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Density functional theory is an efficient and useful method of solving single-reference 

computational chemistry problems, however it struggles with multi-reference systems. 

Modifications have been developed in order to improve the capabilities of density functional 

theory. In this work, density functional theory has been successfully applied to solve multi-

reference systems with large amounts of non-dynamical correlation by use of modifications. It 

has also been successfully applied for geometry optimizations for lanthanide trifluorides. 
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1.INTRODUCTION

The first project discussed is a study in the determination of a more effective way of 

accounting for nondynamical correlation energy with density functional theory (DFT). DFT 

typically fails for systems with significant amounts of nondynamic correlation energy, such as 

degenerate systems which often require multi-reference methods to accurately evaluate them, 

and by determining a way to account for it, the computational efficiency and effectiveness of 

DFT can be applied to many more systems. The first step of the project was to determine how to 

accurately account for the missing energy. The complete active space configuration interaction 

(CASCI) method is effective for accounting for the nondynamic correlation, and so it was used 

in conjunction with a density functional for this project. The next step was to calibrate the 

method to ensure that it was accurately measuring correlation energy DFT failed to account for. 

This was done by modeling the potential energy curve of the new method for the torsion of 

ethylene, a well documented multi-reference system, and comparing it against the results of the 

multi-reference correlation consistent composite approach (MR-ccCA). After the calibration, the 

method was used to evaluate the automerization of cyclobutadiene, as well as the barrier heights 

for a variety of reactions. 

The project found that the new method was effective for accurately accounting for 

nondynamic correlation. The method was able to accurately predict the potential energy curves 

for the ethylene of torsion, and for the automerization of cyclobutadiene. Additionally, it was 

able to predict the barrier heights for reactions of various types, without the cost associated with 

the usual multi-reference methods. 
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The second project discussed was an investigation into the structure of lanthanide tri-

fluorides. Lanthanides are of interest because of their use in a variety of uses, especially as 

magnets in consumer electronics. There is not much experimental data on the lanthanide tri-

halides at the equilibrium bond distance, mostly only the thermally averaged geometry, which 

can be 0.01 Å larger than the equilibrium geometry. Because of the difficulties in measuring the 

equilibrium geometry, computational methods are relied upon to quickly and accurately model 

the systems in order to predict their sizes. A problem with the lanthanides is the degeneracies of 

the f electrons result in the necessitation of multi-reference methods typically. However, because 

the potential energy curves for the excited states are parallel to the ground state energy curve, it 

is expected that single reference methods should be able to accurately describe the bond lengths. 

One issue with the lanthanides is that they all a have a +3 oxidation state, and the state is the 

most common oxidation state. As a result of the common oxidation state, the most effective way 

to separate them is by way of their size, as the lanthanides are expected to noticeably contract in 

size through the series. The lanthanide tri-halides all exhibit the +3 oxidation state. As such, the 

most effective way to separate the lanthanide tri-halides is based upon their size. As a starting 

place, fluorine was chosen as the halide to use. For the study, the Stuttgart effective core 

potential (ECP) was chosen in place of an all electron basis set in order to save computational 

cost. A variety of different single reference methods were chosen to predict the geometry. 

The study found that the single reference methods were all able to model the lanthanide 

contraction, and that the SVWN method was able to accurately predict the predicted equilibrium 

bond lengths. MP2 and PBE0 were also relatively accurately measure the bond lengths. While 

orbital filling was not expected to be a large concern because of the parallel nature of the 

2



potential energy curves, improperly filled orbitals resulted in significant deviations in the bond 

length of the molecules. 

2. BACKGROUND

I. Quantum Mechanics 

Computational chemistry has become an effective approach for predicting 

thermochemical properties of a molecule, as well as physical properties such as structure. It is an 

effective means for analyzing quantum mechanical effects in a molecule. The Schrödinger 

equation, which allows for the mathematical evaluation of a molecule, is a fundamental aspect of 

computational chemistry. It defines the allowable states of the quantum system. The Schrödinger 

equation is written as 

       (1) 

where ψ is the wavefunction, E is the energy, and    is the Hamiltonian operator for the nuclei 

and the electrons 

    
 

 
   

  
      

 

   
  

  
       

  

   

 
   

 
       

 

   

 
   

 
       

    

   

 
   

 
   

(2) 

where i and j are electrons and A and B are nuclei, with N being the total number of electrons in 

the molecule, M being the total number of nuclei, MA is the mass ratio of nucleus A to an 

electron, ZA is the atomic number of nucleus A, riA is the distance between a nucleus and an 

electron, rij is the distance between two electrons, RAB is the distance between two nuclei, and  2
 

is the Laplacian.
1
 Respectively, these terms describe the kinetic energy of the electrons, the 

kinetic energy of the nuclei, the potential energy for the interaction between the electrons and the 
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nuclei, the potential energy for the repulsion between the electrons with other electrons, and the 

potential energy for the repulsion between the nuclei respectively. 

The Schrödinger equation includes Ψ, which is an eigenfunction, with    being the 

Hamiltonian operator for the system.
1
  The resulting eigenvalue from the equation is the energy, 

E, which can be used to determine physical properties such as equilibrium geometry, 

spectroscopic properties such as vibrational modes, and thermodynamic properties such as 

electronic ground state and enthalpy of formation. However, solutions to the Schrödinger 

equation quickly become computationally intensive for systems with more than one electron, and 

feasibility necessitates that approximations be introduced. One such estimation is the Born-

Oppenheimer approximation, which states that because the nuclei are so much larger than the 

electrons, it can be assumed that the nuclei are stationary relative to the electrons.
1
 With this, the 

kinetic energy of the nuclei is reduced to zero, and the repulsion of the nuclei is reduced to a 

constant. Thus, Equation (2) can be reduced to 
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which is referred to as the electronic Hamiltonian, as it is only affected by the terms involving 

the electrons. 

II. Methods

There are many different theoretical approaches to solving the Schrödinger equation. 

Methods are the Hamilationian used in the solving of the Schrödinger Equation. Different 

methodologies each have their own strengths (such as being designed to more accurately account 

for a certain area of the periodic table, or to more accurately account for electron correlation, or 

to predict specific properties) but scale exponentially for computational cost (time and disk space 

needed to complete the calculation). For example, coupled-cluster with single, double, and 
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perturbative triple excitations (CCSD(T)) is a very accurate method,
2
 but scales as N

7
, where N 

is the number of atomic orbital basis functions. As a contrast, the Hartree-Fock (HF) method is 

much less computationally intensive (scales at N
4
) but also is more approximate (and thus less 

accurate) than CCSD(T) because it fails to account for all-electron correlation. The target 

accuracy for many methods is referred to as “chemical accuracy,” which is often defined as 1 

kcal mol
-1

 and based upon the Arrhenius equation 

           (4) 

where k is the rate constant of a chemical reaction, T is the temperature in Kelvin, R is the 

universal gas constant, and Ea is the activation energy of the reaction. With the activation energy 

being a negative exponential term, each increase in the activation energy results in an order of 

magnitude decrease in the rate constant relative to the product of the reaction. 

There are also different classes of theory that are used to describe chemical systems. 

Wavefunction theory includes HF, coupled cluster, and other methods wherein the wavefunction 

is evaluated directly to solve the Schrödinger equation for a given molecule. These methods are 

also known as ab initio methods. Ab initio methods are quantum mechanical models, which use 

no empirical parameters, and many ab initio methodologies are variational. Hartree-Fock is able 

to account for the majority of the energy, including the energy of the exchanging of the quantum 

numbers of the electrons. Perturbation theory is an important class of ab initio methods. A 

perturbation term is included in the Hamiltonian to account for effects of electron correlation. 

The general equation for first order perturbation theory 

     
     (5) 

where   0 is the unperturbed Hamiltonian,   is the perturbative term, and   is the resulting 

Hamiltonian. Perturbation theory is better at accounting for electron correlation than HF theory. 
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Møller-Plesset perturbation theory of the second order (MP2) is a widely used,
3
 and can be 

written in the form of 

                        
                  

                    (6) 

where i and j represent the doubly occupied molecular orbitals, a and b the virtual molecular 

orbitals, and ε denotes the energies of the orbitals.
3
 Coupled cluster methods are well established 

for including additional correlation,
4,5

 with one of the most popular methods being CCSD(T), 

often called the "gold standard" in quantum chemistry because its accuracy.
6
 CCSD treats the 

single and double excitations with full coupled cluster treatment, while the CCSD(T) method 

includes a perturbative term to estimate the interactions from the triples excitations. The cluster 

operator T can be written in the form 

                  (7) 

where T1 represents the single excitations and T2 represents the double excitations,
7
 and Tn can be

expanded as 

   
 

  
     

   
                   (8) 

The cluster operators convert the reference wavefunction into a linear combination of singly and 

doubly excited Slater determinants. Couple cluster methods take advantage of this and are able to 

account for electron correlation due to excited determinants, which allows for a better prediction 

of the properties of the molecules. 

Another class of methodologies includes those that attempt to predict the energies of a 

molecule based upon the electron density of the atoms. These methods are known as density 

functional theory (DFT). DFT has proven to be an efficient and effective way to reliably 

calculate a variety of chemical properties including geometry.
8
 It has been shown to be accurate 

for functionals of thermochemistry,
9
 kinetics,

10
 noncovalent bonding,

11–14
 as well as other 
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properties including geometries.
14–18

 DFT is based upon the Hohenberg-Kohn proof, which 

relates the electron density of a molecule to its ground state energy in the general form of 

                                  (9) 

where Ts    is the kinetic energy of the system of non-interacting electrons, Ene    is the nuclear 

attraction, J    is the Coulomb repulsion between the electrons, and Exc    is an exchange 

correlation term that is defined by setting EDFT to the exact exchange energy 

                                   (10) 

where the first pair of terms is the kinetic correlation energy,and the second pair describes the 

electron-electron repulsion and exchange energy.
19

 This unique relationship allows for the 

calculation of the ground state energy of a molecule by determining the electron density. Density 

functionals consist of two terms: an exchange functional, which maps the energy of the electrons 

as they exchange quantum numbers within the system, and a correlation functional, which 

describes the electron interactions and describes changes in the energy of the system as the 

interactions occur.
1
 DFT also relies heavily on Kohn-Sham (KS) theory, which converts the 

electron density used in the Hohenberg-Kohn proof into a set of orbitals.
20,21

 This conversion is 

necessary for the use of the Gaussian basis functions and creates a system of non-interacting 

particles, which still operate under the Hohenberg-Kohn density principles. 

DFT methods have been ascribed to a hierarchy colloquially known as "Jacob's Ladder" 

(Figure 1).
22
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Figure 1-Jacob's Ladder
22

 

 As outlined by Perdew, Jacob's Ladder begins at the bottom "rung", in the so-called "Hartree 

world", with local density approximations (LDA) and climbs upwards toward the "Heaven of 

Chemical Accuracy", which consists of double-hybrid methodologies. Each step up the ladder 

represents improved description of the molecule and an accompanying increase in the 

computational cost. LDAs at the first rung account for the density of the electrons at the 

coordinate where the functional is being evaluated, assuming that the density can be treated 

similar to the uniform electron gas.
21,23

 The second rung is comprised of generalized gradient 

approximations (GGAs), which include the gradient of the density in the approximations, taking 

into account how the density changes between the coordinates being evaluated by the functional. 

Meta-GGAs (3rd rung) include the second derivative of the density, which corresponds to how 

quickly the density changes between the coordinates being evaluated. The hybrid (4th rung) and 

double-hybrid (5th rung) functionals each include a portion of the exact Hartree-Fock exchange 

energy, with the double-hybrid methods also including a percentage of the correlation energy 
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from second-order perturbation theory.
24

 For example, the popular hybrid DFT method B3LYP
25

 

has the formula 

   
         

            
     

             
      

             
      

    (11) 

introducing the HF term into the GGA and LDA terms from earlier rungs on Jacob's ladder. The 

B2PLYP
26

 double hybrid density formula is 

          
           

         
           

    (12) 

introducing the PT2 correlation term in addition to the HF term, helping to account for 

correlation unaccounted for by the HF and other terms. These additions generally result in the 

increased accuracy of the DFT calculation by including levels of ab initio theory that are better at 

predicting certain aspects of the energy.
24

  

While wavefunction and DFT methods have been shown to be accurate for a variety of 

thermodynamic properties, they have also been shown to be ineffective for computing the energy 

of systems which require a multideterminant wavefunction to accurately model the system. 

These types of systems need to be modeled on a linear combination of wave functions 

        
 
  (13) 

where ψK can be expanded to 

                            (14) 

where ΨMR is the total wave function for the system, ψK is the wavefunction for an individual 

configuration, and rK is the corresponding coefficient based upon how much the configuration 

contributes to the overall wavefunction of the system. The contribution is determined by solving 

a system of linear equations for the minimum contributions. As the number of wave functions 

that are considered contributing to the overall wavefunction increases, the number of Slater 

determinants that must be calculated increases, and the system becomes computationally more 
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expensive as each wavefunction must be solved for individually. The additional Slater 

determinants and wavefunctions include additional configurations of the electrons. 

Some of these systems include species with significant non-dynamical interactions, long 

range interactions, and reactions which include bond breaking.  Such reactions require the use of 

multi-reference (MR) methods or the utilization of complete active space (CAS) methods, which 

allow the user to select the electrons and orbitals that contribute most to the excited states in a 

given molecule. Electrons are excited into the unselected active orbitals to generate a 

configuration of the active electrons and orbitals, where each configuration gives the energy of 

an excited state and the contribution of that excited state to the ground state energy of the 

molecule. Selection of the electrons and orbitals can be a complex task, but it is a vital step, since 

selection of the incorrect orbitals or number of electrons could result in important excited states 

being inaccurately weighed or missed entirely. The number of selected orbitals within the active 

space and number of chosen electrons to be excited within the active space is designated by a 

pair of numbers after the method, with the first number being the number of electrons and the 

second number being the number of orbitals (i.e., CAS(4,4) indicates 4 electrons excited into 4 

orbitals). 

CAS methods can be combined with other levels of theory, such as configuration 

interaction, perturbation theory, or self-consistent field (SCF) theory. The SCF method freezes 

all electrons except for one and optimizes a single electron based upon the current placement of 

all the others. The process is repeated for each other electron in the system, and if the energy of 

the resulting configuration is outside a defined range when compared to the energy of the 

unoptimized configuration, then the process begins again from the current electron positions. 

Currently, CASSCF implementation in contemporary research has been impeded by 
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computational limitations.
27

 Multi-reference CAS methods become computationally expensive as 

the active space expands, with the cost expanding factorially as the active space expands linearly, 

and thus are not feasible for molecules with more than a few non hydrogen atoms.
22

 Other multi-

reference methods include multi-reference variants of coupled cluster theory (MR-CCSD),
28–30

 

configuration interaction (MRCI), and complete active space second order perturbation theory 

(CASPT2).
31,32

 Multi-reference methods such as MR-CCSD Complete active space DFT 

(CASDFT) is an example of an MR methodology,
27,33–36

 that attempts to reduce the cost of 

multi-reference calculations by taking advantage of DFT's efficiencies. 

The CASCI methodology utilizes the complete CI wavefunction in the selected active 

space, meaning all possible distributions of N electrons in K orbitals to satisfy all possible spin 

pairings.
37

 The inactive orbitals are always doubly occupied. The CAS wavefunction can be seen 

in Equation 8. The matrix elements of the Hamiltonian are given by 

 
                    

 

 
                                    (15) 

From a direct CI approach,
37

 the one- and two-electron integrals can be used to obtain the vector 

             
                   

  
             (16) 

From Equations 12 and 13, the coupling coefficients    
   and      

   are given as matrix elements 

and correspond to the generator products in the form of 

   
              (17) 

     
      

 

 
                  (18) 

The singly excited CI state requires only the first- and second-order density matrices for the 

active space, which are able to be generated in the CI step. When the expression for the 

Hamiltonian matrix elements from Equation 10 into the starting energy expression 

      
 

        (19) 
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The first- and second-order density matrices are obtained as 

   
   

                     (21) 

     
   

       
 

 
                      (22) 

which come directly from the coupling coefficients. Because the wavefunction contains the 

entire active space, it is unchanged by unitary transformations. Additionally, the orbitals from the 

diagonalized matrix D
(0)

 give the natural orbitals, which help to avoid orbital localization and 

loss of symmetry, as well as providing a better description of the system.
37

  

III. Basis Sets

The basis set is a combination of mathematical functions that describes the electron 

orbitals within the molecule, and are the first guess at the wavefunction. These basis functions 

are made up of a combination of mathematical functions to describe the orbitals. The most 

commonly used type are Gaussian-type orbitals (Equation 22), designed to accurately model 

atomic and molecular orbitals while being computationally efficient, compared to the Slater-type 

orbitals (Equation 23).
38

  

                  
 (22) 

                  (23) 

Because individual Gaussian functions are not able to accurately describe the electronic wave 

function near the nucleus, a linear combination of Gaussian of Gaussian orbitals are used to 

model the accuracy that Slater type orbitals have for describing the wave function.
39

  

                     

      (24) 

Basis set quality can generally be improved by including more functions for mapping the 

orbitals, and as a result, larger basis sets can be used to better describe orbitals. Consequently, 
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large basis sets are also more computationally expensive and require more time and resources to 

perform the calculation. 

One popular class of basis set is the Pople style basis sets, such as the widely used 6-31G 

basis sets.
40,41

 The basis sets are denoted in an X-ABG fashion, with the X indicating how many 

primitive Gaussian functions are used to model the core atomic orbitals, while the A and B 

describe the valence electrons. The valence electrons are modeled with multiple basis functions, 

because the valence electrons are where the majority of the bonding takes places. The splitting of 

the valence orbitals into two Gaussian functions is referred to as "double zeta", and the A 

represents the number of primitive Gaussian functions involved in the first Gaussian orbital, and 

the B represents the number of functions involved in the second Gaussian orbital.
40

 Triple zeta 

basis sets are available, making use of additional Gaussian orbitals to model the valence 

orbitals.
42

  

The correlation consistent basis sets, by Dunning et al.,
43

 were developed by 

systematically increasing the higher angular momentum functionals as the basis set size 

increases. Consequently, the properties from calculations utilizing the correlation consistent basis 

sets can be extrapolated to that limit using empirical extrapolation techniques. Correlation 

consistent basis sets consist of polarized valence-only functions, which allow for a better 

description of anti-symmetry during bonding by including an additional orbital type of higher 

angular momentum to the current set (i.e. adding a p-type orbital to an s-type, and a d-type 

orbital to a p-type, etc). Diffuse functions can also be included to aid in modeling the behavior of 

the orbital at large distances from the nucleus, suitable for describing both anions and large 

molecules. 
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The feature of the correlation consistent basis sets to have their energies systemically 

converge on the CBS limit allows for the computation of the energy of the molecule at the 

complete basis set for the chosen method. There are different extrapolation algorithms, such as 

the Peterson
44

 and Schwartz
45,46

 extrapolation techniques.  

Effective core potentials have been developed in order to reduce the computational cost 

of a calculation by replacing the core electrons with a pseudopotential. The pseudopotential can 

be fit to the Dirac-Hartree-Fock radial functions in order to account for scalar relativistic effects 

as well. Two of the classes of ECPs are the energy-adjusted potentials, which are designed to 

recreate the atomic spectra (e.g. ionization energies and excitations) such as the pseudopotentials 

developed by Dolg, Stoll, and Preuss, and the shape-consistent ECPs, which are designed with 

respect to orbital energies. Further classifications of ECPs include the large- and small-core 

designations, where large-core pseudopotentials replace all but the outermost s and d electrons, 

while the small-core pseudopotentials leave the sub-valence s and p electrons out in addition to 

the valence s and d electrons. Small-core pseudopotentials are most computationally expensive, 

but have improved accuracy and uniformity of correlation energies, as well as better overall 

energetic results. ECPs have an associated basis set for the valance electrons, explicitly 

accounting for them as would happen in a typical all-electron basis set. 

IV. Composite Methods

To further reduce the computational demand of a methodology, composite methods have 

also been developed, which combine high-level calculations, performed with smaller basis sets, 

and lower-level methods, which use larger basis sets, to achieve high accuracy at a lower 

computational cost. Some common composite methods include the Gaussian-n (Gn) methods of 

Pople et al.,
47–57

 the Weizmann-n methods of Martin and coworkers,
58–64

 the complete basis set 
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methods (CBS),
53,54,65

 the high-accuracy extrapolated ab initio thermochemistry methods 

(HEAT),
66–68

 and the correlation consistent Composite Approach (ccCA) set of methodologies, 

of which a variant is utilized in this study. The ccCA method, developed by Wilson and 

coworkers, is an ab initio composite approach which avoids the high level correction (HLC) 

popularized by Gn methods and takes advantage of the systematic convergence of correlation 

consistent basis sets.
69

 In previous studies, ccCA has been proven to be effective for predicting 

thermodynamic properties such as total energies, enthalpies of formation, and electron affinities 

across a wide range of molecular systems.
69–73

  

The additive calculations of the ccCA formulation are based on a reference energy 

calculated using MP2 theory and include terms to account for higher-order electron correlation 

and relativistic effects. An equilibrium geometry is initially determined using B3LYP with the 

cc-pVTZ basis set,
70

 and harmonic frequencies are used to confirm that the stationary point is a 

minimum on the potential energy surface. To account for effects of the harmonic approximation, 

zero-point energies are scaled by 0.9890, as determined in Ref 70. Using the optimized 

geometry, a reference energy is calculated using MP2 and cc-pVnZ (n=D, T, Q) basis functions 

to allow for extrapolation to the CBS limit. The SCF energy is separately extrapolated using a 

Feller extrapolation, to account for faster convergence of the HF energy to the CBS limit. 

A CCSD(T) calculation is included to account for the contribution to the energy from the 

correlation energy not accounted for in MP2. 

                                                  (25) 

The next term is the core-core and core-valence interaction, designed to account for 

between the core electrons with one another and with valence electrons, with the term being: 

                                                    (26) 
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where MP2(FC1) represents a calculation where the valence electrons from each atom are 

correlated with the electrons in the shell immediately below the valence electron shell for atoms 

below the 1st row, which only correlates that valence shell.
70

 Scalar relativistic effects ∆E(SR) 

are determined using calculations which utilize the Douglas-Kroll-Hess (DKH) Hamiltonian.
71

 

Finally, a zero-point energy correction (E(ZPE)) and spin-orbit experimental constants (E(SO)) 

are included to yield the full ccCA formulism 

                                                     (27) 

The multi-reference variant of the correlation consistent Composite Approach (MR-

ccCA)
74–76

 is a modification of single-reference ccCA, designed to account for multi-reference 

systems, and has been shown to be effective for a variety of systems. The MP2 extrapolation of 

the main group ccCA methodology is replaced with a CASPT2 method, and the CCSD(T) 

calculation is replaced with multi-reference configuration interaction (MRCI).
74–76

 The formula 

for the energy, E, of MR-ccCA is 

                                                  (28) 

where E0(MR-ccCA) is the reference energy, ΔE(CC) is the term for the dynamic correlation, 

ΔE(CV) is the core-core and core-valence interaction term, ΔE(DK) is the scalar relativistic term, 

and ΔE(SO) is the spin-orbit coupling term. The reference energy, E0(MR-ccCA), is calculated by 

extrapolating the CASPT2 energies from the aug-cc-pVnZ (n=D,T,Q) basis sets to the CBS 

limits using the formula developed by Peterson, Woon, and Dunning
44

 

                              
 (29) 

where n is the zeta level of the basis set, and A and B are both terms determined in the 

extrapolation. The dynamic correlation term is to account for correlation not fully recovered with 

the CASPT2 step. The equation for that step is 

16



                                        (30) 

where icMRCI+Q refers to the multi-reference configuration interaction calculation with single 

and double excitations, approximated by a multi-reference extension of a posteriori Davidson's 

correction.
77,78

 The core-core and core-valence term is accounting for the correlation between 

core electrons with each other and the valance and core electrons.  It does so by correlating the 

valence and sub-valence electrons, designated with the as CASPT2(full). The energy from the 

regular CASPT2 is subtracted from the CASPT2(full) to avoid double counting. The calculation 

is performed at the aug-cc-pCVTZ basis set, designed to account for additional correlation 

energy from the core- core core-valence interaction.
79

 The equation is then 

                                                      (31) 

The spin free one electron Douglas-Kroll-Hamiltonian operator accounts for the scalar 

relativistic effects and is computed in the equation 

                                         (32) 
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3. NON-DYNAMIC CORRELATION DENSITY FUNCTIONAL THEORY

I. Introduction 

DFT has been widely used as an efficient means of reliably computing chemical 

properties. Improved functionals have been achieved in order to increase the quality of the 

results with regards to a variety of properties such as kinetics, thermochemistry, and non-

covalent bonding. However, one issue that remains is systems with significant non-dynamical 

correlation. DFT's struggles with these systems has been documented, and attempts have been 

made with CASDFT methods, as well as combining DFT with MRCI and CASPT2 methods to 

accommodate the missing correlation energy. While these methods have had some success, the 

computational cost of expanding active spaces importance of selecting the correct active space 

have limited their applicability. 

The new NDC-DFT method utilizes KS theory, as KS orbitals have been shown to be 

useful for recovering NDC energy.
26

 By evaluating the orbitals received from the KS system 

with an MP2 style of correlation energy, non-dynamical correlation energy can be recovered 

using an empirical correction, calculated using complete active space configuration interaction 

(CASCI) on the highly correlated KS orbitals. 

Ethylene is an ideal system for analyzing the quality of multi-reference methodologies, as 

there is a wealth of information in the literature, and it is a system for which single-reference 

DFT methods are shown to be consistently inadequate.
80–82

 The twisting around the C-C π-bond

is a significant problem for single reference methods, as it breaks the bond and creates 2 

degenerate states. 

Automerization of cyclobutadiene also presents an excellent multi-reference system for 

evaluation. It is an example of heavy atom tunneling,
83

 as well as Jahn-Teller effects.
84

 The 
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system has been evaluated with other methods, such as multi-reference coupled-cluster.
85,86

 It 

presents an interesting problem for computational chemistry, as it is an anti-aromatic system with 

degeneracies and other factors that would require the use of multi-reference methods to be able 

to evaluate it.
87

  

The DBH24 and the BH76 data sets were also used for these evaluations. The 

calculations of reaction barrier heights involve the accurate predictions of the geometries and 

energies of transition states, which normally contain a significant amount of NDC due to the 

bond breaking and bond formation. The DBH24 data set is a collection of representative 

reactions, including heavy atom transfer (HAT), nucleophilic substitution (NS), unimolecular 

reactions and associations (UA), and hydrogen atom transfer (HAT). 
88

 

II. Methodology

The potential energy curves (PEC) of ethylene were evaluated by performing BB1K, 

B3LYP, PBEKCIS, TPSSKCIS, B2-PLYP single-reference DFT calculations with the dihedral 

angle ranging from 0-90° and comparing to the PEC produced by MR-ccCA (Figure 2). 

19



Figure 2-Graph of relative energy vs. torsional angle in ethylene torsion 

H-C-H angles and C-H bond lengths were fixed at 121.2° and 1.0856 Å, respectively, and the C-

C bond length was defined as 

                        (33) 

with   being the torsion angle between 0° and 90°
 
in increments of 5° (Figure 3). 

Figure 3-Ethylene torsion pathway showcasing degeneracy 

+

DFT

20



 The product shows the degeneracy at a 90° rotation, with the two possible formations of the 

product. Additionally, the automerization of cyclobutadiene was evaluated (Figure 4). 

Figure 4-Automerization of cyclobutadiene 

 The two distinct C-C bond lengths in Ǻ were defined as 

                        (34) 

                        (35) 

with i being an integer between 0 and 20, while holding all the other geometry parameters fixed. 

The step size was chosen such that R1(C-C) was equal to R2(C-C) when i=20. This gave two 

distinct D2h structures, with the transition structure being the D4h square planar structure. All 

calculations were performed with MOLPRO
89

 and Gaussian 09.
90

  

For each of the single hybrid methods evaluated, the parameters for the Hartree-Fock 

exchange, as well as the exchange and correlation functionals, were reoptimized to ensure 

maximum accuracy. Single-reference DFT calculations were first performed without correction 

to determine the single-point energies of ethylene torsion, using the BLYP functional on 

equilibrium geometries determined at the B3LYP/cc-pVTZ level. A range of percentages for HF 

exchange were tested compared to the LYP correlation, and it was found that at 100% LYP 

correlation, the optimal percentage for the HF exchange was between 20 and40% , and increased 
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as the LYP correlation was reduced, reaching an optimal range of 40-60% when the LYP 

correlation was at 0% (Figure 5). 

Figure 5-Graph of BLYP functional for optimal HF exchange percentage compared to LYP 

correlation percentage 

 The designation of the percentages or scale factors follows the notation established by 

Martin et al.;
91

 wherein, two bracketed numbers indicate the a and b  parameters, each multiplied 

by 100. The parameters for the exchange functional and the HF exchange sum to 1 (i.e. 100 

percent), and for the double hybrid methods, the second-order perturbation theory and correlation 

functional parameters are also equal to 1. For example, BLYP[35,35] indicates that there is 35% 

HF exchange, 65% (=100%-35%) Becke88 exchange
92

, and 65% (=100%-35%) LYP 

correlation. This is expressed in the total energy as 

          
            

            
                          (36) 

For the double hybrid method, there is an additional 35% PT2 energy included within the 

parameters, and the total energy as 

         
            

        
           

                        (37) 
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The inclusion of the PT2 correlation energy term helps to account for correlation energy, 

which improves the accuracy of the DFT calculations for various properties, where correlation 

energy is important, such as barrier heights.
93

  

 The insertion of beryllium into hydrogen gas (to form beryllium dihydride) was also 

investigated using CASDFT (Figure 6). 

Figure 6-Insertion of beryllium into hydrogen 

 This system was first suggested by Purvis et al.
94

 and has been effectively used to 

examine the ability of both single and multi-reference methods to recover NDC energy.
95–103

 The 

beryllium atom was placed at the origin, with the hydrogen coordinates defined as 

                for 0.0 ≤ x ≤ 4.0  (38) 

       for 4.0 ≤ x ≤ 10.0  (39) 

where x was considered in the in increment of 0.1 when x was between 0.0 and 4.0 and between 

1.0 when it was between 4.0 and 10.0, with the coordinates given in bohr (a0), to remain 

consistent with previous studies.
95–103

  

Finally, the effectiveness of the newly developed method will be applied to a pair of test 

sets in order to test its effectiveness at evaluating barrier heights. The DBH24 and BH76 

(developed by Truhlar et. al
104

) test sets are comprised of a variety of reactions, and will be used 
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to show the effectiveness of the method across those different reactions and different reaction 

types. 

To accomplish the non-dynamical correlation correction, the CASCI approach was 

chosen as the basis for the CASDFT methodology over standard perturbation theories (such as 

CASPT2) because perturbation theories do not effectively improve density functionals for 

system with significant NDC. The difference between the CASCI (Kohn-Sham) energy and the 

single-determinant KS energies can be assumed to reasonably approximate the non-dynamical 

correlation energy that would be obtained by the CASSCF calculation. The highest doubly-

occupied molecular orbital (HOMO), singly-occupied orbitals (SOMO), and lowest unoccupied 

orbital (LUMO) were chosen as the active orbitals for the CASCI calculation, and the orbital 

below the HOMO (HOMO-1) and orbital above the LUMO (LUMO+1) were included for the 

systems where the potential energy curve showed that they were strongly correlated. Selection of 

orbitals based solely upon orbital energy order has the potential to give the incorrect degenerate 

or quasidegenerate molecular orbitals, and orbital swapping was necessary for those situations. 

The scale factor c is used to account for the approximation, and is fit by utilizing 

reference data. The overall total energy is calculated as 

                                    (40) 

where EDFT is the single or double hybrid functional energy, ECASCI(KS) is the energy from the KS 

orbitals evaluated using CASCI, ESD(KS) is the energy from the single-determinant evaluation of 

the KS orbitals, and c is the scale factor for the non-dynamical energy correction. Because 

kinetic and Coulombic terms for a functional can be evaluated exactly at the noninteracting 

electron approximation and are the same for all density functionals,
105

 only the exchange 

correlation energy will be discussed. 

24



III. Results

Torsion of Ethylene 

Figure 2 shows the performance of single-reference DFT methods in comparison to MR-

ccCA. Each of the single-reference DFT methods fails to accurately predict the energy of the 

ethylene torsion as it approaches the 90° point, as the system becomes degenerate between the 

two possible states of “twisted” ethylene (Figure 3). In contrast, MR-ccCA has a smooth peak as 

the PEC reaches 90°. The single-reference DFT methods each have a peak that moves towards an 

undefined value as the system becomes degenerate. The degeneracy is due, in part, to a 

significant amount of nondynamical correlation energy, a result of the breaking of the C-C π-

bond. The distorted geometries produced by single-reference methods have increased amounts of 

NDC which decrease the overall accuracy of the method. None of the single-reference DFT 

methods produces a smooth curve for the torsional energy of ethylene, and the barrier height is 

consistently overestimated by more than 20 kcal mol
-1

, even for those density functionals that 

were designed for barrier heights (such as BB1K). 

From the determination of the optimal percent HF exchange and LYP correlation, it was 

found that 35% of both resulted in the lowest root mean square deviation (rmsd) errors in the 

calculations and was chosen for proceeding for this study. It was also found that the amount of 

HF exchange used had a higher impact on the errors than the amount of LYP correlation, as 

evidenced by the 40% HF exchange being an option for the entire range of LYP correlation. It is 

possible that different systems might benefit from different percentages of the HF exchange and 

the correlation functional, but only the 35% was used for this study, as it produced the most 

accurate results. 
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The optimal value for the c parameter was determined to be 0.75, which—when 

incorporated into the newly developed CASDFT—produces a barrier height of 69.4 kcal mol
-1

 

for the torsion of ethylene. This barrier height does not include a correction to the zero-point 

energy but is only 1.1 kcal mol
-1

 higher than the MR-ccCA energy, an improvement over MRCI 

and CASPT2 methods which show significant deviation from the MR-ccCA value. 

Cyclobutadiene 

For the automerization of cyclobutadiene, the potential energy surface is complicated by 

multiple local minima, due to Jahn-Teller effects and tunneling effects. While the barrier height 

for automerization has not been experimentally determined, a PEC for the automerization 

through the square planar geometry can be plotted to give an prediction of the barrier height 

associated with the transition. It was expected that this might contain a significant amount of 

NDC because of the degeneracy between the two D2h geometries, and the bond breakage and 

formation that occurs to move between the equilibrium geometries and the transition structure. 

Nineteen geometries were evaluated between the equilibrium rectangle geometry and the D4h 

transition square geometry using MR-ccCA and DFT. The MR-ccCA PEC was calculated and 

used as the benchmark for the CASDFT, using only a CAS(4,4) instead of full valence, 

CAS(20,20), because of computational limitations. The smaller CAS(4,4) included the two π and 

π
*
 orbitals in the active space. For the core-valence step, all electrons except those related to the 

1s orbital for each carbon atom were correlated with excitations to virtual orbitals. 
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Figure 7-Relative energies vs. ratio of C-C bond lengths for automerization of cyclobutadiene 

for various methods 

A variety of MR methods based on KS orbitals were considered using two different 

active space configurations, (2,2) and (4,4). The MR calculations using the (2,2) active space 

show large deviations from the MR-ccCA data, indicating that the (2,2) configuration is 

inadequate for modeling the automerization of cyclobutadiene. The optimal c value for the (2,2) 

active space is 1.12, significantly higher than the c = 0.75  for ethylene torsion. Utilizing the 

(4,4) active space, the MR methods yield much smaller deviations from the MR-ccCA data and 

give an optimal c value of 0.74, in agreement with the ethylene torsion value. 

Formation of Beryllium Dihydride 

For the formation of beryllium dihydride, a (2,2) active space, including the 3a1 and 1b2 

orbitals, is insufficient for the NDC correction, as calculations show that the occupancy of the 
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2a1, 1b1, and 2b2 orbitals are all non-negligible. As a result, a (4,4) active space was chosen, 

including the 2a1, 3a1, 1b2, and 2b2 orbitals, similar to the active space chosen in earlier 

studies.
100

 Again, the benchmark energy for this study was chosen to be MR-ccCA with full 

valence. The highest potential energies occur at the geometries where x = 2.80 a0 and x = 2.90 a0, 

to which the closest geometry in the original BeH2 model is x = 2.75 a0. The potential energies 

for the geometry at x = 2.85 a0 are provided in Figure 8. 

Figure 8-Relative energies vs. separation of H2 from Be for various methods 

Unlike the potential energy curves for the torsion of ethylene and the automerization of 

cyclobutadiene, the geometric changes are not symmetrical for BeH2. For the x ≤ 2.85 a0 

geometry, the determinant of |(1a1)
2
(2a1)

2
(1b2)

2
 ⟩ was used for the BLYP[35,35] calculations,

while for x ≥ 2.90 a0, the determinant of |(1a1)
2
(2a1)

2
(3a1)

2
 ⟩ was used. The potential energies in

kcal mol
-1

 were calculated relative to the energy at x = 0.0 and y = ±2.54 a0.
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Minimization of the sum of squares for the deviations of BLYP[35,35] (with NDC 

correction) from MR-ccCA values yields an optimal value of c = 0.87. At the geometry with the 

highest potential energy, the weights of the two leading determinants, |(1a1)
2
(2a1)

2
(1b2)

2
 ⟩  and

|(1a1)
2
(2a1)

2
(3a1)

2
 ⟩, in the CASCI-(KS) wavefunction are 0.91 and 0.08 respectively. However,

the weights of these two determinants in the CASSCF wavefunction are 0.46 and 0.42 

respectively, which shows a potential quasidegeneracy of the HOMO and the LUMO that was 

missing within the KS orbitals. As a result, the NDC energy is underestimated by ECASCI(KS)-

ESD(KS) at x = 2.85 a0, and this underestimation occurs for a few nearby geometries, based on the 

comparisons of the weights of the leading configurations between the CASCI(KS) and CASSCF. 

Assuming that the error of BLYP[35,35] is large because of the NDC and/or other factors 

at the geometries close to x = 2.85 a0, a relatively large value of parameter c is required to correct 

the error. This potentially explains why the optimal c value for the insertion of beryllium into 

hydrogen is much larger for this system compared to the other systems (0.87 vs. 0.75).  The 

largest deviations of BLYP[35,35]+NDC relative to MR-ccCA are +2.2, +4.4, +1.5 kcal mol
-1

 at 

the geometries of x = 2.80, 2.85, and 2.90 a0, respectively. By employing a NDC parameter of c 

= 0.75, these two largest deviations increase to +3.0, +5.6, and +3.6 kcal mol
-1

, while the 

changes in deviation are less pronounced for the other geometries. Compared to 

BLYP[35,35]+NDC, predictions with c = 0.75 are within ±1.4 kcal mol
-1

 of the MR-ccCA

values for 2.70 a0 ≥ x ≥ 3.0 a0. The range of BLYP[35,35]+NDC deviations from MR-ccCA ((-

1.4)-5.4) kcal mol
-1

 is comparable to that of MRCI/cc-pVTZ deviations ((-5.1)-0.6) kcal mol
-1

. 
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DBH24 AND BH76 

While the PEC’s were evaluated for all geometries for the NDC corrections, in the barrier 

height calculations only the transition structure was investigated for the NDC correction. This 

method was chosen because it is more likely that in the transition structures there will be much 

more NDC energy, compared to the product or reactant structures, and for dissociation and 

substitution reactions, defining the active orbitals in the reactant or product molecules by using 

the HOMO, LUMO, and SOMO of the transition structure is impractical. As a result, it is 

expected that the optimal c value will be smaller than for previous evaluations because there will 

be no cancellation of NDC correction between the transition structure and the product/reactant. 

This is comparable to evaluating the entire system for ethylene torsion versus only 

evaluating at the transition structure (c values of 0.75 vs. 0.62, respectively). The NDC 

correction was calculated at the CASCI(KS)/cc-pVTZ level; however, cc-pVTZ may not be a 

sufficiently large basis set for hybrid BLYP or B2K-PLYP
106

 to achieve the best accuracy. As a 

result, large basis sets were employed, such as aug-cc-pVQZ and aug-pV(Q+d)Z for Cl.
107
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Method

RMSD MAD Source 

CCSD(T)/aug-cc-pVTZ 0.64 Truhlar
88

 

BB1K/MG3S 1.24 Truhlar
88

 

B3LYP/6-31+G(d,p) 4.86 Truhlar
88

 

B3LYP/MG3S 4.31 Truhlar
88

 

BLYP[35,35]/aug-cc-

pVQZ

1.95 1.56 This work, c = 0 

BLYP[35,35]/aug-pVQZ + 

ΔECASCI(KS)/cc-pVTZ 

1.80 1.55 This work, c = 0.14 

B2K-PLYP/aug-pc3 1.37 Martin
91

 

B2K-PLYP/aug-cc-pVQZ 1.35 (1.05)
a
 0.99 (0.78)

a
 This work, c = 0 

B2K-PLYP/aug-pVQZ + 

ΔECASCI(KS)/cc-pVTZ 

1.01 (0.85)
a
 0.78 (0.66)

a
 This work, c = 0.14 

(c = 0.10) 
a
Relative to the reference data of Truhlar et al.

88
 

Table 1-RMSDs and MADs (kcal mol
-1

) for the DBH24 Barrier Height Set (kcal mol
-1

) 

The RMSD and mean absolute deviation (MAD) of the B2K-PLYP/aug-cc-pVQZ 

energies were almost the same as those of the B2K-PLYP/aug-pc3 by Martin et al.,
107

 

respectively. Accounting for the NDC corrections by CASCI(KS)/cc-pVTZ  with c = 0.14, the 

B2K-PLYP MAD decreases from 0.99 to 0.78 kcal mol
-1

. There was no significant improvement 

in introducing the NDC correction to the BLYP[35,35] method, though the overall MAD of 

BLYP[35,35] was significantly smaller than that of B3LYP for the same set (1.56 kcal mol
-1

 vs. 

4.31 kcal mol
-1

). 

While the barrier heights of the ethylene torsion, automerization of cyclobutadiene, and 

formation of beryllium dihydride reactions were consistently overestimated by the density 

functionals, underestimation is observed for the DBH24 test set. Because any further NDC 

corrections would exacerbate errors in the underestimated predictions, the benefit of 

BLYP[35,35] with the NDC corrections is reduced, and may result in an unphysical value for the 

parameter c. In the test set, there are 11 data points that were significantly overestimated by the 
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BLYP[35,35]/cc-pVTZ correction. By fitting these 11 data points, the optimal parameter for the 

NDC correction is found to be 0.59, which is in close agreement with 0.62 for the barrier height 

of the ethylene torsion when only the transition state is considered. B2K-PLYP/aug-cc-pVQZ, a 

method that has been shown to be more reliable for barrier heights than the BLYP[35,35]/cc-

PVTZ method,
107

  was selected as a starting point for the NDC correction. Overall, the B2K-

PLYP/aug-cc-pVQZ predictions for the DBH24 test set are improved by the addition of the NDC 

correction. 

B2K-PLYP's performance throughout the DBH24 test set is not uniform across all 

reference systems. The optimal c values for the HAT, UA, and HT subsets are 0.13, 0.16, and 

0.14, respectively, very close to the overall optimal value of 0.14 (Table 2). 

The NS subset was found to have an optimal value of -0.17. The overall results may have 

been complicated by the introduction of other error sources aside from NDC in the calculations; 

however, the NDC correction can still be considered useful to the determination of barrier 

heights for density functionals, since NDC is underestimated in transition structures. 

The BH76 test set, developed by Truhlar et al.
104

 is a much larger test set than DBH24 

and is able to provide a much wider array of applications to test the NDC corrections. Unlike the 

DBH24 set, the reference data in the BH76 set is based on best estimates and/or calculations 

from the QCISD(T) level of theory.
108

 Because QCISD(T) is a single-reference-based 

wavefunction method, it may not be able to give quantitatively accurate barrier heights. As can 

be seen in Table 1, the B2K-PLYP/aug-cc-pVQZ predictions are closer to the reference data of 

Truhlar et al. than the W3 or the W4 data. Since high level results are not available for all points 

of the BH76, the original data of Truhlar et al. were used for the whole set for consistency. 
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Without the NDC corrections, B2K-PLYP predicts the barrier heights with an MAD of 0.96 kcal 

mol
-1

 (Table 3). 

Training Set c Subsets RMSD MAD 

DBH24 0.0 DBH24 1.35 0.99 

HATBH6 4.35 1.75 

NSBH6 0.22 0.40 

UABH6 2.50 1.48 

HTBH6 0.17 0.33 

DBH24 0.14 DBH24 1.01 0.78 

HATBH6 2.10 1.11 

NSBH6 0.55 0.69 

UABH6 1.30 1.04 

HTBH6 0.13 0.32 

HATBH6 0.16 DBH24 1.02 0.82 

HATBH6 2.08 1.14 

NSBH6 0.61 0.73 

UABH6 1.32 1.07 

HTBH6 0.13 0.31 

NSBH6 -0.17 DBH24 2.19 1.58 

HATBH6 11.67 3.02 

NSBH6 0.08 0.26 

UABH6 6.99 2.52 

HTBH6 0.36 0.52 

UABH6 0.14 DBH24 1.01 0.79 

HATBH6 2.10 1.11 

NSBH6 0.55 0.69 

UABH6 1.30 1.04 

HTBH6 0.13 0.32 

HTBH6 0.14 DBH24 1.01 0.78 

HATBH6 2.13 1.09 

NSBH6 0.53 0.68 

UABH6 1.31 1.02 

HTBH6 0.13 0.32 

Table 2-RMSDs and MADs (kcal mol
-1

) of B2K-PLYP/aug-cc-pVQZ with ΔECASCI(KS)/cc-pVTZ

for the DBH24 Data Set and its subsets (kcal mol
-1

) 
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Method RMSD MAD Source 

BLYP[35,35]/aug-cc-pVQZ 5.68 1.89 This work, c = 0 

BLYP[72,42]/aug-cc-pVQZ This work, c = 0 

B2K-PLYP/aug-cc-pVQZ This work, c = 0 

B2K-PLYP/aug-pVQZ + 

ΔECASCI(KS)/cc-pVTZ 

1.07 0.79 This work, c = 0.14 

XYG3 1.1 Grimme
17

 

DSD-BLYP-D3 1.2 Grimme
17

 

B2GPPLYP-D3 1.3 Grimme
17

 

B2PLYP-D3 2.5 Grimme
17

 

PTPSS-D3 2.5 Grimme
17

 

PWPB95-D3 1.8 Grimme
17

 

B2K-PLYP/aug-cc-pVQZ 1.06
a
 0.78

a
 This work, c = 0.0 

B2K-PLYP/aug-pVQZ + 

ΔECASCI(KS)/cc-pVTZ 

0.94
a
 0.75

a
 This work, c = 0.14 

B2K-PLYP/aug-pVQZ + 

ΔECASCI(KS)/cc-pVTZ 

0.90
a
 0.73

a
 This work, c = 0.10 

(optimal) 
a
The barrier heights for the reaction H + F2  HF + F, were removed from the BH76 test set. 

Table 3-RMSDs and MADs (kcal mol
-1

) for the BH76 Barrier Height Set (kcal mol
-1

) 

 Inclusion of the NDC corrections (c = 0.14) reduces the MAD to 0.77 kcal mol
-1

. However, the 

MAD for B2K-PLYP decreases to 0.78 kcal mol
-1

 when the two data points representing the 

greatest deviations (5.9 and 8.9 kcal mol
-1

) for the forward and reverse reaction barrier heights of 

H + F2  HF + F are disregarded. Interestingly, the NDC correction without scaling is -0.0815 

au for H + F2  HF + F, significantly greater than the NDC corrections for other reactions. It 

can be concluded that there is significant improvement in the results for the outlier reaction H + 

F2  HF + F with the NDC corrections, while maintaining the overall quality of the remaining 

reactions. 

The NDC corrections reduce the MAD for B2K-PLYP from 0.78 to 0.75 kcal mol
-1

 with 

c = 0.14 and to 0.73 kcal mol
-1

 when the c = 0.10 is used. The reaction type subsets  of BH76 
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exhibit similar trends in comparison to the DBH24 basis set, which can be seen in Table 4. 

Specifically, the NDC corrections further reduce the MADs for the HAT, UA, and HT reactions, 

but increases the MAD for the NS subset. 

Training Set c Subsets RMSD MAD 

BH76 0.13 BH76 0.97 0.77 

HATBH12 2.09 1.22 

NSBH16 0.32 0.46 

UABH10 1.04 0.89 

HTBH38 0.88 0.72 

HATBH12 0.13 BH76 0.97 0.77 

HATBH12 2.09 1.22 

NSBH16 0.32 0.46 

UABH10 1.04 0.89 

HTBH38 0.88 0.72 

NSBH16 -0.08 BH76 4.86 1.17 

HATBH12 24.06 2.93 

NSBH16 0.16 0.37 

UABH10 3.88 1.82 

HTBH38 1.03 0.78 

UABH10 0.16 BH76 1.03 0.78 

HATBH12 2.43 1028 

NSBH16 0.36 0.49 

UABH10 1.00 0.88 

HTBH38 0.88 0.72 

HTBH38 0.14 BH76 0.98 0.77 

HATBH12 2.12 1.24 

NSBH16 0.33 0.47 

UABH10 1.02 0.89 

HTBH38 0.88 0.72 

Table 4-RMSDs and MADs (kcal mol
-1

) of B2K-PLYP/aug-cc-pVQZ with 

ΔECASCI(KS)/cc-pVTZ for the BH76 Data Set and its subsets (kcal mol
-1

)

IV. Conclusions

Single-reference density functionals, including single and double hybrid functionals, fail to give 

a qualitatively correct potential energy curve for the ethylene torsion and the automerization of 

cyclobutadiene, systems with a substantial amount of NDC. This study has demonstrated that the 

NDC energy can be recovered using an empirical correction based upon CASCI(KS) calculations 
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of the HOMO, LUMO, SOMO(s), resulting in significant improvement of both single and double 

hybrid density functionals. By including a correction for the NDC energy, scaled by an optimal 

factor of 0.75, the hybrid BLYP with 35% HF exchange, 35% Becke exchange, and 65% LYP 

correlation can give a smooth curve for both the equilibrium and distorted geometries. NDC 

corrections provide an efficient and effective way to correct for errors due to overestimation of 

relative potential energies or energy barriers heights by a single or double hybrid density 

functionals and can be easily computed by evaluating the HOMO, LUMO, and SOMO(s) for 

open shell molecular systems and, at most, a few strongly correlated orbitals. While the NDC 

correction is not useful in all situations, it does aid in enhancing the utility of density functionals 

to a broader class of problems, particularly for the predictions of barrier heights for a variety of 

reactions, including HAT, UA, and HT. 

Hybrid DFT with empirical NDC corrections are much more efficient than multi-

reference methods, such as CASPT2 and MRCI utilizing KS orbitals, since only a few virtual 

orbitals are involved. The empirical parameter for potential energy surfaces may vary from 

system to system and from functional to functional, but this study of the ethylene torsion and the 

automerization of cyclobutadiene gives optimal c values of 0.74 and 0.75, respectively, for 

BLYP[35,35], indicating that a uniform value is possible for similar reactions. The 

BLYP[35,35]+NDC PEC with c = 0.75 accurately approximates the PEC calculated using MR-

ccCA on BeH2 for all geometries, except 2.70 a0 ≤ x ≤ 3.0 a0. By adding the NDC correction, the 

deviation of BLYP[35,35] is significantly reduced. Additionally, the overall quality of the 

BLYP[35,35]+NDC PEC is comparable to that of a high accuracy MRCI/cc-pVTZ calculation. 

For reaction barrier heights, there is no NDC term with a consistent selection of active 

orbitals for both the transition structures and dissociated reactants. As a result, only the transition 
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structure, usually with strong NDC, is considered for NDC correction. NDC corrections are less 

effective for BLYP[35,35] than double hybrid functional B2K-PLYP for three types of reactions: 

HAT, UA, and HT. However, it was found that NS reactions are not improved by the NDC 

corrections, with B2K-PLYP predominantly underestimating the barrier heights compared to 

benchmark data. 
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4. LANTHANIDE TRIFLUORIDES

I. Introduction 

Lanthanides are an area of great interest due to their widespread applicability, in part due 

to their highly magnetic properties, and are found in consumer electronics, automobiles, medical 

imaging devices, and rechargeable batteries, as well as being considered of strategic importance 

due to their use in missile guidance systems and within nuclear industries.
109–111

 The variety of 

applications has led to an increased need of lanthanides, which has led to a desire to improve the 

understanding of the rare earth elements, including the properties such as structure, bond 

energies, enthalpies of formation, as well as being able to identify possible alternatives on the 

periodic table.  One of the important features of lanthanides is the +3 oxidation state that 

available to all of the lanthanides. Because this oxidation state is the most common, separation of 

the lanthanides can be difficult because of the similar reactivity of the species. However, the 

lanthanides have been shown to exhibit a contraction in ionic radii across the series, which can 

be used to distinguish the lanthanides from one another based upon size.
112

 The lanthanide 

trihalides have been shown to induce this oxidation state on the metals, making them ideal 

candidates for exploring the lanthanide contraction. 

Experimental studies have determined structures for the lanthanide trihalides, as well as 

vibrational frequencies, by means of electron diffraction and gas phase spectroscopy 

respectively.
111,113–115

 For the electron diffraction, there were difficulties based on the high 

temperature, the floppy nature of the molecules, and the anharmonicity of the vibrations.
115

 The 

high temperature and anharmonicity can result in differences between the measured geometry 

and the geometry at the bottom of the potential energy well. The bond lengths provided from 

these studies are more reliable than the angles and vibrational frequencies, however, as the 
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angles and frequencies are subject to other factors such as thermal amplifications, matrix effects 

from carrier gases, and the dimeraztion of the species to form Ln2F6 instead of 2 LnF3.
111,115

 As

such, a range of vibrational frequencies have been established, depending on the different 

conditions at which the experiment was conducted. Structural analysis found that the lanthanides 

exhibited the predicted contraction, as well as finding that the lanthanide trihalides possessed 

threefold symmetry, either C3v or D3h symmetry depending on the species.
111

Due to difficulty getting reliable experimental data for the lanthanide trihalides for 

properties such as structure and energetics, computational methods are necessary to be able to 

accurately describe the properties.
116–118

 Some of the difficulties that computational efforts face 

are the mutli-configurational nature of the systems, the large number of electrons and orbitals 

present in the lanthanides, and the relativistic effects due to the size of the atoms.
119,120

 

Degeneracies of the 4f orbitals lead to many low-lying excited states,
120

 which typically require 

multi-configurational approaches which are computationally expensive. However, the previous 

studies have shown that the potential energy curves for the excited states for the +3 oxidation 

state were parallel to the ground state potential energy curve, indicating that the bond length is 

not affected by the orbital filling.
120,121

 Effective core potentials (ECP) have been shown to be 

effective for use with lanthanides to reduce the electron count and simplify the calculation by 

replacing the core electrons with a pseudopotential.
119,122–124

 Many ECPs have the benefit of 

accounting for relativistic effects implicitly by virtue of their fit to the radial functions of core 

electrons from the Dirac-Hartree-Fock calculations. 
122

 

Prior computational studies of the lanthanide trihalides have used ab initio methods such 

as complete active space self-consistent field (CASSCF), complete active space second order 

perturbation theory (CASPT2),
125

 and Møller-Plesset second order perturbation theory (MP2), as 
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well as various density functionals.
121

 The prior studies have generally predicted shorter bond 

lengths than the experimental studies,
126–128

 because the predicted structure for the computational 

studies is re, the equilibrium geometry, which the experimental geometry is rg, the thermally 

averaged geometry of the molecule. (Figure 9) It was also found that there is variance depending 

on the functional used for the calculation. 

Figure 9: re vs. rg
115

II. Methodology

All calculations were carried out using NWChem.
129

 The density functionals used in the 

study were the B3LYP,
92

 BP86,
92,130–132

 SVWN,
133

 M06,
134

 and PBE0
135

 functionals, as well as 

the ab initio method MP2. Bond lengths were used as the metric of quality for each method, as 

the experimental data for the bond lengths is the most reliable, compared to the bond angels and 

vibrational frequencies. The Stuttgart segmented ECP
122,123

 and the associated triple-ζ quality 

valence basis set was selected for the lanthanides, with cc-pVTZ selected for the fluorine atoms. 

Each molecule was optimized corresponding to the D3h symmetry. Completely renormalized 

coupled-cluster with singles, doubles, and perturbative triples [CR-CCSD(T)]calculations were 

also carried out on the molecules with experimental values for the equilibrium geometry (GdF3, 
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PrF3, and HoF3). Each of the CR-CCSD(T) calculations were optimized by performing a series 

of single point energy calculations in order to determine the minimum bond length. 

The geometries from the calculations were compared to the experimental rg values 

determined by gas-phase electron diffraction, as well as the equilibrium re geometry when able. 

The rg values are on average 0.01 Å longer than expected for the equlibirium rg geometry.
115

Because of the completeness of the rg values compared to the re values, and the frequency with 

which rg values are used as a comparison, they will be included as a comparison. 

III. Results and Discussion

Figure 10 shows the results for how each of the methods (aside from CR-CCSD(T)) 

compared to the experimental rg value. It was expected that the methods should each predict a 

shorter bond length than the experimental value because the calculations are giving the re 

equilibrium geometry. SVWN tended to be the furthest from the rg value, being an average of 

0.04 Å shorter bond lengths, while B3LYP was the closest to the rg values at 0.008 Å shorter. 

Additionally, it can be seen that each of the single reference methods successfully predicted the 

lanthanide contraction. The contraction is due to the lack of shielding provided by the 4f 

electrons, which results in a significant reduction in the ionic radius of the series. While the core 

electrons of the atoms have been replaced with a pseudopotential, the 4f electrons remain and the 

shielding effects that result from their presence is able to be modeled. 
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Figure 10: Bond lengths as a function of different methods 

Table 5 shows the bond lengths measured by each of the methods, as well as the 

experimental values and the bond length predicted by Kovacs.
111

  

B3LYP PBE0 BP86 SVWN M06 MP2 CR-CCSD(T) rg re rrec

LaF3 2.123 2.105 2.118 2.086 2.112 2.115 - 2.139  - 2.077 
CeF3 2.100 2.083 2.099 2.064 2.091 2.090 - 2.127  - 2.068 
PrF3 2.089 2.072 2.085 2.049 2.080 2.077 2.084 2.091 2.056 2.058 
NdF3 2.072 2.056 2.070 2.041 2.064 2.063 - 2.090  - 2.049 
PmF3 2.064 2.048 2.067 2.034 2.061 2.053 - - - 2.039 
SmF3 2.056 2.039 2.041 2.024 2.050 2.041 - 2.065  - 2.029 
EuF3 2.049 2.033 2.061 2.024 2.047 2.031 - 2.054  - 2.02 
GdF3 2.035 2.019 2.045 2.006 2.010 2.022 2.029 2.053 2.016 2.01 
TbF3 2.023 2.007 2.010 1.968 2.014 2.005 - 2.030  - 2.001 
DyF3 2.014 1.997 2.005 1.987 2.010 1.997 - 2.019  - 1.991 
HoF3 2.005 1.991 2.008 1.975 2.002 1.984 1.994 2.007 1.978 1.981 
ErF3 1.996 1.983 1.998 1.966 1.994 1.975 - 1.997  - 1.972 
TmF3 1.988 1.975 1.996 1.960 1.988 - - 1.987  - 1.962 
YbF3 1.978 1.968 1.991 1.958 1.977 1.954 - 1.975  - 1.956 
LuF3 1.969 1.957 1.968 1.934 1.968 1.943 - 1.968  - 1.943 

Table 5: Bond lengths for each lanthanide trifluoride for each functional (Å) 
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Table 6 shows the MAD and MSD values for each functional compared to rg and rrec, 

adjusting for incomplete calculations and species without an experimental value to compare 

against. 

B3LYP PBE0 BP86 SVWN M06 MP2 

MSDa -0.008 -0.023 -0.007 -0.040 -0.006 -0.018 

MADa 0.008 0.023 0.011 0.040 0.014 0.027 

MSDb 0.027 0.012 0.027 -0.005 0.024 0.011 

MADb 0.027 0.012 0.027 0.007 0.024 0.011 
a 
compared to the rg values

115

b
compared to the rrec values

111

Table 6: MAD and MSD for each functional and MP2 (Å) 

While B3LYP, BP86, and M06 appear to excel when compared to the rg values, the 

predicted rrec values from Kovacs indicate that those methods underestimate the contraction, with 

SVWN best estimating the contraction. PBE0 and MP2 are also good estimates of the estimated 

equilibrium bond length. 

While the excited states of the molecules displayed parallel energy curves and were 

expected to have the same bond lengths, filling of the orbitals ended up having a significant 

effect on the bond lengths. Because of the low-lying excited states, there were instances where 

the optimizations resulted in filling the incorrect orbitals, and resulted in bond lengths that were 

overestimated by between 0.03 Å and 0.07 Å. For these instances, level shifts were applied in 

order to increase the difference in energy between the occupied and virtual orbitals to reduce the 

likelihood of incorrect ocupations. In instances where level shifting was still insufficient to 

prevent the incorrect occupations, the orbitals were swapped to the correct order. 

IV. Conclusions

The study of prediction of lanthanide tri-halide bond lengths using single reference 

methods in combination with the Stuttgart ECP found that the SVWN method was the most 

reliable for predicting the values for the expected equilibrium values, with the bond lengths 

43



differing from the predicted distance by 0.06 Å on average. MP2 and PBE0 were also found to 

be effective for predicting the values, indicating that single reference methods are sufficient for 

determining the bond lengths of lanthanide tri-halides. Additionally, it was found that each of the 

single reference methods were able to reproduce the lanthanide contraction, though there was a 

possibility for overestimation of the bond length due to inaccurate orbital occupations. 
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APPENDIX 

***,C2H4 BLYP 

 memory,240,m; 

 gprint,basis 

 gprint,orbital=3 

 basis, vtz 

 r2 =  1.339 

 r3 =  1.0856 

 r4 =  1.0856 

 r5 =  1.0856 

 r6 =  1.0856 

 a3 =  121.2 

 a4 =  121.2 

 a5 =  121.2 

 a6 =  121.2 

 d4 =  180.0 

 d5 =  0.0 

 d6 =  180.0 

 !symmetry,nosym 

 symmetry,xz,yz 

 geometry={ 

 ang 

 C 

 C, 1, r2 

 H, 1, r3, 2, a3 

 H, 1, r4, 2, a4, 3, d4 

 H, 2, r5, 1, a5, 3, d5 

 H, 2, r6, 1, a6, 3, d6 

 } 

 set, dft_theory="BLYP" 

 set, pt2_theory="MP2" 

 set, mrpt2_theory="CASPT2" 

 set, i = 1 

 set, theta = 0 

 set, ax=0.35 

 set, ac=0.35 

 set, bonda=(1.459 - 1.339)/18 

 cclen=1.339 

 do theta=0.0,90.0,5.0 
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 if (theta.eq.0.0) then 

 d5=0.0 

   d6=180.0 

 else if (theta.eq.90.0 ) then 

 theta=89.99 

 d5=theta 

 d6=-(180.0-theta) 

 cclen=cclen+bonda 

 else if (theta.eq.180.0 ) then 

 d5=180.0 

 d6=0.0 

 cclen=cclen+bonda 

 else 

 d5=theta 

 d6=-(180.0-theta) 

 cclen=cclen+bonda 

 endif 

 torsion(i)=theta 

 bondlen(i)=cclen 

 r2 = cclen 

 {rks,b,lyp; 

 exchange,ax 

 dftfactor,(1.0-ax),(1.0-ac) 

 wf,16,1,0 

 orbital,2100.2,canonical} 

 en_dft(i) = energy 

 ! Kohn-Sham orbitals 

 {multi;occ,3,2,1,2;wf,16,1,0; 

 dont,orbital; 

 accuracy,gradient=10000.0,energy=1000.0; 

 start,2100.2; 

 canonical,2140.2;noextra} 

 {mp2;occ,3,2,1,2;core,1,0,0,1; 

 orbital,ignore_error} 

 en_mp2(i) = emp2 

 en_refhf(i) = energr 

 ! Start with "canonical" Kohn-Sham orbitals 

 {multi;config;save,ref=6500.2; 

 occ,3,2,2,2;frozen,3,1,1,2;wf,16,1,0; 
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 dont,orbital; 

 accuracy,gradient=10000.0,energy=1000.0; 

 start,2140.2; 

 canonical,2141.2;noextra} 

 en_refci(i) = energy 

 {rs2;occ,3,2,2,2;core,3,1,1,2;} 

 en_rs2t(i) = emp2 

 en_rs2c(i) = emp2 - en_refhf(i) 

 {nevpt2;occ,3,2,2,2;core,3,1,1,2;} 

 en_nevpt2t(i) = energy 

 en_nevpt2c(i) = energy - en_refhf(i) 

 {ci;occ,3,2,2,2;core,3,1,1,2;} 

 en_cit(i) = energy 

 en_cic(i) = energy - en_refhf(i) 

 i=i+1 

 enddo 

 text, "MOLPRO DATA BLOCK" 

 table,torsion,bondlen,en_dft,en_mp2,en_refhf,en_refci,en_rs2t,en_nevpt2t,en_cit  
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