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ABSTRACT 
With recent advances in parallel supercomputers and network- 

connected workstations, the solution to large scale structural 
engineering problems has now become tractable. High- 
performance computer architectures, which are usually available 
at large universities and national laboratories, now can solve 
large nonlinear problems. At the other end of the spectrum, 
network connected workstations can be configured to become 
a distributed-parallel computer. This approacb is attractive to 
small, medium and large engineering fis. This paper describes 
the development of a parallelized ftnite element computer 
program for the solution of static, nonlinear structural mechanics 
problems. 

INTRODUCTION 
As enginhrs develop complex models to represent greater 

structural detail and capture ever more of the physics involved 
in nonlinear structural analysis, computational times have soared. 
With the introduction of vector processors, large reductions in 
analysis times were anticipated. Indeed, this did happen; 
however, access to vector platforms was limited. These 
computers were located within large corporations, universities, 
national laboratories, and specialized research centers. The use 
of vector computing was, essentially, beyond the reach of small 
and medium-sized engineering fiis. In addition, to gain full 
advantage of vector processing, it was necessary to "vectorize" 
the computer programs. 

In the last decade, sufficient progress has been made in 
parallel computing so that now this computing approach can be 
applied to realistic large-scale engineering problems. Most 
important, parallel computing can be available to researchers 
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who have access to the latest high performance, scalable parallel 
platforms and to the researcWengineering staff of small- and 
medium-sized institutions/companies who have access to network 
connected workstations. 

This paper describes the key features of a form of parallel 
computing that can be used on a wide range of computing 
platforms. Static domain decomposition was employed to 
subdivide the problem into separate domains that are assigned to 
each processor for solution. The p4 message passing software, 
which was developed at Argonne, is used for interprocessor 
communication. A parallel version of the dynamic relaxation 
OR) solution algorithm was developed. The code is portable 
and can run either on a high-performance parallel computer or 
on a networkconnected distributed parallel platform. The 
parallel finite element program is applied to the solution of a 
rectilinear containment structure subjected to overpressure. This 
problem was run on a network of SUN workstitions and a single 
workstation. 

PARALLEL FINITE ELEMENT FORMULATION 
This section describes the ingredients used to develop a 

parallel finite element method for the solution of static, 
nonlinear, three-dimensional structural analysis problems. The 
first subsection describes the basic ideas of domain 
decomposition, which is used to subdivide the complete finite 
element model into parts analyzed on separate processors. The 
second subsection discusses p4 message passing, which is the 
software that allows processors to communicate with each other. 
The final subsection develops a new parallel dynamic relaxation 
algorithm. 
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Domain Decomposition 
When finite element analysis is performed on either traditional 

sequential computers or vector computers, one finite element 
mesh is developed to represent the physical problem under study. 
Even multigrid methods, which use several grids of different 
degrees of coarseness, model the entire structure with each. In 
contrast, since each processor in a parallel computing platform 
only operates on part of the full problem, it requires the portion 
of data on which it operates. A process called domain 
decomposition is used to subdivide the finite element grid into 
Np grids, where Np is the number of processors that will be used 
for computation. This process is illustrated in Fig. 1. The upper 
part of the figure shows a complete finite element mesh (Le., the 
computational domain), and the lower part shows how the mesh 
could be subdivided (i.e., decomposed) into three submeshes for 
parallel computing using three processors. It should be noted 
that elements can belong only to one subdomain, but nodes may 
belong to multiple subdomains. Thus, nodal information must 
be exchanged between domains, which is discussed in the next 
subsection. 

Several methods have been proposed for doing domain 
decomposition. Farhat (1988) has proposed a simple and 
effective method for doing static domain decomposition. Al- 
Nasra and Nguyen (1991) also described a method applicable to 
finite element analysis. 

We incorporated a combination of the above algorithms and 
code into the preprocessor stage of our finite element procedure. 
For parallel computing, the first step is to generate input data 
using either in-house or commercial mesh generation software. 
This is also the first step when doing sequential or vector 
computing. The second step is to process the original input data 
set through the domain decomposer and produce Np input data 
sets, one for each processor. . 
Messaae Passing 

Since DR falls into the explicit class of integrators, it does not 
require the solution of a set of simultaneous equations. Instead, 
each equation can be solved individually at each step once the 
internal and external forces are known. The nodes that lie 
completely within a domain have the forces available for the 
solution of the equations of motion. However, the forces at the 
interfaces of contiguous domains must be exchanged before the 
equations san be solved. Note, this leads to redundant 
calculations of the equations of motion for the interface nodes; 
however, this is not significant. This efficient "Exchange" 
algorithm was developed by Plaskacz (1990). 

In our approach to DR, a Rayleigh quotient is used to 
determine optimum damping. The two summations that are used 
to compute the quotient are obtained by adding the partial sums 
from each subdomain. These partial sums must be exchanged 
between processors. Similarly, several quantities used for the 
convergence calculations must be exchanged among processors. 

Message passing was selected here to exchange information 
among processors because of portability concerns. The Argonne- 
developed p4 message-passing system (Boyle, et al., 1987) 
provides a powerful tool for the adaptation of DR based finite 
element analysis to a wide range of parallel platforms. p4 

allows the programmer to pass data (scalar, array, or common 
block) among processors through Berkeley UNIX 4.3BSD 
interprocess communication sockets. 

Parallel Dynamic Relaxation Alqorithm 
The static solution of three-dimensional nonlinear problems 

requires methods that are robust and efficient. Dynamic 
Relaxation (DR) is an explicit method that is extremely robust 
when applied to highly nonlinear problems. Although it may not 
always be the most efficient method for all problems, DR almost 
always obtains the solution. The first papers on dynamic 
relaxation were published by Day (1965) and Otter (1965). The 
work presented here is the parallelkation of the DR algorithm 
presented by Kulak and Fiala (1988), which has been used for 
the solution of nonlinear problems occurring in the nuclear 
reactor field. 

For static problems, finite element discretization gives the 
following equilibrium equations 

where f" and P* are the internal and external nodal forces, 
respectively, of node I in the ith direction. However, with the 
DR method the solution of the static equilibrium equations are 
obtained as the solution to the dynamic equilibrium equations 
that include damping. The semidiscritized equations of motion 
are given by 

(2) 
int = f.cxt miIiiiI + fiI I I  , (no sum), 

where mi, is a diagonal mass matrix and uiI is the nodal 
displacement and the superposed dots indicate temporal 
derivatives. 

The central difference integrator is used to solve the equations 
of motion. The acceleration, velocity, and displacement are 
updated according to 

iiiip = mil -1 (fiI cxt,n- fiFt"), (no sum) 

(3) 

where At is a fictitious time increment and n is the step number. 
Two parameters, al and % appear in the update for the velocity 
and they control the damping that is put into the system. The 
following forms are used to compute a1 and 

2 2-cht  al=-, %=--. 
2+cAt 2 + c a t  

where c is the damping and is determined from 

c = 20, 

(4) 



where wf is the lowest participating frequency (Underwood, 
1983) of the system. The lowest participating frequency is 
calculated from the following approximate Rayleigh quotient 

(sum over i, I), 

where q, is the approximate diagonal stiffness matrix computed 
from 

(7) 

Since the DR algorithm is an iterative solution procedure, it is 
necessary to use a convergence criterion to determine when the 
solution vector is close enough to the true solution. In this 
work, a dual criterion has been found to be effective and 
efficient. The criteria are 

L' 

I I f;x'ln I I 2  

Table 1. Flowchart for Parallel Dynamic Relaxation 
Algorithm 

1. Perform domain decomposition 

2. Calculate fictious element densities and nodal masses 

3. Parallel Dynamic Relaxation 
A. Loop over elements in each processor: e = 1 to ne 

a. Compute Pnt 
b. Compute F" 
End loop over elements 

B. SEND/RECEIVE interface nodal forces, and f"", 
between contiguous processors 

C. Loop over nodes in each processor: I = 1 to % 
a. Compute and partial Rayleigh sums 
b. SENDKGCEIVE subdomain partial Rayleigh sums 

c. Compute wt, c, al, % 
d. Compute u, t, ii 
e. SEND/RECEIVE subdomain convergence data 
r. Check for step convergence: 

If yes, go to next step: t = 0.0; 
If no, go to next iteration: t = t + At 

among all processors 

N = N+l 

where 11 Ih denotes the Euclidean norm. For engineering 
analysis we have found that ef = 1.0 and E, = 0.1 give a good 
balance between accuracy and efficiency. 

Since element size may vary within the computational mesh 
and reduce the convergence rate;the element densities, which are 
a free parameter, have been chosen so that the transient times for 
all elements is equal to one, Le., At = 1.0. 

Table 1 shows the computational flow for our parallelized DR 
algorithm. 

EXAMPLE 
The above developments have been applied to the solution of 

a structural engineering problem. Unlike U.S. built reactors, 
earlier Russian built reactors, such as the WER-440N213, use 
rectilinear compartments, which surround the reactor, as 
containmentkonfinement structures. In addition, these 
compartments are also connected to a large tower called the 
bubbler-condenser tower that contains a large number of trays 
filled with water used to condense the high pressure steam. One 
of the key concerns for these structures is to determine the 
ultimate capacity. To accurately determine the pressure capacity, 
it is necessary to perform nonlinear analysis. Because of the 
extreme complexity of thh structure, a large model is required, 
which will use long computer times. 

To illustrate the potential reduction in analysis time, we have 
conducted a small study with this problem. Since the focus of 
this paper is on the advantages of parallel computing, we will 

not present any engineering results, but will illustrate the parallel 
computing aspects. 

Figure 2 shows a finite element model of complete 
containmentkonfinement structure for a VVER-44%'213 
reactor. The tall structure on the left side of the Fig. 2 is the 
multi-compartment bubbler-condenser tower, which is 
approximately 40 meters tall. The shorter structures to the right 
of the tower are the compartments that surround the reactor. 
The entire model consists of 5881 nodes and 6288 elements. 

The first step in our parallel finite element method is to 
perform domain decomposition of the original model. In this 
study we will compare computational times for one- two- and 
three-processor clusters. Figures 3 to 5 illustrate the 
decomposition obtained for the case of a three processor cluster. 
Figure 3 shows the first subdomain which would be assigned to 
the first processor. This subdomain contains 2096 elements and 
2008 nodes. Figures 4 and 5 show the second and third 
subdomains, respectively. The second subdomain contains 2096 
elements and 2079 nodes, and the third subdomain contains 2976 
elements and 2027 nodes. Some of the internal compartments 
are visible in these figures. 

The finite element model was p k u r i z e d  into the nonlinear 
response range on clusters that contained one, two, and three 
workstations. Table 2 below shows the wall clock times for 
these runs. Figure 6 shows the speedup relative to a 
uniprocessor run. For this problem, it is seen that a two 
workstation cluster had a speed up of 1.7 over the single 
workstation run, and the three workstation cluster had a speed up 
of 2.26. 



Table 2. Benchmark Computations (SUN Sparc-20) 

I No. of Processors Wall Clock Time (sec) 

1 8183 

2 4812 

3 3621 

CONCLUSIONS 
A parallel finite element formulation has been presented for 

the solution of static structural mechanics problems. A dynamic 
relaxation algorithm has been paiallelized and tested on a 
workstation cluster. Since the approach use p4 message passing, 
the formulation is highly versatile and can be ported to a single 
or cluster of workstations and to the latest high performance, 
scalable parallel platforms. Thus, the software can be used by 
researchers in R&D institutions and engineers in small to large 
companies. 

One example problem was presented to illustrate the use of 
the methodology. The problem was the containment/ 
confinement structure of the Russian designed WER-440N213 
reactor. A small study was conducted on a network of SUN 
Sparc-20 workstations. Results from using 1, 2, and 3 
workstations showed the speedup that can be realized using 
distributed parallel computing. 

It has been our observation that modern engineering 
departments have clusters of network connected workstation that 
are capable of performing parallel fiiite element analysis using 
message passing such as p 4  - Some of thqe clusters lend 
themselves to parallel computing during the normal working day. 
Others are dormant during off-hours and could be utilized as 
distributed-parallel computers to solve large problems. 
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FIG. 1. DOMAIN DECOMPOSITION 

FIG.2. COMPLETE FINITE ELEMENT MODEL OF 

LOCALIZATION COMPARTMENTS (ORIGINAL 
DOMAIN) 

BUBBLER-CONDENSER TOWER AND 
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FIG. 3. A PORTION OF THE BUBBLER-CONDENSER 
TOWER (FIRST SUBDOMAIN) 

FIG.5. R E M A I N D E R  O F  L O C A L I Z A T I O N  
COMPARTMENT (THIRD SUBDOMAIN) 
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FIG. 4. PART OF THE BUBBLER-CONDENSER TOWER 
AND PART OF LOCALIZATION (SECOND 
SUBDOMAIN) 
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FIG. 6. PARALLEL COMPUTING PERFORMANCE 


