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SUMMARY 

. 

In the previous report the governing equations were derived for the flow of granular 
materials down an inclined plane using the kinetic theory based model proposed by Boyle and 
Massoudi (1990). For a fully developed flow of these materials down an inclined plane, the 
equations reduce to a system of coupled non-linear ordinary differential equations. The resulting 
boundary value problem was solved numerically and a parametric study was carried out to 
delineate how the various non-dimensional parameters affect the structure of the solution. 
Further parametric studies were carried out and the results were in keeping with the previous 
studies. Also, a study of the flow of granular material between two vertical plates was carried 
out and compared with experiments in order to evaluate the continuum model. 
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INTRODUCTION 

Understanding the behavior of flowing granular materials is 

motivated by the need to determine bin and hopper geometries that 

permit granular solids to flow freely, to devise reasonable methods for 

predicting the stresses that develop on the walls of the container and 

to characterize scale-up factors for solids transport. 

Granular materials exhibit phenomena, such as normal stress 

differences in simple shear flow which is typical of materials whose 

response in non-linear. For instance, simple shearing motion is not 

determined by the shear force alone but also by the normal forces that 

manifest themselves due to the shearing. Reynolds [5] observed that 

for a shearing motion to occur in a bed of closely packed particles, the 

bed must expand to increase the volume of its voids. He termed this 

phenomenon "dilatancy." Many of the existing theories use this 

observation to relate the applied stress to the voidage and the velocity. 

Also, experiments on granular materials indicate the presence of 

normal stress effects (cf. Savage 141, Baganold [61). 

Granular materials are unlike solids in that they conform to the 

shape of the vessel containing them, thereby exhibiting fluid like 

characteristics. On the other hand, they cannot be considered as 

fluids, as they can be heaped. The characteristics of the individual 

particles that constitute the bulk and the interstitial dynamics 

determine the behavior both at  rest and during flow. Due to their 

complexity, the modeling of granular materials would require a fusion 

of the ideas from both solid and fluid mechanics. 
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Several models have been proposed, on the basis of kinetic 

theory and continuum mechanics, to describe the behavior of granular 

materials (cf. Lun et al. [7], Jenkins and Savage 181, Ahmadi and 

Shahinpoor [SI, Boyle and Massoudi [lo], Goodman and Cowin 11.21, 

Savage [4] and Rajagopal and Massoudi [3]). Some of these models 

have been proposed for loosely packed materials, while others have 

been proposed for rapidly flowing materials, and still others for 

different kinematical situations. The recent review article by Hutter 

and Rajagopal [12] discusses the status of the numerous models that 

abound in the literature and delineate the domain of applicability. In 

t h i s  work, we use the continuum model used earlier by Rajagopal and 

Massoudi [3] to study flow of granular materials down a vertical 

channel. 

I t  is appropriate at  this juncture to point out that most of the 

models that stem from kinetic theory are subsumed by the model due 

to Boyle and Massoudi [ 101 based on an approach similar to the Enskog 

dense gas theory. This model predicts the presence of normal stress 

difference in simple shear flow. Interestingly, the constitutive 

expression for the stress can be put into the form of the model 

considered in this paper, with the material moduli having specific 

representation. We shall not get into a lengthy discussion of the status 

of this model but refer the reader to [lo] for the same. Suffice to say 

that the model has been found to predict qualitatively many of the 

features observed in the flow of granular materials (cf. Rajagopal, Troy 

and Massoudi [ll]). While other models might also predict such 

features, they have not usually been derived within the context of the 



mechanics of non-linear materials, while also being consistent with 

models that arise out of a kinetic theory approach. 

Governing Equations 

We shall now proceed to derive the governing equations for the 

flow of granular materials down a vertical channel (cf. Figures 1). We 

assume that the Cauchy stress T for the granular materials is given by 

(cf. Goodman & Cowin 11.21. Rajagopal & Massoudi [3]): 

where v denotes the volume fraction of the particles, D the stretching 

tensor associated with the motion of particles. 

In general, if we were to start with a stress T that depends on 

v, Vv and D, we would obtain a model that is more general than that 

given by (1) wherein the material moduli depend on v and the 

invariants of I), VvBVv, D Vv€3Vv+Vv03DVv. Such constitutive 

representations can account for cohesion or otherwise, depending on 
the specific forms of the material functions, i.e. p’. Here,P,(v)is 

similar to pressure in a compressible fluid and is given by an equation 
of state, pz(v) is similar to the second coefficient of viscosity in a 

compressible fluid, &(v) and p4(v) are material parameters that reflect 
the distribution of the granular materials and &(v) is the viscosity of 

the granular materials. In general, the material properties Po through 

& are functions of the volume fraction, temperature, and the principal 

invariants of the stretching tensor D, given by 

D = -[(Vu) 1 + (Vu,’] 2 



where u is the velocity of the particles. In equation (I), 1 is the 

identity tensor, V the gradient operation, @ indicates the  dyadic 

(outer product) of two vector and tr denotes the trace of a tensor. The 
volume fraction ( v )  is related to the bulk density ( p )  through the 

following relation 

P = Y  (3) 

where y is the particle or grain density at the place x and at time t. 

Rajagopal, Troy and Massoudi [I 11 have studied the question of 

&stence of solutions of the flow of a granular material modeled by (1) 

flowing down an inclined plane and prove that non-unique solutions 

are possible. 

results of Ahn [ 131. 

These solutions are in keeping with the experimental 

Following Rajagopal and Massoudi [3), we assume that the 

material parameters have the following structure 

Pa(v> = kv 

Pl(V> = P I 0  + PllV + P12v2 

P 2 W  = Pzo + P21v + PZVZ 

P3(v) = P30 + P31v + h 2 V 2  

P 4 W  = P40 + P 4 P  + P4*v2 

The above representation can be viewed as a Taylor series 

approximation for the material properties. Such a quadratic 
dependence, at least for the viscosity p3 is based on the dynamic 

simulations of particle interactions by Walton and Braun [14]. Further 

(4) 

restrictions on the coefficients can be obtained by using the argument 

that as v + 0 ,  the stress T should vanish, accordingly: 



. . .  - 

&O = p20 = 

A rationale for the structure of p’s 

Massoudi [31. Furthermore, Rajagopal et 
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(5) 

can be found in Rajagopal and 

al. [3] have shown that 

kcO (6) 

as compaction should lead to densification of the material. In general 

the second law of thermodynamics would also place restrictions on 

the nature of the material parameters. This issue is outside the scope 

of this work. 

The governing equations are the equations for the conservation 

of mass and momentum: 

* + div( pu) = 0, 
dt (7) 

and 
(8) 

du 
dt 

a d Here, - is the partial derivative with respect to time, -, is the 
dr dt 

p- = divT i pb 

material time derivative and b is the body force. 

For the case of the flow of granular materials down a vertical 

channel, we assume that fhe motion is steady, the granular particles 

are incompressible, (y  = constant), and that the constitutive 

expression for the stress tensor is given by (11. In general, rapid flows 

in vertical channels will not necessarily be fully developed. However, 

if the channel is long enough and the feed rate not too large, the 

assumption of a fully developed flow might be reasonable. In the 

experiments of Savage (41, he was able to realize fully developed flow 

between vertical channels and hence in our study here, we shall seek 

- - _  - . .  

&O = p20 = (5) 

A rationale for the structure of p’s can be found in Rajagopal and 

Massoudi 131. Furthermore, Rajagopal et al. [3] have shown that 
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such flows. We shall suppose that the density and velocity fields are of 
the form 

v = V ( Y )  

u = u(y)i 

respectively . 
Let us consider the vertical channel shown in Figure 1. The two 

vertical walls are separated by a distance 2h. In order to solve the 

problem, we consider two cases: 
Case 1: 

Case 2: 

plrP2, and p4 are constants 

P1,P2 and P4 vary quadriatically in volume fraction 
In both Case 1 and Case 2, Po and & are assumed to be of the form 

P o  =kv 

and 

P 3  = &(v+ v2) 

The rationale for the more general choice is provided in Rajagopal and 

Massoudi [3]. 

Case 1 can be solved analytically, but Case 2 has to be solved 

numerically. We shall consider each case separately. 

Case 1: &p2, and f14 are constants 

In this case, the conservation of mass is identically satisfied and 

the conservation of linear momentum reduces to 

&(1+2v)du -[ -) dv + - b3 (v + v2)- d2u + pg = 0 
2 d Y d Y  2 dY2 



We non-dimensionalize equations, (13) and (14). by defining 

E = - ;  where Uo is the mardmum velocity. We get 

= 2 and 
h 

U 

UO 

and 
1 

In equations (15) and (16). 4,R2 and 

given by 

The parameters R, ,  R2 and R, 

(16) 

R3 are dimensionless quantities 

(17) 

have the following physical 

interpretations: Rl is the ratio of the pressure force to the gravity 

force, R, is the ratio of the forces developed in the material due to the 
distribution of voids to the force of gravity, and R3 is the ratio of the 

viscous force to the force of gravity. 

Notice, that (15) is an ordinary differential equation in v, while 

(16) is an ordinary differential equation in both v and E .  

H = O  at y = k l  
dv -=o at y = O  
Gj 

Q = 4 = J:,vCiji; (9 being given) 
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Equation (18)i is the adherence 

dimensional velocity and (1 812 

boundary condition for the non- 

is a consequence of mid - planar 

symmetry, and (19) indicates that the amount of material flow (9) 
through the channel is a constant. From equation (15) we get 

or  

v=-- Q -  constant 
2 

Equation (20) indicates that the volume fraction through the channel 

is a constant. As, this condition is not realized in real flows, the 

solution is degarded. Substituting (21) into (16) and using the 

appropriate conditions we get 

5000Bjj2 - 1667B + 10,000A + 10,OOO - (lOA - 1.667B) 1 - v = L{ (-1.667B + 10A - 511x1 
15BR3 [ 3333B + 10,000A + 10,000 

5000BY2 - 1667B t lOOOoA 
In [ 3333B+lOOOOA 

where 
and 

case 2: 

A = Q/2 
B = - -  4 

4 
pl,p2,p4 are quadratic functions of v 

We assume that materid parameters p’s are quadratic function of 

v and for the sake of convenience and simplicity, choose 

B I  = w o  = 8 1  = PI2 a = P21 = P22 
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Thus, the material parameters may be written as 

Once again, by virtue of (9) and (10). the conservation of mass is 

identically satisfied. The balance of linear momentum, after 

appropriate non-dirnensionlization yields: 

and 

(2 6) 1 + d'ii (1 + 2v) 
d j j 2  + v(l+v) (e)( djj E) djj R , ( l + v ) = * ,  
- 

Y U where 7 = - and ii = -, I?, and Rl are given by (1 7). while S2 is given by 

(29) which has the same physical interpretation as 4. Not ice ,  

equation (26) is identical to (16) but (25) has an extra term when 

h UO 

compared to (15) because of the dependence of all the material 

parameters on the volume fraction v. Equation (25) admits the trivial 

solution of v = constant, and once again we ignore it on the basis of 

experimental observations. Equations (25) and (26) subject to (18) 

and (19) are solved numerically using COLSYS (cf. Ascher et al. [15]) 
Here, we also consider the case of slip at the wall, by assuming 

that the slip veiocity is proportional to the stress vector at the wall 

given by 
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u s  = &wmy). (2 7) 

where T is the stress tensor, n is a unit normal vector, and f i n  

general could be a function of surface roughness, volume fraction, 

shear rate, etc. (cf. Pearson and Petrie 1161, Craig et al. 1171, Hanes and 

Inman [18], Hutter et al. 119, 201 and Schowalter 1211). With the 

constifxtive equation (I), the slip boundary condition in dimensionless 

form will be 

2 

li = f R,v + -(I+ v + q( ;) + qv+ qE]  [ :  G 

The dimensionless parameters f and S, are given by 

Results and Discussions 

We now solve equations (25) and (26) subject to the appropriate 

boundary conditions numerically and compare the results with the 

experimental data of Savage 141. 

We solved both the cases for slip and no-slip using a collocation 

code COLSYS (cf. Ascher et al 1151). COLSYS is implemented using a 

B-spline basis function. COLSYS features an adaptive mesh selection 

procedure based on error estimation. The mesh points are 

repositioned to roughly equidistribute the error, which is estimated 

using mesh halving and checked using prescribed tolerances. The 

integral condition for the volume fraction is implemented using a 

secant shooting method to refine initial guesses for the value of volume 

fraction prescribed. 
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Figure 2 shows a comparison of the experimental data of Savage 

(41 with the numerical predictions in this work, and Figure 3 is the 

corresponding volume fraction profile. I t  should be emphasized that 

we used all the physical data such as the density of the solid, etc., from 

the experimental results of Savage. However, the non-dimensional 
parameters, R,,R, and R3 all involve material moduli that appear in [4] 

for which experimental values are at this moment unavailable. It is 

observed that the experimental results of Savage [4] and our numerical 

results agree well with each other, for the values shown. I t  is however 

possible that these values may not indeed be the real values for the 

material in question. Thus, we also provide a parametric study of the 

governing equations. Such a parametric study can be used in 

conjunction with carefully carried out experiments in channel flows to 

either validate or render invalid the constitutive model that is 

proposed here. In that sense the parametric study carried out here 

could be of some use. 

Figures 4 to 15 show the effect of the various non-dimensional 

parameters and the boundary conditions on the velocity and volume 

fraction distribution in the vertical channel. Such an analysis is just a 

parametric study as we do not have experimental data, for such values 

of the parameters, to compare with. However, they do provide results 

that can be compared against future experimental results. The 

equations of mass and momentum, (15) and (16) for the case 
wherep,,& and & are constants are solved subject to the conditions 

(18) and (19). Figures 4 & 5 show the effect of decreasing the value of 
R,, while keeping R2,& and Q the same, on the volume fraction and 

the velocity in the channel under no slip conditions. I t  is observed 
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fkom Figure 4 that irrespective of the value of R,, the volume fraction is 

maximum a t  the boundaries and minimum at the center of the 

channel. The change in volume fraction is mardmum at the boundaries 

and minimum at the center of the channel. The change in volume 

fraction in the channel increases as the value of Rl decreases (i.e., 

becomes more negative.) Rl is the ratio of the pressure force to the 

gravlty force. decrease in Rl implies an increase in the compressive 

pressure, which causes the granular material to redistribute as would 

be expected. Decrease in R,, decreases the velocities as shown in 

Figure 5. Figures 6 and 7 represent the plots of volume fraction and 
velocity in a vertical channel where &,P2 and /3, are taken as quadratic 

hnctions of the volume fraction v. Figures 6 and 7 show the effect of 

decrease in Rl, and the results are very similar to Figures 4 and 5 

respectively, the difference being the magnitudes of the values of the 

volume fraction and velocity. Since we are only interested in the 

qualitative nature of the plots and due to the similar characteristics of 

the plots in both cases (P's constant and p's quadratic functions of v ), 

only the plots for p's as quadratic functions of vwill be presented 

here. 

In Figures 4 to 7 the value of R2 and S2 are taken as positive. 

Figures 8 and 9 show the effect of decreasing R, with S, negative. It  is 

noticed that the volume fraction profiles are exactly the opposite of 

the earlier plots. In this context we refer to the theoretical results in 

[22, 231 and the experimental results in [4], where similar features are 

observed. In Figure 8, the plot of volume fraction in the channel is 

mardmum at the center of the channel and minimum at the edges. 

Also decreasing Rl increases the volume fraction a t  the center of the 
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channel and decreases the volume fraction at the boundary. In Figure 

9, we see that decreasing Rl increases the velocity of the granular 

material flowing in the channel. We can also notice that the velocity 

profiles are not parabolic but seem to suggest plug flow i.e., the 

variation in velocity in the central region of the pipe is much smaller 

than that dong the edges. This result is to be expected, as the amount 

of material (Ql flowing through the channel is a constant. Thus, a 

decrease in the core of the channel will be compensated by a 
corresponding increase at the edges. As &is ratio of the forces 

developed in the material due to  the distribution of voids to the force 

of gravity, a decrease in S,would imply a decrease in the forces 

developed in the material due to the distribution of voids which would 

in turn cause a decrease in velocity. This behavior is illustrated in 

Figures 10 and 1 1. 

Figure 12 shows the effect of an increase in R3 on the velocity 

profile. Increasing the value of R3 decreases the velocity. This is to be 

expected as R, i s  the ratio of the viscous forces to gravity, and thus 

increasing R3 in effect increases the 'viscosity' of the material, all other 

conditions remaining the same. The governing equations for the 
volume fractions-(15) and (25) do not contain R3. Hence any change in 

4 does not affect the volume fraction in the channel. Figure 14 

shows the effect of increasing the value of Q on the velocity 

distribution in channel. As is to be expected, increasing the amount of 

material flowing through the channel decreases the dimensionless 

velocity in the channel and increases the volume fraction of the 

material flowing through the channel (c.f. Figure 13). Figure 15 

illustrates the effect of slip and no-slip a t  the boundary. The 
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dimensionless velocity for slip and no slip cases have similar profiles, 

but the magnitudes are markedly different. The dimensionless 

velocity at the center line is much greater when the material slips at  

the boundary. 

The results discussed above agree qualitatively with the work of 

Nunziato et al. [22], who used a non-linear version of the Goodman and 

Cowin (1.21 to study the gravity flow in a closed vertical channel. 

Their predictions for the volume fraction and velocity profiles agree 

qualitatively with our results. Johnson et al. I231 used mixture theory 
to study the flow of granular materials between horizontal parallel 

plates found in the volume fraction profiles that are similar to ours. 
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Symbol 

D 

T 

b 

g 
2h 

n 

U 

Pi 

Y 
V 

P 

NOMENCLATURE 

Explanation 

Stretching tensor 

Cauchy stress tensor 

Body force 

Acceleration due to gravity 

Distance between the two vertical walls 

Unit normal vector 

Velocity of the particles 

Material parameters (i = 0-4) 

Distributed mass density 

Volume fraction 

Bulk mass density 
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Figure 1. Flow Down a Vertical Channel. 
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Figure 7. Effect of R, on Velocity Profiles (Case 2). 
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Figure 10. Effect of S, on Volume Fraction Profiles (Case 2). 
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Figure 11. Effect of S, on Velocity Profiles (Case 2). 
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Figure 12. Effect of R3 on Velocity Profiles (Case 2). 
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Figure 13. Effect of Q on Volume Fraction Profiles (Case 2). 
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Figure 14. Effect of Q on Velocity Profiles (Case 2). 
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Figure 15. Velocity Profiles for No-Slip and SIip Cases (Case 
2). 


