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OB JECnvE 

The objective of this three-year research program is to investigate interwell seismic 
logging techniques for indirectly interpreting oil and gas reservoir geology and pore fluid 
permeability. This work involves a balanced study of advanced theoretical and numerical 
modeling of seismic waves transmitted between pairs of reservoir wells combined with 
experimental data acquisition and processing of measurements at controlled sites as well as in 
full-scale reservoirs. This reservoir probing concept is aimed at demonstrating unprecedented 
high-resolution measurements and detailed interpretation of heterogeneous hydrocarbon- 
bearing formations. 

SUMMARY OF TECHNICAL PROGRESS 

Task 1 - Numerical Model Studies 

Part of this task is to investigate the sensitivity of the in-situ rock-physical properties 
of the formation such as porosity and permeability on three-component seismograms, and the 
pressure, as well as phase velocity and attenuation. For this purpose we have developed 
software to simulate synthetic seismograms associated with a point-source (compressional 
wave), and a point force (shear wave), in strauied fluid-filled porous media. In addition, we 
have developed software to calculate phase velocity and attenuation from interwell seismic 
waveforms. To demonstrate the use of these capabilities we present examples to simulate 
seismograms and dispersion and amnuation curves. 

A. Synthetic Seismograms 

In this section, we present seismic responses associated with the geological 
formations of the Buckhorn test site in Illinois. In order to construct a representative model 
of formations, the rock physical properties were determined from logs. The compressional 
wave and shear wave velocities were determined from sonic logs recorded in boreholes A and 
D, (see DOE Quarterly Report, March 31, 1992). Other rock physical properties such as 
matrix grain density, ps, and the corresponding bulk modulus, &, were obtained from the 
current literature for shale and limestone. These parameters and those determined from logs 
for the rock matrix, as well as the fluid properties for oil and water are given in Appendix A. 
Since the oivwater contact is unknown in the limestone formation, the model given in Figure 
1A was assumed for the calculations. The pressure source was placed in the fust borehole at 
a depth of 200 m, and a 12-element detector array was placed in the second borehole at 20 m 
away from borehole A. The detector separation used for the calculations was 2 m. 

Two-component seismograms (the radial and vertical component) were calcu- 
lated and the pressure for the model of Figure 1A. The seismograms illustrated in Appendix 
A were calculated for a source without the effect of the borehole. To properly interpret real 
interwell seismic data, software is currently being developed to account for the effect of the 
borehole. This development together with interpretation of real data will be reported in the 
next quarterly report. 
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However, to investigate the sensitivity of porosity and permeability on interwell 
seismic measurements, we calculated seismic responses for several model cases, in particular, 
when the rock-physical properties and the internal structure of the limestone formation are 
varied. Since the distribution of permeability and porosity are unknown, we assumed an 
arbitrary oiUwater contact and the internal structure of the limestone layer. The seismograms 
illustrated in Appendix A demonstrate how the waveforms characteristics change as the rock 
physical properties and the internal structure of the limestone formation are varied. 

B. Phase Velocity and Attenuation Models 

In this second case, we calculated phase velocity and attenuation curves from 
synthetic data. These curves were used to determine the minimum detector separation re- 
quired to generate reliable spectral ratio plots from common source gathers (when an array of 
detectors is used). The spectral ratio method was specialized to extract attenuation and phase 
velocity information from interwell seismic data. The examples given in Appendix B show 
phase velocity and attenuation plots for several detector separations. These plots show that 
the minimum detector separation to produce reliable results was about 10 m for a borehole 
separation of 91 m. 

Task 6 - Documentation 

A technical paper on the subject of interwell seismic model studies has been prepared 
and submitted for peer review to the Journal of the Acoustical Society of America in May 
1992. This paper describes model results produced in this second year project. A copy of 
this paper is included in Appendix C. 
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APPENDIX A 

SYNTHETIC SEISMOGRAMS 



List of Symbols 

A- 1 

THKO = Layer thickness 

ROUO = Grain solid density 

VPO = Compressional wave velocity of the matrix formation 

vso = Shear wave velocity of the matrix formation 

SGMO = Bulk grain modulus of the matrix 

PERM0 = Permeability 

Q = Quality factor 

ROUFO = Fluid density 

VFO = Compressional wave velocity of the fluid 

VIS0 = Fluid viscosity 
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PHASE VELOCITY AND A'ITENUATION PLOTS 



Phase Velocity and Attenuation Plots 

In this Appendix B, results from five computer runs are presented. The synthetic 
waveforms to generate phase velocity and attenuation curves were produced for a source in an 
unbounded medium having a compression wave velocity of Vp = 5000 m / s  and quality factor 
Q = 20. The boreholes for the simulations were separated by 91.27 m, corresponding to the 
separation between boreholes A and E of the Buckhorn test site in Illinois. In all the compu- 
ter runs a reference trace was used, which was recorded at the zero-vertical offset. The 
sampling time was 97.7 psec and the reference trace started at 135 At and contained 100 
samples. A Blackman window was used to avoid finite sampling error. 

The four plots are: (1) computed phase velocity; (2) spectral ratio; (3) Q(f); and (4) 
Q-'O. 

The parameters for the five runs are shown below, as are the values for Q that was 
calculated (over the range of 1000-2500 Hz): 
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ABSTRACT 

A dipping fractured layer zone has a characteristic seismic signature in interwell seismic 

data. We simulate a fracture zone as a dipping low-velocity layer in an unbounded medium 

using the elasto-dynamic Green’s function for layered earth to include absorption and dis- 

persion effects. The vector wave displacement solution is developed for a point force at an 

arbitrary angle with respect to the axis of symmetry of a horizontal layer. The source and 

detector boreholes are rotated such that the new boreholes are perpendicular to the force to 

form a new plane which contains a dipping layer and horizontal force. To simulate interwell 

seismic responses, a modified Clenshaw-Curtis quadrature method for wave number integrals 

of the Bessel function type is developed to evaluate the wave displacement vector in the 

frequency-space domain. The model results demonstrate that the presence of a dipping low- 

velocity layer produces seismic signatures associated with the attitude of the low-velocity 

layer and the angle of the layer with respect to the source. Also, the results suggest that the 

amplitudes of shear wave events associated with the presence of a dipping low-velocity layer 

2 

diminish and their hyperbolic moveout patterns are modified as the dipping layer becomes 

horizontal. 
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INTRODUCTION 

High-resolution interwell seismic has become an extremely efficient technique for 

delineating subsurface geological structures and to determine rock physical parameters. In 

particular, interwell seismic measurements have been used in geophysics to detect fracture 

zones in granitic rocks applying transmission ray tomography (Wong et aL, 1985) and dif- 

fraction tomography (Tura, et aL, 1992). In order to investigate the applicability of these 

inversion techniques, synthetic data usually is generated using seismic modeling methods such 

as finite difference techniques, ray tracing, finite element, and the reflectivity method. How- 

ever, viscoelastic approximations appear to be more appropriate to represent the earth’s seis- 

mic response because of the inclusion of absorption and dispersion effects, which are inti- 

marely related to lithology (Martinez and McMechan, 1991). The viscoelastic modeling 

approximation has been used to generate crosswell synthetic seismograms by Jean and 

Bouchon (1991) to describe the complete wavefield associated with a 3-D source in a multi- 

layer attenuated earth. 

In this paper the attenuation characteristics of the media is implemented in the elasto- 

dynamic Green’s function for layered earth (in the wavenumber domain) following the work 

of Apse1 (1979). Although the complete theoretical analysis for a point force (or pressure 

source) associated with a multilayered earth is not included in this paper, the explicit vector 

wave displacement solution is given for a point force in the presence of an attenuated layer in 

Appendix A. This solution is developed as an application to calculate synthetic seismograms 

associated with a dipping low-velocity layer which may be used to represent a fracture zone 

in an unfractured host medium. The characterization and detection of fracture zones have 
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become important for enhanced oil recovery projects, storage of nuclear toxic waste, and 

hydrological and geothermal applications. In fact, Tura et al. (1992) and Green and Mair 

(1983) have used seismic wave propagation to detect and characterize fracture zones in 

granitic rock for radioactive waste disposal sites. 

The numerical integration of the Green’s function is performed using an effective quad- 

rature scheme with self-adjusting interval length, the Modified Chenshaw-Curtis method. 

This numerical scheme was developed by Xu and Mal (1985, 1987) and applied by 

Amundsen and Ursin (1991) to generate synthetic data, which was used as reference data for 

evaluating a frequency-wavenumber velocity inversion algorithm for surface seismic appiica- 

4 

tions. The Modified Clenshaw-Curtis numerical scheme of integration has been extended to 

simulate high-resolution interwell seismic logging measurements, and its new elements are in 

Appendix B. 
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I. FORhlULATION 

The basic formulation to derive the Green’s function consists of expressing the vector 

form of the classic elasto-dynamic equation (Kupradze, 1979) in cylindrical coordinates (r, 8, 

z) and the displacement components in a Fourier series with respect to the azimuth 0. The 

resulting equations are reduced using the Hankel trzinsform method to produce a set of two- 

coupled partial differential equations associated with compressional waves and vertical polar- 

ized shear waves, and a separate partial differential equation associated with SH-waves. 

Solutions of these partial differential equations yield the vector wave displacement compo- 

nents for a point force in an infhite elastic medium. 

A. Equation of Motion 

General solutions of the inhomogeneous equations of motion for a uniform iso- 

tropic viscoelastic medium are derived. The equations of motion in cylindrical coordinates 

(r, 8, z) assuming exp (-jot) variation are 

aA 2 pV%, + (h + p)- + o pu, + F, = 0, 
az 

in which (up us, u,) and (FT Fe, F,) correspond to the components of the displacement and 

body force per unit volume in the r, 8, and z directions, respectively. The Lam6 constants 

(which may be complex) are denoted by h and p, while the density and the frequency are 

5 
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represented by p and a, respectively. In the equations above, v2 represents the Laplacian 

operator, while A denotes the dilatation. 

B. Equation of Motion in the Wave Number Domain 

Expanding the displacement and body force in a Fourier series with respect to the 

azimuth 8, a system of equations is obtained in terms of the vector displacement (urn, ub, 

uzn) and the body force (Fm, F,, Fzn) wave coefficients. This resulting system of equations 

is reduced (in the wave number domain) using the Hankel ttansfonn method to one set of two 

coupled partial differential equations and a separate uncoupled partial differential equation. 

In the wave number domain, k, the coupled system of differential equations is given by 

~2~ - F2n = 0 ,  
dz dz 

and the uncoupled partial differential equation is given by 

[p$ - plc2 + 02p u~~ + F3n = 0. I (3) 

The functions u&,k) and uqn(z,k) are coupled through Eqs. (2a) and (2b) and are indepen- 

dent of u3,(z,k) which must satisfy Eq. (3). The functions uln and u2n are associated with 

compressional waves and vertical poiarized shear waves. The function ~3~(z,k)  in Q. (3) is 

associated with waves whose particle motion is polarized in horizontal plane. 

6 



Jorge 0. Parra et ai. 

C. The Green’s Function 

The coupled system of partial differential equations given by Eq. (2) can be 

$tu = F, 

-‘In 
u = [L], and F = [ F2n]; for n = 1, 2 .  

P is the differential operator of components qj given by 

d 
dz 

-k(L +p)- 

d 
dz 

-k(h +p)- 

Since the Green’s function for a point force in an unbounded medium is given in Apse1 

(1979), only the frnal expression for the vector wave displacement is presented. Thus, 

displacement Components in directions i due to a horizontal point force f,(o) and a vertical 

point force f2(o) are given by 

x 
f o r j =  1 , 2 a n d i =  1 , 2 ,  

where (r, 8, z) is the detector coordinate and (0, 0, ZJ is the source position. The wave 

parameters v and x are given by 

7 
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and 

u, = - F(") sin 6 cos 8 Fl l (k)kJ, (kr)dk 
4zp3w2 

+ ulo(k) k COS 6 J, (kr)dk, 1 

Jorge 0. Parra er al. 

uz - - F(o) p[-sin 6 cos 8 uZl(k) + cos 6 ulO(k)]ldl(kr)dk. 
4zp3w2 O 

We have selected the source position (rs, e,, zs) as the origin of the cylindrical 

coordinate system (r, 0, 2). To simplify the solution of a horizontal layer in an unbounded 

medium, we assumed that source and detector boreholes are contained in the vertical n-plane 

for 0 = 0". In addition, to simulate the interwell seismic response for a horizontal point force 

in the presence of a dipping layer, we consider a r'z'-plane containing new source and detec- 

tor boreholes and a horizontal force as shown in Fig. 1. The r'z'-plane is oriented at an angle 

y = 90'4 with respect to the vertical a-plane which contains the horizontal layer and the 

force F (oriented at an angle 6 with respect to the z-axis of symmetry). In the fz'-plane a 

dipping layer is observed by sensors placed in the borehole oriented in the 2'-direction. 

Therefore, the displacement components measured by detectors oriented parallel and 

10 
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perpendicuiar to the detector borehole in the z’-direction, may be derived by rotating the dis- 

placement components, given by Eqs. (9a) and (%), as follows: 

u,I = u, cos 6 + u, sin 6 

and u; = u, sin 6 - u, cos 6 . 
The coordinates at a given Gztector position above the layer in tAe new receiver borehole are 

given by 

and 

where 

cos 6 
sm 6 

r = zd - + b/sin 6; for 6 7 0 

z = z d ’  

b = borehole separation 

zd = detector position in the old system. and 

The numerical evaluation of the wavenumber integrais of highly irregular and oscillatory 

functions given in Eqs. (sa), (9b), and (9c) was accomplished using a modified and extended 

version of the Clenshaw-Curtis method which is given in the Appendix B. The vector dis- 

placement time response in terms of the borehole separation r and the angle 6 was obtained 

numerically using FFT. 
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IL NUMERICAL EXAMPLES 

The primary application of the present solution is to model the seismic response of a 

dipping low-velocity layer with respect to a pair of transmitter and receiver boreholes. How- 

ever, seismic responses of a source in an unbounded medium and a source in the presence of 

a horizontal low-velocity layer are required as reference model responses to thoroughly ana- 

lyze the dipping layer case. Thus, seismic responses were calculated for an earth model 

consisting of a horizontal low-velocity layer of thickness 5 m ixi an unbounded host medium 

as shown in Fig. 2. The physical properties of this model are given in Table I. The source 

pulse signal was assumed to be a nonzero phase Ricker wavelet. The horizontal and vertical 

displacements synthetic seismograms for a horizontal force pulse signal centered at 

fo = 500 Hz were calculated at twelve different detector positions for the model shown in 

Fig. 2. The horizontal point source was located at the source depth of 5 m below the layer, 

and detectors were located at a horizontal distance of 35 m from the source. The two compo- 

nent detectors were spaced 7.5 m apart above the layer, in the layer, and below the layer. 

Figures 3a and 3b illustrate the horizontal and vertical displacement seismograms for 

the model of Fig. 2, and the Figs. 3c and 3d show the conesponding seismograms associated 

with the horizontal force in the absence of the layer. Comparisons between these seismo- 

grams show that the P-wave and S-wave events observed by detectors above the layer arrive 

approximately 2 ms later than the corresponding events observed in the full space seismo- 

grams. In addition, small reflection amplitudes are observed by detectors below the layer, 

and multiple reflections are observed by detectors located within the low-velocity layer. 

These observations appear to be better analyzed using hodogmm plots. In fact, to 
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characterize a low-velocity layer in the presence of a point source (force 

Jorge 0. Pana et al, 

in more detail, syn- 

thetic seismograms given in Figs. 3 were used to produce polarization diagrams (hodograms) 

which were made by plotting one detector component along the horizontal axis and plotting 

the other component along the vertical axis and are presented for selected time windows. 

Figures 4 and 5 illustrate the time-variant signal hodograms produced from the synthetic 

seismograms given by Figs. 3. Since each hodogram was constructed using a fuil trace (Le., 

0-50 ms), most of them exhibit both lobes, a P-wave lobe pointing to the source and an 

S-wave to be perpendicular to the P-wave lobe. The resulting hodogram plots show small 

rotations associated with the time-delay observed by detectors above the layer. These small 

rotations are due to the slight difference in the transmission coefficients from the high-to-low 

and low-to-high impedance boundaries. On the other hand, the particle motions are almost 

linear at detector positions below the source because the polarization radiated from the source 

is preserved as shear waves penetrate an isotropic medium. However, the polarization dia- 

gram observed by the detector located within the low-velocity layer shows a complicated pat- 

tern associated with the multiple reflections and interaction between the different types of 

reflections coefficients. As a consequence, we investigated this wavefield characteristic by 

constructing hodogram plots using different time windows. Since the S-wave events are 

sensitive to the presence of the low-velocity layer, we illustrate the shear wave events associ- 

ated with the detector within the layer. The corresponding hodograms are presented for time 

windows of 15-21 rns and 21-28 ms in Figs. 6a and 6b, respectively. In particular, the 

hodogram produced using a time window between 15-21 ms appears 90 percent rotated with 

respect to the corresponding S-wave event in the absence of the layer. 

13 
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The response of a low-velocity layer dipping 40 degrees with respect to the horizontal 

separation between source and detector boreholes is calculated using Eqs. 23. The geometry 

of this dipping layer which includes the source and detector locations is illustrated in Fig. 7, 

and the physical properties of the model are given in Table I. Horizontal and vertical dis- 

placement seismograms for this dipping layer in the presence of a horizonal point force are 

shown in Figs. 8a and 8d together with the corresponding seismograms associated with a 

horizontal point force in the unbounded medium. The time of arrivals of the waveforms cal- 

culated at detectors positions above the layer exhibit time delays relative to the unbounded 

medium waveforms. In addition, the seismic waveforms are overlapped and distorted when 

detectors are placed above and within the layer, and between the layer and the seismic source. 

Thus, to characterize these waveforms, the shear wave events are displayed as polarization 

diagram plots in Figs. 9a and 9b. 

The polarization plots produced from waveforms calculated at detectors positions 1, 2, 

3, and 4 (see Figs. 9a and 9b) show characteristic signatures associated with the presence of a 

dipping layer. The field radiated by the source has been rotated and modified by the presence 

of the low-velocity layer. In particular, the wavefield observed at the detector position within 

the layer has been rotated 90 degrees, and the wavefield observed at detectors placed below 

the layer exhibit a type of split polarization. In fact, the wavefield observed at the detector 

position immediately below the layer becomes distorted as a result of the difference in reflec- 

tion coefficients between SV- and SH-waves at the interface. These reflection coefficients 

may cause phase changes between reflected SV- and SH-components producing effects very 

similar to shear-wave splitting, with a resulting change in polarization of the reflected waves 
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at the low-velocity layer interface (Yardey and Crampin, 1991). However, the wavefields 

calculated at detectors below the source are less distorted and follow the same patterns of 

those wavefields radiated by the source in an unbounded medium. 

The effects of split polarization discussed above have been observed when the source 

has a dominant frequency of 500 Hz and radiates shear waves having wavelengths less than 

or equal to the layer thickness for the model given in Fig. 7. The polarization plots shown in 

Fig. 10 demonstrate that these effects of split polarization are diminished as the source peak 

frequency is reduced to 300 Hz. The corresponding horizontal and vertical displacement 

seismograms show losses in the characteristic signatures associated with the layer thickness 

by displaying 300 Hz pulse waveforms in Fig. 11. Although wave features related to the 

layer thickness have been reduced in the synthetic seismic traces, the second reflectioncon- 

verted and transmitted-converted shear wave events remain in the seismograms. These shear 

wave events are directly related to the presence of the dipping layer since they are absent for 

the case of the horizontal layer in an unbounded medium as shown in Figs. 3a and 3b. We 

expect that the amplitudes of these shear wave events will be diminished and their hyperbolic 

moveout patterns will be modified in the seismograms as the dipping layer becomes 

horizontal. 
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III. CONCLUSIONS 

Explicit vector wave displacement components have been derived to calculate the 

response of a dipping layer in an unbounded medium near a point force. The Modified 

Clenshaw-Curtis method of integration was extended to evaluate high-oscillatory kernels 

associated with high-resolution three-dimensional applications. The model responses demon- 

strate that the presence of a dipping layer can be inferred by analyzing multicomponent seis- 

mograms and shear-wave polarization diagrams constructed from waveforms at different 

detector positions in the borehole. Seismic waveforms calculated at detectors located between 

the source and the low-velocity layer produces characteristic signatures associated with the 

attitude and angle of the layer with respect to the boreholes. The analytical vector wave 

displacement solution can be easily generalized to simulate the response of a dipping multi- 

layer structure with respect to the boreholes to calculate interwell seismograms for high-reso- 

lution applications. In addition, the Green’s function for transversely isotropic layered forma- 

tions can be implemented and evaluated using the Modified Clenshaw-Curtis method of inte- 

gration for high-oscillatory integrals. 
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APPENDIX A: VECTOR DISPLACEMENT SOLUTIONS FOR HORIZONTAL 
AM) VERTICAL POINT FORCES 

The particle displacements in the j" elastic medium associated with compressional and 

vertical polarized shear waves are: 

For a horizontal point force (n = 1): 

+ r k  V- 

J 

and (A-2) 

where qr) (for i = 1,4) are wave functions expressed in terms of generalized reflection and 

ci) transmission matrices associated with P and SV waves. 'Alternatively, the wave functions q5 

and qf) are associated with SH-waves. 

For a vettical point force (n = 0): 
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-k 

'Vj 

+y V. 

J 

for zj-I c z < zj, 

(A-3) 

ti) where Qi (for i = 1,4) are also wave functions expressed in terms of generalized reflection 

and transmission matrices formed by coefficients associated with P-waves and SV-waves. 

The source transmits seismic pulses at the source depth zim', and measurements are 

recorded at detectors depths zg); for j = m - 2 = 1, 2, ... N, where N is the number of layers 

in the formatior! and m is the layer containing the source. As an example, we present the 

solution for a layered earth modei in wnicn the source is in the bottom haif-space (m = 3) and 

the detectors are in the first layer (i = 1). Thus, the wave functions ?f) (for i = 1,4) 

associated with a horizontal force (n = I) are given by 
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where SA:) is the source function given by 

T:, '?:, and R: are generaiized 2 x 2 transmission and reflection matrices, which are 

obtained recursively from the modified transmission and reflection matrices of coefficients 

given in Apse1 (1979). 

After substituting Eq. (A-6) into Eqs. (A-4) and (A-51, the resulting wave functions 

(1) 
T& are expanded in terms of products of transmission and reflection matrix coefficients. 

The new wave functions are substituted into Eq. (A-1) to yield the vector displacement 

in the wavenumber domain associated with P-waves and SV-waves: 

-v1z ull = -ke 
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r 1 

r 7 

r 1 

(A-7b) 

where 

and pij = [ T ~  H2] ; for i j  = 1 2 .  

The definition of the generalized transmission matrix H2 is given in Parra (1991). The wave 

functions r#) and qy) associated with SH-waves are also determined and substituted into 

Eq. (A-2) to yield the displacement component in the wavenumber domain 
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and qSH = ['I * 

In a similar fashion, the vector displacement may be derived for a vertical point force 

(n = 0) with the exception that the source function is given by 

Thus, the displacement components in terms of the products of tramission and reflection 

coefficients, pij and 9ij. are given by 

1 
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and 

1 

11 

(A-9b) 

The frequency domain solution of the vector displacement (ur, Ue, uZ) observed in the 

detector position (r, 8, z) associated with a horizontai point force (n = 1) at a source depth 

zs E zi3) for the horizontal source-detector separation r is given by 

(A-loa) 
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(A- lob) 

and 

where 

(A- 1Oc) 

in which cs(3) is the shear wave velocity in the lower half-space. 

Similarly, the vector displacement for a vertical point source (n = 0) is given by 

and 

(A-liaj 

(A-llb) 
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APPENDIX B: EVALUATION OF WAVENUMBER INTEGRALS OF THE BESSEL 
FUNCTION TYPE BY THE MODIFIED CLENSHAW-CURTIS METHOD 

I. THE WAVENUMBER INTEGRAL 

Wavenumber integrals arise in the calculation of response of elastic media to a line or 

point excitation. In the latter case, the integrand is the product of the kernel F(k,z) and a 

Bessel function of the fmt kind, order n: 

where z and r are the vertical and horizontal distance between the source and the detector, 

respectively. This integral can be split into two parts: 

I = I" F(k,~)J,(kr)dk + Lm F @ ~ ) J ~ ( k r ) d k  
0 

where K is a large wavenumber exceeding the real part of a l l  poles of the kernel. 

Conventional quadrature methods are either helpless or inefficient for this type of inte- 

gral for the following reasons: 

(1) Dense oscihtiox &re present in both the Bessel function JJkr) and the kernel 

FCk;z) ; 

There are sharp peaks in the kernel F(k,z); (2) 

(3) If the source and detector have the same depL., the leading term of the kernel 

F b )  does not decay for a large wavenumber k. It behaves as O( 1) for displace- 

ment components due to a concentrated force, OR) for stress components due to 

a concentrated force, or displacement components due to a volume source. Multi- 

plying the leading tern of the kernel by the factor O ( k 3  from the Bessel func- 

tion, the integrand behaves either as O(k-3 or O@?. In the latter case, the 
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integral will not converge if it is evaluated numerically with truncation at a finite 

value of wavenumber. 

The Modified Clenshaw-Curtis (M. C.-C.) integration method is aimed at evaluating the 

above wavenumber integrals accurately and efficiently. This method has been recognized as 

the most efficient method of integration among schemes with similar objectives (Dravinski 

and Mossessian, 1988). In addition, none of the present quadrature schemes is able to handle 

the infinite tail when the integrand does not decay at large wavenumbers. 

IL M. CX. METHOD: FINITE INTERVALS 

Consider 

I, = f" Fkz)J,(kr)dk, (B-3) 
0 

In the M. C.-C. method, the kernel F(k,z) is represented by a finite sum of the 

Chebyshev polynomials in IC The resulting integral involving Chebyshev polynomials and 

Bessel functions is evaluated analytically, to avoid the numerical fitting of the Bessel func- 

tions. The accuracy of the quadrature is controlled by the decay me of the expansion coeffi- 

cients of the Chebyshev polynomials (in ascending order). The subdividing of the interval 

and the increasing (doubling) of the order of the polynomials are adaptive such that sample 

points are distributed rationally according to the irregularities of the kernel and that no previ- 

ous function evaluations are wasted in the fitting process. More details of the formulation 

and algorithm for this part of the M. C.-C. method can be found in Xu and Mal (1985). 

m. M. C.X. METHOD: INFINJTE TAIL 

The problem of the infinite tail was solved in Xu and Mal (1987) for the case involving 

sinusoidalkosinusoidal functions (line source, Le., the two-dimensional problem). The 
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treatment of the infinite tail for the Bessel functions (point source, Le., the three-dimensional 

problem) is presented below. 

The remaining part of I ,  

is to be treated similarly to that for I l .  However, two additional steps are needed: converting 

the Bessel function into products of polynomials and sinusoidakosinusoidal functions, and 

the infinite interval to a finite one. 

The Bessel functions of order 0 and 1 can be accurately represented (for kr > 4) as 

follows 

In Equation (B-5) Pn and Q,, have the f o m  

where a:), m = 0, 1, ....., 11, n = 0, 1 are known constants. 

On the other hand, it can be shown from wave propagation theory that for large k, the 

asymptotic expression for F(k) is given by 

F(k,z) = e *[A + B/k + C/k2 + D/k3 + E/k4 + 41, (B-8) 
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where A, B, C, D, and E are constants. 

Combining Eqs. (B-5)-(B-8), the integrand becomes: 

N 
F(k,z)J,(kr) = kve -kw A,k -m, 

m =O 

where w = z - ir, i = JT-i>D, v is -0.5 or 0.5, depending on the combination of component 

and source types. N is the assigned highest order of the Chebyshev polynomials. In practice, 

N = 4 or 8 is chosen. Am's are constant coefficients. 

Next let's make a change of variable: q = Zk Then the interval [IC,-~ in the k 

domain maps to [0, I/K] in the q domain. A polynomial type function of q can be extracted 

from the integrand as 

N 

m=O 
G(q) = FOu;)J,(kr)e -k-" = A,q m. 

This function can be fitted more easily by Chebyshev polynomials: 

where T'(T) are Chebyshev polynomials, Cm are the Chebyshev coefficients, and the interval 

[0, 1 / ~ ]  in the q domain has been converted to [-1, 11 in the r domain by linear transforma- 

tion (see Xu and Mal, 1985). The needed coefficients Am's can be derived from Cm's by 

standard procedure. 

Finally, from Eqs. (B-4) and (B-g)-(B-ll), the evaluation of integral is reduced to 

the following: 
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(B-12) 

where (B- 13) 

In Equation (B-13), r(v + I - in, KW) is known as the incomplete Gamma function. Its 

fmt argument, a = v + 1 - rn, is real and the second, p = w, complex. Properties of the 

incomplete Gamma function can be found in Abramowitz and Stegun (1972) and Gradshtep 

and Ryzhik (1980). Its numerical evaluation is divided into two cases. For small @I, 

where T(a)  is the well known complete Gamma function. For large IpI, 

(B-14) 

(B- 15) 

This concludes the implementation of the M. C.-C. method for the Bessel function type 
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TABLE 1. Formation parameters. 

Jorge 0. Parra et al. 

Region 

Layer 2653 1490 2420 10 

Upper and 
Lower Medium 3794 2074 2630 40 
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