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Abstract 

The statistical properties of the long-time chaotic two-dimensional (2D) drift motion 
of a charged particle in an inhomogeneous magnetic field B(z ,  y) and a time-dependent 
electrostatic potential #(z, y, t )  are studied by numerical symplectic integration. For 
a conditionally periodic potential with two or more incommensurate frequencies, an 
ergodic behavior is demonstrated in which the probability density of the particle posi- 
tion is proportional to the magnetic field B. The accuracy of this prediction is found 
to be independent of the number N,,, of the incommensurate frequencies for N,,, 3 2. 

Introduction 
The ergodic behavior of Hamiltonian systems with a macroscopic number of degrees of 
freedom is the basis of the time-tested classical statistical mechanics, yet the fundamen- 
tal understanding of the statistical properties of chaotic dynamical systems remains to be 
achieved. Although marked by several important works [l, 2, 3, 41, the ergodic theory of 
dynamical systems turned out to be a very difficult problem. A satisfactory understanding 
of the statistical properties of chaotic dynamical systems has only been reached for a very 
special class of “hyperbolic” systems [3] and some generalizations thereof [4, 51. 

The difficulty of applying the ergodic theory to more generic physically motivated Hamil- 
tonian systems lies in the intricate foliation of the phase space by the Kolmogorov-Arnold- 
Moser (KAM) invariant tori [6, 7, 81, which introduce obstacles for the ergodic mixing. The 
KAM tori partition the phase space of a “one-and-a-half-degree-of-freedom” (meaning 2D 
phase space and a time-periodic Hamiltonian) or a two-degree-of-freedom conservative sys- 
tem in a way such that the phase space orbits are forever trapped between the nearest KAM 
surfaces, and no global mixing is possible. As the number of degrees of freedom, or the num- 
ber of incommensurate frequencies in the Hamiltonian time dependence, are increased, the 
dimension of the KAM tori is no longer sufficient to partition the phase space by imperme- 
able boundaries, and a global wandering (“Arnold diffusion”) of each orbit becomes possible. 
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However, the ergodicity of this random walk has never been demonstrated and appears to be 
untrue in general. Based on the remarkable accuracy of the thermodynamic consequences of 
the ergodic hypothesis applied to a macroscopic number of degrees of freedom, it is natural 
to conject that the ergodicity, understood its the uniform long-time probability density distri- 
bution in the canonical phase space constrained by applicable conservation laws, is gradually 
improved with the growing dimension of the phase space. Unexpectedly, we find that, in 
our particular model described below, the ergodic behavior is established starting from the 
minimum dimension, for which the Arnold diffusion is possible, and is unchanged thereafter. 

The goal of this work is to study the long-time statistics of low dimensional Hamiltonian 
systems with varying effective dimension, which depends on the number of incommensurate 
frequencies. We do so in the example of the 2D E x B drift of a charged particle in a 
turbulent-like electrostatic field E = - V ~ ( Z ,  y, t )  and an inhomogeneous magnetic field 
B = B(z ,  y)%: 

cV+(x,t) x 2 
B(x)  

x = v(x, t )  = - 
Our special interest in this model lies in the expected inhomogeneous probability density of 
the particle position P ( x )  o( B(x) ,  which bears important consequences for the turbulent 
pinch effect in tokamak plasmas 19, 10, 111. The inhomogeneity of P(x,  y) is due to the non- 
canonicity of the variables x and y, whereas in appropriate canonical variables the probability 
density is uniform (ergodic). Without changing to canonical variables, the inhomogeneity 
of P ( x )  is seen from the nontrivial invariant measure possessed by the system (1). The 
Liouville (continuity) equation for (I), 

a,P + v * (Pv) = 0, 

has a steady-state solution 

which, in the case of an ergodic mixing, signifies the fraction of time spent by the particle 
in the vicinity of the given point. The remarkable property of this invariant measure is 
its independence of the turbulent electrostatic potential 4. What does depend on q5 is the 
quality of the ergodic, or diffusion approximation applied to the E x B transport (1). As 
demonstrated in Sec. 3 for a time-periodic potential, the presence of the stationary solution 
(3) does not yet warrant that this solution is the long-time probability density. Following 
Refs. [9, 111, we refer to the statistical state described by the probability distribution (3) as 
turbulent equipartition (TEP). We study the conditions under which the TEP distribution 
is realized. 

The rest of the paper is organized as follows. In Sec. 2 we describe our numerical model 
and derive a suitable symplectic integrator [12, 131. In Sec. 3 we present numerical results. 
The results are discussed is in Sec. 4. 
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2 The model 
In order to get better statistics, we confine the particle motion to a 27r x 27r periodic box (a 
torus) and therefore choose a space periodic potential 

4 
4(x, t )  = sin(ki x - wit), 

i=l 
(4) 

whose wavevectors k, lie at  the integer nodes of the reciprocal space, namely kl = (2, l),  

used.) The time dependence of the potential assumes four distinct types distinguished by the 
number N, of incommensurate frequencies among wi. The single frequency model, Nu = 1, 
has all wi commensurate, which implies a time-periodic potential. The more incommensurate 
frequencies there are, the more “turbulent” the potential 4 is supposed to be. The frequencies 
for the four models are as follows: 

Nu w1 w2 w3 w4 
1 1 2 2 1 

3 1 1.251f2 1.5lI2 2 
4 1 1.25’12 1.5lI2 1.75’12 

k2 = (1 ,2) ,  k 3 - - ( -1 ,2) ,  and k4 = ( -2 , l ) .  (From now on, dimensionless variables are 

2 1 2 1.51/2 6112 

The set of the wavevectors ki is the same for all four models. The magnetic field is spatially 
periodic and varies in magnitude between 1 and 3: 

B(x ,  y) = 2 + sin x sin y. (5) 
In order to construct a symplectic integrator for the system 

x = -q&, Y, t ) / B ( x ,  VI, j, = dX4(Z, Y, t ) /B(z ,  917 

we change from the noncanonical variables (z, y) to the canonical (2, p ) ,  where 

Then (6) is reads: 
X = apH,  l j  = -axH, 

where the Hamiltonian H ( x ,  p ,  t )  = +(x, y(x, p ) ,  t ) .  This substitution amounts to introduc- 
ing the Clebsch variables for the magnetic field defined by B = Vx x Vp. The canonicity 
of the magnetic Clebsch variables ( z , p )  for the drift motion was derived for a more general 
geometry in Refs. [14, 151. 

In order to ensure statistical consistency [16], we use a symdectic integrator preserving 
the invariant measure dxdp = B(z,y)dxdg on each step of the integration. The most gen- 
eral symplectic time-advance mapping (xo,po) + (x,p) is given by the (implicit) canonical 
transformation defined by an arbitrary generating function S(z, PO, t):  
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If the generating function satisfied the (nonintegrable) Hamilton-Jacobi equation, 

&S + H (2, axS, t )  = 0, 

the integrator (9) would be exact. An approximate symplectic integrator can be obtained 
from an approximate solution to the Hamilton-Jacobi equation (10) by Taylor expanding 
the generating function: 

S(z,Po, t )  = So(z,po) + tS1(z,po) + (t2/2)S2(.,po) + q t ” .  
Upon substituting expansion (11) into (lo), we obtain the following second-order implicit 
symplec t ic integrator: 

t2 
2 x - tHp + - [HpHxp + HxHpp - Hpt] + 0 ( t 3 > ,  xo = 

where the subscripts of H = H(z,po, 0) denote differentiation. In the case of an inhomoge- 
neous magnetic field, another source of implicitness comes from the relation between y and 
p [Eq. (7)]. Equation (13) is solved for x by iteration, which always converges for sufficiently 
small time step t. 

In Sec. 3 we report on the numerical results obtained with the integrator (12)-(13). 

3 The results 
In Fig. 1 we show the positions of a single particle at successive moments of time separated by 
27~ for two different time dependencies of the Hamiltonian. In the periodic case N, = 1, the 
mapping is a Poincare section of a one-and-a-half-degree-of-freedom system, and the KAM 
partition of the (z, y) plane by invariant tori is quite apparent. This partition is missing from 
the “more ergodic” conditionally periodic case N, = 2. However, in the N, = 2 scattered 
plot we observe an inhomogeneity of the particle density. We expand on this below. The 
measure of chaos is given by the Lyapunov exponent y, which is measured as the stretching 
rate (dln I( l /dt) of the tangential dynamics d</dt = (< . V)v(x(t), t) .  In Fig. 2 we plot the 
finite-time Lyapunov exponent y ( t )  for two N, = 4 Hamiltonians differing only by rescaling 
of the frequencies wi. The comparison of the corresponding Lyapunov exponents qualitatively 
agrees with the scaling y cc w1/2 for kv /w  >> 1 [17]. 

Our main results concern the particle density distribution P(z ,  y) which is shown in Fig. 3. 
The plotted densities are computed over the time t = 100, corresponding to approximately 
20 Lyapunov time scales, starting from an initially uniform particle distribution in the (z, y) 
plane. In all cases but the time-periodic one we observe the density relaxation to the TEP 
distribution P(z ,  y) cc B(z,  y) within the accuracy of 2% to 3%. The accuracy is measured 
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Figure 1: The 2n-time-advance mapping for a particle trajectory in the time periodic Hamiltonian 
(N ,  = 1) and in the conditionally periodic Hamiltonian (Nu = 2). 
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Figure 2: Finite-time Lyapunov exponents for the four-frequency Hamiltonian (a) and for the same 
Hamiltonian with all frequencies decreased by a factor of four (b). 
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Figure 3: The probability density distribution P(z ,  y) (top), the vertical cross-sections of the surface 
of P (middle) and the cross-sections of the surface of P / B  (bottom) for the four Hamiltonians. 

by the dispersion of 77 = P/B,  

and is consistent with the statistical error of N-l j2 ,  where N is the accumulated number of 
particle visits to a bin. The particle density in the periodic case N, = 1 deviates from the 
ergodic (TEP) distribution much more significantly. 

4 Discussion 
The issue of ergodic versus non-ergodic behavior in Hamiltonian systems can be put in the 
prospective of the relation between the the “strong transitivity” of Birkhoff [l] and Hopf [2], 
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on the one hand, and the invariant tori of Kolmogorov [6], Arnold [7], and Moser [8], on the 
other hand. 

The property of strong transitivity of motion x = v(x) in a finite phase-space domain is 
defined by the requirement that any invariant set (that is, a set swept by a family of orbits) 
have either the measure of zero or the measure of the whole domain. In other words, the 
strong transitivity prohibits against the domain partitioning by impermeable “walls” made 
up of invariants sets. The property of strong transitivity and the incompressibility of the 
phase-space flow v(x) are sufficient for the ergodic behavior [l]. 

The simplest example of invariant walls is the surfaces of an integral of motion, if one 
exists. In that case one can consider a reduced phase space confined to one such surface and so 
on until no more integral constraints remain. Far less trivial is the existence of other invariant 
sets not related to any global conservation law: the KAM surfaces (KAM tori). Although 
their presence was proven for Hamiltonian systems sufficiently close to integrable, there is 
little doubt that remains of KAM tori are present in a general nonintegrable Hamiltonian 
system. The crucial question is the dimension of the KAM surfaces and their ability to 
partition the phase-space domain into non-communicating sub-domains. In a conservative 
N-degree-of-freedom system the KAM surfaces are N-dimensional [18], and fail to partition 
the (2N - 1)-dimensional iso-energetic manifold if N < 2N - 2, that is, if N 2 3. This is 
the case for the Arnold diffusion. Now, if one assumes that there are no invariant sets of 
dimension higher than that of the KAM tori (excluding the 2N-dimensional domain itself), 
than the onset of the Arnold diffusion is equivalent to strong transitivity, and the ergodicity 
of the motion follows. 

This is exactly this conjecture which appears to be confirmed in our simulation. Indeed, 
let us rewrite a two-dimensional time-dependent system with a quasiperiodic Hamiltonian 
H ( x ,  p ,  t )  in a form containing several different “times” ri = wit, i = 1,2 ,  ..., N,, such that 
the Hamiltonian X(z, p ,  7 )  = H ( z ,  p ,  t )  is 2n-periodic in each ri. Introduce N, new variables 
Ei satisfying the relation for the total energy E(t )  = CwiEi. The choice of Ei is not unique, 
but it can be narrowed by the requirement set by the dynamical equations hi = d?l/ari. 
These equations are consistent because the change of the total energy, h = wid31/Lbi, duly 
equals a H ( z ,  p ,  t)/&. Now the 2D time-dependent system can be rewritten as a conservative 
2(N, + 1)-dimensional [or (N, + 1)-degree-of-freedom] system: 

X = apK, @=-a,K (15) 

where 
K(x ,  p ,  E, T )  = X(Z, p ,  T )  - o * E 

is the new Hamiltonian, whose conserved value is zero. Thus adding a new, incommensurate 
with old, frequency to the Hamiltonian time dependence is equivalent to adding another 
degree of freedom. In our case, two or more incommensurate frequencies (N,  2 2) mean 
three or more degrees of freedom, where Arnold diffusion takes place and, as far as our 
simulation shows, the ergodic behavior in the ( q p )  plane is observed. 
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As a byproduct, the conjecture of Refs. [9, 101 that the turbulent electrostatic drift 
of charged particles in an inhomogeneous magnetic field leads to a biased diffusion and 
the resulting nontrivial turbulent equipartition density P(z ,  3) oc B(z,  v) is numerically 
confirmed for a simple model of quasiperiodic potential. The accuracy of the TEP prediction 
is found to be within the the statistical sampling error margin. It is expected that this result 
is exact for a wide class of turbulent (non-quasiperiodic) potentials, which can be considered 
as a limiting case when the number of the incommensurate frequencies goes to infinity. 
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