calculations were used to 

                                                 
‡‡ This work was done in collaboration with Prof. Michael G. Richmond, UNT. 



131 

 

investigate the effect of different phosphine ligands on the thermodynamic and kinetic stabilities of 

the trisomium clusters, as well as on the preferred pathway for the isomerization reaction.  

The substituted clusters Os3(CO)10(P-P) [where (P-P) is either dppbz = 1,2-

bis(diphenylphosphino)benzene or dppbzF4 = 1,2-bid(diphenylphosphino)tetrafluorobenzene] were 

synthesized from Os3(CO)10-(MeCN)2 and dppbz/dppbzF4 in solution. The dppbz reaction resulted in 

the (1,2) bridged structure (1), while the dppbzF4 reaction resulted in the (1,1) chelating structure  (2).  

No (1,2) bridged structures were determined to be present in the fluorine derivative.  

 

 

 

 

 

 

    

Two possible mechanisms were suggested for the isomerization of 1 to 2. The first is a pair-wise 

exchange of CO ligands with one of the phosphorus atoms across one of the Os-Os bonds beginning 

with a conrotatory motion, shown in Figure 8.1. The second mechanism is a concerted process, termed 

a “merry-go-round” mechanism, shown in Figure 8.2. 

Figure 8.1    Structures for the kinetic product (1), on the left, and the thermodynamic product (2), on the right 
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Figure 8.2 Stepwise mechanism of 1 to 2, which has a pair-wise ligand exchange in each step. In this, TS1, TS2, 

and TS3 are the proposed transition states, while CR2 and CR3 are the first and second intermediate structures, 

respectively. 

 

 

 

Figure 8.3 Merry-go-round mechanism of 1 to 2, in which all motion occurs in a concerted fashion. 

 

Electronic structure calculations were used to determine the most favorable pathway of the two 

mechanisms. Calculations were performed using the B3LYP density functional in conjunction with 

TS 1 CR 2 TS 2 

CR 3 TS 3 

1 

2 

1 
2 



133 

 

the Stuttgart-Dresden effective core potential and the SDD valence basis set for the osmium atoms, 

while the D95* basis set, a Dunning/Huzinaga double ζ valence with additional d functions included, 

was used for the remaining elements. The results suggested that the merry-go-round mechanism was 

the energetically favored pathway. Various rigid phosphine ligands (the bridging benzene ring, where 

R and R’ are both Ph) were also studied to determine whether the identity of the ligand had an effect 

on the energetics of the mechanism. Perfluorinated benzene (dppbzF4) was the most highly substituted 

ligand included within the study and it lowered the barriers of activation by 4 kcal mol-1. The lower 

barrier may explain the absence of the bridged structure in the reaction involving dppbzF4, as it was 

suggested by the authors that the isomerization from 1 to 2 is simply too fast. As the size of the bridging 

ligand was increased, the amount of strain released by the isomerization from 1 to 2 is increased as 

well, lowering the barrier to the reaction. 

In this study, the effects of different phosphine ligands (R and R’ in 1 and 2) on the energetics of 

the proposed pathways are examined. Hydrogen (H), methyl (Me), phenyl (Ph), and sillyl (SiH3) 

groups are included for R, while fluorine (F), phenyl (Ph), and trifluoromethyl (CF3) groups are 

included for R’. 

 

8.2 Computational Details 

Density functional theory calculations were performed using the Gaussian 09 software 

package.219 The B3LYP functional41,117 was utilized with the Stuttgart-Dresden relativistic small core 

effective core potential for osmium288 and the 6-31G† Pople-style basis set of Petersson and co-

workers for all remaining atoms.127,289 The structures were optimized and frequencies obtained to 

verify that minimum energy structures or transition structures were obtained.  

 



134 

 

8.3 Results and Discussion 

The ligands included within this investigation are listed in Table 8.1. The pairs include ligands 

with: 1) effectively no electron withdrawing or donating strength (R=H or Ph, R’=F); 2) increased 

electron donating strength on R (Me) with effectively no electron withdrawing strength on R’ (F or 

Ph); 3) increased electron donating strength on R (Me) with increased electron withdrawing strength 

on R’ (CF3); 4) a slightly stronger electron withdrawing group on R than R’ (R=SiH3, R’=F); and 5) a 

stronger electron withdrawing group on R’ than on R (R=SiH3, R’=CF3). 

Table 8.1 Ligands 

R  R’ 

H F 

Me F 

Ph F 

Me Ph 

Me CF3 

SiH3 F 

SiH3 CF3 

 

The optimized structures of 1 and 2 were obtained for each of the different ligand 

combinations. Calculated structural data is listed in Table 8.2. Although there is some small variation 

in the bond lengths of the osmium cluster as the ligands are changed, the bond lengths are within the 

values normally observed for phosphine ligands bonded to metal clusters.287,290,291 As the electron 

withdrawing strength of the R’ groups on P(2) is increased, the bond length between P(2) and Os(2) 

increases by 0.05 Å. A longer bond length between Os(2) and P(2) destabilizes the molecule, helping 

to drive the isomerization reaction. The exothermicity of the reaction is increased as the EWG strength 

of the groups on P(2) increases, as shown in Table 8.3. 
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Table 8.2 Geometric parameters for 1, obtained using B3LYP, with SDD ECP for osmium and 6-31G† on all remaining atoms, given in Å. 

R R’ Os(1)-Os(2) Os(2)-Os(3) Os(3)-Os(1) P(1)-C P(2)-C P(1)-Os(1) P(2)-Os(2) 

H F 2.976 2.965 2.954 1.844 1.830 2.355 2.263 

Me F 2.972 2.961 2.965 1.859 1.835 2.385 2.258 

Ph F 2.974 2.958 2.979 1.868 1.835 2.413 2.257 

Me CF3 2.950 2.956 2.950 1.875 1.866 2.379 2.313 

SiH3 F 2.972 2.956 2.956 1.869 1.833 2.429 2.258 

SiH3 CF3 2.953 2.947 2.950 1.890 1.856 2.423 2.313 

Me Ph 2.953 2.963 2.952 1.873 1.881 2.374 2.412 
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Table 8.3 Transition state energies (kcal mol-1) for the merry-go-round mechanism relative to 1, calculated using 

B3LYP with SDD ECP for osmium and 6-31G† for all remaining atoms. 

 

 

 

 

 

 

Figure 8.4 Relative energies of the merry-go-round mechanism (kcal mol-1) 

The calculated energies for each step of the two mechanisms, relative to the initial structures, 

are shown in Tables 8.3 and 8.4. For three of the investigated structures (R=Ph, R’=F; R=Me, R’=CF3; 

and R=SiH3, R’=CF3) the stepwise mechanism has the lowest barriers to reaction. Having an increased 

EWG present on P(2) helps to destabilize the molecule when the EWG is the group that is moving, 

encouraging the stepwise mechanism over the merry-go-round mechanism. In situations with a slightly 
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increased EDG present, the activation energy increases from about 20 kcal mol-1 to above 40 kcal mol-

1. The electron donating properties of these substituents are working to stabilize the initial structure 

instead, resulting in a higher energetic barrier to motion.  

If an electron donating group is present on P(2) and undergoing motion around the ring, the 

barriers to motion are much higher, on the order of 30 – 40 kcal mol-1 for the initial conrotatory motion. 

In addition, CR3 becomes the most stable point on the reaction profile, instead of being an intermediate 

structure, indicating that the phosphine group does not continue the rest of the way around the ring to 

2. As this does not correspond with what has been determined experimentally, the remainder of the 

discussion will focus on the movement of the R’ ligands as originally designated in Table 8.1. 

Table 8.4 Energetics of stepwise mechanism, kcal mol-1, relative to initial structure, calculated using B3LYP with 

the SDD ECP on osmium and 6-31G† on the remaining atoms. TS1, TS2, and TS3 are the proposed transition states, while 

CR2 and CR3 are the intermediate structures, as shown in Fig. 8.1 

 

  

R R’ 1 TS 1 CR2 TS 2 CR3 TS 3 2 

H F 0.00 13.37  7.15 16.60 3.75 41.63  2.18 

Me F 0.00 12.34  5.41 12.86 1.08 41.97 -0.96 

Ph F 0.00 12.64  5.27 13.09 0.86  5.48 -0.88 

Me Ph 0.00 14.02 12.17 27.21 1.20 -2.49 -7.48 

Me CF3 0.00 14.53 11.57 18.78 1.26  1.09 -9.09 

SiH3 F 0.00 11.73  4.77 12.97 0.20 42.52 -1.49 

SiH3 CF3 0.00 14.29 11.63 19.83 2.07  1.97 -8.87 
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Figure 8.5 Relative energetics for the stepwise mechanism (kcal mol-1) 

 

The most stable structure for 2 corresponds to R=Me, R’=CF3 with a final energy that is 9.09 kcal 

mol-1 lower than the energy of 1. For a potential catalyst, however, it is not the most stable structure 

that is preferred, but the structure that has the flattest potential energy surface. The structure with the 

ligands R=Ph, R’=F has a final energy less than one kcal mol-1 lower in energy than the initial 

structure. In addition, the highest barrier for this molecule is 13.09 kcal mol-1, corresponding to the 

formation of a bridge with the PR’3 ligand, transferring between Os(2) and Os(1). The barrier for the 

remainder of the motion is low, especially when an EWG (specifically CF3) is present. 

 

8.4 Conclusions 

Diphosphine ligand fluxionality is once again demonstrated with relatively low barriers to 

movement computed, especially for structures that have increased electron withdrawing strength as 
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the R’ group. This increased electron withdrawing strength helps to facilitate the isomerization 

reaction by destabilizing the ligand-bridged structure, lowering the barriers to movement about the 

osmium cluster. The size of the ligands present seems to have little effect on the overall energetics of 

the reaction in comparison to the presence and strength of the electron withdrawing group. For 

purposes of catalysis, using R = Ph and R’ = F results in the flattest reaction path, which will isomerize 

through the stepwise mechanism as opposed to a concerted fashion. 
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In this dissertation, fundamental concepts of computational chemistry have been examined, 

as well as the application of computational methodology to determine structural and energetic 

properties. A synopsis of each project and the major conclusions have been listed below. 

In Chapter 3, the importance of inspecting the optimized orbitals was demonstrated through 

calculations of the potential energy curves for selected diatomic molecules. Convergence to an 

excited state instead of the ground state at times occurred, regardless of the initial guess to the 

wavefunction, the basis set used to describe the atoms, or the level of theory utilized. Erroneous 

convergence to an excited state was demonstrated even when there was little to no multireference 

character indicated by the diagnostics, such as for TiO. When the system showed significant 

multireference character, the results can be even more disastrous, especially as the HF 

wavefunction is generally used as a basis for subsequent multireference calculations. Using an 

incorrect HF reference wavefunction can impact the convergence rate of the multireference 

calculations as well as the calculated properties.  

In Chapter 4, the convergence behavior of the Sapporo-nZP-2012 family of basis sets was 

investigated using different functional forms for the extrapolation. This work demonstrated that as 

the Sapporo-nZP-2012 basis sets have been built in a hierarchical fashion, the energies from the 

Sapporo basis sets can be extrapolated to a limit and as such can be utilized when other hierarchical 

basis sets such as the correlation consistent sets are not available. It was determined that a three 

parameter extrapolation scheme fit the calculated data better than a two parameter scheme and a 

new functional form for extrapolations was determined. The functional form is dependent on the 

maximum angular momentum in the basis set (lmax) as opposed to the ζ-level of the basis set. While 
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for main group elements this is the same value, it is not for transition metal or heavier elements. 

The (P+KM) scheme is recommended for use when extrapolating the energies from the Sapporo-

nPZ-2012 basis sets.  

In Chapter 5, the accuracy of the ccCA method in computing thermochemical properties 

was compared to calculations at the CCSD(T,FC1)/aug-cc-pCV∞Z-DK level of theory, in which 

the valence and subvalence electrons were included in the correlation space and the energies were 

extrapolated to the CBS limit. When used to calculate ΔHf’s for the G2/97 data set, both 

methodologies were able to reproduce the energetic values within 1 kcal mol-1 of experiment, 

indicating the ccCA does indeed have a comparable accuracy to the targeted approach. 

In Chapter 6, the ability of the MR-ccCA method to calculate thermochemical properties 

for compounds containing s-block elements was assessed. Multireference wavefunctions are 

needed to accurately describe some s-block molecules. Model chemistries based on a single 

reference wavefunction have historically had difficulties in predicting the ΔHf’s for compounds 

containing alkali and alkaline earth metals, requiring modification to the methodology to result in 

deviations within 2 kcal mol-1 of experiment. MR-ccCA is able to predict ΔHf’s within 2 kcal mol-

1 of experiment without needing to modify the methodology. As such, MR-ccCA is suggested for 

use in further studies on s-block compounds. 

In Chapter 7, MP2 and six DFT functionals were used in combination with a large core 

ECP, a small core ECP, and an all-electron basis set to determine an accurate and efficient 

combination for the elucidation of the structural parameters of lanthanide trihalides. Although 

lanthanide-containing compounds are inherently multireference in nature, for larger compounds 

structure determination using multireference methods would become prohibitive in terms of 

computational cost and the time required to complete a calculation. Instead, using the PBE0 or 
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SVWN functionals with the Stuttgart RSC ECP allows for the accurate prediction of the bond 

lengths in lanthanide trihalides. In addition, due to the lack of experimental data, MP2 with the 

Stuttgart RSC ECP can be used to provide a reliable bond length when experimental data is 

unknown.  

In Chapter 8, the B3LYP functional was applied to determine the energetically favored 

mechanism of disphosphine ligand rearrangement around a triosmium cluster. Fluxionality of the 

ligands was demonstrated through the computation of relatively low energetic barriers to 

movement around the triosmium cluster. Steric hindrance is shown to have less of an impact on 

the preferred mechanism than the presence and strength of the electron withdrawing group. A 

stepwise mechanism is energetically favored over the mechanism dependent on concerted motion. 

The body of work presented here can be continued through incorporation of some of the 

previous conclusions into a composite approach designed for the heaviest elements. A method for 

efficient structure determination has been determined for compounds containing lanthanides. The 

efficacy of the proposed combination of PBE0 and a Stuttgart ECP can be applied to other systems 

containing heavy elements, to ensure that reliable results can still be obtained for systems in which 

the lanthanide is not in the common 3+ oxidation state, as well as for actinide-containing systems. 

Further analysis of the chemical environment of small compounds containing thulium and 

ytterbium can also be beneficial, as these lanthanides were the most difficult of the series to obtain 

a converged wavefunction.  

It has been demonstrated that the Sapporo-nZP-2012 basis sets can be used to extrapolate 

energies and as such, extrapolation can be incorporated into a ccCA-type scheme. In addition, 

perhaps the multireference nature of compounds containing rare earth elements can be included 

within a composite methodology as an additive term. Combining elements of ccCA and MR-ccCA 
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as well as using the Sapporo-nZP-2012 family of basis set could provide a feasible way to 

accurately calculate the thermochemical properties of compounds containing heavy elements, 

without having to use fully-relativistic methods that are much more computationally expensive. 

Finally, as many of the heavy elements are found in systems larger than those included within this 

research, using a composite methodology as the high level theory in a layered method such as 

ONIOM can allow for the study of larger systems. 
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Table A.1 ROHF energies for ground and excited states of the 3d transition metals (mEh), calculated with cc-

pVnZ (n = T, Q, 5), obtained from Ref. 58. 

Atom Electronic State cc-pVTZ cc-pVQZ cc-pV5Z 

Sc [Ar]4s23d 2D -759.735450 -759.735684 -759.735714 

 [Ar]4s3d2 4F -759.698427 -759.698739 -759.698781 

Ti [Ar]4s23d2 3F -848.405611 -848.405958 -848.405992 

 [Ar]4s3d3 5F -848.385685 -848.386103 -848.386148 

V [Ar]4s23d3 4F -942.883834 -942.884293 -942.884331 

 [Ar]4s3d4 6D -942.879201 -942.879728 -942.879776 

Cr [Ar]4s3d5 7S -1043.355682 -1043.356320 -1043.356368 

 [Ar]4s23d4 5D -1043.309071 -1043.309751 -1043.309811 

Mn [Ar]4s23d5 6S -1149.865370 -1149.866186 -1149.866242 

 [Ar]4s3d6 6D -1149.742990 -1149.743884 -1149.743947 

Fe [Ar]4s23d6 5D -1262.442562 -1262.443594 -1262.443654 

 [Ar]4s3d7 5F -1262.376411 -1262.377529 -1262.377604 

Co [Ar]4s23d7 4F -1381.413197 -1381.414471 -1381.414538 

 [Ar]4s3d8 4F -1381.356914 -1381.358282 -1381.358368 

Ni [Ar]4s23d8 3F -1506.869252 -1506.870812 -1506.870890 

 [Ar]4s3d9 3D -1506.822293 -1506.823908 -1506.824009 

Cu [Ar]4s3d10 2S -1638.961926 -1638.963614 -1638.963725 

 [Ar]4s23d9 2D -1638.948666 -1638.949992 -1638.950068 

Zn [Ar]4s23d10 1S -1777.846655 -1777.848025 -1777.848104 

 [Ar]4s3d104p1 3P -1777.749331 -1777.750848 -1777.750955 
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Table A.2 Deviation from the numerical Hartree-Fock (NHF) energies for the ground and excited states of the 3d transition metals (mEh) calculated at the ROHF/cc-pVnZ (n = 

T, Q, 5) level of theory. The mean absolute deviation (MAD) from NHF is also reported in mEh. F indicates the Feller extrapolation; KM indicates the Karton and Martin extrapolation; 

P indicates the Peterson extrapolation; WD is the Wilson and Dunning extrapolation; S3 and S4 are the inverse cubic and quartic Schwartz extrapolations, respectively; PS3 is the 

average of the Peterson and Schwartz-3 schemes; the letters in parenthesis indicate which basis set levels were included within the extrapolation. The atomic energies are from Ref. 58; 

the extrapolations have been performed for this work. *The constant B has been replaced with 1.47, from the suggested value of 1.63, as suggested in Ref. 146. 

Atom F(TQ5) F(Q5) F(Q5),1.47* KM(Q5) P(TQ5) WD(TQ5) S3(TQ) S3(Q5) S4(TQ) S4(Q5) PS3(T,Q) PS3(Q,5) 

Sc  0.000  -0.003 -0.005 -0.002 -0.008  0.086 -0.212 -0.037 -0.156 -0.028 -0.110 -0.023 

 -0.002 -0.005 -0.008 -0.004 -0.013  0.108 -0.280 -0.053 -0.206 -0.039 -0.146 -0.033 

Ti  0.001 -0.003 -0.005 -0.002 -0.006  0.156 -0.325 -0.042 -0.243 -0.031 -0.165 -0.024 

  0.001 -0.005 -0.007 -0.003 -0.010  0.177 -0.388 -0.056 -0.288 -0.041 -0.199 -0.033 

V  0.004 -0.002 -0.004 -0.001 -0.003  0.227 -0.437 -0.045 -0.328 -0.033 -0.220 -0.024 

 -0.002 -0.005 -0.007 -0.003 -0.007  0.247 -0.498 -0.059 -0.373 -0.043 -0.253 -0.033 

Cr  0.008  0.000 -0.002  0.002  0.002  0.331 -0.609 -0.054 -0.458 -0.038 -0.304 -0.026 

  0.003 -0.006 -0.009 -0.003 -0.008  0.324 -0.644 -0.073 -0.483 -0.084 -0.326 -0.041 

Mn  0.004 -0.005 -0.008 -0.003  0.001  0.442 -0.798 -0.065 -0.604 -0.048 -0.399 -0.032 

  0.008 -0.002 -0.006  0.000  0.002  0.472 -0.862 -0.074 -0.650 -0.053 -0.430 -0.036 

Fe  0.012  0.001 -0.002  0.004  0.011  0.582 -1.007 -0.066 -0.762 -0.047 -0.498 -0.028 

  0.011 -0.002 -0.006  0.001  0.004  0.601 -1.082 -0.087 -0.817 -0.063 -0.539 -0.041 

Co  0.008 -0.004 -0.008 -0.002  0.011  0.731 -1.258 -0.080 -0.955 -0.058 -0.623 -0.034 

  0.006 -0.009 -0.014 -0.006  0.001  0.744 -1.337 -0.106 -1.013 -0.078 -0.668 -0.052 

Ni  0.016  0.001 -0.003  0.004  0.022  0.912 -1.539 -0.087 -1.169 -0.062 -0.759 -0.033 

  0.014 -0.004 -0.009  0.000  0.009  0.887 -1.572 -0.118 -1.189 -0.085 -0.782 -0.054 

Cu  0.007 -0.012 -0.018 -0.008 -0.001  0.904 -1.645 -0.137 -1.245 -0.102 -0.823 -0.069 

  0.007 -0.007 -0.011 -0.004  0.007  0.742 -1.303 -0.092 -0.989 -0.068 -0.648 -0.043 

Zn  0.011 -0.003 -0.008  0.000  0.010  0.769 -1.342 -0.093 -1.017 -0.067 -0.666 -0.041 

  0.037  0.019  0.013  0.023  0.025  0.824 -1.440 -0.102 -1.080 -0.068 -0.707 -0.038 

MSD  0.008 -0.003 -0.006  0.000  0.002  0.513 -0.929 -0.076 -0.701 -0.055 -0.463 -0.037 

MAD  0.008  0.005  0.008  0.004  0.008  0.513  0.929  0.076  0.701  0.055  0.463  0.037 
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Table A.3 ROHF energies for ground and excited states of the 3d transition metals (mEh), calculated with 

Sapporo-2012-nZP (n = D, T, Q). 

Atom Electronic State Sapporo-DZP Sapporo-TZP Sapporo-QZP 

Sc [Ar]4s23d 2D -759.716749 -759.717687 -759.718306 

 [Ar]4s3d2 4F -759.679411 -759.680484 -759.681190 

Ti [Ar]4s23d2 3F -848.384908 -848.386458 -848.386752 

 [Ar]4s3d3 5F -848.364734 -848.365800 -848.366349 

V [Ar]4s23d3 4F -942.861123 -942.862517 -942.862695 

 [Ar]4s3d4 6D -942.856553 -942.858016 -942.858183 

Cr [Ar]4s3d5 7S -1043.329571 -1043.330619 -1043.330765 

 [Ar]4s23d4 5D -1043.284329 -1043.286360 -1043.286733 

Mn [Ar]4s23d5 6S -1149.836023 -1149.837174 -1149.837627 

 [Ar]4s3d6 6D -1149.718827 -1149.720477 -1149.720772 

Fe [Ar]4s23d6 5D -1262.414792 -1262.416525 -1262.417119 

 [Ar]4s3d7 5F -1262.348800 -1262.349979 -1262.350316 

Co [Ar]4s23d7 4F -1381.381920 -1381.383237 -1381.383843 

 [Ar]4s3d8 4F -1381.326028 -1381.327438 -1381.327820 

Ni [Ar]4s23d8 3F -1506.834591 -1506.835989 -1506.836650 

 [Ar]4s3d9 3D -1506.788478 -1506.790414 -1506.790990 

Cu [Ar]4s3d10 2S -1638.922242 -1638.923486 -1638.924014 

 [Ar]4s23d9 2D -1638.909516 -1638.911686 -1638.912532 

Zn [Ar]4s23d10 1S -1777.805662 -1777.806764 -1777.807508 

 [Ar]4s3d104p1 3P -1777.635641 -1777.669331 -1777.670191 
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Table A.4 Deviation from the numerical Hartree-Fock (NHF) energies for the ground and excited states of the 3d transition metals (mEh) calculated at the ROHF/Sapporo-2012-

nZP (n = D, T, Q) level of theory. The mean absolute deviation (MAD) from NHF is also reported in mEh. F indicates the Feller extrapolation; KM indicates the Karton and Martin 

extrapolation; P indicates the Peterson extrapolation; WD is the Wilson and Dunning extrapolation; S3 and S4 are the inverse cubic and quartic Schwartz extrapolations, respectively; 

PS3 is the average of the Peterson and Schwartz-3 schemes; the letters in parenthesis indicate which basis set levels were included within the extrapolation. *The constant B has been 

replaced with 1.47, from the suggested value of 1.63 of Ref. 146. 

Atom F(DTQ) F(TQ) F(TQ),1.47* KM(TQ) P(DTQ) WD(DTQ) S3(DT) S3(TQ) S4(DT) S4(TQ) PS3(D,T) PS3(T,Q) 

Sc 16.22 17.26 17.23 17.31 17.03 16.52 17.35 16.76 17.49 16.91 17.19 16.89 

 16.24 17.42 17.39 17.48 17.16 16.58 17.52 16.86 17.68 17.02 17.34 17.01 

Ti 19.18 19.17 19.16 19.20 19.10 19.27 18.41 18.94 18.64 19.01 18.75 19.02 

 19.22 19.67 19.64 19.71 19.47 19.11 19.58 19.23 19.74 19.36 19.52 19.35 

V 21.62 21.60 21.59 21.61 21.57 21.84 20.80 21.46 21.02 21.50 21.19 21.51 

 21.58 21.56 21.55 21.57 21.54 21.84 20.70 21.42 20.92 21.46 21.12 21.48 

Cr 25.59 25.58 25.57 25.59 25.55 25.74 25.00 25.46 25.16 25..50 25.27 25.51 

 23.00 23.00 22.98 23.02 22.90 23.14 21.98 22.69 22.29 22.78 22.44 22.80 

Mn 28.33 28.51 28.49 28.55 28.16 28.36 28.24 28.15 28.41 28.25 28.30 28.25 

 23.12 23.12 23.10 23.14 23.05 23.25 22.28 22.88 22.53 22.95 22.66 22.96 

Fe 26.24 26.41 26.37 26.45 26.21 26.03 25.88 25.93 26.14 26.07 26.04 26.07 

 27.20 27.22 27.20 27.25 27.12 27.09 26.78 26.95 26.96 27.03 26.95 27.03 

Co 30.19 30.56 30.53 30.61 30.34 29.99 30.35 30.07 30.55 30.21 30.35 30.21 

 30.45 30.47 30.45 30.50 30.35 30.34 29.91 30.16 30.13 30.25 30.13 30.26 

Ni 33.67 34.10 34.06 34.15 33.86 33.47 33.90 33.57 34.11 33.72 33.88 33.71 

 32.87 32.90 32.87 32.94 32.72 32.64 32.20 32.44 32.50 32.57 32.46 32.58 

Cu 39.34 39.60 39.57 39.64 39.41 39.14 39.35 39.17 39.54 39.30 39.38 39.29 

 37.30 37.34 37.30 37.41 37.05 36.69 36.81 36.66 37.14 36.86 36.93 36.86 

Zn 39.07 40.43 40.39 40.49 40.15 39.53 154.20 39.83 159.34 40.01 166.36 39.99 

 80.55 80.60 80.55 80.67 81.40 92.58 57.08 79.91 62.22 80.11 69.24 80.65 

             

MAD 29.54 29.83 29.80 29.86 29.72 30.15 33.92 29.43 34.63 29.54 35.28 29.57 

MAD w/o Zn 

ES 

26.84 27.15 27.13 27.19 27.00 26.86 32.70 26.77 33.17 26.88 33.49 26.88 
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Figure A.1 The energies of the ground states (mEh) for the 3d transition metals calculated at the ROHF level of theory with the Sapporo-2012-nZP (n  = D, T, Q) basis sets. F 

indicates the Feller extrapolation; P indicates the Peterson extrapolation; WD is the Wilson and Dunning extrapolation; S4 is the inverse quartic Schwartz extrapolations; PS3 is the 

average of the Peterson and Schwartz-3 schemes. 
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Table A.5 Ground state energies for the 3d transition metal atoms, calculated at the CCSD(T,FC1) level of theory, 

where FC1 indicates that the valence and subvalence electrons have been correlated. 

 

 cc-pwCVnZ Sapporo-2012-nZP 

Atom T Q 5 D T Q 

Sc -760.115844 -760.128152 -760.134224 -759.979746 -760.030731 -760.075662 

Ti -848.823763 -848.840171 -848.846526 -848.661273 -848.740072 -848.786509 

V -943.346839 -943.367598 -943.375594 -943.171992 -943.258302 -943.314830 

Cr -1043.86826 -1043.89684 -1043.90752 -1043.67683 -1043.77756 -1043.84123 

Mn -1150.33566 -1150.40568 -1150.46728 -1150.21562 -1150.32229 -1150.39231 

Fe -1263.08140 -1263.11964 -1263.13596 -1262.82971 -1262.97597 -1263.05216 

Co -1382.12056 -1382.16639 -1382.18631 -1381.82985 -1382.00650 -1382.08274 

Ni -1507.64852 -1507.69372 -1507.71752 -1507.32938 -1507.52661 -1507.61098 

Cu -1639.86563 -1639.93368 -1639.96336 -1639.51149 -1639.73525 -1639.83973 

Zn -1778.77151 -1778.84254 -1778.87390 -1778.43967 -1778.62875 -1778.73930 

 

 

 
Table A.6 Ground state energies for the 3d transition metal atoms, calculated at the CCSD(T,FC1)/cc-pwCVnZ (n 

= T, Q, 5) level of theory, where FC1 indicates that the valence and subvalence electrons have been correlated. The energies 

have then been extrapolated to the CBS limit. The F(Q5) extrapolation was utilized for the Hartree-Fock energies; the 

correlation energies have been extrapolated using the following extrapolations: Peterson (P), Schwartz-3 (S3), Schwartz-

4 (S4), and an average of the Peterson and Schwartz-3 schemes (PS3). The lowest extrapolated energy was used as the 

reference energy for Table A.7. 

 

Atom P(TQ5) S3(Q5) S4(Q5) PS3(Q,5) 

Sc -760.137907 -760.138652 -760.137727 -760.138280 

Ti -848.850249 -848.851142 -848.850179 -848.850695 

V -943.380277 -943.381404 -943.380192 -943.380841 

Cr -1043.91376 -1043.91528 -1043.91366 -1043.91452 

Mn -1150.50653 -1150.51220 -1150.50281 -1150.50936 

Fe -1263.14566 -1263.14781 -1263.14557 -1263.14673 

Co -1382.19816 -1382.20076 -1382.19775 -1382.19946 

Ni -1507.73147 -1507.73481 -1507.73120 -1507.73314 

Cu -1639.98109 -1639.98497 -1639.98046 -1639.98303 

Zn -1778.89265 -1778.89674 -1778.89197 -1778.89470 
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Table A.7 Deviation between CCSD(T,FC1)/cc-pwCVnZ (n = T, Q, 5), extrapolated to the CBS limit using the S3(Q5) 

extrapolation, and CCSD(T,FC1)/Sapporo-2012-nZP (n = D, T, Q), in mEh. The energies from the Sapporo sets are extrapolated as 

total energies instead of separately. The mean absolute deviation (MAD) is also reported in mEh. F indicates the Feller extrapolation; 

KM indicates the Karton and Martin extrapolation; P indicates the Peterson extrapolation; WD is the Wilson and Dunning 

extrapolation; S3 and S4 are the inverse cubic and quartic Schwartz extrapolations, respectively; PS3 is the average of the Peterson 

and Schwartz-3 schemes; the letters in parenthesis indicate which basis set levels were included within the extrapolation. *The 

constant B has been replaced with 1.47, from the suggested value of 1.63 of Ref. 146. 

 

Atom DZ TZ QZ F(DTQ) F(TQ) F(TQ),1.47* KM(TQ) P(DTQ) 

Sc 158.91 107.92 62.99 -270.42 52.04 49.57 53.73 34.36 

Ti 189.87 111.07 64.63 -2.00 53.32 50.77 55.06 35.95 

V 209.41 123.10 66.57 -40.73 52.80 49.70 54.92 31.33 

Cr 238.45 137.72 74.06 -35.28 58.54 55.05 60.93 34.48 

Mn 296.58 189.91 119.89 -13.86 102.83 98.99 105.46 76.23 

Fe 318.10 171.84 95.65 12.79 77.08 72.90 79.94 49.18 

Co 370.91 194.26 118.02 60.16 99.45 95.26 102.31 72.59 

Ni 405.43 208.19 123.83 60.78 103.27 98.64 106.44 73.62 

Cu 473.49 249.72 145.24 53.72 119.78 114.04 123.70 82.33 

Zn 457.07 267.99 157.44 1.76 130.50 124.43 134.65 89.21 

MSD 311.82 176.17 102.83 -17.31 84.96 80.93 87.71 57.93 

MAD 311.82 176.17 102.83 55.15 84.96 80.93 87.71 57.93 

 

 

Atom WD(DTQ) S3(DT) S3(TQ) S4(DT) S4(TQ) PS3(D,T) PS3(T,Q) 

Sc -28.11 54.43 1.27 66.52 15.73 44.39 17.82 

Ti -10.90 28.40 0.85 47.08 15.79 32.18 18.40 

V -32.23 32.55 -11.08 53.02 7.12 31.94 10.13 

Cr -34.70 32.03 -13.39 55.92 7.10 33.26 10.55 

Mn -2.65 78.00 23.72 103.30 46.25 77.11 49.97 

Fe -16.18 18.39 -9.01 53.08 15.51 33.78 20.08 

Co 27.78 8.91 13.31 50.81 37.84 40.75 42.95 

Ni 25.20 1.26 7.95 48.04 35.10 37.44 40.78 

Cu 8.45 14.95 1.72 68.02 35.34 48.64 42.02 

Zn -21.34 69.62 5.57 114.46 41.15 79.41 47.39 

MSD -8.47 33.85 2.09 66.02 25.69 45.89 30.01 

MAD 20.75 33.85 8.79 66.02 25.69 45.89 30.01 
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Table A.8 Deviation between CCSD(T,FC1)/cc-pwCVnZ (n = T, Q, 5), extrapolated to the CBS limit using the S3(Q5) 

extrapolation, and CCSD(T,FC1)/Sapporo-2012-nZP (n = D, T, Q), in mEh. The energies from the Sapporo sets are extrapolated 

separately, using the KM(TQ) extrapolation for the HF energies. The correlation energies were extrapolated with the following 

schemes: P indicates the Peterson extrapolation; WD is the Wilson and Dunning extrapolation; S3 and S4 are the inverse cubic and 

quartic Schwartz extrapolations, respectively; PS3 is the average of the Peterson and Schwartz-3 schemes; the letters in parenthesis 

indicate which basis set levels were included within the extrapolation. The mean absolute deviation (MAD) and mean signed 

deviation (MSD) are also reported in mEh. 

 

Atom KM(TQ) P(DTQ) WD(DTQ) S3(DT) S3(TQ) S4(DT) S4(TQ) PS3(D,T) PS3(T,Q) 

Sc 57.32 34.67 -27.10 70.70 16.42 78.34 26.93 52.69 25.54 

Ti 58.77 36.06 -11.12 54.26 16.18 66.07 27.12 45.16 26.12 

V 59.44 3139 -32.79 61.05 7.46 73.97 20.82 46.22 19.43 

Cr 66.02 34.53 -35.05 64.81 7.40 80.02 22.46 49.67 20.96 

Mn 111.05 76.44 -2.24 112.40 46.85 128.50 63.35 94.42 61.65 

Fe 86.03 49.45 -15.80 65.71 87.76 34.18 16.25 57.58 32.85 

Co 108.40 64.40 -12.28 82.56 24.73 109.31 46.23 73.58 44.66 

Ni 113.18 64.98 -18.07 82.85 20.93 112.72 44.46 73.91 42.96 

Cu 132.05 82.58 8.99 86.74 36.10 120.69 60.76 84.66 59.34 

Zn 143.48 89.58 -20.11 129.99 42.13 158.66 68.17 109.78 65.85 

MSD 61.14 36.83 -10.77 52.77 15.22 66.24 27.02 44.80 26.02 

MAD 61.14 36.83 12.02 52.77 15.22 66.24 27.02 44.80 26.02 
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Figure A.3 The energies of the ground states (Eh) for the 3d transition metals (Sc-Cu) calculated at the CCSD(T,FC1) level of theory with the Sapporo-2012-nZP (n  = D, T, Q) 

basis sets. Extrapolations have been performed on the total energy. F indicates the Feller extrapolation; KM is the Karton and Martin extrapolation; P indicates the Peterson extrapolation; 

S3 and S4 are the inverse cubic and quartic Schwartz extrapolations; PS3 is the average of the Peterson and Schwartz-3 schemes; WD is the Wilson and Dunning extrapolation.
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Figure A.4 The energies of the ground states (Eh) for the 3d transition metals (Sc-Cu) calculated at the CCSD(T,FC1) level of theory with the Sapporo-2012-nZP (n  = D, T, Q) 

basis sets. The energies have been extrapolated separately. The combinations are indicated as CBS-scheme/scheme (e.g. CBS-KM/WD uses the KM scheme for the HF energy and the 

WD scheme for the correlation energy). F indicates the Feller extrapolation; KM is the Karton and Martin extrapolation; P indicates the Peterson extrapolation; S3 and S4 are the inverse 

cubic and quartic Schwartz extrapolations; PS3 is the average of the Peterson and Schwartz-3 schemes; WD is the Wilson and Dunning extrapolation.



 

 

Additional functionals forms – reoptimization and testing. Additional functional forms 

were tested to describe the convergence behavior of the energies obtained from the Sapporo-2012 

sets. The deviations from numerical HF in mEh are compiled in Table A8 for each variation. The 

exponents in the Feller extrapolation (Eqn. 4.1) and the Karton and Martin extrapolation (Eqn. 4.2) 

were optimized using the Sapporo-2012 energies.  

𝐸𝑥 =  𝐸∞ + 𝐴𝑒𝑥𝑝(−𝐵𝑛)
      (4.1) 

   maxmax exp1 lBlAEE CBSx 
    (4.2)

 

In the Feller scheme, the value of B changed from 1.63 (the value determined with the 

correlation consistent sets) to 1.076 when optimized for the HF energies and 0.599 when optimized 

for the total energies.  

Additionally, using lmax in place of the ζ-level of the basis set was tested as well. In both 

tests, the functional form did not describe the behavior of the energies very well. Several different 

tests were conducted with the Karton and Martin equation. The value of B was allowed to vary 

and optimized to 1.544, as opposed to 9 determined by correlation consistent sets. Additionally, 

the square root of (lmax+1) replaced the square root of lmax and B was optimized to 1.455. In both 

cases, this artificially lowered the extrapolated energy.  

Finally, a variation of the Peterson extrapolation (Eqn. 4.3) was tested, referred to as G/e 

in Table A.9, using the square root of lmax in place of the ζ-level (Eqn. S1). 

𝐸𝑥 =  𝐸∞ + 𝐴 exp(−(𝑛 − 1)) + 𝐵𝑒𝑥𝑝(−(𝑛 − 1)2)
    (4.3)

 

    




 

2

maxmax 9exp9exp lBlAEEx     (A.1) 
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As the Karton and Martin extrapolation scheme has been determined in this study to 

describe the convergence behavior the best, this was combined with the idea of the mixed 

Gaussian/exponential form as a three-point extrapolation.  

 
Table A.9 Deviation from the numerical Hartree-Fock (NHF) energies for the ground states of the 3d transition 

metals (mEh) calculated at the ROHF/Sapporo-2012-nZP (n = D, T, Q) level of theory. The mean absolute deviation 

(MAD) from NHF is also reported in mEh. F indicates the Feller extrapolation; KM indicates the Karton and Martin 

extrapolation; the letters in parenthesis indicate which basis set levels were included within the extrapolation; the 

number indicates the value of B, if present.  

Atom F(TQ),1.076 F(TQ),1.47 F(TQ),0.559 KM(DTQ),1.544 G/e 

Sc 17.09 17.23 16.68 14.15 15.98 

Ti 30.39 19.16 29.56 28.96 30.10 

V 33.07 21.59 32.08 32.01 32.99 

Cr 25.54 25.57 24.89 24.81 25.47 

Mn 28.39 28.49 27.78 26.12 27.68 

Fe 26.24 26.37 25.29 23.28 25.38 

Co 53.21 30.53 29.73 125.25 29.40 

Ni 58.58 34.06 33.22 136.43 32.82 

Cu 39.45 39.57 38.81 36.81 38.61 

Zn 40.23 40.39 39.75 36.52 38.89 

MSD 35.22 28.30 29.78 48.43 29.73 

MAD 35.22 28.30 29.78 48.43 29.73 

  

Power schemes and other polynomials were not tested as there are only three points with 

which to base the fit.  A third order polynomial (or higher) could fit the calculated data exactly, 

but would not adequately describe the convergence behavior. This is demonstrated by the graphed 

energies in Figures S1-S4.  

The convergence behavior of each extrapolation scheme, both as originally proposed for 

the correlation consistent sets and the reoptimized variant for the Sapporo sets, have been graphed 

for Cr (top) and Sc (bottom), shown in Figure S5. Overall, the KM scheme (light green) as 

originally proposed for use with the correlation consistent basis sets exhibits the most convergent 

behavior for both test cases. Reoptimization of the B parameter in either the F or KM scheme leads 

to an artificial lowering of energy.  
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Figure A.5 Calculated energies (Eh) at the ROHF/Sapporo-nZP (n = D, T, Q) level of theory, including the 

extrapolated CBS energy utilizing each extrapolation scheme for Cr (top) and Sc (bottom) as representative examples 

of the 3d atoms. 
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Table B.1 r(Ln-F), Å, using SBKJC ECP with double-zeta valence set for Ln and cc-pVTZ for F, in 

comparison to experimental re. The calculation for TmF3 using the B97-1 functional did not converge to a realistic 

structure, resulting in a bond length that was 2 Å too long. The remainder of the CR-CCSD(T) calculations were not 

completed with the SBKJC ECP, as the MP2 calculations resulted in bond lengths that were very similar. 

Ln re
a CR-CCSDT MP2 SVWN BP86 B97-1 B3LYP PBE0 M06 

La - - 2.178 2.153 2.180 2.170 2.179 2.164 2.167 

Ce - - 2.106 2.076 2.112 2.114 2.115 2.096 2.102 

Pr 2.056 2.113 2.112 2.088 2.111 2.120 2.118 2.097 2.095 

Nd - - 2.092 2.078 2.109 2.097 2.096 2.094 2.089 

Pm - - 1.932 1.867 1.895 1.852* 1.924* 1.884 1.883 

Sm - - 2.069 2.051* 2.091* 2.089 2.076 2.086 2.062* 

Eu - - 2.062 2.059* 2.105* 2.117* 2.077* 2.060 2.072* 

Gd 2.016 2.054 2.052 2.038 2.069 2.066 2.067 2.054 2.054 

Tb - - 2.038 2.027 2.059 2.049 2.058 2.043 2.061 

Dy - - 2.029 2.020 2.053 2.155* 2.048 2.034 2.050 

Ho 1.978 2.015 2.017 2.012 2.042 2.037 2.033 2.020 2.047 

Er - - 2.006 2.011 2.054 2.030 2.028 2.013 2.024 

Tm - - 1.778 1.811 1.854 -  2.055* 1.817 1.822 

Yb - - 1.968 1.958 2.003* 2.000* 2.013 2.147 1.991 

Lu - - 1.975 1.975 2.005 2.003 2.002 1.990 1.999 
All geometries have been constrained to D3h symmetry. CR-CCSD(T) equilibrium bond lengths are from the minimum 

of a potential energy curve. a Zasorin, E. Z. Russ. J. Phys. Chem., 1988, 62, 441.  * indicates that a restricted reference 

was used instead of unrestricted 
 

 

Table B.2  <S2>calc - <S2>pure for SBKJC results in Table B.1 

Ln MP2 SVWN BP86 B97-1 B3LYP PBE0 M06 

La - - - - - - - 

Ce 0.0038 0.0079 0.0086 0.0188 0.0070 0.0058 0.0484 

Pr 0.0045 0.0920 0.1199 0.0313 0.0065 0.0181 0.0388 

Nd 0.0104 0.1818 0.1747 0.0402 0.0309 0.0192 0.1056 

Pm 1.9953 2.6408 - 2.9864 0.1432 2.2245 1.0225 

Sm 0.0158 - - 0.0604 0.0675 0.3329 - 

Eu 0.0187 - - - - - - 

Gd 0.0232 0.0169 0.0129 0.0150 0.0125 0.0144 0.0144 

Tb 0.0166 0.0111 0.0094 0.0105 0.0094 0.0104 0.0130 

Dy 0.0118 0.0081 0.0061 - 0.0064 0.0076 0.0087 

Ho 0.0069 0.0033 0.0029 0.0049 0.0034 0.0036 0.0060 

Er 0.0045 0.0016 0.0031 0.0024 0.0020 0.0039 0.0200 

Tm 0.0072 0.0082 0.0057 - - 0.0112 0.1646 

Yb 0.0011 - - - 0.0007 0.0058 0.0080 

Lu - - - - - - - 
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Table B.3 r(Ln-F), Å, using the Stuttgart RSC ECP with a triple-zeta valence set for Ln and cc-pVTZ for F, in 

comparison to re. The blank entries in the CR-CCSD(T) column resulted in bond lengths that were either much too 

long or much too short. 

Ln re
a CR-CCSDT MP2 SVWN BP86 B97-1 B3LYP PBE0 M06 

La - 2.118 2.115 2.086 2.109 2.116 2.123 2.105 2.112 

Ce - 2.091 2.090 2.064 2.099 2.093 2.100 2.083 2.091 

Pr 2.056 2.084 2.077 2.049 2.070 2.083 2.089 2.072 2.080 

Nd - 2.070 2.063 2.041 2.060 2.072* 2.072 2.056 2.064 

Pm - 2.058 2.053 2.034 2.058 2.061* 2.064 2.048 2.061 

Sm - 2.045 2.041 2.024 2.041 2.051 2.056 2.039 2.050 

Eu - 2.037 2.031 2.024 2.059 2.043 2.049 2.033 2.047 

Gd 2.016 2.029 2.022 2.006 2.039 2.028 2.035 2.019 2.056 

Tb - - 2.005 1.968 2.010 2.010* 2.023 2.007 2.014 

Dy - 2.004 1.997 1.987 2.013 2.005 2.014 1.997 2.010 

Ho 1.978 1.994 1.984 1.975 2.008 2.002 2.005 1.991 2.002 

Er - 1.984 1.975 1.966 1.998 1.993 1.996 1.983 1.994 

Tm - -  1.945 1.960 1.996 1.987* 1.988 1.975 1.988 

Yb - -  1.954 1.958 1.981 1.958* 1.978 1.968 1.977 

Lu - 1.955 1.943 1.934 1.964 1.966 1.969 1.957 1.968 
All geometries have been constrained to D3h symmetry. CR-CCSD(T) equilibrium bond lengths are from the minimum 

of a potential energy curve. a Zasorin, E. Z. Russ. J. Phys. Chem., 1988, 62, 441.  * indicates that a restricted reference 

was used instead of unrestricted 

 

Table B.4 <S2>calc - <S2>pure for Stuttgart results in Table B.3 

Ln MP2 SVWN BP86 B97-1 B3LYP PBE0 M06 

La - - - - - - - 

Ce 0.0016 0.0010 0.0011 0.0008 0.0009 0.0010 0.0013 

Pr 0.0024 0.0050 0.0039 0.0022 0.0023 0.0025 0.0023 

Nd 0.0037 0.0118 0.0117 - 0.0060 0.0055 0.0075 

Pm 0.0053 0.0255 0.0777 - 0.0070 0.0068 0.0107 

Sm 0.0370 0.0912 0.0340 0.0103 0.0101 0.0267 0.0211 

Eu 0.0091 0.1017 0.0996 0.0176 0.0207 0.0174 0.0450 

Gd 0.0115 0.1337 0.2003 0.0894 0.0927 0.0800 0.2156 

Tb 0.0113 0.6902  - 0.0753 0.5844 0.6838 

Dy 0.0089 0.3592 0.6832 0.5870 0.5194 0.4937 0.5826 

Ho 0.0065 0.0051 0.0039 0.0047 0.0046 3.0049 0.0085 

Er 0.0045 0.0039 0.0022 0.0025 0.0027 0.0029 0.0062 

Tm  0.0016 0.0013 - 0.0016 0.0017 0.0026 

Yb 1.0054 0.0004 0.0005 - 0.0006 0.0006 0.0010 

Lu - - - - - - - 
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Table B.5 r(Ln-F), Å, using the all-electron Sapporo-2012-TZP basis set for all atoms, in comparison to re. 

The remainder of the CR-CCSD(T) calculations were not completed with the Sapporo-2012-TZP basis sets, as the 

MP2 calculations resulted in bond lengths that were closer to experiment. 

Ln re
a CR-CCSDT MP2 SVWN BP86 B97-1 B3LYP PBE0 M06 

La - - 2.114 2.084 2.116 2.114 2.122 2.103 2.113 

Ce - - 2.095 2.053 2.090 2.092 2.099 2.082 2.088 

Pr 2.056 2.083 2.072 2.049 2.084 2.090 2.083 2.080 2.075 

Nd - - 2.066 2.031 2.078 2.066 2.073 2.056 2.065 

Pm - - 2.056 2.029 2.025 2.058 2.065 2.049 2.060 

Sm - - 2.051 2.022 2.056 2.062 2.056 2.059 2.050 

Eu - - 2.036 2.018 2.043 2.045 2.048 2.032 2.044 

Gd 2.016 2.031 2.028 2.003 2.036 2.035 2.040 2.026 2.037 

Tb - - 2.003 1.998 2.026 2.024 2.063 2.013 2.029 

Dy - - 1.995 1.981 2.016 2.006* 2.013 2.004 2.014 

Ho 1.978 1.991 1.983 1.977 2.010 2.000 1.999 1.992 1.994 

Er - - 1.969 1.958 1.997 1.993 1.997 1.984 1.997 

Tm - - 1.952 1.961 1.994 1.985* 1.988* 1.976 1.973 

Yb - - 1.929 1.950* 2.012* 1.987* 1.985 1.956 1.934* 

Lu - - 1.909 1.938 1.971 1.969 1.972 1.961 1.971 
All geometries have been constrained to D3h symmetry. CR-CCSD(T) equilibrium bond lengths are from the minimum 

of a potential energy curve. a Zasorin, E. Z. Russ. J. Phys. Chem., 1988, 62, 441.  * indicates that a restricted reference 

was used instead of unrestricted 

 

Table B.6 <S2>calc - <S2>pure for Sapporo results in Table B.5 

Ln MP2 SVWN BP86 B97-1 B3LYP PBE0 M06 

La - - - - - - - 

Ce 0.0016 0.0009 0.0010 0.0009 0.0009 0.0011 0.0016 

Pr 0.0028 0.0033 0.0023 0.0033 0.0034 0.0034 0.0040 

Nd 0.0042 0.0142 0.0064 0.0053 0.0053 0.0051 0.0061 

Pm 0.0048 0.0227 0.2440 0.0069 0.0066 0.0060 0.0104 

Sm 0.0163 0.0626 0.0473 0.0414 0.0115 0.0396 0.0510 

Eu 0.0078 0.0516 0.6273 0.0123 0.0141 0.0125 0.0172 

Gd 0.0094 0.0068 0.0068 0.0073 0.0067 0.0075 0.0060 

Tb 0.9561 0.5915 0.0057 0.0081 0.9431 0.0135 0.0172 

Dy 0.0100 0.0315 0.0054 - 0.0089 0.0099 0.0136 

Ho 0.0067 0.0046 0.0033 0.0073 0.0075 0.0045 0.1664 

Er 0.0044 0.0025 0.0018 0.0023 0.0033 0.0024 0.0572 

Tm 0.0021 0.0013 0.0010 - 0.9597 0.0014 0.0034 

Yb 0.0008 - - - 0.0013 0.0005 - 

Lu - - - - - - - 
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Table B.7 r(Ln-Cl), Å, using SBKJC ECP with double-zeta valence set for Ln and cc-pV(T+d)Z for Cl, in 

comparison to experimental re. The MP2 calculations for DyCl3 through YBCl3 failed to converge, as didYbCl3 using 

the SVWN functional and TmCl3 using the PBE0 functional. 

Ln re
a MP2 SVWN BP86 B97-1 B3LYP PBE0 M06 

La 2.560 2.631 2.599 2.633 2.633 2.641 2.617 2.625 

Ce 2.569b 2.557 2.531 2.573* 2.547 2.583 2.555 2.566 

Pr 2.510 2.550 2.519 2.571 2.549* 2.579 2.574 2.568 

Nd - 2.525 2.516* 2.579 2.548* 2.556 2.534 2.561 

Pm - 2.249 2.485 2.296 2.248 2.293* 2.268* 2.330 

Sm 2.495 2.414 2.578 2.642 2.565 2.561 2.535 2.728* 

Eu - 2.638 2.511 2.577* 2.511* 2.535* 2.500* 2.629 

Gd 2.445 2.564 2.468 2.506 2.503 2.512 2.490 2.887* 

Tb 2.438 2.536 2.450 2.492 2.489 2.497 2.474 2.620 

Dy 2.439 - 2.540 2.499 2.477 2.487 2.655* 2.518 

Ho 2.425 - 2.462 2.487 2.470 2.474 2.453 2.484 

Er 2.393c - 2.444* 2.476 2.467 2.473* 2.444 2.450 

Tm - - 2.208* 2.077* 1.783* 2.027 - 1.801* 

Yb - - - 2.449* 2.630 2.637 2.610 2.624 

Lu 2.374 2.372 2.394 2.432 2.430 2.435 2.415 2.423 
All geometries have been constrained to D3h symmetry. a Zasorin, E. Z. Russ. J. Phys. Chem., 1988, 62, 441. b Hargittai, 

M. Coord. Chem. Rev., 1998, 91, 35. c Giricheva, G. V.; Firicheva, N. I.; Shlykov, S. A.; Zakhaov, A. V.; Krasnov, 

A. V.; Krasnova, O. G. In: XIX Austin Symposium on Molecular Science, 2002.  

* indicates that a restricted reference has been used instead of unrestricted. 
 

 

Table B.8 - <S2>calc - <S2>pure for SBKJC results in Table B.7 

Ln MP2 SVWN BP86 B97-1 B3LYP PBE0 M06 

La - - - - - - - 

Ce 0.0042 0.0164 0.0110 0.0656 0.0090 0.0069 0.0361 

Pr 0.0129 0.1846 - - 0.2819 0.1576 0.1161 

Nd 0.0079 - 0.3131 - 0.0512 0.0775 0.1182 

Pm 0.0350 3.0521 2.2037 0.3103 - - 1.7273 

Sm 0.0321 0.6291 0.6516 0.3526 0.2971 0.2826 - 

Eu 1.0383 0.8088 - - 0.6560 0.6442 0.9979 

Gd 1.0817 0.0198 0.0148 0.0178 0.0150 0.0172 - 

Tb 1.0695 0.0153 0.0106 0.0123 0.0111 0.0126 1.0102 

Dy - 0.9926 0.0063 0.0062 0.0075 - 0.0088 

Ho - 0.0034 0.0030 0.0037 0.0045 0.0049 0.0061 

Er - - 0.0017 0.0021 0.0022 0.0031 0.0253 

Tm - - - - 1.0384 - - 

Yb - - - 0.0038 0.0042 0.0050 0.0032 

Lu - - - - - - - 
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Table B.9 r(Ln-Cl), Å, using the Stuttgart RSC ECP with a triple-zeta valence set for Ln and cc-pV(T+d)Z 

for Cl, in comparison to re. The geometry optimizations for TmCl3 failed to converge with the B97-1 functional, as 

did YbCl3 using MP2. 

Ln re
a MP2 SVWN BP86 B97-1 B3LYP PBE0 M06 

La 2.560 2.571 2.548 2.587 2.589 2.599 2.574 2.585 

Ce 2.569b 2.539 2.521 2.563 2.560* 2.570 2.551 2.554 

Pr 2.510 2.517 2.492 2.539 2.558 2.549 2.527 2.538 

Nd - 2.496 2.500 2.550 2.526* 2..544 2.511 2.521 

Pm - 2.388 2.472 2.555 2.515 2.534 2.501 2.516 

Sm 2.495 2.503 2.489 2.528 2.505* 2.514 2.489 2.511 

Eu - 2.461 2.466 2.512 2.493* 2.522 2.554 2.597 

Gd 2.445 2.447 2.431 2.477 2.473* 2.483 2.470 2.475 

Tb 2.438 2.425 2.409 2.461 2.458* 2.468 2.449 2.453 

Dy 2.439 2.410 2.407 2.457 2.428 2.434 2.411 2.424 

Ho 2.425 2.319 2.414 2.464 2.444 2.449 2.429 2.438 

Er 2.393c 2.391 2.400 2.442 2.433* 2.436 2.418 2.430 

Tm - 2.466 2.408 2.449 - 2.444 2.422 2.456 

Yb - - 2.419 2.846* 2.979* 2.420 2.399 2.413 

Lu 2.374 2.352 2.352 2.393 2.400 2.403 2.386 2.395 
All geometries have been constrained to D3h symmetry. a Zasorin, E. Z. Russ. J. Phys. Chem., 1988, 62, 441. b Hargittai, 

M. Coord. Chem. Rev., 1998, 91, 35. c Giricheva, G. V.; Firicheva, N. I.; Shlykov, S. A.; Zakhaov, A. V.; Krasnov, 

A. V.; Krasnova, O. G. In: XIX Austin Symposium on Molecular Science, 2002.  

 * indicates that a restricted reference was used instead of unrestricted 

 

Table B.10  <S2>calc - <S2>pure for Stuttgart results in Table B.9 

Ln MP2 SVWN BP86 B97-1 B3LYP PBE0 M06 

La - - - - - - - 

Ce 0.0017 0.0021 0.0021 - 0.0011 0.0016 0.0019 

Pr 0.0037 0.0201 0.0211 - 0.0053 0.0053 0.0033 

Nd 0.0053 0.0426 0.0220 - 0.0071 0.0113 0.0184 

Pm 0.0157 0.1056 0.0543 0.0124 0.0912 0.0437 0.0590 

Sm 1.1434 0.4649 0.1723 - 0.0477 0.0318 0.1076 

Eu 0.0114 0.3522 0.3829 - 0.1301 1.0362 0.3896 

Gd 0.0139 0.0115 0.8748 - 1.2021 0.1568 1.1869 

Tb 0.0122 0.6615 0.9388 - 0.6657 0.6553 1.5994 

Dy 0.0112 0.5070 0.6259 1.0412 1.0401 1.0406 1.0459 

Ho 0.0118 0.0054 0.0041 0.0050 0.0054 0.0056 0.0086 

Er 0.0048 0.0036 0.0025 - 0.9968 0.0030 0.0076 

Tm 0.3658 0.0016 0.0014 - 0.0031 0.0037 0.0039 

Yb - 0.0006  - 0.0009 0.0006 0.0009 

Lu - - - - - - - 
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Table B.11 r(Ln-Cl), Å, using the all-electron Sapporo-2012-TZP basis set for all atoms, in comparison to re. 

The MP2 optimization for DyBr3 failed to converge. 

Ln re
a MP2 SVWN BP86 B97-1 B3LYP PBE0 M06 

La 2.560 2.644 2.547 2.587 2.588 2.600 2.574 2.585 

Ce 2.569b 2.598 2.539 2.586 2.565 2.571 2.551 2.554 

Pr 2.510 2.557 2.475 2.554 2.554 2.530 2.530 2.467 

Nd - 2.544 2.486 2.532 2.528 2.538 2.513 2.523 

Pm - 2.507 2.478 2.520 2.518 2.529 2.501 2.513 

Sm 2.495 2.494 2.483 2.520 2.506 2.515 2.490 2.504 

Eu - 2.484 2.492 2.518 2.509 2.515 2.488 2.503 

Gd 2.445 2.466 2.436 2.477 2.481 2.488 2.468 2.479 

Tb 2.438 2.446 2.416 2.469 2.466 2.472 2.565 2.467 

Dy 2.439 - 2.431 2.458 2.449 2.454* 2.433 2.454 

Ho 2.425 2.414 2.408 2.544 2.429* 2.549 2.428 2.436 

Er 2.393c 2.405 2.395 2.437 2.431* 2.436 2.417* 2.427* 

Tm - 2.389 2.482* 2.441 2.354* 2.330* 2.363* 2.416* 

Yb - 2.245 2.391* 2.211* 2.431* 2.245* 2.243* 2.310* 

Lu 2.374 2.368 2.354 2.394 2.400 2.404 2.388 2.396 
All geometries have been constrained to D3h symmetry a Zasorin, E. Z. Russ. J. Phys. Chem., 1988, 62, 441. b Hargittai, 

M. Coord. Chem. Rev., 1998, 91, 35. c Giricheva, G. V.; Firicheva, N. I.; Shlykov, S. A.; Zakhaov, A. V.; Krasnov, 

A. V.; Krasnova, O. G. In: XIX Austin Symposium on Molecular Science, 2002.  

 * indicates that a restricted reference was used instead of unrestricted 

 

Table B.12 <S2>calc - <S2>pure for Sapporo results in Table B.11 

Ln MP2 SVWN BP86 B97-1 B3LYP PBE0 M06 

La - - - - - - - 

Ce 0.0017 0.0023 0.0025 0.009 0.0011 0.0011 0.0020 

Pr 0.0048 0.0124 0.0110 0.0095 0.0094 0.0054 0.0396 

Nd 0.0162 0.0488 0.0465 0.0114 0.0126 0.0097 0.0125 

Pm 0.0073 0.0850 0.0585 0.0451 0.0530 0.0301 0.0361 

Sm 0.0081 0.1639 0.7199 0.0352 0.0386 0.0243 0.0575 

Eu 0.0097 0.2943 0.1653 0.1184 0.0912 0.0741 0.0872 

Gd 0.0117 0.0093 0.0092 0.0090 0.0091 0.0101 0.0076 

Tb 0.0103 0.0079 0.0072 0.0084 0.0084 1.0138 0.0138 

Dy - 0.0063 0.0054 0.0088 - - 0.0128 

Ho 0.0069 0.0046 0.9931 - 0.2430 0.0047 0.0058 

Er 0.0040 0.0028 0.0021 - 0.0024 - - 

Tm 0.0162 - 0.0011 - - - - 

Yb 0.0131 - - - - - - 

Lu - - - - - - - 
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Table B.13 r(Ln-Br), Å, using SBKJC ECP with double-zeta valence set for Ln and Br, in comparison to 

experimental re. A restricted reference was used for all calculations. Optimizations for DyBr3 failed to converge for 

all DFT functionals except BP86, in which the bond length is much too long. MP2 geometry optimizations failed to 

converge for DyBr3 and HoBr3. 

Ln re
a MP2 SVWN BP86 B97-1 B3LYP PBE0 M06 

La 2.693 2.847 2.783 2.811 2.812 2.820 2.796 2.806 

Ce - 2.773 2.717 2.755 2.756 2.765 2.739 2.753 

Pr  2.765 2.735 2.747 2.746 2.754 2.731 2.748 

Nd - 2.752 2.706 2.743 2.735 2.751 2.738 2.731 

Pm - 2.906 2.793 2.979 2.959 3.005 2.927 2.878 

Sm - 2.946 2.695 2.748 2.706 2.704 2.661 2.721 

Eu - 2.707 2.712 2.780 2.694 2.728 2.686 2.720 

Gd 2.590 2.813 2.805 2.934 2.837 2.868 2.800  

Tb - 2.788 2.634 2.831 2.764 2.780 2.738 2.686 

Dy - - - 3.447 - - - - 

Ho - - 2.691 2.717 2.651 2.659 2.651 2.665 

Er 2.561 2.632 2.608 2.722 2.648 2.660 2.624 2.630 

Tm - 2.199 2.358 2.446 2.351 2.377 2.307 2.274 

Yb - 2.797 2.319 2.606 2.589 2.840 2.590 2.583 

Lu 2.516 2.599 2.575 2.609 2.607 2.611 2.592 2.599 
All geometries have been constrained to D3h symmetry. a Zasorin, E. Z. Russ. J. Phys. Chem., 1988, 62, 441.   

Table B.14 r(Ln-Br), Å, using the Stuttgart RSC ECP with a triple-zeta valence set for Ln and Stuttgart RLC 

ECP with a triple-zeta valence set for Br, in comparison to re. A restricted reference was used for all calculations. 

Optimizations for TmCl3 did not converge for any DFT functional. Geometry optimizations for YbBr3 failed to 

converge for the SVWN and B97-1 functionals. 

Ln re
a MP2 SVWN BP86 B97-1 B3LYP PBE0 M06 

La 2.693 2.703 2.717 2.751 2.751 2.763 2.736 2.752 

Ce - 2.666 2.678 2.720 2.722 2.733 2.706 2.720 

Pr  2.644 2.665 2.705 2.704 2.714 2.688 2.704 

Nd - 2.629 2.661 2.700 2.634 2.703 2.676 2.674 

Pm - 2.610 2.651 2.693 2.675 2.685 2.658 2.679 

Sm - 2.499 2.640 2.694 2.675 2.674 2.632 2.658 

Eu - 2.494 2.616 2.679 2.627 2.683 2.602 2.622 

Gd 2.590 2.568 2.594 2.642 2.635 2.642 2.618 2.636 

Tb - 2.543 2.579 2.627 2.617 2.624 2.600 2.616 

Dy - 2.524 2.566 2.610 2.598 2.605 2.580 2.601 

Ho - 2.521 2.589 2.656 2.599 2.607 2.582 2.598 

Er 2.561 2.504 2.568 2.608 2.585 2.590 2.570 2.588 

Tm - 2.503 - - - - - - 

Yb - 2.481 - 2.613 - 2.584 2.553 2.583 

Lu 2.516 2.479 2.511 2.550 2.554 2.558 2.539 2.553 
All geometries have been constrained to D3h symmetry. a Zasorin, E. Z. Russ. J. Phys. Chem., 1988, 62, 441. 
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Table B.15 r(Ln-Br), Å, using the all-electron Sapporo-2012-TZP basis set for all atoms, in comparison to re. 

A restricted reference was used for all calculations. 

Ln re
a MP2 SVWN BP86 B97-1 B3LYP PBE0 M06 

La 2.693 - 2.696 2.740 2.740 2.754 2.727 2.735 

Ce - - 2.657 2.709 2.711 2.725 2.698 2.703 

Pr  - 2.641 2.693 2.691 2.704 2.677 2.685 

Nd - - 2.613 2.730 2.674 2.712 2.657 2.634 

Pm - - 2.630 2.678 2.667 2.678 2.656 2.662 

Sm - - 2.614 2.665 2.653 2.664 2.640 2.646 

Eu - - 2.615 2.666 2.643 2.655 2.628 2.635 

Gd 2.590 - 2.580 2.627 2.627 2.638 2.616 2.622 

Tb - - 2.568 2.617 2.612 2.621 2.599 2.605 

Dy - - 2.558 2.610 2.599 2.610 2.589 2.592 

Ho - - 2.518 2.605 2.592 2.599 2.578 2.581 

Er 2.561 - 2.561 2.612 2.581 2.589 2.568 2.571 

Tm - - 2.551 2.517 2.570 2.527 2.557 2.559 

Yb - - 2.549 2.559 2.589 2.549 2.560 2.542 

Lu 2.516 - 2.495 2.542 2.548 2.554 2.536 2.538 
All geometries have been constrained to D3h symmetry. a Zasorin, E. Z. Russ. J. Phys. Chem., 1988, 62, 441. 

 


