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ABSTRACT

An a i r - c o r e  s t ro n g  focusing s y n c h r o t r o n  is  d e sc r ib e d .  Low te m p e ra tu re  

m agne t s .  80*K or  lo w e r  a r e  proposed.  High magnetic f ield value  and high 

a cc e le r a t io n  ra te  a r e  c h a r a c t e r i s t i c  advan tages  of the a i r - c o r e  magnet*.  The 

machine  becom es  s m a l l e r  while the r e q u i r e d  rad iofrequency power  is con* 

s td e rab ly  i n c r e a s e d .  P r e s e n t  a c c e l e r a t o r s  can be c l a s s i f i e d  in e i th e r  of two 
e x t r e m e s :

a.  C losed  o rb i t  a c c e l e r a to r s  w here  one can hard ly  eee  the acce le ra t ing  

e lem en t ;  the main  component is the guiding magnet  and the a c c e l e r a t i o n  t ime 

ie of the o rd e r  of a  second .

b. L inear  a c c e l e r a t o r s  where  the p a r t i c l e s  t rave l  once through the m a 

chine  and, due to '.his fact ,  t rem endous  am oun ts  of rf power  a r e  required ,

The proposed m a ch in e  is  a c o m p ro m is e  be tw een  these  e x t r e m e s ;  hence ,  the 

co s t  of the magnet  and  acce le r a t in g  equ ipm en t  ie well ba lanced ;  the  a c c e l e r a 

t ion t ime is of the  o r d e r  of a few tens of m i l l i seconds .

Molecula r  b e a m  injection is p ro p o s e d ,  allowing m u l t i - t u r n  injection; 

thus  trapping of 6 x U)1" pa r t i c le s  pe r  pu lse  is  possible .  By employing high 

magnst ic  f ields it i s  poss ib le  to reduce  the a p e r tu r e ;  hence ,  the  final beam  

c r o s s - s e c t i o n a l  a r e a  b e co m e s  very  s m a l l ,  allowing s y n ch ro c laeh  opera tion 

of two machines  without  the n ecess i ty  of s t o r a g e ,  with s a t i s f a c to r y  reaction 

yield.  The magnet  un i ts  a r e  combined with the rad io f requency  c av i t i e s .  This 

a r r a n g e m e n t  e l im in a t e s  long s t ra igh t  s ec t io n s  except at the  in jec tion  and t a r 
gets

P a r a m e t e r s  of a 24-Hev machine  of th is  type a r e  c i ted .  A method of 

avoiding blow-up of the  b eam  at the p h a se  t r a n s i t io n  Is d e s c r i b e d .  By p rope r ly  

changing the am pl i tude  of the rf  voltage n e a r  the phase t r a n s i t i o n  en e rg y ,  it 

i s  possib le  to obta in  solu tions  of constant  ampl i tude  for both the momentum and 

p h a se  osc i l la t ions .

This work was p e r f o r m e d  undsr  the au ep tcee  of the U.S. A tomic  Energy 

C o m m is s io n .
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l INTRODUCTION

T h a r*  a r e  two dt»Un< t R W S t l t M  to be t o n s i d e r e d  in ths planning of 

fu ture  h ig h -e n e rg y  a c c e l e r a t o r s  High energy ,  m a t h  h igher  than ih* a u a t  

• r a t o r a  p r e s e n t ly  under c o n s t r u c t io n  ((’CRN, S w i ta s r land .  Hroohhaven 

National I i b o r a t o r y ,  U S A ), nam t l>  ol the u rd * r  | l  100 Rev. ot m o d e ra te  

energy ,  10 to )0 Rev, bat rnw h h igher  « a r r a n t  ol th* o r d e r  of a few tv... r<> 

amperes,
St**l m agnets  have c e r t a i n  inheren t  l im i ta t ions  In the ( • • •  ut va ry  

high e n e r g y ,  the c i r c u m fe re n c e  of a at*el  magnet becom e*  u n d e n t  ably U r g e  

Th* only way to reduce the length *if the t i r i u m t e r e m  r >• to u»e h igher value* 

of magnet ic  f ie ld  (i. e.  . SO,000 g a u s s )  whit h a re  p o s s ib le  only wtih I l f  t o r*  

m agne ts .  Th* a i r - c o r e  magnet* a r e  usually a s s o c i a t e d  with high s to re d  

energy .  H o w ev e r ,  with p ro p e r  t o i l  design it i t  p oss ib le  to redu«e 'he s t o r e d  

energy to th* earns value as  in a s tee l -m ag n e t  machine  lor the eam e parti* le 

energy .  Th is  e sn  be obtained by reduc ing  the s i t e  ol the magnet ,  and by propter 

a r r a n g e m e n t  of the c u r r e n t  d i s t r ib u t io n  in the coll s ,  Th* pesh  power r e q u i r e  

msnts  ol such  s  magnet  a r e  l a t h e r  high. However,  th is  t e n  be co n s id e rab ly  

reduced  by o p e ra t in g  the m agnet  a t  a t e m p e ra tu re  of SO'K o r  lower Receht 

development tn c ryogen ics ,  o r  r a t h e r  the n ecess i ty  of building U r g e  r e f r i g 

e ra t ion  uni ts  fo r  o ther  applu  a t i o n s , re su l ted  tn a cor s id e r a b l e  reduction ol 

the cos t  of auch uni ts .  Hence ,  application  ol cryogenic a in a c c e le r a to r s  is 

now under co n s id e ra t io n ,  a l though  posit ive  conclus ions  e r e  not yst poss ib le .

In addit ion to th* reduct ion of the r e q u i r e d  peak power  it is possible  to red  j * » 

cons ide rab ly  the ave rage  power by contemplating a s h o r t  a t  c e l t r a t i o n  l im e ,  

less  than one- tsn th  of a second. Th is  sh o r te r  a c c e l e r a t i o n  t ime r e q u i re s  in 

turn a m o r e  powerful rf a m p l i f i e r  but this is n e c e s s a r y  anyway, if it is d*» 

s i r e d  to a c c e l e r a t e  a large n u m b e r  of pa r t i c le s  per  p u l s e ,  to c o m p a n s s t t  lo r  

as lm utha l  s p ace  charge  fo rce s  in the bunch. An addi t iona l  advantage ol the 

high Held va lue  is that the p a r t i c l e  densi ty  m the bunch becom es  high enough 

so that  a y n ch r o c la a h  opera t ion  might be poaaibls without the necess i ty  ol 

s to rage  r in g s .

*
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II U A O H K .T  COILb

The i iM fM l « all* a r t  confu ted  between two < M i i t i  » ylindera  of rad iu s  

and rQ re spec t ive ly  ( f i g  | |  Tlk* cylinder of r a d iu s  i» the vacuum 

• h«mb«i The* the c ^ v t u r a  e l  the  machine n  of c i r c u l a r  t v o i i  

t h e  r s q u t r e d  Hold in th* i ^ r l u r e  is a dipole field (the guiding field) corn- 

bined with i  q u a d r u p l e  focusing field The eolat ion of the vector potentia l  

within the co ll  m u t t  eettefy the boundary  conditions ,  nam ely ,  to m atch  the 

fie ld  component#  of the vacuum f ie ld  in the aper tu re  end  in the space oute ide 

the  coll .  T he  c u r r e n t  d i s t r ibu t ion  (j) within the coil io then de te rm in ed  f r o m  

the equation  . V

^ * - V « | V A ( | ,  ( I )

w here  •  le a long the ante of the co i l .

T h e r e  te a  var ie ty  of func tion* whu h can sa t i s fy  theee  conditions.  H ow 

e v e r ,  the calcula tlofie  a r e  much s im p l i f i ed  by employing  Besse l  functions as 

•olutione  for the  vector  potent ia l  within the coil. H e m e ,  the so. Mona can  be 

ident ical  with so lu tions  of Maxwell  equations for t i m e - v a r y in g  field-) w h e re  

the d i s p l a c e m e n t  c u r re n t  hae been  subs t i tu ted  by the ac tua l  c u r re n t  d i s t r i b u 

tion in the co i l .  Theee so lu tions  for each  harmonic  (of nth o rd e r )  a s s u m e  the 

fo rm B,
•  me C (hr) cos M )  .n

where

Cft<hf) • Cj J n ( k r > ♦ Cj Yn(fcr)

end J , a r e  the Utese l  functions  of nth o r d e r  of the  f i r s t  and second  kind, n n —
resp ec t iv e ly

The boundary  conditions a r e  (see  Appendix 1)

*  0

V C ( n . l ) , h r 0> •  ° -

By in te g ra t in g  the s q u a r e  of the  field and the c u r r e n t  density we can 

de te rm in e  the  s t o r e d  energy  and  the  power  loss r e s p ec t iv e ly ,  as  a function 

of the ra t io  r ^ / r ^  of the ou te r  to the  inner radius  of the  coll .  A plot of th e s e  

two quan t i t ie s  >* a  function of t f / v .  l* shown In Fig .  1 . The s to red  e n e r g y  

va r ie s  a l m o s t  l in e a r ly  with r ^ / r ^  while the power lo se  i n c r e a s e s  rap id ly  for 

values of r 0 / r ^  U s e  than I .  In the  example  ci ted h e r e a f t e r  a ra tio  of r ^ / r .  * J
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ha* baan ae lac ted  l  o t  th is  parti* uUr  t u m i t l t ,  the  «urr»nt denat ty  d t t l n  

button ), the power l o t*  W ^,  and the H o r t d  t n t f g v  a r t  given by Ut» 

fo llowing aquation*

. H 1
J| • -  -y— # * l * T S 4 < ^ ̂ j  • m l'# ' | f |

whe r a

M M U  j . 1 . 1) * o I t U i i  v

Cjl fc .v l  • l 9441 J 2( k , r )  ♦ 0 047 1* Y , ( h , r )
J j  a n d  At# B a a a a l  func t ion*  of the h r  at h ind  of the  f i r a i  *Hd

Y | and Yj

V .

*o
r i
o

s e t o n d  o r d e r ,  r t i ( » t » t » v t l |

t r t  I taeea l  function* of the i t t o n d  hind of the f i r s t  and 
i n o n d  o r d e r ,  r v a p n t i v t l y  

0 •
l S77«* V;

peah valua of tha (laid at  tha  or tnt  (gau**) 

tha tnna r  radio* of tha t o i l  in t m

th,a r a t io  of tha quad rupo le  to the dipole fiald s t reng th  

at r a |v
o • O.SS74 m tha following example* 

Tha power lo s t  in tha  coil i*

w r •

I r ^ l G ^ k , rQ| - C ^ k , r( | r f / ' M O i ' J - c f w
)

|  watt* < »n, 

«4)

and tha  to ta l  a torad  e n e r g y  on tha magnet i*

% . irlz<a0V».io, l

(r0Vr12)Cli (k1r0) - k / » 1i «•* t ' f / ' f tcfarj - lk/rf /*) j o u l a a / r m  ,

-6w h a ra  p ia tha r aa la t lv i tv  (p ■ 1.72 x 10 for c o p p e r )  and *) la tha apace 
f a c t o r ;  in the following exam ple*  it la a ee u m e d  that  r\ tt 0 S8

Mora dataila on tha ca lcu la t ions  of tha m ag n e t  a r e  included in Appendix I.

t
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HI MAiiNfcT UNIT#. R r C A V n i E I

T h t  magnet  units ( o n u s '  of a pa ir  of magnet  to i l*  em lo*ed in a *ylin* 

d r u a l  t v f e u i i t f d  tank (Fig.  V) J hi* tank s e r v e s  i t i o  as  a radiof requenc v 

cavity where  — Hi «uil »• a p p ro x im a te ly  a q u a r t e r  wav# length at the highest  

frequenc y The gap between the  two co il s  s e r v e s  a s  an at <e lerat tng gap. In 

this way. s t ra igh t  s e t t i o n s  for pomp connections and a cce le ra t ion  a r e  not 

n e c e s s a r y ,  thus enabling a s m a l l e r  c i r c u m fe re n c e  length The tuning of the 

cavity can  be done with ro ta t ing  rondeneera  up to 1% of the f requency The 

fine tuning fs 1%) can be a c « om pl tehed  with f e r r i t e  co t ie  disposed in s e r t e e  

with the r o u t i n g  condense r e .  Thus  the effect of the  low Q of the f e r r i t e  ts 

m in im ise d  and  an overa l l  Q of 1*00 is expected fo r  esc a c avity F u r t h e r 

m o r e ,  by having a p lu ra l i ty  of a cc e le r a t in g  cav . i i ea  we min im ise  the o v e r a l l  

rf  power  r e q u i r e m e n t s .  Since the requ ired  volts p e r  tu rn  is r a th e r  high,  in 

o r d e r  to k e e p  the ampli tude of the phase  o sc i l la t ions  within reasonab le  l im i t s  

a high h a rm o n ic  rf o rd e r  of 10 o r  m o r e ,  la r e q u i r e d .

The d im ens ions  of the  m ag n e t  coils  and the cavity  in an example  a r e :

Aperture l . S  cm

Outer  coil d i a m e t e r 8 cm

Cavi ty  d i a m e t e r 60 cm

Cavi ty  length 100 em

r t e l d  i n d e x  I n  m *  I 4*0
L. J

Betat ron o sc i l l a t io n s  per  tu rn ,  " v " 8

The a cc e le r a t i o n  l im a  is a s s u m e d  as 0.06 s ec o n d s .  The power s o u r c e  

of the  m a g n e t  can  b t  e i the r  m o t o r - g e n e r a t o r s  o r  a  co n d en se r  bank. It a p 

p e a r s  tha t  f o r  ouch a sh o r t  a c c e l e r a t i o n  t ime  the c o s t  of a capac i to r  bank ia 

c o m p a r a b le  with the coat of m o t o r - g e n e r a t o r  un i t s .  However,  de ta i led  coat 

e s t i m a te s  a r e  not yet ava i lab le  at th is  t im e .  In m y  opinion, though, o th e r  

conditions being equal,  c o n d en aa r  banks a r s  p r e f e r a b l e  to m o t o r - g e n e r a t o r s  

with all  t h n r  ro ta ting squ ipm ent ,

In the calcu la tion  of the  p o w sr  l o s se s  a  6 0 -m i l l i s e c o n d  l in sa r  r i s e  of 

the m a g n e t ic  f ield has been a s s u m e d .  At the peak  va lue  a "flat top" of 10 

m l l l l aaconds  has been inc luded.  A decay l im e  of 60 mil l i seconds  has  been 

pos tu la ted .  Continuous o p e ra t io n  of the  machine a t  60 cps  is a l so  p o s s ib le .  

In this c a a a ,  ths magnst c u r r a n t  v a r i e s  as

I « IQ( 1 ♦ cos ut) . (6)
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This  it «i (um) i l i i hc t S  by tli bitamg of the m agnet  The a« it (irtMridfil tiy I 

c a p a c i to r  bonk T h t  power  loot  in t l . i t  m r  i t  ra t l . r r  high H o n e .  a< up* r •

at ion moat b t  c o n s id e r e d  only »n t  case  w here  vary high * a r r a n t  i t  required  

It should b« noted that  a machine  built in i t ia l ly  (or p a t ted  o p e ra t io n  t a n  be ten* 

v e r t e d  la te r  to continuous  ac opera t ion  t! h igher  C tfftM  i t  r e q u i r e d

iv VMUtneu: ttUftc h <*n . m >ac i. <iiaki«i. limit

The numli tr  of par tic  I te  per pulte  which can be t rapped a r e  l imited  by 

the  allowed change of the  number  ol b e ta t ro n  ost  illations ’V  due to the *pa> r 

c h a r g e  fo rces  in the b u n th  We have a s s u m e d  an (allowable) 6* ,« 0 2S in 

ca lcu la t ing  the n u m b e r  of part ic le*  per  unit length of the mac h i n t  Since the 

n u m b e r  of t rapped  p a r t i c l e s  inc r e a s e s  with the injection e n e r g y ,  a higher than 

uaua l  inject ion e n e r g y  can  be employed, inaem uch  ac the l inea r  acc etc rate* t 

co s t  is not a t a rge  p a r t  of the overa l l  cost  of the machine f o r  o n e - tu rn  in* 

jee t ton  the l inear  a c c e l e r a t o r  c u r re n t  b e co m e#  too high. H e n ce ,  mult i turn  in* 

jec t ion  appea rs  m o r e  a t t r a c t i v e .  The m os t  prornte-.ng way for m u l t i tu rn  in> 

j e c t io n .  In my opin ion ,  is the m olecu lar  i n j e v ’ion, namely ,  to a< < t l t f f t l t  H , 

and spli t  the m o lecu le s  upon injection with a m r n u r y  jet o r  o th e rw is e  Of 

c o u r s e  in this way the p a r t i c l e s  must be at < el* ra ted  up to twi* e the m |g<U M  

e n e r g y .  However,  no o th e r  way ot m u l t t t i r n  injet  tion a p p e a r s  to m r  at thu  

t im e  as  p rom is ing  a s  the  molecular in jec t ion .

An injection e n e r g y  of SO Mev has been  postula ted.  Th is  in t urn re*

q u i r e s  that  the H /  Iona mus t  be a c c e l e r a t e d  up to 160 Mev T he  result ing
C 11 n u m b e r  of a c c e l e r a t e d  p a r t i c l e s  per pulse  (for 6v « 0.2%) la 6 * 10 In

o r d e r  to maintain all t h e se  par t ic les  as they go through the phase  t r ans i t ion .

it is  des i rab le  to avoid  any blow-up of the b e a m  at the phase  t r a n s i t io n  i on-

seq^en t ly ,  a mode of v a r ia t ion  of the a c c e l e r a t i n g  voltage was sought which

would allow finite am p l i tu d e  of the phaee and  m om entum  oe« i l la t ions  near the

t r a n s i t io n  energy.  Th is  invest igation was f ru i t fu l  snd it tu rn e d  out that in a

r a t h e r  simple  way one can  find solutions fo r  the phase  oer:iiati<*r.s. thus avoid-

ing the blow-up p r o b le m .  The requ ired  v a r i a t io n  of the a c c e l e r a t i n g  voltage

V n e a r  the phae t  t r a n s i t i o n  is given by the equation

(V coa 4§) -  V# -  f -  V ^ o s  b0 . <7)
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w h e rs  4^ i t  the in s ta n ta n e o u s  va lue ot the  e q u i l i b r iu m  p h a s e . i t  the  e ffec t  

o l the  space ch a rg e  ot the  bunch (w h ich  a c tu a l l y  at the phase t r a n s i t i o n  ene rgy  

i t  n e g l ig ib le ) ,  r  •  t -  t n . ta the t im e  the t r a n s i t io n  o c c u r s ,  and ia a 

t o n a U M  The r e e u l t in g  s o lu t io n  o f the  p hase  oat i l l a t io n  la (see A ppend ix  11)

♦ * C Q t o i  ( a t *  ♦ 6 ) . ( • )

A t  the  t r a n s i t io n  p o in t  the  bunch la e x a c t ly  a t the c re s t  of the w ave  (4 f  * * / 2 ) ,  

and  the ac ( t i t r a t i n g  v o l ta g e  la equal to  the  th re s h o ld  vo ltage  p e r  t u r n .  He - 

yond  the phase t i a n a i t u m ,  the a c c e le ra t in g  v o ltag e  ta g r a d u a l ly  in c re a s e d  up 

to  the  In i t ia l  va lue and  the e q u i l i b r iu m  phase  is  re s to re d  to  the  o r i g in a l  va lue 

b u t a t the o th e r  a id e  o f the wave, f ly  e m p lo y in g  th is  m e thod  i t  a p p e a rs  that 

the  a m p l i tu d e  o f the phaee o e c i l la t io n s  at th e  end of the a c c e le r a t io n  becom es 

a e m a i l  f r a c t io n  o f  the  b e ta t ro n  o » c i l l a t i o n s . Since th is  m e t !  od t> not p a n ic  - 

u l a r  to  the p ro p o s e d  a c c e le r a to r ,  i t  can be t r i e d  on any • !  the  at c e le ra to rs  

now  u nde r c o n s tru c  t i o n .

v . ACCELERATOR PARAMF.IKKS  

As an I l l u s t r a t i v e  e x a m p le ,  the p a r a m e te r s  fo r  a 2 4 - I l e v  a c c e le r a to r

a r e  l is te d  bstow.

P a r t i c l e  e n e rg y  ( l l e v ) 24

O r b i t  ra d ius  (m e te r s ) 16

A p e r t u r t  (cm ) 2 .9

P e a k  value of the  m a g n e t ic  f ie ld  at the o r b i t  (gaues) St 000

F ie ld  index " n " 4S(I

A p p ro x im a te  ' V  v a lu e •

N u m b e r  o f m agnet u n i te 96

S to re d  e n e rg y  in  the  m agne t (m ega )ou les ) 1.8
D u ra t io n  of a c c e le r a t io n  (m i l l is e c o n d s ) 60

P e a k  r f  vo lta  p e r  t u r n 6  x  10(

H a rm o n ic  o rd e*  ( f r e q u e n c y  range 1 2 -00  m e ) 92

In je c t io n  ene rg y  (M e v )  • BO

N u m b e r  o f  p a r t i c le s  a c c e le ra te d  p e r  pu lee b  x  10
■Ha ”F in a l  beam  c ro s a  s e c t io n  (c m  ) 0 .1

F in a l  beam  c u r r e n t  d e n s i t y  ( a m p s / c m S 190
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Magnet o p e r a t i n g  t e m p e r a t u r e  f*K) *0

Magnet t i m e  (MtftANl ( r n i i l i i f « o n d l )  *»%

Peak m a g n e t  p o w e r  (m egaw a t t# )  *40

A verage  m a g n e t  power  (l*» p u t e e a / m i n )  (hw) 1**00

C r y o g e r . u a  p lan t  pow er  (approx)  (kw) 10000

We o b s e r v e  that the final  b f a m  t o r r e n t  dens i ty  la high n  >> *k' 

s y n c h r o ' l a s h  o p e r a t i o n  of U o  m a i h m o ,  nam ely ,  the r e a c t i o n  y ie ld  lev  a 

m i l l t b a r n  c r o s s  e e i t i o n  te about  100 p e r  m i l l i s e c o n d  It ilia ..! .!  be noted  tfe*t 

p a r t u l e a  of a g iv e n  e n e r g y  in the  l a b o r a t o r y  a y i t e m  c o l l id in g  wit), a ae«.ond 

beam  of ZS%  of the ene rgy  of the f i r e t  b e a m  would y ie ld  in the c e n te r  of m a s *

• ya' .em the e n e r g y  of the f i r e t  b e a m  ( consequently, t h e  p r o b l e m  to m a k e  

ava i lab le  the  e n e r g y  of any h i g h - e n e r g y  machine in the c e n t e r  of m a t e  b e 

c o m e s  in the p r e s e n t  c a t e  quit e  e t m p l e ,  r e q u i r in g  only  an  addi t ional  e x p e n d 

i tu re  of 2S% of th e  cos t  of the m a c h i n e  Of c o u r s e  m u c h  depends  on  w he the r  

o r  not the n u m b e r  of r e a c t io n s  q u o te d  fcbov* a r e  c o n s i d e r e d  s a t i s f a c t o r y  by 

the e x p e r i m e n t a l  phys ic i s t s

A d e t a i l e d  co a t  e s t i m a t e  fo r  th ia  mac htne is  not a v a i l a b l e  at thi s  t i m e ,  

though p r e l i m i n a r y  e s t im a te *  indie a te  that it i* r ot in e»* e e t  of « Cpnvantlariat  

(Brookhaven  ty p e ) ,  A .G .S .  m a c h in e

The ea rn e  type of m a c h in e  can  be u»ed (or  c o n t i n u u u i  ac o p e ra t io n  Tice 

coat  h o w e v a r  wou ld  be twice aa  m u c h ,  wherea*  the p o w e r  r e q u i r e m e n t s  a r e  

c r e a t e d  by a f a c t o r  of five a p p r o x i m a t e l y .  The c u r r e n t ,  h o w e v e r ,  be c o m e *  (*0 

mrc r o a m p r r e t ,  o r  m o r e  than  10** p a r t i c l e s  per  etc S ince  *uc h high t u r r e n t  • 

a r e  not c o n t e m p l a t e d  at t h u  t i m e  by any of the e x p e r i m e n t a l  phyetc i* t» ,  no  f u r 

th e r  e l a b o r a t i o n  i t  w a r r a n t e d  at p r e e e n t  on the ac o p e r a t i o n  of the m a c h in e

The a p e r t u r e  of the m a c h i n e ,  a l though  it a p p e a r s  s m a l l ,  ie ac tua l ly ,  

r e l a t iv e ly  apeak«ng ,  l a r g e r  th a n  th e  a p e r t u r e  of the  p r e e e n t l y - b u i l t  B r o o k h a v e n  

o r  CERN m a c h i n e * ,  b eca u se  the  f i g u r e  of m e r i t  is  the p ro d u c t  of the f ie ld  va lue  

t im e*  the a p e r t u r e ,  . l i en e e ,  the r e s u l t *  a r e  s i m i l a r ,  w h i le  the a m a l l  a p e r t u r e  

o r  the h ig h e r  f i e l d  al lows m u c h  h i g h e r  b e a m  c u r r e n t ,  in add i t ion  to the i m 

p o r ta n t  r e s u l t  tha t  the  p h y s ica l  s t s e  of tha m ach ine  ie s m a l l e r  t h e  l a t t e r  

r e f e r s ,  of c o u r t s ,  to the c i r c u m f e r e n c e  of the m a c h i n e ,  th e  coat  of the m a g n e t  

i* r a t h e r  in d e p en d en t  (within l i m i t s )  of the c r o s s  s e c t i o n  of tha magna t
I

F in a l ly ,  it shou ld  be e m p h a s i s e d  that tha above  e x a m p l e  i* ci ted  for  pu r  

p o e t s  of i l l u s t r a t i o n  only The  f i n a l  m a c h in e  p a r a m e t e r s  would ba d e t e r m i n e d  

f r o m  m o r s  d e t a i l e d  coat  a a t t m a t e s  and  e x p e r i m e n t a l  d a t a  f r o m  the o p e r a t i o n  of 

the CERN and  B ro o k h av en  m a c h i n e s .
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APPENDIX I

Wr shall  d i scuss  he re  in m ore  detail  the de r iva t ion  of the re la tions  (or 

the ca lcula tions  of the p a ram ete r*  of the coils .  As ment ioned  in Section 11; 

the a p e r tu re  of the magnet i t  a i y lm dc r  of ramus r  and the conductors  a r e  

l<>< ated hetwee; two cylinders  of r ad iu s  r^ and r^, re spec t ive ly .  The field 

component* a r e  in the r ,  $  (I ig. I) d i rec t ion  Only The c u r r e n t  d irec tion is 

along the i - a n s .  which is pa raUel  to the axis of the  c y l in d e r s  ( r^ ,  r.)» The 

vector potentia l  in the cur r e n t - f r e e  reg ions  can be wr i t ten  for any field with 

l h  poles a* follows

regioi 0 < r < r^

A« * BQr 4 ( rn / n r  ” ) cos  (nO) ; (9)

region  r  > r Q:

A m * ~ co V o (r0n/nrn)  C0' * ( | 0 )

where is a d im ens ion le s s  cons tant .

Within the coi l  region we have

( 9 k A) « -  4wj/l0 . ( I I )

where j i t  the c u r r e n t  densi ty  in the  co i l .

By a ssum ing  that

4 » j / l 0  •  ki At  , <UJ

the solution of A# is given in B es se l  functions of the f i r s t  and  second kind, 

thus ;

A f ■ - ( B 0A ) [ « , J n (kr) ♦ CjYn(kr»] c o .  (nfl) ( U )

or

A a * “ <Do/V) c n(k f ) c®# ("•)  * (»*a)

Ths boundary  conditions a r e  tha t  the  field componente  a r e  matched st 

the boundaries  and  ths resu l t ing  r e la t io n s  a re :  

at »  «  9 | t

C n‘(k r t ) • I , (M)

nCn (kr4) /k r .  « l ; (U a )
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0
i

» • )

nCn( k , 0 ) / k r 0 * c 0 ( I H )

F r o m  Eqs.  (14) • (ISa) and  the r e c u r r e n c e  ( o r m u l u ,  wo obta in

C> . » - [ - c „*M,lAfl] - - C BfICkr| » ■ 0 

Cn'(kr0) ♦[nCn(kr0)A rQ]* Cn. , (h r0) .  0 .

i W

( I t !

Tho requ i rem en ts  of Eqs (16) and (17) r e s u l t  In that

J n . l <kr0»/Yn. l<k r 0) O n,l<k V ^ n 4 | ^ * (!•)

k i t  d e t e r m in e d  f ro m  Eq. (IS) and c Q, C.4 * , f r o m  Eqs.  (14) - (16). F ina l ly  

by subs t i tu t ion  in Eq. (U )  tho c u r r a n t  d is t r ibu t ion  to apacifiad By c o n e t r u d -  

Ing tha co il  with tho thua•  sp ec i f ie d  cu r ren t  d ia t r ibu t ion  tha doa l rad  f ie ld  can 

bo roa l iaod .  By aaauming tho  oolutiona In Boaaol functiona one haa (ho con* 

venience of exist ing tabu la t ions ,  r e c u r r e n c e  f o r m u la e ,  IS

Tho a to rad  energy in a l l  th roe  roglona la ob ta ined  f ro m  tho in te g ra l

Tho ac tua l  loaaos depend on tho t ime v a r ia t ion  of the field,  in tha  caee  

where  tho c u r r e n t  v a n e e  aa (1 4 coe at). tho ac tu a l  loaeee  a r e

Any combina t ion  of ha rm onico  can  bo obtained by adding l inear ly  the c o r 

responding  v ec to r  potent ia te .

Analogous aolutiona can  bo obtained In ax ia l  s y m m e t r i c  field c o n f ig u 

ra t ion  in s p h e r i ca l  coo rd ina te s ;  in tho spher ica l  c a s e  tho coil la a s s u m e d  to 

be confined between concen tr ic  s p h e r e s  of rad ius  r^ and r^; then for a 2n~ 

pole fie ld  tho solution of tho v e c to r  potential  in tho coil  region ia a s s u m e d  thus;

«* p  * , 4 1  i
W0 • ( t < r ' / S » )  |  B r  d r  d#  j o u l e s / c m (19)

and the lo o se s  f ro m  the in te g ra l

( 1 0 )

w r .  O /S)W f0 (III

(B0> ^ >  Cn ^ ^ ( k r ) ( U )
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with the condition that;

m
( Z U )

Thu other cons tan ts  a r e  de te rm ined  by the l a m e  procedure  a s  in ths  

c y l in d r ic a l  c a s t .
In ths cy lindr ica l  c a t s  ws observa  f ro m  Eqe.  (20) and (21) that  tha  

power lo s s  is independent of the scaling ( a c to r ,  w hareas  the s to ra d  a n a r g y  

is p ro p o r t io n a l  to ths  s q u a r e  o( ths  radius  r^.
T he  actual coil c o n s t ru c t io n  p r s e sn t s  s o m a  p ra c t ic a l  d i f f icu l t ias .  Sines 

many conduc to r s  must bs  connec ted  in p a r a l l e l ,  it is  requ i red  that  the  em l  is 

ths s a m a  in each group of p a ra l l e l  conducto rs ;  o the rw ise  the c u r r e n t  d i s t r i b u 

tion will  bs  d is tu rbed ,  T h s  am f  is  in ths s - d i r e c t i o n ;  namely,

Wa o b s e r v e  that acco rd ing  to Eq. (24) ths s m i  is  constant  along s u r f a c e s  of 
cons tan t  v ec to r  potentia l .  T h i s  in tu rn  m e an s  that  th s  emf is  cons tan t  on 

s u r f a c e s  whose t r a c e  on a p lans  s  • constant a r e  magnet ic  l ines .  Hence  
g roups  of conductors  connec ted  in pa ra l le l  m u s t  be  p laced  on such s u r f a c e s .  
If N is  the (total) number  of conductor  groups d e s i r e d  to be connec ted  in 

s e r i e s ,  we ehall  divide tha  coil  a r e a  in N t o n e s  where  in each  sons

w here  1^ is  the total  c u r r a n t  in the coil (in the  c a s e  where  all  the conduc to r s  

w e re  co nnec ted  in pa ra l le l ) .  After the to n e s  have  been  d e te rm ined ,  the  c o n 
duc to rs  a r e  p laced  in the c e n t e r  of each  sons .

j r  d r  d0 • Iq/N  , UH



- u  - U C RL -lM tt

APPENDIX 11

The well -known equation (or the p h a se  osci l la t ions  is

(t*- ? )  * **
hV» c o * ♦«> . .  
- Z 7 7 J -------  * (26)

w h e r e  r  * f - y  - (26a)
\Y r /

y ■ E /M c *  (the re la t iv is t ic  m a s s  ratio)

v ■ the n u m b e r  of be ta t ron  o sc i l l a t io n s  pe r  tu rn  

Up ■ c / R  the  1-armor f requency of a pa r t ic le  with veloci ty  c 

h • the h a rm o n ic  o rd e r

v 0  ■ V * / .

4  •  the p h a se  angle in r e s p e c t  to the equil ib rium phase

• the eq u i l ib r iu m  phase

• the  app l ied  rf voltage p e r  t u r n .

The phase  t r a n s i t i o n  occurs  when

Y « Yo • * • U ’ l

The adiabatic  app rox im a te  solution of Eq .U b )  is .

4  ■ cons t  coe  ( J  (l dt ♦ 6) , (28)

w h e re

N e a r  the  phase  t r a n s i t i o n  the  approx imat ion  is not valid and it is  cu s to m ary  

to  a s s u m e  that T is  v a ry in g  l inearly  with t i m e .  Then the so lu t ions  a d m i t 

t e d  a r e  Bessel  and Neumann functions of o r d e r  2 / ) .*  In the p r e s e n t  case  

th i s  solution was not c o n s id e re d  s a t i s f a c to ry  and a new one w as  sought in 

o r d e r  to avoid b eam  blow-up during  the p h a se  t rans i t ion .  1 a s s u m e d  that 

n e a r  the phase  t r a n s i t i o n  the equ i l ib r ium  p hase  is shifted with t i m e  accord ing 

to the  equation

(V C O . -  V§ .  j -  (V1 c o t  ♦ q I , U9I
s

w h e r e  re su l t s  f r o m  the  space c h a r g e  of the  hunch (this quan t i ty  is how

e v e r  negligible a t  t h e  p h a se  t r ans i t ion  and it can be dele ted  f r o m  the equation).
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♦ §. V a r t  the instantaneous values of the equilibrium phase and applied 
accelerating voltage, respectively; t •  t  — t - ;  i t  lha tim e the transition
occurs, and T# is a constant with dim snaions of tim e. This quantity must 
bs l a r g e r  than ths tran sition  m istim ing due to momtntum sp read .

Tha quantity T varies with tim s as:

r  •  " 7  I  * “  (r/'Q T o)  • (30)

whe re

T 0 •  ( v JW  t o )  • (31)

and
v •  B/M jjC4 . (32)

Upon substitution in Cq.<26) ws obtain

♦ -  i  * “ * [T T r —)  * • 0 • (33)

where

“ i * “ b (^ v  c o * h / * , v o * o  )  • (34)

Equation (33) admits th s  solution

w hsrs
♦ * *T

a •
‘

( » )

os*)

Substituting ths B essel and Neumann functions by their asym ptotic expansions 
ws obtain:

or
4 • Cj cos  (or*) 4 s i n ( a r ^ )  

+ • Cq c o s  ( s t * ♦ 6) .

(36)

(37)

Ws observe that Eq.(37) is ths d esired  solution. As long as the equilib 
rium  phase varies a s  p rescribed  by Eq.(27), the amplitude ol ths phase oscil 
lations rem ains constant; thus blow-up of e ither phase or momentum osc illa 
tions is avoided.

Equation (31) indicates that  ̂ m ust rem ain constant during the time 
ths phase shifts* Consequently ths applied voltage tim es the sine of the
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e q u il ib r iu m  p h a se  m u l l  r t m i m  constan t during  the  »*m< tim e  m i t r v t l i  

M M iy»

V t i n  t i n  d0 .

CqunUont (49) and ()•) yield

cot t § • ? /T §

O t»

(H >

(40)

(41)

At t • tQ, at t h t  phase  t ra n s i t io n  poin t, ths  e q u il ib r iu m  phase  is tjl, ths  

appiisd  voltage becom e* squat to  th s  th r s ih o ld  voltage p s r  tu rn  and ths  bunch 

r id t s  at th s  e r s e t  of ths  a c c s t s r a t in g  wave.

T hs am plitude  of th s  m o m s n tu m  o sc il la t io n s  and the co rrespond ing  

rad ia l  o s c i l la t io n s  a re

it .
p

»VI c o * V  T0*0 
U . h ^ 0Y t i l « )

Hi t

The co n stan ts  Cq, 6q a r e  d e te r m in e d  from  Eq.U S) a t t s -  T #. t . e . ,  at the  

t im e  w h ere  th e  applied  voltage s t a r t s  to vary in a c c o rd a n c e  with C q .(41).

Due to th s  m o m sn tu m  sp read  a ll  of th e  p a r t ic le s  a re  not going through ths  

phase  t r a n s i t io n  s im u ltaneous ly . C onsequently , due to  th is  m is t im in g  e r r o r  

as  well as  n o n l in e a r  effec ts , both th e  am plitude of the p h a se  and m om entum  

o sc il la t io n s  a r e  expected  to be som ew hat h igher than ind ica ted  from the above 

ca lcu la t io n s .
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