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1 .  Introduction and Sumnary 

Over the past several years some very interesting data 
relevant to ocean wave backscatter have been produced by non 
scanning pencil beam radars with high range resolution. These 
radars are located-on land which overlooks the water/sea surface 
and operate at low grazing angles (LGA). Prominent among these 
are the X-band RSRE-Thorn EM1 and the LLNL-Hughes real aperture 
radars employed in the Joint U S / U K  ocean wave experiments in Loch 
Linnhe and the Sound of Sleat (Scotland). The range-time image 
in Fig. 1 [ l ]  obtained with the RSRE radar is typical of the 
many images which have been obtained. The most prominent 
features of these images are linear regions or strips of 
increased average RCS having temporal durations up  to or 
exceeding 100 seconds. For HH polarization these features are 
marked by the presence of periodic spikes in RCS. The features 
appear quite consistent with wave groups which are moving 
approximately parallel to the radar boresight. A self-consistent 
model of this wave group behavior, as manifested in the radar 
images, has been proposed by Tulin [ 2 ] .  This model provides 
estimates of the wavelengths involved and accounts for the 
periodicity of the spiky returns which appear to be due to the 
passage of nonlinear or incipiently breaking waves through the 
wave groups. Nothing in this model precludes the presence of 
multiple wave groups moving at different velocities. In fact, 
some images exhibit wave groups moving at different velocities, 
and in some cases both incoming and outgoing wavegroups are 
present simultaneously [a].  
because the lifetime of these waves is, at best, a few seconds. 
The association of these features with the scattering from the 
crests o f  much larger (e.g., meters) waves is reasonable because 
the lifetime of these waves is very long. However, it is not 
reasonable to assume that ambient wavegroups in the field of view 
of the radar all just happen to be moving along the radar 
boresight. One would expect that the totality of waves in the 
ambient sea background moving in various directions would produce 
a fairly rapid temporal decorrelation of the features seen in' 
these images, but this view is clearly contradicted by the data. 

One explanation for this apparent contradiction is that this 
type of radar is highly selective in its response to wave (and 
thus wave group) direction. In other words, the radar acts as a 
spatial filter which passes waves moving (approximately) along 
the boresight, while strongly attenuating waves moving in other 
directions. There have been some speculations on the physical 
explanations for this behavior, including. some suggested by this 
writer, but no one (to my knowledge) has yet set forth an 
analysis which is amenable to calculation. 

preliminary form, the theoretical analysis which is capable of 
explaining the spatial selectivity of the radar. The problem 
represents a fairly straightforward application of Fourier 
transform theory. Preliminary calculations based on this theory 
demonstrate, for a representative case, that a high degree of 

Obviously, X-band Bragg waves cannot explain these features 

It is the purpose of this paper to provide, in at least 

1 

t " 



spatial selectivity does, in fact, exist. There has been no 
attempt at this stage to obtain a detailed quantitative 
comparison of the predictions of this theory with experimental 
image data, however. 

It appears from examination of images that this type of 
radar provides a potentially very powerful method for analyzing 
sea wave behavior and determining the directional properties of 
the sea wave spectrum. The analysis presented herein should 
provide some insight as to why this may be the case. 

2. The Derivation of'the Radar Transfer Function 

A fixed (non scanning) beam real aperture radar (RAR) 
overlooks the sea surface as illustrated schematically in Fig. 2. 
The azimuth beamwidth is narrow and the radar is assumed to 
operate at LGA. The LGA assumption, typically about six degrees, 
permits us to ignore the variation of antenna gain in the 
elevation direction. The radar boresight is along y, the cross 
range direction is x, and 2 is a vector to a point in the (x,y) 
plane. 8 is the azimuth angle measured from the antenna 
boresight to the point E. The illuminated patch, shown as the 
shaded area, is approximately rectangular. The range extent of 
this patch is determined by the amount of data which is recorded 
and processed in the receiver. R is the range to the center of 
the iJluminated patch, and the patch size is taken to be small 
compared to R. The coordinate variable along the horizontal axis 
of the antenna aperture,<denoted by u, is taken to be parallel to 
x. The (voltage) aperture illumination function of the antenna 
is denoted A(u). 

cell of the radar. The angular extent of the cell is determined 
by the antenna azimuth beamwidth, while the range extent is 
determined by the signal bandwidth. The radars of interest have 
a resolution cell which is highly elongated (e.g., 1.5 m in y and 
44 m in x). It is the shape of this cell which provides the 
preferential selectivity for surface waves whose phase fronts are 
approximately aligned with the long dimension of the cell, and 
thus are propagating approximately parallel to the radar 
boresight. 

The geometry described here applies to the RSRE-Thorn EM1 
radar and the LLNL Hughes radar which were used to gather 
backscatter data in Loch Linnhe and the Sound of Sleat. 

These radars produce images of backscatter intensity as a 
function of y (or more correctly r) and time t. These images are 
related to the normalized radar backscatter function, t) , 
through a radar transfer function which depends on the antenna 
gain pattern and the radar range resolution. We proceed to 
derive an expression for this transfer function both in terms of 
x and y, and transform variables, Kq and K . 
will demonstrate the spatial selectivity 07 the radar. 
antenna aperture illumination A(u) by 

Shown within the illuminated patch is a single resolution 

These functions 

The antenna voltage gain pattern W) is related to the 
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G(e) - IA(u)e-ikusinedu 

where k = 2 d  is th-e wavenumber of the radar and a constant of 
proportionality has been ignored. For a small beamwidth and 
patch size (compared to R ) ,  we can approximate 

The antenna gain weighting function of x ,  denoted Gx(x), is then 
given by the Fourier transform relation 

Gx(x) - IA(u)e-im/Rbdu (3) 

The transform domain responsep denoted Hx(Kx), is given by 

We have assumed here, without much loss of generality, that A(u) 
is real and symmetric in u, from which it follows that both GX 
and HX are real and symmetric functions of their arguments. 

The corresponding intensity weighting function of x is 
denoted Ix(x) and is a real symmetric function given by 

The fourth power comes about because the voltage return contains 
the two-way antenna pattern and the result must be squared to 
obtain the intensity weighting. The intensity weighting in the 
KX variable, denoted Jx(Kx), i s  obtained conveniently by noting 
that multiplication in the x domain corresponds to convolution in 
the transform (i.e.,Kx) domain [4 ] .  Jx@x) is given by 

Jx(Kx) = le-iKxxIx(x)dx 
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where the convolution, denoted @, is over the KX variable and a 
proportionality constant has been ignored. Jx(Kx) is also a real 
symmetric function. 

The (voltage) radar resolution function is given by the response 
of the matched filter in the receiver to a point target which 
produces a delayed replica of the transmitted signal. The 
matched filter, which provides a convenient means for performing 
correlation reception, produces at its output a signal which is 
the autocorrelation function, $@), of the transmitted signal. 
HT) is related to the signal voltage spectrum S(f) by the 
transform relation 

Consider now the radar resolution in the range dimension. 

where f is frequency. S(f) is 
centered on the radar carrier 

I S( f) I df 
usually a narrowband function 
frequency fo. The output of the 

radar matched filter contains this phase which is removed by 
envelope detection when an intensity image is formed. Thus, we 
are justified in assuming that S(f) is centered on zero frequency 
which has the effect of ignoring the carrier frequency. We shall 
also assume that IS(f)l is symmetric about zero so that (#2) is real 
and symmetric. 

For a narrow beam RAR the time delay Z is 

where c is the velocity of light. The voltage response is a real 
symmetric function of y, denoted G&) . 

a 

G,&) = ] e-i4xfy/c I S(f)l df 

The response function in the transform variable Ky, denoted 
Hy(Ky),is a real symetric function given by 
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The corresponding intensity weighting function is denoted 
Iy&)and is given by 

M Y )  = G$(Y) ( 1 1 )  

The intensity weighting function in the Ky variable, denoted 
J(K,),is once again conveniently obtained by noting that 
multiplication in the y domain corresponds to convolution in the 
transform (i.e., Ky) domain. 

This function is also real and symnetric in Ky. 

I(s),is given by the prod..uct 
The total intensity weighting function in x and y, denoted 

I(?) = Ix(x)IyQ (13) 

I here is basically a power resolution function for the radar, 
where IX and I y  are given by (5) and (11). - The corresponding 
intensity weighting function, denoted J(K), is found to be a 
separable function o f  KX and ICY. 

- 
where JX is given by (6) and Jy is given by (12). K=(Kxl.Ky) is 
the surface wave propagation vector in (x,y) space. J(K) is seen 
to be a product of functions which are real and symnetric in Kx 
and Ky . 
linearly related to the waves on the surface (a simplifying 
assumption which tends to - become less valid as grazing angle is 
reduced), the function J(K) can be viewed as the spatial 
wavenumber response of the R A R .  It will be seen that J(i) 

To the extent that the normalized RCS, ~ ~ ( s ) ,  can be 



provides a highly selective response - for waves which move in the 
radial direction. The role which J(K) plays will become more 
apparent when we consider - its effect on the space-time image, and 
the transform domain, (K,Q) space, image. 

3. A Representative Example 

We will now make specific assumptions on the form of the 
aperture illumination A(u), the signal spectrum qf), and from 
these derive the form - of the filter response function, J(k), in 
wave number space. J(K) will be normalized to unity at K = O ,  so 
constants o f  proportionality in the derivation will not matter. 

The aperture illumination of the antenna, A(u), is taken to 
be unity over an aperture width D and zero outside this interval. 
Thus, A(u) can be written 

- 

Mu) = Rect($) (15)  

From ( 6 )  , Jx(Kx) is given by 

J,(K,) - Rec t (a )  @ Rect (a)  8 Rec t (a )  @ Rec t (a )  ( 1 6 )  

where 

and the convolution is taken over the variable Kx. The order in 
which these convolutions are performed is imaterial. It can be 
shown, with some algebra, that the normalized Jx(Kx) has the form 

The signal spectrum S(f) is also taken to be rectangular, 
but with a bandwidth B centered at zero frequency. Thus 

S(f) = Rec t ( i )  

Note that 

f IS(f)12 = Rect(E) 

From (12) and (20) it readily follows that 
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Jy(Ky) - R e c t ( z )  8 R e c t ( z )  

where 

and the convolution is taken over Ry. The normalized Jy(Ky) is 
readily shown to be 

= O  

0 < 121 < 1 

For the purpose of this representative example, it is 
assumed that D = 50.8 and B = 100 MHr.  These numbers 
correspond to a 3 dB one-way beamwidth of one degree and a range 
resolution of 1.5 m. The assumptions approximate the parameters 
of the RSRE-Thorn EM1 radar. The precise signal spectrum shape 
and antenna aperture illumination are, of course, not 
rectangular, but these assumptions will serve to demonstrate the 
spatial selectivity of interest. - 

Now we can compute J(K) as the product of Jx(K,)Jy(Ky). We 
find it convenient, however, to express J in terms of surface 
wavelength, A, and the angle (x which K makes with the radar 
boresight along y. For this purpose we use the relations 

Kx = K s h a  

The wave number response factor J has been plotted vs. a for 
various values of surface wavelength in Fig. 3. Since the curves 
are synrnetric about a = O ,  these have been plotted only for 
positive a. When a = O  the J factor decreases with decreasing 
wavelength (increasing KY) and drops to zero when the wavelength 
reaches 1.5 meters. This wavelength dependence is determined 
only by the spectrum of the signal, The J factor also decreases 
with increasing a (increasing Kx).  The fall off is slow for 
long wavelengths, but is rapid for short wavelengths. [Of course, 
these short wavelengths would not be visible if the radar 
bandwidth was not large]. The observed wave groups in Loch Linnhe 
typically have a velocity of 1 meter per second, which 
corresponds to a surface wavelength of 2.56 meters. From the 
figure it is seen that surface wavelengths under three meters are 
very strongly attenuated, if not completely removed, for 
propagation angles greater than five degrees off the radar 
boresight. 

related to the wavelength of the underlying sinusoidal wave [ 5 ] .  
The effective wavelength which determines the spatial filter 

Consider cross section modulations which are harmonically 
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response will decrease much more rapidly with a when the 
effective wavelength is short, e.g., when n is two or greater. 
When the waves have grown to the point of .incipient or actual 
breaking and the curvature near the wave crest is high, the 
backscatter return-tends to be strongly concentrated near the 
wave crest. At LGA, shadowing of the wave trough also 
contributes to the spatial concentration of the backscatter RCS 
near the crest. The effect here is to redistribute the spatial 
backscatter energy from low to high wave numbers and thereby 
enhance the spatial selectivity for waves moving along the 
boresight. 

For a typical Loch Linnhe image, of which Fig. 1 is an 
example, the range to the center of the illuminated patch is 2500 
m, the width of the patch is 44 m and the range extent of the 
patch is 384 m (256 pixels). A wave group starting at the center 
of one end of the patch and exiting a far corner would have 
(ignoring sign) ~=3.28 degrees, while a wave entering one corner 
of the patch and exiting the far corner would have an ~ = 6 . 5 4  
degrees. 

The predominant surface wavelengths in the field of view of 
the RA R  depend strongly on environmental conditions such as wind 
speed, direction and fetch. For Loch Linnhe the fetch is quite 
limited and the predominant surface wavelengths to be expected 
are substantially less, on the average, than one would expect in 
an open sea environment. The example image in Fig. 1 suggests 
that the principal group velocity is about 1.1 m/sec and the 
corresponding predominans wavelength (along the range direction) 
is thus about three meters. Other images from this system, or 
radars similar to it, clearly show the presence of wave groups 
with various velocities, as one would expect. in some cases both 
inward and outward moving wave groups can be seen in the same 
image [SI. 

which sometimes exceed 100 seconds, suggests that these are 
generally consistent with the very selective spatial filtering of 
moderate wavelength surface waves for this type.of radar, as 
indicated in Table 1. 

exists for enhancing radar returns from incipiently breaking 
waves-which are moving radially toward the radar. Scattering 
from a regular feature, e.g., a wedge-like shape, has a 
backscatter RCS which, like a metal rod, exhibits a specular 
return when the wave crest is perpendicular to the LOS. This 
type of specular does’not require some portion of the sea surface 
to be normal to the LOS. It is necessary that shape near the 
wave crest (regardless of whether the wave i s  breaking) be 
approximately maintained as one moves along the crest. 
enhancement which this effect produces for radially moving waves 
has a complex dependence on the statistical behavior of shapes 
near the crests and no attempt is made here to model and quantify 
this effect. However, the spatial selectivity of this scattering 
behavior should be superimposed on that which has been calculated 
above. 

A cursory examination of the lifetime of these wave groups, 

An additional, and potentially quite important, mechanism 

The 
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Although the above analysis has assumed' LGA operation, it 
should be noted that a high degree of spatial selectivity o f  
surface waves can be similarly obtained with radars which operate 
at intermediate grazing angles, and that the analysis presented 
herein can be read-ily extended to this regime. 

4. The Image Response Function in Transform Space 

Consider the normalized RCS function - Q o ( S , t )  which is a 
function of space and time. Let %@,Q) be the Fourier transform 
of GO(%, t)  given by 

- 
where K as previously is the wave number vector and a is the . 
radian frequency. Suppose we identify each Fourier component of 
QO with a surface wave which moves with the usual deep water 
di spers ion re1 at i onsh i p . 

a=a(K)= 
Then EO would have the form 

Eo (E, a) = +(E) - a@)) + W* (-i) s(sz + a@))] 
- 

where W(K) characterizes the directional properties of the 
surface wave spectrum. This form for EO assures that QO will be 
real. The voltage spectrum for surface waves, P(K) ,  is found 
from (27) by integrating over a . 

- 

- 
which is a conjugate symmetric function of K. 

function, denoted U(y , t ) ,  which is given by 
Now we proceed to examine the form of the image intensity 

DD 

UCy, t) = JJI(X, Y-V)CJ;(X, V, t)dvdx 

where I, as noted earlier, plays the role of a power resolution 
function. The integration over x simply represents the power 
weighting of the antenna beam pattern. The integration over the 
dummy variable v corresponds to a convolution in range of the 
resolution function with bo. An implicit assumption in (29) is 
that the radar return becomes rapidly decorrelated (i.e., due to 
random phase) with changes in x or y [SI. Thus, any weighted sum 
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or integration over the image can be characterized as a power 
addition. 

found from (29) with the aid of (14) and (25). The derivation 
involves a straightforward application o f  Fourier transform 
methods, but the details are omitted here. The result is 

The Fourier transform of U&,t). denoted Z(K,,n), can be 

It is clear now from this expression that the wave number 
response factor J operates directly on the wave number components 
of G o .  

It is of interest to derive an expression for Z(Ky,@ so 
that we can examine its properties. . Insert (27) for Eo in the 
above expression ’for Z(Ky,Q). 

We use the gravity wave dispersion relation of (26). 
only the first term contributes to the integral. The value of Kx 
which satisfies (26) is denoted KZ and is given by 

When n > O  

Note that -e also satisfies the dispersion relationship. When 
Q C O  only the second term contributes to the integral. These 
contributions once again occur where K x = ~ .  

re 1 at ion 
The integral over a 6-function can be evaluated using the 

where vo is the solution of 

F(v) = 0 (34) 

In our case there are two solutions for VO which contribute to 
the integral. 

One can readily show 
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Then, recall ing that J(Kxr Ky) is symmetric in KX , we have for 
Z(Kx r Q) 

The presence of Q' tends to emphasize the higher frequencies and 
wavenumbers. Z(KY,Q) has a singularity which gives a large value 
where 

K Z Z O  (37) 

which is along the dispersion curve given by 
a = [gKy]* 

This dispersion curve has been clearly observed in computed (K,Q) 
images for LOA RAR data (see, for example, [I] ). 

Consider the extension of the above analysis to the case 
where each component surface wave, with wavelength A say, 
manifests itself in the RCS image not only as a wavelength A ,  
but also as a series of harmonics with wavelength A h .  I f  K is 
the observed wave number for the nth harmonic, the correct wave 
number for the underlying surface wave is Kin, and the 
dispersion relation for the wave is 

The above analysis which has been given for the fundamental wave, 
n=l, applies directly for all harmonics o f  these waves, the only 
change being that one must use the above dispersion relation for 
each of the harmonics. 
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GLOSSARY OF SYMBOLS AND ACRONYMS 

Nu) = antenna illumination pattern 
B =  bandwidth of transmitted signal 
c =  velocity of light 
D= width of antenna 
f = radar frequency 
f, = radar carrier frequency 
G x =  voltage resolution function in x 
G y =  voltage resolution function in y 
Hx= voltage resolution function in Kx 
Hv= voltage resolution function in Ky 
1; = intenGity weighting function 
Iy= intensity weighting function 
I(x, y)= image weighting function 
Jx= intensity weighting function 
Jy-= intensity weighting function 
J(K)= filter response function in 

in x 
in y 

Kx 
in Ky 
transform space 

K= (Kx , Ky) = surf ace wave propagation vector 
k=2fi 
n= harmonic number of wave 
P(K)= voltage spectrum of surface waves 

R= average range to radar patch 
S( f )=  voltage spectrb of transmitted signal 
t= time 
T =  time delay after transmit pulse 
U&, t)= radar output intensity function 
u= antenna coordinate variable 
~(i i )= voltage spectrum of RCS image 
x= cross range (down track) coordinate 
y= range coordinate 
v, w, z = dummy variables 
Z ( K y , a ) =  image intensity in (KY,Q) coordinates 
a= wave direction off boresight 
a= surface wave radian frequency 
A = surf ace wavelength 
A =  radar wavelength 
a,(x, y ,  t)= normalized RCS vs. position and t h e  
ZO(Kx, Ky , n) = normalized RCS in (Kx, Ky .a) coordinates 
e=  angle off antenna boresight 
Mz)= autocorrelation function of time wuvefoxm 
LLNL=Lawrence Livermore National Laboratory 
LGA = low grazing angle 
RAR = real aperture radar 
LOS = line of sight 
RCS=radar cross section 
RSRE=Royul Signals and Radar Establishment 

- 
r= (X,Y) 
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Figure 1. HH Backscatter for LL90 Run 16, 16:23:15 to 16:27:01 GMT, 
64 Pulse Averaging (0.128 Seconds) 
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